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Abstract

Let H be a bounded and Lipschitz continuous function. We consider discontinuous viscosity
solutions of the Hamilton—Jacobi equation U; + H(Uy) = 0 and signed Radon measure
valued entropy solutions of the conservation law u; 4+ [H (u)]y = 0. After having proved
a precise statement of the formal relation Uy = u, we establish estimates for the (strictly
positive!) times at which singularities of the solutions disappear. Here singularities are jump
discontinuities in case of the Hamilton—Jacobi equation and signed singular measures in case
of the conservation law.
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1 Introduction

Consider the Cauchy problem for the first order Hamilton—Jacobi equation

U+HU,) =0 in §:=R xR

. H))
U =10 in R x {0},
where
He W' ®), (H1)
and
Uy is piecewise continuous in R, with jump pointsx; < --- < x, . (1.1

In spite of the apparent simplicity, investigating (HJ) under the above assumptions
(as suggested by a mathematical model for the process of ion etching; see [15,24,25])
is mathematically challenging. Firstly, assumption (H;) is uncommon in the theory of
Hamilton—Jacobi equations. Secondly, in view of (1.1) discontinuous solutions of (HJ)
must be considered (solutions of this kind are also important on other grounds, e.g. in opti-
mal control problems and differential games theory). Let us recall that:

— Starting from the pioneering papers [17,18], where the basis for a systematic theory
of discontinuous viscosity solutions were laid, the important issue of their uniqueness
remained open.

— Examples of nonuniqueness of solutions to the Cauchy problem for Hamilton—Jacobi
equations with discontinuous initial data are known, if the Hamiltonian is non-convex
and explicitly depends on space and/or time [2,16];

— Several concepts of discontinuous solutions of Hamilton—Jacobi equations have been
proposed [3,4,16,26], proving related existence, comparison and uniqueness results (e.g.,
if the Hamiltonian is convex). However, the relationships between these different notions
are still partially unclear (see [11,16]);

In the light of the above situation, the main result of our paper [8] was the proof of unique-
ness of discontinuous viscosity solutions (in the spirit of [18]) for problem (H J), assuming
(Hy) and (1.1). The proof, which required a detailed investigation of some qualitative features
of these solutions, can be described as follows (see Theorem 3.5):

(a) discontinuities of viscosity solutions of (HJ) cannot appear instantaneously, and dis-
continuity jumps do not increase in time. Due to the boundedness of H, the discontinuity at
each x; survives for a positive waiting time t; (which essentially means that the disconti-
nuity at x; disappears at time 7; if 7; < 00). Hence there exists & > 0 such that the strip
Sp := R x (0, 0) is the disjoint union of rectangular subdomains Q1, ..., Qp+1 (Q1 and
O p+1 unbounded), whose boundaries consist of segments {x;} x (0,0) (j =1,..., p);
(b)itisproventhat, if U and V are discontinuous viscosity solutions of (H J), their restrictions
to each Oy coincide and are continuous viscosity solutions of a singular Cauchy—Neumann
problem for U; + H(U,) = 0, with initial data given by the proper restriction of Uy and
boundary condition +00, depending on the sign of the jump discontinuity of Uy at x; and
Xk41. It follows that U = V a.e. in Sy. If some discontinuity jump vanishes at r = 0, iterating
the procedure a finite number of times proves uniqueness.

The above overview points out the deep link between regularity and uniqueness of discon-
tinuous viscosity solutions. In fact, the nonincreasing character of discontinuities and their
persistence for a positive time are regularity features, and it is persistence that makes each
region on isolated from the others. Equivalently, following [13] we say that each segment

@ Springer



Journal of Dynamics and Differential Equations (2023) 35:455-491 457

{x;} x (0, 0) is a barrier for the solution - a concept to which the above use of singular
Cauchy—Neumann problems gives a sound meaning.

By formal differentiation with respect to x, problem (H J) is transformed in the Cauchy
problem for a scalar conservation law,

u; +[Hw)]y =0in S
{u:uo in R x {0}, (CL)
where uq := Uy is a signed Radon measure on R such that
P
uor € L'R), wos =Y cjdy;, cj€R\{0} (peN). (1.2)

j=l1

Here uq, denotes the density of the absolutely continuous part and uqs the singular part of
uo with respect to the Lebesgue measure on R.

In this formal way, piecewise continuous solutions of (H J) correspond to Radon measure-
valued solutions of (CL). Entropy solutions of this kind to (C L) have been introduced and
investigated in [5-7] assuming (Hj) and (1.2). In particular, it was proven that (see Sect.
3.1):

(a') singularities of entropy solutions cannot appear spontaneously, and their size is nonin-
creasing in time. Since H is bounded, each Dirac mass dy; survives for a positive waiting time
(incidentally, this proves that Radon measure-valued entropy solutions must be considered);

(V) as long as 8x; persists, it acts as a barrier for the solution. Accordingly, for some 6 > 0
the strip Sy is split into a finite number of isolated regions, in each of which there exists a
unique entropy solution of a singular Cauchy-Dirichlet problem for u; + [H (#)], = 0 which
satisfies suitable compatibility conditions at the lateral boundary and the initial condition in
the sense of narrow topology;

(¢") “gluing” properly the solutions in (&") gives a Radon measure-valued entropy solution
of (CL), whose uniqueness is proven adapting the Kruzkov method of doubling variables;
in doing so, the above referred compatibility conditions play a crucial role.

The correspondence between the situations depicted for (H J) and (C L) strongly suggests
that the formal link # = U, canbe made rigorous. Theorem 4.1 below proves that this is indeed
the case. In proving this result our main motivation comes from the search for estimates of the
waiting times, which are the same for both problems since their solutions are in one-to-one
correspondence.

Typically, the main tool to prove such estimates is the construction of comparison func-
tions. In particular thanks to the correspondence between (H J) and (C L) solutions we have
two distinct tools to find estimates of the waiting times.

A comparison principle for viscosity sub- and supersolutions of problem (H J) is known
from [8]. In Sect. 4.2 we prove a new comparison result for entropy solutions of (C L) which
satisfy the compatibility conditions. This result seems to be of independent interest: since
we compare measures with different singular parts (possibly with different supports), the
uniqueness techniques used in [6,7] need to be refined.

It is easy to prove that the waiting times 7; are always finite, if / has no limit at o0
(Theorem 4.4). Otherwise, it can happen that 7; = co. It is trivial to see that this is the case
if H(§) is constant for sufficiently large £. On the other hand, it is an open problem whether
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waiting times are finite under the following assumption:

(1) Flimg 0 H(§), and #c > Osuch that H is constant in (¢, 00);
(@) 3 limg, oo H(E), and#d < 0 such that H is constantin (—oo, d) .

We conjecture that this is always the case, since Theorems 4.5, 4.7 give a strong indication
in this sense (see Sect. 4.3).

It is worth placing the above results in the broader context of the study of evolution
equations with singular initial data. Whether or not solutions of these equations become
Sfunction-valued for positive times depends both on the dynamics inherent to the equation and
on the properties of the initial singularity. For the conservation law in (CL) the dynamics
crucially depends on the behaviour of H at infinity. If A has superlinear growth and uo > 0
is a finite Radon measure, the unique entropy solution of (CL) is a function for all positive
times, namely the regularizing effect is instantaneous [20]. Instead, as outlined before, if
H is bounded and u satisfies (1.2) regularization can only take place after a positive time.
Similar phenomena occur for parabolic equations, also depending on the concentration of
the initial singularity with respect to suitable capacities related to the given equation (e.g.,
see [9,22,23] and references therein), and expectedly for scalar conservation laws in higher
space dimension.

Let us add some comments concerning Theorem 4.1, whose correspondence result is
central for the above considerations. Let assumptions (Hp) and (1.2) be satisfied, and let
u be a Radon measure-valued solution of (C L) which satisfies the compatibility condition
(see Sect. 3.1). Let U be a suitably defined viscosity solution of (H J) with initial data Uy
satisfying Uj = u in distributional sense (see Sect. 3.2); observe that by (1.2) U, is a Radon
measure without singular continuous part:

p
Uy =Y [Uot)) = Vo) | 63, + Woae - (13)
j=1
Then there holds
t
Ulx,1) = —f H(u,(x,5))ds + Up(x) ae.inR forall >0, (1.4)
0

p
Ur=uin D'(S), .00 =Y [UGf.0 = UGG 06, forall r=0;
j=1

(1.5)

here u, is the density of the absolutely continuous part and u; is the singular part of u.

The proof of the above result is indirect and based on the uniqueness theory for problems
(CL) and (HJ). More precisely, choosing suitable approximating problems with smooth
initial data ug, and Uy, (with U()n = ug,) and smooth solutions u, and U,, the relation
U,x = u, is trivial. Letting n — o0, the main tool consists in proving that the sequences u,
and U,, approach a measure-valued solution of problem (C L) and a discontinuous viscosity
solution of (H J), respectively. In this way, the formal relation between constructed solutions
u and U can be made rigorous. To complete the argument, it is enough to use the uniqueness
part of Theorems 3.2 and 3.5 for both (CL) and (H J), which were proven in [6] and [8],
respectively. Observe that the above construction of solutions to (H J) is different from that
in [8], which is based on Perron’s method but inappropriate for our purposes.

To our knowledge, even in the non-singular case a direct proof, merely based on the
definitions of entropy and viscosity solutions, of the correspondence between (C L) and (H J)
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is not available in the literature. We refer to [19] for the indirect approach if Uy € BV (R),
and to [10] for the direct approach in the stationary case. Stimulating remarks about the above
correspondence when H is convex can be found in the pioneering paper [12].

The paper is organized as follows. In Sect. 2 we introduce the basic notations. In Sect. 3
we review some known results. In Sect. 4 we present the main results, which are proven in
the remaining sections.

2 Notation
2.1 Radon Measures

For every open subset 2 € R we denote by C.(€2) the space of continuous real functions
with compact support in € and by M™ () the cone of the nonnegative Radon measures on
Q. Following [14, Section 1.3] we say that p is a (signed) Radon measure on €2, if there
exists v € MT(Q) and a locally v-summable function f : & — R such that

M(K)=/ fdv
K

for all compact sets K C 2. The space of (signed) Radon measures on €2 is denoted by
M(L2). The measure u € M() is finite if its total variation |@|(€2) is finite.

If o, v € M(Q), we say that i < v in M(Q) if v — u € M (). We denote by (-, -)o
the duality map between M (£2) and C.(2). For any open set Q cc Q, M() is a Banach
space with norm || u|| ME) = [ (€2). Similar definitions are used for Radon measures on
any subset of Q := Q x (0, 7).

Every © € M(2) has a unique decomposition &t = pge + ts, With gz € M(Q2)
absolutely continuous and pg € M () singular with respect to the Lebesgue measure. We
denote by u, € L]IOC(Q) the density of p,.. Every function f € L]IOC(SZ) can be identified
to an absolutely continuous Radon measure on €2; we shall denote this measure by the same
symbol f used for the function.

For every open subset 2 € R we denote by BV (€2) the Banach space of functions of
bounded variation in 2:

BV(Q) = {ze L'(Q) |7 € M(Q), 17l m) < oo},

IzllBve) = lzlliL1q) + 12 lmee),

where 7’ is the first order distributional derivative. The total variationin Q of zis TV (z; Q) :=

1zl m()- We say that z € BVjoc () if z € BV () for every open subset Q cc . Similar
notions hold if z € BV (Q); in this case we denote by z,, z; the first order distributional
derivatives of z.

By C([0, T']; M(£2)) we denote the set of strongly continuous mappings from [0, 7] into
M(R2) - namely, u € C([0, T]; M(R)) if for all #p € [0, T'] and for every compact K C Q
there holds |[u(-, ) — u(-, to) | mx) — Oast — fo.

We denote by L3, (0, T MT(Q)) the set of nonnegative Radon measures u € M™(S)
such that for a.e. ¢ € (0, T') there is a measure u(-, 1) € M1 (Q) such that
@1)if¢ € C([0, T]; C.(2)) the map t — (u(-, 1), ¢ (-, 1)) belongs to L'(0, T) and

T
<M, §>S = /0\ <M(', t)’ ;(5 t))Q dt7 (21)
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(ii) the map ¢ — |lu(-, t)|| m(k) belongs to L>°(0, T') for every compact K € Q.

By the definition of L3, (0, T'; MT(Q)), for all p € C.(R2) the map t > (u(-, 1), p)g is
measurable, thus the map u : (0, T) — M1 (Q) is weakly* measurable.

Ifu € L0, T; MT(Q)), then uge, us € L0, T; MY (), u, € L0, T; LIIOC(Q))
and, by (2.1), for all ¢ € C([0, T]; C.(£2))

T
ijhfﬁkﬁﬂm, %£M=L<mhmHJMML

Denoting by [u(-, )]ae, [u(:, )]s € MT(R) the absolutely continuous and singular parts of
the measure u(-, t) € M™(R), a routine proof shows that for a.e. t € (0, T)

uS('v t) = [I/l(, t)]? ) uac(', t) = [Ll(, t)]ac, ur(', t) = [Ll(, t)]r ) (22)

where [u(-, t)], denotes the density of the measure [u(-, #)],c-

We say that a (signed) Radon measure u € M(S) belongs to LS, (0, T; M(2)) if both
its positive and negative parts ™t and u~ belong to L, (0, T; M™(R2)). In particular, this
implies that the total variation |u| of the measure u belongs to LS, (0, T; MF(Q)), and that
conditions (i) and (ii) in the definition of LS, (0, T'; MT(R)) hold with u(-, 1) :=u™(-, 1) —
u=(-,t)forae.t € (0,7).

Since u™ and u™ are mutually singular, it follows that for a.e. ¢ the nonnegative measures
ut(-,t) and u~ (-, t) are mutually singular, whence

ut 0 =01, |uC, 0] =ul(,1) forae.te(,T), (2.3)
uEC ) = w1, |uglC,0) = |[u(, 0]y forae.re(0,T). (2.4)

2.2 Functions and Envelopes

Let xr be the characteristic function of E € R. For every u € R we set
[ult :=max{zu, 0}, sgny(u):=Lxr, (1), sgnu):=sgn_(u)+sgn, (u).

Let Q2 = (a,b) (—00 < a < b < 00). We say that a function f : Q@ — R, f € L*®(R),

is piecewise continuous if:
1 . .

-Q = Ufil Ij (p € N)with I := (a,x1),I; = (xj_1,x;)for j =2,...,p, Ip11 =
(xp, b);
- fj = fulj admits a representative (denoted again f; for simplicity) which belongs to
CANG=1eeip+ 1 ;) # [ (G =1,.... p).

If  is unbounded, f € Ly (£2) is piecewise continuous in 2 if it is piecewise continuous
in every bounded interval (ag, bg) C 2. o

Let O € R? be open, g : Q — R be a measurable function, (xo, 7o) € Q. We set

ess limsup  g(x,?):=inf |ess sup g(x, 1)
03(x,1)— (x0,10) 8>0 (x.1)€B5 (x0,10)NQ

= lim (ess sup gx, )],
§—0t (x,1)€B5(x0.10)NQ

ess liminf  g(x,f) :=sup (ess inf g(x, t))
(x,1)€Bs(x0,10)NQ

03(x,1)—(x0,0) §>0

= lim (ess inf g(x,t)),
§—071 (x,t)€Bs(x0,10)NQ
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where
By (x0,10) = {(x, 1) € R* | (x —x0)* + (t —10)*> < 7%} (r > 0).

If ess im SUp g5y 1) (x0.10) 8 (X 1) = essiminf gsx,1)— (x0.10) §(X, 1), the essential limit of
g at (xg, tp) is defined as

ess g(x,t):=ess limsup g(x,7r)=ess liminf g(x,1).

lim
03(x,1)—(x0,0) 05(x,1)—(x0,10) 03(x,1)—(x0,0)
The quantities

ess limsup  g(x,t), ess lim inf glx, 1)
03 (x.0)— (x0.15") 03(x.0)— (x0.1)

are defined by replacing B, (xo, to) by B (xo, t0) N {(x, 1) € R? |7 > 19). Similarly,

ess limsup  g(x,1), ess lim inf g(x, 1)
03(x,0)—> (6, 10) 05 (x,1)= (x5 10)

are defined by replacing B, (xo, fo) by B (xo, o) N {(x,t) € R2 | x > xo}, respectively by
By (x0, t0) N {(x, 1) € R? | x < xo}.

Letg € L°°(Q). By the essential upper semicontinuous envelope (shortly, upper envelope)
of g we mean the function g* : Q0 — R,

g*(x0,10) :=ess limsup  g(x,t) forany (xo,1%) € Q. 2.5)
03(x,1)—(x0,10)

Similarly, the essential lower semicontinuous envelope (shortly, lower envelope) of g is the
function g, : O — R,

gx(x0,f0) :=ess liminf  g(x,t) forany (xg, ) € 0. (2.6)
03(x,1)—(x0,10)

Similar definitions hold for measurable functions f : R — R.

3 Definitions and Preliminary Results
3.1 Conservation Law

Definition3.1 Let —co < a < b < 00, Q = (a,b), ug € M(Q) and H € WH®(R). A

measure u € L3, (0, T; M(Q)) is called a solution of

ur+[Hw)], =0 inQ:=Q x(0,7T), u=ug in 2 x {0} 3.1)

in Qifforall ¢ € C!([0, T1; CL(RQ)), ¢(-, T) = 0 in  there holds

T
f/Q [Mr§r+H(ur)§x]dxdt+/o Us (1) G D)o dt = — (0, £ 0)g . (32)
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A solution of (3.1) in Q is called an entropy solution if it satisfies the entropy inequality: for
allk e Rand ¢ € C'([0,T]; C}(R),¢ >0,¢(,T) =0in Q,

//Q Uty — K| & + sgn (r — k) [H ) — H() ¢} ddr

T
+/0 <|u5('7 t)la Ci(" t))Q dt = _A |M0r(x) _k| ;(-xv O)dx - <|M0S|s {(70)>Q .
3.3)

Global (entropy) solutions of (3.1) are (entropy) solutions in  x (0, T') forall T > 0.

In particular, setting 2 = R, we have defined a (global) entropy solution of the Cauchy
problem (CL). Summing and subtracting (3.2) and (3.3), we find that entropy solutions u in
Q of (3.1) satisfy

/ fQ ity — Kl & + sgn or — k) [H () — HO ¢} dxdr

T
+/0 (WEC, 0,60y di = —/Q[uo,m — Kle ¢(x, 0) dx — {ugs, £(,0)g,
(3.4)

forallk e Rand ¢ € C'([0, T]; CH(R)), ¢ > 0,¢(-,T) =0in .
Entropy solutions satisfy the following monotonicity result (see [7, Theorem 3.3]).

Theorem 3.1 Let (Hy) hold, let ug € M(2) and let u be an entropy solution of (3.1) in Q.
Then fora.e.0 <t <th <T

(-, IE < [wC, m)IF <u in MQ). 3.5

From now on we consider entropy solutions of (3.1) with initial data u¢ which satisfy

{uo is a Radon measure on 2, finite if Q is bounded; (Hh)
2

gy = Z?:l cjby; Withx) <x2 <+ <xp, ¢; € R\ {0} for 1 < j < p.

We shall indicate the support of ug; by J := {x1, x2, ..., xp}.

Let (H;) and (H») be satisfied. If « is an entropy solution of (3.1) in Q, it follows from
the proof of [5, Proposition 3.20] thatu € C ([0, T']; M(£2)). This implies that if u is a global
entropy solution of (3.1) in Q, then

tj=sup{t > 0lus(-.0){x;}) #0} >0 forallx; € J ={xi,x2,....xp}. (3.6
More precisely, ¢; can be estimated from below (see the proof of [7, Corollary 1]):

_ Juodd (1))

P> (3.7
! 2| H oo
In addition it follows from (3.5) that suppus, € J x [0, T'] and, for all t € (0, ¢;),
>0 ifc;i =ugs({x;}) >0
us Gty |70 e = s (38)
<0 ifc; =ups({x;}) <O.
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Definition 3.2 Let (H)-(H>) hold. An entropy solution u of (3.1) in Q is said to satisfy the
compatibility conditiotn atx; € Jif
ess 1im+ / ! sgn o (uy (x, 1) — k) [H(up(x, 1)) = HK)|B(1)dt <0 if £¢c; <0  (3.9a)

x—>x] 0

.
ess lim /Jsgni(ur(x,t)—k) [Hur(x,0) = HK)]B@)dt =0 if £¢c; <0  (3.9b)
x—x. JO
J

forallk e Rand 8 € Ccl. 0,tj), B = 0, where t; € (0, T'] is defined by (3.6).

By [7, Remark 7] the limits in (3.92)—(3.9b) exist and are finite.
Before stating the basic well-posedness result for the Cauchy problem, we introduce the
following singular Cauchy-Dirichlet problems, where m, m, = £oo:

o If Q= (a,b) with —c0o <a <b < o0,

u +[Hwl =0 inQ

u=m %n {a} x (0, T) D)
u=my in {b} x (0, T)
U= ug in Q x {0};

o If Q = (—o00, b) with b < o0,

ur+[Hw)le =0 inQ
u=my in {b} x (0, T) (D)_—
U= ug in 2 x {0};

o If Q = (a,o0) witha > —o0,

u+[Hw)]y =0 in Q
u=mi in {a} x (0, 7T) (D)4
U =um in Q x {0}.

Definition 3.3 Let Q = (a, b) with —0o < a < b < oco. Let (H;) hold, and let ug € M(2).
An entropy solution u of (D) in Q with m, m» = £00 is an entropy solution of (3.1) in Q
such that for all k € I@ and B € Ccl. (0, T), B > 0 there holds

ess 1im+/ sgn | (up(x, 1) — k) [H(ur(x, 1)) — HK)] () dt <0 ifm; = —oo, (3.10a)

x—a 0

T

ess 1im+ sgn _(up(x, 1) — k) [H(ur(x,1)) — HK)] B(t)dt <0 if m; =00, (3.10b)

0

X—da
T
ess lim sgn | (up(x, 1) — k) [H(ur(x, 1)) — HK)] (1) dt = 0 if my = —oo, (3.10c)
- JO

x—b
T
ess lim sgn _(up(x, 1) — k) [H(ur(x,1)) — HK)] B(t)dt > 0 if my =o00.  (3.10d)
x—>b= JO
Entropy solutions of (D)_ and (D) are defined by dropping conditions (3.10a)—(3.10b) at
x = a (resp. (3.10c)—(3.10d) at x = b).

Again it follows from [7, Remark 7] that the limits in (3.10) exist and are finite.

The proof of the following well-posedness result is basically the same as in the case of
problem (CL) (see [7, Theorem 3.5]; for the existence part, see also the proof of Theorem
4.2 below).
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Theorem 3.2 Let (Hy) and (H)) be satisfied. Then the following problems have a unique
global entropy solution which satisfies the compatibility condition at all x; € J :
(i) Problem (D), withm| = 00, my = F00;
(ii) Problem (D)_, with my = £00;
(iii) Problem (D)4 with m| = £o0;
(iv) Problem (CL).

The following results follow from the proofs of [7, Theorem 3.5 and Proposition 5.8]. The
first one states that at the singularities, the one-sided traces of H(u) = H(u,) at x; € J
exist in a weak sense:

Proposition 3.3 Ler (Hy) and (Hy) be satisfied and let u be the global entropy solution of
(D) satisfying the compatibility conditions atall x; € J. Let t; € (0, oo] be defined by (3.6).
For all xj there exists f .+ € L*(0,t;) such that

J

1

ess lim
x—m;‘r 0

J 1j
H(u(x,t))ﬁ(t)dtzf S B(0)dt forall B € Cc([0,00)). (3.11)
0 J

Moreover, for a.e. t € (0, t}) there holds

limsup H(u) < f.+(1) < sup H(u) if ¢; >0, (3.12)
u—00 J uelR

inf H(u) < f+(t) <liminf H(u) if c; <0, (3.13)
uelR J U——00

inf H(u) < f,-(t) < liminf H(u) if ¢; >0, (3.14)
uelk j u— 00

limsup H (u) < f,— (1) < sup Hw) if ¢j <0. (3.15)
U——00 J uelR

The weak traces f .+ determine the evolution of the Dirac masses. In fact, since the solution
J
u satisfies the weak formulation (3.2), we have:

Proposition 3.4 Under the assumptions of Proposition 3.3, for all x; € J,

o 4 + —_ _ 7 .
us(Lfx;} = C; (08, . Cj(1) == {CJ Jo [ij (s) ij. (s)] ds sz <t <t
0 ift >t;,
(3.16)
>0 ifc; >0

0<t<tj. 3.17
<0 ife; <0 forevery 0 < I ( )

Cj(t) ::{

Similar results hold for problems (D)_ and (D)4 when 2 is an half-line, and for the
Cauchy problem (CL) when 2 = R.

3.2 Hamilton-Jacobi Equation
Definition3.4 Let H €¢ W1 (R), E € R? an open set and U € Lﬁfc(E). U is a viscosity
solution of the equation U; + H (uy) = 0in E, if for all ¢ € C'(E):
@1 (x, 1) + H(py(x, 1)) <0if (x, 1) is alocal maximum point of U* — ¢in E;
(3.18)
@r(x,t) + H(px(x,1)) > 0if (x,1)1s a local minimum point of U, — ¢ in E.
(3.19)
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Definition 3.5 Let —0o < a < b < 00, Q = (a,b), Uy € LY2(Q) and H € WE2(R). A
viscosity solution of

Ui(x, 1) + HUx(x,1)) =0 in 0 =Qx(0,7T) (3.20)
U(-,0) = Uy in Q '

is a viscosity solution of U; + H (u,) = 0 in Q such that
U*(-,0) = (Up)*, Ux(-,0) = (Up)x inQ. (3.21)

Global viscosity solutions of (3.20) are viscosity solutions in & x (0, T) forall T > 0.

In particular we have defined a viscosity solution of the Cauchy problem (H J).
The singular Dirichlet problems for the conservation law naturally correspond to singular
Neumann problems for the Hamilton—Jacobi equation, where m1, my = £o0:

o If Q= (a,b) with —c0o <a <b < o0,

U +HUy) =0 inQ

Uy =m ?n {a} x (0, T) ™)
Uy, =myp in {b} x (0,T)
U = U in  x {0};

o If Q= (—o00,b)withb < o0,

U +HWU;) =0 inQ

Uy =my in {b} x (0, T) (N)—
U ="Up in Q x {0};

e If Q = (a, o00) witha > —o0,

U+ HWU,)=0 inQ

Ue =m in {a} x 0,7)  (N)+
U=U in Q x {0}.

Definition 3.6 Let Q = (a, b) with —00 < a < b < o0 and Q = Q x (0, T]. Let (Hy)
hold, and let Uy € L (R2). A viscosity solution U of (N) with m| = o0, my = £oo is a

loc

viscosity solution of (3.20) in Q such that forall ¢ € C I Q) there holds:
(i) Ifml =mpy = OQ:
@i(a,t) + H(py(a, 1)) <0if (a,t) is alocal maximum point of U* — ¢ in Q,
(3.22)
@i (b, t) + H(px(b,t)) > 0if (b, 1) is alocal minimum point of Uy — ¢ in Q;
(3.23)
(i) If my = myp = —o0:

¢i(a,t) + H(px(a,t)) > 0if (a,t) is alocal minimum point of Uy — ¢ in Q,
(3.24)

@i (b, t) + H(px (b, 1)) < 0if (b, 1) is alocal maximum point of U* — ¢ in Q;
(3.25)
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(i) If mj = 00 and my = —oo and (a, t) and/or (b, t) are local maximum points of U* — ¢
in Q, then
O+ H ,1) <0,
¢r(a,t) + H(gx(a, 1)) (3.26)
@b, 1) + H(px(b, 1)) <0;
@v) If mj = —00 and my = oo and (a, t) and/or (b, t) are local minimum points of U, — ¢
in Q, then
Ll t H I t Z 0 ’
¢r(a,t) + H(px(a, 1)) 3.27)
(b, 1) + H(px(b, 1)) 2 0.

Viscosity solutions of (N)_ and (N) are defined as above, dropping conditions at x = a,
respectively at x = b in Definition 3.6.
The following well-posedness result holds for (N) ([8, Theorem 3.3 and 3.4]).

Theorem 3.5 Let Q = (a, b). Let (H) hold, and let Uy € L. (Q2) be piecewise continuous

loc
in Qwith J = {x1,...,xp} as the set of jump discontinuities. Then there exists a unique

global viscosity solution U of problem (N), with m1 = 00, my = £00. Moreover:

(a) Forevery j =1,..., p+ 1 the restriction U |_ST has a continuous representative U j
in Sj, with S := I1; x RT, I} 1= (xj_1,x}), X0 := @, Xp41 = b;
(b) Forevery j =1, ..., p there exists a unique waiting time t; € (0, oo] such that

Ujxj.t) #Uj(xj, 1) & 1€[0,7)).

Similar statements hold for (N)_ with my = 00 if Q@ = (—00, b) with b < oo, for (N)4
with my = 00 if @ = (a, 0c0) witha > —oo, and for (HJ) if @ = R.

Remark 3.1 Let U be the global viscosity solution of (N) with initial datum U as in Theorem
3.5. For all x; € J we consider the jumps

Jo(xj) == Uo(x}) = Uo(x;), Ji(xj) :=Uxj,0)=Uj,0) (>0 (3.28)

(here U(x;r, 1) = Uj+1 (xj,1)and U(x/._, 1) = Uj (xj, t); see Theorem 3.5(a)). By Theorem
3.5(b) the jump J;(x;) persists until the strictly positive waiting time

tj =sup {r € R* | Ji(x;) # 0} € (0, 00]. (3.29)
Moreover, as observed in [8, Remark 3.2], jumps cannot change sign,

>0 if Jo(x;) >0

Ji(x;
A2 if Jo(xj) <0

forall ¢ € [0, 7;), (3.30)

and are nonincreasing (in absolute value, [8, Theorem 3.4-(d)]): for0 <1y <t} < 1|

i Gej)| = | tim sup H (£) — liminf H (&) | (1 o) if Jo(xp) > 0
FACHIES feo (3.31)
i Ce)l = | lim sup H () — liminf H () | (11 = 10) if Jo(x;) < 0.
E——00 — -0
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4 Results
4.1 Conservation Law Versus Hamilton-Jacobi Equation

The correspondence between the solutions u of (CL) and U of (HJ), with ug = U(), is a
special case (set 2 = R) of the following result. Observe that, in terms of Uy, hypothesis
(H3) on ug becomes

{Uo € BVioe(Q); Upe C(Q) ordx; < --- < Xp Uo(x;-L) #* Uo(x;) Vxj, (Hs)
3

Upe Wil p, Ij = jo,x) (1< j < p+1; xo =a, xpi1 =b).

Theorem 4.1 Let Q = (a, b) with —00 < a < b < 00, let (H1)-(H3) be satisfied and let
J = {-xl»-xZa "'7xp}'

(i) Let u be the unique entropy solution of (D) with initial data ug = Uy as in (1.3), which
satisfies the compatibility condition at all xj € [J. Set

t
U(,t):= _/0 H(uy(-,8))ds + Uy a.e. inQ (te€(0,7)). 4.1

Then U is the unique viscosity solution of (N), and u and U satisfy (1.5).

(i1) Let U be the unique viscosity solution of (N). Then the distributional derivative U,
belongs to C([0, T]; M(2)), the measure u := U, is the unique entropy solution of
problem (D) with initial data ugy = U(’) which satisfies the compatibility condition at
all x; € J, and u and U satisfy (1.4) and (1.5).

Similar statements hold if Q2 is unbounded.

4.2 Comparison

We shall prove the following:

Theorem 4.2 Let Q2 = (a, b) with—o0 < a < b < 0o, and let (Hy) hold. Let ug, vg € M(2)
satisfy

Ugs = Z;’Zlcjéxj withxy <x2 <...xp, ¢; e R\ {0} for 1 < j <p,
Vos = Z’;:ldjéx} withx| < x} < ...x(’], dj e R\{0} for 1 <j<gq,

andletuy < voin M(2). Let u, v be the entropy solutions of (D) with initial data ug, vy given
by Theorem 3.2 (in particular u and v satisfy the compatibility condition). Then u(-,t) <
v(-, t) in M(RQ) forallt € [0, T].

Similar statements hold if Q2 is unbounded.

The companion result for solutions of (N) is known ([8, Corollary 3.5]):

Theorem 4.3 Let Q@ = (a, b) with —o0o < a < b < oo, and let (Hy) hold. Let Uy, Vy €
L*°(2), Uy and Vy piecewise continuous in 2 with a finite number of discontinuities. If U
and V are viscosity solutions of problem (N) in Q with initial data Uy < Vy a.e. in 2, then
U <V a.e. in Q. Similar statements hold if Q2 is unbounded.

Observe that the above assumptions on Uy and Vj are satisfied if (H3) holds.
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4.3 Waiting Time for Global Solutions of (HJ) and (CL)

The first result is an upper bound for the waiting times of solutions of problem (H J) if the
Hamiltonian H (£) does not have a limit as £ — +o0.

Theorem 4.4 Let H € WL (R) and let Uy € L (R) be piecewise continuous in R with a

finite number of discontinuities: J = {xy, ..., xp}. Let

(H*)y :=limsup H(§), (Hy)+ :=liminf H(§),

and let U be the unique global viscosity solution of (HJ). Let the initial jump Jo(x;) and
the waiting time T € (0, +00] at x; € J be defined by (3.28) and (3.29). Then

o Jobp) if Jo(x;) >0 and (H*); > (Hy)+
o < L~ () (4.2)

T DL ) <0 and (- = ()
(H- = (Hoy- 770 R

By assumption (H}), both (H*)1 and (H,)+ are finite.

In view of Theorem 4.4, it is natural to seek estimates of 7; from above assuming that the
limits limg_, 400 H (§) exist. However, if there exist ¢, d € R such that H is constant either
in (=00, d), orin (c, 00), it is easy to construct examples with 7; = co. Hence we make the
following assumption:

@) IHt = glim H(£); 3¢ > 0 such that H is constant in (¢, 00);
—00

(fi)3IH™ = Slim H(&); #d < 0 such that H is constant in (—oo, d). (Ha)
——00

Theorem 4.5 Let (Hy) hold. Let Uy € L°.(R) be piecewise continuous in R, let J be the

loc
finite set of its discontinuities, and let A, B > 0 be such that

|Up(x)| < A+ Blx| forall x eR. (A)

Let U be the unique global viscosity solution of (HJ) with initial data Uy. Then for every
Xj € J the waiting time t; is finite if either Jo(x;) > 0 and H satisfies (Hy)-(i), or
Jo(xj) < O and H satisfies (Hy)-(i1).

In view of the correspondence between problems (H J) and (C L) stated in Theorem 4.1,
the above results concerning the waiting time have a counterpart for global entropy solutions
of (CL).Forevery Uy € Liy (R)andug € M(R) asinassumptions (Hz)-(H3), with Ué =ug

in M(R), let U € LX(S) and u € C([0, 00); M(R)) be the global viscosity solution of

loc

(H J), respectively the global entropy solution of (C L) satisfying the compatibility condition
atevery x; € J = supp uo,. Then for every x; € J

Jo(xj) = uos({x;}) = ¢; (4.3)

and the waiting times for the persistence of jumps in (HJ) (see (3.29)) and of the singular
partin (CL) (see (3.6)) coincide, namely

I =r1;, “4.4)
ug(-, )({x;}) = Ji(x;) forevery 0 <t <t 4.5)

(see (1.5) and (3.28)). Therefore, as a by-product of Theorems 4.1, 4.4 and 4.5 we have the
following statements.
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Corollary 4.6 Let (Hy)-(H>) hold. Let u € C([0, 00); M(R)) be the unique global entropy
solution of (C L) with initial data uo, which satisfies the compatibility conditionatall x; € J.
Let t; be the waiting time defined by (3.6). Then

Cj .
—_— i >0 and (H* H,
(H*)+ _ (H*)-‘r lfcj o ( )+ ~ ( )+ (46)

(H*)_kﬁ if c; <0 and (H*)- > (Hy)-.

1 <

In addition, ifA, B > 0 are such that

‘/x uor(s)ds
0

then the waiting time t; is finite if either c; > 0 and H satisfies (Hy)-(i) or cj < 0 and H
satisfies (Ha)-(i1).

+ B|x| forx eR, (A2)

Remark 4.1 Clearly, assumption (A») is satisfied if uo, € L'(R) or ug, € L®(R).

By strengthening the assumptions on H, the conclusions in the second part of Corollary
4.6 still hold under very weak assumptions on the initial data. Set

M = ||H |Lok,00), My = H | 12(—00k)
(observe that M ,;t > 0 by (Hs)). We introduce the following assumptions:

(i) H satisfies (Hy) — (i), kl_i)II;oM,;F =0, limsup%_fﬁl > Ca' >0:

T w—n| (Hs)
(ii) H satisfies (Hy) — (ii), lim M, =0, limsup ——"——>C, >0
k——o0 k——00 M,

(an example of function H satisfying (Hs)-(i) is H(s) = e~ sins), and

k;
<

k. (He)

(i) 3k > 0 such that either H(¢) > H*, or H(¥) < H* forany & >
(i1) 3k < O such that either H(§) > H~, or H(§) < H™ forany &

Theorem 4.7 Let (Hy)-(H>) hold, and let u € C([0, 00); M(R)) be the unique global
entropy solution of (CL) with initial data ugy, which satisfies the compatibility condition
atall x; € J. Then the waiting time t; is finite if either c; > 0 and H satisfies (Hs)-(i) or
(He)-(i), or cj < 0 and H satisfies (Hs)-(ii) or (He)-(i1).

Again, by Theorem 4.1 these results for (CL) can be translated to problem (H J).

Corollary 4.8 Let (Hy)-(H3) hold, and let U be the unique global viscosity solution of (H J)
with initial data Uy. Then for every xj € J the waiting time t; is finite if either Jo(x;) > 0
and H satisfies (Hs)-(i) or (He)-(i), or Jo(x;) < 0 and H satisfies (Hs)-(ii) or (Hg)-(ii).
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5 (D) Versus (N): Proof of Theorem 4.1
5.1 Preliminary Definitions and Notations

Let Q@ = (a,b), —00 < a < b < 00. Below we generalize problem (N) to the case that
my,my € R:=[—00, o0]:

U +HU) =0 in Q:=Qx(0,T)

Uy =m in {a} x (0,7) (5.1
Uy, =my in {b} x (0,T),
with initial condition
U=Uy in Q x {0}. (5.2)

Definition 5.1 Let Q :=Q x (0, T1and my, m» € R.
(i) By a viscosity subsolution of (5.1) in Q we mean any viscosity subsolution U of U; +
HU,) =0in Q such that if (a, t) and/or (b, r) are local maximum points of U* — ¢ in Q
for some ¢ € C! (Q) then
wr(a, 1) + H(px(a, 1)) <0 if gy(a, 1) <my, (5.3)
@(b, 1) + H(px(b,1)) <0 if ¢ (b,1) = my. '

(ii) By a viscosity supersolution of (5.1) in Q we mean any viscosity supersolution U of
U, + HU,;) =0in Q such that if (a, t) and/or (b, t) are local minimum points of U, —
in Q for some ¢ € C! (Q) then

{«pt<a,z)+H<<px<a,r)) >0 if go(a, 1) > my, 54

(b, 1) + H(px (b, 1)) = 0 if ¢x(b,1) <my.

(iii) A function U is called a viscosity solution of (5.1) in Q, ifitis both a viscosity subsolution
and a viscosity supersolution.

@iv) Let Uy € LIOC(Q). A viscosity solution of (5.1) in Q with initial condition (5.2) is a
viscosity solution of (5.1) satisfying (3.21).

Remark 5.1 Formally, conditions (5.3) for viscosity subsolutions of (5.1) are void when

m; = —o0, my = oo; conditions (5.4) for viscosity supersolutions of (5.1) are void when
m) = 00, my = —o0. Analogously, the boundary conditions at x = g and x = b are dropped
if a = —oo and b = o0, respectively.

5.2 Parabolic Approximation

Let Q = (a,b) with —co < a < b < 00. Let fic, fae, f3.c € CPR) (e € (0,1)) bea
partition of unity:

0<fie<l, Y, fie=1 inR,

fre=1 in (—00,a+2€], supp f1,e C (=00, a +34/€l,
fre=1 in[a+3e, b—3/€l, supp foe C [a+2€,b—2/€],
f3,E:1 in [b_z\/gaoo)5 Suppf3,€§[b_3\/gvoo)v
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such that fori = 1,2, 3

sup || ff cllipiwy <00, sup el f g <oo.
(0, 1) €€(0.1)

Let Uy € C®(Q) and m1, my € R. For every x € Q, we set
X
UQ,e - = mlfl,é + f2,eU(/) + m2f3,e s UO,E(X) = Up(a) +/ MO,G(S)dS (5.5)
a

(to keep notation as simple as possible we suppress the dependence of ug, ¢ onm |, m). Then
Up.e € C®(Q), up.e = my in [a,a + /€], uo.e = ma in [b — /€, b],

Upe =uoeinQ,  uogello) < max {|mil], [mal, IUglliL=@} for € € (0, 1),
sup ”Ll/O,e ||L1(Q) < 00, sup \/E ||M6,€ ”Ll(Q) <00, (56)
€€(0,1) €€(0,1)

uo.e(x) = U(x) forall x € Q, Upe—> Uy in C(Q),
Uo.c — U} in L(Q) and ug.. — Uj in LP(Q) forall 1 < p < oo. (5.7)
Let H satisfy (Hp). We set
He(u) := ge(u) ([ne * Hl(u) — [ne * H1(0)) (uelR),

where {:} € C°(R) is a sequence of standard mollifiers and the family {gc} C C°(R)
satisfies gc = 1 in (—1/€, 1/€), supp ge C (—2/€,2/€),and 0 < g < 1, |g/| < 1 inR. It
is easily seen that

sup || Hellw1.coy < 00, H. — H uniformly on compact subsets of R . (5.8)
€€(0,1)

Letm;, my € Rand let u, € C%! (Q) be the unique classical solution (e.g., see [21] of the
parabolic problem

Uer + [He(ue)]x = €texyx in Q

Ue = My in {a} x (0,7) (D)
Ue = my in {b} x (0, T) €
Ue = UQ,e in Q x {0}.
By the maximum principle and (5.5) we have
luellzoo(o) < max {my], Imal, |UglliLo)} forany € € (0,1). (5.9
Moreover, there exists ¢ > 0 such that for any € € (0, 1)
lstexllpooo, 701y =€ luerllpooo,7: 1) =€, € lluexllLog) <c. (5.10)

In fact, arguing as in the proof of [27, Proposition 3.1] (see also [1]) and using (5.6) we obtain
the first two estimates, and the third one easily follows (see [7, Lemma 6.2] for details).

By (5.10) the family {u.} is bounded in L*°(Q), and SUp ce(0.1y luellwii gy < M for
some M > 0. It follows from embedding theorems and the uniqueness of the entropy solution
ue L>®0,T; LY(Q)) of

ur + [H@w)]e =0in Q

u=mi in {a} x (0,7T)
u=my in {b} x (0,T) "’ (Dr)
u=U, in Q x {0}

@ Springer



472 Journal of Dynamics and Differential Equations (2023) 35:455-491

that
ue —> u in L'(Q) as e — 0. (5.11)

The following result will be used (see [7, Lemma 5.9]).
Lemma 5.1 Let u be given by (5.11). Then for everyt € (0, T]
G, Ol < Ul L) + 2 1H oot - (5.12)
It is easily seen that the function

t
Ue(x, 1) = —/ {He(ue(x,9)) = €uexr (x,5)}ds + Upe(x)  ((x,1) € Q) (5.13)
0

satisfies U, = u, in Q and is the unique classical solution of

Ue + He(Uey) = €Uexx in Q

Uex = my in {a} x (0, T) (N
Uex =my in {b} x (0, T) €
Ucs =Upc in Q x {0}.
Then, by (5.10), for all € € (0, 1) there holds
[UexllLo(g) < max {|m1 [, lm2l, ||U(/)||L°°(Q)} ) Wexx Lo, ;1)) <€
Uextll oo, 7:L1 () <€ € [[UexxllLeoo) <c, UetllLoo) < ¢+ 1 Hlloo
(5.14)

(the latter estimate follows from the previous one and the equality Ue; = €Uexx — He (Uey)).

Proposition 5.2 Let Q = (a, b) with —0co < a < b < oo, my,my € R, and let (Hy) be
satisfied. Then for every Uy € C*(Q) there exists a viscosity solution of problem (5.1) with
initial condition (5.2). Moreover:

() U € WH(Q) and

[Uxllzoco) < max {|mi], Imal, [UjllL=@} . (5.152)
1UtliLo) < 1H lloo - (5.15b)

) Ux,t) =— fot H(u(x,s))ds+Uy(x)and Uy(x,t) = u(x,t) fora.e. (x,t) € Q, where
u is the unique entropy solution of problem (DR).

Proof By the estimates for U, and Uy, in (5.1 14), the family {U} is bounded in wleo ().
Hence there exist {Ue, } € {Uc} and U € C(Q), with Uy, Uy € L*°(Q), such that U, — U
in C(Q) (in particular,U, (0) = Ug ¢, — Up in C(Q); see (5.7)), and (5.157a) follows at
once from (5.14). Claim (ii) follows fror£(5.13), the equality Uey = u in Q, (5.11) and
the uniform convergence of U, to U in Q (observe that, by (5.11) and the last estimate in
(5.10), €xtteex — 0in L®(Q)).
Finally, (5.15b) will follow from (see [8, Proposition 3.2])
Ux, 1) —U(x, 1)

inf [—H(s)] < <sup[—H(s)] O<ti<thh<T), (5.16)
seR n—n seR

as soon as we prove that U is a (continuous) viscosity solution of the equation U, +H (Uy) = 0
in Q. To this purpose, we shall only check conditions (3.18) and (5.3) (checking (3.19) and
(5.4) is similar). We distinguish 3 cases: (), (8), (v).
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(o) Let (x, 1) € 2 x (0, T] be a point where U — ¢, with ¢ € CZ(Q), has a local maximum.
Without loss of generality we may assume that the maximum is strict. Since U, — U in
C(Q), there exists a sequence {(xt, #r)} € Q x (0, T]such that (x, ;) — (x,1) ask — o0,
and the function U, — ¢ assumes a local maximum at (xi, #x) € € x (0, T']. Combined with
the regularity of U, , this implies that

Ueox Xk, 1) = ox (X, 1), U (ks 1) = @00 (ks 1) s U (ks 1) < @ (X, 1)
whence
01 (X, 1) + He (@x (xp, 1)) < Ueyr (Xk, 1) + He (Ugx (Xk, 1)) =

(5.17)
= € Uqxx Xk, k) < €x@ux (X, 1) -

Letting k — oo and using (5.8), we obtain (3.18).

B)LetU — ¢ (¢ € CZ(Q)) assume a strict local maximum at (a, t), t € (0, T], and let
¢x(a,t) < mp. Suppose first that ¢, (a, t) < mj. Arguing as in (), there exists a sequence
{(xk, )} € [a, b) x (0, T] such that (xg, #) — (a,t) as k — oo and U, — ¢ assumes a
local maximum at (xg, ). Observe that x; > a for all k, since otherwise m| = Ug x(a, tx) <
¢x(a, tx) < my. So also in this case (5.17) holds, and letting k — oo we obtain the first
inequality in (5.3): ¢;(a, t) + H (¢ (a, 1)) < 0.

Next, let ¢y (a, t) = m;. Set

os(x, 1) =, 1) —8(x—a) ((x,1) € 0, 8>0); (5.18)

notice that @s; = ¢y, @sx = @ — 8, and g5 — ¢ in C(Q) as § — 0. Since U — ¢ has a
strict maximum at (a, t), there exists {(xgj, t,sj)} C [a, b) x (0, T'] such that

(xs;,15;) = (a,1), U — ¢s; has alocal maximum at (xs,, fs;) . (5.19)
If xs; € (a, b), as in (o) we obtain that
@1 (x5, 15;) + H(px(xs;, 15;) —8;) < 0. (5.20)

On the other hand, if xs5; = a, for all sufficiently large j we get 15, = 1 (recall that U — ¢
achieves a strict local maximum at the point (a, ¢)), hence U — ¥s; admits a local maximum
at the point (a, t). Since @s;x(a, 1) = ¢x(a,t) —§; < my, by the first part of case (8), we
get inequality (5.20) in (a, ), namely

@i(a,t) + H(px(a,t) —6§;) <0. (5.21)

Letting j — oo in (5.20)—(5.21), the conclusion follows from the continuity of H.

(y) If U — ¢ achieves a local maximum at (b, t), with t € (0, T] and ¢, (b, t) > m;, we
argue as in step (f) and distinguish the cases ¢ (b, t) > my and ¢, (b, t) = m; (we omit the
details). O

5.3 Proof of the Correspondence Between Problems (D) and (N)

We prove Theorem 4.1 first in the case that ug; = 0 and Uy € WIL’CI (Q).

Proposition 5.3 Ler (H;) hold. Let @ = (a,b), —o0 < a < b < oo, Uy € WhHI(Q),
Uy = U(’), mi = +o00 and mr = +oo. Let U € C(Q) be the unique viscosity solution of
problem (N) and let u € C([0, T1; L' (Q)) be the unique entropy solution of problem (D).
Then U € W”(Q) and for a.e. (x,t) € Q

t
Ux,t) = —/ H(u(x,s))ds +Up(x), Uy(x,t) =u(x,t). (5.22)
0
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Similar statements hold if Q2 is unbounded and Uy € Wllo’c1 (), with U € WIL’CI (0).

Proof of Proposition 5.3 The proof consists of several steps.
() Let —00 <a < b < 00,Uy € C®(RQ),m; = oo and mr = —oo (if mj, mp = oo the
proof is similar). Let n, p € Nand let U, ), € WL (Q) be the viscosity solution of

Ui+ HWUy) =0 in Q
Uc(a,t) =n, Uy(b,t) =—p if t €(0,T) (Nn,p)
U=U in Q x {0}

constructed in Proposition 5.2. Then,

t
Un,p(xa 1) = _f H(un,p(x» s))ds + Up(x), [Un,p]x(xv 1) = un,p(x’ 1) (5.23)
0

fora.e. (x,t) € Q, where u,, , is the unique entropy solution of

(un,ple + [H(n,p)lx =0 in Q
Unpla,t)y =n, up pb,t) =—p if t €(0,7) (D, p)
un,p = Uj in  x {0}.

We first let n — oo in the above problems. Observe that
Un,p = up in L'(Q) asn— oo, (5.24)

where u, € C([0,T]; L'(£2)) is an entropy solution ([7, proof of Theorem 6.3]) of

[up]l + [H(”p)]x =0 in Q
up(a,t) =00, up(b,t)y=—p it t €(0,7) (Doo, p)
up, =U} in Q x {0}.

In view of (5.23); and (5.15b), {Uy, p}, and {(Uy, p)+}» are bounded in L*°(Q). It follows
from (5.23), and (5.24) that {(U,,,)x}, is bounded in L'(Q) and uniformly integrable.
Hence {U,, ,}, is uniformly equicontinuous and, possibly up to a subsequence, there exists
U, € Wh1(Q) with (U,), € L>(Q) such that

Upp— Up in C(Q) asn — 0. (5.25)
Moreover, by construction, U, (-, 0) = Up in , (U, p)x = un,p —> Up in L'(0),
t
Uptrt) == [ o) ds + 0. Upsten = (e (526
0
for a.e. (x,t) € Q (see (5.23)—(5.24)), and, by (5.15b),
U illLeo) < 1H oo - (5.27)
We claim that U, is a viscosity solution of problem (5.1) with m| = 0o, my = —p, i.e.
WUp)e + H((Up)x) =0 in 0,
(Up)x(a,t) = o0, (U[J)X(ba n=-p ifre,7), (Neo,p)
Uy, =Up in Q x {0}.

We only check conditions (3.18) and (5.3) (for (3.19) and (5.4) the proof is similar). If U, — ¢
has astrictlocal maximumat (x, t) € Qx (0, T),by (5.25) there exists {(x,, 1)} € 2x(0, T)
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such that (x,,t,) = (x,t) and U, , — ¢ has a local maximum at (x,,t,) € Q x (0, 7).
Since Uy, p is a viscosity solution of problem (N, ),

@t (Xn, tn) + H(px(xp,1,)) < 0. (5.28)

If instead U, — ¢ assume a strict local maximum at (a, t), t € (0, T'), we fix a sufficiently
small § > 0. Then there exists {(x,, t,)} C [a, b) x (0, T') such that: (i) (x,, t,) — (a,t) as
n—o00,0<t—-8§=<t, <t+38 < T for all sufficiently large n; (ii) Uy,, — ¢ achieves a
local maximum at (x,, #,); (iii) @, (x, ) < n for all (x,¢) € Q x [t — 8, ¢ + 8]. Since Un,p
is a viscosity solution of (N, ;) and @y (xp, t;) < n, we obtain again (5.28). Letting n — 00
in (5.28) we obtain the claim. Finally, if U, — ¢ achieves a local maximum at (b, t), with
t € (0, T), the proof is similar.

To conclude step (a1 ), we argue as above and let p — oo in problems (Do, ) and (Noo, ).

More precisely, it can be easily checked thatu, — u in L'(Q), whereu € C([0, T]; L'(2))
is the unique entropy solution of problem (D) with m| = 0o, my = —o0 and ug = U (see
the proof of [7, Theorem 6.3]), and U, — U in C(Q), where U, is the (unique) viscosity
solution of the corresponding (singular) Neumann problem () with initial condition Uy.
Clearly, by (5.26) and (5.27), it follows that the limiting functions u and U satisfy both (5.22)
and the estimate in (5.15b).
(a2) Let Q = (a, b) with —00 < a < b < oo and Uy € WHI(Q). Let {Up i} € C®(RQ),
Uox — Upin C(R) as k — oo. Let Uy be the viscosity solution of problem (N) with
m] = £00, my = %00 and initial condition Uy (-, 0) = U, given in step («1). Moreover,
let ug = Ué,k, thus {uox} S BV(Q), uox — Ujin LY () as k — oo. Let {uy} be the
sequence of entropy solutions to problem (D) with the same boundary conditions m| = £o0,
my = %00 and initial data u¢ x considered in step (o).

Arguing as in the proof of [7, Theorem 6.3], it can be seen that uy — u in L'(Q) as
k — oo, where u is the entropy solution of problem (D) with initial data ug = Ujj. On the
other hand, by [8, Theorem 3.1] there holds

max Uy — Up| <max |Upx — Uy p| forallk,h e N.
0 Q

Hence {U,} is a Cauchy sequence in C(Q) and there exists U € C(Q) such that Uy — U
in C(Q). Arguing as in step («r;) we conclude that U is a viscosity solution of problem (N)
with initial condition Uj.

Finally we observe that (5.22) and (5.15b) are satisfied by uy, Uy and Uy i for all k € N,
and so, letting k — oo, also by u and U. In particular, there holds U € W'!'(Q). This
completes the proof of Proposition 5.3 if €2 is bounded.

(a3) If ©2 is unbounded, we only the consider the case 2 = (a, 00), a € R (the other cases
are similar). Let Q; := (a, b;), bj < bjy forevery j € N, b; — oo as j — oo. Let
Up € C(Q), Up,; € C(Qj), suppUp,; = Q;, and let Uy ; — Up uniformly on compact
subsets of [a, 00). Let U; be the viscosity solution of (N) in Q; = Q; x (0,T) with
initial condition U;(-,0) = Uy ; in 2;, with the given boundary condition m| = o0 at
{a} x (0, T) and arbitrary boundary condition m» = £oc at {b;} x (0, T'). Forevery b > a
set K :=[a, b] x [0, T], and let jo € N be fixed such thatb; > b+ ||H'||ooT forall j > jo.
Applying [8, inequality (3.10) in Theorem 3.1] we obtain, for every i, j > jo,

max |U; — U;| < max |Uo,j — Uo,il -
K [a.b+IH | T]

By the above inequality {U;} is a Cauchy sequence, thus a converging sequence in C(K).
Then from the arbitrariness of K, by diagonal and separability arguments, there exists a
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subsequence of {U;} (not relabelled) and U € C (0) such that U; — U uniformly on the
compact subsets of Q. Arguing as in step (a1) it is shown that U is a viscosity solution of
problem (N ) with initial data Uy.

Similarly, let u € C([0, T]; L' (Q)) be the unique entropy solution of problem (D)
with the same m as in (N)4 and initial data ug = U’ e Ll (Q). Let ug,j = UO,]’ thus

loc
ug,j — Ujin Ll (Q)asj— oo.Let u j be the entropy solution of

loc

ur +[Hu)]y =0 in (a,bj) x (0,T)
u(a,t)y =my, u(bj,t)y =my if t € (0,T)
u=ugp,;j in (a,b;) x {0}

with m| = 400 given and my = oo fixed as above. Then (up to subsequences) u; — u in
l~,°°(0, T; L (Q)) for all open intervals Qcca (see the proof of [7, Theorem 6.3]). Since
2 is bounded, it follows from step («p) that for all j large enough there holds

'
Uj()c,z)=—/0 H(uj(x,s))ds + Uy, j(x), (Uj(x,t)=u;(x,1)

fora.e. (x,1) € Q@ x (0, T)), and U illLe(o)y < I1H [loo- Then letting j — oo, it is easily
seen that U € Wlifcl (Q) and equality (5.22) follows. ]

When (H)-(H3) hold, we set I; = (xj—1,x;) for j =2,...,p, I} = (a,x1), [py1 =
(xp,b), Qj =1; x(0,T) (j =1,..., p+1). We denote by (D;) problem (D) stated in
Q; with initial data ug ; = uoLl; € Ll(Tj), and by (N;) problem (N) stated in Q; with
initial data Up,; = UpLl; € C (17-). The proof of the following result can be found in [7,
Proposition 5.8].

Proposition 5.4 Let (Hy)-(H3) hold.
(i) For every j =2,..., p+ 1 letu; be the entropy solution of (D) with m = £oc. Then
there exists f % € L®(0, T) such that for any g € C.(0,T)

/ 1

ess lim / Huj(x,0)B(1)dt = ff+ ) B(t) dt . (5.29)

X*).X

(ii) For every j = 1,..., p let uj be the entropy solution of (D;) with my = £oo. Then
there exists f € L°°(0 T) such thatfor any B € C.(0,T)

T T
ess lim Huj(x,1)B@)dt = / fi, (t) B(t) dt. (5.30)
x—>x./f 0 0 Xj
Moreover, for a.e. t € (0, T) there holds
lim sup H (1) < f+ (t) < sup H(u), (5.31a)
Uu—>00 -1 uelRk
inf H(u) < f (¢t) <liminf H(u), (5.31b)
ueR Xji-1 u——00
inf H@u) < ft () <liminf H(u), (5.31¢)
X~ u—00
lim sup H (1) < f (t) < sup H(u). (5.31d)
U——00 uelRk
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Remark 5.2 By standard density arguments, from (5.29)—(5.30) we get

T T

ess lim Huj(x, )¢ (x, 1) dt = / A cxjor,0dr (5.32)
x—>xj 1 0 Xj-1

forall ¢ € C'([0, T1; CL([x;—1,x;)), ¢(-,0) = ¢(-, T) = 0in I;, and

T

T
ess 11m H@uj(x,)¢(x,t)dt = / fji(t)g‘(xj,l)dt (5.33)
0 0o Y

)C—)Xj
forall ¢ € C'([0, TT; CH((xj—1,x;1), £(,0) = ¢ (-, T) = 0in I;.
The following result is an easy consequence of Propositions 5.3-5.4.

Lemma5.5 Let (Hy)-(H3) hold.

(i) Let j = 2,...,p+ 1, let U; be the viscosity solution of (N;) with m; = Foo (and
my = xoo if j = 2,..., p)and initial condition U;(-,0) = Uy, ;. Let u; be the entropy
solution of problem (D ;) with the same boundary conditions and initial data ug ; = U j
Let f T € L%°(0, T) be given by Proposition 5.4. Then

] 1

Uixj_1,1) = — / fJr (s)ds—I—Uo,(xj 1) forall t € (0,T]. (5.34)

(i) Let j =1,..., p,letU; be the viscosity solution of (N j) withmy = Fo0 (and m| = 00
ifj=2..., p) and lmtlal condition Uj(-,0) = Uy ;. Let uj be the entropy solution
of problem (D) with the same boundary conditions and initial data ug,; = U It Let

fj, € L°°(0, T) be given by Proposition 5.4. Then
J
t
Ujxj,t) = —/0 fj;,(s) ds + Uy j(x;) forall t € (0,T]. (5.35)

Proof We only prove (i) with m; = oco. Since Uy ; € C(I;) and ug; € L'(I), (5.34)

follows from Proposition 5.3, (5.29) and the essential limit x — x;r_l in (see (5.22))

t
Uj(x,t)z—/ Huj(x,s))ds+ Up j(x) forae x € (xj—1,x;).
0

O
Proof of Theorem 4.1 We rewrite (H,) as follows:
P+ pP—
MOS=ZC;_6X}_ZC;8)C}’ (C;!:E[Cj]i>0, p++p-=p).
j=1 j=1
Since up = U(’), by (H3) there holds (see (1.3))
¢j = Jo(xj) = Up(x}) = Up(x;) = Up, j+1(xj) = Vo j(xj)  (j=1,...,p).
Forevery j =1,..., psuchthatc; = Jy(x;) > O set
t
cto=[e;— | (FE©-rtw)as]  wer.r), (5.36)
J 0 X; x; +
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with f;; satisfying (5.29) and f;’__ satisfying (5.30); observe that by (5.31a) and (5.31¢)
J J

fxt(s) - fxt (s) >0 forae.se(0,7T). (5.37)
Similarly, for every j = 1,..., p such thatc; = Jo(x;) < O set
13
;0 =[e;- /0 (fx—_+ )~ /= (s)) ds]  @elo.T), (5.38)

with fxi_, satisfying (5.29) and f); satisfying (5.30); observe that by (5.31b) and (5.31d)
J J
fx_+ (s) — fx_, (s) <0 forae.s €(0,7). (5.39)
j j

Moreover, by Proposition 5.3 and (5.34)—(5.35) there holds
CE0) = [Up(j.) = Us(xj.0 ], (€l0.T]). (5.40)
Letj=1,..., pandset
7y :=min{fy, ..., 1,}, where 7; :=sup{r € [0, T']| C]j.t(t) > 0}. (5.41)

Then 7; > 0, since 7; > 0 and C7(0) = ¢; > 0. By (5.37)~(5.39) C; is nonincreasing in
(0, T), whence C]j.E > 01in [0, 7;) and, if f; < T, there holds CT =0in[z;, T].

Set Q7 = Q x (0, 11), Qj ¢ := 1; x (0, 7). Arguing as in the proof of Theorem 3.2
(see [7, Theorem 3.5]) shows that the unique entropy solution u € C([0, 71]; M(L2)) of
problem (D) in Q«, has the following features:

in Q1,7 u, is the entropy solution of (Dp)with my = o0 ifc; 2 0;
in Qj(j=2,..., p)u, is the entropy solution of (D;) :
- with m; =my = oo if min{c;_1,¢;} > 0,

- with m| = mp = —oo if max{c;_1,¢;} <0,
-with m; =o00,my = -0 if ¢cj_1 > 0> ¢y,
- with m; = —oo,my = o0if ¢cj| <0 < ¢j;

in Qpy1,7ur is the entropy solution of (Dp41) with m| = o0 if ¢, 2 0;
r s )4
us(1) =) CF D8y = Cr 08 =D [Ujri(xji1) = Uj(xj. 1) ] 8,,(5:42)
j=1 j=1 j=1
(see (5.40)). Similarly, by the proof of [8, Theorem 3.4] (see also [8, Lemma 5.2]), the

unique viscosity solution U of problem (N) in Q. with the same boundary conditions has
the following features:

in Q1,1 U is the viscosity solution of (N1) with my = Fo0 if Jo(x1) 2 0;
in Qj(j=2,..., p)U is the viscosity solution of (D;) :
-withmy =my = oo if min{Jo(x;-1), Jo(x;)} >0,

- with my = my = —o0 if max{Jo(xj,l), J()(Xj)} <0,
- with my| = oo, my = —oo if Jo(xj—1) > 0 > Jo(x;),
- with m; = —o0,my = o0 if Jo(x;—1) <0 < Jo(x;);

in Qpy1,7U is the viscosity solution of (Dp41) with m| = 400 if Jo(x,) 2 0.
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Then, by Proposition 5.3 and (5.42),

— Equality (1.4) holds a.e. in 2 for any ¢ € [0, 1],
— The second equality in (1.5) holds for any ¢ € [0, 71].

Letp € CC1 () and r € (0, t1). Since
t
/ Ux,0)p (x)dx = —/ / H (uy(x, $))p' (x) dxds — (uo, p)g
Q 0 JQ

(see (1.4)) and

{uo — u(t), phg = — /O /Q H(uy (x, $))p' (x) dxds

(the above equality easily follows by a proper choice of the test function ¢ in the weak
formulation (3.2)), we get fQ Ux,t)p'(x)dx = — (u(1), p)q. Hence

/fQ Ux. 00 (Oh(t) dxdi = —/O W) (W), pha di = — (u, hp)g,
7

forall h € CC1 ((0, 1)), which implies that Uy = u in D'(Qy,). If 11 = T, the proof is com-
plete. Otherwise, we can repeat the above argument with a lesser number of discontinuities
(possibly zero). Hence the conclusion follows. O

6 Comparison: Proof of Theorem 4.2

The proof of Theorem 4.2 relies on some preliminary definitions and results.

6.1 Sub- and Supersolutions of (D) with Regular Initial Data

We introduce the notions of sub and supersolutions of problem (D) if ug is a summable
function. If Q2 = (a, b) and —00 < a < b < oo, problem (D) stands for four different initial-
boundary value problems, which we denote by (DI), (DZ), (DY) and (D) according to the
four choicesm|; =my =00, m| =my = —00, M| =00, my = —ooandm| = —o0, my =
0.

Definition 6.1 Let —0co < a < b < 00, Q@ = (a, b) and ug € L' (), and let (H) hold. Let
u € C([0, T]; L1(RQ)) satisfy

lim | [u(x,?) —uo(x)]l+dx =0
t—0t JqQ

and, forallk € Rand ¢ € C}(Q),¢ > 0in Q,

//Q [ = K146 + sgny(u — k) [H@w) — HK))Ex | dxdr = 0.

Then u is an entropy subsolution of:
(i) problem (Dfr);

@ Springer



480 Journal of Dynamics and Differential Equations (2023) 35:455-491

(ii) problem (DZ) if forallk e R, B € Ccl. 0,7),8=>0,

T
eSSélim / sgn, (u(g, 1) — k) [Hw(E. 1) — HK)] B(t)dt <0, (6.1a)
—at Jo

T
ess lir;} sgn  (u(n, 1) — k) [H(u(n, 1)) — H(Kk)] B(1) dt = 0; (6.1b)
n—>b—Jo
(iii) problem (Dj_f) if (6.1b) holds forallk e R, B € Ccl. 0, 7),=>0;
(iv) problem (D7) if (6.1a) holds forall k e R, B € CCl 0,7),8=>0.

Definition 6.2 Let —co < a < b < 00, Q@ = (a, b) and ug € L1 (), and let (H) hold. Let
u e C([0, T]; L'(R)) satisfy

lim [(x,t) —uo(x)]+dx =0
=0t JQ

and, forallk e Rand ¢ € CC](Q), ¢ >0in Q,
// {0 —kl-& + sgn_( — k) [H(@) — H(k)]¢x } dxdt = 0.
0

Then u is an entropy supersolution of:
(i) problem (DZ);
(ii) problem (DI) if forallk e Rand 8 € Ccl. ©0,7),=0,

T
essglim / sgn _(u(€, 1) — k) [H@(&, 1)) — Hk)] B(t)dt <0, (6.2a)
—at Jo

T
ess lim sgn _(u(n,1) — k) [H@(n, 1) — HK)] B(t)dt = 0; (6.2b)
n—b= Jo
(iii) problem(D} ) if (6.2a) holds forall k € R, B € Ccl. 0, T),8=>0;
(iv) problem (DY) if (6.2b) holds for all k € R, B e Ci 0, 7),8=0.

Ifu € C([0, T]; L1(£2)) is both an entropy subsolution and supersolution of (D), it is an
entropy solution in the sense of Definition 3.3. In fact u satisfies the entropy inequalities and
it is also a weak solution (see [7, Remark 5]).

Similar definitions hold when €2 is a half-line and ug € Lll(JC (Q) (see [7]).

For problem (D) with locally L'-initial data the following comparison result holds (see
[7, Theorem 5.7]).

Theorem 6.1 Let (Hy) hold and let ug € L}, (Q). Let u, w € C([0,T1; L] .(Q)) be an

loc
entropy sub- and supersolution of (D) with the same boundary conditions. Then u < u

a.e. in Q. In particular, there exists at most one entropy solution of (D).

6.2 Proof of the Main Result

We prove Theorem 4.2 for problem (D). The proofs for problems (D)+ and (C L) are similar.

Proposition 6.2 Let (Hy) hold. Let ug, vo € M() satisfy (Ha), and let supp uZ, = supp vg..
Let u,v € C([0, T]; M(R2)) be the entropy solutions of (D) with initial data uq, vy which
satisfy the compatibility condition and given by Theorem 3.2. Let t € (0, T'] be so small that

supp u?c(~, t) = supp vsi(~, t) = supp u(jf = supp v(j)E ifo<t<rt. (6.3)
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@G) If uor < vor a.e. in Q, thenu, < v, a.e.in Qr = Q2 x (0, 7).
(ii) Let fxi, gxi € L™(0, 1) be the functions in Proposition 3.3, related to u and v, respec-

tively. Ifuor <v0rae inl; (j=1,...,p+1), then

fxgr] zgx+]forj=2,...,p+1, fo-=<g-for j=1,...,p, aein(0,7). (64)
J— J— J J

Proof (i) By the compatibility conditions (3.9), in each Q; . = I; x (0, 1), with I; =
xj—,x))(G=1,....,p+L; xo=a, xpr1 =b),u, j :=u,.Qj (esp.vy j :=v,.0; ¢)
is the unique entropy solution of (D) with initial data uo, ; := uo,1; (resp. vor,j := vorLI;)
and m; = £00, my = 00 according to the sign of the initial Dirac masses at x;_; and
xj (j =2,..., p). Since, by (6.3), u, ; and v, ; satisfy the same boundary conditions and
uor,j < vor,j a.e.in I}, the conclusion follows from Theorem 6.1.

(ii) First we prove that ij+—1 > ngtl a.e. in (0, 7). Let ¢ € C'([0, 7]; Ccl([xj,l,xj)),

¢(-,0) =¢(-, r) = 0in I;. Arguing as in the proof of [6, Lemma 4.4], we find that

[[ e —boa ) - H@olavic = [ 1 @ - H® 01,00

(6.5)
Similarly, if > 0in Q; . it follows from the entropy inequality that

// (ur — K| & + sen (ur — k) [H () — HOO ¢} dxdt >
ij

> —ess lim ' sgn (uy(x,t) —k)[Hu,(x,t)) — Hk)]¢(x,t)dt. (6.6)

X=X 0

for all k € R. Analogous inequalities hold for v,.
Since sgn (#) = 1 +2sgn _(u) and sgn (u) = —1 + 2 sgn 4 (u), summing (6.5) and (6.6)
it follows from Remark 5.2 that

//Q (lity — kLo & + sen 1y — O[H @) — HE)] &2} dxdt >

> —% (ess lim sgn (up(x,t) —k)[H@u,(x,t)) — H(k)] ¢ (x, t)dt +

X=X 0

+/Of [ijtl(t) ~ H®| ¢y, 0 dr) =

T

= —ess lim sgn —(up(x,t) — k) [H(ur(x,t)) — H(k)] ¢ (x,t)dt —

X=X g 0
T
- /O [for 0= H® e dr, (6.7)
Similarly, using again that sgn (1) = —1 + 2sgn 4 (1), we obtain
//Q — Kl4 & + sgn 4 (uy — K[H () — H(K)] &} dxdt

> —ess lim /T sgn 4 (up(x,t) —k)[H(ur(x,t)) — Hk)] ¢ (x,t)dt . (6.8)
0

X=X
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On the other hand, if we subtract (6.5) from (6.6), we get
/fQ (L — K1 & + sgn_(ur — I @) — HOOI 2} dxdr

> —ess lirr}r fr sgn _(uy(x,t) —k)[H(ur(x,t)) — Hk)]¢(x,t)dt, (6.9)
0

X*))Cj 1

and

// Uty — K1 & + sen—(ur — O[H @) — HOO ¢} dxdt >
Qj,r

> —ess lim sgn 4 (up(x,t) — k) [Huy(x,1)) — Hk)] ¢ (x,t)dt +
0

)C—)XI 1

+/ [fx,tl(t) - H(k)]f(xjfl’t) dt. (6.10)
0 J

Now let ¢;—1 > 0. From (6.7), (6.9) and the compatibility condition (3.9a) (with j — 1
instead of j) we get

//Q (ltr — K14 & + sgn 4 (ur — OIH@,) — HOO ¢} dxdt
= —/ [fx.+ (0= H(k)] S(xj_1,0)dt, (6.11a)
o L=
// Uy — K1 ¢ + sty — O[H () — HE®)1 &) dxdi = 0. (6.11b)
Qj.r

Suppose instead thatc;; < 0. Then from (6.8), (6.10) and the compatibility condition (3.9a)
(with j — 1 instead of j) we get

[t =tk sen s, - OUH@) — HOIG) dxdr 20, 6120
Q.
f fQ (L — K1 & + 5@ _(uy — WIH(er) — H1£,) dxds

Z/o ESROEICI RN (6.12b)

Obviously, analogous inequalities hold for v, and 8t -

Now we proceed as in the proof of [6, Theorem 3. 2] using the Kruzkov method of doubling
variables. If ¢j_1 > 0 we use (6.11a) and the inequality for v, = v,(y, s) analogous to
(6.11b), namely

f/ {[o, = 1= & +sgn (v, — DIH(v,) — HD)1&,} dyds =0 (6.13)
Qjr

with / € Rand & € C'([0,7]; Cl([xj_1, %)), €(,0) = &C,7) = 0in [}, &
0 in Q.. Choose ¥ = ¥(x,t,y,5), ¥ > 0 such that ¥ (-, -, y,s), ¥(x,¢,-, )
CH([0, 7); CHlxj—1.x), and Y (-, 0, ) = Y (.7, ) = Y (1 0) = Y(, o 7) =

omlV
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in /;. Setting in (6.112) k = v, (y, 5), £ = ¥ (-, -, y, s) we have

//Q {sen 4 (ur (x, 1) = v (v, )LH (ur (x, 1) = H@p (v, NI Y (2,1, y, )
Jj.T
+[ur(x9 t) - Ur(y, S)]+ wt(-xv Ly, S)} dxdt

> —/0 [£or 0 = Hr o) |9ty

whereas from (6.13) with I = u,(x,t), & = ¥ (x, -, -), using the identities [u]_ = [—u]4,
sgn _(—u) = —sgn 4 (u) we get

//Q {sgn 4 (ur(x, 1) = v (v, s)H (up(x, 1)) — Hr(y, s)] Yy (x, 1, 5, )

+[Mr(-x5 t) - Ur()’vs)]+ W.Y(-xv tv y7s)}dyd5 Z O

Now choose
X+y t+s

) pelx =y pelt =)

Yy =n(

where n € clo, t1; CCI([xj_l,xj)), n =010 =n(,t)=0in/;, and p (¢ > 0)
is a symmetric mollifier in R. Arguing as in the proof of [6, Theorem 3.2], from the above
inequalities we get

//Q {sgn 4 (ur (x, 1) = v (x, ) H (uy (x, 1)) = H(vr(x, 1)] 1

] T
i (e 1) = v (e D)y} ddt = =3 /0 [Fer @0 =g )] nGxjr. 0.
(6.14)

Recalling that if uo, j+1 < vor,j+1 a.e.in [; then, by part (i), u, j+1 < v, jy1 ae.in Q; ¢,
we obtain from (6.14) and the arbitrariness of 7 that f + 1 > g+ | ae in (0, 7).
J= J—

If ;1 < O we use (6.12a) and the inequality for v, = v,(y, s) analogous to (6.12b),

/L { [vr —1]-& +sgn—(vr — DIH(v) — H()] ‘i:}} dyds
Z/ [gx,+ () = H(l)]?;(xjfl,s)ds (6.15)
0 J=

with [ € R and £ as above. Choosing in (6.12a) k = v, (y, s), ¢ = ¥ (-, -, y,s) with ¢ as
above gives

//Q {sgn 4y (x, 1) = v (v, H (ur(x, 1) = H(ur (v, NI ¥ (x, 1, 3, 5)

Hluy(x,t) — v (v, $)]4 Yr(x, 1, y, s)} dxdt > 0.
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On the other hand, from (6.15) with [ = u,(x, 1), £ = ¥ (x, t-, -), using again the identities
[u]- = [—uly, sgn _(—u) = —sgn 4 (u) we get

//Q {sgn 4 (ur(x, 1) = v (v, s)[H (up(x, 1)) = Hr(y, s)] ¥y (x, 1,5, )
+[ur(-xvt)_vr(yvs)]+wS(~xat5yvs)}dyds
z/ o0 @) = Hur (o) | ¥ jorit, v, ) ds
0 /=

Then arguing as in the proof of (6.14) we get inequality (6.14) for any n as above, whence
ijtl > ngtl a.e.in (0, 7).

Concerning the inequalities ij- < g~ (G =1,...,p)ae. in (0, 7), the proof relies on
the following counterpart of (6.5)—(6.6):

//Q =k ¢ + [H(u»—H(k)]cx}dxdmfo (£ 0= HW s nar,

/ f {y — K1 & + sgn uy — &) LH ) — HO)I &) doxd
Qj.r
> ess lim ' sgn (uy(x,t) —k)[Hu,(x,t)) — H(k)] ¢ (x,t)dt

X=X,
] 0

where ¢ € C([0, 7]; CL((xj—1,x;1), ¢ = 0, ¢(-,0) = ¢(-,7) = 0in I}, and on the
compatibility condition (3.9b). We leave the details to the reader. O

Now we can prove Theorem 4.2.
Proof of Theorem 4.2 Let
T =sup{t € (0, T); suppus(t) = suppups, supp vs(t) = supp vos}-
Set

supp uos U supp vos = {y1, ..., yr} with y; <y <... <y,
r r
Uos = Zékayk , Vos = deSyk
k=1 k=1

with ¢, z?k € R, at least one of ¢, a?k different from zero, ¢; < z?k; observe that
Ekc?k#o &y esuppugs Nsuppvgs  (k=1,...,r).

Also set Iy = (yk—1, yr), with yo = a, yr41 = b, Qr.r = Ix x (0, 7), and ug, x = uorL i,
Vork = VorLdk, ur k = urL Qkrs Urk = 0L Qk e (k=1,..., 7+ 1).
By assumption there holds u¢, < vg, a.e. in I} for any k. We claim that

ur < v, in Qg forallk=1,...,r+ 1. (6.16)

Observe that at each point y; there holds either ékﬁk < 0, or ékﬁk > 0. If ékﬁk =

uos ({ye}) vos ({yx}) < 0, by (3.5) there holds us(-, )({ye}) < 0 < vg(:, )({yx}) for any
t € (0, 1), thus in this case

us(-, vk} < v, )L{yx} forany r € (0, 7). (6.17)
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On the other hand, if ¢¢dy > 0, there holds either ¢ > 0, dy > 0, or & < 0, dy < 0. By
Proposition 3.4, for any ¢ € (0, t) there holds

us (-, DL{yet = Ce()dy, . v DLy} = Di(0)dy, (6.18)

where Cy, are defined by (3.16), and Dy, are the analogous quantities for vg. Assuming u, < v,
in Qg and arguing as in the proof of Proposition 6.2(ii), it is easily seen that inequalities
(6.4) hold (with xk instead of x _,) forany ¢ € (0, ), whence in both cases ¢, dk > 0 or

Cr, dk < 0 we get
Cr(t) < Di(t) forall t € [0, 7). (6.19)

From (6.18) and (6.19) we obtain (6.17) also in this case. Then by (6.16) and (6.17) there
holds u(-, t) < v(-, t) in M(2) for any ¢ € [0, t].

If t = T the proofis complete. Otherwise, we can repeat the above argumentsin Q2 x [z, T'],
since we proved that u(-, 7) < v(-, ) in M(L2). In a finite time of steps the conclusion
follows.

It remains to prove the claim (6.16). We only consider the case that k = 2, ..., r, the
proof being simpler for k = 1 or r + 1. We distinguish the following cases:

(a) ék—]dAk—] > 0, ékﬁk > 0. In this case u, and v, are solutions of the same problem
(Dr) = (D) in Qg ;. Since by assumption there holds up, < vo, a.e. in I, (6.16)
follows from Proposition 6.2.

(b) ék_lc?k_l > 0, ékc?k < 0. We consider two subcases:

(b1) ¢k <O, ﬁk > 0. In this case u, solves problem (D) in Qy r, depending on £¢4—; >
0. Since in both cases d; > 0 or dy = 0 it can be easily checked that v, is an entropy
supersolution of problem (D) in Q. r, depending on £¢,—; > 0 (see Definition
6.2(ii) and (iii)), hence (6.16) follows from Theorem 6.1.

(by) ¢ <0, dk > (. In this case v, solves problem (Di) in Q. 1, depending on +¢¢_1 >
0.Inboth cases ¢ < 0or ¢ = 0, we get that u, is an entropy subsolution of problem
(DI) in Qy ., depending on ¢x—1 > 0 (see Definition 6.1(i) and (iv)), and (6.16)
follows from Theorem 6.1.

(¢) Cr— ldk 1 <0, ckdk > 0. ThlS case is analogous to (b); we omit the details.

(d) ¢r—1 <0, dk 1=0,¢, =0, dk > (. Itis easily checked that u, is an entropy subsolution
and v, is an entropy supersolution of problem (DY) in Qk.¢ (see Definitions 6.1(iv)
and 6.2(iv)). Again (6.16) follows from Theorem 6.1.

(e) ¢x_1 =0, di—1 > 0,8 <0, dp = 0. This case is analogous to (d).

7 Waiting Time for Global Solutions of (HJ) and (CL): Proofs

In this section we prove the results about the waiting times listed in Sect. 4.3. We observe
that Theorem 4.4 is an immediate consequence of (3.31).

Proof of Theorem 4.5 We only address the case that Jo(x;) > 0. As outlined in the Intro-
duction, until the waiting time 7; € (0, +-oc], the jump discontinuity at x; has a barrier

effect in the following sense: by [8, Lemma 5.2], Uy = U.((xj,00) x (0, 7;)) and
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U = UL((—0, xj) x (0, 7j)) are the viscosity solutions of the problems

Ui +HUix) =0 in(xj,00) x (0, 7))
Uiy = o0 in{x;} x (0, ;) (7.1)
Ui = Up(xj,00) in(xj,00) x {0}

and
Uy + HU2) =0 in(—00,x;) x (0, 7))

Uyy = 00 in {x;} x (0, 7) (7.2)
Uy = UpL(—00, x;) in(—00,x;) x {0}.

In view of assumption (H4)-(i), we consider the case that for all M > 0 there exists
ky > M such that H (ky) > HT (if H(ky) < H™ the proof is similar). By (A) we have
that [Up(x)|] < Aj + Blx — x|, where A; = A + BJx;|). We set, for all k > B such that
Hk) > HT,

v(x,t) :=Cy+k(x —x;) — H(k)t  for (x,1) € (xj,00) x (0, 7)),
where Cy is chosen such that
v(x,0) > Aj + B(x —xj) > (Uog)*(x) forall x > Xj. (7.3)

By (3.21) and the envelope properties we have that (Up)*(x) = U*(x, 0) > U{ (x, 0) for all
X > xj, thus inequality (7.3) gives

v(x,0) > Uf(x,0) forall x > x;. (7.4)

Since v is a viscosity supersolution of (7.1) (see [8, Definition 3.2]), by the comparison
principle in [8, Theorem 3.1] and (7.4) we get

(UD)*(x, 1) <v(x, 1) forall (x,1) € [xj,00) x [0, 7)). (7.5)

Next, observe that Theorem 3.5(a) ensures that U (x, 1) = U (x, t) forall x > x; sufficiently
close to x;; here, as in Remark 3.1, we have identified U with its continuous representative
l~]j+1 in the rectangle Q1 = (xj, x;j41) x (0, 7;). Therefore letting x — x;“ in (7.5) gives

UGS, 1)< Ce— H(k)t foranyr € (0,7)). (7.6)
For all ¢ as above there also holds
Uxj,0) = Up(x;) — H™t (7.7)
(see inequalities (5.21) in [8] for details). Then from (7.6)—(7.7) we obtain
(H(k) = H)t <Uxj,0) =U(x), 1) +Cx — Ug(x;) forany 1 € (0, 7)).

<0 by (3.30)

Ci = Uo(x;)

Therefore, letting ¢+ — 7, the claim follows from the estimate 7; < ——————.
J H(k)—H™*

Proof of Corollary 4.6 We first prove (4.6). Forevery x € R, set Uy(x) = uo([0, x]), and let U
be the global viscosity solution of (H J) with initial datum Uy. Since Uj satisfies assumption
(H3), we can apply the correspondence between u and U stated in Theorem 4.1. Then (4.6)
follows from (4.2) and the identifications in (4.3)—(4.4).
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It remains to prove that the waiting time is finite if (A7) is satisfied. Observe that Up(x) =
uo([0, x]) (x € R) satisfies (H3) and (A1), as [[uos || m@r) < C (see (H2)) and ug, satisfies
(A2). Applying Theorem 4.5 to the global viscosity solution U of (HJ) with initial datum
Uy, the desired results follow from (4.3)—(4.4). ]

It remains to prove Theorem 4.7, which immediately implies Corollary 4.8. In the proof
we distinguish the two different hypotheses, (Hs) and (Hg).

Proof of Theorem 4.7 the case of hypothesis (Hs). We only address the case that ¢; > 0 and
(Hs)-(i) is satisfied (when ¢; < 0 and (Hs)-(ii) holds the proof is similar). Let {k,} be a
sequence diverging to oo such that

. |H (k) — HY|
im ——— =

n—00 Mkn

H(k)— H"
Jim sup 120 — AT

k— 00 k

Ci >0. (7.8)

Since My = ||H'|| Lk, 00) = 0 as k — 00, we have that
lim M, =0, (7.9)
n—0o0

whereas by assumption (Hy)-(i), possibly up to a subsequence (not relabeled), there holds
either H (k,) > H™ or H(k,) < H™ for every n. Without loss of generality, we may assume
that H (k,) > H™ for all .

Let supp ”(J)rs = {x1,..., x4} (x1 < x2 < --- < x4). Below we prove that the waiting
time #, associated to x, is finite. By a recursive argument, it follows that all Dirac masses of
uars disappear in finite time.

By contradiction, suppose that t;, = oo. Let T > 0 be fixed arbitrarily. Arguing as
in the proof of Proposition 6.2(i7) (in particular, see (6.11a)), for every k > 0 and ¢ €
Cl([0, T1; CH(lxg, 00)), ¢ = 0, (-, T) = 0, we get

T 00
/O / (g — K1+ &0 + sgn ug — WIH g) — HER)E, ) drds >

T
>~ [ o~ Kicte 00dx = [ 1f = HOK Gyt 7.10)
R 0
Let y > x4 be arbitrarily fixed. For every k > 0 and p € N large enough we set

Bp ) == x0.7-1/p1 () + p(T — ) xT-1/p.11y (t €(0,T))

1 ifx, <x<y+M(T—1—1,
Gp@. )= ply + M (T =) =x]ify + Mi(T —=1) = 5 <x <y + Mc(T — 1),
0 ifx >y 4+ M(T —1)

for (x, 1) € R x (0, T'). One easily sees that, by the definitions of M and ¢, »,

T e
fo / {{ug — k140:8k.p + sgn (ug — K)[H (ug) — H(Kk)]0x Lk, p} Bp () dxdt < 0.
Xq

<0

Choosing ¢ (x, t) = &k, p(x, 1) B, (¢) in (7.10) and letting p — oo, this implies that

T y+M T Y
/ [fx+(t)—H(k)]dt+[ lio, — k14 dx z/ lig (6. T) — k14 dx > 0,
0 a X, Xq

q
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whence, by the second inequality in (3.14),

T y+MT
[ (- sg@]ars [ o~k =
0 Xq
T
3/ [H® - £, 0] dr = 11K - HAT. (7.11)
0 q
Since t; = 00, it follows from (3.16)—(3.17) that
T
/ (1@ = £, 0] dr < uf ((xg ) forall T >0, (7.12)
0 q q

Let {k,} be any sequence satisfying (7.8)~(7.9) and H (k,) > H™ for all n. From (7.11)—
(7.12) (written with k = k), forevery T > O and y > x, we get

}/+MknT
() = BT <+ [ o~ Kl d (7.13)
Xq
2 +
Set T,, .= M. Then from (7.8) we obtain
Cy My,

2ug, (xg DI H (ky) — HY|

: _ghT — 1 +
nlggo[H(kn) H™]T, nlggo oM, > 2ug, ({x4}) . (7.14)
Moreover, there holds
V+Mkn Tu
lim [uor — knl+dx =0, (7.15)
n—00 Xq
since y + My, T, = y + 2ud,({xg})/Cq and ug, € LL_(R). By (7.14)~(7.15), choosing
T = T, in (7.13) and letting n — oo we obtain uars({xq}) < 0, a contradiction. O

Proof of Theorem 4.7 the case of hypothesis (Hg). Let (Hg)-(i) be satisfied and
H(k) < H" for k >k (k > 0) (7.16)

(in case of (Hg)-(i7) the proof is similar). Fix x; € supp u(J)rs andlet w € C([0, 00); MT(R))
be the global entropy solution of problem (C L) with initial data

wo = max{uo,, k} + ug,

satisfying the compatibility conditions in supp wo; = supp u& = {x1,...,x4}. By the
comparison principle (see Theorem 4.2), it suffices to prove that the waiting time 7 j associated
toeachx; (j =1,...,q) is finite.

Since wg, > k a.e. in R and wos > 0 in M(R), it follows from (3.4), using a proper
sequence of test functions, that w, > k a.e. in S. Hence w also is the global entropy solution
of the Cauchy problem

w; +[Hw)], =0 inS=R xR"

w = wo in R x {0},

where H(w) := H((w — k)* + k), satisfying the compatibility conditions at every x; €
supp wos = supp ua@ By the definition of H and assumption (7.16), there holds

lim H(u) =sup H(u) = HT . (7.17)
=00 ueR
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For every j = 1,...,q let h,= € L{; (0,00) be the functions relative to w given by

Proposition 3.3. Then by (3.12) zjlnd (7.17) we get

h+(@t)=H' forae.te(0,1)). (7.18)
J

By contradiction, let fj = 00. Then by (3.16) and (7.18) we get
oo
/ [HT —h -()]dt <c;. (7.19)
0 J

Fix any y < x; such that M(-;_SI_I = 0, where I = (y, x;). Consider the singular Cauchy-
Dirichlet problem
v+ [H@]y =0 inl x (0, 00)
v =00 in {y, x;} x (0, c0) (7.20)

v = wo, in I x {0}.

By Definition 6.1(7) the restriction wi (I x (0, 00)) is a subsolution of (7.20), whereas by
Theorem 3.2(i) there exists a unique global entropy solution v € C([0, c0); L'(1)),v > 0
of (7.20). Then by Theorem 6.1 we get

w<v ae.in I x (0,00). (7.21)

Let g,-, g,+ € L{5.(0, 00) be the functions relative to v given by Proposition 5.4. Arguing
J
as for (7.18), from (5.31a) we get

g+(t)=H">g () forae.r>0. (7.22)
J
On the other hand, in view of (7.21), arguing as in the proof of Proposition 6.2(i7) gives
h.-() <g.- () forae.t>0,
J J
whence by inequality (7.19)
o0
/ [HT — g~ (O]dt <c;. (7.23)
0 J

Fix any T > 0. From the weak formulation (3.2), by a standard argument we get
/v(x, T)p(x)dx = / wor (x)p(x) dx + // I:I(v(x, 1)) p’ (x) dxdt (7.24)
I I 1x(0,T)
for every p € CC] (I). By a proper choice of p = p, — xj asn — 00, we get

T
oG, Dl = [ worx)dx+ | [HY =g, 0)]1dt < |wor 1) +¢j = Do; (7.25)
o=/ A ; %)

here we used inequalities (7.22)—(7.23) and the fact that for all 8 € C.(0, co) (see (5.29)—
(5.30)) there holds

lim Oo151(1)()6,1))/‘3(0 dr = /oogx_—(l)ﬁ(t)dt,
x—)x; 0 0 7

lim A, )@ dt = /oogy+(t)/3(l)dt.
x—=>ytT Jo 0
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Similarly, for a.e. y € (y, x;), a suitable choice of p = p;, — X(y,y) in (7.24) implies

y y T -
[ v = [Cwean+ [ [# - o]
14 14 0

whence, by integration with respect to y and (7.25),

T
/ (f [H+ —ﬁ(v(y,t))] dy> di < / (/yv(x, T)dx) dy < Dyll].
0 1 1 Y

By (7.17), this implies that

/OT 1A @G, 1) — H |1y dr < Dol
By the arbitrariness of T, there exists a sequence Ty — oo such that
IH @, T) = H L1y — 0,
whence (possibly up to a subsequence, not relabeled)
ﬁ(v(x, Ti) - HT forae. xel.
In view of (7.17), this implies that
v(x, Ty) —> oo forae.x el,

whence [[v(-, Ti)ll 1) — oo. However, this contradicts estimate (7.25). O
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