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Abstract

We continue the asymptotic analysis of minimizers for the singularly perturbed
Perona-Malik functional in dimension one that we started in a previous paper, in which
we had shown that the blow-up at a suitable scale of these minimizers converge to a
staircase-looking piecewise constant function.

We develop our analysis by considering blow-up at finer scales in both the horizontal
and vertical regions of these staircases. In the vertical regime, we show that the transi-
tion between consecutive steps resembles a cubic polynomial. In the horizontal regime
we show that minimizers are actually flat by providing a quantitative uniform estimate
on their derivatives.
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1 Introduction

We consider the minimum problem for the one-dimensional functional

PMF(u) := /0 log (14 u/(2)) dx + 6/0 (u(z) — f(z))*du, (1.1)

where 3 > 0 is a real number, and f € L?((0,1)) is a given function that we call forcing
term. The principal part of (L)) is the functional

PM(u) := /0 log (14 v/(z)?) du, (1.2)

whose Lagrangian ¢(p) := log(1 + p?) is not convex, while the second integral in (1))
is a fidelity term, tuned by the parameter 3, that penalizes the distance between u and
the forcing term f.

We refer to (IL2)) as the Perona-Malik functional, because its formal gradient-flow is
(up to a factor 2) the celebrated forward-backward parabolic equation

Uy 1—u? (1.3)
Uy = PP = T o\, Uzzx, .
o\, (Lud)

introduced by P. Perona and J. Malik [19].

Despite the initial value problem associated to this equation is in general ill-posed,
due to existence of a backward regime (see [13][18]), numerical experiments suggest that
this diffusion process has good stability properties (see for example [5]). However, at
the present there is no rigorous theory that explains such phenomenon, that is usually
referred to as the Perona-Malik paradox after [17).

Singular perturbation of the Perona-Malik functional Various regularized models have
been introduced in order to mitigate the ill-posed nature of (L3). These approxima-
tions can be obtained via convolution [9], space discretization [6, 111, 12 [14], 20], time
delay [2], fractional derivatives [16], fourth order regularization [10) [4, [7, [15], addition
of a dissipative term (see [§] and the references quoted therein).

In this paper we continue the analysis started in [15] (see also [20] for similar results
in the discrete setting), so we consider the functional whose gradient flow is the fourth
order regularization of (L3]), namely the functional (see also [10, 11, [5, 4] B3])

PMF.(u) := /0 {e"loge*u" (z)* + log (1 + v/ (2)?) + B(u(z) — f(x))*} dz, (1.4)

where the bizarre form of the e-dependent coefficient is just aimed at preventing the
appearance of decay rates defined in an implicit way in the sequel of the paper. For
every choice of the parameters e € (0,1) and 8 > 0 and of the forcing term f € L*((0,1))
the model is well-posed, in the sense that the minimum problem for (L4]) admits at least
one minimizer of class C2.



Figure 1: description of the multi-scale problem at three levels of resolution. Left:
staircasing effect around the forcing term. Center: zoom of the staircase in a region.
Right: cubic transition between two consecutive steps.

First order analysis In [I5] we considered any family {u.} of minimizers of (L4]) and,
for every family of points {x.} C (0,1) such that x. — xy € (0, 1), we considered the
following family of blow-up

, (1.5)

where w(e) := ¢|loge|'/2. We proved that these families converge in a rather strong

sense to a piecewise constant function, a sort of staircase with steps whose height and
length depend on f’(zg) (see Theorem [Al and the central picture in Figure [I).

Main results The aim of this paper is to describe the structure of minimizers at finer
scales, in order to reveal the exact structure of the horizontal and vertical parts of each
step of the staircase and to justify rigorously the right picture in Figure [Il

We achive this through our two main results.

e In the first main result we consider a family of points {z.} such that the functions
in (L3 converge to a staircase with a jump in the origin and we show that, if we
rescale them horizontally by a factor €2, then they converge in a very strong sense
to the unique cubic polynomial which interpolates in a C! way the two horizontal
steps of the staircase in a neighborhood of the origin whose length depends on the
height of the jump, which in turn depends on f’(zg) (see the first statement in
Theorem 2.5)).

e In the second main result we show that the derivatives of the functions in (LLH) are
of order w(e)? in every interval that is contained in an horizontal steps of the limit
staircase. This means that minimizers are indeed flat in the horizontal regions.

Overview of the technique The first result is essentially a refinement of the Gamma-
convergence result for a suitable rescaling of the functionals (IL4]). More precisely, we



show that every recovery sequence for a jumps is necessarily a cubic polynomial, up to
a perturbation which is small with respect to the H? norm (see Theorem B.1]).

The second result is proved in two steps. First we show that the C° norm of the
blow-ups in (LH) is of order w(e)? in the horizontal regions by comparing their energies
with suitable competitors and estimating the minimal cost of small oscillations. Then we
obtain the final C! estimate exploiting an auxiliary convex variational problem, whose
minimizers cannot differ too much from our blow-ups.

Structure of the paper The paper is organized as follows. In section 2l we introduce
some notation, we recall the results from [I5] that we need in the sequel and we state our
main results. Then in section Bl we prove our first result concerning the vertical parts of
the steps, while in section ] we prove the second result, which concerns the horizontal
parts. Finally, in section [Bl we prove some technical lemmata that we exploited in the
previous sections.

2 Statements

In order to state precisely our results, we first need to recall some notation and some
results from [I5]. To this end, for every ¢ € (0,1) let us set

w(e) := ¢|loge|"/2. (2.6)

Let 8 > 0 be a real number, let  C R be an open set, and let f € L*(2) be a
function. In order to emphasize the dependence on all the parameters, we write (4]
in the form

PMEF. (8, f, 2, u) = / {Pw(e) (@) + log (1 +'(2)?) + Blux) — f(2))} da. (2.7)

The existence and regularity of minimizers is a standard application of the direct
method in the calculus of variation (see [15, Proposition 2.1]).
Let us consider also the following rescaled version of the principal part of (2.7)

{g6u”(a:)2 +

RPM, (2, u) := / log (1 + u'(a:)Q)} dr. (2.8)

Q

1
w(e)?

When we add the fidelity term we obtain the functional
REMEF. (8, f, 0, u) = RPML(Q, ) + A / (u(z) — f(@))2 da
Q

We recall (see [4, [15] for precise statements) that the Gamma-limit of (2.8) is finite
only on pure jump functions, and more precisely it holds that

[ — lim RPML (22, u) = ag - Jy2(2, u)

e—0

where

—_
=2



and

D) i= 30 ut(@) —u™(@)

xESqu

for every u € BV (£2) whose derivative is purely atomic, and J; 5(§2, u) := +00 otherwise.
In order to describe the main result in [15] let us recall the notation used therein for
staircase-like functions.

Definition 2.1 (Canonical staircases). Let S : R — R be the function defined by

r+1
2

S(x):=2 L J Vo € R,

where, for every real number «, the symbol [« denotes the greatest integer less than
or equal to a. For every pair (H,V) of real numbers, with H > 0, we call canonical
(H,V)-staircase the function Sgy : R — R defined by

Suv(z):=V-Sx/H) VreR (2.10)

Roughly speaking, the graph of Sy is a staircase with steps of horizontal length
2H and vertical height 2V. The origin is the midpoint of the horizontal part of one of
the steps. The staircase degenerates to the null function when V' = 0, independently of
the value of H.

Definition 2.2 (Translations of the canonical staircase). Let (H,V') be a pair of real
numbers, with H > 0, and let Sy be the function defined in (2.I0). Let v : R — R be
a function.

e We say that v is an oblique translation of Sy, and we write v € Obl(H, V), if
there exists a real number 7y € [—1, 1] such that

v(x) = Spy(x — Hr) + V1o Vx € R.

e We say that v is a graph translation of horizontal type of Sy, and we write
v € Hor(H, V), if there exists a real number 7y € [—1, 1] such that

v(x) = Spyv(x — Hrp) Vo € R. (2.11)

o We say that v is a graph translation of vertical type of Sy, and we write v €
Vert(H, V), if there exists a real number 75 € [—1, 1] such that

v(x) =Spyv(e—H)+V(1—m1) Vo € R. (2.12)

The main result of [15] is the following.

Theorem A (Blow-up of minimizers at standard resolution). Let w(e) be defined by
(2.4), and let PMF.(5, f,(0,1),u) be defined by (2.7), where € € (0,1) and 8 > 0 are

two real numbers, and f € C([0,1]) is a given function.
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Let {u.} € H*((0,1)) be a family of functions with
u. € argmin {PMF. (8, f, (0,1),u) : u € H*((0,1))} Ve € (0,1),

and let x. — xo € (0,1) be a family of points. Let us consider the canonical (H,V)-
staircase with parameters

20 \"°
H = (W) : V= f'(x0)H, (2.13)

with the agreement that this staircase is identically equal to 0 when f'(xq) = 0.
Then the following statements hold true.

(1) (Compactness of blow-ups). The family {v.(y)} defined by

oely) = U (2. 4 w(e)y) — us(z.)

w(e)

15 relatively compact with respect to locally strict convergence, and every limit point
is a graph translation of the canonical (H,V')-staircase.

More precisely, for every sequence {e,} C (0,1) with &, — 0% there exist an
increasing sequence {ny} of positive integers and a function vy, € Hor(H,V) U

Vert(H, V) such that

Ven,, () % vo(y)  in BVioe(R).

Moreover, for every bounded interval (a,b) whose endpoints are not jump points
of v it holds that

lim RPM, ((a,b),v., )= ao-Ji((a,b),vu), (2.14)

n—-+o0o

where v 1s the constant defined in (2.9).

(2) (Realization of all possible graph translations). Let vy € Hor(H, V') U Vert(H, V)
be any graph translation of the canonical (H,V')-staircase.

Then there ezists a family {z.} C (0,1) such that

|22 — |

lim sup < H,

e—0t W(E)

and
ue (7 +w(e)y) — us(al)

w(e)

Remark 2.3. In [I5], a similar statement is proved also when the family {v.} is replaced
by the functions

22 v9(y)  in BViee(R).

uc(r. +w(e)y) — flx.)
w(e)

Yy —

Y

bt



with the difference that in this case one obtains oblique translations of the canonical
(H,V)-staircase instead of graph translations.
Here, we do not need this result, but only the fact that

lim sup ue(ze) — f() = lim sup {
e—0t w<5> e—0t

uc(r. +w(e)y) — f(x.)
w(e)

Finally, let us introduce the cubic transitions arising around the jump points of the
staircase.

—%@}<+w

Definition 2.4 (Cubic connection). Let C': R — R be the function defined by

~1 if 7 < —1,
31

Clz) = i 5:163 if z € [-1,1], (2.15)
1 if 2 > 1.

e For every pair (A, V) of positive real numbers we call canonical (A, V)-cubic con-
nection the function Cy v : R — R defined by

Cav(z) =VC(x/A) VreR. (2.16)

e For every 79 € (—1,1) we call graph translation of the canonical (A, V)-cubic
connection the function Cy v, : R = R defined by

CA,VJo(fE) = CA,V@ + x9) — 0V Vo € R,
where zy € (—A, A) is the unique real number such that Cp v (z9) = 7V .

In words, the (A, V')-cubic connection is the unique polynomial of degree three that
interpolates the constants —V and +V in a C! way in the interval [-A, A]. Every graph
translation corresponds to taking the graph of C v (x) and moving the origin to a point
of the cubic.

The following theorem contains both our main results, concerning higher order blow-
ups of minimizers for the functional PMF, (3, f, (0,1), u).

Theorem 2.5 (High-resolution blow-ups of minimizers). Let § > 0 be a positive number,
let f € C'Y([0,1]) be a function, and let xo € (0,1) be a point with f'(xo) # 0. Let
en — 07 be a sequence of positive real numbers, and let {x,} C (0,1) be a sequence such
that x,, — xo € (0,1). For every positive integer n, let

u, € argmin {PMF. (8, f,(0,1),u) : u € H*((0,1))}, (2.17)

where PMIF. (8, f,(0,1),u) is the family of functionals defined in (2.7). Let

24 1/ ,
= (62|ff<xo>|3) V=),
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be as in (213), and let us set
V3 =
Let w(e) be as in (2.6) and let us assume that the sequence

_ Un(Tn + w(En)y) — un(zn)
Un(y) = W(En)

of blow-ups at canonical scale converges locally strictly in BVi,.(R) to some v that, due
to Theorem[4l, belongs to the family Hor(H, V) U Vert(H, V) of Definition 2.2
Then the following statements hold true.

(1) (Vertical parts of the steps). Let us assume that vo, € Vert(H,V) \ Hor(H,V),
and more precisely that v (y) is given by (212) for some 19 € (—1,1), and let
Crvin(y) be the corresponding translated cubic connection introduced in Defini-
tion 2.4 Then it turns out that

va(e2y) = Cavin(y)  strongly in HE (R).
(2) (Horizontal parts of the steps). Let us assume that vy, € Hor(H, V') \ Vert(H, V),
and more precisely that v (y) is given by (2.11) for some 19 € (—1,1). Then for

every closed interval [a,b] C ((1o — 1)H, (1 + 10)H) it turns out that

lim sup -max {|v],(y)| : y € [a,b]} < +o0. (2.19)

n—-—+o0o W(En)2
As a consequence, for every sequence {ay} C (0,1) such that a,, = o(w(ey,)) we
deduce that

Un (T, + Qny) — Un(Ty)
ay,

— 0 uniformly on bounded subsets of R.

Remark 2.6. We recall that the locally strict convergence of the sequence {v,} to a
staircase v, is ensured by Theorem [Al at least up to subsequences or up to a slight
modifications of the centers {x,}.

Therefore, there are only two situations in which higher resolution blow-ups are
not characterized by Theorem 2.5t when v, € Hor(H, V) N Vert(H, V'), namely when
Voo(y) = Suv(y £ H), and when f'(zo) = 0.

In the first case, it can be seen that the behavior of {v,} could be both ”horizontal-
like” and ”vertical-like” , because a sequence {x, } such that v, € Hor(H, V)NVert(H, V)
can be obtained with a diagonal procedure both starting from sequences generating
staircases in Hor(H, V') \ Vert(H, V') and in Vert(H, V) \ Hor(H, V). As a consequence,
also some intermediate behavior could arise, and we can not exclude that other non
trivial blow-ups might exist at a different scale.

The situation in the second case is similar, at least if f’ does not vanish identically
in a neighborhood of (. Indeed, also in this case {z,} can be obtained with a diagonal
procedure starting from sequences such that the corresponding blow-ups exhibit different
behaviors.



3 Vertical parts (Theorem 2.5], statement (1))

Statement (1) in Theorem is a direct consequence of the following result about the
rescaled functionals RPM, defined in (2.8). We point out that the assumption (3:2))
follows from 214l

Theorem 3.1. Let L > 0 be a positive real number, let €, — 0T be a sequence of
positive real numbers, and let {v,} C H*((=L, L)) be a sequence of functions such that
v,(0) = 0 for every n € N. Let us assume that there exist real numbers V- > 0 and
10 € (—1,1) such that

vn(y) 23 V(sign(y) — 10) strictly in BV ((—L, L)), (3.1)
and
111;{1 RPM., ((—=L, L), v,) < apV2V, (3.2)
n—-+00

where g is the constant deﬁned in (2.9)

Let us set wy(y) == v,(e2y), and let A = (v/3/2)V2V be as in (213).

Then wy,(y) converges up to order 2 to the cubic connection Ca v, (y) introduced in
Definition [2.], in the sense that

lim max {Jwn(y) ~ Chyim (9)] : 9] < L/2} =

n—-+4o0o

and for every bounded interval (a,b) C R it turns out that
w (y) — C’}\Mm(y) uniformly in (a,b)

and
Wi(y) = Clym () strongly in L2((a,b)).

Proof. We divide the proof in several steps. First, we introduce some notation, then
we show that the transition from —(1 + 7)V and (1 — 79)V occurs in a single interval,
and finally we show that in this interval we have some precise estimates that allow us
to characterize the limit.

Notation and definitions We observe that w,(y) is defined for every |y| < L/e2, and
with a variable change in the integral we obtain that it satisfies

RPM., ((—L, L),v,) = RPMV,, ((—L/e2 L/e2), w,), (3.3)

1 / 2
REMYV., (), u) := / o () + tog (149 Ly,
Q |log €| gl

Since strict convergence implies uniform convergence in compact sets that do not
contain jump points of the limit, from (B.1]) we deduce that for every a € (0, L) it turns
out that

where

lim max {|v,(y) — V(sign(y) — )| : y € [-L, L] \ (—a,a)} = 0.

n—-+4o0o



Since a is arbitrary, with a standard diagonal procedure we can find a sequence
a, — 07 such that

lim max {|v,(y) — V(sign(y) — )| : y € [=L, L] \ (=an,a,)} = 0. (3.4)

n——+0oo
Without loss of generality, we can always assume that a,, > ¢,. Therefore, if we set
L, :=a,/e2, then L, — +oo and (B.4) is equivalent to
. . 211
nl_l)I_{loomaX{|wn(y) — V(1 —=1)|:y € [Ln, L/e}]} =
= lim max {|w.(y) + V(1 +7)|:y € [-L/e}, ~La]} =0,

n—-+4o0o

so that in particular
wp(—Ly) = =V (14 1) and Wp(Ly) = V(1 —19). (3.5)
Now let us choose a sequence {M,,} of real numbers such that
M, — +0o0, M,e2 — 0, L, Mg — 0. (3.6)

We observe that the third condition implies the second one, and a possible choice for
this sequence is M, := an"/*. Following [1] (see also [I5, Lemma A.2]), for every n € N

we consider the open set

1
A, = —L,. L, : |w
v={ve Cra sl > o b,

and we write it as a union of intervals of the form
An = U (an.ia Bn,i)a
icly

where [, is a finite or countable set of indices. For every n € N and every i € [,,, we
observe that w/ (y) has constant sign in (o, ;, 5,.), and we set

Bn,i
mm:h%wmww%mmnz/ ol ()] dy,

n,i

szgffﬂiﬂzf 0%@%— )@20

|log e, |loge,|

and

n,i

Identification of the “big jump” We claim that for every n € N there exists an index
i(n) € I, such that

Ly
lim A, = li ! dy = 2V. 3.7
Jm Aniey = lm 7Ln\wn(y>| y (3.7)
In words, this means that asymptotically the whole total variation of w,, is realized in
a single special interval (v, i(), Bn,itn))- This is the key point of the proof, and requires
seven steps.



e In the first step we show that

limsup |A4,| < +oo, (3.8)

n—-+o0o

and in particular |A,| is bounded.

To this end, it is enough to observe that

1 1
— 1 1 _ An < RPMV, —Ln,Ln, n/s
log e, °g< +|logen|ei)' = oA )

so that from ([B2]) and (83]) we deduce that

4limsup |A,| < limsup RPMV, ((—Ly, L), w,)
n—-+00 n—-+00

< limsup RPMV, ((—=L,L),v,)

- n—-+00
16
——\2V,
V3

which implies (3.8).

As a consequence, up to choosing a slightly larger L,, (between the original L,
and L,, + 4(2V)'?), we can assume that none of the intervals (v, 8,.) lies at
the boundary of (—L,, L,), so that |w/,(a,;)| = |w),(5n.:)| = 1/|loge,| for every
1 € I, at least if n is large enough.

e In the second step we show that

lim |w),(y)| dy = 0. (3.9)

N
n—-+4o0o A%

where A¢ denote the complement set of A,, in (—L,, L,).

To this end, we consider the set
B, = {y € A} : [w,(y)| < Muen},

and we observe that

log (1 + M?
lim sup MM; \ B,| < limsupRPMV, ((—Ly, L), w,) < +oo.
n—-+o0o | log €n| n—-+o0o

Therefore we have that

A5\ Bl
| log &,

|AS\ By|log (1 + M?)
|loge,|log (1 + M?) ’
(3.10)

< 2L, M2 +

[ iy < 3k |l +
A

c
n

and the conclusion follows from the first and the third condition in (B.6]).
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e In the third step we show that

liminf » A, ; >2V. (3.11)

n—-+o0o
Zeln

To this end, we observe that

hM%%wW¢ms/"mmM@:/ W)ldy+3 Aus

—Ln i€l

and we conclude by exploiting (3.9) and (3.3]).
e In the fourth step we show that
liminf > A,; > 2V. (3.12)

n—+4oo 4
i€ly

Indeed, from the definition we obtain that

N _ an Qg
ma - ()

i€ly i€ly
1
= An,i - <6n,z - an,i)
24 el 2
- ZAnz‘— |An| ) <3'13)
iel, , | log €"|

and we conclude by exploiting (3.11]) and (B.8]).
e In the fifth step we show that

lim sup Z (ﬁm> v <V2V. (3.14)

notoe o

To this end, for every ¢ € [,, we apply Lemma in the interval (ay,;, 8,;) with
M = 1/|loge,|, so we obtain that

RPMYV \F L 1 o A
5 n,gy Mn,gi )y Wn Z 4 . T 1 1 AR ( n z) )
((@n s Brue)ywn) 3(%%%V%<+w®#>) ’

and therefore

RPMYV.., (=L, Ln), w,) > 4\F (| logl ~ (1 + w<in)4))3/4z <£m)1/2.

i€ln

Letting n — 400, from (B.2) and (B3] we conclude that

16 1/2
2V =« \/2V>—hmsu ( )
\/g 0 \/_ n%Jroop Z

which is equivalent to (3.14)).

11



e In the sixth step we show that

and

lim 3 @m)m — Vv, (3.16)

n—-+o00

ZEIn

To this end, we combine (3.12), (8.14), and the subadditivity of the square root,
and we obtain that

1/2
VoV > lim sup Z <£n7i)1/2 > lim sup <Z 3m>

n——+oo iel, n——+oo icl,

1/2 1/2
> lim inf (Z ﬁnﬂ) = <1im inf ﬁnﬂ) = V2V,
n——+0o n—-—+o0o

i€ln 1€ln

This means that all inequalities are actually equalities, which proves ([B.1€) and
the second equality in ([BI5]). At this point, the first inequality in (B.I5) follows
again by letting n — +oco in (BI3).

e In the last step we apply Lemma to the index set I,, and the function f(7) :=
A, ;. We deduce that

1/2 1/2

i€l i€ln i€l,

The right-hand side tends to 0 because of (8.16) and the second equality in (3.15]).
This is enough to establish the existence of i(n) € I,, such that

lim An,i(n) =2V.

n— 0o
Now we know that

2V = lim Api > lim Ay > lim A, =2V,
n—-+o00 el n—-+o0o n—-+o0o

and therefore all inequalities are actually equalities. This proves the first part of
B). The second part follows from the equality

Ly
[y =dni+ S But [ luntlay,
- )} "

Ln i€In\{i(n

since now we know that the last two terms tend to 0.
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Uniform estimates in the special interval Let us set for simplicity o, = oy @) and
B = Bn,in)- We claim that

e the sequence w,(y) tends to —V (1 + 1) uniformly in [—L,, o] and to V(1 — 7g)

uniformly in [3,, L,], in the sense that

lim max |w,(y) + V(1 +7)|+ max |w,(y)— V(1 -7 =0, (3.17
n—-+oo (ye[Ln,an] | (y) ( 0)‘ y€[Br. Ln] ‘ (y) ( 0)‘) ( )

and in particular
wn(an) — _V(l + 7-0)7 wn(/Bn) — V(l - 7—0), (318)

while we already know that

1

wh(on)] = ) (Be)| =

— 0. (3.19)

e when n is large enough it turns out that
—|An| <o <0< B, <A,
and in particular the sequences {a,,} and {f,} are bounded,

e for every bounded interval (a,b) C R it turns out that
{w,} is bounded in H?*((a,b)), (3.20)
of course with a bound that depends on the interval.

Let us prove these claims. To begin with, from (8.7) we know that

Qn

Ly
im [ )y + [ )l dy =0

n——+00 _L
n

Keeping (B.3]) into account, this is enough to establish (BI7). In particular, from
this uniform convergence we deduce that

V(14 7)

2 <0 vy € [_Lnaoén]

wy(y) < —
when n is large enough. Since w,,(0) = 0 for every n € N, we conclude that «,, < 0, and
also

In a symmetric way we obtain that 8, > 0 and a, > —|A,|.

Finally, the bound on RPMV., ((—L,, Ly),w,) yields immediately a uniform bound
on the norm of w! in L*((—L,, L,)). Together with the pointwise bounds coming from
(B.I8) and (3.19)), this is enough to obtain a uniform bound on w,, in H?((a, b)) for every
bounded interval (a,b) C R.

13



Passing to the limit We are now ready to prove our convergence results. Since the
sequences {«, } and {3, } are bounded, up to subsequences (not relabeled) we can assume
that a,, — a and 5, — Bs. Moreover, if we fix an interval (a,b) O (o, fs0), then
from ([3.20) we can also assume that there exists ws, € H?*((a,b)) such that

Wy, = Woo and  w, — w., uniformly in [a, b,
and
w! —w!,  weakly in L*((a,b)).

We claim that w., is the cubic connection. To prove this, we observe that since
w,(0) = 0 we have that w..(0) = 0, while from (BI8]) and (3I9) we obtain that

Weo (o) = =V (1 4+ 75), Weo(B) =V (1 —1), w (a)=w.(8)=0. (3.21)
Therefore, from Lemma [5.5 we deduce that
Poo 12(2V)?
wl (P dy > 22
[ o= G220
Now we consider the chain of inequalities

1
10 2V > limsup RPMV, ((—Ly, Ly), wy)

\/g o n—-+o00

Bn 1 / 2 b
> limsup / log 1-|—wn<y) dy+/ U}Z(y)2dy
n—-+o0 on |1Og€n| gél a
> L S )+/b "(y)*d
1m su —log | ————— n — Op wy,
o n—)-‘,—oop | 1Og En| g E;ﬂ log En|2 a / /
b
= 4(6oo—ozoo)+limsup/ wh(y)* dy
n—-+oo a
b
> A — ) + [ wl(Pdy (3.22)
G//BOO
> 4(Ba — ) + / Wl (y) dy (3.23)
(2V)?
> 4B — o) + 12— — 21— 3.24
( A R 020
1
> 16 2. (3.25)

V3

Since the first and last term coincide, all inequalities are actually equalities, and each
of them gives us some piece of information.

e The equality in (B3.25) implies that S, — s = 2A, where A is defined by (2.1I8]).

e The equality in (3.24) implies that ws, is the unique polynomial of degree three
that interpolates the boundary data (3.21]). Combining with the previous point
and the fact that w.(0) = 0, we conclude that w., coincides with Cy v, in the
interval (oo, foo) = (—A — o, A — xp), where zq is as in Definition 241
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e The equality in (B:23) implies that w”_(y) vanishes outside (oo, So0). Since w’_(aioo)
Wl (Bso) = 0, this is enough to conclude that wy, is constant both in (a, as) and

in (S, ).
e The equality in (3.22) implies that actually w!! — w” strongly in L?((a,b)).

Finally, we observe that the previous steps characterize in a unique way the possible

limits of subsequences, and this is enough to conclude the convergence of the whole
sequence.

O

4 Horizontal parts (Theorem [2.5], statement (2))

Let [a,b] € (=14 79)H, (14 79)H) be a fixed interval. In the first part of the proof we
show that

lim sup

5 max{|v,(y)| 1 y € [a,b]} < +o0, (4.1)
n—+00 W(5n>

and then in the second part we prove (219)

4.1 Estimate on functions

Let us set

L f(@n + wlen)y) — unlzn) _ f(@n +wlen)y) — f(zn) _ Un () — f(2n)
)= o) - o) e

We observe that the functions g, are uniformly bounded on bounded sets because

flzn +w(en)y) — flzn)

w(en)

— f'(z0)y
uniformly on bounded sets, and

w(en)

is uniformly bounded because of Remark 2.3]
We also recall that

PMFen (67 f; <07 1)7 un) = W<5n)2 RPMFEn (67 9n, <_xn/w(5n>7 (1 - xn)/w(&?n)), Un),
and hence (2.I7) implies that

vn € argmin, {RPME.., (8, g, (a,0),0) : v € H*((a,b))},

for every bounded interval (a,b) C R.
The proof of (AJ]) consists of three main steps.
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e (Isolation of horizontal and vertical parts). In the first step we define three se-
quences {a,}, {b,} and {c,} such that

a, — (=1 +79)H, vn(an) — 0, vy (a,)] <1, (4.2)
b, — (14 70)H, Un(bn) — 0, [vl,(bn)| <1, (4.3)
o (LHmH, ) o2V e <L (44)
and
63 — bul = O(w(en)?). (1.5)

Moreover, we set
my, = max{|v,(y)| : y € [an, bn]},

and we prove that m,, — 0 as n — +o0.

e (Estimate from below). In the second step we prove that there exists a constant
co > 0 such that

RPM.., ((an, bn), vs) > comin {\/m—n %il)?} . (4.6)

e (Estimate from above). In the third step we prove that

bn
RPME.. (8, o, (an,¢n),02) < RPML, ((bn, cr), va) + 8 / on(y)* dy

+ O(my) + O(w(en)?), (4.7)

Given the three steps, we can conclude as follows. We observe that

bn bn
/ (vn(y) — gn(y))* dy = / 9n(y)* dy + O(m,,)

because |v,(y)| < m, in (a,,b,), and that

/b " (0al) — 9u(9))? dy = O(w(e,)?)

because of (L.H) and the uniform boundedness of g, (y) and v,(y) on every bounded set,
and in particular in (b, ¢,).
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As a consequence, by combining (A7) and (£0) we obtain that

M%%ﬂ%wwww+ﬁ/n%@V@+OW%)HXM%V)

> RPMF,, (8, gn, (an, cn), vy)
= RPM,, ((an,bn), vs) + RPM. ((bn,cn), vn)

Cn

bn
+6/ (n(y) — ga(W)) 2 dy+ B | (valy) — ga(y))* dy

bn

m2

FO min{\/mn, n } +R]P)Msn((bnacn)avn)

w(en)?

v

-w/”%@f@+0ma+mw%ﬁ,

from which we deduce that

m2

Co min {\/mn, (7")2} < 0(my,) + O(w(e,)?). (4.8)
w(en
This inequality implies that m, = O(w(e,)?), which in turn implies ({I). In-
deed, if this is not the case, then there exists a subsequence (not relabeled) such that
my/w(e,)? — +00. Since eventually m,, # 0 along this subsequence, we can divide (&)
by m,, and obtain that

i 1 My, O(m,)  O(w(e, _
b {\/TTN7 W(En)z} = Mn " W(En) Mn

which is absurd because the left-hand side tends to +o0o when n — +oo, while the
right-hand side remains bounded.

Isolation of horizontal and vertical parts Let us start by constructing b,, and ¢,. The
idea is that the limit of v,(y) is a piecewise constant function that jumps from 0 to 2V
in the point H (14 75), and we know from Statement (1) of Theorem 2] that this jump
is entirely achieved in an interval whose length is O(e2). In addition, we need a uniform
bound on v/, at the endpoints of this short interval, for which we exploit a bound on the
energies to deduce that on every interval whose length is O(w(e,)?) there exists at least
a point in which v/, is bounded.

In order to pursue this path, we begin by observing that v,(0) = 0 for every n € N,
and v, (2H) — 2V. Therefore, there exists z, € (0,2H) such that v,(z,) = V. From
the strict convergence we deduce that z, — H(1 + 79), because the latter is the unique
point in (0,2H) where the limit of v, can be different from an integer multiple of 2V'.

Now we set y,, 1= z,, + w(e,)z,, and we observe that

un(yn + W(EN)y) - un(yn)
w(en)

= Un(Y + 2n) — Un(2n) 3B SH,V(y +H) - V.
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Since the limit function is a graph translation of vertical type of the canonical (H, V)-
staircase, from the result for the vertical parts of the steps we know that

wn(y) = LWt w(z();f)y) — Un(Yn)

= Cav(y),

where C) v (y) is the canonical (A, V')-cubic connection introduced in Definition 2.4 with
A given by (2.I8)), and the convergence is uniform in the sense that

lim max {|wa(y) — Cav(y)| : [yl < L/en} =0 (4.9)

n—-+o0o

for every L € (0,2H).
Now we recall that

RPMF. (8, g, (—2H,2H), v,) < Eo, (4.10)

for some positive constant Ey > 0, because of Theorem [A] and the boundedness of g,,.
Let us consider the interval

E
I, = {zn — A2 - 2 w(en)? zn — A2 .

Since |I,,| = (Fy/ log2)w(e,)?, we deduce that

EO Z RPMFEn(ﬁagna]navn)
1
> log(1 + v/ (y)?) d
EO . / 2\ .
> min {log(1 + v}, (y)*) : y € I,} .

log 2

This implies the existence of b, € I,, such that log(1+/,(b,)?) < log 2, and therefore
|v],(b,)| < 1. Moreover, b, — H(1 + 79) because both endpoints of I,, tend to the same
limit of z,. Finally, we show that v, (p,) — 0 for every sequence of points {p, } such that
pn € [0, b,], so in particular v,(b,) — 0. To this end, we write p,, in the form z, + 23,
for some 3, € [—z,/e2, —A], and we observe that

VUn(Pn) = wn(Bn) + vn(2n) = wa(5n) +V,

and we conclude by exploiting (€.9]) and by remarking that Cy v (y) = —V when y < —A.
In the same way we construct the points ¢, satisfying (A.4]) starting from the interval

E
L= |zn 4+ A2, 20 + A2 + —=w(e,)?] .
log 2

Of course in this case we exploit that ¢, is of the form y, + €2, with 7, > A, so
that wy,(v,) — V.

Finally, we construct a, in the same way of b,, but starting with the point 2/, €
(—2H,0) such that v,(z],) — —V which implies that 2/, — (=1 + 79)H. As before, we

18



can show that |v/ (a,)| < 1 and that v,(p,) — 0 for every sequence of points {p,} such
that p, € [an, 0], and in particular v, (a,) — 0.

We conclude the proof of the first step by observing that (4.5) is an immediate
consequence of the definition of b, and ¢,, which implies that

0<c,—b, < 220

aln 2
"= log2w(€n> ’

and that m,, — 0 because we have proved that v,(p,) — 0 for every sequence {p, } such
that p, € [an, by

Estimate from below We set M, := min{,/m,,, m?/w(e,)*} and we prove that

1
lim inf — RPM,, ((an, bn),vn) > 0, (4.11)

n—-+o0o n

which in turn implies (£.6). To this end, for every n € N we define 0, (y) in such a way
that v,(y) = m,0,(y), and we observe that

bn
RPML,, ((an, bn), vn) =/ {8%?@7{@)2 + log (1 +mi77n(y)2)} dy, (4.12)

1
w(en)?
and that

U,(0) =0 and max{|0,(y)| : y € [an,b,]} = 1.

Now we observe that the sequence of intervals (a,, b,) and the sequence of functions
0, € H*((an, by)) fit into the framework of Lemma B.7 with L := 2H and J := 1, and we
claim that the liminf in (£.I1]) is greater than or equal to the constant ¢(2H, 1) provided
by Lemma [5.7 It is enough to prove this along the two subsequences where M,, takes
either of the values in the minimum, and therefore we distinguish two cases (without
relabeling subsequences).

o If M,, = m?2/w(e,)? namely /m, > m?/w(e,)?, then we have that w(e,)® > m¢.
Therefore, at least if n is large enough, we deduce that

4 4 1
|log m,,| > §|logw(en)\ =3 (\ loge,| — §log|logen\) > |logenl,

which implies that e8w(e,)? > mS/|logm,|>. As a consequence, from (£I2)) we
obtain that .
ﬁ R]P)Men (an, bn), 'Un) Z RPMHmn<<an, bn); 6n)7

n

where the functional RPMH is defined according to (5.6).

Since m,, — 0 and we know that |v/,(a,)| < 1/m, and |0}, (b,)| < 1/m,, the result
follows from Lemma [5.7]
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o If M, = \/m,, namely /m,, < m?/w(e,)?, then we have that m2 > w(e,)*/m,.
Thus, from (4.12)) we obtain that

| log(w(en)mad

| log en?

1
— RPM.,, ((@n, bn), v,) > min {1,

)I* 5
o RPMH,, ) 1/4((an, by), 0n),

and the result follows again from Lemmal[5.7 because w(en)m}/ * - 0, the boundary

values satisfy

1 1 1 1
T(an)| € —<——7  and  [#(b)] £ — < ——7,
M w(e,)my Mn ™~ w(e,)ma
and it holds that
1 )P 1 INE
e i CICH LI | s L CICD)
n—-+4o0o | 10g 5n|3 n——+00 | IOg €n|3

FEstimate from above In this paragraph we prove (A1). Since
v, € argminy,, {RPMPF., (3, gn, (an, ¢),v) : v € H*((an,cy))}

it is enough to exhibit a function v, € H%((ay,, ¢,)), with the same boundary conditions
(both on function and on the derivative) of vy, such that RPMF. (5, gn, (an, Cn),0y) is
bounded from above by the right-hand side of (7). One would like to choose v, as
the function identically equal to v,(a,) in the horizontal part (a,,b,), and equal to a
suitable homothety of v, in the vertical part (b, ¢,). This choice, however, does not fit
the boundary conditions and is not of class H?. Therefore, we have to smooth out the
connections. To this end, we observe that

an < ap +etw(e,) < by —3w(e,) < by < ¢y
when n is large enough, so that we can partition [a,, ¢,] into four intervals

L = [an, an + 2w(e,)], Loy = [an + 3w(en), by — e2w(e,)],
I3 = [by — 2w(en), byl Ly = [bn, cnl.

Then we consider the constant

_ Un(bn) = v (an)
Bn = Un(Cn) = Un(bn) — (Ca = bn)vp(cn)’

and we observe that B,, = O(m,,) because |v,(b,) —v,(a,)| < 2m,, and the denominator
tends to 2V. At this point we define v,, in a piecewise way as follows.

e In [;, we define v,(z) as the cubic polynomial with boundary conditions

Up(an) = Un(an +3w(en)) = valayn), v, (an) =1 (a,), v, (a,+ew(e,)) =0.
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e In I5, we define v,(z) = vy,(ay,).
e In I3, we define v,(z) as the cubic polynomial such that
Un(bn — eqw(en)) = Un(bn) = vn(an), Uy (bn — epw(en)) = 0,

and
0y, (bn) = 0, (bn) + Bu(v;,(bn) — v, (cn))-

e In I, we set
Un(y) == vnly) + Ba (Un(y) + (o = y)vy,(ca) — Un(cn)) .

This definition guarantees that the connections in the intermediate points are of class
Cl, so v, € H*((ay,c,)), and that the values of v,(y) and ¥/,(y) for y = a, and y = ¢,
coincide with the corresponding values of v,(y) and v/ (y). We claim that the fidelity
term satisfies

/cn 0 (y) — gn(y) > dy = / gn )P dy + O(w(z)?) + O(my). (4.13)

As for the terms of RPM,, of course in Iy, it holds that RPM., (ls,,v,) = O.
Moreover, in I ,, and I3, it turns out that

RPM., (1) n, ) = O(e2 Jw(e,)) = O(w(en)?), (4.14)

and

RPM., (I3, 0p) = O(2 Jw(en)) = O(w(e,)?), (4.15)

while in I4,, it turns out that

[ ety = [ etiw?dy + 0(m,) (4.10
bn bn,
and
/ "L g (147 w)?) = / Tl () £ Oma)  (417)
bn W(gn)2 " b W(En)Q " " .

These claims, if true, are enough to establish (£.7).

Let us start with (ZI3). We recall that the sequence {g,} is uniformly bounded on
bounded sets, hence it is uniformly bounded in [a,, ¢,].

On the other hand, also the sequence {v,(y)} is uniformly bounded in [a,, ¢,]. This
is trivial in Iy ,, while in I, and in I3, it follows from Lemma and the uniform
boundedness of the boundary values, and in 1, ,, it follows from the uniform bounds on
v,. We point out that in this point it is essential to have an estimate on v/ (b,) and
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v)(c,). Since the measure of [a,, ¢,] \ Io, is O(w(e,)?) and [0,(y)| = |vn(a,)| < m, in
I, it follows that

/ " 1By) — galy) P dy = / Buly) — guly) 2 dy + O(w(en)?)

IQ,n

- / l9n(y)I* dy + O(mn) + O(w(en)?)

IQ,n

_ / Jga(y) P dy + O(my) + O(w(en)?),

that is exactly (£I13).
In order to estimate the terms with second order derivatives, in the intervals /; ,, and

I3, we apply again Lemma [5.5 and we obtain that

3
sfﬁ;: Y zdy:4v; a,)? “n ,
/ ) (@
and 5
/ ST ) dy = 4 [u () + Bu(vl(ba) — vh(en))]® —2,
Igm w(gn)

while for first order derivatives it turns out that

1 ~ (2 1 o 91/ a, )2 = 0(e? Jw(e

and similarly in I3 ,,. This is enough to establish (£.I4)) and (£.I5]). It remains to consider
Iy, = [bn, ¢n), where

Un(y) = (14 B)on(y) — Bavy(en)  and  05(y) = (14 Ba)vy(y).

In particular it turns out that

/ eStn(y)? dy = / eSun(y)®dy + (2B, + B?) / esun(y)* dy,
bn, bn, bn

and this implies (4.I16) because B, = O(m,) and the last integral is bounded by Ej
thanks to (4.10).

Finally, since |B,,| < 1/2 if n is large enough, from Lemma [.1] applied with
x = (y), b:= B,, d = —B,v (c,)

we obtain that
/c" s log(1 +,(y)*) = / T log(1 + v, (y)*) + R
by W(En)? " by W(En)? " v

where

_5
w(en)?

Recalling that B, = O(m,,) and ¢, — b, = O(w(g,)?), we obtain (EIT).

Ry < | Bul - (¢ — ).
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4.2 Estimate on derivatives

In this part of the proof we prove (2.19).
Let [a,b] C ((—=1+ 79)H, (1 4+ 19)H) be any interval. Let us choose ¢’ and o’ with

(—14+m)H <d <a<b<lV <(1+m)H.

Let us define w,(y) in such a way that v,(y) = w(e,)*w,(y). From the results of the
previous section we know that there exists a constant I'y such that

lwn(y)| < Ty Vye€[d,b], VneN. (4.18)

In addition, from the mean value theorem applied in the intervals [/, a] and [b, '],
we deduce that there exist a,, € (¢/,a) and b, € (b,b’) such that

2P0 21—‘O
lw; (a,)] < — and |w;, (by)] < T (4.19)
In the sequel we consider the interval (a,, b,), and our claim becomes that
lim sup max{|w.,(y)| : y € (an,b,)} < +00. (4.20)

n—-+4o0o

We observe that

RPMF., (3, g, (@, bn), vn) = RPM, ((an, by), w(e,)*wy)

bn
[ @l ae)? — 2o o )nly) + 020 dy

so that we can consider w, as a minimizer to the right-hand side subject to its own
boundary conditions, and we already know from (£I8) and (£19) that these boundary
conditions satisfy a bound of the form

|wn(an)] + wn (bn)] + [wy,(an)] + [w;, (bn)] < T4 (4.21)

for a suitable real constant I';. Since the integral of g,(y)? plays no role in the mini-
mization process, we can neglect it and divide by w(e,)?. In this way we obtain that

wy, € argming,, {Fn((an,bn),w) cw € H*((ay, bn))} ,

where the sequence of functionals F), is defined by

1
Fu(@uw) = / So(en)w(y)” + ——— log (1 +w(ea'u'(y)?) ) dy
o PENE
+ / (w(en)w(y)? — 2gu(y)wly)) dy.
One could prove that, if g, — ¢ in L?, the Gamma-limit of F}, is of the form

/Q (W' (¥)? = 2900 (y)w(y)) dy.
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Therefore, it is reasonable to expect that w,(y) behaves for large n as a minimizer
to the limit problem, which is a standard quadratic functional. This is what actually
happens, but the proof is delicate for many reasons, including the lack of convexity
of the approximating functionals, defined on intervals that depend also on n, and the
boundary layers due to the loss of the boundary conditions on the derivative when the
functionals of order two converge to a functional of order one. In particular, we cannot
expect the sequence {w/ (y)} to converge uniformly, and we cannot expect all recovery
sequences to have bounded derivatives, which forces us to exploit the minimality of
wy(y) to some extent.

The key tool in our analysis is a comparison between w,(y) and minimizers to a
suitable first order functional with a convex Lagrangian, defined as follows. Let us
consider the function

on(0) = @ log(1 +w(en)*e?) Vo €R.

An elementary calculation shows that

1 1
3w(en)?’ 3w(e,)?

Now we consider the function v, : R — R such that v,,(0) =/ (0) = 0 and

or(c)>1 Vo€

V(o) :=max{yl(c),1}  VoeR. (4.22)

n

This function satisfies

e ¢, € C*(R),

e Y'(0) > 1 for every 0 € R,

e 02/2 <1),(0) < 0? for every o € R,

o U,(0) = (o) for every o € [—1/3w(e,)?,1/3w(en)?].

At this point we can consider the functional

G2, 2) = / (6 (1) + w(en)?2(9)? — 20u(9)=(w)) dy (4.23)
and an element

z, € argmin { Gy ((an, bn), 2) 1 2 € H' ((an, by)), 2n(an) = wnlan), 2a(by) = wy(by)}
(4.24)
We point out that we do not impose any boundary condition on derivatives, because
the Lagrangian of GG,, is of order one. At this point the proof proceeds as follows.

e (Uniform bounds on z,). In the first step we show that there exist real numbers
I'y and I's such that
G ((any bp), 20) < Ty, (4.25)

and
lzn ()] + 12, (W) + 20 () < T3 Yy € (an, ba)- (4.26)
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e (Estimates from above). In the second step we show that

Fo((@n, by), wn) < Gu((an, by), 20) + O(2w(e,)). (4.27)

e (The contribution of high derivatives is negligible). In the third step we introduce
the regions with high derivative

1
An = E ns bn : ! > Y
{ve @t o > s )
and their contribution to the total variation

A, = / !, ()] dy.
An

We show that they are both negligible, and more precisely that

|A,| = O(w(&tn)4) and A, = O(5i| log en|5/2). (4.28)

e (Estimates from below in regions with “small” derivative). In the fourth step we
show that
Fo (A wy) > Gol(an, bn), 2n) — O(w(en)*) — O(A,), (4.29)

where A¢ denotes the complement of A,, in (ay, by,).
e (Reduction to the convexity zone). In the fifth step we show that

1
3w(en)?

|w1/1(y)| < Yy € (an, bn) (4.30)

when n is large enough. This seems to be a weak progress toward (4.20), but
actually it is a crucial step, because it implies that eventually w, stays in the
region where ¢, (c) coincides with 1, (c), and hence in the convex regime.

e (Conclusion). Finally, in the sixth step we show that w,(y) — 2,(y) tends to zero
with respect to the C° norm, and it is bounded in C* norm (but not necessarily
vanishing, due to the boundary layers). Since 2, is bounded in the C' norm, this
is enough to establish (Z.20]).

Uniform bounds on z, The proof of (£.28) and (4.20) is a straightforward application
of Lemma [5.3. We just need to check that the functional G,, defined in (£23) fits into
the assumptions, which in turn follow from the properties of v,,.
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FEstimate from above In this paragraph we prove ([A27). To this end, we observe that
w,, is a solution to a minimum problem, and therefore it is enough to exhibit a competitor
for the minimum problem whose energy is bounded by the right-hand side of (£.217). A
natural choice for this competitor would be z, (), which however does not necessarily
satisfy the boundary conditions on the derivative. Therefore, we need to modify z,(t)
in a neighborhood of the boundary. To this end, we write [a,, b,| as the union of three
intervals

L= lan, antedw(e,)], L= lant+eiw(e,), bh—cw(e,)], Iz, = [bo—clw(e,), bnl,
and we consider the function w, : [a,, b,] — R defined as follows.

e In [,, we define w, as the cubic polynomial with boundary conditions

Wn(an) = wn(an) = zn(an), w),(an) = wy,(an),
Wy (an + elw(ey)) = zp(an + elw(ey)),
) = zp(an + ehw(en))-

o In Ir,, we set W,(y) := z,(y).

e In I3, we define w, as the cubic polynomial with boundary conditions

(en)) = 2n(bn — erw(En)),
(n)) = 27 (bn — Epw(en)),
Wn(bn) = wn(bn) = 2a(bn), W (bn) = wy, (bn).-

Wn(by, — 3w
wy, (b — eqw

This definition guarantees that the connections in the intermediate points are of class
C1, so that the resulting function belongs to H?((a,,b,)), and that the values of W, (y)
and w/,(y) for y = a, and y = b, coincide with the corresponding values of w,(y) and

wn(y)-
Now we show that an estimate of the form (£.27) holds true separately in each of
the three intervals.
e In the interval I; ,, we claim that
Fo(Ln, W,) = O(3w(e,)) and Gn(lin, 2) = O(3w(e,)),  (4.31)

and hence in particular

Fn<[1,n7@n> - Gn<[1,n7 zn) = O(Eiw<€n))

Regarding ,,, we apply Lemma [5.5] with

Ay i=wp(an), Boy:= zp(an + giw@"))’
A=), By = (s + ()
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We observe that (£21]) and (£.20]) guarantee that all these values are bounded and
that

|BO_A0| = |Zn(an+5iw(5n))_wn(an)| = |Zn(an+5§zw(5n))_zn(an)| = O(Eiw(gn))a
Thus from Lemma we obtain that
| Sl @i dy = 0(e).
Il,n

and the existence of a constant I'y such that

[Wa(y)| + W0, (y)| <Ty  Vy€l, VYneN.

Since |I1,| = e3w(e,), this implies that

/I w(eln)4 log (1 + w(en) @, (y)?) dy < / W, (y)* dy = O(3w(s,)),

Il,n

and

| @0 - 20,0)8.0) dy = Ol

Il,n

All these estimates imply the first relation in (£3T]).

Regarding z,, it is enough to observe that

/h’n Un (2, (y)) dy < (rileaﬂéc w;{(o—)) /h’n Z;Léy)z dy < O(Sw(ey)),
d

an
| @elat? - 20,0)a) dy = O,
because of the u;;form bounds on z, and g,.
In an analogous way, we can show that
Fo(Isn, @n) — Gu(Izn, 20) = O(2w(ey)).
In the interval I, we claim that
Fo(Iopn, @n) — Gp(Ion, 20) = O(0w(e,)?).

Indeed, the uniform bound on 2/, (¢) implies that

, 1
|Zn(y)| < 3W(En)4

when n is large enough. For these values of n it follows that

Un(zh(y) = ﬁ log (1 + w(e)'24(®)?) Vg€ Lo,

Vy € [2,n

and therefore

(Lo, ) = Fa(Tpms 20) — Su(2n)? / ) dy + Co( s 20),

I2,n

and we conclude by exploiting the uniform bounds on 2//(y).
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The contribution of high derivatives is negligible To begin with, from (4.25]), (£27)) and
the uniform bounds on w,, and g,, we deduce that

/An <5 w(en)*w Z(y)Q + w(gln)4 log (1 +w(€n)4w;(y)2)) dy

< Fol(ans b)) + 2| [ ”gn<y>wn<y>dy\sr5, (1.32)

n

for a suitable constant I's. This implies in particular that

T > ﬁ / log (1 +w(en)wn(y)?) dy > w<;) o8 (17) Al

which in turn implies that |A4,| = O(w(e,)?). In addition, from Lemma [5.6] we deduce
that

/An (5 w(en)wi(y)® + w(;)‘l log (1 + w(gn)‘lw;(y)Z)) dy
s (o (6)) (- ats)

Combining this estimate with (£32]) we obtain that

" R (o AN (A= Ole)?)
4./2 - 8n‘10g8n|5/4 " dw(ey,)? - 5n“0g5n‘5/4 ’

from which we conclude that A, = O(¢2|loge,[*/?).

Estimates from below in regions with “small” derivative In order to prove (£.29), we
introduce the functions w, € H'((a,,b,)) such that w,(a,) = wy,(a,) and

. w! (y) if v € AS
/ o n n’
nly) - {o itre A,

For every y € [ay, b,] it turns out that

() — Tul)] < / " Juli(s) — @, (s)| ds = / ' (s)| ds = A

and in particular |w,(y)| is bounded, independently of y and n.
Then we introduce the function z, that minimizes G, with respect to the same
boundary conditions of w,,, namely

Z, € argmin { G, ((an, by), 2) - 2 € H' ((an, by)), 2(an) = w(ay), 2(b,) =w(b,)} .
We claim that

(A5, wn) 2> Gu((an, bn), wn) — O(w<5n)4> - O0(Ay),
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and

Gn((an,bn), Zn) = Gu((an, bn), 2n) — O(A,).

Since G, ((apn,bpn), W) > Gp((ap,by),z,) due to the minimality of z,, these two

claims, if proved, imply (.29]).
In order to prove the first claim, we begin by observing that

/C (;) log (14 w(en)'w;,(y)*) dy = /nﬁlog(l+w(gn)4@;(y)2) dy

bn

= Un (W, (y)) dy,

an

and therefore

) > / [ tog (1 + w(zn) Wl (1)) + w(en)?wn(y)? — 20n (1) wa(y) | dy
/n ) + w(en)*Wn(y)?* — 29n(y)Wa(y)) dy
- / (@) ?T(y)? — 200 (1) Tu(y)) dy

n

= [l (@a0)? — 0n(0)?) = 200(0) (@) ~ wa0))] .

n

The first line after the equality sign is exactly G, ((an,b,),w,). The second line is
O(|A,]), and therefore O(w(e,)?), due to the uniform bounds on g,(y) and w,(y). For
the same reason, the third line is O(||w,, — w,||~), and hence O(A,,).

The second claim is a straightforward application of Lemma [5.4] to the functional

G,,. We just need to observe that the difference between the boundary values of z, and
Zn is O(A,).

Reduction to the convezity zone Let us show that (4.30) holds true whenever n is large
enough. Indeed, let us assume by contradiction that this is false. Then along a suitable
subsequence (not relabeled) there exists ¢, € (a,,b,) such that |w/,(c,)| > (3w(g,)?) " .
Since ¢, € A,, there exists a point d,, € (a,,b,) such that

and that the open interval whose endpoints are ¢, and d,, is contained in A,,, so it holds
that
|y, — cn| <AL = O(W(En)4)'

Let us assume, without loss of generality, that d,, > ¢, (the other case is symmetric).
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Then it turns out that

dn, 1 dn, 2
[ty > ur ( / w;:<y>dy)

(wp(dn) = 1wy (cn))”

6 2
= & wl€
n ( n) dn —cp

1 1 2
6 2
en(En) d, — ¢, <12w(z—:n)2) '

Recalling the uniform bounds on w,, and g,, we obtain that

v

dn,
Fu(Anwn) > / So(en) 2wl (y)? dy — 2 / 190 ()] - lwn(y)] dy

1 el
2 T4 {d, —a)wg O
_ 1 2 — O(w(en)h).

144 (d,, — ¢n)w(en)?
Combining with (£27) and ([£29) we deduce that

Gn((an, by), 2n) + O(eiw(en)) > Fu((an,bn), wn)
= F(An,wy,) + FL (A5, wy)

1 82 4
Z T e O
+ Grn((@n, b)), 2n) — O<w(5n)4> —O(Ay),
and therefore
BB oA+ O,

O(w(gn)®) (dn — cn)w(en)?

Multiplying both sides by |loge,|* this relation leads to a contradiction when n —
-+00, because the left-hand side has a positive liminf, while the right-hand side tends

to 0 thanks to the second relation in (4.28)).

Conclusion In this final paragraph of the proof we define the reminder r,(y) in such a
way that w,(y) = z,(y) + rn(y), and we show that 7/ (y) is uniformly bounded.

To begin with, from (£20) and ([@30) we know that both w/ (y) and 2/ (y) lie in the
interval where ¢, (o) coincides with the convex function v, (o), at least when n is large

enough. Recalling that ¢/”(c) > 1 for every o € R we obtain that

eu(wn(y) = ulz,(y) + 77(Y)) = Ul (y) + U0 (2 (W) -7 (y) + 570 ()"
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From this inequality we obtain that

F.((an,bn),wn) > Gp((an,by), zn)

brn
+/ (U (2 (W) - 70 (y) + 20(en)* 20 (Y)ra(y) — 200 (y)a(y)) dy
bn
+ [ et (P + 220 ) dy
; 1
b [ (e + 5 + e )
The second line vanishes because it is the first variation of the functional G,, in
the minimum point z,, computed with respect to the variation r,, which is admissible

because r,(a,) = r,(b,) = 0. For the third line we exploit the inequality

b2
a’® + 2ab > —§—a2 V(a,b) € R?,

and, recalling that z(y) is uniformly bounded by (4.26]), we obtain that

/a " enw(en)? (20 (y)?* + 22 (y)roy)) dy > —% /a "’ enw(en)’rn(y)? dy — O(ehw(en)?).
Cnombining with (L21) we deduce that ”
Gr((@nsba), 20) + Oeqw(en)) > Fu((an, bn), wn)
> Go((an; ba), 2a) + % /abn (enw(en)?ri(y)? +1,(y)?) dy — O(epw(en)?),
and therefore . '
| Gt + o) dy < O(Ehisten)),

We are now ready to conclude. Since r, vanishes at the boundary, there exists
Yn € (an,byn) such that r/ (y,) = 0. From the inequality between arithmetic mean ad
geometric mean we obtain that

fiw(en)%[ré(&‘f] = 2e,0(en)r(5)7(5) < epw(en)’ry(y)* + 17 (s)”,

and therefore

epw(En)rn (W) = enwlen) (m®)” —r(yn)?)

IA

bn
/ (eSw(en)rn(s)® + 1,(s)?) ds
< O(gw(en)).

Dividing by e3w(e,) we obtain the uniform bound on 7/ (y).
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5 Some lemmata

In this section we prove some lemmata that we exploited in the proof of the main results.
The first one is an elementary inequality for the logarithm.

Lemma 5.1. It turns out that

log (14 [(1 4 b)z + d]*) —log (1 +27)| < 4Jb| +|d|  V(b,d,z) € [—%ﬂ x R2.

Proof. We observe that the function (o) := log(1 + 0?) is Lipschitz continuous, with
Lipschitz constant equal to 1, and in particular

llog (14 [(1 4 b)z + dJ*) —log (1 + (1 +b)*z?)| < |d],
so that it is enough to prove that
|log (1 + (1 + b)*z”) —log (1+27)| < 4[b]. (5.1)

To this end we observe that

‘log (1+ (1+b)%2?) —log (1+ :1:2)‘ =

72
log { 1+ (2b+ b

og< + (2b+ )1+:€2)’

and the right-hand side is a nondecreasing function of 22, for every fixed b € R. This
implies that

$2

1+ 22

log(1+(2b+b2) )’g\log(1+2b+b2)\ Vb # -1 VYreR.

Now we exploit the fact that b € [—1/2,1/2] and we observe that the function
¢(0) :=log(1 + o) is Lipschitz continuous on [—1/2,1/2], with Lipschitz constant equal
to 2, so we obtain that

llog (1+2b+ 1) = 2[log (1 +b)| <4b|  Vbe [_% ﬂ .

This completes the proof of (5.1]). O
The next lemma is a quantitative version of the subadditivity of the square root.

Lemma 5.2 (Quantitative subadditivity of the square root). Let I be a finite or count-
able nonempty set, and let f : I — [0,400) be a function. Let us assume that the
following three quantities are finite:

S:=> f(i), R:=> Ff@), M:=max{f(i):iel}

el el
Then it turns out that

VS=M <3 (R-VS). (5.2)

Proof. We distinguish two cases.
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Case 1: M > S/2 Let ig € I be such that f(ig) = M, and let I’ := I\ {ip}. From
the subadditivity of the square root we deduce that

1/2
R =/Tlio) + S VI > v/F(io) + (Z f(z')) — VM + V5~ I

iel’ iel’

Now we observe that the function ¢(x) := 1 + /z — /1 + x is increasing, and
therefore

1
1+\/_—\/1+:c22—\/525 Ve > 1.

Setting x := M /(S — M) (which is greater than or equal to 1 in this case), from the
combination of these two inequalities we conclude that

R—\/EZ\/S—MJM/M—\/?E%\/S—M,

which proves (5.2)) in this case.

Case 2: M < S/2 In this case there exists I; C I such that
. 1.3
Sy = ;f(z) € {ZS, ZS] .
ASF 1

Setting I := I\ I, as before from the subadditivity of the square root we obtain
that

1/2 1/2
R=Y"VID+ S Vi) > (Z f(i)> T (Z f('i)> > /5 +v/5-5,.

el i€ls el i€ls

Now we observe that ¢(z) := \/x + /1 —x — 1 is a concave function with equal
values in 1/4 and 3/4, and in particular
13
Vo € {— } .

V3—1_1
Vi—xr—12> > — -
Vetvl-o-lz 45— =g 14
Setting « := 51/S (which lies in the interval [1/4,3/4]), from the combination of
these two inequalities we conclude that

R—VS>+/5 + S—Sl—ﬁz%ﬁz%m,
which proves (5.2) in this case. O
Let us consider the minimum problem
min {/b L(z,u(z), v () dv :u € H'((a,b)), u(a) = A, u(b) = B} , (5.3)
where (a,b) C R is an interval, L : [a,b] x R®> — R is a continuous function called

Lagrangian, and (A, B) € R? is a pair of Dirichlet data.
Let us assume that there exist positive real numbers M, ..., My such that
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(i) the length of the interval satisfies
My <b—-a< M,
(ii) There exists two functions ¢ € C*(R) and f € C([a,b] x R) such that
L(z,s,p) =¢(p) + f(z,5)  V(v,5,p) € [a,b] x R™.
(iii) The functions ¢ and f satisfy the following conditions
Ms <9"(p) < My and  Msp* <4(p) < Mep®  Vp R,
—M7(1+]s]) < f(z,8) < Mz(1+5%) and |fs(z,s)| < Msg(1+]s]) V(z,s) € [a,b] xR.
(iv) the boundary conditions satisfy
(A, B) € [—M,y, My).
The first result is that minima and minimizers are bounded, and the bound depends

only on the constants My, ..., M.

Lemma 5.3. Let us consider problem (2.3) under assumptions (i)-(iv) described above.
Let u(z) € HY((a,b)) be any minimizer. Then actually u € C?*([a,b]), and there exist
real numbers Cy and Cy, depending only on My, ..., My, such that

/ Lz, u(z), v (z)) de < C,
and
lu(z)| + |u'(z)| + [u"(2)] < Cy  Vz € [a,b)]. (5.4)

Proof. The energy estimate follows simply by using the affine function interpolating the
boundary conditions as a competitor for the minimum problem.

The regularity and the estimate (5.4)) follow from the Euler-Lagrange equation solved
by minimizers. 0

The second result is that minima depend in a Lipschitz way on the Dirichlet boundary
conditions.

Lemma 5.4. Let us consider problem (2.3) under assumptions (i)-(iv) described above.
Let us assume in addition that

(v) the Lagrangian is locally Lipschitz continuous with respect to the pair (s,p), and
more precisely there exists a positive real number Myy such that

|L(9C, 51,p1) - L(% 52,p2)| < M10(|81 - 82| + |p1 —P2|)
for every
(, 81, 82, D1, p2) € [a,b] x [~Cy—4My, Co+4Mg]* x [~ Cy—4 My /My, Co-+4My /M),

where Cy is the constant in (5.4).
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Then there exists a positive real number Cs, depending only on M, ..., My, with
the following property. If ui(x) and us(x) are minimizer with boundary data (Ay, By) €
[— My, My)? and (Az, By) € [—My, My)?, respectively, then

/ L(z,ui(x), vy (z)) dzx —/ L(z,us(x), up(x)) de| < C3(|Ay — Ag| + | By — Ba).

Proof. We observe that the function

b—=x T —a
B, — B
b—a+( ! 2)b—a

v(x) = uz(x) + (A1 — As)
is a competitor for the minimum problem with boundary conditions (A;, B;), and that
[v(z) — uz(z)| < A1 — As| 4 | By — B,

and

A1 = As| | [B1 — Byl
b—a b—a
Therefore from the minimality of u; and assumptions (i) and (v) we deduce that

|0/ (2) — us(2)] <

b b
/L(:p,ul(:p),ull(x))dx < /L(:p,v(:p),v'(x))dx
< /L(:U,ug(a:),u;(az))dx

1
+ Mo (1 + ﬁ) (|A1 — As| + |B1 — Bal).
1

The remaining inequality can be proved by exchanging the role of u; and wus,. O

Then next lemma provides the dependence on the boundary conditions of the mini-
mum value of the L? norm of the second derivative (see [15, Lemma 6.2]).

Lemma 5.5. Let (a,b) C R be an interval, and let Ay, Ay, By, By be four real numbers.
Let us consider the minimum problem

min {/ w”(y)?dy : w e H*((a,b)), (w(a),w'(a),w(b),w'(b)) = (Ao, A1, Bo, Bl)} :

Then the unique minimum point is the function

wo(y)=P<y—a+b),

2
where P(z) = ¢y + c1@ + cox? + c32 is the polynomial of degree three with coefficients

_A0+BO BI_AI _3(80—140)_141—'—81

Co 5 T3 (b—a), ¢ = 20— a) T
oo B A oo 2By —Ao) At B
2T 2b—a)’ ’ b—a)P® ' (b—a)?
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As a consequence, the minimum value is

(B — A;)? 12 A, + B, 2
By— Ay) — 2 Lp—
b—a +(b—a)3 (B 0) 2 (b=a)

and the minimum point satisfies the pointwise estimates

3(| Aol +|Bol) | [Ai] + | Byl
2 * 2

lwo(y)| < (b—a)  Vye€la,b],

and

3|Bo — Ao| | 3(|As1] + |Bi])
+
b—a 2

lwy(y)| < Yy € [a, D).

Finally, we prove two estimates from below for rescaled versions of the singularly
perturbed Perona-Malik functionals.

Lemma 5.6. Let o, 5,7, M > 0 be positive real numbers and let us consider the func-
tional

Fopr (1) 1= / (o (z) + Blog(1 + v (2)?)) do,

defined for every open set @ C R and every u € H?*(S2).
Let (a,b) C R be an interval and let w € H?(a,b) be a function such that |w'(a)| < M
and |w'(b)| < M. Let us consider the set

Ay ={z € (a,b) : |0'(x)] > M},
and let us set

Ay = / ' ()| da.
Anm

Then it turns out that

Fopo(Aas,w) 4\/§a1/463/4<1og<1 T M)Ay~ MA]  (55)

Proof. Since Aj; is an open set, we can write it as a finite or countable union of open
disjoint intervals (its connected components), namely in the form

Ay = U(ai, bz’)7
icl

where [ is a suitable index set.
We observe that w’ has constant sign in each of the intervals (a;, b;), and therefore

Au=3 / /(o) de = 3 fulb) — u(e)

Moreover, we have that |w'(a;)| = |w'(b;)] = M for every i € I, because w' is
continuous and all the points a; and b; are internal to (a,b), since |w'(a)] < M and

' (b)| < M.
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As a consequence, from Lemma 5.5 we deduce that

[ sz ﬁﬂu(bi) ~ufa)] — M — ar))?,

and hence
12« (
(b; — a;)®

> 4\/%“1/463/4(1%(1 +yM?)¥ 0/ u(b;) — u(a)| — M(b; — a),

where the last inequality follows from the inequality

Fapr((ai bi),w) > lu(b;) — u(a;)| — M(b; — a;))® + Blog(1 +yM?)(b; — a;)

4
a+b> W(abf”)l/4 V(a,b) € [0, +00)>.

Summing over i and exploiting the subadditivity of the square root we obtain (5.5]).
0

Lemma 5.7. Let (a,,b,) be a sequence of intervals such that b, — a,, — L, for some
positive number L > 0. Let also {6,} C (0,400) be a sequence of positive numbers such
that 6, — 0 and {w,} be a sequence of functions such that w, € H*((an,b,)) and

lim inf osc(wy,, (an, by)) > J > 0.

n—-+0o
Let us consider the family of functionals

56 " 1 /
RPMH;(Q2, u) := /Q { | log5|3u (2) + 52 log (14 0%u'(x)?) } dz, (5.6)

defined for every positive number 6 > 0, for every open set 2 C R and every function
u e H*(Q), and let us assume that

1
Wian)l <5 and  w'(ba)] <

for every n € N.
Then there ezists a positive constant c(L, J) depending only on L and J such that

lim inf RPMH, ((ay, by), wy) > ¢(L, J).

n—-+4o0o

Proof. First of all, up to reducing ourselves to a subsequence, we can assume that

lim inf RPMH, ((ay,, by), wy,) = lim RPMHs, ((ay, by), w,) < +00.
n—+00 n—-+o0o

For every n € N let us set

/ 1 A . /
A, = {x € (ay,by) : |, (z)] > 75%‘ log5n|3}’ Al = /An |w;, (x)| dz,
B € (anbp) : o < ()] < o
n = €T an, n L S|, T N =TT s
dn|log | n 02| log 6,3
1
= - w! S AC .= ! .
c, { € (enb)  10)] < 5o m}’ c /C (o)) do
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We observe that
52
< n
~ log(1 + [logdn|~2)

RPMH, ((an, by), wy),

| Byl

and therefore

| B| , RPMHs, ((an, bp), wy)
—————— < limsup
02|log 6,2 = notoe |logdy,|?log(l + |logd,|—2)

lim sup/ |w] (x)] do < =0,

n——+00 "

namely the contribution of B,, to the total variation of w,, is asymptotically negligible.
As a consequence we obtain that

bn
liminf A2 + AY = lim inf/ |w;, (x)| dz > J. (5.7)
n——+0oo n—-+00 an

Concerning A,,, we observe that

’ |An| <1 RPMHs,, ((an, by), wy)
imsup ———— < limsu
n_,+£ 02|1log 0,3 — n_,+£ | log 0,,|3 log(1 + 6,,2| log d,,| )

=0,

and that Lemma yields

RPMH;, (A w)>4\/§ SR S SRS S A R
A ) = 2V 3\ Tlog a2\ 62] log 6, ° " 52[log 8,

at least when n is large enough so that 1/6, < 1/(62|logd,|?).
Hence it holds that

21/4
lim inf RPMH, (A, w,) > SW liminf /A4, (5.8)

n—-+o0o n—-+o0o

As for C),, we observe that

log(1 + 82w/, (z)2
lim inf RPMH; (Cyy,w,) > liminf / 08(L+ 00 (2)7) 1 (132 g
i i S R PO

> liminf |log 6,|* log(1 + |log 6,| %) / w!, (r)* dx
n—-+00

n

= liminf/ w! (z)? dw
c

n—+o0o

o (AD)?
2 lminf 77
(AD)?

n

, (5.9)

= liminf
n——4oo

where the second inequality follows form the fact that the function ¢ — log(1 + t)/t is
nonincreasing on (0, +00).
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Combining (5.7)), (5.8) and (5.9]) we obtain that

2V (AG)?

lim inf RPMH, ((ay,, b,), wy,) > lim inf83— AL

n—-+oo n—s—4o00 1/2

L

21/4 C?
Zmin{Sw\/ZJrf (A, C) €[0,+00)%, A+C > J}.

We conclude by remarking that

21/4 C?
c(L,J) = min{Sw\/ZJr T (A,C) €10,+00)*, A+C > J} >0
for every (L, J) € (0, +00)2. O
Acknowledgments

The authors are members of the “Gruppo Nazionale per I’Analisi Matematica, la Proba-
bilita e le loro Applicazioni” (GNAMPA) of the “Istituto Nazionale di Alta Matematica”
(INdAM).

References

1]

R. ALICANDRO, A. BRAIDES, M. S. GELLI. Free-discontinuity problems generated
by singular perturbation. Proc. Roy. Soc. Edinburgh Sect. A 128 (1998), no. 6,
1115-1129.

H. AMANN. Time-delayed Perona-Malik type problems. Acta Math. Univ. Come-
nian. (N.S.) 76 (2007), no. 1, 15-38.

G. BELLETTINI, A. CHAMBOLLE, M. GOLDMAN. The I'-limit for singularly per-
turbed functionals of Perona-Malik type in arbitrary dimension. Math. Models
Methods Appl. Sci. 24 (2014), no. 6, 1091-1113.

G. BELLETTINI, G. Fusco. The I'-limit and the related gradient flow for singu-

lar perturbation functionals of Perona-Malik type. Trans. Amer. Math. Soc. 360
(2008), no. 9, 4929-4987.

G. BELLETTINI, G. Fusco, N. GUGLIELMI. A concept of solution and numerical
experiments for forward-backward diffusion equations. Discrete Contin. Dyn. Syst.

16 (2006), no. 4, 783-842.

G. BELLETTINI, M. NOVvAGA, M. PAaoLINI, C. TORNESE. Convergence of discrete
schemes for the Perona-Malik equation. J. Differential Equations 245 (2008), no. 4,
892-924.

M. BERTSCH, L. GIACOMELLI, A. TESEI. Measure-valued solutions to a nonlin-

ear fourth-order regularization of forward-backward parabolic equations. STAM J.
Math. Anal. 51 (2019), no. 1, 374-402.

39



8]

[10]

[11]

[12]

[13]

[15]

[16]

[17]

[18]

[19]

[20]

M. BERTSCH, F. SMARRAZzZO, A. TESEL. On a class of forward-backward

parabolic equations: formation of singularities. J. Differential Equations 269
(2020), no. 9, 6656—6698.

F. CATTE, P.-L. LioNs, J.-M. MoREL, T. CoLL. Image selective smoothing and
edge detection by nonlinear diffusion. SIAM J. Numer. Anal. 29 (1992), no. 1,
182-193.

E. DE GIoraI. Conjectures concerning some evolution problems. Duke Math. J.
81 (1996), no. 2, 255-268. A celebration of John F. Nash, Jr.

S. ESEDOGLU. An analysis of the Perona-Malik scheme. Comm. Pure Appl. Math.
54 (2001), no. 12, 1442-1487.

M. GHisi, M. GOBBINO. Gradient estimates for the Perona-Malik equation. Math.
Ann. 337 (2007), no. 3, 557-590.

M. GOBBINO. Entire solutions of the one-dimensional Perona-Malik equation.
Comm. Partial Differential Equations 32 (2007), no. 4-6, 719-743.

M. GoBBINO, N. PICENNI. Monotonicity properties of limits of solutions to the
semi-discrete scheme for a class of Perona-Malik type equations. SIAM J. Math.
Anal. (to appear).

M. GoBBINO, N. PICENNI. A quantitative variational analysis of the staircas-
ing phenomenon for a second order regularization of the Perona-Malik functional.
Trans. Amer. Math. Soc. 376 (2023), 5307-5375.

P. GuipboTTI. A new nonlocal nonlinear diffusion of image processing. J. Differ-
ential Equations 246 (2009), no. 12, 4731-4742.

S. KicHENASSAMY. The Perona-Malik paradox. SIAM J. Appl. Math. 57 (1997),
no. 5, 1328-1342.

S. KM, B. YaN. Convex integration and infinitely many weak solutions to the
Perona-Malik equation in all dimensions. SIAM J. Math. Anal. 47 (2015), no. 4,
2770-2794.

P. PErRONA, J. MALIK. Scale-space and edge detection using anisotropic diffusion.
IEEE Transactions on Pattern Analysis and Machine Intelligence 12 (1990), no. 7,
629-639.

N. PIceENnNI. Staircasing effect for minimizers of the one-dimensional discrete
Perona-Malik functional. arXiv (2023), no. 2306.08652.

40



	Introduction
	Statements
	Vertical parts (Theorem 2.5, statement (1))
	Horizontal parts (Theorem 2.5, statement (2))
	Estimate on functions
	Estimate on derivatives

	Some lemmata

