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Abstract

We consider a particle in a ring system around a primary body, which is modeled
as an ellipsoid. We study the occurrence of bifurcations associated to resonances,
which arise at different values of the orbital eccentricity of the particle. The analysis
of the bifurcations is first conducted by establishing theoretical conditions ensuring
the existence of equilibria. Then, each specific resonance is examined through the
study of the associated linearized system,; their stability is obtained by computing
the eigenvalues of the corresponding Jacobian matrix. Our results reveal a variety of
dynamical behaviours characterizing the resonances, including pitchfork, saddle-node
and transcritical bifurcations.
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1 Introduction

Within the Solar system, it has recently been established that ring structures are not
confined to the giant planets (Jupiter, Saturn, Uranus, Neptune), but are also present
around small bodies, specifically Chariklo, Haumea, and Quaoar ( [1-3]). The main
difference between ring systems around planets and those around minor bodies lies in
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the shape of the central object: the former are nearly spherical, whereas the latter exhibit
highly irregular shapes. This irregularity significantly complicates the construction of
models describing the dynamics of particles in such ring systems, as it needs the
explicit consideration of a central body with a complex, non-spherical geometry. At
the same time, the departure from spherical symmetry introduces a variety of non-
trivial dynamical effects, making the ring systems particularly rich laboratories for
investigating diverse dynamical phenomena (see, e.g., [4-9]).

An important aspect to be investigated from a dynamical perspective is the occur-
rence of resonances. More specifically, a planetary ring can be modeled as a set of
massless test particles orbiting a primary body, whose figure is approximated by a
triaxial ellipsoid. The primary is therefore characterized by two shape parameters, the
oblateness and the elongation, both expressed as functions of the ellipsoid’s semi-
axes. Throughout this analysis, we assume that a generic ring particle moves within
the equatorial plane of the ellipsoid. A corotation resonance occurs when the mean
motion of an orbiting particle becomes equal to the rotational frequency of the central
body. Lindblad resonances are induced by a commensurability between two funda-
mental frequencies that characterize the particle’s motion: the epicyclic frequency and
the synodic frequency ([10]). Both corotation and Lindblad resonances thus estab-
lish a direct coupling between the orbital dynamics of the particle and the rotational
dynamics of the central object.

Resonances play a fundamental role in the dynamical structure of planetary rings.
Some resonant locations are largely devoid of material; a classical example is the
Cassini Division within Saturn’s ring system. Other resonances, by contrast, are sig-
nificantly populated by ring particles. Understanding the physical mechanisms that
lead to the depletion or accumulation of material at specific resonances remains one
of the central open problems in the study of ring dynamics.

In this work, we investigate the emergence of bifurcations associated to the main
resonances; bifurcations occur at different values of the orbital eccentricity of a parti-
cle orbiting a primary body. The bifurcation analysis is first conducted by establishing
theoretical conditions that ensure the existence of equilibrium points; these conditions,
in turn, yield parameter values at which bifurcations arise. Subsequently, each specific
resonance is examined by identifying bifurcations through the study of the associated
linearized system and the computation of the eigenvalues of the corresponding Jaco-
bian matrix (see also [4, 5]). This approach enables us to characterize the stability of
the equilibria as a function of the eccentricity. Our results reveal a variety of dynamical
behaviours distinguishing different resonances, including pitchfork, saddle-node, and
transcritical bifurcations. Overall, the analysis highlights that the orbital eccentricity
plays a crucial role in shaping the dynamical behaviour of the resonances and must
be carefully accounted for in studies of the existence, persistence, and bifurcation of
equilibrium configurations.

This work is organized as follows. The model is introduced in Sect. 2 together
with the corresponding Hamiltonian and the definition of corotation and Lindblad
resonances. Analytical conditions on the existence of equilibria and, hence, of bifur-
cations are given in Sect. 3. A numerical investigation of the stability of the equilibria
for several resonances is presented in Sect. 4.
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Bifurcation of resonances in a ring model 1889

2 The model around an ellipsoid

We consider abody, say P, with mass M p and the shape of an ellipsoid with symmetric
mass distribution with respect to the equatorial plane; we denote by O the center of
mass and by @ > b > ¢ > 0 the semi-axes of the ellipsoid. We assume that the
ellipsoid rotates about the shortest physical axis, belonging to the symmetry plane,
and we denote by Q2 p the angular velocity, while 7., is the rotation period. Let S be a
massless particle, which moves in the equatorial plane around P with its position given
by polar coordinates (r, L) in an inertial frame centered in O; hence, r is the distance
from the origin and L denotes the true longitude with respect to a fixed direction. In a
synodic frame rotating with angular velocity 2 p, we introduce the angle 0 = L —Q pt.
The potential describing the attraction of P on S is given by (see [11])

M 00 xR 20
U(r,@):_grp > cos(2pt) Z<7) C20.2pP202p(0) (1)
p=0 t=p

where § is the gravitational constant, the coefficients Cz¢ 2, are given by

3 126 —2p)!

C = — 2—36
220 = jat e+ Be+ 0
t—p
§ [i] (612 _ bZ)p+2k(c2 _ %(QZ + bZ))(Z—p—Zk) @
e 1656 — p — 20)\(p + k) k!

and the numbers P>, 2, (0) are the values at z = 0 of the associated Legendre polyno-
mials Py 2, (2):

(2€ +2p)!
226+ p)le — p)!

Py 2p(0) = (=1)*F t>p. A3)

As remarked in [12], the series in (1) is uniformly convergent under the following
condition on the semi-axis: ¢ > a/+/2. Finally, we introduce the quantities defining
the oblateness and elongation of the ellipsoid:

2 2 2 2 2
a-+b°—2c a—b

O =, 5 = —
b 0 R

4R? ’ @

where R is the reference radius defined as

R —3 ?
- (a‘z +b2 4 c—2> ’
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We denote by p,, pg the momenta conjugated to r, 8: p, =7, pg = rz(é + Qp). We
can now write the Hamiltonian as

Pt P
H(pr, po7,0) = 5 + 5.5 = Qeps + UG, 0), (5)
where the gravitational potential can be split as the sum of an axisymmetric and non—
axisymmetric parts:

Us(r) = M > (?)Zecu,of’zz,o(o)

4 =0
GMp S (R\2E
Uns(r.0) = ==L 37 (2)7 Y cos@pt)Carap Preap@ . (6)
(=1 p=1

Next, we introduce the mean motion 7 as

1 dUg(r)\3
0= () @
and the epicyclic frequency « as
3dUs(r) | d*Us(r)2
k@) = (; dr dr? ) ' ®

We also introduce the synodic frequency as n — Qp. These quantities allow us to
introduce the definition of resonances as follows.

Definition 1 A Lindblad resonance is defined by the equation
Jji(r)y =m(n(r) — Q2p) ©))

for j,m € Z\{0}. Equation (9) defines the Lindblad resonant radius, say ry;, =
riin(2p; m, j).

A corotation resonance is defined by the equation (9) for j = 0, which implies that
the synodic frequency is zero: n(r) — Qp = 0; the solution of such equation gives the
corotation radius 7o = Feor (2p).

Close to a resonance, we introduce the quantities p = r — r, with r, the resonant
radius, and I = pg — p, with p, = n, rf and n, = n(ry). We also introduce p, = p;
the momentum conjugated to p and set k., = «(ry). Next, we compute the Taylor
expansion of the Hamiltonian (5) around / = 0 and p = 0; finally, we introduce the
epicyclic action—angle variables (J, ¢) related to (o, p,) by means of the canonical
transformation:

2 .
sin ¢
lic| (10)

Do =/ 2lks|J cosg .

10=
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Bifurcation of resonances in a ring model 1891
Then, the Hamiltonian (5) is transformed as
H, 1, 9,0) = lkald + (ne — Qp) + Fs(J, 1, @) + Fus(J,0,0), (1)
where Fj is the axisymmetric part of the potential:
~ ne |2J . 1? 2J .
F(J,1,9)=—-2—1I sm<p+—2+F0 I, sin ¢
T K] 27* kx|
(12)
= Mg 2—Jsm<p+ r —i—Z Z dij I' J11% sind ¢
Iy |rcs| >,2< i—0
j=3—i
with )
2 jl2
dii=cij|— ; 13
i,j =Cij <|K*|) (13)
and where ﬁn s 18 the non—axisymmetric part:
~ 2J
Fos(J,90,0) =U Sing + ry, 0
ksl
oo o0 ) )
=Y "> Vi /% cos(2i0) sin' ¢ (14)
j=0i=1
with )
- 2 jr2
Vii=Vii|l— 15
Joi Joi <|K*|> (15)

(see [13] for the explicit expressions of the coefficients ¢; ; and V; ;).
It is convenient to write the sum of (12) and (14) as

Fo(J, 1,9) + Fus(J, 9,0)

oo o0

= > > (o2ij(J. 1) cos(2i6 + j) + Paij(J. 1) sin(2if + jg)) . (16)

li|=0 j=0

where explicit expressions for ay; j, Bo;,j are given in Appendix A fori = 0, 1 and
J = 0,1,2. In general, ap; j = a—2; j, Pai,j = B—2i,j; a2i,j = 0if j is odd and

Boi,j = 0if j is even (included zero). According to Definition 1, we have that

(i) acorotation or 1 : 1 resonance is obtained for j = 0 and any i;

(ii) a Lindblad resonance of order m : (m — j) is obtained for 2i = —m and any j.
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1892 A. Celletti et al.

3 Existence and bifurcation of resonances

Letny, ny € Z be coprime; we consider a resonance of order (n1, ns), corresponding
to the resonance degree n1/(n; — ny) and to the resonant angle —n16 + nop. We
denote by r, the resonant radius, which is the solution of the equation

ni(n(r) —Qp) =nak(r) . (17)
We denote by H,.s the resonant Hamiltonian, that we write as
Hres(J, 1,0,0) =2Z(J, 1)+ R, I, —n10 +nrp) , (18)

where Z = Z(J, I) denotes the integrable part depending just on the actions and R
is the resonant part, depending also on the resonant angle. Let us expand R in Fourier
series; according to the nature of the coefficients ay; ;, B2;,; (see Appendix A), we
distinguish the following cases, where we denote by N the order of the trigonometric
approximation of the function R:

(i) if ny is even and n; is odd, then we write the Hamiltonian in (18) as

N/2
Hres(J.1.9.0) = Z(J 1) + 3 (a1 (VI 1) Sinl(2k — 1)(=n16 + n29)]
k=1
+Rok(J, I) cos[2k(—n16 + nag)l}

for suitable polynomials Rox_1, Ror which are, respectively, functions of
. D, (J, D

(ii) if ny is odd and n, is even or odd, or otherwise if n; and n, are both even, then
we can write

N/2
Hres(J, 1,0,0)=2(J, 1)+ Z Ror(J, I) cos[2k(—n 16 + nap)]
k=1

for suitable polynomials Ry = Rox(J, I).

Next, we make the change of coordinates

(J.1,9,0) > (G, L, ¥, 1)

with
Y = —n10 + nap

the resonant angle and G, L, i given by

G=aJ+bl
L=cJ+dI
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Bifurcation of resonances in a ring model 1893

uw=fo+go, (19)

where a, b, ¢, d, e, f, g are real numbers; we choose f = 1, g = —1, and determine
a, b, c, d, so that the transformation of coordinates is canonical, namely

Gdyr + Ldp = Jdo + 1d6 .
The transformed Hamiltonian, say ﬁm, in terms of the new variables takes the form
Hres(G, L, Y1) = Z(G, L) + R(G, L, ¥ , (20)
wher'e Z, R are the transformed normal form and resonant part. From (20) we obtain
that L = 0, hence L is constant.
Now, we express L, G in terms of the eccentricity as follows. Using the expressions
p=ree, pe=n(r)ri, po=(p+r)nlp+ry,
we obtain that the displacement Iy = pg — p. is a function of the eccentricity, say
Ip = Ip(e) . 2L

Similarly, using p, = p n(rs) and

b o kP
0= 2(ry) 2

we obtain that Jy is a function of the eccentricity, say
Jo = Jo(e) . (22)

From (19), (21), (22), we get Go = aJy + bly, Lo = c¢Jy + d 1 as a function of the
eccentricity, say
Lo = Lo(e), Go= Gole). (23)

Hamilton’s equations associated to (20) are

oo _RG.L.Y)
oy
. 9Z(G,L)  IR(G,L,¥)
j= e S (24)

Correspondingly, under the coordinate change (19), we have that the Hamiltonian (20)
becomes
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1894 A. Celletti et al.

N/2
Hres(G, L) = Z(G, L) + Y {Ro—1(G, L) sin[(2%k — )y/]
k=1
+R (G, L) cos[2kyr 1} 25)
for ny even, ny odd, and
_ N/2
Hres(G.L.Y) = Z(G, L) + Y Rox(G, L) cos(2ky)) (26)
k=1

forn odd, ny even or odd, or otherwise n1 and ny both even. Accordingly, the equations
of motion are given by

_aﬁres(Gy L’ 1/’)

G =
oy
j— Hre(G. L)
G ’
We notice that, when n1 is even and n» odd, the derivative appearing in 1/}, %&G’I‘),

contains divisors generated by the derivative of J/ = J(G, L) with respect to G, since

_dG—-DL
" ad — be

appears with exponent 1/2 in the resonant Hamiltonian due to the presence of the
coefficients By; ; in the polynomials Ry;—1(G, L) appearing in (25). Before giving
the domain of existence of the equilibria, we need the following result.

Lemma 2 Forall k > 1, the following relations hold:

cos((2k — 1)yr) = cos ¥ Ar(sin i, cos ¥r)
sin(2kyr) = cos ¥ By (sin Y, cos V) 27
for suitable functions Ak, By.

Proof We proceed by induction on k. For k = 1, we have that the first in (27) holds
with A1 = 1 and By = 2sin . Assuming (27) true for any j < k, we have:

cos((2k — 1)) = cos((2k — 2)yr) cos ¥ — sin((2k — 2)yr) sin
= cos((2k — 2)yr) cos ¥ — cos ¥ By_1(sin ¥, cos ¥) sin
= cos ¥ Ag(sinyr, cos i)

with
Ar(sinyr, cos ) = cos((2k — 2)¢) — Byr—1(sinyr, cos ¥) sin yr .
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Bifurcation of resonances in a ring model 1895

Similarly, for the second equation in (27) we have:
sin(2kyr) = 2 sin(kyr) cos(kyr) ,
so that for k even:
sin(2kyr) = 2 cos  cos(kr) B% (sinyr, cos ¥r)
and for k odd:
sin(2kyr) = 2 cos ¥ sin(kyr) A% (sinyr, cos ) ;

we conclude that

sin(2kyr) = cos(kyr) By (sinr, cos )

with
By (sin i, cos ) = 2 cos(kyr) B§ (sin Y, cos )
for k odd and
By (siny, cos ) = 2 sin(kyr) A% (sin v, cos V)
for k even. O

_To compute the equilibrium points, we start by solving the equation G = 0, namely
0Hyes /0y = 0. For ny odd, we denote by ¥y = v, the solution of G =~O, which
amounts to solve sin(k,;, ) = 0, where k,,;, is the smallestindex such that Ry, # 0.
We denote by G = G, the solution of Y = 0, computed for ¢ = Yeq and taking
into account that L is constant.

Proposition 3 The values of the eccentricity at which an equilibrium point associated
to the resonance of order (ny, na), with ny odd and ny even or odd, or otherwise both
n1 and ny even, bifurcates are solutions of the equation

dGeq(e) —bLo(e) _

0, 28
ad — bc - (28)

where a, b, c, d are determined as in (19), Goq = Gq(e) is the equilibrium solution,
depending on the eccentricity as in (23) and Lo(e) is as in (23).

Proof Reminding that p is related to J by

2J

|1

p= sing ,

we need to have J > 0. Let us write the first two equations in (19) as

()= ().
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1896 A. Celletti et al.

ab

where M = <c d

). Then, we have

which provides

= dG — blL) .
ad—bc( )

Hence, the requirement J > 0 is equivalent to (28). O
Let us now consider the case n even and n, odd; then, the solutions of cos ¢y = 0

are equilibria, which give ¥ = 7/2, ¥ = 37 /2. Next, we solve the equation i/ = 0,
which corresponds to find the solution of

~ N2 o~
0Z(G, L) ORx-1(G,L) .
T + ]; {T sin((2k — 1))
+ % cos(2k1p)} =0. (29)

We notice that for i = 7/2:
cos(2ky) = (=Y, sin((2k — Dyr) = (=D,
while for ¥ = 37/2:
cos(2ky) = (—D* . sin((2k — DY) = (=D* .
Hence, from (29) we have:
N/2

9Z(G, L) Z { dR_1(G, L) DX + R (G, L)

(-t =0
G G G

k=1
with K =k + 1fory =n/2and K = k for y = 3n/2.

Proposition 4 The values of the eccentricity at which an equilibrium point associated
to the resonance of order (n1, ny), with ny even and ny odd, bifurcates are given by
the solutions of

dGeq(e) —bLo(e) -
ad — bc

where a, b, ¢, d are determined as in (19), G.y = G (e) is the equilibrium solution
of (30) and Lo(e) is defined in (23).

0, (30)

@ Springer



Bifurcation of resonances in a ring model 1897

Proof Let Q = Q(G, L) be the function

N/2

G, Ly=)_

[RGB ey PRAGD )
k=1

G G

which is a rational function with the numerator given by a polynomial of G, L,
V' J (G, L) and denominator /J (G, L). Computing (30) at Ly = Lg(e), we denote
by Gey = Geq4(e) the solution of

IZ(Geqle), Lo(e))
G

+ Q(Geq(e)’ Lo(e)) =0.

Hence, the existence condition J > 0, together with the fact that ST appears at the
denominator, implies that one needs to require J > 0, namely, condition (30). O

As an example, let us consider the resonance of order (n1,ny) = (—1, 1) corre-
sponding to the 1:2 resonance. The resonant angle is 1 = ¢ +6 and the transformation
of coordinates (19) becomes

6=1s4t
2 2
L:lj—ll
2 2
Hw=¢—0. (31)

The equilibrium positions such that G = 0 are the solutions of sin(2y) = 0, namely,
Y =0andy = m/2. Since J = G + L from (31), condition (28) amounts to require
that the equilibrium solution G = G, (e) satisfies the condition

C(e) = Gegle) +Lo(e) = 0.

We report in Figure 1, left, the curves C(e) = G4(e) + Lo(e) as a function of the
eccentricity in the interval [0, 0.5] for ¢ = 0 and ¥ = 7 /2.

4 A zoo of resonances

The aim of this Section is to apply the results presented in Sect. 3 and to compute
the bifurcation curves as a function of the eccentricity for a concrete case associated
to the model presented in Sect. 2. We investigate low-order orbital resonances in the
motion of a satellite around a central body, with the physical and dynamical parameters
selected to be representative of small bodies in the Solar system. In particular, we set
the semi-axes of the ellipsoid as @ = 1000 km, b = 900 km, ¢ = 800 km, the mass of
the primary as Mp = 10?! kg and its rotation period as T},; = 10 hours. We specify
that in practical computations the units of measure are normalized so that the semi-axis
a is the unit of length, the mass Mp is the unit of mass, and one hour is the unit of
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1898 A. Celletti et al.
1:2 Existence condition 5:6 Existence condition
C
0.02+
S Y=0 cY=0
Coy=a2 o1 CY=a/2
000 0.1 02 °©
1:2 Bifurcation curves 5:6 Bifurcation curves
Re(d) Re(d)

0.04
0.02/\ / cy=0 000U Sy=0
/ . cy=a2
o 025 05 v=r

-0.02

-0.04

Fig.1 Left panels: 1:2 resonance. Top: function C(e) = Geg4(e) + Lo(e) in terms of the eccentricity for the
equilibria ¢ = 0 (red) and ¥ = 7 /2 (blue). Bottom: bifurcation curves in the same eccentricity interval.
Right panels: 5:6 resonance. Top: function C(e) = Geq(e) + Lo(e) in terms of the eccentricity for the
equilibria ¢ = 0 (red) and ¥ = 7/2 (blue). Bottom: bifurcation curves in the same eccentricity interval
(color figure online)

time. As a consequence, the gravitational constant G is expressed in the normalized
units. We use Hamiltonian (11) with the function (16) truncated ati = 16 and j = 16.
We analyse all resonances of order (n1, no) with —ny, ny = 1, ..., 7 coprime; this
choice corresponds to resonance degree n1/(n1 — ny) such that max(jn; — n3|) = 8.
The resonances studied in this work are listed in Table 1.
The procedure to draw the bifurcation curves can be summarized as follows:

1.

2.

for a resonance of order (n1, ny), we consider H;.s as in (18), selecting r, as
the solution of the resonance equation (17);

we pass to the coordingtes (G, L, ) by means of the transformation (19), obtain-
ing the Hamiltonian H,.s;

we get a 1-DOF Hamiltonian system governed by Egs. (24), being L = L a
constant of motion;

. we compute Lo as in (23) and substitute this value in the Hamiltonian, obtaining

a Hamiltonian function depending on the eccentricity as a parameter;

. we fix the eccentricity by considering a discretized interval for e € [0, €4y ]

with e, 4, suitably chosen. Once the eccentricity is fixed, we compute the cor-
responding value of L¢ from (23);

. forevery value of the eccentricity in the discretized interval [0, e, ], we analyse

the number and stability of the equilibria, computing the eigenvalues of the
associated Jacobian matrix (see [14]). As the eccentricity varies, we search for
possible bifurcations, checking whether they are associated to conditions (28)
or (30).

We specify that the value of e,,,4, is chosen in such a way that, in the interval [0, e;,4x ],
the dynamics induced by the resonant Hamiltonian H,., is an actual approximation
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Bifurcation of resonances in a ring model 1899

of that induced by H (see [13] for more details). As for the classification of the bifur-
cations, we will make use of the definitions provided in [14, Chapter 8]. In particular,
we classify the bifurcations as follows:

(i) a transcritical bifurcation occurs when two equilibria always exist and inter-
change their stability at the same value of the parameter e; we refer to it as
“TRAN BIF” in Table 1;

(i7) apitchfork bifurcation occurs when the change in stability of a single equilibrium
is associated to the appearance/disappearance of secondary fixed points; we refer
to it as “PIT BIF” in Table 1;
(iii) asaddle-node bifurcation occurs when two equilibria of opposite stability branch
at a certain value of the eccentricity; we refer to it as “S-N BIF” in Table 1.

In Table 1 we present the results concerning several resonances. For each order
(n1, ny), we provide the degree n1/(n; — ny) of the resonance, the type of bifurcation
(whenever it occurs) and the resonant radius in km computed as solution of (17). For
each kind of bifurcation we provide two plots: the first one showing conditions (28) or
(30) (according to the order (n1, ny)) for the equilibria, and the second plot showing
the occurrence of bifurcations, obtained by computing the eigenvalues of the Jacobian
matrix at equilibrium.

Figure 1 shows two samples with ] odd; the corresponding resonant Hamiltonian
(see (26)) has two equilibria in ¥ = 0 and ¢ = /2. In the left panels, we show the
results of the 1:2 resonance already described in Section 3: the top panel shows the
curve Geq(e) + Lo(e) which has zeros at e = 0.4515 for v = 0, while for ¢ = %
two solutions are found at e = 0.011 and e = 0.4295. These values of the eccentricity
perfectly agree with the three pitchfork bifurcation points shown in the bottom panel
(one bifurcation point for ¢ = 0 and two for ¥ = 7r/2). The right panels of Figure 1
show the occurrence of a transcritical bifurcation for the 5:6 resonance. The top panel
shows that the condition G.4(e) + Lo(e) = 0 has solution at ¢ = 0.09 for both
the equilibria v = 0 and ¥ = 7/2 (the two curves indeed overlap); this value of
the eccentricity perfectly agrees with that shown in the bottom panel, where the two
equilibria interchange their stability.

Figure 2 shows two cases with 72 even and n; odd, where the corresponding resonant
Hamiltonian is given by a function of the form (25). Equilibria exist for ¢ = 7 /2 and
Y = 3/2m. In the left panels, we show the 4:5 resonance where a saddle-node bifur-
cation occurs in i = /2. The top panel provides the curves C(e) = G4 (e) + Lo(e)
in agreement with (30). The two curves branch at the same value of the eccentricity
e = 0.126, which agrees with the values shown in the bottom panel giving the sta-
bility of the equilibria. The right panels of Figure 2 show the 4:7 resonance, which
presents a peculiarity. For values of the eccentricity e < 0.3345 the Hamiltonian has
no equilibria, while for e > 0.3345 two equilibria appear in = 7 /2 and ¥ = 3/2x.
The top panel shows the bifurcation condition given by 3 G, (e) + Lo(e) > 0, which
agrees with the appearance of the equilibria shown in the bottom panel.

The dynamical implications of the occurrence of bifurcations are especially sig-
nificant when examined within the framework of the evolutionary history of the ring
system. In fact, during the formation phase of the ring, the orbital eccentricity may
have experienced slight variations induced by multiple mechanisms, such as the gravi-
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4:5 Existence condition 4:7 Existence condition
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0 .
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4:5 Bifurcation curves 4:7 Bifurcation curves
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Fig. 2 Left panels: 4:5 resonance. Top: function C(e) = Geq(e) + Lo(e) in terms of the eccentricity
for the two equilibria in ¢ = % (the saddle in red and the centre in blue) shown in logarithmic scale.
Bottom: bifurcation curves in the same eccentricity interval. Right panels: 4:7 resonance. Top: function
C(e) = 3 Geg(e) + Lo(e) in terms of the eccentricity for the equilibria ¥ = % (blue) and ¥ = %71’ (red).
Bottom: bifurcation curves in the same eccentricity interval (color figure online)

tational perturbations exerted by nearby satellites or the action of dissipative processes.
Whenever such variations arise in the vicinity of the critical parameter values at which
bifurcations occur, the system may undergo transitions between stable and unstable
regimes, implying a substantial modification of its dynamical behavior. This scenario
should be examined within the framework of more physically realistic models that
include effects neglected in the present study, which will be addressed in future works.
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A Explicit expression of the coefficients a; j, Bi ;

We provide explicit expressions for the non-zero coefficients ay;, ;, B2;, j appearing in
Eq. (16) fori =0,1and j =0, ..., 2.
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