'.) Check for updates

Mathematical Finance

WILEY

MATHEMATICAL

An International Journal of Mathematics,
Statistics and Financial Economics

FINANCE

| ORIGINAL ARTICLE @ETEEED

Random Carbon Tax Policy and Investment Into Emission
Abatement Technologies

Katia Colaneri' | Riidiger Frey? | Verena Kock?

!Department of Economics and Finance, University of Rome Tor Vergata, Rome, Italy | 2Institute for Statistics and Mathematics, Vienna University of
Economics and Business, Vienna, Austria

Correspondence: Riidiger Frey (ruediger.frey@wu.ac.at)
Received: 27 May 2024 | Revised: 27 March 2026 | Accepted: 22 April 2026

Keywords: carbon taxes | climate policy uncertainty | emission abatement | stochastic control | stochastic differential games

ABSTRACT

We analyze the problem of a profit-maximizing electricity producer, subject to carbon taxes, who decides on investments into CO,
abatement technologies. We assume that the carbon tax policy is random and that the investment in the abatement technology is
divisible, irreversible, and subject to transaction costs. Two frameworks for randomness in taxes are considered. First, we assume
a precise probabilistic model for the tax process, namely a pure jump Markov process (so-called tax-risk). Second, we analyze the
case of a producer who is uncertainty-averse with respect to the tax evolution and who uses a differential game as conceptual
tool to decide on optimal production and investment. We provide a rigorous mathematical treatment of both settings, including
the analysis of the associated nonlinear PDEs. Numerical methods are employed to investigate the optimal investment strategies.
We find that in the tax-risk case, investment in abatement technologies is generally lower than in a benchmark scenario with
deterministic taxation. Nevertheless, factors such as production technology, investment divisibility, tax rebates, and credibility of
the tax policy introduce interesting twists. In contrast, the uncertainty-averse framework may lead to increased investment as
uncertainty rises.

tax policy is affected by many unpredictable factors such as
changes in political sentiment and election results, lobbying by

1 | Introduction

Carbon taxes and trading of emission certificates are key policy
tools for reducing carbon pollution and hence for mitigating
climate change. Academic contributions in this field from an
environmental economics perspective have mainly focused on
optimal tax schemes or optimal carbon prices for an efficient
emission reduction, see, for instance, the seminal contributions
by Nordhaus (1993), Nordhaus (2019), Golosov et al. (2014), and
Acemoglu et al. (2012). More recently, this problem has been
addressed within the literature on continuous-time stochastic
control by, for example, Aid and Biagini (2023), Aid et al.
(2025), or Carmona et al. (2021) (these papers are discussed in
Section 1.1). While the design of an optimal tax scheme or carbon
price is a very relevant research question, in reality, emission

industry groups, or developments in international climate policy.
Therefore, future tax rates are random and long-term emission
tax schemes announced by governments are not fully credible
from the viewpoint of carbon-emitting producers. This is a prime
example of the so-called climate policy uncertainty. In environ-
mental economics, it is often argued that policy uncertainty has a
negative impact on investments in carbon abatement technology.
For instance, the British newspaper The Economist (2023) writes
the following:

Political polarisation [regarding the relevance of cli-
mate change] means bigger flip-flops when power
changes hands: imagine France under the wind-farm-
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loathing Marine Le Pen. Everywhere, making climate
policy less predictable makes it harder for investors to
plan for the long term, as they must.

From a policy perspective, the International Energy Agency
report (Yang, 2008) investigates how abrupt shifts in carbon
prices, often resulting from changes in carbon tax policy, affect
investment incentives for low-carbon power-generation tech-
nologies. The report concludes that “the greater the level of policy
uncertainty, the less effective climate change policies will be at
incentivising investment in low-emitting technologies.” Empiri-
cal support for this view is provided by Basaglia et al. (2025), who
construct newspaper-based indices of climate policy uncertainty
and use regression analysis to show that higher uncertainty
significantly depresses investment in carbon-intensive sectors.

The academic literature on climate policy uncertainty and the
adoption of green technologies frequently employs real options
models. Notably, Fuss et al. (2008), Blyth et al. (2007), and
Yang et al. (2008), the latter two closely linked to the IEA
report Yang (2008), investigate how stochastic carbon pricing
affects investment decisions in carbon capture and storage. These
models consider the following two sources of uncertainty: (i)
market-driven fluctuations in electricity and carbon prices, and
(ii) policy uncertainty. Policy uncertainty is modeled as a gov-
ernment announcement at a predetermined future time #, where
it is revealed, with known probabilities, whether the carbon
pricing scheme will be implemented. Investment is assumed to be
immediate, indivisible, and irreversible. Under these conditions,
the optimal strategy is to delay investment until the policy deci-
sion at f is revealed, underscoring the deterrent effect of policy
uncertainty on investment. In contrast, Hagspiel et al. (2025)
present evidence that unannounced subsidy withdrawals can, in
certain cases, lead to higher investment in green technologies
than announced ones. This suggests that policy uncertainty may,
under specific circumstances, encourage rather than hinder the
adoption of green technologies.

The present paper adds to this strand of literature in various
ways. We analyze the behavior of a profit-maximizing electricity
producer who is subject to emission taxes and has the option
to invest in emission abatement technologies. We employ a
continuous-time framework that accommodates a broad range of
models for randomness in carbon tax policy. Unlike much of the
real options literature, we consider divisible investments such as
the incremental installation of solar panels, and we assume that
the producer chooses the rate at which she invests. Investment
is irreversible and subject to transaction costs, which prevent
instantaneous adjustments in the investment level. Our frame-
work captures stylized forms of emission abatement, including
retrofitting existing gas-fired plants with carbon capture and
storage or filter technologies, and investing in new green tech-
nologies with low marginal production costs. These cases are
discussed in detail in both the theoretical analysis and the
numerical simulations.

We explore two distinct approaches to modeling randomness in
carbon taxes. First, we assume a precise probabilistic model for
the tax process, namely a pure jump Markov process. In decision-
theoretic terms, this corresponds to the paradigm of risk, so that

we refer to this situation as tax-risk. In that case, the producer is
confronted with a stochastic control problem with the investment
rate as control variable. Second, we consider a producer who is
uncertainty-averse with respect to future tax rates and we use
a max-min criterion to determine her optimal production and
investment strategy. A possible interpretation of the max-min
criterion is that of a game between the producer and a fictitious
adversary (called nature). The objective of the producer remains
that of maximizing expected profits, whereas nature chooses a
tax process to minimize the profits of the producer. This setting
is referred to as tax uncertainty.

We provide a rigorous mathematical analysis of the producer’s
optimization problem in both settings. In the tax-risk scenario, we
characterize the value function as the unique viscosity solution
of the corresponding HIB equation, applying general results
from Pham (1998), and we establish conditions for the existence
of classical solutions. In the tax uncertainty case, the problem
can be analyzed as a stochastic differential game; we prove
the existence of an equilibrium and characterize the game’s
value via a classical solution to the Bellman-Isaacs equation.
As explicit solutions are available only in exceptional cases,
we perform numerical experiments to study the producer’s
investment behavior.

In our numerical experiments on tax-risk, we consider two
models of tax dynamics. In the first, the government may
increase taxes at a random future time, for instance to comply
with international climate agreements. In the second, elevated
taxes may be reversed, for example, if a government with
a “brown” agenda replaces a “green” one. We compare the
producer’s investment decisions in these stochastic settings to a
benchmark case with deterministic taxes. Our results indicate
that tax uncertainty generally reduces the firm’s willingness
to invest in abatement technologies, supporting the view that
carbon tax volatility can undermine climate policy. However,
there are some new interesting twists. Specifically, producers
may invest preemptively, before a tax increase is enacted, to
hedge against potential future tax burdens. This hedging behavior
is not observed in real options models such as Fuss et al.
(2008), where tax uncertainty leads to investment delays until
policy decisions are clarified. We also examine the effect of an
emission-independent tax rebate and find that it incentivizes
abatement investment. Finally, our findings highlight the critical
role of investor expectations: a credible tax policy—where firms
believe that announced tax increases will be implemented and
sustained—is significantly more effective than a noncredible
one. Next, we analyze optimal investment within a stochastic
differential game framework for an uncertainty-averse producer.
Notably, the results are reversed in this setting: Greater uncer-
tainty enhances investment in carbon abatement technology,
thus benefiting society. Furthermore, a rebate typically reduces
investment. These findings highlight the critical role of the mod-
eling paradigm in determining how climate policy uncertainty
influences abatement investment.

The remainder of the paper is structured as follows. Section 1.1
reviews some relevant literature; Section 2 introduces the model
and the electricity producer’s optimization problem; in Sec-
tion 3, we present specific examples of electricity generation
and emission abatement technologies; Section 4 analyzes the
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control problem under tax-risk; tax uncertainty and the result-
ing differential game are addressed in Section 5.1; Section 6
reports numerical results and their economic interpretation; and
Section 7 concludes.

1.1 | Discussion of Some Related Contributions

We continue with a brief discussion of related contributions.
Within the framework of the stochastic control literature on tax-
and carbon pricing schemes, Aid and Biagini (2023) study an
optimal dynamic carbon emission regulation for a set of firms,
in the presence of a regulator who may choose dynamically the
emission allowances to each firm. The problem is formulated
as a Stackelberg game between the regulator and the firms
in a jump diffusion setup with linear quadratic costs. This
formulation allows for a closed-form expression of the optimal
dynamic allocation policies. Aid et al. (2025) investigate the
optimal regulatory incentives that trigger the development of
green electricity production in a monopoly and in a duopoly
setup. The regulator wishes to encourage green investments
to limit carbon emissions, while simultaneously reducing the
intermittency of the total energy production. Their main result
is a characterization of the regulatory contract that naturally
includes interesting agreements like rebate. Carmona et al. (2021)
analyze mean field control and mean field game models of
electricity producers who interact via electricity spot markets and
who can decide on the composition of their energy mix (brown
or green) in the presence of a carbon tax. Producers have to
balance the cost of intermittency and the amount of carbon tax
they pay. The paper analyzes competitive (Nash equilibrium)
and cooperative (social optimum) solutions to this problem via
systems of forward-backward SDEs. It also includes a study of a
Stackelberg game between a tax-setting regulator and the mean
field of producers.

The impact of tax policy uncertainty on firm level and aggregate
investment is studied in the seminal paper Hassett and Metcalf
(1999) in a general real options model that is not directly
related to investment in green technology. Lavigne and Tankov
(2026), Dumitrescu et al. (2024), and Flora and Tankov (2023)
have done interesting theoretical research on the implication
of randomness in climate policy more generally. Lavigne and
Tankov (2026) consider a mean-field game model for a large
financial market where firms determine their dynamic emis-
sion strategies under climate transition risk in the presence
of green and neutral investors. They show among others that
uncertainty about future climate policies leads to overall higher
emissions in equilibrium. In a similar spirit, Dumitrescu et al.
(2024) study the impact of transition scenario uncertainty on the
pace of decarbonization and on output prices in the electricity
industry. Flora and Tankov (2023) analyze how uncertainty in
climate transition pathways affects investment in assets that
may become stranded. Empirical studies on the impact of car-
bon taxes on green technology adaption include Aghion et al.
(2016) who study in particular the effects of taxes and fuel
prices on investment in technological innovation using data
for the automobile sector, and Martinsson et al. (2024) where
data on CO, emissions from Swedish manufacturing sector are
used to estimate the impact of carbon pricing on firm-level
emission intensities.

2 | The Optimization Problem of the Electricity
Producer

Throughout, the paper we fix a horizon date T and a probability
space (Q,F,P) with filtration F = (F,)o,<r representing the
information flow. In the sequel, all processes are assumed to be [F-
adapted and expectations are taken with respect to the probability
measure P.

We consider a profit-maximizing electricity producer subject to
carbon taxes, with the option to invest in CO, emission abatement
technology. Let 7, denote the tax per unit of emission and X,
the value of abatement investment at time t. The producer
determines the electricity output over time and controls the
investment process X = (X,),<r through her investment in
abatement technology.

To capture the randomness in electricity and fuel prices, as
well as in the productivity of electricity generation technologies,
we introduce an exogenous d-dimensional factor process Y =
(Y )o<i<r- We assume that Y is a d-dimensional diffusion process,

dy, = B(t,Y,)dt +a(t,Y,)dB, Y,=y€ R, )

where B is a d-dimensional Brownian motion, and where the drift
B(t,y) € R? and the dispersion a(t, y) € R4, for (t,y) € [0,T] x
RY, satisfy standard conditions for existence and uniqueness of
the SDE (1). Moreover, we denote the generator of Y by £, which
reads as as follows:

d d
£ = B IOREN+ 5 T 10,0086,

i,j=1

where &(t,y) = a(t,y) - a'(t,y). We leave the specification of
Y fairly general at this stage. In this way, our analytical results
remain valid regardless of the specific model used. Moreover,
a specific model for the dynamics of Y would not simplify the
mathematical analysis.

2.1 | Instantaneous Electricity Production

We assume that the electricity market is perfectly competitive
so that the producer acts as a price taker, that is she takes the
price p, = p(Y,) of one unit of electricity as given and adjusts
the quantity produced in order to maximize instantaneous profits.
This situation might arise in the context of a merit order system,
where the electricity spot price is determined by the short run
marginal production cost of the power plant that is on the margin
of the electricity production system. For a given investment value
X, tax rate T and value y of the factor process, we denote the
cost of producing g units of electricity by C(q, x, y, 7). Hence the
instantaneous profit is given by the following:

(g, x,y,7) = p(y)q — C(q, X, y,7) + vo(q)7 . @)

The term v,(q)t models a tax rebate that depends on the amount
q of energy produced and on the current tax rate, but not on the
actual emissions of the producer. Tax rebates of this form penalize
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(reward) producers with high (low) emissions compared to the
industry average and are part of many proposals for carbon taxes.

The producer chooses the output g to maximize her instanta-
neous profit and we denote the maximal profit by the following:

*(x,y,7) = max II(q,x,y,7), 3)
q

q€[0,gmax]

where the constant g™ > 0 denotes the maximum capacity of
the production technology. In the numeric examples, we also
consider the situation where the quantity to be produced is fixed
to some ¢, for instance, since the producer has entered into
long-term delivery contracts. In that case, one obviously has
I*(x,y,7) = I1(q, x, y, 7).

The next assumption gives conditions ensuring that the function
IT* is well-defined and enjoys certain regularity properties.

Assumption 2.1.

i. There are functions C,,C; : [0,q™*] xR x R — [0, o)
such that

C(g,x,y,7) = Co(q, x,y) + C1(q, x, y)7T;

moreover, C, and C, are increasing, strictly convex and C! in
g and C, is bounded.

ii. C,and C, are Lipschitz continuous in x, y uniformly in q €
[0’ qmax]'

iii. The function v, is differentiable, increasing, and concave on
[O, qmax].

iv. The function p : RY — R is Lipschitz continuous in y.

In economic terms, the function C; measures the emissions from
producing q units of electricity given the investment level x and
the value of the factor process; these are then multiplied with 7 to
give the instantaneous carbon tax payments; the function C, gives
the emission-independent production cost. Specific examples are
discussed in Section 3 below.

Under Assumption 2.1(i) and (iii), there is a unique optimal
instantaneous energy output g* € [0,g™*] for every (x,y,7).
Taking derivatives with respect to g gives the first-order condition

P(¥) = 8,Co(q, x,¥) — (0,C1(q, X, ¥) = F,v0(@))T =0, (4)

which has at most one solution due to the strict convexity of the
cost functions. If we consider moreover the boundary cases g = 0
and q = g™, we get the following:

0, if p(y) = 84Co(0, X, ) = (34C1 (0, x, ) = 34v5(0))7 < 0;

7 =39, if p(y) = 84Co(q™™, x,y) = (8,C1 (g™, X, ) — 84 v(q™ )T > 0;

the solution of (4), else.

©)

2.2 | Optimal Investment

We assume that the investment value X has dynamics as follows:

t t
X, =X0+/ yxds—/ 6X ds+oW,, t<T. (6)
0 0

Here W = (W,),5o is a Brownian motion, independent of the
Brownian motion B in the dynamics of Y, 0 < § < 1 is the depre-
ciation rate and the term oW, models exogenous fluctuations of
the investment value, due, for example, to random replacement
costs. The process ¥ = (¥,)o<:<r represents the rate at which the
producer invests into abatement technology. We assume that the
investment is irreversible, that is we introduce the constraint
that y, > 0 for all t. Moreover, we assume that the investment
is subject to proportional transaction costs given by xy2. These
costs penalize a rapid build-up of abatement technology. By A, we
denote the set of all admissible investment strategies, that is the set

of all adapted nonnegative cadlag processes y with E [ /OT y? dt] <
0.

The producer uses a cash account D to finance her investments
and to invest the profits from selling electricity. We assume that
there is a constant interest rate r > 0 that applies to borrowing
and lending. Hence D has the dynamics as follows:

dD, = (rD, + TI*(X,, 7, Y,) = (v, + xy}))dt, Dy =0. (7)

We interpret the horizon date T as lifetime of the electricity
production technology, and we model the residual value of the
investment by a function h(X;), which is nonnegative, increasing
and continuous and whose form will depend on the type of
abatement technology.

The goal of the electricity producer is to maximize
E [e"T(DT + h(XT))], the expected discounted value of her
terminal cash position and of the residual investment. Next we
show that the initial value of the cash account does not affect the
investment decision of the producer. In fact, using Equation (7),
we get that

T

e"T-9p, = D, —/ re”"6=9Dds
t

T
+/ e—r(s—t)(rDS + HX(X)? Ysa Ts) - Vs~ Kysz)ds
t

Hence,

Ele~"(Dr + h(X7))]

T

=Dy +E [/ e (I (X5, 5, Yy) — vs — xy2)ds + e Th(X7) |, (8)
0

and the goal of the producer amounts to maximizing the second
term in Equation (8).

In this paper, we study the optimization problem of the producer
in two settings that differ with respect to the modeling of
randomness in carbon taxes. In Section 4, we analyze the case
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of tax-risk, where the tax process 7 follows a precise probabilistic
model, namely a pure jump process with given jump intensity and
jump size distribution. In Section 5.1, we consider an alternative
approach corresponding to the case of tax uncertainty. There the
electricity producer considers a set of possible future tax scenarios
and uses a max-min criterion to determine her production and
investment strategy.

3 | Production Technologies: Examples

We now discuss two specific examples for the production
and emission abatement technology that will be used in the
numerical experiments.

3.1 | The Filter Technology

In this example, we assume that the producer is using a brown
technology such as coal-fired power plants but is able to reduce
CO, pollution by investing in a carbon capture and storage
or filter technology. We let { be the input good, that is, the
amount of raw material (coal or gas), which is needed to produce
electricity. We suppose that one unit of raw material has a cost
of ¢(y) dollars and that for each unit of raw material used in the
production process, the amount of emitted CO, is e,. If filters are
installed, emissions per unit of raw material are reduced by e(x).
The emission reduction depends clearly on the quality and the
number of filters, and hence on the investment level x. Given an
investment level x, total emissions for ¢ units of raw material are
thus given by ¢ (e, — e(x)).

We denote by P({) the amount of electricity that can be produced
using ¢ units of raw material, for a continuous increasing and
concave function P with P(0) = 0. Denote by Q(-) the inverse
function of P. Then, to produce the amount g of electricity,
the producer needs ¢ = Q(q) units of raw material and hence
the incurred cost (production cost and taxes) is given by the
following:

C(g,x,,7) = Q@)(E(Y) + (g — e(x))7). ©)

Note that in this example, the functions C, and C, from Assump-
tion 2.1 are given by Cy(q,x,y) = Q(q)¢(y) and C,(q,x,y) =
Q(g)(ey — e(x)). Recall that we interpret the horizon date T as
lifetime of the brown power plant. It makes sense to assume that
the residual value of the filters installed is zero once the power
plant is no longer in operation, so that for the filter technology,
we take h(X;) = 0.

3.2 | Two Technologies

Next we consider a situation where the energy producer has
the option to replace a brown technology, such as coal or gas
power plants, by a green technology, such as wind or solar
energy. We denote by ¢, the amount of input material for the
brown technology and suppose that one unit of input material
costs ¢,(y) dollars and leads to e, tons of CO,. Let P,(¢) be
the amount of electricity that can be produced with ¢ units of

raw material and assume that P, is increasing and concave and
Pb(O) =0.

The input material to produce green, on the other hand, has a
price of zero (for instance wind or sun) and for simplicity, we
assume that green technology does not emit CO,. We associate the
investment level x with the amount of green production facilities
(solar panels or wind turbines) installed and we denote by P,(x)
be the maximum amount of electricity that can be produced
with the green technology for a given investment level x. We
assume that the maintenance cost c,(x) of the green technology
only depends on the investment x. Denote by Q,(-) the inverse
function of P,. Then the total cost for producing q units of energy
is

cg(x) if g—Py(x)<0;
cg(x) + (c,(1) + ,1)Qy (q — Py(x))  if g — Py(x) > 0;
(10)

equivalently, C(q, x,y,7) = ¢,(x) + (c,(¥) + €,7)Q,((q — Py (x)*).
In this example, we get that

C(g,x,y,1) =

Cox3. @ =0 + 60 ((a-P,) "), (D

Ci(x,y,q) = ebe((q - Pg(x))+> - (12)

These functions satisfy the regularity conditions stated in
Assumption 2.1(i)-(iii) if ¢, and P, are Lipschitz, Q, is C',
increasing, strictly convex and (Q,)(0) =0, with the excep-
tion that C, is strictly convex in g only for g > P,(x). This
is however sufficient for the existence of a unique optimal
electricity output g*, which is given by Equation (5). We will
also assume that ¢, and P, are increasing in the investment
level x to make the model reasonable from an economic
viewpoint.

In the numerical experiments, we take Q,(gq) = aq®?, which fits
the conditions above. Moreover, we use a function P, of the
following form:

Pg(x) = pg[(x - X)Jr]a’ a e (0’ ]-)a

for some productivity parameter p, € (0, 1), where X represents
initial expenses such as land acquisition and infrastructure
development for connecting to the grid that the electricity
company must bear when building a green power plant. This
example shows that our model may account for threshold
effects, even when the investment occurs continuously in
time.

To simplify the exposition, we concentrate on the case where
the maximum production level g™** is independent of x. In the
two-technology example, this bound can be interpreted as the
maximum amount of electricity that could be absorbed by the
grid. However, it might also make sense to consider the case
where g™ depends on the amount of green technology installed
and hence on the investment level, that is, to model the maxi-
mum capacity as a function g(x). This choice brings additional
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technicalities in some of the theoretical results. We refer to the
comment on maximum capacity expansion in Appendix B.1 for
further discussion.

4 | Tax Risk and Stochastic Control

In this section, we analyze the case of tax-risk, where the tax
process 7 follows a fully specified probabilistic model, namely
a Markovian pure jump process with given jump intensity and
jump size distribution. From now on, we use the notation E, [-] to
indicate the conditional expectation given X, = x,Y, =y, 7, = 7.
The reward function of the optimization problem (8) is thus given
by

T
J(t,x,y,7,7) =E, [/ e OO (T (X, 74, V) — 75 — 173 )ds + e TOR(Xp) |

t
(13)
and we denote by V(t,x,y,7) = sup{J(t,x,y,7,¥) : y € A} the
corresponding value function. The main goal of this section is to
characterize V as viscosity solution of a certain Hamilton-Jacobi-
Bellman (HJB) equation and to give criteria for the existence of a
classical solution.

4.1 | The Tax Process

In the tax-risk case, we work with the following mathematical
model for the tax process. Let N(dt,dz) be a homogeneous
Poisson random measure with intensity measure m(dz)dt, where
m(dz) is a finite measure on a compact set Z C R, thatis, m(Z) =
M < oo. Then the tax process satisfies the following SDE:

t
T, =T +/ /F(s, Y, ,7,_,z) N(ds,dz), te[0,T], (14)
0 Jz

for a function I'(t,y,7,z) : [0,T] x R x R x Z = R such that
Equation (14) has a unique solution, which is then automatically
a Markov process. (A set of sufficient conditions is listed in
Assumption 4.2-(iii)). In the sequel, to avoid technicalities, we
assume that there exists 7™ > 0 such that 7, € [0, 7™**] for all
t € [0,T]. This translates into the following conditions on the
function I':

supI'(t,y,7,2) < Tpax — T and ;relzf{ rt,y,7,z) > -, (15)

zeZ

for all t €[0,T], y € R%, 7 € [0,7™*]. We denote by L° the
generator of 7, for given ¢ and value of the factor process y, that is

£ f(ty.T) = / (F(ty.7 4+ T(y.7.2) = (6,3, 7)) m(d2).
zZ
(16)

The process 7 features totally inaccessible jump times, implying
that tax rate changes are “surprises” for the producer. This
constitutes a stylized model, as in practice tax changes may
be announced randomly but are in effect implemented at fixed
future dates to minimize disruption to firms. However, when the
delay between announcement and implementation is short, this
simplification has limited impact on the qualitative features of the

optimal investment strategy due to transaction costs. In particu-
lar, firms cannot defer investment decisions until a tax increase
is announced, as rapidly expanding abatement capacity within
the short interval between announcement and implementation
is prohibitively costly.

Example 4.1. A basic example is given by a two-state
Markov chain with states 7! < 72 and transition rate matrix G =
(&ij)i,jeqn 23 Where g; = —g;; for j # i. The generator of 7 is then
given by

Lf@) = Y ey Y uf (7).

j=1 i=1

Here, 7, = 7! may represent a low tax regime under a government
with limited environmental focus, while 7, = 72 corresponds
to a higher tax consistent with a government with a green
policy agenda; transitions between tax levels then reflect shifts
in political leadership. A Markov switching model is a natural
choice to represent tax uncertainty and it was also considered
in the seminal paper Hassett and Metcalf (1999). In Section 6,
we consider two special Markov switching models for the tax
evolution, namely the tax increase and the tax reversal. In the tax
increase case, we assume that 7, = 0 and that the process jumps
upward to 7> > 0 at arandom time. This is a stylized model for the
situation where a government plans to rise carbon taxes in order
to comply with international climate agreements but where the
exact timing of the tax rise depends on random political factors.
In the numerical experiments, we moreover assume that the high
tax value is an absorbing state. In the case of a tax reversal, the tax
is initially set to a high value (z, = 72), but it jumps downward
to 7! at a random time, due to lobbying efforts or a change in
government composition. In this case, we assume that after the
tax reversal, the tax rate may increase again to 72.

A two-state Markov chain can be embedded into the family of
pure jump processes of the form (14) with the following identifi-
cation: We let Z = {0, 1}, m"(dz) = g, 65(dz) + g5, 51;(dz) and
put

I'(z,0)=[t? =] = [t' = t]" and (7, 1) = [t = 22]* = [t = 7']*.

In this way, T is bounded and Lipschitz in 7 (see Assumption 4.2
below).

4.2 | Properties of the Value Function

In the sequel, we use the notation L, for the Lipschitz constant
of a function f. We need the following set of conditions for our
analysis.

Assumption 4.2.

i. Function h(x) is Lipschitz in x.
ii. Functions f3, a are continuous and globally Lipschitz.

iii. Function I'(¢,y, 7, z) is continuous in t,y, 7, z, Lipschitz in
y,T,forallt € [0,T],and forall z € Z and satisfies Equation
(15).
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Lemma 4.3. Let V be the value function of the problem (13).
Suppose that Assumptions 2.1 and 4.2 hold. Then,

i. IT* is Lipschitz continuous in (x,y, T);

ii. V is Lipschitzin x, uniformly in t, t,y, with Lipschitz constant

LH* (1 _ e—(r+5)T))

L, = L,. 17
v PR + Ly an

iii. Suppose moreover that IT* and h are increasing in x, then V is
increasing in x as-well.

Proof. We begin with statement (i). To prove this, we will use
Assumption 2.1. By direct computations, we get that

[T (!, pt, 7t = (2, y%, 72)| = | max ]H(xl,yl,rl,q)— max ]H(xz,yz,rz,q)|
q gelogmix

€l0,gmex
(18)

< max |O(x',y', 7l q) - O(x%y%7%,9).  (19)
q€[0,gmax]

Moreover, we get from the definition of IT that

(x', y', 7', q) = (2, 2, 72, q)| < Iph) = pO)Ig +1Co(g, X1, 1) = Colg, x2, ¥
+|7'Ci(g, ¥, y") = T2C1(g, 2, yD)| + |T' = T2 |we(q)
<MLyl = 321+ L, (! = 321+ [x = x2) + T L (Iy! = 321+ Ix! = %)

+ UGl + [volle)IT =721,

so that II is Lipschitz continuous in (x,y,7) uniformly in
q € [0, g™*]. Here || - ||, represents the supremum norm.

Next we establish (ii). By (i), we know that IT* is Lipschitz
continuous in (x, y, 7) with Lipschitz constant L;;.. Next we let X*
and X? be the solutions of Equation (6) with the initial conditions
x! # x?, respectively, thatis X' = x' + /0[ (ys — 6X,)ds + oW, for
i =1,2. Then we get that X; — X? = (x! — x2)e™® for t > 0 and

[V, xty,7) = V(t,x%y, 1)l (20)

<supk,
yEA

e2y)

T
< suE E, [ / Ly X} — X2|e7"6"ds + e T-OL, | X7 — X2 |]
Y€ t

(22)

T
< / Ly |xt — x2|e~+96-0(ds 4 e=+)T-DL |x — x2|  (23)
t

T
[ amy - e vomlee-tds + 0 e - h(xi>|]
t

Lo(1 = e—(r+5)(T—1)

= |x! — x?| (% + e—(r+5)(T—r>Lh>_ (24)
This shows that V is Lipschitz in x, uniformly in ¢, 7,y with
uniform Lipschitz constant L.

For (iii) note that if h and II* are increasing in x, the reward
function (13) of the problem is increasing in x, which carries over
to the value function V by definition. |

Remark 4.4 (Comments and extensions). 1. The argument
in the proof of Lemma 4.3-(i) can be applied to establish the
regularity of the function IT* in cases where investment may
expand the maximum capacity. Such an extension is particularly
relevant in the context of the two-technology example.

2. It is possible to show that if IT* and h are concave in x, then V' is
also concave in x. This situation arises, for instance, if TI(q, x, y, )
is concave in x and if g* is a fixed quantity.

The mathematical details of these two extensions are discussed in
Appendix B.1.

4.3 | Viscosity Solutions

For mathematical reasons, we first assume that the set of
admissible controls is bounded and we denote by A7 C A the set
of all adapted cadlag processes y with 0 < y, < 7 for all ¢. Let,

T
V7(t,x,y,7) := sup E, [/ (H*(Xa, Y, 7T) =75 — Kyf)e‘r(x‘”ds +e" T Op(Xp)].
yeA? t

(25)

As a first step, we show that V7 is the unique viscosity solution of
the HJB equation

2
v (t,x,y,7) + IT*(x, ¥, 7) + L70(t, X, y,7) + LY v(t, x,9,7) + %Uxx(t7 X, Y,T)

+ sup {vx(t, XY, )y —6x)—(y + xyz)} =—ru(t,x,y,7)
0<y<y

(26)
with the terminal condition v(T, x, y, 7) = h(x).

Proposition 4.5. The function V7 is Lipschitz in (x,y,7) and
Holder in t and the unique viscosity solution of Equation (26).
Moreover, a comparison principle holds for that equation.

Proof. 1t is easy to check that for the problem (25), the hypotheses
(2.1)-(2.5) of Pham (1998) are satisfied. Then, the result follows
from Pham (1998, Theorem 3.1). Note that in Pham (1998), it is
assumed that the controls take values in a compact set, so that the
results of that paper apply only to the case where y € A”. O

Next we want to prove that V7 is independent of 7 for sufficiently
large values of 7. For this, we use that, in view of Lemma 4.3, the
value function V7 is Lipschitz with Lipschitz constant L, as in
Equation (17); in particular, the Lipschitz constant may be taken
independent of 7.
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Proposition 4.6. Consider constants y* < y? such that ~——— G- 1)

y.ThenVV =V7

Proof. For i = 1,2, denote by V7i(t,x, ¥,7) the value function
of the optimization problem with strategies in .A”'. Since 7! <
72, it is immediate that A7 C A" and hence VVz(t,x,y,f) >
%4 (t,x,y,7). To establish the opposite inequality, that is,
V7l(t,x,y,‘r) > V7(t, X,y,T), we prove that V' is a viscosity
supersolution of the HIB equation (26) with 7 = 72.

Fix some point (¢, Xy, Yo, Tp)- Since v7'isa viscosity solution (and
hence in particular a supersolution) of Equation (26) with 7 = 71,
for every smooth function ¢(¢, x, y, 7) such that

#(t,x,,7) < V7' (t,x,y,7) for all (¢, x,y,7) and ¢(ty, X0, Yo» To) = V7' (o> Xo» Yo To)
(27)
it holds that

<¢t(zu 0000 70) + TG, Y0, 70) + £7V7 (,5,3,7) + L7686, 2,9.7) + G (1, %,9.7)

+ sup {@.(t,x,y, 1)y - 6x) - (¥ + )} — V7 (t,x,y, 1)> >0 (28)

o<y<p!

It follows from Equation (27) that ¢, (¢, Xy, Yo, To) < L, with ¢,

being the partial derivative of ¢ with respect to x. Note that the
(¢x—1) (Lv—l)+
< —-x

2%k 2%
7'. Hence we can replace 7! with 7 in Equation (28) without

changing the supremum. This implies that v’ isa supersolution
of Equation (26) with 7 = 7* and completes the proof. O

supremum in Equation (28) is attained at y*

Summarizing, we have the following result.

Theorem 4.7. Fixj > —— LU Then the value function V of the

optimization problem (13) equals V7. It follows that V is Lipschitz
in (x,y, ), Holder in t and the unique viscosity solution of the HIB
equation (26).

Proof. In the sequel, we show that V (¢, x,y,7) = V7(t, x,, 1) for

7> (va_k hence V is the unique viscosity solution of the HIB

equation (26) and inherits the regularity properties of V7 from
Proposition 4.5.

In view of Proposition 4.6, it remains to show that V(¢,x,y,7) =
lim,,_., V™(t, x,y,7) (V" is the solution of Equation 26 with 7 =
m.) The inequality V(¢t,x,y,7) > lim,,_ . V"(¢t,x,y,T) is clear,
since A™ C A. For the converse inequality, we observe that for
all y € A, there is a sequence of strategies y™ € A™ such that
lim,, ., sup,.,.; [¥{" = 7:| = 0 P-a.s. To show this, it is sufficient
to take ;" =y, A m. Moreover, it is easily seen that the reward
function is continuous with respect to ¥ so that we have the
convergence J(t,x,y,7,y™) — J(t,x,y,7, 7). Now we choose ¢ >
0 and a strategy y° € A such that J(¢,x,y,7,7°) > V(¢,x,y,7) —
g/2. Let {y™},,en such that

lim sup |y —y¢| =0 P-as,,

M= 0<i<T

hence J(t,x,y,7,y™) - J(t,x,y, T, ¥°). Then, there is m*(¢) €
N such that for all m > m*(¢), it holds that V"(¢t,x,y,7) >

Jt, x,y,t,y™) > V(t,x,y,7) — €. Since ¢ is arbitrary, we get the
result. O

4.4 | Classical Solution

In this paragraph, we discuss conditions ensuring that the value
function is a classical solution of the HIB equation (26).

Theorem 4.8. Fixy > —/—— (LV D" Assume that o > 0 and that there

is some & > 0 such that for all§' € RY, £T&(t,y)¢é > al|£||% Then
the value function V(t, x, y, T) is the unique classical solution of the
HIB equation (26).

The proof of this result is given in Appendix B.

Corollary 4.9. Under the assumptions of Theorem 4.8, the
(Va (XY t)-DF fO}"

optimal strategy satisfies y; = y*(t,X,,Y,,7,) = .
X

everyt € [0,T].

Proof. Since the function V is a classical solution of Equation (26),
we get that y*(¢, X,, Y;, 7,) is the optimal strategy by verifying first-
and second-order conditions. O

In Appendix B.3, we discuss an example which shows that the
assumption o > 0, that is, strict ellipticity of the generator of
the controlled process X, plays a crucial role in obtaining the
classical-solution characterization discussed in this section. This
example illustrates in particular that, when the assumption is not
satisfied, the value function may be a strict viscosity solution of
the HJB equation.

5 | Tax Policy Uncertainty and Stochastic
Differential Games

Climate policy variables such as emission tax rates are the result
of unpredictable political processes. Consequently, specifying a
reliable probabilistic model for the evolution of future tax rates
is challenging. In this section, we therefore analyze optimal
abatement investment under the assumption that the producer
is uncertainty-averse with respect to future taxes. In that case,
the decision on the optimal instantaneous electricity output g,
cannot be separated from the optimal investment decision, and
we denote by Q the set of admissible production plans q =
(g, )o<i<r- We assume that the producer’s preferences account for
uncertainty in future tax paths. Specifically, she considers a set
ST of possible tax scenarios and selects her production planq € Q
and investment strategy y € .A by solving the following max-min
problem:

max mm](‘t 7, 9. (29)
geQyeA tes

Here the payoff function J is given by

T
J(,7,9=E [/ (TI(gy, X, Yy, 7y) = 75 — K73 Je " ds + h(Xp)e™ | +v0(2),
0

(30)
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v, >0 is a given constant and the nonnegative functional p
penalizes the tax processes T € S* according to their deviation
from some reference tax plan 7 (precise definitions of all objects
in Equations 29-30 are given in Section 5.1 below).

The criterion (29)-(30) may be interpreted as a sequential game
between the producer and a hypothetical adversary (“nature”). In
this game, the producer first selects a production plan q and an
investment strategy y. In response, nature chooses a tax process
7 that minimizes the producer’s penalized expected profits, so
that 7 represents a worst-case tax scenario. To determine an
optimal strategy, the producer anticipates nature’s reaction and
selects ¥ and q to maximize the minimized expected profits.
Nature’s choice is penalized by the function p(z). Tax processes
with large p(7) are thus disadvantaged in the worst-case scenario
determination, making them less relevant to the producer’s
decision. This explains why the term v, p(7) is added rather than
subtracted in Equation (30). The parameter v, > 0 represents the
producer’s uncertainty aversion or sensitivity to tax uncertainty.
When v, is near zero, the producer considers all possible 7 € S7,
indicating high uncertainty about future tax rates. Conversely, a
large v, leads to the near exclusion of tax processes that deviate
significantly from a reference tax plan, implying low perceived
tax uncertainty. Note that in Equation (30), the producer evalu-
ates expected profits, meaning that under Equations (29)-(30),
she is uncertainty-averse regarding the evolution of taxes but
remains risk-neutral concerning standard investment and price
risks. This distinction aligns with the differing nature of these
risks.

The mathematical analysis of the optimization problem (29)
builds on the interpretation of Equation (29) as a game. More
precisely, we consider a stochastic differential game between the
producer and the opponent with payoff J as in Equation (30),
where the goal of the producer is to maximize J over y and g,
whereas nature wants to minimize J by her choice of 7, and we
identify the equilibrium strategies (y*, ¢*) and 7*. Standard min-
max theory then implies that y* and g* solve the optimization
problem (29) and that z* constitutes the corresponding worst-
case tax scenario. Comments. A decision-theoretic foundation
for preference functionals akin to Equation (29) is provided by
Maccheroni et al. (2006); an alternative approach to model ambi-
guity aversion is discussed by Klibanoff et al. (2005). Optimization
problems similar to Equation (29) and stochastic differential
games have been previously employed to model the decision-
making of uncertainty-averse investors in mathematical finance.
Notable applications include option hedging under volatility
uncertainty, as discussed in Herrmann et al. (2017).

We stress that the game between the producer and nature serves
as a conceptual tool to solve the optimization problem (29) for the
uncertainty-averse producer and that it does not correspond to a
“real” game. In particular, the fictitious adversary should not be
interpreted as a regulator or government entity. A government’s
objective function, aimed at maximizing social welfare, would
typically consider factors such as emissions, energy production,
and tax revenue—none of which are included in the reward
function (30). For an example of a regulator’s objective function
incorporating these factors, we refer to Carmona et al. (2021,
eq. 18).

5.1 | The Differential Game

We now describe the game between the producer and her
fictitious opponent in detail. The dynamics of the factor process
Y and of the stochastic investment X are given by Equations (1)
and (6), respectively. We consider the profit function Il(g, x, y, 7)
introduced in Equation (2), where the cost function satisfies the
Assumption 2.1.

We assume that the set S® consists of all adapted tax processes
with values in a band around some deterministic tax plan
7 :[0,T] ~ [0, ), which can be interpreted as the producer’s
prediction of the future tax evolution or as the future carbon tax
rate officially announced by the government at ¢ = 0. Given func-
tions ™, 7™ : [0, T] — [0,4+c0) with T™"(f) < 7(¢) < T™(¢)
for every t € [0,T], we thus define S” as the set of all adapted
processes 7 = (7,),., ., such that T™"(t) < 7, < ™(¢) for all t €
[0,T].For0 <t < T, we introduce the penalty function as follows:

T
7+ p,(t) = F, [/ e "670(T, — 7(s))? ds] , (€)
t
and we let p := p,. Next, we denote by Q the set of all adapted
production processes q = (q,),.,., taking values in [0,g™*],
for some g™ > 0 that represents the maximum capacity of
production. Finally, recall that A denotes the set of admissible
investment strategies, that is, the set of all adapted processes y =

(Y1)o<r<r With values in [0, +c0) and E [fOT ytdt] < 0.

The special form of Equation (31) permits us to move the
penalization inside the expectation in Equation (30). Given an
uncertainty aversion parameter v, > 0, the payoff function of
the differential game between the producer and the fictitious
adversary is thus given by the following:

J(t,x,y,7,7,9) = E, [h(Xp)e " (32)

T
+/ (H(qme’ Ys’ Ts) - Vs~ KYSZ + Vl(‘[s - f(s))z)eir(57t)ds
t

(33)

In the game, the goal of the producer is to maximize Equation (32)
over admissible investment rates ¥ € .4 and production plansq €
Q; the opponent, on the other hand, chooses the tax process 7 €
S7 in order to minimize Equation (32). A pair of strategies (y*, g*)
(for the producer) and z* (for the opponent) an equilibrium for the
game ifforanyr € S7,y € A,q € Q,

J(0,X0, Yo, 7", ¥, @) <J(0,X0, Yo, 7%, 7", q") < J(0,X0, Y0, 7, 7", q) .

(34)
We then call u(t,x,y) :=J(t,x,y,7%, 7", q") the value of the
game. In the sequel, we show that under certain regularity
conditions, the game (32) has equilibrium strategies (y*, g*) and
7" in feedback form, which implies that the value of the game is
well-defined. Moreover, it follows from standard min-max theory
that y* and q* solve the optimization problem (29) and that 7*
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constitutes the corresponding worst-case tax scenario, see, for
instance, Rockafellar (1970, Lemma 36.2).

Our analysis of the game between the producer and nature
is based on Friedman (1972). Subsequent contributions to the
mathematical theory of stochastic differential games include
Fleming and Souganidis (1989), and more recently, Possamai et al.
(2020).

5.2 | Characterization of Equilibrium Strategies

In the following, we characterize the game’s value and equilib-
rium strategies. In stochastic differential games, this is typically
achieved using the Bellman-Isaacs equation. However, since in
our model, the tax value r chosen by the opponent affects only
the instantaneous profit, the Bellman-Isaacs equation can be
reduced to a standard HJB equation.

We define the function
g(q,7;x,y) =TI(q, X, y,7) + v, ( — T(1))?, (335)

and recall that II(q, x,y,7) = p(y)q — (Co(q, x,y) + C,(q, x, y)T)
+vy(q)T. In Lemma 5.2, we show that for every fixed (x,y),
the function g admits a unique saddle point (g*, 7*). Hence we
may define functions §(x,y) and #(x,y) that map (x,y) to the
associated saddle point of g. Denote by

G(x,y) : = g(4(x,y), t(x,¥); x,y) = max min g(g, 7; x, y)

= minmax g(q, 7; X, ) (36)
T g

the corresponding saddle value, where the maximum is taken
over g € [0,¢™*] and the minimum over T € [t™", 7], In the
next result, we show that the equilibrium strategy and the value of
the game can be characterized in terms of an HJB equation with
running reward given by the function G.

Proposition 5.1. Suppose that for fixed (x, y), the function g has
a saddle point (§(x, y), ©(x,y)) and that the PDE

2
0= u(t,x,y)+G(x,y)+ L ult,x,y) + %uxx(t, x,y)

+sup ((r = 6x)u,(t,x,y) =y — xy*) = ru(t, x,y)

r=0

with the final condition u(T,x,y) = h(x) has a classical solu-
tion. Let p(t,x,y) = (u(t,x,y) —1)*/(2x). Then u is the value
function of the game and the strategies q* = (4(X;,Y,))o<i<r>
Y =@X, Y )owi<r, and v = (8(X,, Y, ))o<i<r are equilibrium
strategies for the game.

Proof. This proposition can be established via classical verifica-
tion arguments. Suppose that the opponent uses the strategy 7*
and denote by X the solution of the SDE

dX, =@, X,,Y,) - 6X,)dt + odW,.

Since (§(x,y),t(x,y)) is a saddle point of g, we have G(x,y) =
SUP (g gmax| g(q,t(x,y); x,y), and we may rewrite the PDE (37) in

the following form:

2
u,(t,x,y) + LYu(t,x,y) + %uxx(t, x,y) —oxu,(t,x,y) (38)

+ sup  g(q,2(x,¥): %, y) +sup {yu,(t, x,y) =y —xy} = ru(t, x, ).
qe(0,gmax] 720
(39)

Moreover u(T, x,y) = h(x), so that this is the HIB equation for
the control problem

T
max [, [/ (g(qx,f'(XS, Y X, Ys) =y — xyg)efr(sfz)ds + e T-DpXp) | .
t

qeQ,yeA

(40)
A standard verification result for stochastic control problems
such as Theorem 3.5.2 in Pham (2009) now shows that u is the
value function for the control problem (40) and that ¢* and y*
are an optimal strategy in Equation (40). A similar argument
shows that 7* is optimal against ¢* and y*, which completes the
proof. O

Next we verify that the assumptions of Proposition 5.1 are
satisfied. We begin with the existence of a unique saddle point
for g. We omit the arguments X, y to ease the notation. For fixed
q € [0, g™*], the function 7 — g(q, 7) is strictly convex and has
a unique minimum on [t™",7™*] which we denote by 7(q).
Similarly, the function q — g(q, 7) is strictly concave and has a
unique maximum q(7) on [0, g™**]. A saddle point (¢*, 7*) of g is
characterized by the equations

™ =1(q") andq* = q(r*). (41)

We use first-order conditions to identify 7(q) and g(7). It holds
that

@ = {t+ 5 (C@-w@veram @)
The optimal instantaneous production q(7) is determined as in
Section 2. In particular, the first-order condition characterizing
q() is p — 3,Co(q) — (9,C1(q) — 3,vo(q))T = 0, and q(7) is there-
fore given by Equation (5). The existence of a unique solution to
Equation (41) is established in the next lemma, whose proof is

given in Appendix C.

Lemma 5.2. Suppose that the cost function C satisfies Assump-
tion 2.1 and that the functions C,, C,, and v, are moreover C* in q.
Then, for every fixed (x,y), the function g(q,7;x,y) has a unique
saddle point (g*,t*) =: (4(x,y), t(x,y)).

The next theorem summarizes the mathematical analysis of the
stochastic differential game.

Theorem 5.3. Suppose that o2 > 0, that the generator LY is
strictly elliptic, that the cost function satisfies Assumption 2.1 and
that Cy and C, are C* in q. Then the PDE (37) has a unique classical
solution u, which is the value function of the game. Moreover,
the strategies q*, y*, and t* from Proposition 5.1 are equilibrium
strategies for the game.
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Proof. In view of Proposition 5.1, we need to show the existence of
a classical solution to the PDE (37). For this, we first show that the
function G from Equation (36) is Lipschitzin (x, y). The definition
of G implies that |G(x',y") — G(x, y)| 5 SUP, ep lg(q,;x',y") —
g(q, 75 x,y)|, where B = [0, g™*] x [t™", %], Now,

18(q, 7 X", ¥") — g(q, 75 6, )| < g™ |p(y") — pW)I +1Co(q, X', ") = Co(q, X, ¥)|

+ 70 (q, X, y") = C1(g, %, )| < CI(X',y") = (x, ¥,

where the last inequality follows from the Lipschitz conditions
in Assumption 2.1. Existence and uniqueness of a classical
solution to Equation (37) now follow by similar arguments as in
Section 4.4. In fact, the analysis of Equation (37) is even simpler
than the analysis of the HIB equation in Section 4.4, since there
are no jump terms in the equation. [

5.3 | Properties of the Optimal Tax Rate and
Production

We now discuss the properties of the saddle point (t%,q*) =
(2(x), §(x)), omitting the dependence on y for clarity. We first
consider the case where the rebate v,(q) is zero. In that setting,
the producer’s profit I(q, x, 7) is decreasing in 7. Since nature
selects the worst-case tax scenario 7* in order to minimize profits,
it follows that * = 7(q*) is larger than 7, consistent with Equation
(42). This, in turn, incentivizes higher investment compared to
the reference tax scenario 7. Consequently, increased uncertainty
can be socially beneficial, as confirmed numerically in Figure 5
below. This reveals a key difference between a producer who is
averse to tax uncertainty and a scenario where tax dynamics are
assumed to be known.

If v,(q) > 0, we obtain from Equation (42) that t* > T if and
only if vo(q*) < Ci(q*, x), that is if the tax paid on emissions is
higher than the tax repayment due to the rebate. In particular,
with rebate and for full abatement, that is for C; = 0, we have
() < T.

These properties are reported in Figure 1 which depicts the
saddle point (£(x), §(x)) for a cost function associated with the
two-production-technology model (see Section 3.2 for the model
and Section 6.2 for parameter specifications). We impose the
capacity constraints g™" =5 and g™ = 10, where the lower
bound represents contractual obligations ensuring a minimum
energy supply. The tax rate 7 varies within [0.5,1.5], with the
most plausible value set at T = 1. The rebate function is given by
1,(q) = e,Q(xq) for different a values, while deviations from 7
incur a penalty v,(7 — 7)%. The left panels represent the case of
high uncertainty, modeled by a small penalty on deviations from
7 (v, = 1), while the right panels correspond to low uncertainty,
where deviations are strongly penalized (v, = 20). Each panel
considers scenarios without rebate (a = 0, blue dashed line) and
with rebate (o = 0.5, solid red line).

The graphs show that the optimal production function §(x)
is increasing in x as higher investment reduces tax payments,
thereby lowering marginal costs. Moreover, the rebate stimulates
production, as evidenced by the solid red line positioned above

the dashed blue line. Notably, §(x) exhibits robustness to tax
uncertainty, displaying similar behavior across both panels in
the upper row. In contrast, the optimal tax rate 7(x) is more
sensitive to v,. For small v, (high uncertainty), #(x) spans the
entire interval [t™", t™*], with constraints 7 < r™" = 0.5 and
T > T = 1.5being binding. For large v, (low uncertainty), these
constraints are inactive, and £(x) remains close to 7, consistent
with Equation (42). Furthermore, #(x) decreases with x, aligning
with economic intuition: Higher investment reduces emissions
and, consequently, carbon tax revenues, leading to lower tax rates
under rebate and penalization mechanisms.

6 | Numerical Experiments

In this section, we report the results of numerical experiments
that study the impact of transaction cost, production technology,
market structure, and randomness in the tax system on the invest-
ment strategy and the optimal electricity output of the producer.
Throughout, we use the deep-learning algorithm proposed in
Frey and Kock (2022) to compute the value function and the
optimal investment rate. We refer to Appendix A for the details
on the numerical methodology.

In Section 6.1, we present results in the context of the filter
technology from Section 3.1, in Section 6.2, we discuss results
for the two technologies from Section 3.2. In both cases, we
work under tax-risk and assume that the tax process follows the
two-state Markov chain introduced in Example 4.1 with ! =0
and 72 > 0 and transition intensity matrix G. In the tax increase
case, we assume 7, = 7', g;, = 0.25, and g,; = 0, meaning that
72 is an absorbing state. In the tax reversal case 7, = 7> and
81> = & =0.25. In Section 6.3, we finally discuss examples
for the stochastic differential game in the context of the two
technologies.

6.1 | Filter Technology and Tax-Risk

We now discuss results of numerical experiments for the filter
technology. We use the following parameters: § = 0.05, o = 0.05,
r = 0.02, the time horizon is T = 15 years and h(x) = 0, which
is in line with the fact that filters lose their value at the end of
the lifetime of the underlying power plant. The transaction costs
parameter is usually set to x = 0.5. The high tax value is set to
72 = 0.2. We work with a cost function of the form (9), where the
cost of one unit of raw material is constant and equal to ¢, the

3
quantity of raw material is specified as Q(q) = aqz, and where
the abatement function is given by the following:

2
el

e(x) = <elx - Ex2>1{x<2(30/e1} + 301{x>260/e1} (43)
0

In the numerical experiments, we use the parameter values a =
1.25,¢ = 1,¢, = 1.5,¢; = 0.5. Note that for the chosen parameters,
the abatement cost (43) is globally nondecreasing in x, concave
and differentiable and that the maximum abatement level is e,.

These parameter values are chosen to obtain a qualitatively rea-
sonable behavior of the production function. They are, however,
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FIGURE 1 | Saddle point (£(x) (top) and ¢(x)) (bottom) for the cost function from the two technologies example, with T = 1. Left: small v, right:
large v;. The value @ = 0 corresponds to no rebate, a = 0.5 to a positive rebate. Note that the left and the right panel on the bottom use a different scale.

[Color figure can be viewed at wileyonlinelibrary.com|

not calibrated to a real production or abatement technology, for
the following reasons. First, real abatement cost functions and
production technology characteristics are highly firm- and sector-
specific, and comprehensive, publicly available data capturing
these aspects are scarce. Moreover, in many cases, abatement
technologies are still evolving, making it difficult to define
stable, reliable cost structures. However, given the outcome of
several robustness checks, we are confident that the qualita-
tive insights from our analysis remain informative nonethe-
less.

6.1.1 | Fixed Electricity Output

In this section, we assume that electricity production is fixed and
equal to g™ = 4, for instance, since the producer has entered
into long-term delivery contracts. In that case, the investment
decision of the electricity producer is not affected by the rebate or
by the electricity price, so that the only risk that is relevant for the
investment decision of the producer is the randomness in taxes.

In Figure 2, we plot single trajectories of the cumulative invest-
ment for the tax increase (left panel) and the tax reversal (right
panel), for ¥ = 0.5 and, for comparison purposes, for ¥ = 0.2 (low
transaction costs). We make the following observations. First,
investments are larger for low transaction costs. Moreover, the
investment level decreases as time approaches the horizon date T.
This is due to the fact that y; is equal to zero for ¢ close to T, since
in that case, the tax savings generated by new investment over the
remaining lifetime of the power plant are too small to warrant
the expenditure. Finally, the producer reacts to changes in the
tax regimes. Indeed, when a change in the tax rate occurs the
trajectory of the investment process suddenly exhibits a change in
the slope (i.e., a kink), which, intuitively, corresponds to a jump
in the investment rate. In particular, in the tax increase scenario,
the investment rate y, jumps upward as the tax rate switches

from 7! to 72. Interestingly, the producer starts to invest already
at t = 0, even if the tax rate is equal to zero for small ¢. In this
way, she hedges against an anticipated tax increase. In fact, due to
transaction costs, it would be too costly to wait until the upward
jump in taxes actually occurs and to invest only thereafter. This
hedging behavior distinguishes our model from the real options
literature such as Fuss et al. (2008), where it is optimal to wait if
and when a regulator acts and to invest only afterwards. In the
tax reversal case, investments start at a high rate due to the high
taxation of emissions. As soon as taxes switch to 7!, the producer
reduces or even stops her investment so that X, decreases due
to depreciation.

Next we present numerical results on the distribution of the emis-
sions. For comparison purposes, we also consider a deterministic
benchmark tax scenario 7(t), which is computed as follows: In the
tax increase case, we assume that 7(t) is linear increasing that is
7(t) = bt; in the tax reversal case, we assume that the reverence
tax rate is constant, 7(t) = 7. The parameters b and T are set so
that the expected average tax rate is identical in the benchmark
scenario and in the case with random taxes. The benchmark
scenario in the case of a tax increase corresponds to the situation
where a government incrementally raises the carbon tax in a
series of small deterministic steps. A real-world example of such a
scheme is the carbon tax policy implemented by the Singaporean
government, as discussed in Tan and Tan (2022).

In Table 1, we report the values of several statistics of the
emission distribution (5% quantile, mean and 95% quantile) at two
evaluation dates, after 10 and 15 years, for x = 0.5, in the two tax
scenarios and in the benchmark case. The values suggest that the
benchmark tax regime leads to emission levels that are lower than
the mean emissions under random tax rates. This confirms the
intuition that randomness in future tax rates reduces investments
into carbon abatement technologies, so that a deterministic tax
policy would be beneficial for stipulating emission reduction.
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FIGURE 2 | Single trajectory of cumulative investment. Left: tax increase, right: tax reversal. Low transaction costs are represented by solid line,

high transaction costs by the dashed line. The gray (white) shaded areas correspond to time periods with high tax rate (low tax rate), respectively. [Color

figure can be viewed at wileyonlinelibrary.com|

TABLE 1 | Statistics of the emissions distribution under both
stochastic tax regimes for the filter technology example.

Statistics of emission distribution
t=10 t=15
5% Mean 95% Bench 5% Mean 95% Bench

Tax increase 3.27 527 7.82 5.07 521 7.31 1134 6.38
Taxreversal 431 511 7.43 418 6.74 7.83 10.78 6.52

TABLE 2 | Statistics of the emissions distribution for the random tax
increase: wrong belief versus correct belief on the switching intensity
(filter technology).

Statistics of emission distribution, different beliefs
t=10 t=15

5% Mean 95% 5% Mean 95%

Wrong belief  3.72 7.96 15.03 554 1020 21.41
Correct belief  3.33 5.27 7.82 521 7.31 11.34

6.1.2 | Credibility of Tax Policy

Next we investigate the impact of the credibility of an announced
carbon tax policy on the investment decisions of producers,
and consequently, on the effectiveness of the policy. To shorten
exposition, we focus on the case of a random tax increase (the
results for the tax reversal are qualitatively similar). We compare
a producer who does not believe in the announced future tax
increase, and as a result, operates with a very low switching
intensity (g,, = 0.05), to a producer with the correct switching
intensity of g;, = 0.25. Table 2 presents the quantiles and average

Investment for different beliefs (tax increase)
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FIGURE 3 | Example trajectory of total investment for the tax
increase case for two investors with different beliefs about switching
intensity (filter technology). [Color figure can be viewed at wileyonlineli-
brary.com]|

emissions for both producers. The results show significantly
higher emissions in the case of incorrect beliefs.

To explain these differences, in Figure 3, we compare the trajec-
tory of cumulative investment of both producers for a given tax
path. We see that the producer with g, = 0.05 does not hedge
against the potential rise in tax rates but increases investment
only after the tax increase. These observations are highly relevant
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FIGURE 4 | Trajectory of the optimal production g*, with rebate (solid red line) and without rebate (dashed blue line). Left: tax increase. Right: tax

reversal (filter technology). [Color figure can be viewed at wileyonlinelibrary.com]

from a policy perspective as they show that a carbon tax policy
must be credible to substantially speed up the transition to
greener energy production.

6.1.3 | Stochastic Price and Endogenous Electricity
Output

Now we enrich the setup assuming that the selling price of
electricity is random and given by p, = exp(Y,), where the process
Y is the solution of the one-dimensional SDE

dY, =6(u—-Y,)dt +adB, Y,=In(p,),

for a one-dimensional Brownian motion B = (B,),, that is

independent of W. We fix u =1n(5), 6 =1, a = 0.1, and p, = 5.

The dynamics of X and 7 are as in Section 6.1.1. The producer opti-

mizes the instantaneous electricity production q; = ¢*(X,,Y,,1,).

We also consider a tax rebate, which is modeled by the function
3

v(q) = éQ(q)eO, with Q(q) = aq?, that is the tax payments of
the producer are fully refunded when half of the emissions are
abated.

Modeling the price process as the exponential of an Ornstein—-
Uhlenbeck process is a well-established approach. The mean-
reversion component effectively captures stochastic price fluc-
tuations around an average value. This model has been widely
used in the literature, including Geman and Roncoroni (2006),
Fuss et al. (2008), and Benth et al. (2012). Energy prices are also
subject to temporary price spikes caused by events such as power
plant outages or capacity shortages, which are not captured by
our model; however, since these effects are not persistent, they do
not have a significant impact on long-term planning of the firm
investments. Similarly, we found that parameters for the process
Y have no significant bearing on the qualitative results regarding
the optimal strategy.

Figure 4 plots trajectories of the optimal production for the
random tax increase (left panel) and for the random tax reversal
(right panel). We compare the cases with rebate (solid lines)
with that of no-rebate (v,(q) = 0, dashed lines). The plots are
obtained for the same selected price trajectory. We see that
optimal production q* reacts to three different factors: (i) there are
instantaneous jumps occurring at tax switches; (ii) between two
consecutive tax jumps production fluctuates in reaction to price
changes; (iii) with tax rebate production is both larger and more
volatile than for v,(q) = 0.

The implications for optimal investment are presented in Table 3.
We compare outcomes with and without a rebate for both
tax scenarios. The benchmark tax scenarios are as in Sec-
tion 6.1.1. The results show that investment levels are consis-
tently higher when a rebate is applied, and that uncertainty
in future tax rates tends to discourage investment. In partic-
ular, benchmark investment levels are always higher than the
expected investment under stochastic tax policies, and in most
cases exceed the 95% quantile of the corresponding investment
distribution.

Remark 6.1. In practice, an increase in taxation may depress elec-
tricity supply by raising production costs, potentially inducing a
discrete upward shift in equilibrium electricity prices. Formally,
this suggests that the price process p depends on the prevailing tax
rate 7. This dependence is not modeled explicitly here, as we do
not adopt an equilibrium framework. Nevertheless, its qualitative
implications for optimal investment closely parallel those of a tax
rebate. Indeed, a rebate operates as a transfer proportional to 7,
so that, following a tax increase, producers receive higher net
income per unit of electricity sold. In light of the results in this
section, we therefore conjecture that, in equilibrium, investment
in abatement technologies—particularly the filter technology
considered here—would exceed that observed in a setting with
exogenous prices.
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TABLE 3 | Statistics of the investment distribution under stochastic tax regimes with endogenous production (filter technology).

Statistics of investment distribution

t=10 t=15
Tax scenario Rebate 5% Mean 95% Benchmark 5% Mean 95% Benchmark
Increase Yes 4.70 4.76 4.82 5.19 413 4.28 443 4.84
No 4.32 4.40 4.54 5.03 3.53 3.71 3.90 4.40
Reversal Yes 3.51 4.29 4.65 4.70 2.86 3.73 4.14 3.82
No 3.18 4.01 4.40 4.44 2.60 3.24 3.60 3.54
TABLE 4 | Statistics of the investment distribution for the random tax increase (two technologies).
Statistics of the investment distribution
t=10 t=15
5% Mean 95% Benchmark 5% Mean 95% Benchmark
Rebate 45.18 57.35 64.16 58.87 45.28 58.47 62.65 62.19
No-rebate 40.74 43.48 45.19 43.36 39.14 41.48 43.08 41.79

6.2 | Two Technologies With Tax-Risk

This section discusses numerical experiments based on the setup
described in Example 3.2, where a producer can invest in both
green and brown production technologies. In these experiments,
the cost function takes the following form:

Clg %y, = +e0Q(([a-P) ), @

where ¢, =1,¢e, = 1,Q,(q) = ¢*/?, and P,(x) = p,(x — X)*. Here,
X = 20 represents an initial expenditure required before green
investment can generate electricity, such as land acquisition for
solar farms or infrastructure costs for connecting a solar park
to the grid. We set the productivity parameter to p, = 0.2 and
the maximum production capacity to g™ = 10. Additionally,
we fix the following parameter values: T = 15 years, h(x) =
(0.7x)*, § =0.02, 0 = 0.2, r = 0.04, and x = 0.5, and we set the
high tax value 7> = 1. Moreover, we assume that the selling
price of electricity remains constant at p = 2.1, while the output
level q is endogenous. Furthermore, we assume a rebate of
the form v,(q)r = ¢,Q, (aq) 7, where Q,(q) = g*/> and « takes
different values. Specifically, « = 0 represents the case without a
rebate, while o > 0 corresponds to a scenario where the rebate is
positive and exceeds tax payments once the producer generates
more than a fraction 1 —a of the total output using green
technology.

We found that the numerical results for tax increase and tax
reversal are qualitatively similar. To shorten the exposition, we
therefore concentrate on the case of the tax increase. In Table 4,
we compare the average investments, the 5% and 95% quantiles
of the investment distribution, with and without rebates, after
10 and 15 years. Additionally, we present results for the bench-
mark tax scenarios from Section 6.1.1. We make the following
observations. First, the statistics of the investment distribution

with rebates are consistently higher than those without rebates,
that is the introduction of a rebate scheme enhances investment.
Indeed, since the rebate is proportional to g and 7, when
taxes are high, the producer gains considerably from a higher
level of green investment, because green electricity production
increases due to the higher rebate. Second, the two-technology
case further confirms that the benchmark scenarios result in
higher investment levels compared to the average investment
under stochastic tax rates.

6.3 | Two Technologies With Tax Uncertainty

Finally, we present numerical results for the uncertainty-averse
investor from Section 5.1. In that case, tax rates emerge endoge-
nously as the equilibrium of a stochastic differential game. The
analysis follows the setup of Example 3.2 (two-technology case)
and employs the same parameters as Section 6.2, except that now
T = 10. Tax rates are constrained to the interval [0.5,1.5], with
the most plausible rate set as T = 1. The tax rebate is defined as
Vo(@)T = ,Q(aq)t for a € {0,0.5}, while deviations from 7 are
penalized by v, (t — T)?, with v, € {1,20}. The equilibrium output
g(x) and tax rate £(x) for this setup are analyzed in Section 5.3,
specifically in Figure 1.

In Figure 5, we plot the average investment E[X, ] under different
values for rebate and penalization. The left panel corresponds to
the case of high uncertainty (v, = 1), the right panel corresponds
to the case of low uncertainty (v, = 20).

The figure shows that the results from the tax-risk paradigm
are reversed. Specifically, the average investment under high
uncertainty is significantly greater than under low uncertainty,
implying that high uncertainty can be beneficial from a societal
perspective. This occurs because the equilibrium tax rate for v, =
1 is higher than that for », =20 due to weaker penalization,
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FIGURE 5 | Averageinvestment [E[I,] under tax uncertainty for different values of the rebate. Left: high uncertainty (v; = 1), right: low uncertainty

(v, = 20). [Color figure can be viewed at wileyonlinelibrary.com]

see Figure 1; a higher tax in return rate stimulates increased
investment. Furthermore, under tax uncertainty, the introduction
of a rebate reduces investment, whereas in the tax-risk scenario,
a rebate led to an increase in investment. This difference arises
because the rebate lowers the equilibrium tax rate in the strategic
interaction between the producer and the opponent (see again
Figure 1).

7 | Conclusion

In this paper, we investigated the impact of randomness in
carbon tax policies on the investment behavior of a stylized,
profit-maximizing electricity producer who is subject to carbon
taxation and can invest in technologies for the abatement of
CO, emissions. Extending existing literature, we considered a
framework in which investments in abatement technologies
are divisible, irreversible, and subject to transaction costs. We
explored two approaches to model the randomness in taxation.
In the first one, we assumed a well-specified probabilistic model
for the tax process, leading to a stochastic control problem for
the producer’s investment strategy. In the second approach, we
modeled the producer as uncertainty-averse, which gives rise
to a stochastic differential game with a fictitious adversary.
We provided a rigorous mathematical analysis of both mod-
els, and of the corresponding nonlinear P(I)DE. Furthermore,
numerical methods were employed to investigate the quantitative
characteristics of the optimal investment strategies.

Our numerical analysis indicates that, under tax-risk, the pro-
ducer tends to be less willing to invest in abatement technologies
compared to a benchmark scenario with a deterministic tax
scheme. The policy implications of our findings are the following:
a carbon tax scheme that is initially mild and defers increases to
random future dates may delay necessary investments in green
technologies. Conversely, a policy that is too stringent may gener-

ate strong political pressure to revert to lower taxes, which would
be counterproductive for reducing carbon emissions. Moreover,
we found that a tax policy must be credible (i.e., producers must
be confident that an announced tax increase will actually be
implemented) to have a sizable impact on the transition to low-
carbon energy production. These results reinforce the widely held
view that randomness in carbon taxation is generally detrimental
to climate policy.

Interestingly, our results reveal that this conclusion is reversed
under tax uncertainty. In scenarios characterized by high uncer-
tainty, the producer invests more than in low-uncertainty settings
where tax levels are nearly deterministic. From a societal perspec-
tive, this suggests that increased uncertainty can be beneficial.
This is an interesting observation, which shows that the paradigm
used to model the decision making process of the producer is
a crucial determinant for the impact of randomness in climate
policy. While it is beyond the scope of this paper to determine
which paradigm, risk, or uncertainty, more accurately reflects
real-world investor behavior, it is interesting to investigate the dif-
ference further. Intuitively, we believe that the recommendations
from the tax-risk model are more directly relevant for climate
policy design.
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Appendix A: Details on the Numerical Methodology

For the numerical experiments in Section 6, we implemented the deep splitting method that was proposed by Beck et al. (2021) and extended to partial
integro-differential equations (PIDEs) by Frey and Kock (2022). This approach uses deep neural networks to approximate the solution of a PIDE together
with the gradients. Hence, we are able to compute the value function for the considered stochastic control problems and determine investments in green
technology accordingly. In this section, we present the basic idea of the algorithm. We consider a PIDE of the following form:

{ut(t,zp) + Lu(t, ) = (6,9, u(t, ), d,u(t,$)) on[0,T)x R", D

w(T, ) = g@) onR".

Heren=d+2,9 =(x,y,7) € R", dyu is the gradient of u with respect to the space variable, u, the derivative with respect to the time variable, and

Cu(t,$) 1= b(t,P) - dqu(t, )+ 3 D It Bty Ly H)

ij=1
+ / u(t, + I(t, ¥, 2)) — u(t,p) m(dz),
R

where b(t,1) = (=8x,a(t,y),0)" € R", Z(t,1)) € R™" has components Z12®) =0, Zij(t,%) =y j1(t,y) for i,j=2...,n—1 and all other
components equal to zero, and I(t,1,2) € R" = ¢,I(t, 1, z), where e, is the nth standard vector in R". Next, we consider an auxiliary process, denoted
as ¥, whose dynamics correspond to the generator L,

t t t
W, =y, + /0 b(®,) ds + /0 =(W,)dW, + /0 /IR [T Wi, 2IN(ds, da). (A2)

Specifically, in our context, ¥, = (X?, Y,,7;), where X? is the uncontrolled version of the process X, that is, for y, = 0. The first step of the considered
numerical algorithm is to divide the time horizon into N equidistant grid points 0 =ty < t; < ... < ty = T, where each interval is At :=1/N. Then,
we discretize the process ¥ using a method such as the Euler-Maruyama scheme along the given time grid. This discretization yields approximations
for W;, at each time step ;. We denote these approximation points as ‘Titl.. For the solution u, we consider a BSDE representation. Given that the PIDE
admits a classical solution, we can apply It &’s formula and express the solution as follows:

li+1 li+1
u(ti)lyt,-) = u([i+1’\yt,~+1) - f(S, WS,M(S,\I’S), 51;;“(3, lys)) ds — / Z(s,‘I'S)T6¢u(s,‘I’s)dWS (A3)
L

23 i

) / 41 / u(s, ¥, + T(s, W,_, 2)) — u(s, ¥,_) (N(ds, dz) — m(dz)ds), (A4)
I Rd

i

Both the integral with respect to the Brownian motion and the integral with respect to the compensated jump measure are martingales (assuming
sufficient regularity of u). Taking conditional expectations leads to the following:

i

i1
u(t;,¥,) =E [u(tm,‘}‘tm) - S (s, Wy, uls, W), 9y uls, ¥y)) ds"liti] . (A5)

The discretization allows us to approximate the integral term in the conditional expectation by f (¢, @tm ,u(s, @tm), 6¢,u(ti+1,\f’,i+l))m‘ Using the
L?-minimality of conditional expectations, we represent u(t;, W,,) as the unique solution of the minimization problem over all C! functions

. ~ ~ ~ ~ 2
min E, [(U —ultiyy, By, )+ F By ultig, @), gty By, )AL ]

This minimization problem serves as a loss function for deep neural networks in the deep splitting algorithm, and the algorithm can be summarized
as follows.

Deep splitting algorithm. Fix a class N of C! functions U" : R¢ — R that are given in terms of neural networks with fixed structure. Then the algorithm
proceeds by backward induction as follows.

1L LetUy = 8.

2. Fori=N-1,...,1,0, choose 1?1 as minimizer of the loss function L; : N' = R,

~ ~ ~ ~ ~ ~ ~ ~ 2
U~E [|1fi+1<w,,.ﬂ> —U@,) - (6.8, i@, ). Dy Vi (@) )| ] (A6)
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Specifically, to address the numerical solution of this problem in our case studies, we generate simulations of trajectories for the processes ¥. These
simulations were carried out over the time interval [0,15], discretized into 150 equally spaced time points (that is N = 150 intervals). The inherent
nonlinearity of this problem is represented by the following function:

(Gpu-1*)" (@yu - 1)*)*
T =1II (x,y,z')+ T

f(tvx’y’ 7, uz/)) = H*(Z;b) +
‘We use deep neural networks with two hidden layers, each containing 40 nodes. In total, each experiment involves 150 networks. The neural networks
are initialized with random values using the Xavier initialization scheme. We employ mini-batch optimization with a mini-batch size of M = 10, 000,
incorporating batch normalization. The training process spans 10,000 epochs, and the loss function is minimized through the Adam optimizer. The
learning rate starts at 0.01 and with a decay of 0.1 every 4000 steps. The activation function for the hidden layers is the sigmoid function, while the
output layer uses the identity function.

An advantage of this methodology is flexibility. The approach allows for effortless dimensionality adjustments in the state process ¥ or modifications of

its dynamics, with the only necessary adaptation being the Euler-Maruyama scheme for W. For further details on deep splitting algorithms for general
nonlinear PIDEs, we refer to Frey and Kock (2022).

Appendix B: Some Discussions and Proofs for the Tax-Risk Setting

In this section, we present various technical results that are related to the characterization of the value function as classical solution of the HIB
equation (26).

B.1 | Comments and Extensions of Lemma 4.3

Here we discuss a few comments on possible extensions of the result of Lemma 4.3, as anticipated in Remark 4.4.

1. Maximum capacity expansion. In some examples, it may make sense to assume that investment can expand maximum capacity. In such case, a similar
argument as in the proof of Lemma 4.3-(i) can be used to get regularity of the function IT*. How to do that is briefly outlined next. If the maximum
capacity depends on the investment level, that is, g™**(x), for some Lipschitz continuous, increasing and bounded function, the above arguments can
be extended. Indeed,

[T (xt, 1, 1) — IT* (32, p2, 72) (B1)
= max  II(x',y',7l,9)— max  II(x? 2 1%q) (B2)
qe[0,gm* (x1)] a q€[0,gm3 (x2)] a
<| max HOxYyhth,g)- max  I(x%y% 1% q) (B3)
ge[0,gmax(x1)] qel0,gmax(x)]
+ max  II(x%,y%,7%,q)— max II(x2y? 1% q)| (B4)
qe[0,gmax (x2)] qel0,gmax (x1)]

In the last expression, the first term is estimated exactly as in the proof of Lemma 4.3-(i). In the second term, Lipschitzianity in x is proved using
Lipschitzianity of the function g™ (x).

2. Concavity of the value function. If IT* and h are concave in x, then, it can be proved that V is also concave x. Before going to the proof of this result, we
highlight that an example where IT* is concave arises, for instance, if I1(x, y, 7, q) is concave in x and g* is a fixed quantity. Indeed, the function IT*(x, y, 7)
is the result of an optimization and hence not an input variable of our model. This implies in particular that we cannot simply impose concavity, but we
need to verify it, and, in general, even if IT is concave, the supremum over g may not be so. To establish concavity of the value function, one can follow
the steps below. We let for simplicity ¢ = 0. Consider Xé,Xg > 0 and strategies y!, 7% € A. Denote by X/, j = 1,2, the investment process with initial

value Xé and strategy y/ and letfor 2 € [0,1],0 < ¢ < T, X, = AX} + (1 — 1)X?. Then it is easily seen that
dX, = Ay} + (1 = Dy? - 8X,dt + odW,

so that X is the investment process corresponding to the strategy 7 = Ay + (1 — A)y? with initial value X, (Here we use that the dynamics of X are
linear). Concavity of 7* and h now imply the following:

J(O,XanaTJ_’) > M(O’Xé’y’f’ yl) + (1 _A)J(O’Xz’y’fs 7’2)
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Concavity of V follows from this inequality, if we choose 7/ as an e-optimal strategy for the problem with initial value Xg.

B.2 | Proof of Theorem 4.8

From Proposition 4.7, the function V(¢, x, y, 7) is Lipschitz continuous in (x, y), Holder in ¢ and the unique viscosity solution of the PIDE

v (t, x,y,7) + IT*(x,y,7) + / u(t,x,y, T+ I(t,y,7,z))m(dz) (B5)
Z
d o 1 d
+ 2 ﬁi(t’ y)in([’ XY, T) + Tvxx(t’ XY, T) + i Z @ij(h Y)inyj(f, X, T) (B6)
i=1 i,j=1
+ sup (y(ve(t, x,y,7) = 1) — k%) = xv,(t, %, ,7) = (r + m(2)v(t, x, y,7), (B7)
0<y<y

with the terminal condition v(T, x, y, 7) = h(x). For fixed 7, we define the function f7(¢t,x,y) := -/Z V(t,x,y,t+(t,y,1,z))m(dz) + I1*(x,y, 7). Then
for every fixed 7, V'(¢, x,y) := V(t,x,Y, 7) is a viscosity solution of the equation

d 5 d
o 1
u(t,x,y) + ;ﬁi(t,Y)uyi(t,X,y) + UL XY) + 5 ,-,2=1 ©;;(t, )vy,y, (t,%,y,7) (B8)
+ sup (y(uy(t,x,y) = 1) — xy?) — Sxuy(t, x,y) + f7(t,x,y) = Ru(t, x,y), (B9)
0<y<y

with u(T, x,y) = h(x) and R = r + m(Z). Note that this is a quasilinear parabolic PDE since there are no nonlocal terms and since for all p € R,

0 ifp<1
-1 +12
sup {py -y —xy?p={ L=V oy i
0<y<y 4x

xj? ifp>2k+1
Our goal is to show that this PDE has a classical solution, which coincides with V. We proceed in several steps.
Step 1. Fix K > 0 and define the set Qg = [0, T| x By, where By = {x € R4+ : ||x||? < K2}, and let Gx = {T} x Bx U [0, T) x Sk where Sg = {x € R%*! :

Ix||> = K2}. Consider the terminal boundary value problem consisting of the PDE (B9) and the boundary condition u = V7 on Gx. We now use Theorem
6.4 in Ladyzenskaja et al. (1988, Ch. 5) to show that this terminal boundary value problem has a classical solution that is moreover smooth on the interior

of Q. For this, we formulate Equation (B9) as a parabolic equation in divergence form. We define for y = (y1,...,¥4), P2 = (P21, ---, P2.4) the functions
d

A(t,%, 9,1, p1, p2) = ) Bit, Y)pai + Sup {r(p1 = 1) = xy?} = 8xp; — Ru+ f7(t,x,y) (B10)

i=1 <r<y

d
a(t7ana”’Pl,P2) =A(t,x:Y:u,P1,P2) + Z a}’t@:j(t:Y)Pz,/ (Bll)
i,j=1
o2

ay(t,x,y,u, p1, p2) = P (B12)

d

1 .

a2,i(tsx’y’u5p1’p2) :E Z@ij(t’y)pZ,j’ i=1,...p (Bl?’)

j=1

Then Equation (B9) can be written in divergence form as in eq. (6.1) of LadyZzenskaja et al. (1988, Chapter 5):

d

atu + axal(t’x!y! u, Uy, uy) + Z ayiaz,i(t, X, Y, U, Uy, uy) - a(t, X, Y, U, Uy, Uy) =0. (B14)
i=1
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Note that the signs differ from those in LadyZenskaja et al. (1988) since we are dealing with a terminal value condition.

Next we show that the assumptions of Theorem 6.4 in LadyZenskaja et al. (1988, Ch. 5) are satisfied on the domain Q. Note first that the set Sk is the
boundary of the d + 1-dimensional circle so it is smooth and hence satisfies condition (A) (see LadyZenskaja et al. 1988, 9). Moreover,

A(t,x,y,u,0,00u = —(r + m(2) u + f7(t,x,y) u > =bju? — b,

for by, b, > 0, since the functions (¢, x, y) are bounded on Q. To see the latter recall that f7 (¢, x,y) := [Z V(t,x,y, T +T(t,y,1,2)m(dz) + I1*(x, 7,y),
and IT*(x, 7,y) and V are bounded on the bounded set Qg, respectively, Qg x [0, 7™#*]. Hence the inequality holds. That guarantees that condition (a) of
Theorem 6.4 (LadyZenskaja et al. 1988, Ch. 5) holds. Conditions (3.1), (3.2), (3.3), and (3.4) (LadyZenskaja et al. 1988, Ch. 5) are immediate. In particular,
the condition o > 0 and the strict ellipticity of &(t,y) ensure that the crucial condition (3.1) holds. Finally, since V(t, x,y,) is a Lipschitz viscosity
solution of the HJB equation, the boundary condition is Lipschitz, which in particular implies condition (c) of Theorem 6.4 (LadyZenskaja et al. 1988,
Ch. 5). By applying Theorem 6.4 in LadyZenskaja et al. (1988, Ch. 5), we thus get that in any interior subdomain Qg, the HJB equation has a classical
solution U' (¢, x, y), which coincides with V7 (¢, x, y) on the boundary Gk

Step 2. Next we show that U™ (t, x,y) = V(t, x,y, 7) in the interior of Qg for every K, which allows to conclude that V' (¢, x, y, 7) is smooth in the interior
of Qk. To prove this, we apply the comparison principle given by Fleming and Soner (2006, Corollary 8.1, Ch. 5). Note that inequality (7.1) on page 218
of the book is implied by in particular by Lipschitzianity of the functions «, 8, T" in y. Then we obtain that U (¢, x,y) = V(t, x,y,7) on Q.

Since K was arbitrary, we finally get that V is smooth everywhere. Hence V is also a classical solution of the HIB equation (26), which concludes the proof.

B.3 | An Example With Strict Viscosity Solution

In the following section, we present an example illustrating that, in general, the value function may be nonsmooth and hence a strict viscosity solution
of the HJB equation. Specifically, we examine the cost function associated with the filter technology, assuming a fixed electricity price p and a fixed
production quantity g. To present this example with minimal technical difficulties, we make certain assumptions. We set r and § to zero, take the residual
value as h(Xy) = 0, and assume deterministic tax rate equal to 7 > 0. Additionally, we adopt the abatement technology e(x) = (1 — x)* and assume no

external variations in the investment level (¢ = 0). This assumption is crucial for our example, since for o > 0, the HIB equation has a classical solution
by Theorem 4.8 Section 4.4.

In this setting, X, = X, + fot ysds, and the value function is given by the following:

T
V(t,x) = sup E; [/ (Pg— g+ (1 =X )T D) —ys —x77) ds] =:(pg—goNT — )+ V(t,x) (B15)
7€A t

where
T
V(t,x) = sup E; / qa - Xt —y, —xy2ds|. (B16)
7€A t

In the sequel, we concentrate on V and w.l.o.g. we take § = 1. Note first that for x > 1, the optimal strategy is y* = 0, since choosing y, > 0 is costly but
generates no additional reduction in emissions. Therefore, V (¢, x) = 0 for x > 1. Below we show that

V(t,x) <-1-x)AA(T-0T), x<1. (B17)

Let V- (¢, 1) be the left derivative of V (¢, -) at x = 1. It follows that

- . 1 ~ -
Ve-(t,1)= hlgél+ m(V(t, 1-h)-V(1)>AA(T - t)r).
Hence V(t,-) has a kink at x = 1, and from Equation (B16), we get that V is a strict viscosity solution of the HJB equation.

Now we turn to the inequality (B17). Obviously,

T
V(t,x) <w(t,x) :=sup [, [/ —(1-X)T -y ds] . (B18)
yEA

t

Since in Equation (B18) transaction costs are zero, the producer can push x instantaneously to any level x” > x, incurring a cost of size x” — x. It follows
that for x < 1, the “limiting optimal strategy” in Equation (68) is to push the investment level to 1 immediately at ¢, provided the resulting tax savings
(1 — x)(T — t) exceed the cost (1 — x), and to choose ¥ = 0 otherwise. This gives

MRS EIES R —1)> 1,
WEY=N Zsa— -0 ifteT-0 <1,
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thatis, u(t,x) = —(1 — x) (L A (T — t)T), x < 1, which implies (B17).

Appendix C: Differential Game

C.1 | Proofof Lemma 5.2

Define the compact and convex set B := [0, g™# ] x [¢™", t™3] and the function F : B — Bby F(q, ) = (q(r), 7(q))’. Note that g(r) and 7(q) and hence
F are continuous on B (since d,Cy and d,C1 are strictly increasing and since v; > 0). By Equation (41), (g*, 7¥) is a saddle point of g if and only if it is a
fixed point of F on B. The existence of a fixed point of F follows immediately from Brouwers fixed point theorem, which establishes the existence of a
saddle point of g.

For uniqueness, note that the pair (g*, 7*) is a saddle point if and only if g* satisfies the fixed point relation g* = q(7(g*)) and if 7* = 7(q*). Define the
mapping ¢ : [0,¢™*] - R with

#(q) :=p = 95Co(q) — (95C1(q) — Sgvo(@)T(q)-

By the first-order condition characterizing q(7), a solution g* € [0, g™#*] is a solution of the equation g* = q(7(g*)) if one of the following three conditions
hold (i) ¢(g*) = 0; (ii) ¢(0) < 0, in which case g* = 0; (iii) ¢(g™**) > 0, in which case g* = g™**. Below, we show that ¢ is strictly decreasing. It follows
that there is at most one g* € [0, g™*] that fulfills (i), (ii), or (iii) and hence at most one saddle point.

min

To show that ¢ is strictly decreasing, we first compute the derivative of ¢ for those values of g with 7(q) € (z™", t™#). We get the following:

849(q) = —05Co — (95C1(q) — 330(@)7(q) — (64C1(@) — ()3, 7(q)

— —32C, - (32C1(q) - 82%(@))e(q) ﬁ(aqcl(q) — 3v0(@)?,

which is negative due to the assumptions on Cy, Cy, and v,. For values of ¢ where the constraints on 7 bind, we have d,7(q) = 0 and d,¢(q) = —5ZC0 -
(a;cl(q) - 6§vo(q))r(q) < 0. It follows that ¢ is absolutely continuous with strictly negative derivative and hence strictly decreasing.
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