
Mathematical Finance 

ORIGINAL ARTICLE

Random Carbon Tax Policy and Investment Into Emission 

Abatement Technologies 

Katia Colaneri1 Rüdiger Frey2 Verena Köck2 

1 Department of Economics and Finance, University of Rome Tor Vergata, Rome, Italy 2 Institute for Statistics and Mathematics, Vienna University of 
Economics and Business, Vienna, Austria 

Correspondence: Rüdiger Frey ( ruediger.frey@wu.ac.at) 

Received: 27 May 2024 Revised: 27 March 2026 Accepted: 22 April 2026 

Keywords: carbon taxes | climate policy uncertainty | emission abatement | stochastic control | stochastic differential games 

ABSTRACT 

We analyze the problem of a profit-maximizing electricity producer, subject to carbon taxes, who decides on investments into CO2 
abatement technologies. We assume that the carbon tax policy is random and that the investment in the abatement technology is 
divisible, irreversible, and subject to transaction costs. Two frameworks for randomness in taxes are considered. First, we assume 
a precise probabilistic model for the tax process, namely a pure jump Markov process (so-called tax-risk). Second, we analyze the 
case of a producer who is uncertainty-averse with respect to the tax evolution and who uses a differential game as conceptual 
tool to decide on optimal production and investment. We provide a rigorous mathematical treatment of both settings, including 
the analysis of the associated nonlinear PDEs. Numerical methods are employed to investigate the optimal investment strategies. 
We find that in the tax-risk case, investment in abatement technologies is generally lower than in a benchmark scenario with 
deterministic taxation. Nevertheless, factors such as production technology, investment divisibility, tax rebates, and credibility of 
the tax policy introduce interesting twists. In contrast, the uncertainty-averse framework may lead to increased investment as 
uncertainty rises. 
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 Introduction 

arbon taxes and trading of emission certificates are key policy
ools for reducing carbon pollution and hence for mitigating
limate change. Academic contributions in this field from an
nvironmental economics perspective have mainly focused on
ptimal tax schemes or optimal carbon prices for an efficient
mission reduction, see, for instance, the seminal contributions
y Nordhaus ( 1993 ), Nordhaus ( 2019 ), Golosov et al. ( 2014 ), and
cemoglu et al. ( 2012 ). More recently, this problem has been
ddressed within the literature on continuous-time stochastic
ontrol by, for example, Aid and Biagini ( 2023 ), Aid et al.
 2025 ), or Carmona et al. ( 2021 ) (these papers are discussed in
ection 1.1 ). While the design of an optimal tax scheme or carbon
rice is a very relevant research question, in reality, emission
his is an open access article under the terms of the Creative Commons Attribution-NonC
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tax policy is affected by many unpredictable factors such as
changes in political sentiment and election results, lobbying by
industry groups, or developments in international climate policy.
Therefore, future tax rates are random and long-term emission
tax schemes announced by governments are not fully credible
from the viewpoint of carbon-emitting producers. This is a prime
example of the so-called climate policy uncertainty . In environ-
mental economics, it is often argued that policy uncertainty has a
negative impact on investments in carbon abatement technology.
For instance, the British newspaper The Economist ( 2023 ) writes
the following: 

Political polarisation [regarding the relevance of cli-
mate change] means bigger flip-flops when power
changes hands: imagine France under the wind-farm-
ommercial License, which permits use, distribution and reproduction in any 
oses. 
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loathing Marine Le Pen. Everywhere, making climate
policy less predictable makes it harder for investors to
plan for the long term, as they must.

rom a policy perspective, the International Energy Agency
eport (Yang, 2008 ) investigates how abrupt shifts in carbon
rices, often resulting from changes in carbon tax policy, affect
nvestment incentives for low-carbon power-generation tech-
ologies. The report concludes that “the greater the level of policy
ncertainty, the less effective climate change policies will be at
ncentivising investment in low-emitting technologies.” Empiri-
al support for this view is provided by Basaglia et al. ( 2025 ), who
onstruct newspaper-based indices of climate policy uncertainty
nd use regression analysis to show that higher uncertainty
ignificantly depresses investment in carbon-intensive sectors. 

he academic literature on climate policy uncertainty and the
doption of green technologies frequently employs real options
odels. Notably, Fuss et al. ( 2008 ), Blyth et al. ( 2007 ), and
ang et al. ( 2008 ), the latter two closely linked to the IEA
eport Yang ( 2008 ), investigate how stochastic carbon pricing
ffects investment decisions in carbon capture and storage. These
odels consider the following two sources of uncertainty: (i)
arket-driven fluctuations in electricity and carbon prices, and
ii) policy uncertainty. Policy uncertainty is modeled as a gov-
rnment announcement at a predetermined future time 𝑡 , where
t is revealed, with known probabilities, whether the carbon
ricing scheme will be implemented. Investment is assumed to be
mmediate, indivisible, and irreversible. Under these conditions,
he optimal strategy is to delay investment until the policy deci-
ion at 𝑡 is revealed, underscoring the deterrent effect of policy
ncertainty on investment. In contrast, Hagspiel et al. ( 2025 )
resent evidence that unannounced subsidy withdrawals can, in
ertain cases, lead to higher investment in green technologies
han announced ones. This suggests that policy uncertainty may,
nder specific circumstances, encourage rather than hinder the
doption of green technologies. 

he present paper adds to this strand of literature in various
ays. We analyze the behavior of a profit-maximizing electricity
roducer who is subject to emission taxes and has the option
o invest in emission abatement technologies. We employ a
ontinuous-time framework that accommodates a broad range of
odels for randomness in carbon tax policy. Unlike much of the
eal options literature, we consider divisible investments such as
he incremental installation of solar panels, and we assume that
he producer chooses the rate at which she invests. Investment
s irreversible and subject to transaction costs, which prevent
nstantaneous adjustments in the investment level. Our frame-
ork captures stylized forms of emission abatement, including
etrofitting existing gas-fired plants with carbon capture and
torage or filter technologies, and investing in new green tech-
ologies with low marginal production costs. These cases are
iscussed in detail in both the theoretical analysis and the
umerical simulations. 

e explore two distinct approaches to modeling randomness in
arbon taxes. First, we assume a precise probabilistic model for
he tax process, namely a pure jump Markov process. In decision-
heoretic terms, this corresponds to the paradigm of risk, so that
we refer to this situation as tax-risk . In that case, the producer is
confronted with a stochastic control problem with the investment
rate as control variable. Second, we consider a producer who is
uncertainty-averse with respect to future tax rates and we use
a max–min criterion to determine her optimal production and
investment strategy. A possible interpretation of the max–min
criterion is that of a game between the producer and a fictitious
adversary (called nature). The objective of the producer remains
that of maximizing expected profits, whereas nature chooses a
tax process to minimize the profits of the producer. This setting
is referred to as tax uncertainty . 

We provide a rigorous mathematical analysis of the producer’s
optimization problem in both settings. In the tax-risk scenario, we
characterize the value function as the unique viscosity solution
of the corresponding HJB equation, applying general results
from Pham ( 1998 ), and we establish conditions for the existence
of classical solutions. In the tax uncertainty case, the problem
can be analyzed as a stochastic differential game; we prove
the existence of an equilibrium and characterize the game’s
value via a classical solution to the Bellman–Isaacs equation.
As explicit solutions are available only in exceptional cases,
we perform numerical experiments to study the producer’s
investment behavior. 

In our numerical experiments on tax-risk, we consider two
models of tax dynamics. In the first, the government may
increase taxes at a random future time, for instance to comply
with international climate agreements. In the second, elevated
taxes may be reversed, for example, if a government with
a “brown” agenda replaces a “green” one. We compare the
producer’s investment decisions in these stochastic settings to a
benchmark case with deterministic taxes. Our results indicate
that tax uncertainty generally reduces the firm’s willingness
to invest in abatement technologies, supporting the view that
carbon tax volatility can undermine climate policy. However,
there are some new interesting twists. Specifically, producers
may invest preemptively, before a tax increase is enacted, to
hedge against potential future tax burdens. This hedging behavior
is not observed in real options models such as Fuss et al.
( 2008 ), where tax uncertainty leads to investment delays until
policy decisions are clarified. We also examine the effect of an
emission-independent tax rebate and find that it incentivizes
abatement investment. Finally, our findings highlight the critical
role of investor expectations: a credible tax policy—where firms
believe that announced tax increases will be implemented and
sustained—is significantly more effective than a noncredible
one. Next, we analyze optimal investment within a stochastic
differential game framework for an uncertainty-averse producer.
Notably, the results are reversed in this setting: Greater uncer-
tainty enhances investment in carbon abatement technology,
thus benefiting society. Furthermore, a rebate typically reduces
investment. These findings highlight the critical role of the mod-
eling paradigm in determining how climate policy uncertainty
influences abatement investment. 

The remainder of the paper is structured as follows. Section 1.1
reviews some relevant literature; Section 2 introduces the model
and the electricity producer’s optimization problem; in Sec-
tion 3 , we present specific examples of electricity generation
and emission abatement technologies; Section 4 analyzes the
Mathematical Finance, 2026
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ontrol problem under tax-risk; tax uncertainty and the result-
ng differential game are addressed in Section 5.1 ; Section 6
eports numerical results and their economic interpretation; and
ection 7 concludes. 

.1 Discussion of Some Related Contributions 

e continue with a brief discussion of related contributions.
ithin the framework of the stochastic control literature on tax-
nd carbon pricing schemes, Aid and Biagini ( 2023 ) study an
ptimal dynamic carbon emission regulation for a set of firms,
n the presence of a regulator who may choose dynamically the
mission allowances to each firm. The problem is formulated
s a Stackelberg game between the regulator and the firms
n a jump diffusion setup with linear quadratic costs. This
ormulation allows for a closed-form expression of the optimal
ynamic allocation policies. Aid et al. ( 2025 ) investigate the
ptimal regulatory incentives that trigger the development of
reen electricity production in a monopoly and in a duopoly
etup. The regulator wishes to encourage green investments
o limit carbon emissions, while simultaneously reducing the
ntermittency of the total energy production. Their main result
s a characterization of the regulatory contract that naturally
ncludes interesting agreements like rebate. Carmona et al. ( 2021 )
nalyze mean field control and mean field game models of
lectricity producers who interact via electricity spot markets and
ho can decide on the composition of their energy mix (brown
r green) in the presence of a carbon tax. Producers have to
alance the cost of intermittency and the amount of carbon tax
hey pay. The paper analyzes competitive (Nash equilibrium)
nd cooperative (social optimum) solutions to this problem via
ystems of forward–backward SDEs. It also includes a study of a
tackelberg game between a tax-setting regulator and the mean
ield of producers. 

he impact of tax policy uncertainty on firm level and aggregate
nvestment is studied in the seminal paper Hassett and Metcalf
 1999 ) in a general real options model that is not directly
elated to investment in green technology. Lavigne and Tankov
 2026 ), Dumitrescu et al. ( 2024 ), and Flora and Tankov ( 2023 )
ave done interesting theoretical research on the implication
f randomness in climate policy more generally. Lavigne and
ankov ( 2026 ) consider a mean-field game model for a large
inancial market where firms determine their dynamic emis-
ion strategies under climate transition risk in the presence
f green and neutral investors. They show among others that
ncertainty about future climate policies leads to overall higher
missions in equilibrium. In a similar spirit, Dumitrescu et al.
 2024 ) study the impact of transition scenario uncertainty on the
ace of decarbonization and on output prices in the electricity
ndustry. Flora and Tankov ( 2023 ) analyze how uncertainty in
limate transition pathways affects investment in assets that
ay become stranded. Empirical studies on the impact of car-
on taxes on green technology adaption include Aghion et al.
 2016 ) who study in particular the effects of taxes and fuel
rices on investment in technological innovation using data
or the automobile sector, and Martinsson et al. ( 2024 ) where
ata on CO2 emissions from Swedish manufacturing sector are
sed to estimate the impact of carbon pricing on firm-level
mission intensities. 
athematical Finance, 2026
2 The Optimization Problem of the Electricity 
Producer 

Throughout, the paper we fix a horizon date 𝑇 and a probability
space (Ω,  , 𝐏 ) with filtration 𝔽 = ( 𝑡 )0 ≤ 𝑡≤ 𝑇 representing the
information flow. In the sequel, all processes are assumed to be 𝔽 -
adapted and expectations are taken with respect to the probability
measure 𝐏 . 

We consider a profit-maximizing electricity producer subject to
carbon taxes, with the option to invest in CO2 emission abatement
technology. Let 𝜏𝑡 denote the tax per unit of emission and 𝑋𝑡 
the value of abatement investment at time 𝑡. The producer
determines the electricity output over time and controls the
investment process 𝑋 = ( 𝑋𝑡 )0 ≤ 𝑡≤ 𝑇 through her investment in
abatement technology. 

To capture the randomness in electricity and fuel prices, as
well as in the productivity of electricity generation technologies,
we introduce an exogenous 𝑑-dimensional factor process 𝑌 =
( 𝑌𝑡 )0 ≤ 𝑡≤ 𝑇 . We assume that 𝑌 is a 𝑑-dimensional diffusion process,

𝑑 𝑌𝑡 = 𝛽( 𝑡, 𝑌𝑡 ) 𝑑 𝑡 + 𝛼( 𝑡, 𝑌𝑡 ) 𝑑 𝐵𝑡 , 𝑌0 = 𝑦 ∈ ℝ𝑑 , (1)

where 𝐵 is a 𝑑-dimensional Brownian motion, and where the drift
𝛽( 𝑡, 𝑦) ∈ ℝ𝑑 and the dispersion 𝛼( 𝑡, 𝑦) ∈ ℝ𝑑×𝑑 , for ( 𝑡, 𝑦) ∈ [0 , 𝑇] ×
ℝ𝑑 , satisfy standard conditions for existence and uniqueness of
the SDE ( 1 ). Moreover, we denote the generator of 𝑌 by 𝑌 , which
reads as as follows: 

𝑌 𝑓 ( 𝑦 ) =
𝑑 ∑
𝑖= 1 
𝑓𝑦𝑖 ( 𝑦 ) 𝛽𝑖 ( 𝑡, 𝑦 ) +

1 

2 

𝑑 ∑
𝑖 ,𝑗 = 1 
𝑓𝑦𝑖 𝑦𝑗 ( 𝑦 ) 𝔖𝑖𝑗 ( 𝑡, 𝑦 ) , 

where 𝔖 ( 𝑡, 𝑦) = 𝛼( 𝑡, 𝑦) ⋅ 𝛼⊤( 𝑡, 𝑦) . We leave the specification of
𝑌 fairly general at this stage. In this way, our analytical results
remain valid regardless of the specific model used. Moreover,
a specific model for the dynamics of 𝑌 would not simplify the
mathematical analysis. 

2.1 Instantaneous Electricity Production 

We assume that the electricity market is perfectly competitive
so that the producer acts as a price taker, that is she takes the
price 𝑝𝑡 = 𝑝( 𝑌𝑡 ) of one unit of electricity as given and adjusts
the quantity produced in order to maximize instantaneous profits.
This situation might arise in the context of a merit order system,
where the electricity spot price is determined by the short run
marginal production cost of the power plant that is on the margin
of the electricity production system. For a given investment value
𝑥, tax rate 𝜏 and value 𝑦 of the factor process, we denote the
cost of producing 𝑞 units of electricity by 𝐶( 𝑞 , 𝑥 , 𝑦, 𝜏) . Hence the
instantaneous profit is given by the following: 

Π( 𝑞 , 𝑥 , 𝑦, 𝜏) = 𝑝( 𝑦) 𝑞 − 𝐶( 𝑞 , 𝑥 , 𝑦, 𝜏) + 𝜈0 ( 𝑞) 𝜏 . (2)

The term 𝜈0 ( 𝑞) 𝜏 models a tax rebate that depends on the amount
𝑞 of energy produced and on the current tax rate, but not on the
actual emissions of the producer. Tax rebates of this form penalize
3
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reward) producers with high (low) emissions compared to the
ndustry average and are part of many proposals for carbon taxes.

he producer chooses the output 𝑞 to maximize her instanta-
eous profit and we denote the maximal profit by the following:

Π∗ ( 𝑥, 𝑦, 𝜏) = max 
𝑞 ∈[0 ,𝑞max ] 

Π( 𝑞, 𝑥, 𝑦, 𝜏) , (3)

here the constant 𝑞max > 0 denotes the maximum capacity of
he production technology. In the numeric examples, we also
onsider the situation where the quantity to be produced is fixed
o some 𝑞̄ , for instance, since the producer has entered into
ong-term delivery contracts. In that case, one obviously has
∗ ( 𝑥, 𝑦, 𝜏) = Π(𝑞̄ , 𝑥, 𝑦, 𝜏) . 

he next assumption gives conditions ensuring that the function
∗ is well-defined and enjoys certain regularity properties. 

ssumption 2.1. 

i. There are functions 𝐶0 , 𝐶1 ∶ [0 , 𝑞max ] ×ℝ ×ℝ𝑑 → [0 , ∞)
such that 

𝐶( 𝑞 , 𝑥 , 𝑦, 𝜏) = 𝐶0 ( 𝑞 , 𝑥 , 𝑦) + 𝐶1 ( 𝑞 , 𝑥 , 𝑦) 𝜏 ; 

moreover, 𝐶0 and 𝐶1 are increasing, strictly convex and 1 in
𝑞 and 𝐶1 is bounded. 

ii. 𝐶0 and 𝐶1 are Lipschitz continuous in 𝑥, 𝑦 uniformly in 𝑞 ∈
[0 , 𝑞max ] . 

iii. The function 𝜈0 is differentiable, increasing, and concave on
[0 , 𝑞max ] . 

iv. The function 𝑝 ∶ ℝ𝑑 → ℝ is Lipschitz continuous in 𝑦. 

n economic terms, the function 𝐶1 measures the emissions from
roducing 𝑞 units of electricity given the investment level 𝑥 and
he value of the factor process; these are then multiplied with 𝜏 to
ive the instantaneous carbon tax payments; the function 𝐶0 gives
he emission-independent production cost. Specific examples are
iscussed in Section 3 below. 

nder Assumption 2.1 (i) and (iii), there is a unique optimal
nstantaneous energy output 𝑞∗ ∈ [0 , 𝑞max ] for every ( 𝑥, 𝑦, 𝜏) .
aking derivatives with respect to 𝑞 gives the first-order condition

𝑝( 𝑦) − 𝜕𝑞 𝐶0 ( 𝑞 , 𝑥 , 𝑦) − ( 𝜕𝑞 𝐶1 ( 𝑞 , 𝑥 , 𝑦) − 𝜕𝑞 𝜈0 ( 𝑞)) 𝜏 = 0 , (4)

hich has at most one solution due to the strict convexity of the
ost functions. If we consider moreover the boundary cases 𝑞 = 0

nd 𝑞 = 𝑞max , we get the following: 

𝑞∗ =

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
0 , if 𝑝( 𝑦) − 𝜕𝑞 𝐶0 (0 , 𝑥, 𝑦) − ( 𝜕𝑞 𝐶1 (0 , 𝑥, 𝑦) − 𝜕𝑞 𝜈0 (0)) 𝜏 < 0; 

𝑞max , if 𝑝( 𝑦) − 𝜕𝑞 𝐶0 ( 𝑞max , 𝑥, 𝑦) − ( 𝜕𝑞 𝐶1 ( 𝑞max , 𝑥, 𝑦) − 𝜕𝑞 𝜈0 ( 𝑞max )) 𝜏 > 0; 

the solution of (4) , else. 

(5)
2.2 Optimal Investment 

We assume that the investment value 𝑋 has dynamics as follows:

𝑋𝑡 = 𝑋0 + ∫
𝑡 

0 

𝛾𝑠 𝑑𝑠 − ∫
𝑡 

0 

𝛿𝑋𝑠 𝑑 𝑠 + 𝜎𝑊𝑡 , 𝑡 ≤ 𝑇. (6)

Here 𝑊 = ( 𝑊𝑡 )𝑡≥ 0 is a Brownian motion, independent of the
Brownian motion 𝐵 in the dynamics of 𝑌, 0 ≤ 𝛿 < 1 is the depre-
ciation rate and the term 𝜎𝑊𝑡 models exogenous fluctuations of
the investment value, due, for example, to random replacement
costs. The process 𝜸 = ( 𝛾𝑡 )0 ≤ 𝑡≤ 𝑇 represents the rate at which the
producer invests into abatement technology. We assume that the
investment is irreversible , that is we introduce the constraint
that 𝛾𝑡 ≥ 0 for all 𝑡. Moreover, we assume that the investment
is subject to proportional transaction costs given by 𝜅𝛾2 . These
costs penalize a rapid build-up of abatement technology. By  , we
denote the set of all admissible investment strategies, that is the set
of all adapted nonnegative càdlàg processes 𝜸 with 𝔼

[∫ 𝑇 
0 
𝛾2 𝑡 𝑑𝑡

]
<

∞. 

The producer uses a cash account 𝐷 to finance her investments
and to invest the profits from selling electricity. We assume that
there is a constant interest rate 𝑟 ≥ 0 that applies to borrowing
and lending. Hence 𝐷 has the dynamics as follows: 

𝑑 𝐷𝑡 =
(
𝑟 𝐷𝑡 + Π∗ ( 𝑋𝑡 , 𝜏𝑡 , 𝑌𝑡 ) − ( 𝛾𝑡 + 𝜅𝛾2 𝑡 )

)
𝑑 𝑡, 𝐷0 = 0 . (7)

We interpret the horizon date 𝑇 as lifetime of the electricity
production technology, and we model the residual value of the
investment by a function ℎ( 𝑋𝑇 ) , which is nonnegative, increasing
and continuous and whose form will depend on the type of
abatement technology. 

The goal of the electricity producer is to maximize
𝔼
[
𝑒− 𝑟𝑇 ( 𝐷𝑇 + ℎ( 𝑋𝑇 ))

]
, the expected discounted value of her

terminal cash position and of the residual investment. Next we
show that the initial value of the cash account does not affect the
investment decision of the producer. In fact, using Equation ( 7 ),
we get that 

𝑒− 𝑟( 𝑇− 𝑡) 𝐷𝑇 = 𝐷𝑡 − ∫
𝑇 

𝑡 

𝑟 𝑒− 𝑟 ( 𝑠 − 𝑡) 𝐷𝑠 𝑑 𝑠 

+∫
𝑇 

𝑡 

𝑒− 𝑟 ( 𝑠 − 𝑡) ( 𝑟𝐷𝑠 + Π∗ ( 𝑋𝑠 , 𝑌𝑠 , 𝜏𝑠 ) − 𝛾𝑠 − 𝜅𝛾2 𝑠 ) 𝑑 𝑠 . 

Hence, 

𝔼
[
𝑒− 𝑟𝑇 ( 𝐷𝑇 + ℎ( 𝑋𝑇 ))

]
= 𝐷0 + 𝔼

[ 

∫
𝑇 

0 

𝑒− 𝑟𝑠 
(
Π∗ ( 𝑋𝑠 , 𝜏𝑠 , 𝑌𝑠 ) − 𝛾𝑠 − 𝜅𝛾2 𝑠 

)
𝑑𝑠 + 𝑒− 𝑟𝑇 ℎ( 𝑋𝑇 )

] 

, (8)

and the goal of the producer amounts to maximizing the second
term in Equation ( 8 ). 

In this paper, we study the optimization problem of the producer
in two settings that differ with respect to the modeling of
randomness in carbon taxes. In Section 4 , we analyze the case
Mathematical Finance, 2026
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f tax-risk, where the tax process 𝝉 follows a precise probabilistic
odel, namely a pure jump process with given jump intensity and
ump size distribution. In Section 5.1 , we consider an alternative
pproach corresponding to the case of tax uncertainty. There the
lectricity producer considers a set of possible future tax scenarios
nd uses a max–min criterion to determine her production and
nvestment strategy. 

 Production Technologies: Examples 

e now discuss two specific examples for the production
nd emission abatement technology that will be used in the
umerical experiments. 

.1 The Filter Technology 

n this example, we assume that the producer is using a brown
echnology such as coal-fired power plants but is able to reduce
O2 pollution by investing in a carbon capture and storage
r filter technology. We let 𝜁 be the input good, that is, the
mount of raw material (coal or gas), which is needed to produce
lectricity. We suppose that one unit of raw material has a cost
f 𝑐 ( 𝑦) dollars and that for each unit of raw material used in the
roduction process, the amount of emitted CO2 is 𝑒0 . If filters are
nstalled, emissions per unit of raw material are reduced by 𝑒( 𝑥) .
he emission reduction depends clearly on the quality and the
umber of filters, and hence on the investment level 𝑥. Given an
nvestment level 𝑥, total emissions for 𝜁 units of raw material are
hus given by 𝜁( 𝑒0 − 𝑒( 𝑥)) . 

e denote by 𝑃( 𝜁) the amount of electricity that can be produced
sing 𝜁 units of raw material, for a continuous increasing and
oncave function 𝑃 with 𝑃(0) = 0 . Denote by 𝑄( ⋅) the inverse
unction of 𝑃. Then, to produce the amount 𝑞 of electricity,
he producer needs 𝜁 = 𝑄( 𝑞) units of raw material and hence
he incurred cost (production cost and taxes) is given by the
ollowing: 

𝐶( 𝑞 , 𝑥 , 𝑦, 𝜏) = 𝑄( 𝑞)(𝑐 ( 𝑦) + ( 𝑒0 − 𝑒( 𝑥)) 𝜏) . (9)

ote that in this example, the functions 𝐶0 and 𝐶1 from Assump-
ion 2.1 are given by 𝐶0 ( 𝑞 , 𝑥 , 𝑦) = 𝑄( 𝑞)𝑐 ( 𝑦) and 𝐶1 ( 𝑞 , 𝑥 , 𝑦) =
( 𝑞 )( 𝑒0 − 𝑒( 𝑥 )) . Recall that we interpret the horizon date 𝑇 as
ifetime of the brown power plant. It makes sense to assume that
he residual value of the filters installed is zero once the power
lant is no longer in operation, so that for the filter technology,
e take ℎ( 𝑋𝑇 ) = 0 . 

.2 Two Technologies 

ext we consider a situation where the energy producer has
he option to replace a brown technology, such as coal or gas
ower plants, by a green technology, such as wind or solar
nergy. We denote by 𝜁𝑏 the amount of input material for the
rown technology and suppose that one unit of input material
osts 𝑐𝑏 ( 𝑦) dollars and leads to 𝑒𝑏 tons of CO2 . Let 𝑃𝑏 ( 𝜁) be
he amount of electricity that can be produced with 𝜁 units of
athematical Finance, 2026
raw material and assume that 𝑃𝑏 is increasing and concave and
𝑃𝑏 (0) = 0 . 

The input material to produce green, on the other hand, has a
price of zero (for instance wind or sun) and for simplicity, we
assume that green technology does not emit CO2 . We associate the
investment level 𝑥 with the amount of green production facilities
(solar panels or wind turbines) installed and we denote by 𝑃𝑔 ( 𝑥)
be the maximum amount of electricity that can be produced
with the green technology for a given investment level 𝑥. We
assume that the maintenance cost 𝑐𝑔 ( 𝑥) of the green technology
only depends on the investment 𝑥. Denote by 𝑄𝑏 ( ⋅) the inverse
function of 𝑃𝑏 . Then the total cost for producing 𝑞 units of energy
is 

𝐶( 𝑞 , 𝑥 , 𝑦, 𝜏) =
⎧ ⎪ ⎨ ⎪ ⎩ 
𝑐𝑔 ( 𝑥) if 𝑞 − 𝑃𝑔 ( 𝑥) ≤ 0 ; 

𝑐𝑔 ( 𝑥) + ( 𝑐𝑏 ( 𝑦) + 𝑒𝑏 𝜏) 𝑄𝑏 
(
𝑞 − 𝑃𝑔 ( 𝑥)

)
if 𝑞 − 𝑃𝑔 ( 𝑥) > 0 ; 

(10)
equivalently, 𝐶( 𝑞 , 𝑥 , 𝑦, 𝜏) = 𝑐𝑔 ( 𝑥) + ( 𝑐𝑏 ( 𝑦) + 𝑒𝑏 𝜏) 𝑄𝑏 (( 𝑞 − 𝑃𝑔 ( 𝑥)

+ ) .
In this example, we get that 

𝐶0 ( 𝑥, 𝑦, 𝑞) = 𝑐𝑔 ( 𝑥) + 𝑐𝑏 ( 𝑦) 𝑄𝑏 

((
𝑞 − 𝑃𝑔 ( 𝑥)

)+ )
, (11)

𝐶1 ( 𝑥, 𝑦, 𝑞) = 𝑒𝑏 𝑄𝑏 

((
𝑞 − 𝑃𝑔 ( 𝑥)

)+ )
. (12)

These functions satisfy the regularity conditions stated in
Assumption 2.1 (i)–(iii) if 𝑐𝑔 and 𝑃𝑔 are Lipschitz, 𝑄𝑏 is 1 ,
increasing, strictly convex and ( 𝑄𝑏 )′(0) = 0 , with the excep-
tion that 𝐶0 is strictly convex in 𝑞 only for 𝑞 ≥ 𝑃𝑔 ( 𝑥) . This
is however sufficient for the existence of a unique optimal
electricity output 𝑞∗ , which is given by Equation ( 5 ). We will
also assume that 𝑐𝑔 and 𝑃𝑔 are increasing in the investment
level 𝑥 to make the model reasonable from an economic
viewpoint. 

In the numerical experiments, we take 𝑄𝑏 ( 𝑞) = 𝑎𝑞3∕2 , which fits
the conditions above. Moreover, we use a function 𝑃𝑔 of the
following form: 

𝑃𝑔 ( 𝑥) = 𝑝𝑔 [( 𝑥 − 𝑥̄ )+ ]𝛼, 𝛼 ∈ (0 , 1) , 

for some productivity parameter 𝑝𝑔 ∈ (0 , 1) , where 𝑥̄ represents
initial expenses such as land acquisition and infrastructure
development for connecting to the grid that the electricity
company must bear when building a green power plant. This
example shows that our model may account for threshold
effects, even when the investment occurs continuously in
time. 

To simplify the exposition, we concentrate on the case where
the maximum production level 𝑞max is independent of 𝑥. In the
two-technology example, this bound can be interpreted as the
maximum amount of electricity that could be absorbed by the
grid. However, it might also make sense to consider the case
where 𝑞max depends on the amount of green technology installed
and hence on the investment level, that is, to model the maxi-
mum capacity as a function 𝑞̄ ( 𝑥) . This choice brings additional
5
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echnicalities in some of the theoretical results. We refer to the
omment on maximum capacity expansion in Appendix B.1 for
urther discussion. 

 Tax Risk and Stochastic Control 

n this section, we analyze the case of tax-risk, where the tax
rocess 𝝉 follows a fully specified probabilistic model, namely
 Markovian pure jump process with given jump intensity and
ump size distribution. From now on, we use the notation 𝔼𝑡 [ ⋅] to
ndicate the conditional expectation given 𝑋𝑡 = 𝑥, 𝑌𝑡 = 𝑦, 𝜏𝑡 = 𝜏.
he reward function of the optimization problem ( 8 ) is thus given
y 

𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸) = 𝔼𝑡 

[ 
∫
𝑇 

𝑡 

𝑒− 𝑟 ( 𝑠 − 𝑡) 
(
Π∗ ( 𝑋𝑠 , 𝜏𝑠 , 𝑌𝑠 ) − 𝛾𝑠 − 𝜅𝛾2 𝑠 

)
𝑑 𝑠 + 𝑒− 𝑟( 𝑇− 𝑡) ℎ( 𝑋𝑇 )

] 
, 

(13)
nd we denote by 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) = sup { 𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸) ∶ 𝜸 ∈  } the
orresponding value function. The main goal of this section is to
haracterize 𝑉 as viscosity solution of a certain Hamilton–Jacobi–
ellman (HJB) equation and to give criteria for the existence of a
lassical solution. 

.1 The Tax Process 

n the tax-risk case, we work with the following mathematical
odel for the tax process. Let 𝑁( 𝑑 𝑡, 𝑑 𝑧) be a homogeneous
oisson random measure with intensity measure 𝑚 ( 𝑑𝑧 ) 𝑑𝑡, where
 ( 𝑑𝑧 ) is a finite measure on a compact set  ⊂ ℝ , that is, 𝑚(  ) =
 < ∞. Then the tax process satisfies the following SDE: 

𝜏𝑡 = 𝜏0 + ∫
𝑡 

0 
∫ 
Γ( 𝑠, 𝑌𝑠− , 𝜏𝑠− , 𝑧) 𝑁( 𝑑 𝑠 , 𝑑 𝑧) , 𝑡 ∈ [0 , 𝑇] , (14)

or a function Γ( 𝑡, 𝑦, 𝜏, 𝑧) ∶ [0 , 𝑇] ×ℝ𝑑 ×ℝ × → ℝ such that
quation ( 14 ) has a unique solution, which is then automatically
 Markov process. (A set of sufficient conditions is listed in
ssumption 4.2 -(iii)). In the sequel, to avoid technicalities, we
ssume that there exists 𝜏max > 0 such that 𝜏𝑡 ∈ [0 , 𝜏max ] for all
 ∈ [0 , 𝑇] . This translates into the following conditions on the
unction Γ: 

sup 
𝑧∈ 
Γ( 𝑡, 𝑦, 𝜏, 𝑧) ≤ 𝜏max − 𝜏 and inf 

𝑧∈ Γ( 𝑡, 𝑦, 𝜏, 𝑧) ≥ − 𝜏, (15)

or all 𝑡 ∈ [0 , 𝑇] , 𝑦 ∈ ℝ𝑑 , 𝜏 ∈ [0 , 𝜏max ] . We denote by 𝝉 the
enerator of 𝝉, for given 𝑡 and value of the factor process 𝑦, that is

𝝉𝑓 ( 𝑡, 𝑦 , 𝜏) = ∫ 
{
𝑓( 𝑡 , 𝑦, 𝜏 + Γ( 𝑡 , 𝑦, 𝜏, 𝑧)) − 𝑓 ( 𝑡, 𝑦 , 𝜏)

}
𝑚( 𝑑 𝑧) . 

(16)
he process 𝜏 features totally inaccessible jump times, implying
hat tax rate changes are “surprises” for the producer. This
onstitutes a stylized model, as in practice tax changes may
e announced randomly but are in effect implemented at fixed
uture dates to minimize disruption to firms. However, when the
elay between announcement and implementation is short, this
implification has limited impact on the qualitative features of the
optimal investment strategy due to transaction costs. In particu-
lar, firms cannot defer investment decisions until a tax increase
is announced, as rapidly expanding abatement capacity within
the short interval between announcement and implementation
is prohibitively costly. 

Example 4.1. A basic example is given by a two-state
Markov chain with states 𝜏1 < 𝜏2 and transition rate matrix 𝐺 =
( 𝑔𝑖𝑗 )𝑖 ,𝑗 ∈{1 , 2} , where 𝑔𝑖𝑖 = − 𝑔𝑖𝑗 for 𝑗 ≠ 𝑖. The generator of 𝝉 is then
given by 

𝝉𝑓( 𝜏) =
2 ∑
𝑗= 1 
𝟏{ 𝜏= 𝜏𝑗 } 

2 ∑
𝑖= 1 
𝑔𝑗𝑖 𝑓( 𝜏

𝑖 ) . 

Here, 𝜏𝑡 = 𝜏1 may represent a low tax regime under a government
with limited environmental focus, while 𝜏𝑡 = 𝜏2 corresponds
to a higher tax consistent with a government with a green
policy agenda; transitions between tax levels then reflect shifts
in political leadership. A Markov switching model is a natural
choice to represent tax uncertainty and it was also considered
in the seminal paper Hassett and Metcalf ( 1999 ). In Section 6 ,
we consider two special Markov switching models for the tax
evolution, namely the tax increase and the tax reversal . In the tax
increase case, we assume that 𝜏0 = 0 and that the process jumps
upward to 𝜏2 > 0 at a random time. This is a stylized model for the
situation where a government plans to rise carbon taxes in order
to comply with international climate agreements but where the
exact timing of the tax rise depends on random political factors.
In the numerical experiments, we moreover assume that the high
tax value is an absorbing state. In the case of a tax reversal, the tax
is initially set to a high value ( 𝜏0 = 𝜏2 ), but it jumps downward
to 𝜏1 at a random time, due to lobbying efforts or a change in
government composition. In this case, we assume that after the
tax reversal, the tax rate may increase again to 𝜏2 . 

A two-state Markov chain can be embedded into the family of
pure jump processes of the form ( 14 ) with the following identifi-
cation: We let  = {0 , 1} , 𝑚𝜏( 𝑑𝑧) = 𝑔12 𝛿{0} ( 𝑑𝑧) + 𝑔21 𝛿{1} ( 𝑑𝑧) and
put 

Γ( 𝜏, 0) = [ 𝜏2 − 𝜏]+ − [ 𝜏1 − 𝜏]+ and Γ( 𝜏, 1) = [ 𝜏 − 𝜏2 ]+ − [ 𝜏 − 𝜏1 ]+ . 

In this way, Γ is bounded and Lipschitz in 𝜏 (see Assumption 4.2
below). 

4.2 Properties of the Value Function 

In the sequel, we use the notation 𝐿𝑓 for the Lipschitz constant
of a function 𝑓. We need the following set of conditions for our
analysis. 

Assumption 4.2. 

i. Function ℎ( 𝑥) is Lipschitz in 𝑥. 

ii. Functions 𝛽, 𝛼 are continuous and globally Lipschitz. 

iii. Function Γ( 𝑡, 𝑦, 𝜏, 𝑧) is continuous in 𝑡, 𝑦, 𝜏, 𝑧, Lipschitz in
𝑦, 𝜏, for all 𝑡 ∈ [0 , 𝑇] , and for all 𝑧 ∈  and satisfies Equation
( 15 ). 
Mathematical Finance, 2026
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emma 4.3. Let 𝑉 be the value function of the problem ( 13 ).
uppose that Assumptions 2.1 and 4.2 hold. Then, 

i. Π∗ is Lipschitz continuous in ( 𝑥, 𝑦, 𝜏) ; 

ii. 𝑉 is Lipschitz in 𝑥, uniformly in 𝑡, 𝜏, 𝑦, with Lipschitz constant

𝐿𝑉 =
𝐿Π∗ (1 − 𝑒− ( 𝑟+ 𝛿) 𝑇) ) 

𝑟 + 𝛿
+ 𝐿ℎ . (17)

iii. Suppose moreover that Π∗ and ℎ are increasing in 𝑥, then 𝑉 is
increasing in 𝑥 as-well. 

roof. We begin with statement ( 𝑖) . To prove this, we will use
ssumption 2.1 . By direct computations, we get that 

||Π∗ ( 𝑥1 , 𝑦1 , 𝜏1 ) − Π∗ ( 𝑥2 , 𝑦2 , 𝜏2 )|| = ||| max 𝑞 ∈[0 ,𝑞max ] 
Π( 𝑥1 , 𝑦1 , 𝜏1 , 𝑞) − max 

𝑞 ∈[0 ,𝑞max ] 
Π( 𝑥2 , 𝑦2 , 𝜏2 , 𝑞)

|||
(18)

≤ max 
𝑞 ∈[0 ,𝑞max ] 

||Π( 𝑥1 , 𝑦1 , 𝜏1 , 𝑞) − Π( 𝑥2 , 𝑦2 , 𝜏2 , 𝑞)|| . (19)

oreover, we get from the definition of Π that 

|||Π( 𝑥1 , 𝑦1 , 𝜏1 , 𝑞) − Π( 𝑥2 , 𝑦2 , 𝜏2 , 𝑞)||| ≤ |𝑝( 𝑦1 ) − 𝑝( 𝑦2 ) |𝑞 + |𝐶0 ( 𝑞 , 𝑥1 , 𝑦1 ) − 𝐶0 ( 𝑞 , 𝑥2 , 𝑦2 ) |
+ |𝜏1 𝐶1 ( 𝑞 , 𝑥1 , 𝑦1 ) − 𝜏2 𝐶1 ( 𝑞 , 𝑥2 , 𝑦2 ) | + |𝜏1 − 𝜏2 |𝜈0 ( 𝑞) 

≤ 𝑞max 𝐿𝑝 |𝑦1 − 𝑦2 | + 𝐿𝐶0 ( |𝑦1 − 𝑦2 | + |𝑥1 − 𝑥2 |) + 𝜏max 𝐿𝐶1 ( |𝑦1 − 𝑦2 | + |𝑥1 − 𝑥2 |) 
+ ( ||𝐶1 ||∞ + ||𝜈0 ||∞) |𝜏1 − 𝜏2 | , 

o that Π is Lipschitz continuous in ( 𝑥, 𝑦, 𝜏) uniformly in
 ∈ [0 , 𝑞max ] . Here || ⋅ ||∞ represents the supremum norm. 

ext we establish ( 𝑖 𝑖 ) . By ( 𝑖 ) , we know that Π∗ is Lipschitz
ontinuous in ( 𝑥, 𝑦, 𝜏) with Lipschitz constant 𝐿Π∗ . Next we let 𝑋1
nd 𝑋2 be the solutions of Equation ( 6 ) with the initial conditions
1 ≠ 𝑥2 , respectively, that is 𝑋𝑖 𝑡 = 𝑥𝑖 + ∫ 𝑡 

0 
( 𝛾𝑠 − 𝛿𝑋𝑠 ) 𝑑 𝑠 + 𝜎𝑊𝑡 , for

 = 1 , 2 . Then we get that 𝑋1 𝑡 − 𝑋2 𝑡 = ( 𝑥1 − 𝑥2 ) 𝑒− 𝛿𝑡 for 𝑡 ≥ 0 and 

|𝑉( 𝑡 , 𝑥1 , 𝑦, 𝜏) − 𝑉( 𝑡 , 𝑥2 , 𝑦, 𝜏) | (20)

≤ sup 
𝜸∈ 
𝔼𝑡 

[ 
∫
𝑇 

𝑡 

|||Π∗ ( 𝑋1 𝑠 , 𝑌𝑠 , 𝜏𝑠 ) − Π∗ ( 𝑋2 𝑠 , 𝑌𝑠 , 𝜏𝑠 )
|||𝑒− 𝑟 ( 𝑠 − 𝑡) 𝑑 𝑠 + 𝑒− 𝑟( 𝑇− 𝑡) 

|||ℎ ( 𝑋1 𝑇 ) − ℎ ( 𝑋

(21)

≤ sup 
𝜸∈ 

𝔼𝑡 

[ 

∫
𝑇 

𝑡 

𝐿Π∗ |𝑋1 𝑠 − 𝑋2 𝑠 |𝑒− 𝑟 ( 𝑠 − 𝑡) 𝑑𝑠 + 𝑒− 𝑟( 𝑇− 𝑡) 𝐿ℎ |𝑋1 𝑇 − 𝑋2 𝑇 |
] 

(22)

≤ ∫
𝑇 

𝑡 

𝐿Π∗ |𝑥1 − 𝑥2 |𝑒− ( 𝑟 + 𝛿)( 𝑠 − 𝑡) 𝑑𝑠 + 𝑒− ( 𝑟+ 𝛿)( 𝑇− 𝑡 ) 𝐿ℎ |𝑥1 − 𝑥2 | (23)
athematical Finance, 2026
 

= |𝑥1 − 𝑥2 |( 

𝐿Π∗ (1 − 𝑒− ( 𝑟+ 𝛿)( 𝑇− 𝑡 ) ) 

𝑟 + 𝛿
+ 𝑒− ( 𝑟+ 𝛿)( 𝑇− 𝑡 ) 𝐿ℎ 

) 

. (24)

This shows that 𝑉 is Lipschitz in 𝑥, uniformly in 𝑡, 𝜏, 𝑦 with
uniform Lipschitz constant 𝐿𝑉 . 

For ( 𝑖 𝑖 𝑖 ) note that if ℎ and Π∗ are increasing in 𝑥, the reward
function ( 13 ) of the problem is increasing in 𝑥, which carries over
to the value function 𝑉 by definition. □

Remark 4.4 (Comments and extensions). 1. The argument
in the proof of Lemma 4.3 -(i) can be applied to establish the
regularity of the function Π∗ in cases where investment may
expand the maximum capacity. Such an extension is particularly
relevant in the context of the two-technology example. 

2. It is possible to show that if Π∗ and ℎ are concave in 𝑥, then 𝑉 is
also concave in 𝑥. This situation arises, for instance, if Π( 𝑞 , 𝑥 , 𝑦, 𝜏)
is concave in 𝑥 and if 𝑞∗ is a fixed quantity. 

The mathematical details of these two extensions are discussed in
Appendix B.1 . 

4.3 Viscosity Solutions 

For mathematical reasons, we first assume that the set of
admissible controls is bounded and we denote by 𝛾̄ ⊂  the set
of all adapted càdlàg processes 𝜸 with 0 ≤ 𝛾𝑡 ≤ 𝛾̄ for all 𝑡. Let, 

𝑉𝛾̄( 𝑡 , 𝑥 , 𝑦, 𝜏) ∶ = sup 
𝜸∈𝛾̄

𝔼𝑡 

[ 
∫
𝑇 

𝑡 

(
Π∗ ( 𝑋𝑠 , 𝑌𝑠 , 𝜏𝑠 ) − 𝛾𝑠 − 𝜅𝛾2 𝑠 

)
𝑒− 𝑟 ( 𝑠 − 𝑡) 𝑑 𝑠 + 𝑒− 𝑟( 𝑇− 𝑡) ℎ( 𝑋𝑇 )

] 
. 

(25)

As a first step, we show that 𝑉𝛾̄ is the unique viscosity solution of
the HJB equation 

𝑣𝑡 ( 𝑡 , 𝑥 , 𝑦, 𝜏) + Π∗ ( 𝑥, 𝑦, 𝜏) + 𝝉𝑣 ( 𝑡 , 𝑥 , 𝑦, 𝜏) + 𝑌 𝑣 ( 𝑡 , 𝑥 , 𝑦, 𝜏) + 𝜎2 
2 
𝑣𝑥𝑥 ( 𝑡 , 𝑥 , 𝑦, 𝜏)

+ sup 
0 ≤ 𝛾≤𝛾̄

{
𝑣𝑥 ( 𝑡 , 𝑥 , 𝑦, 𝜏)( 𝛾 − 𝛿𝑥 ) − ( 𝛾 + 𝜅𝛾2 )

}
= − 𝑟 𝑣 ( 𝑡 , 𝑥 , 𝑦, 𝜏) 

(26)

with the terminal condition 𝑣 ( 𝑇, 𝑥 , 𝑦, 𝜏) = ℎ( 𝑥) . 

Proposition 4.5. The function 𝑉𝛾̄ is Lipschitz in ( 𝑥, 𝑦, 𝜏) and
Hölder in 𝑡 and the unique viscosity solution of Equation ( 26 ).
Moreover, a comparison principle holds for that equation. 

Proof. It is easy to check that for the problem ( 25 ), the hypotheses
(2.1)-(2.5) of Pham ( 1998 ) are satisfied. Then, the result follows
from Pham ( 1998 , Theorem 3.1). Note that in Pham ( 1998 ), it is
assumed that the controls take values in a compact set, so that the
results of that paper apply only to the case where 𝜸 ∈ 𝛾̄. □

Next we want to prove that 𝑉𝛾̄ is independent of 𝛾̄ for sufficiently
large values of 𝛾̄. For this, we use that, in view of Lemma 4.3 , the
value function 𝑉𝛾̄ is Lipschitz with Lipschitz constant 𝐿𝑉 as in
Equation ( 17 ); in particular, the Lipschitz constant may be taken
independent of 𝛾̄. 
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roposition 4.6. Consider constants 𝛾̄1 < 𝛾̄2 such that ( 𝐿𝑉 − 1)
+ 

2 𝑘 
<

̄1 . Then 𝑉𝛾̄1 = 𝑉𝛾̄
2 . 

roof. For 𝑖 = 1 , 2 , denote by 𝑉𝛾̄𝑖 ( 𝑡 , 𝑥 , 𝑦, 𝜏) the value function
f the optimization problem with strategies in 𝛾̄𝑖 . Since 𝛾̄1 <
̄2 , it is immediate that 𝛾̄1 ⊂ 𝛾̄2 and hence 𝑉𝛾̄2 ( 𝑡 , 𝑥 , 𝑦, 𝜏) ≥
𝛾̄1 ( 𝑡 , 𝑥 , 𝑦, 𝜏) . To establish the opposite inequality, that is,
𝛾̄1 ( 𝑡 , 𝑥 , 𝑦, 𝜏) ≥ 𝑉𝛾̄

2 
( 𝑡 , 𝑥 , 𝑦, 𝜏) , we prove that 𝑉𝛾̄1 is a viscosity

upersolution of the HJB equation ( 26 ) with 𝛾̄ = 𝛾̄2 . 

ix some point ( 𝑡0 , 𝑥0 , 𝑦0 , 𝜏0 ) . Since 𝑉𝛾̄
1 is a viscosity solution (and

ence in particular a supersolution) of Equation ( 26 ) with 𝛾̄ = 𝛾̄1 ,
or every smooth function 𝜙( 𝑡 , 𝑥 , 𝑦, 𝜏) such that 

𝜙( 𝑡 , 𝑥 , 𝑦, 𝜏) ≤ 𝑉𝛾̄1 ( 𝑡 , 𝑥 , 𝑦, 𝜏) for all ( 𝑡 , 𝑥 , 𝑦, 𝜏) and 𝜙( 𝑡0 , 𝑥0 , 𝑦0 , 𝜏0 ) = 𝑉𝛾̄1 ( 𝑡0 , 𝑥0 , 𝑦0 , 𝜏0 ) 
(27)

t holds that 

− 
( 
𝜙𝑡 ( 𝑡0 , 𝑥0 , 𝑦0 , 𝜏0 ) + Π∗ ( 𝑥0 , 𝑦0 , 𝜏0 ) + 𝝉𝑉𝛾̄1 ( 𝑡 , 𝑥 , 𝑦, 𝜏) + 𝑌 𝜙( 𝑡 , 𝑥 , 𝑦, 𝜏) + 𝜎

2 

2 
𝜙𝑥𝑥 ( 𝑡 , 𝑥 , 𝑦, 𝜏) 

+ sup 
0 ≤ 𝛾≤𝛾̄1 

{
𝜙𝑥 ( 𝑡 , 𝑥 , 𝑦, 𝜏)( 𝛾 − 𝛿𝑥 ) − ( 𝛾 + 𝜅𝛾2 )

}
− 𝑟 𝑉𝛾̄1 ( 𝑡 , 𝑥 , 𝑦, 𝜏)

) 

≥ 0 (28)

t follows from Equation ( 27 ) that 𝜙𝑥 ( 𝑡0 , 𝑥0 , 𝑦0 , 𝜏0 ) ≤ 𝐿𝑉 with 𝜙𝑥
eing the partial derivative of 𝜙 with respect to 𝑥. Note that the
upremum in Equation ( 28 ) is attained at 𝛾∗ = ( 𝜙𝑥 − 1)+ 

2 𝑘 
≤ ( 𝐿𝑉 − 1)+ 

2 𝑘 
<

̄1 . Hence we can replace 𝛾̄1 with 𝛾̄2 in Equation ( 28 ) without
hanging the supremum. This implies that 𝑉𝛾̄1 is a supersolution
f Equation ( 26 ) with 𝛾̄ = 𝛾̄2 and completes the proof. □

ummarizing, we have the following result. 

heorem 4.7. Fix 𝛾̄ > ( 𝐿𝑉 − 1)+ 

2 𝑘 
. Then the value function 𝑉 of the

ptimization problem ( 13 ) equals 𝑉𝛾̄ . It follows that 𝑉 is Lipschitz
n ( 𝑥, 𝑦, 𝜏) , Hölder in 𝑡 and the unique viscosity solution of the HJB
quation ( 26 ). 

roof. In the sequel, we show that 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) = 𝑉𝛾̄( 𝑡 , 𝑥 , 𝑦, 𝜏) for
̄ >

( 𝐿𝑉 − 1)+ 

2 𝑘 
, hence 𝑉 is the unique viscosity solution of the HJB

quation ( 26 ) and inherits the regularity properties of 𝑉𝛾̄ from
roposition 4.5 . 

n view of Proposition 4.6 , it remains to show that 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) =
im 𝑚→∞ 𝑉

𝑚 ( 𝑡 , 𝑥 , 𝑦, 𝜏) ( 𝑉𝑚 is the solution of Equation 26 with 𝛾̄ =
.) The inequality 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) ≥ lim 𝑚→∞ 𝑉

𝑚 ( 𝑡 , 𝑥 , 𝑦, 𝜏) is clear,
ince 𝑚 ⊂  . For the converse inequality, we observe that for
ll 𝜸 ∈  , there is a sequence of strategies 𝜸𝑚 ∈ 𝑚 such that
im 𝑚→∞ sup 0 ≤ 𝑡≤ 𝑇 |𝛾𝑚 𝑡 − 𝛾𝑡 | = 0 𝐏 -a.s. To show this, it is sufficient
o take 𝛾𝑚 𝑡 = 𝛾𝑡 ∧ 𝑚. Moreover, it is easily seen that the reward
unction is continuous with respect to 𝜸 so that we have the
onvergence 𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸𝑚 ) → 𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸) . Now we choose 𝜀 >
 and a strategy 𝜸𝜀 ∈  such that 𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸𝜀 ) ≥ 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) −
∕2 . Let { 𝜸𝑚,𝜀 }𝑚∈ℕ such that 

lim 

𝑚→∞
sup 
0 ≤ 𝑡≤ 𝑇 

|𝛾𝑚,𝜀 𝑡 − 𝛾𝜀 𝑡 | = 0 𝐏 -a.s. , 

ence 𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸𝑚,𝜀 ) → 𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸𝜀 ) . Then, there is 𝑚∗ ( 𝜀) ∈
 such that for all 𝑚 > 𝑚∗ ( 𝜀) , it holds that 𝑉𝑚 ( 𝑡 , 𝑥 , 𝑦, 𝜏) ≥
𝐽( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝜸𝑚 ) ≥ 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) − 𝜀. Since 𝜀 is arbitrary, we get the
result. □

4.4 Classical Solution 

In this paragraph, we discuss conditions ensuring that the value
function is a classical solution of the HJB equation ( 26 ). 

Theorem 4.8. Fix 𝛾̄ > ( 𝐿𝑉 − 1)+ 

2 𝜅
. Assume that 𝜎 > 0 and that there

is some 𝛼̄ > 0 such that for all 𝜉 ∈ ℝ𝑑 , 𝜉⊤𝔖 ( 𝑡, 𝑦) 𝜉 > 𝛼̄||𝜉||2 . Then
the value function 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) is the unique classical solution of the
HJB equation ( 26 ). 

The proof of this result is given in Appendix B . 

Corollary 4.9. Under the assumptions of Theorem 4.8 , the
optimal strategy satisfies 𝛾∗ 𝑡 = 𝛾∗ ( 𝑡, 𝑋𝑡 , 𝑌𝑡 , 𝜏𝑡 ) =

( 𝑉𝑥 ( 𝑡,𝑋𝑡 ,𝑌𝑡 ,𝜏𝑡 ) − 1)+ 

2 𝜅
for

every 𝑡 ∈ [0 , 𝑇] . 

Proof. Since the function 𝑉 is a classical solution of Equation ( 26 ),
we get that 𝛾∗ ( 𝑡, 𝑋𝑡 , 𝑌𝑡 , 𝜏𝑡 ) is the optimal strategy by verifying first-
and second-order conditions. □

In Appendix B.3 , we discuss an example which shows that the
assumption 𝜎 > 0 , that is, strict ellipticity of the generator of
the controlled process 𝑋, plays a crucial role in obtaining the
classical-solution characterization discussed in this section. This
example illustrates in particular that, when the assumption is not
satisfied, the value function may be a strict viscosity solution of
the HJB equation. 

5 Tax Policy Uncertainty and Stochastic 
Differential Games 

Climate policy variables such as emission tax rates are the result
of unpredictable political processes. Consequently, specifying a
reliable probabilistic model for the evolution of future tax rates
is challenging. In this section, we therefore analyze optimal
abatement investment under the assumption that the producer
is uncertainty-averse with respect to future taxes. In that case,
the decision on the optimal instantaneous electricity output 𝑞𝑡 
cannot be separated from the optimal investment decision, and
we denote by  the set of admissible production plans 𝒒 =
( 𝑞𝑡 )0 ≤ 𝑡≤ 𝑇 . We assume that the producer’s preferences account for
uncertainty in future tax paths. Specifically, she considers a set
𝜏 of possible tax scenarios and selects her production plan 𝒒 ∈ 
and investment strategy 𝜸 ∈  by solving the following max–min
problem: 

max 
𝒒 ∈ , 𝜸∈ 

min 
𝝉∈𝜏 𝐽( 𝝉, 𝜸, 𝒒 ) . (29)

Here the payoff function 𝐽 is given by 

𝐽( 𝝉, 𝜸, 𝒒 ) = 𝔼

[ 
∫
𝑇 

0 

(
Π( 𝑞𝑠 , 𝑋𝑠 , 𝑌𝑠 , 𝜏𝑠 ) − 𝛾𝑠 − 𝜅𝛾2 𝑠 

)
𝑒− 𝑟𝑠 𝑑 𝑠 + ℎ( 𝑋𝑇 ) 𝑒− 𝑟𝑇 

] 
+ 𝜈1 𝜌( 𝝉) , 

(30)
Mathematical Finance, 2026
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1 > 0 is a given constant and the nonnegative functional 𝜌
enalizes the tax processes 𝝉 ∈ 𝜏 according to their deviation
rom some reference tax plan 𝜏̄ (precise definitions of all objects
n Equations 29–30 are given in Section 5.1 below). 

he criterion ( 29 )–( 30 ) may be interpreted as a sequential game
etween the producer and a hypothetical adversary (“nature”). In
his game, the producer first selects a production plan 𝒒 and an
nvestment strategy 𝜸 . In response, nature chooses a tax process
that minimizes the producer’s penalized expected profits, so
hat 𝝉 represents a worst-case tax scenario. To determine an
ptimal strategy, the producer anticipates nature’s reaction and
elects 𝜸 and 𝒒 to maximize the minimized expected profits.
ature’s choice is penalized by the function 𝜌( 𝝉) . Tax processes
ith large 𝜌( 𝝉) are thus disadvantaged in the worst-case scenario
etermination, making them less relevant to the producer’s
ecision. This explains why the term 𝜈1 𝜌( 𝝉) is added rather than
ubtracted in Equation ( 30 ). The parameter 𝜈1 > 0 represents the
roducer’s uncertainty aversion or sensitivity to tax uncertainty.
hen 𝜈1 is near zero, the producer considers all possible 𝝉 ∈ 𝑆𝜏,

ndicating high uncertainty about future tax rates. Conversely, a
arge 𝜈1 leads to the near exclusion of tax processes that deviate
ignificantly from a reference tax plan, implying low perceived
ax uncertainty. Note that in Equation ( 30 ), the producer evalu-
tes expected profits, meaning that under Equations ( 29 )–( 30 ),
he is uncertainty-averse regarding the evolution of taxes but
emains risk-neutral concerning standard investment and price
isks. This distinction aligns with the differing nature of these
isks. 

he mathematical analysis of the optimization problem ( 29 )
uilds on the interpretation of Equation ( 29 ) as a game. More
recisely, we consider a stochastic differential game between the
roducer and the opponent with payoff 𝐽 as in Equation ( 30 ),
here the goal of the producer is to maximize 𝐽 over 𝜸 and 𝒒 ,
hereas nature wants to minimize 𝐽 by her choice of 𝝉, and we
dentify the equilibrium strategies ( 𝜸∗ , 𝒒∗ ) and 𝝉∗ . Standard min–
ax theory then implies that 𝜸∗ and 𝒒∗ solve the optimization
roblem ( 29 ) and that 𝝉∗ constitutes the corresponding worst-
ase tax scenario. Comments . A decision-theoretic foundation
or preference functionals akin to Equation ( 29 ) is provided by
accheroni et al. ( 2006 ); an alternative approach to model ambi-
uity aversion is discussed by Klibanoff et al. ( 2005 ). Optimization
roblems similar to Equation ( 29 ) and stochastic differential
ames have been previously employed to model the decision-
aking of uncertainty-averse investors in mathematical finance.
otable applications include option hedging under volatility
ncertainty, as discussed in Herrmann et al. ( 2017 ). 

e stress that the game between the producer and nature serves
s a conceptual tool to solve the optimization problem ( 29 ) for the
ncertainty-averse producer and that it does not correspond to a
real” game. In particular, the fictitious adversary should not be
nterpreted as a regulator or government entity. A government’s
bjective function, aimed at maximizing social welfare, would
ypically consider factors such as emissions, energy production,
nd tax revenue—none of which are included in the reward
unction ( 30 ). For an example of a regulator’s objective function
ncorporating these factors, we refer to Carmona et al. ( 2021 ,
q. 18). 
athematical Finance, 2026

reativ
5.1 The Differential Game 

We now describe the game between the producer and her
fictitious opponent in detail. The dynamics of the factor process
𝑌 and of the stochastic investment 𝑋 are given by Equations ( 1 )
and ( 6 ), respectively. We consider the profit function Π( 𝑞 , 𝑥 , 𝑦, 𝜏)
introduced in Equation ( 2 ), where the cost function satisfies the
Assumption 2.1 . 

We assume that the set 𝜏 consists of all adapted tax processes
with values in a band around some deterministic tax plan
𝜏̄ ∶ [0 , 𝑇] ↦ [0 , ∞) , which can be interpreted as the producer’s
prediction of the future tax evolution or as the future carbon tax
rate officially announced by the government at 𝑡 = 0 . Given func-
tions 𝜏min , 𝜏max ∶ [0 , 𝑇] → [0 , +∞) with 𝜏min ( 𝑡 ) ≤ 𝜏̄( 𝑡 ) ≤ 𝜏max ( 𝑡 )

for every 𝑡 ∈ [0 , 𝑇] , we thus define 𝜏 as the set of all adapted
processes 𝝉 = ( 𝜏𝑡 ) 0 ≤ 𝑡≤ 𝑇 such that 𝜏min ( 𝑡) ≤ 𝜏𝑡 ≤ 𝜏max ( 𝑡) for all 𝑡 ∈
[0 , 𝑇] . For 0 ≤ 𝑡 ≤ 𝑇, we introduce the penalty function as follows:

𝝉 ↦ 𝜌𝑡 ( 𝝉) = 𝔼𝑡 

[ 

∫
𝑇 

𝑡 

𝑒− 𝑟 ( 𝑠 − 𝑡) ( 𝜏𝑠 − 𝜏̄( 𝑠 ))2 𝑑 𝑠

] 

, (31)

and we let 𝜌 ∶ = 𝜌0 . Next, we denote by  the set of all adapted
production processes 𝒒 = ( 𝑞𝑡 ) 0 ≤ 𝑡≤ 𝑇 taking values in [0 , 𝑞max ] ,
for some 𝑞max > 0 that represents the maximum capacity of
production. Finally, recall that  denotes the set of admissible
investment strategies, that is, the set of all adapted processes 𝜸 =
( 𝛾𝑡 ) 0 ≤ 𝑡≤ 𝑇 with values in [0 , +∞) and 𝔼

[∫ 𝑇 
0 
𝛾𝑡 𝑑𝑡

]
< ∞. 

The special form of Equation ( 31 ) permits us to move the
penalization inside the expectation in Equation ( 30 ). Given an
uncertainty aversion parameter 𝜈1 > 0 , the payoff function of
the differential game between the producer and the fictitious
adversary is thus given by the following: 

𝐽( 𝑡 , 𝑥 , 𝑦, 𝝉, 𝜸, 𝒒 ) = 𝔼𝑡 
[
ℎ ( 𝑋𝑇 ) 𝑒

− 𝑟( 𝑇− 𝑡 ) (32)

+∫
𝑇 

𝑡 

(
Π( 𝑞𝑠 , 𝑋𝑠 , 𝑌𝑠 , 𝜏𝑠 ) − 𝛾𝑠 − 𝜅𝛾2 𝑠 + 𝜈1 ( 𝜏𝑠 − 𝜏̄( 𝑠))2 

)
𝑒− 𝑟 ( 𝑠 − 𝑡) 𝑑 𝑠

] 

. 

(33)

In the game, the goal of the producer is to maximize Equation ( 32 )
over admissible investment rates 𝜸 ∈  and production plans 𝒒 ∈
𝐐 ; the opponent, on the other hand, chooses the tax process 𝝉 ∈
𝜏 in order to minimize Equation ( 32 ). A pair of strategies ( 𝜸∗ , 𝒒∗ )
(for the producer) and 𝝉∗ (for the opponent) an equilibrium for the
game if for any 𝝉 ∈ 𝜏, 𝜸 ∈  , 𝒒 ∈  , 

𝐽(0 , 𝑋0 , 𝑌0 , 𝝉
∗ , 𝜸, 𝒒 ) ≤ 𝐽(0 , 𝑋0 , 𝑌0 , 𝝉

∗ , 𝜸∗ , 𝒒∗ ) ≤ 𝐽(0 , 𝑋0 , 𝑌0 , 𝝉, 𝜸
∗ , 𝒒∗ ) . 

(34)
We then call 𝑢( 𝑡 , 𝑥 , 𝑦) ∶ = 𝐽( 𝑡 , 𝑥 , 𝑦, 𝝉∗ , 𝜸∗ , 𝒒∗ ) the value of the
game. In the sequel, we show that under certain regularity
conditions, the game ( 32 ) has equilibrium strategies ( 𝜸∗ , 𝒒∗ ) and
𝝉∗ in feedback form, which implies that the value of the game is
well-defined. Moreover, it follows from standard min–max theory
that 𝜸∗ and 𝒒∗ solve the optimization problem ( 29 ) and that 𝝉∗ 
9
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onstitutes the corresponding worst-case tax scenario, see, for
nstance, Rockafellar ( 1970 , Lemma 36.2). 

ur analysis of the game between the producer and nature
s based on Friedman ( 1972 ). Subsequent contributions to the
athematical theory of stochastic differential games include
leming and Souganidis ( 1989 ), and more recently, Possamaï et al.
 2020 ). 

.2 Characterization of Equilibrium Strategies 

n the following, we characterize the game’s value and equilib-
ium strategies. In stochastic differential games, this is typically
chieved using the Bellman–Isaacs equation. However, since in
ur model, the tax value 𝜏 chosen by the opponent affects only
he instantaneous profit, the Bellman–Isaacs equation can be
educed to a standard HJB equation. 

e define the function 

𝑔( 𝑞, 𝜏; 𝑥, 𝑦) = Π( 𝑞, 𝑥, 𝑦, 𝜏) + 𝜈1 ( 𝜏 − 𝜏̄( 𝑡))2 , (35)

nd recall that Π( 𝑞 , 𝑥 , 𝑦, 𝜏) = 𝑝( 𝑦) 𝑞 − ( 𝐶0 ( 𝑞 , 𝑥 , 𝑦) + 𝐶1 ( 𝑞 , 𝑥 , 𝑦) 𝜏)

 𝜈0 ( 𝑞) 𝜏. In Lemma 5.2 , we show that for every fixed ( 𝑥, 𝑦) ,
he function 𝑔 admits a unique saddle point ( 𝑞∗ , 𝜏∗ ) . Hence we
ay define functions 𝑞̂ ( 𝑥, 𝑦) and 𝜏̂( 𝑥, 𝑦) that map ( 𝑥, 𝑦) to the
ssociated saddle point of 𝑔. Denote by 

𝐺( 𝑥, 𝑦) ∶ = 𝑔(𝑞̂ ( 𝑥, 𝑦) , 𝜏̂( 𝑥, 𝑦); 𝑥, 𝑦) = max 
𝑞 
min 
𝜏
𝑔( 𝑞, 𝜏; 𝑥, 𝑦) 

= min 
𝜏
max 
𝑞 
𝑔( 𝑞, 𝜏; 𝑥, 𝑦) (36)

he corresponding saddle value, where the maximum is taken
ver 𝑞 ∈ [0 , 𝑞max ] and the minimum over 𝜏 ∈ [ 𝜏min , 𝜏max ] . In the
ext result, we show that the equilibrium strategy and the value of
he game can be characterized in terms of an HJB equation with
unning reward given by the function 𝐺. 

roposition 5.1. Suppose that for fixed ( 𝑥, 𝑦) , the function 𝑔 has
 saddle point (𝑞̂ ( 𝑥, 𝑦) , 𝜏̂( 𝑥, 𝑦)) and that the PDE 

0 = 𝑢𝑡 ( 𝑡 , 𝑥 , 𝑦) + 𝐺( 𝑥, 𝑦) + 𝑌 𝑢( 𝑡 , 𝑥 , 𝑦) + 𝜎2 
2 
𝑢𝑥𝑥 ( 𝑡 , 𝑥 , 𝑦) 

+ sup 
𝛾≥ 0 

(
( 𝛾 − 𝛿𝑥 ) 𝑢𝑥 ( 𝑡 , 𝑥 , 𝑦) − 𝛾 − 𝜅𝛾2 

)
− 𝑟𝑢( 𝑡 , 𝑥 , 𝑦) 

ith the final condition 𝑢( 𝑇, 𝑥, 𝑦) = ℎ( 𝑥) has a classical solu-
ion. Let 𝛾̂( 𝑡 , 𝑥 , 𝑦) = ( 𝑢𝑥 ( 𝑡 , 𝑥 , 𝑦) − 1)+ ∕(2 𝜅) . Then 𝑢 is the value
unction of the game and the strategies 𝒒∗ = (𝑞̂ ( 𝑋𝑡 , 𝑌𝑡 ))0 ≤ 𝑡≤ 𝑇 ,
∗ = (𝛾̂( 𝑡, 𝑋𝑡 , 𝑌𝑡 ))0 ≤ 𝑡≤ 𝑇 , and 𝝉∗ = (𝜏̂( 𝑋𝑡 , 𝑌𝑡 ))0 ≤ 𝑡≤ 𝑇 are equilibrium
trategies for the game. 

roof. This proposition can be established via classical verifica-
ion arguments. Suppose that the opponent uses the strategy 𝝉∗
nd denote by 𝑋 the solution of the SDE 

𝑑𝑋𝑡 = (𝛾̂( 𝑡, 𝑋𝑡 , 𝑌𝑡 ) − 𝛿𝑋𝑡 ) 𝑑𝑡 + 𝜎𝑑𝑊𝑡 . 

ince (𝑞̂ ( 𝑥, 𝑦) , 𝜏̂( 𝑥, 𝑦)) is a saddle point of 𝑔, we have 𝐺( 𝑥, 𝑦) =
up 𝑞 ∈[0 ,𝑞max ] 𝑔( 𝑞 , 𝜏̂( 𝑥 , 𝑦); 𝑥, 𝑦) , and we may rewrite the PDE ( 37 ) in
0

the following form: 

𝑢𝑡 ( 𝑡 , 𝑥 , 𝑦) + 𝑌 𝑢( 𝑡 , 𝑥 , 𝑦) + 𝜎2 
2 
𝑢𝑥𝑥 ( 𝑡 , 𝑥 , 𝑦) − 𝛿𝑥 𝑢𝑥 ( 𝑡 , 𝑥 , 𝑦) (38)

+ sup 
𝑞 ∈[0 ,𝑞max ] 

𝑔( 𝑞 , 𝜏̂( 𝑥 , 𝑦); 𝑥, 𝑦) + sup 
𝛾≥ 0 

{
𝛾𝑢𝑥 ( 𝑡 , 𝑥 , 𝑦) − 𝛾 − 𝜅𝛾2 

}
= 𝑟𝑢( 𝑡 , 𝑥 , 𝑦) . 

(39)

Moreover 𝑢( 𝑇, 𝑥, 𝑦) = ℎ( 𝑥) , so that this is the HJB equation for
the control problem 

max 
𝒒 ∈ , 𝜸∈ 𝔼𝑡 

[ 
∫
𝑇 

𝑡 

(
𝑔( 𝑞𝑠 , 𝜏̂( 𝑋𝑠 , 𝑌𝑠 ); 𝑋𝑠 , 𝑌𝑠 ) − 𝛾𝑠 − 𝜅𝛾2 𝑠 

)
𝑒− 𝑟 ( 𝑠 − 𝑡) 𝑑 𝑠 + 𝑒− 𝑟( 𝑇− 𝑡) ℎ( 𝑋𝑇 )

] 
. 

(40)
A standard verification result for stochastic control problems
such as Theorem 3.5.2 in Pham ( 2009 ) now shows that 𝑢 is the
value function for the control problem ( 40 ) and that 𝒒∗ and 𝜸∗ 
are an optimal strategy in Equation ( 40 ). A similar argument
shows that 𝝉∗ is optimal against 𝒒∗ and 𝜸∗ , which completes the
proof. □

Next we verify that the assumptions of Proposition 5.1 are
satisfied. We begin with the existence of a unique saddle point
for 𝑔. We omit the arguments 𝑥, 𝑦 to ease the notation. For fixed
𝑞 ∈ [0 , 𝑞max ] , the function 𝜏 ↦ 𝑔( 𝑞, 𝜏) is strictly convex and has
a unique minimum on [ 𝜏min , 𝜏max ] which we denote by 𝜏( 𝑞) .
Similarly, the function 𝑞 ↦ 𝑔( 𝑞, 𝜏) is strictly concave and has a
unique maximum 𝑞( 𝜏) on [0 , 𝑞max ] . A saddle point ( 𝑞∗ , 𝜏∗ ) of 𝑔 is
characterized by the equations 

𝜏∗ = 𝜏( 𝑞∗ ) and 𝑞∗ = 𝑞( 𝜏∗ ) . (41)

We use first-order conditions to identify 𝜏( 𝑞) and 𝑞( 𝜏) . It holds
that 

𝜏( 𝑞) =
{ 

𝜏̄ + 1 

2 𝜈1 

(
𝐶1 ( 𝑞) − 𝜈0 ( 𝑞))

} 

∨ 𝜏min ∧ 𝜏max (42)

The optimal instantaneous production 𝑞( 𝜏) is determined as in
Section 2 . In particular, the first-order condition characterizing
𝑞 ( 𝜏) is 𝑝 − 𝜕𝑞 𝐶0 ( 𝑞 ) − ( 𝜕𝑞 𝐶1 ( 𝑞 ) − 𝜕𝑞 𝜈0 ( 𝑞 )) 𝜏 = 0 , and 𝑞 ( 𝜏) is there-
fore given by Equation ( 5 ). The existence of a unique solution to
Equation ( 41 ) is established in the next lemma, whose proof is
given in Appendix C . 

Lemma 5.2. Suppose that the cost function 𝐶 satisfies Assump-
tion 2.1 and that the functions 𝐶0 , 𝐶1 , and 𝜈0 are moreover 2 in 𝑞.
Then, for every fixed ( 𝑥, 𝑦) , the function 𝑔( 𝑞, 𝜏; 𝑥, 𝑦) has a unique
saddle point ( 𝑞∗ , 𝜏∗ ) = ∶ (𝑞̂ ( 𝑥 , 𝑦) , 𝜏̂( 𝑥 , 𝑦)) . 

The next theorem summarizes the mathematical analysis of the
stochastic differential game. 

Theorem 5.3. Suppose that 𝜎2 > 0 , that the generator 𝑌 is
strictly elliptic, that the cost function satisfies Assumption 2.1 and
that 𝐶0 and 𝐶1 are 2 in 𝑞. Then the PDE ( 37 ) has a unique classical
solution 𝑢, which is the value function of the game. Moreover,
the strategies 𝒒∗ , 𝜸∗ , and 𝝉∗ from Proposition 5.1 are equilibrium
strategies for the game. 
Mathematical Finance, 2026
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roof. In view of Proposition 5.1 , we need to show the existence of
 classical solution to the PDE ( 37 ). For this, we first show that the
unction 𝐺 from Equation ( 36 ) is Lipschitz in ( 𝑥, 𝑦) . The definition
f 𝐺 implies that |𝐺( 𝑥′, 𝑦′) − 𝐺( 𝑥, 𝑦) | ≤ sup ( 𝑞,𝜏)∈𝐵 |𝑔( 𝑞, 𝜏; 𝑥′, 𝑦′) −
( 𝑞, 𝜏; 𝑥, 𝑦) |, where 𝐵 = [0 , 𝑞max ] × [ 𝜏min , 𝜏max ] . Now, 

|𝑔( 𝑞, 𝜏; 𝑥′, 𝑦′) − 𝑔( 𝑞, 𝜏; 𝑥, 𝑦) | ≤ 𝑞max |𝑝( 𝑦′) − 𝑝( 𝑦) | + |𝐶0 ( 𝑞 , 𝑥′, 𝑦′) − 𝐶0 ( 𝑞 , 𝑥 , 𝑦) |
+ 𝜏max |𝐶1 ( 𝑞 , 𝑥′, 𝑦′) − 𝐶1 ( 𝑞 , 𝑥 , 𝑦) | ≤ 𝐶|( 𝑥′, 𝑦′) − ( 𝑥, 𝑦) | , 
here the last inequality follows from the Lipschitz conditions
n Assumption 2.1 . Existence and uniqueness of a classical
olution to Equation ( 37 ) now follow by similar arguments as in
ection 4.4 . In fact, the analysis of Equation ( 37 ) is even simpler
han the analysis of the HJB equation in Section 4.4 , since there
re no jump terms in the equation. □

.3 Properties of the Optimal Tax Rate and 

roduction 

e now discuss the properties of the saddle point ( 𝜏∗ , 𝑞∗ ) =
 ̂

𝜏( 𝑥 ) , 𝑞̂ ( 𝑥 )) , omitting the dependence on 𝑦 for clarity. We first
onsider the case where the rebate 𝜈0 ( 𝑞) is zero. In that setting,
he producer’s profit Π( 𝑞 , 𝑥 , 𝜏) is decreasing in 𝜏. Since nature
elects the worst-case tax scenario 𝜏∗ in order to minimize profits,
t follows that 𝜏∗ = 𝜏( 𝑞∗ ) is larger than ̄𝜏, consistent with Equation
 42 ). This, in turn, incentivizes higher investment compared to
he reference tax scenario 𝜏̄. Consequently, increased uncertainty
an be socially beneficial, as confirmed numerically in Figure 5
elow. This reveals a key difference between a producer who is
verse to tax uncertainty and a scenario where tax dynamics are
ssumed to be known. 

f 𝜈0 ( 𝑞) > 0 , we obtain from Equation ( 42 ) that 𝜏∗ ≥ 𝜏̄ if and
nly if 𝜈0 ( 𝑞∗ ) ≤ 𝐶1 ( 𝑞

∗ , 𝑥) , that is if the tax paid on emissions is
igher than the tax repayment due to the rebate. In particular,
ith rebate and for full abatement, that is for 𝐶1 ≡ 0 , we have
∗ ( 𝑞) < 𝜏̄. 

hese properties are reported in Figure 1 which depicts the
addle point ( ̂𝜏( 𝑥 ) , 𝑞̂ ( 𝑥 )) for a cost function associated with the
wo-production-technology model (see Section 3.2 for the model
nd Section 6.2 for parameter specifications). We impose the
apacity constraints 𝑞min = 5 and 𝑞max = 10 , where the lower
ound represents contractual obligations ensuring a minimum
nergy supply. The tax rate 𝜏 varies within [0 . 5 , 1 . 5] , with the
ost plausible value set at 𝜏̄ = 1 . The rebate function is given by
0 ( 𝑞) = 𝑒𝑏 𝑄( 𝛼𝑞) for different 𝛼 values, while deviations from 𝜏̄

ncur a penalty 𝜈1 ( 𝜏 − 𝜏̄)2 . The left panels represent the case of
igh uncertainty, modeled by a small penalty on deviations from
̄ ( 𝜈1 = 1 ), while the right panels correspond to low uncertainty,
here deviations are strongly penalized ( 𝜈1 = 20 ). Each panel
onsiders scenarios without rebate ( 𝛼 = 0 , blue dashed line) and
ith rebate ( 𝛼 = 0 . 5 , solid red line). 

he graphs show that the optimal production function 𝑞̂ ( 𝑥)
s increasing in 𝑥 as higher investment reduces tax payments,
hereby lowering marginal costs. Moreover, the rebate stimulates
roduction, as evidenced by the solid red line positioned above
 

athematical Finance, 2026

tiv
the dashed blue line. Notably, 𝑞̂ ( 𝑥) exhibits robustness to tax
uncertainty, displaying similar behavior across both panels in
the upper row. In contrast, the optimal tax rate 𝜏̂( 𝑥) is more
sensitive to 𝜈1 . For small 𝜈1 (high uncertainty), 𝜏̂( 𝑥) spans the
entire interval [ 𝜏min , 𝜏max ] , with constraints 𝜏 ≤ 𝜏min = 0 . 5 and
𝜏 ≥ 𝜏max = 1 . 5 being binding. For large 𝜈1 (low uncertainty), these
constraints are inactive, and 𝜏̂( 𝑥) remains close to 𝜏̄, consistent
with Equation ( 42 ). Furthermore, 𝜏̂( 𝑥) decreases with 𝑥, aligning
with economic intuition: Higher investment reduces emissions
and, consequently, carbon tax revenues, leading to lower tax rates
under rebate and penalization mechanisms. 

6 Numerical Experiments 

In this section, we report the results of numerical experiments
that study the impact of transaction cost, production technology,
market structure, and randomness in the tax system on the invest-
ment strategy and the optimal electricity output of the producer.
Throughout, we use the deep-learning algorithm proposed in
Frey and Köck ( 2022 ) to compute the value function and the
optimal investment rate. We refer to Appendix A for the details
on the numerical methodology. 

In Section 6.1 , we present results in the context of the filter
technology from Section 3.1 , in Section 6.2 , we discuss results
for the two technologies from Section 3.2 . In both cases, we
work under tax-risk and assume that the tax process follows the
two-state Markov chain introduced in Example 4.1 with 𝜏1 = 0

and 𝜏2 > 0 and transition intensity matrix 𝐺. In the tax increase
case, we assume 𝜏0 = 𝜏1 , 𝑔12 = 0 . 25 , and 𝑔21 = 0 , meaning that
𝜏2 is an absorbing state. In the tax reversal case 𝜏0 = 𝜏2 and
𝑔12 = 𝑔21 = 0 . 25 . In Section 6.3 , we finally discuss examples
for the stochastic differential game in the context of the two
technologies. 

6.1 Filter Technology and Tax-Risk 

We now discuss results of numerical experiments for the filter
technology. We use the following parameters: 𝛿 = 0 . 05 , 𝜎 = 0 . 05 ,
𝑟 = 0 . 02 , the time horizon is 𝑇 = 15 years and ℎ( 𝑥) = 0 , which
is in line with the fact that filters lose their value at the end of
the lifetime of the underlying power plant. The transaction costs
parameter is usually set to 𝜅 = 0 . 5 . The high tax value is set to
𝜏2 = 0 . 2 . We work with a cost function of the form ( 9 ), where the
cost of one unit of raw material is constant and equal to 𝑐 , the
quantity of raw material is specified as 𝑄( 𝑞) = 𝑎𝑞

3 

2 , and where
the abatement function is given by the following: 

𝑒( 𝑥) =

( 

𝑒1 𝑥 −
𝑒2 1 
4 𝑒0 
𝑥2 

) 

𝟏{ 𝑥≤ 2 𝑒0 ∕𝑒1 } + 𝑒0 𝟏{ 𝑥> 2 𝑒0 ∕𝑒1 } (43)

In the numerical experiments, we use the parameter values 𝑎 =
1 . 25 , 𝑐 = 1 , 𝑒0 = 1 . 5 , 𝑒1 = 0 . 5 . Note that for the chosen parameters,
the abatement cost ( 43 ) is globally nondecreasing in 𝑥, concave
and differentiable and that the maximum abatement level is 𝑒0 . 

These parameter values are chosen to obtain a qualitatively rea-
sonable behavior of the production function. They are, however,
11
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FIGURE 1 Saddle point (𝜏̂( 𝑥) (top) and 𝑞̂ ( 𝑥)) (bottom) for the cost function from the two technologies example, with 𝜏̄ ≡ 1 . Left: small 𝜈1 , right: 
large 𝜈1 . The value 𝛼 = 0 corresponds to no rebate, 𝛼 = 0 . 5 to a positive rebate. Note that the left and the right panel on the bottom use a different scale. 
[Color figure can be viewed at wileyonlinelibrary.com] 
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ot calibrated to a real production or abatement technology, for
he following reasons. First, real abatement cost functions and
roduction technology characteristics are highly firm- and sector-
pecific, and comprehensive, publicly available data capturing
hese aspects are scarce. Moreover, in many cases, abatement
echnologies are still evolving, making it difficult to define
table, reliable cost structures. However, given the outcome of
everal robustness checks, we are confident that the qualita-
ive insights from our analysis remain informative nonethe-
ess. 

.1.1 Fixed Electricity Output 

n this section, we assume that electricity production is fixed and
qual to 𝑞max = 4 , for instance, since the producer has entered
nto long-term delivery contracts. In that case, the investment
ecision of the electricity producer is not affected by the rebate or
y the electricity price, so that the only risk that is relevant for the
nvestment decision of the producer is the randomness in taxes. 

n Figure 2 , we plot single trajectories of the cumulative invest-
ent for the tax increase (left panel) and the tax reversal (right
anel), for 𝜅 = 0 . 5 and, for comparison purposes, for 𝜅 = 0 . 2 (low
ransaction costs). We make the following observations. First,
nvestments are larger for low transaction costs. Moreover, the
nvestment level decreases as time approaches the horizon date 𝑇.
his is due to the fact that 𝛾∗ 𝑡 is equal to zero for 𝑡 close to 𝑇, since
n that case, the tax savings generated by new investment over the
emaining lifetime of the power plant are too small to warrant
he expenditure. Finally, the producer reacts to changes in the
ax regimes. Indeed, when a change in the tax rate occurs the
rajectory of the investment process suddenly exhibits a change in
he slope (i.e., a kink), which, intuitively, corresponds to a jump
n the investment rate. In particular, in the tax increase scenario,
he investment rate 𝛾𝑡 jumps upward as the tax rate switches
2

from 𝜏1 to 𝜏2 . Interestingly, the producer starts to invest already
at 𝑡 = 0 , even if the tax rate is equal to zero for small 𝑡. In this
way, she hedges against an anticipated tax increase. In fact, due to
transaction costs, it would be too costly to wait until the upward
jump in taxes actually occurs and to invest only thereafter. This
hedging behavior distinguishes our model from the real options
literature such as Fuss et al. ( 2008 ), where it is optimal to wait if
and when a regulator acts and to invest only afterwards. In the
tax reversal case, investments start at a high rate due to the high
taxation of emissions. As soon as taxes switch to 𝜏1 , the producer
reduces or even stops her investment so that 𝑋𝑡 decreases due
to depreciation. 

Next we present numerical results on the distribution of the emis-
sions. For comparison purposes, we also consider a deterministic
benchmark tax scenario 𝜏̄( 𝑡) , which is computed as follows: In the
tax increase case, we assume that 𝜏̄( 𝑡) is linear increasing that is
𝜏̄( 𝑡) = 𝑏𝑡; in the tax reversal case, we assume that the reverence
tax rate is constant, 𝜏̄( 𝑡) = 𝜏̄. The parameters 𝑏 and 𝜏̄ are set so
that the expected average tax rate is identical in the benchmark
scenario and in the case with random taxes. The benchmark
scenario in the case of a tax increase corresponds to the situation
where a government incrementally raises the carbon tax in a
series of small deterministic steps. A real-world example of such a
scheme is the carbon tax policy implemented by the Singaporean
government, as discussed in Tan and Tan ( 2022 ). 

In Table 1 , we report the values of several statistics of the
emission distribution (5% quantile, mean and 95% quantile) at two
evaluation dates, after 10 and 15 years, for 𝜅 = 0 . 5 , in the two tax
scenarios and in the benchmark case. The values suggest that the
benchmark tax regime leads to emission levels that are lower than
the mean emissions under random tax rates. This confirms the
intuition that randomness in future tax rates reduces investments
into carbon abatement technologies, so that a deterministic tax
policy would be beneficial for stipulating emission reduction. 
Mathematical Finance, 2026

e C
om

m
ons L

icense



FIGURE 2 Single trajectory of cumulative investment. Left: tax increase, right: tax reversal. Low transaction costs are represented by solid line, 
high transaction costs by the dashed line. The gray (white) shaded areas correspond to time periods with high tax rate (low tax rate), respectively. [Color 
figure can be viewed at wileyonlinelibrary.com] 

TABLE 1 Statistics of the emissions distribution under both 
stochastic tax regimes for the filter technology example. 

Statistics of emission distribution 

𝒕 = 𝟏𝟎 𝒕 = 𝟏𝟓 

5% Mean 95% Bench 5% Mean 95% Bench 

Tax increase 3.27 5.27 7.82 5.07 5.21 7.31 11.34 6.38 
Tax reversal 4.31 5.11 7.43 4.18 6.74 7.83 10.78 6.52 

TABLE 2 Statistics of the emissions distribution for the random tax 
increase: wrong belief versus correct belief on the switching intensity 
(filter technology). 

Statistics of emission distribution, different beliefs 

𝒕 = 𝟏𝟎 𝒕 = 𝟏𝟓 

5% Mean 95% 5% Mean 95% 

Wrong belief 3.72 7.96 15.03 5.54 10.20 21.41 
Correct belief 3.33 5.27 7.82 5.21 7.31 11.34 

6

N  

c  

a  

e  

r  

a  

i  

i  

i  

FIGURE 3 Example trajectory of total investment for the tax 
increase case for two investors with different beliefs about switching 
intensity (filter technology). [Color figure can be viewed at wileyonlineli- 
brary.com] 
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.1.2 Credibility of Tax Policy 

ext we investigate the impact of the credibility of an announced
arbon tax policy on the investment decisions of producers,
nd consequently, on the effectiveness of the policy. To shorten
xposition, we focus on the case of a random tax increase (the
esults for the tax reversal are qualitatively similar). We compare
 producer who does not believe in the announced future tax
ncrease, and as a result, operates with a very low switching
ntensity ( 𝑔12 = 0 . 05 ), to a producer with the correct switching
ntensity of 𝑔12 = 0 . 25 . Table 2 presents the quantiles and average
athematical Finance, 2026
emissions for both producers. The results show significantly
higher emissions in the case of incorrect beliefs. 

To explain these differences, in Figure 3 , we compare the trajec-
tory of cumulative investment of both producers for a given tax
path. We see that the producer with 𝑔12 = 0 . 05 does not hedge
against the potential rise in tax rates but increases investment
only after the tax increase. These observations are highly relevant
13
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FIGURE 4 Trajectory of the optimal production 𝑞∗ , with rebate (solid red line) and without rebate (dashed blue line). Left: tax increase. Right: tax 
reversal (filter technology). [Color figure can be viewed at wileyonlinelibrary.com] 
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rom a policy perspective as they show that a carbon tax policy
ust be credible to substantially speed up the transition to
reener energy production. 

.1.3 Stochastic Price and Endogenous Electricity 
utput 

ow we enrich the setup assuming that the selling price of
lectricity is random and given by 𝑝𝑡 = exp ( 𝑌𝑡 ) , where the process
is the solution of the one-dimensional SDE 

𝑑 𝑌𝑡 = 𝜃( 𝜇 − 𝑌𝑡 ) 𝑑 𝑡 + 𝛼 𝑑 𝐵𝑡 , 𝑌0 = ln ( 𝑝0 ) , 

or a one-dimensional Brownian motion 𝐵 = ( 𝐵𝑡 )𝑡≥ 0 that is
ndependent of 𝑊. We fix 𝜇 = ln (5) , 𝜃 = 1 , 𝛼 = 0 . 1 , and 𝑝0 = 5 .
he dynamics of 𝑋 and 𝜏 are as in Section 6.1.1 . The producer opti-
izes the instantaneous electricity production 𝑞∗ 𝑡 = 𝑞∗ ( 𝑋𝑡 , 𝑌𝑡 , 𝜏𝑡 ) .
e also consider a tax rebate, which is modeled by the function

0 ( 𝑞 ) =
1 

2 
𝑄( 𝑞 ) 𝑒0 , with 𝑄( 𝑞 ) = 𝑎𝑞

3 

2 , that is the tax payments of
he producer are fully refunded when half of the emissions are
bated. 

odeling the price process as the exponential of an Ornstein–
hlenbeck process is a well-established approach. The mean-
eversion component effectively captures stochastic price fluc-
uations around an average value. This model has been widely
sed in the literature, including Geman and Roncoroni ( 2006 ),
uss et al. ( 2008 ), and Benth et al. ( 2012 ). Energy prices are also
ubject to temporary price spikes caused by events such as power
lant outages or capacity shortages, which are not captured by
ur model; however, since these effects are not persistent, they do
ot have a significant impact on long-term planning of the firm
nvestments. Similarly, we found that parameters for the process
have no significant bearing on the qualitative results regarding

he optimal strategy. 
4

Figure 4 plots trajectories of the optimal production for the
random tax increase (left panel) and for the random tax reversal
(right panel). We compare the cases with rebate (solid lines)
with that of no-rebate ( 𝜈0 ( 𝑞) ≡ 0 , dashed lines). The plots are
obtained for the same selected price trajectory. We see that
optimal production 𝑞∗ reacts to three different factors: (i) there are
instantaneous jumps occurring at tax switches; (ii) between two
consecutive tax jumps production fluctuates in reaction to price
changes; (iii) with tax rebate production is both larger and more
volatile than for 𝜈0 ( 𝑞) ≡ 0 . 
The implications for optimal investment are presented in Table 3 .
We compare outcomes with and without a rebate for both
tax scenarios. The benchmark tax scenarios are as in Sec-
tion 6.1.1 . The results show that investment levels are consis-
tently higher when a rebate is applied, and that uncertainty
in future tax rates tends to discourage investment. In partic-
ular, benchmark investment levels are always higher than the
expected investment under stochastic tax policies, and in most
cases exceed the 95% quantile of the corresponding investment
distribution. 

Remark 6.1. In practice, an increase in taxation may depress elec-
tricity supply by raising production costs, potentially inducing a
discrete upward shift in equilibrium electricity prices. Formally,
this suggests that the price process 𝑝 depends on the prevailing tax
rate 𝜏. This dependence is not modeled explicitly here, as we do
not adopt an equilibrium framework. Nevertheless, its qualitative
implications for optimal investment closely parallel those of a tax
rebate. Indeed, a rebate operates as a transfer proportional to 𝜏,
so that, following a tax increase, producers receive higher net
income per unit of electricity sold. In light of the results in this
section, we therefore conjecture that, in equilibrium, investment
in abatement technologies—particularly the filter technology
considered here—would exceed that observed in a setting with
exogenous prices. 
Mathematical Finance, 2026
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TABLE 3 Statistics of the investment distribution under stochastic tax regimes with endogenous production (filter technology). 

Statistics of investment distribution 

𝒕 = 𝟏𝟎 𝒕 = 𝟏𝟓 

Tax scenario Rebate 5% Mean 95% Benchmark 5% Mean 95% Benchmark 

Increase Yes 4.70 4.76 4.82 5.19 4.13 4.28 4.43 4.84 
No 4.32 4.40 4.54 5.03 3.53 3.71 3.90 4.40 

Reversal Yes 3.51 4.29 4.65 4.70 2.86 3.73 4.14 3.82 
No 3.18 4.01 4.40 4.44 2.60 3.24 3.60 3.54 

TABLE 4 Statistics of the investment distribution for the random tax increase (two technologies). 

Statistics of the investment distribution 

𝒕 = 𝟏𝟎 𝒕 = 𝟏𝟓 

5% Mean 95% Benchmark 5% Mean 95% Benchmark 

Rebate 45.18 57.35 64.16 58.87 45.28 58.47 62.65 62.19 
No-rebate 40.74 43.48 45.19 43.36 39.14 41.48 43.08 41.79 
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.2 Two Technologies With Tax-Risk 

his section discusses numerical experiments based on the setup
escribed in Example 3.2 , where a producer can invest in both
reen and brown production technologies. In these experiments,
he cost function takes the following form: 

𝐶( 𝑞 , 𝑥 , 𝑦, 𝜏) = ( 𝑐𝑏 + 𝑒𝑏 𝜏) 𝑄𝑏 

((
𝑞 − 𝑃𝑔 ( 𝑥)

)+ )
, (44)

here 𝑐𝑏 = 1 , 𝑒𝑏 = 1 , 𝑄𝑏 ( 𝑞 ) = 𝑞3∕2 , and 𝑃𝑔 ( 𝑥 ) = 𝑝𝑔 ( 𝑥 − 𝑥̄ )+ . Here,
̄ = 20 represents an initial expenditure required before green
nvestment can generate electricity, such as land acquisition for
olar farms or infrastructure costs for connecting a solar park
o the grid. We set the productivity parameter to 𝑝𝑔 = 0 . 2 and
he maximum production capacity to 𝑞max = 10 . Additionally,
e fix the following parameter values: 𝑇 = 15 years, ℎ( 𝑥) =
0 . 7 𝑥)+ , 𝛿 = 0 . 02 , 𝜎 = 0 . 2 , 𝑟 = 0 . 04 , and 𝜅 = 0 . 5 , and we set the
igh tax value 𝜏2 = 1 . Moreover, we assume that the selling
rice of electricity remains constant at 𝑝 = 2 . 1 , while the output
evel 𝑞 is endogenous. Furthermore, we assume a rebate of
he form 𝜈0 ( 𝑞 ) 𝜏 = 𝑒𝑏 𝑄𝑏 ( 𝛼𝑞) 𝜏, where 𝑄𝑏 ( 𝑞 ) = 𝑞3∕2 and 𝛼 takes
ifferent values. Specifically, 𝛼 = 0 represents the case without a
ebate, while 𝛼 > 0 corresponds to a scenario where the rebate is
ositive and exceeds tax payments once the producer generates
ore than a fraction 1 − 𝛼 of the total output using green
echnology. 

e found that the numerical results for tax increase and tax
eversal are qualitatively similar. To shorten the exposition, we
herefore concentrate on the case of the tax increase. In Table 4 ,
e compare the average investments, the 5% and 95% quantiles
f the investment distribution, with and without rebates, after
0 and 15 years. Additionally, we present results for the bench-
ark tax scenarios from Section 6.1.1 . We make the following
bservations. First, the statistics of the investment distribution
athematical Finance, 2026
with rebates are consistently higher than those without rebates,
that is the introduction of a rebate scheme enhances investment.
Indeed, since the rebate is proportional to 𝑞 and 𝜏, when
taxes are high, the producer gains considerably from a higher
level of green investment, because green electricity production
increases due to the higher rebate. Second, the two-technology
case further confirms that the benchmark scenarios result in
higher investment levels compared to the average investment
under stochastic tax rates. 

6.3 Two Technologies With Tax Uncertainty 

Finally, we present numerical results for the uncertainty-averse
investor from Section 5.1 . In that case, tax rates emerge endoge-
nously as the equilibrium of a stochastic differential game. The
analysis follows the setup of Example 3.2 (two-technology case)
and employs the same parameters as Section 6.2 , except that now
𝑇 = 10 . Tax rates are constrained to the interval [0 . 5 , 1 . 5] , with
the most plausible rate set as 𝜏̄ ≡ 1 . The tax rebate is defined as
𝜈0 ( 𝑞 ) 𝜏 = 𝑒𝑏 𝑄( 𝛼𝑞 ) 𝜏 for 𝛼 ∈ {0 , 0 . 5} , while deviations from 𝜏̄ are
penalized by 𝜈1 ( 𝜏 − 𝜏̄)2 , with 𝜈1 ∈ {1 , 20} . The equilibrium output
𝑞̂ ( 𝑥) and tax rate 𝜏̂( 𝑥) for this setup are analyzed in Section 5.3 ,
specifically in Figure 1 . 

In Figure 5 , we plot the average investment 𝔼 [ 𝑋𝑡 ] under different
values for rebate and penalization. The left panel corresponds to
the case of high uncertainty ( 𝜈1 = 1 ), the right panel corresponds
to the case of low uncertainty ( 𝜈1 = 20 ). 

The figure shows that the results from the tax-risk paradigm
are reversed. Specifically, the average investment under high
uncertainty is significantly greater than under low uncertainty,
implying that high uncertainty can be beneficial from a societal
perspective. This occurs because the equilibrium tax rate for 𝜈1 =
1 is higher than that for 𝜈1 = 20 due to weaker penalization,
15
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FIGURE 5 Average investment 𝔼 [ 𝐼𝑡 ] under tax uncertainty for different values of the rebate. Left: high uncertainty ( 𝜈1 = 1 ), right: low uncertainty 
( 𝜈1 = 20 ). [Color figure can be viewed at wileyonlinelibrary.com] 
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ee Figure 1 ; a higher tax in return rate stimulates increased
nvestment. Furthermore, under tax uncertainty, the introduction
f a rebate reduces investment, whereas in the tax-risk scenario,
 rebate led to an increase in investment. This difference arises
ecause the rebate lowers the equilibrium tax rate in the strategic
nteraction between the producer and the opponent (see again
igure 1 ). 

 Conclusion 

n this paper, we investigated the impact of randomness in
arbon tax policies on the investment behavior of a stylized,
rofit-maximizing electricity producer who is subject to carbon
axation and can invest in technologies for the abatement of
O2 emissions. Extending existing literature, we considered a
ramework in which investments in abatement technologies
re divisible, irreversible, and subject to transaction costs. We
xplored two approaches to model the randomness in taxation.
n the first one, we assumed a well-specified probabilistic model
or the tax process, leading to a stochastic control problem for
he producer’s investment strategy. In the second approach, we
odeled the producer as uncertainty-averse, which gives rise
o a stochastic differential game with a fictitious adversary.
e provided a rigorous mathematical analysis of both mod-
ls, and of the corresponding nonlinear P(I)DE. Furthermore,
umerical methods were employed to investigate the quantitative
haracteristics of the optimal investment strategies. 

ur numerical analysis indicates that, under tax-risk, the pro-
ucer tends to be less willing to invest in abatement technologies
ompared to a benchmark scenario with a deterministic tax
cheme. The policy implications of our findings are the following:
 carbon tax scheme that is initially mild and defers increases to
andom future dates may delay necessary investments in green
echnologies. Conversely, a policy that is too stringent may gener-
6

reativ
ate strong political pressure to revert to lower taxes, which would
be counterproductive for reducing carbon emissions. Moreover,
we found that a tax policy must be credible (i.e., producers must
be confident that an announced tax increase will actually be
implemented) to have a sizable impact on the transition to low-
carbon energy production. These results reinforce the widely held
view that randomness in carbon taxation is generally detrimental
to climate policy. 

Interestingly, our results reveal that this conclusion is reversed
under tax uncertainty. In scenarios characterized by high uncer-
tainty, the producer invests more than in low-uncertainty settings
where tax levels are nearly deterministic. From a societal perspec-
tive, this suggests that increased uncertainty can be beneficial.
This is an interesting observation, which shows that the paradigm
used to model the decision making process of the producer is
a crucial determinant for the impact of randomness in climate
policy. While it is beyond the scope of this paper to determine
which paradigm, risk, or uncertainty, more accurately reflects
real-world investor behavior, it is interesting to investigate the dif-
ference further. Intuitively, we believe that the recommendations
from the tax-risk model are more directly relevant for climate
policy design. 
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A

F litting method that was proposed by Beck et al. ( 2021 ) and extended to partial 
i oach uses deep neural networks to approximate the solution of a PIDE together 
w he considered stochastic control problems and determine investments in green 
t lgorithm. We consider a PIDE of the following form: 

𝑢( 𝑡 , 𝜓 ) , 𝜕𝜓 𝑢( 𝑡 , 𝜓 )
)

on [0 , 𝑇) ×ℝ𝑛 , 
on ℝ𝑛 . 

(A1) 

H o the space variable, 𝑢𝑡 the derivative with respect to the time variable, and 

+ 1 
2 

𝑛 ∑
𝑖 ,𝑗 = 1 
(ΣΣ⊤)𝑖𝑗 ( 𝑡 , 𝜓 ) 𝑢𝜓𝑖 𝜓𝑗 ( 𝑡𝜓𝑖 𝜓𝑗 , 𝜓) 

 , 𝜓 , 𝑧)) − 𝑢( 𝑡 , 𝜓 ) 𝑚 ( 𝑑𝑧 ) , 

w ts Σ1 , 1 ( 𝜓) = 𝜎, Σ𝑖,𝑗 ( 𝑡, 𝜓) = 𝛼𝑖 − 1 ,𝑗 − 1 ( 𝑡, 𝑦 ) for 𝑖 , 𝑗 = 2 . . . , 𝑛 − 1 and all other 
c the 𝑛th standard vector in ℝ𝑛 . Next, we consider an auxiliary process, denoted 
a

 

) 𝑑𝑊𝑠 + ∫
𝑡 

0 
∫
ℝ𝑑 
Γ̃( 𝑠 , Ψ𝑠− , 𝑧) 𝑁( 𝑑 𝑠 , 𝑑 𝑧) . (A2) 

S d version of the process 𝑋, that is, for 𝛾𝑡 = 0 . The first step of the considered 
n d points 0 = 𝑡0 < 𝑡1 < . . . < 𝑡𝑁 = 𝑇, where each interval is Δ𝑡 ∶ = 1∕ 𝑁. Then, 
w a scheme along the given time grid. This discretization yields approximations 
f . For the solution 𝑢, we consider a BSDE representation. Given that the PIDE 
a lution as follows: 

𝑠 ) , 𝜕𝜓 𝑢( 𝑠 , Ψ𝑠 )) 𝑑 𝑠 − ∫
𝑡𝑖+ 1 

𝑡𝑖 

Σ( 𝑠 , Ψ𝑠 )
⊤𝜕𝜓 𝑢( 𝑠 , Ψ𝑠 ) 𝑑𝑊𝑠 (A3) 

)) − 𝑢( 𝑠, Ψ𝑠− ) ( 𝑁( 𝑑𝑠, 𝑑𝑧) − 𝑚( 𝑑 𝑧) 𝑑 𝑠 ) , (A4) 

B l with respect to the compensated jump measure are martingales (assuming 
s llowing: 

+ 1 
𝑓( 𝑠 , Ψ𝑠 , 𝑢( 𝑠 , Ψ𝑠 ) , 𝜕𝜓 𝑢( 𝑠 , Ψ𝑠 )) 𝑑 𝑠

|||Ψ𝑡𝑖 
] 

. (A5) 

T ditional expectation by 𝑓( 𝑡𝑖+ 1 , Ψ̂𝑡𝑖+ 1 , 𝑢( 𝑠, Ψ̂𝑡𝑖+ 1 ) , 𝜕𝜓 𝑢( 𝑡𝑖+ 1 , Ψ̂𝑡𝑖+ 1 ))Δ𝑡. Using the 
𝐿 nique solution of the minimization problem over all 𝐶1 functions 

ˆ
𝑡𝑖+ 1 , 𝑢( 𝑡𝑖+ 1 , Ψ̂𝑡𝑖+ 1 ) , 𝜕𝜓 𝑢( 𝑡𝑖+ 1 , Ψ̂𝑡𝑖+ 1 ))Δ𝑡

)2 ]
T works in the deep splitting algorithm, and the algorithm can be summarized 
a

D re given in terms of neural networks with fixed structure. Then the algorithm 

p

 

∶  → ℝ , 

𝑡 𝑓
(
𝑡𝑖 , Ψ̂𝑡𝑖+ 1 , ̂𝑖+ 1 (Ψ̂𝑡𝑖+ 1 ) , 𝐷𝜓 ̂𝑖+ 1 (Ψ̂𝑡𝑖+ 1 )

)|||2 
] 
. (A6) 

1
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ppendix A: Details on the Numerical Methodology 

or the numerical experiments in Section 6 , we implemented the deep sp
ntegro-differential equations (PIDEs) by Frey and Köck ( 2022 ). This appr
ith the gradients. Hence, we are able to compute the value function for t
echnology accordingly. In this section, we present the basic idea of the a

{ 

𝑢𝑡 ( 𝑡 , 𝜓 ) +  𝑢( 𝑡 , 𝜓 ) = 𝑓
(
𝑡 , 𝜓 , 

𝑢( 𝑇, 𝜓) = 𝑔( 𝜓) 

ere 𝑛 = 𝑑 + 2 , 𝜓 = ( 𝑥, 𝑦, 𝜏) ∈ ℝ𝑛 , 𝜕𝜓 𝑢 is the gradient of 𝑢 with respect t

 𝑢( 𝑡 , 𝜓 ) ∶ = 𝑏( 𝑡 , 𝜓 ) ⋅ 𝜕𝜓 𝑢( 𝑡 , 𝜓 ) 

+ ∫
ℝ 

𝑢( 𝑡 , 𝜓 + Γ̃( 𝑡

here 𝑏( 𝑡 , 𝜓 ) = ( − 𝛿𝑥 , 𝛼( 𝑡 , 𝑦) , 0)⊤ ∈ ℝ𝑛 , Σ( 𝑡 , 𝜓 ) ∈ ℝ𝑛×𝑛 has componen
omponents equal to zero, and ̃Γ( 𝑡 , 𝜓 , 𝑧) ∈ ℝ𝑛 = 𝑒𝑛 Γ( 𝑡 , 𝜓 , 𝑧) , where 𝑒𝑛 is 
s Ψ, whose dynamics correspond to the generator  , 

Ψ𝑡 = Ψ0 + ∫
𝑡 

0 

𝑏 (Ψ𝑠 ) 𝑑 𝑠 + ∫
𝑡 

0 

Σ(Ψ𝑠

pecifically, in our context, Ψ𝑡 = ( 𝑋0 𝑡 , 𝑌𝑡 , 𝜏𝑡 ) , where 𝑋
0 is the uncontrolle

umerical algorithm is to divide the time horizon into 𝑁 equidistant gri
e discretize the process Ψ using a method such as the Euler–Maruyam
or Ψ𝑡𝑖 at each time step 𝑡𝑖 . We denote these approximation points as ̂Ψ𝑡𝑖 
dmits a classical solution, we can apply It ̂o ’s formula and express the so

𝑢(𝑡𝑖 , Ψ𝑡𝑖 ) = 𝑢(𝑡𝑖+ 1 , Ψ𝑡𝑖+ 1 ) − ∫
𝑡𝑖+ 1 

𝑡𝑖 

𝑓( 𝑠 , Ψ𝑠 , 𝑢( 𝑠 , Ψ

− ∫
𝑡𝑖+ 1 

𝑡𝑖 
∫
ℝ𝑑 
𝑢( 𝑠 , Ψ𝑠 + Γ̃( 𝑠 , Ψ𝑠− , 𝑧

oth the integral with respect to the Brownian motion and the integra
ufficient regularity of 𝑢). Taking conditional expectations leads to the fo

𝑢( 𝑡𝑖 , Ψ𝑡𝑖 ) = 𝔼

[ 

𝑢( 𝑡𝑖+ 1 , Ψ𝑡𝑖+ 1 ) − ∫
𝑡𝑖

𝑡𝑖 

he discretization allows us to approximate the integral term in the con
2 -minimality of conditional expectations, we represent 𝑢( 𝑡𝑖 , Ψ𝑡𝑖 ) as the u

min 
𝑈 ∈𝐶1 

𝔼𝑡𝑖 

[(
𝑈 − 𝑢( 𝑡𝑖+ 1 , Ψ̂𝑡𝑖+ 1 ) + 𝑓( 𝑡𝑖 , Ψ

his minimization problem serves as a loss function for deep neural net
s follows. 

eep splitting algorithm . Fix a class  of 𝐶1 functions  ∶ ℝ𝑑 → ℝ that a
roceeds by backward induction as follows. 

1. Let ̂𝑁 = 𝑔. 

2. For 𝑖 = 𝑁 − 1 , . . . , 1 , 0 , choose ̂𝑖 as minimizer of the loss function 𝐿𝑖

 ↦ 𝔼

[ |||̂𝑖+ 1 (Ψ̂𝑡𝑖+ 1 ) −  (Ψ̂𝑡𝑖 ) − Δ
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S se studies, we generate simulations of trajectories for the processes Ψ. These 
s nto 150 equally spaced time points (that is 𝑁 = 150 intervals). The inherent 
n

− 1)+ 
)2 

 𝜅
= Π∗ ( 𝑥, 𝑦, 𝜏) +

(
( 𝜕𝑥 𝑢 − 1)+ 

)2 
4 𝜅

. 

W  nodes. In total, each experiment involves 150 networks. The neural networks 
a . We employ mini-batch optimization with a mini-batch size of 𝑀 = 10 , 000 , 
i pochs, and the loss function is minimized through the Adam optimizer. The 
l  activation function for the hidden layers is the sigmoid function, while the 
o

A ffortless dimensionality adjustments in the state process Ψ or modifications of 
i ama scheme for Ψ. For further details on deep splitting algorithms for general 
n

A  

I  the characterization of the value function as classical solution of the HJB 
e

B

H emma 4.3 , as anticipated in Remark 4.4 . 

1 ssume that investment can expand maximum capacity. In such case, a similar 
a  of the function Π∗ . How to do that is briefly outlined next. If the maximum 

c chitz continuous, increasing and bounded function, the above arguments can 
b

 ) − Π∗ ( 𝑥2 , 𝑦2 , 𝜏2 )|| (B1) 

 , 𝑞) − max 
𝑞 ∈[0 ,𝑞max ( 𝑥2 )] 

Π( 𝑥2 , 𝑦2 , 𝜏2 𝑞)
||||| (B2) 

 𝑞) − max 
𝑞 ∈[0 ,𝑞max ( 𝑥1 )] 

Π( 𝑥2 , 𝑦2 , 𝜏2 , 𝑞)
||||| (B3) 

𝑞) − max 
𝑞 ∈[0 ,𝑞max ( 𝑥1 )] 

Π( 𝑥2 , 𝑦2 , 𝜏2 , 𝑞)
|||||. (B4) 

I f of Lemma 4.3 -(i). In the second term, Lipschitzianity in 𝑥 is proved using 
L

2  be proved that 𝑉 is also concave 𝑥. Before going to the proof of this result, we 
h 𝑦, 𝜏, 𝑞) is concave in 𝑥 and 𝑞∗ is a fixed quantity. Indeed, the function Π∗ ( 𝑥, 𝑦, 𝜏) 
i del. This implies in particular that we cannot simply impose concavity, but we 
n r 𝑞 may not be so. To establish concavity of the value function, one can follow 

t tegies 𝜸1 , 𝜸2 ∈  . Denote by 𝑋𝑗 , 𝑗 = 1 , 2 , the investment process with initial 
v  𝜆) 𝑋2 𝑡 . Then it is easily seen that 

 𝜆) 𝛾2 𝑡 − 𝛿𝑋̄𝑡 𝑑𝑡 + 𝜎𝑑𝑊𝑡 

s 1 + (1 − 𝜆) 𝜸2 with initial value 𝑋̄0 (Here we use that the dynamics of 𝑋 are 
l

, 𝜏, 𝜸1 ) + (1 − 𝜆) 𝐽(0 , 𝑋2 0 , 𝑦, 𝜏, 𝜸
2 ) . 

M
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pecifically, to address the numerical solution of this problem in our ca
imulations were carried out over the time interval [0,15], discretized i
onlinearity of this problem is represented by the following function: 

𝑓( 𝑡 , 𝑥 , 𝑦, 𝜏, 𝑢𝜓 ) = Π∗ ( 𝜓) +
(
( 𝜕𝜓1 𝑢 

4

e use deep neural networks with two hidden layers, each containing 40
re initialized with random values using the Xavier initialization scheme
ncorporating batch normalization. The training process spans 10,000 e
earning rate starts at 0.01 and with a decay of 0.1 every 4000 steps. The
utput layer uses the identity function. 

n advantage of this methodology is flexibility. The approach allows for e
ts dynamics, with the only necessary adaptation being the Euler–Maruy
onlinear PIDEs, we refer to Frey and Köck ( 2022 ). 

ppendix B: Some Discussions and Proofs for the Tax-Risk Setting

n this section, we present various technical results that are related to
quation ( 26 ). 

.1 Comments and Extensions of Lemma 4.3 

ere we discuss a few comments on possible extensions of the result of L

. Maximum capacity expansion . In some examples, it may make sense to a
rgument as in the proof of Lemma 4.3 -(i) can be used to get regularity
apacity depends on the investment level, that is, 𝑞max ( 𝑥) , for some Lips
e extended. Indeed, 

||Π∗ ( 𝑥1 , 𝑦1 , 𝜏1

=
||||| max 
𝑞 ∈[0 ,𝑞max ( 𝑥1 )] 

Π( 𝑥1 , 𝑦1 , 𝜏1

≤ ||||| max 
𝑞 ∈[0 ,𝑞max ( 𝑥1 )] 

Π( 𝑥1 , 𝑦1 , 𝜏1 ,

+
||||| max 
𝑞 ∈[0 ,𝑞max ( 𝑥2 )] 

Π( 𝑥2 , 𝑦2 , 𝜏2 , 

n the last expression, the first term is estimated exactly as in the proo
ipschitzianity of the function 𝑞max ( 𝑥) . 

. Concavity of the value function . If Π∗ and ℎ are concave in 𝑥, then, it can
ighlight that an example where Π∗ is concave arises, for instance, if Π( 𝑥, 
s the result of an optimization and hence not an input variable of our mo
eed to verify it, and, in general, even if Π is concave, the supremum ove
he steps below. We let for simplicity 𝑡 = 0 . Consider 𝑋1 0 , 𝑋

2 
0 > 0 and stra

alue 𝑋𝑗 0 and strategy 𝜸
𝑗 and let for 𝜆 ∈ [0 , 1] , 0 ≤ 𝑡 ≤ 𝑇, 𝑋̄𝑡 = 𝜆𝑋1 𝑡 + (1 −

𝑑𝑋̄𝑡 = 𝜆𝛾1 𝑡 + (1 −

o that 𝑋̄ is the investment process corresponding to the strategy 𝜸̄ = 𝜆𝜸

inear). Concavity of 𝜋∗ and ℎ now imply the following: 

𝐽(0 , 𝑋̄0 , 𝑦, 𝜏, 𝜸̄) ≥ 𝜆𝐽(0 , 𝑋1 0 , 𝑦
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C al strategy for the problem with initial value 𝑋𝑗 0 . 

B

F  ( 𝑥, 𝑦) , Hölder in 𝑡 and the unique viscosity solution of the PIDE 

 
𝑣 ( 𝑡 , 𝑥 , 𝑦, 𝜏 + Γ( 𝑡 , 𝑦, 𝜏, 𝑧 )) 𝑚 ( 𝑑𝑧 ) (B5) 

 

( 𝑡 , 𝑥 , 𝑦, 𝜏) + 1 
2 

𝑑 ∑
𝑖 ,𝑗 = 1 
𝔖𝑖𝑗 ( 𝑡 , 𝑦) 𝑣𝑦𝑖 𝑦𝑗 ( 𝑡 , 𝑥 , 𝑦, 𝜏) (B6) 

− 𝛿𝑥 𝑣𝑥 ( 𝑡 , 𝑥 , 𝑦, 𝜏) = ( 𝑟 + 𝑚(  )) 𝑣 ( 𝑡 , 𝑥 , 𝑦, 𝜏) , (B7) 

w e function 𝑓𝜏( 𝑡 , 𝑥 , 𝑦) ∶ = ∫ 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏 + Γ( 𝑡 , 𝑦, 𝜏, 𝑧 )) 𝑚 ( 𝑑𝑧 ) + Π∗ ( 𝑥, 𝑦, 𝜏) . Then 
f uation 

 

𝑢𝑥𝑥 ( 𝑡 , 𝑥 , 𝑦) +
1 

2 

𝑑 ∑
𝑖 ,𝑗 = 1 
𝔖𝑖𝑗 ( 𝑡 , 𝑦) 𝑣𝑦𝑖 𝑦𝑗 ( 𝑡 , 𝑥 , 𝑦, 𝜏) (B8) 

− 𝛿𝑥 𝑢𝑥 ( 𝑡 , 𝑥 , 𝑦) + 𝑓𝜏( 𝑡 , 𝑥 , 𝑦) = 𝑅𝑢( 𝑡 , 𝑥 , 𝑦) , (B9) 

w arabolic PDE since there are no nonlocal terms and since for all 𝑝 ∈ ℝ , 

0 if 𝑝 < 1 

 𝑝 − 1)+ ]2 

4 𝜅
if 1 ≤ 𝑝 ≤ 2 𝜅 + 1 

𝜅𝛾̄2 if 𝑝 > 2 𝜅 + 1 

O s with 𝑉𝜏 . We proceed in several steps. 

S + 1 ∶ ‖𝐱 ‖2 ≤ 𝐾2 } , and let 𝐾 = { 𝑇} × 𝐵𝐾 ∪ [0 , 𝑇) × 𝑆𝐾 where 𝑆𝐾 = { 𝐱 ∈ ℝ𝑑+ 1 ∶ ‖ the PDE ( B9 ) and the boundary condition 𝑢 = 𝑉𝜏 on 𝐾 . We now use Theorem 

6  value problem has a classical solution that is moreover smooth on the interior 
o ergence form. We define for 𝑦 = ( 𝑦1 , . . . , 𝑦𝑑 ) , 𝑝2 = ( 𝑝2 , 1 , . . . , 𝑝2 ,𝑑 ) the functions 

p ≤𝛾̄{ 𝛾( 𝑝1 − 1) − 𝜅𝛾2 } − 𝛿𝑥 𝑝1 − 𝑅𝑢 + 𝑓𝜏( 𝑡 , 𝑥 , 𝑦) (B10) 

, 𝑢, 𝑝1 , 𝑝2 ) +
𝑑 ∑
𝑖 ,𝑗 = 1 
𝜕 𝑦𝑖 𝔖𝑖𝑗 ( 𝑡, 𝑦 ) 𝑝2 ,𝑗 (B11) 

, 𝑝1 , 𝑝2 ) = 

𝜎2 

2 
𝑝1 (B12) 

𝑑 ∑
𝑗= 1 
𝔖𝑖𝑗 ( 𝑡, 𝑦) 𝑝2 ,𝑗 , 𝑖 = 1 , . . . 𝑝 (B13) 

T dyženskaja et al. ( 1988 , Chapter 5): 

 ,𝑖 ( 𝑡 , 𝑥 , 𝑦, 𝑢, 𝑢𝑥 , 𝑢𝑦 ) − 𝑎( 𝑡 , 𝑥 , 𝑦, 𝑢, 𝑢𝑥 , 𝑢𝑦 ) = 0 . (B14) 

2

 14679965, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/m

afi.70031 by C
ochraneItalia, W

iley O
nline L

ibrary on [12/05/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative
oncavity of 𝑉 follows from this inequality, if we choose 𝜸𝑗 as an 𝜀-optim

.2 Proof of Theorem 4.8 

rom Proposition 4.7 , the function 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) is Lipschitz continuous in

𝑣𝑡 ( 𝑡 , 𝑥 , 𝑦, 𝜏) + Π∗ ( 𝑥, 𝑦, 𝜏) + ∫

+
𝑑 ∑
𝑖= 1 
𝛽𝑖 ( 𝑡 , 𝑦) 𝑣𝑦𝑖 ( 𝑡 , 𝑥 , 𝑦, 𝜏) +

𝜎2 

2 
𝑣𝑥𝑥

+ sup 
0 ≤ 𝛾≤𝛾̄( 𝛾( 𝑣𝑥 ( 𝑡 , 𝑥 , 𝑦, 𝜏) − 1) − 𝜅𝛾2 ) 

ith the terminal condition 𝑣 ( 𝑇, 𝑥 , 𝑦, 𝜏) = ℎ( 𝑥) . For fixed 𝜏, we define th
or every fixed 𝜏, 𝑉𝜏( 𝑡 , 𝑥 , 𝑦) ∶ = 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) is a viscosity solution of the eq

𝑢𝑡 ( 𝑡 , 𝑥 , 𝑦) +
𝑑 ∑
𝑖= 1 
𝛽𝑖 ( 𝑡 , 𝑦) 𝑢𝑦𝑖 ( 𝑡 , 𝑥 , 𝑦) +

𝜎2

2 

+ sup 
0 ≤ 𝛾≤𝛾̄( 𝛾( 𝑢𝑥 ( 𝑡 , 𝑥 , 𝑦) − 1) − 𝜅𝛾2 ) 

ith 𝑢( 𝑇, 𝑥, 𝑦) = ℎ( 𝑥) and 𝑅 = 𝑟 + 𝑚(  ) . Note that this is a quasilinear p

sup 
0 ≤ 𝛾≤𝛾̄{ 𝑝𝛾 − 𝛾 − 𝜅𝛾2 } =

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
[(

ur goal is to show that this PDE has a classical solution, which coincide

tep 1 . Fix 𝐾 > 0 and define the set 𝑄𝐾 = [0 , 𝑇] × 𝐵𝐾 , where 𝐵𝐾 = { 𝐱 ∈ ℝ𝑑

𝐱 ‖2 = 𝐾2 } . Consider the terminal boundary value problem consisting of 
.4 in Ladyženskaja et al. ( 1988 , Ch. 5) to show that this terminal boundary
f 𝑄𝐾 . For this, we formulate Equation ( B9 ) as a parabolic equation in div

𝐴( 𝑡 , 𝑥 , 𝑦, 𝑢, 𝑝1 , 𝑝2 ) = 

𝑑 ∑
𝑖= 1 
𝛽𝑖 ( 𝑡, 𝑦) 𝑝2 ,𝑖 + su

0 ≤ 𝛾

𝑎( 𝑡 , 𝑥 , 𝑦, 𝑢, 𝑝1 , 𝑝2 ) = 𝐴( 𝑡 , 𝑥 , 𝑦

𝑎1 ( 𝑡 , 𝑥 , 𝑦, 𝑢

𝑎2 ,𝑖 ( 𝑡 , 𝑥 , 𝑦, 𝑢, 𝑝1 , 𝑝2 ) = 

1 

2 

hen Equation ( B9 ) can be written in divergence form as in eq. (6.1) of La

𝜕𝑡 𝑢 + 𝜕𝑥 𝑎1 ( 𝑡 , 𝑥 , 𝑦, 𝑢, 𝑢𝑥 , 𝑢𝑦 ) +
𝑑 ∑
𝑖= 1 
𝜕𝑦𝑖 𝑎2
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N e are dealing with a terminal value condition. 

N l. ( 1988 , Ch. 5) are satisfied on the domain 𝑄𝐾 . Note first that the set 𝑆𝐾 is the 
b ies condition (A) (see Ladyženskaja et al. 1988 , 9). Moreover, 

 )) 𝑢2 + 𝑓𝜏( 𝑡 , 𝑥 , 𝑦) 𝑢 ≥ − 𝑏1 𝑢
2 − 𝑏2 

f  latter recall that 𝑓𝜏( 𝑡 , 𝑥 , 𝑦) ∶ = ∫ 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏 + Γ( 𝑡 , 𝑦, 𝜏, 𝑧 )) 𝑚 ( 𝑑𝑧 ) + Π∗ ( 𝑥, 𝜏, 𝑦) , 
a 𝐾 × [0 , 𝜏max ] . Hence the inequality holds. That guarantees that condition (a) of 
T ), (3.3), and (3.4) (Ladyženskaja et al. 1988 , Ch. 5) are immediate. In particular, 
t rucial condition (3.1) holds. Finally, since 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) is a Lipschitz viscosity 
s  in particular implies condition (c) of Theorem 6.4 (Ladyženskaja et al. 1988 , 
C thus get that in any interior subdomain 𝑄𝐾 , the HJB equation has a classical 
s . 

S or every 𝐾, which allows to conclude that 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) is smooth in the interior 
o g and Soner ( 2006 , Corollary 8.1, Ch. 5). Note that inequality (7.1) on page 218 
o  𝛼, 𝛽, Γ in 𝑦. Then we obtain that 𝑈𝜏( 𝑡, 𝑥, 𝑦) = 𝑉( 𝑡, 𝑥, 𝑦, 𝜏) on 𝑄𝐾 . 

S is also a classical solution of the HJB equation ( 26 ), which concludes the proof. 

B

I al, the value function may be nonsmooth and hence a strict viscosity solution 
o ed with the filter technology, assuming a fixed electricity price 𝑝̄ and a fixed 
p ficulties, we make certain assumptions. We set 𝑟 and 𝛿 to zero, take the residual 
v itionally, we adopt the abatement technology 𝑒( 𝑥) = (1 − 𝑥)+ and assume no 
e cial for our example, since for 𝜎 > 0 , the HJB equation has a classical solution 
b

I ollowing: 

̄) − 𝛾𝑠 − 𝜅𝛾2 𝑠 
)
𝑑 𝑠

] 

= ∶ (𝑝̄ ̄𝑞 − 𝑞̄ ̄𝑐 )( 𝑇 − 𝑡) + 𝑉̃ ( 𝑡, 𝑥) (B15) 

w

̄ (1 − 𝑋𝑠 )
+ 𝜏̄ − 𝛾𝑠 − 𝜅𝛾2 𝑠 𝑑 𝑠

] 

. (B16) 

I at for 𝑥 ≥ 1 , the optimal strategy is 𝜸∗ = 0 , since choosing 𝛾𝑠 > 0 is costly but 
g  𝑥 ≥ 1 . Below we show that 

( 1 ∧ ( 𝑇 − 𝑡)𝜏̄) , 𝑥 ≤ 1 . (B17) 

L

 − ℎ) − 𝑉̃ ( 𝑡, 1)) ≥ (1 ∧ ( 𝑇 − 𝑡)𝜏̄

) 

. 

H is a strict viscosity solution of the HJB equation. 

N

𝑡 

[ 

∫
𝑇 

𝑡 

− (1 − 𝑋𝑠 )
+ 𝜏̄ − 𝛾𝑠 𝑑 𝑠

] 

. (B18) 

S  𝑥 instantaneously to any level 𝑥′ > 𝑥, incurring a cost of size 𝑥′ − 𝑥. It follows 
t  the investment level to 1 immediately at 𝑡, provided the resulting tax savings 
𝜏 is gives 

if 𝜏̄( 𝑇 − 𝑡) > 1 , 

)( 𝑇 − 𝑡) if 𝜏̄( 𝑇 − 𝑡) ≤ 1 , 

M
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ote that the signs differ from those in Ladyženskaja et al. ( 1988 ) since w

ext we show that the assumptions of Theorem 6.4 in Ladyženskaja et a
oundary of the 𝑑 + 1 -dimensional circle so it is smooth and hence satisf

𝐴( 𝑡 , 𝑥 , 𝑦, 𝑢 , 0 , 0) 𝑢 = −( 𝑟 + 𝑚 ( 
or 𝑏1 , 𝑏2 ≥ 0 , since the functions 𝑓𝜏( 𝑡 , 𝑥 , 𝑦) are bounded on 𝑄𝐾 . To see the
nd Π∗ ( 𝑥, 𝜏, 𝑦) and 𝑉 are bounded on the bounded set 𝑄𝐾 , respectively, 𝑄
heorem 6.4 (Ladyženskaja et al. 1988 , Ch. 5) holds. Conditions (3.1), (3.2
he condition 𝜎2 > 0 and the strict ellipticity of 𝔖 ( 𝑡, 𝑦) ensure that the c
olution of the HJB equation, the boundary condition is Lipschitz, which
h. 5). By applying Theorem 6.4 in Ladyženskaja et al. ( 1988 , Ch. 5), we 
olution 𝑈𝜏( 𝑡 , 𝑥 , 𝑦) , which coincides with 𝑉𝜏( 𝑡 , 𝑥 , 𝑦) on the boundary 𝐾 
tep 2 . Next we show that 𝑈𝜏( 𝑡 , 𝑥 , 𝑦) = 𝑉( 𝑡 , 𝑥 , 𝑦, 𝜏) in the interior of 𝑄𝐾 f
f 𝑄𝐾 . To prove this, we apply the comparison principle given by Flemin
f the book is implied by in particular by Lipschitzianity of the functions

ince 𝐾was arbitrary, we finally get that 𝑉 is smooth everywhere. Hence 𝑉

.3 An Example With Strict Viscosity Solution 

n the following section, we present an example illustrating that, in gener
f the HJB equation. Specifically, we examine the cost function associat
roduction quantity 𝑞̄ . To present this example with minimal technical dif
alue as ℎ( 𝑋𝑇 ) = 0 , and assume deterministic tax rate equal to 𝜏̄ > 0 . Add
xternal variations in the investment level ( 𝜎 = 0 ). This assumption is cru
y Theorem 4.8 Section 4.4 . 

n this setting, 𝑋𝑡 = 𝑋0 + ∫ 𝑡 
0 
𝛾𝑠 𝑑 𝑠 , and the value function is given by the f

𝑉( 𝑡 , 𝑥 ) = sup 
𝜸∈ 

𝔼𝑡 

[ 

∫
𝑇 

𝑡 

(
𝑝̄ ̄𝑞 − 𝑞̄ (𝑐 + (1 − 𝑋𝑠 )

+ 𝜏

here 

𝑉̃ ( 𝑡 , 𝑥 ) = sup 
𝜸∈ 

𝔼𝑡 

[ 

∫
𝑇 

𝑡 

𝑞

n the sequel, we concentrate on 𝑉̃ and w.l.o.g. we take 𝑞̄ = 1 . Note first th
enerates no additional reduction in emissions. Therefore, 𝑉̃ ( 𝑡 , 𝑥 ) = 0 for

𝑉̃ ( 𝑡 , 𝑥 ) ≤ − (1 − 𝑥)

et 𝑉̃𝑥− ( 𝑡, 1) be the left derivative of 𝑉̃ ( 𝑡, ⋅) at 𝑥 = 1 . It follows that 

𝑉̃𝑥− ( 𝑡, 1) = lim 

ℎ→0+ 

1 

( − ℎ) 
(𝑉̃ ( 𝑡, 1

ence 𝑉̃ ( 𝑡, ⋅) has a kink at 𝑥 = 1 , and from Equation ( B16 ), we get that 𝑉

ow we turn to the inequality ( B17 ). Obviously, 

𝑉̃ ( 𝑡 , 𝑥 ) ≤ 𝑤 ( 𝑡 , 𝑥 ) ∶ = sup 
𝜸∈ 

𝔼

ince in Equation ( B18 ) transaction costs are zero, the producer can push
hat for 𝑥 < 1 , the “limiting optimal strategy” in Equation (68) is to push
̄(1 − 𝑥)( 𝑇 − 𝑡) exceed the cost (1 − 𝑥) , and to choose 𝜸 ≡ 0 otherwise. Th

𝑢( 𝑡 , 𝑥 ) =

{ 

− (1 − 𝑥) 

−𝜏̄(1 − 𝑥
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C

D nction 𝐹 ∶ 𝐵 → 𝐵 by 𝐹( 𝑞, 𝜏) = ( 𝑞 ( 𝜏) , 𝜏( 𝑞 ))′. Note that 𝑞( 𝜏) and 𝜏( 𝑞) and hence 
𝐹 nce 𝜈1 > 0 ). By Equation ( 41 ), ( 𝑞∗ , 𝜏∗ ) is a saddle point of 𝑔 if and only if it is a 
f ately from Brouwers fixed point theorem, which establishes the existence of a 
s

F 𝑞∗ satisfies the fixed point relation 𝑞∗ = 𝑞 ( 𝜏( 𝑞∗ )) and if 𝜏∗ = 𝜏( 𝑞∗ ) . Define the 
m

− ( 𝜕𝑞 𝐶1 ( 𝑞) − 𝜕𝑞 𝜈0 ( 𝑞)) 𝜏( 𝑞) . 

B  a solution of the equation 𝑞∗ = 𝑞 ( 𝜏( 𝑞∗ )) if one of the following three conditions 
h  which case 𝑞∗ = 𝑞max . Below, we show that 𝜑 is strictly decreasing. It follows 
t ce at most one saddle point. 

T for those values of 𝑞 with 𝜏( 𝑞) ∈ ( 𝜏min , 𝜏max ) . We get the following: 

0 ( 𝑞 )) 𝜏( 𝑞 ) − ( 𝜕𝑞 𝐶1 ( 𝑞 ) − 𝜈′0 ( 𝑞 )) 𝜕𝑞 𝜏( 𝑞 ) 

0 ( 𝑞 )) 𝜏( 𝑞 ) −
1 

2 𝜈1 
( 𝜕𝑞 𝐶1 ( 𝑞 ) − 𝜕𝑞 𝜈0 ( 𝑞 ))

2 , 

w  𝑞 where the constraints on 𝜏 bind, we have 𝜕𝑞 𝜏( 𝑞) = 0 and 𝜕𝑞 𝜑( 𝑞) = − 𝜕2 𝑞 𝐶0 − 

( th strictly negative derivative and hence strictly decreasing. 

2
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hat is, 𝑢( 𝑡 , 𝑥 ) = − (1 − 𝑥) ( 1 ∧ ( 𝑇 − 𝑡)𝜏̄) , 𝑥 ≤ 1 , which implies ( B17 ). 

ppendix C: Differential Game 

.1 Proof of Lemma 5.2 

efine the compact and convex set 𝐵 ∶ = [0 , 𝑞max ] × [ 𝜏min , 𝜏max ] and the fu
are continuous on 𝐵 (since 𝜕𝑞 𝐶0 and 𝜕𝑞 𝐶1 are strictly increasing and si
ixed point of 𝐹 on 𝐵. The existence of a fixed point of 𝐹 follows immedi
addle point of 𝑔. 

or uniqueness, note that the pair ( 𝑞∗ , 𝜏∗ ) is a saddle point if and only if 
apping 𝜑 ∶ [0 , 𝑞max ] → ℝ with 

𝜑( 𝑞) ∶ = 𝑝 − 𝜕𝑞 𝐶0 ( 𝑞) 

y the first-order condition characterizing 𝑞( 𝜏) , a solution 𝑞∗ ∈ [0 , 𝑞max ] is
old (i) 𝜑( 𝑞∗ ) = 0 ; (ii) 𝜑(0) < 0 , in which case 𝑞∗ = 0 ; (iii) 𝜑( 𝑞max ) > 0 , in
hat there is at most one 𝑞∗ ∈ [0 , 𝑞max ] that fulfills (i), (ii), or (iii) and hen

o show that 𝜑 is strictly decreasing, we first compute the derivative of 𝜑

𝜕𝑞 𝜑( 𝑞) = − 𝜕2 𝑞 𝐶0 − ( 𝜕2 𝑞 𝐶1 ( 𝑞) − 𝜕2 𝑞 𝜈

= − 𝜕2 𝑞 𝐶0 − ( 𝜕2 𝑞 𝐶1 ( 𝑞) − 𝜕2 𝑞 𝜈

hich is negative due to the assumptions on 𝐶0 , 𝐶1 , and 𝜈0 . For values of
 𝜕2 𝑞 𝐶1 ( 𝑞) − 𝜕2 𝑞 𝜈0 ( 𝑞 )) 𝜏( 𝑞 ) < 0 . It follows that 𝜑 is absolutely continuous wi
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