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A B S T R A C T

A variational formulation of the non-smooth contact dynamics method is proposed to address
the dynamic response of historical masonry structures modeled as systems of 3D rigid blocks
and subjected to ground excitation. Upon assuming a unilateral-frictional contact law between
the blocks, the equations of motions are formulated in a time-discrete impulse theorem format
in the unknown block velocities and contact impulses. The variational structure of the problem
to be solved at each time step is proven. On that basis, the numerical method requires at
each time step to perform a collision detection that identifies antagonist contact points based
on the given structural configuration, to solve a second-order conic programming problem that
outputs block velocities and contact impulses, and to update the structural configuration for the
solution to advance in time. As a merit of the formulation, large-scale problems can be robustly
and efficiently addressed thanks to the convex setting of the time-step optimization problem.
Numerical results are presented to test the computational performances of the proposed
approach. Benchmark problems provide numerical evidence that the formulation is consistent
with event-driven solutions based on the classical Housner impact model. The dynamic response,
failure domains, and fragility functions of real-size masonry structures are then explored under
ground impulse or earthquake excitation. The obtained results prove the reliability of the
present computational method for the dynamic analysis and seismic assessment of historical
masonry constructions of engineering interest.

1. Introduction

Historical masonry constructions represent a valuable part of the architectural heritage, whose structural safety in seismic regions
could be endangered by earthquakes. Prompted by the need for their preservation, a reliable assessment of the seismic vulnerability
of those constructions is required, based on predicting their dynamic response when subjected to ground acceleration.

Historical masonry constructions can be modeled as systems of rigid blocks in dry contact with each other (if mortar was initially
present, for safety, it is assumed as completely deteriorated) [1–3]. In its essence, their dynamic behavior is thus exemplified by the
rocking motion of a single 2D rigid block under ground excitation, as first studied in a seminal work by Housner [4]. The rocking
motion consists of a sequence of smooth motion phases, in which the block rotates about one of its bottom corners, alternated by
impacts against the supporting plane, implying a switch of the basis pivotal point. Following Housner’s derivation of the equation
of motion of the block at smooth time instants and of the kinetic energy dissipation due to instantaneous and perfectly inelastic
impacts, the single-block rocking problem has been extensively explored (e.g., see [5–21]). Generalizations have been later on
considered to describe the dynamic behavior of multi-block 2D masonry structures, either simplified as single-degree-of-freedom
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systems (e.g., see [22–29]) or treated as multi-degree-of-freedom systems (e.g., see [30–35]). In addition, the spatial rocking motion
of a single 3D rigid block has been investigated (e.g., see [36–41]).

Due to the occurrence of impacts, i.e., of events producing velocity discontinuities, the rocking motion of block masonry structures
epresents a non-smooth dynamic problem. A rigorous mathematical formulation is thus obtained by assuming that the velocities are
unctions of bounded variation and by setting the equations of motion as a measure differential inclusion [42]. In the contributions
entioned above, an event-driven scheme is adopted for its numerical solution (e.g., see [43,44]). That requires (i) integrating the

quations of smooth motion until some interpenetration between the blocks is detected, marking the end of the smooth motion
hase; (ii) determining the precise instant of impact; and (iii) solving an impact problem at the instant of impact in preparation to
he next smooth motion phase. While tasks (i) and (iii) are theoretically sound and can be efficiently performed (for 2D systems, a
ariational formulation amounting to quadratic programming problems has been proposed [35]), task (ii) is generally more intricate.
n fact, accurately locating an event in time makes it necessary to adopt some root-finding procedure, such as a sub-stepping scheme
rogressively adjusting the time step until a prescribed precision in the event detection is reached. In addition to the computational
ost, numerical issues may arise when the rocking motion is characterized by a sequence of impacts not well-separated in time, as
xpected in complex multi-block masonry structures, or even possesses a finite accumulation point, as is the case of the so-called
eno behavior [41,45].

In order to overcome those difficulties, a time-stepping scheme can be adopted instead of an event-driven one, i.e., a time-
iscretization method not explicitly considering the events occurring during the motion [43,44]. Specifically proposed by Moreau
nd Jean to investigate the dynamic behavior of collections of rigid bodies in contact with each other is the non-smooth contact
ynamics (NSCD) method [42,46,47], whose fundamental idea is to address a discrete version of the time-integrated equations of
otion. Resorting to such an impulse-theorem format has the crucial advantage that, alongside body velocities, contact impulses

ver a time step naturally emerge as the problem unknowns. Hence, by interpreting the contacts between the bodies in a time-
veraged sense and by introducing suitable contact gaps in the contact relationships (to account for bodies that are close enough to
e in potential contact at the end of the time step but are yet separated), the need for a precise identification of the event times is
ircumvented and the solution advances in time with a fixed time step.

Unilateral-frictional contacts have been considered within the NSCD method, as required in the dynamic analysis of block
asonry structures, assuming (non-associative, i.e., non-dilatant) Coulomb friction law. The imposition of that friction law has

een either achieved by tackling a nonlinear complementarity problem [47] or a linear complementarity problem based on a
olyhedral approximation of the Coulomb cone [48] (for the numerical solution of those problems, fixed-point-iteration or first-
rder methods can be resorted to, e.g. see [43,49,50]). Within the polyhedral approximation strategy, a convergence result of
he time-stepping method has also been derived to the solution of the underlying measure differential inclusion [51]. Several
evelopments in the method have been proposed, e.g. dealing with the fulfillment of the frictional conditions both at velocity and
osition levels [52,53], the achievement of a higher-order time-stepping scheme [54–56], the consistency of the discrete time-step
roblem with the continuous one [57], or the numerical technique for the solution of the frictional contact conditions [58,59].
s an evolution of the original Jean implementation, the research software LMGC90 is currently available in the literature, which
elivers an implementation of the NSCD method adopting a nonlinear block Gauss–Seidel algorithm for the solution of the time step
roblem [60]. Specifically, applications of the NSCD method to block masonry structures have been successfully considered using
hat software and its extensions, also addressing complex full-scale 3D constructions such as ancient masonry churches or towers
e.g., see [61–64]).

The solution of the complementarity problems required by the NSCD method to enforce the Coulomb friction law at contacts
ay be expensive due to their non-convexity. An interesting remedy has been offered in [65], based on the observation that if an

ssociative (i.e., dilatant) Coulomb friction law is enforced instead of the non-associative one, the solution of the numerical method
till converges, in the limit of vanishing time step, to the solution of the original non-associative problem. Roughly speaking, the
ilatancy effect does not accumulate after the time step in which it arises, thus remaining bounded at a magnitude proportional to
he time step [66]. By exploiting that idea, a variational format of the method has been proposed for 2D block masonry structures,
xploiting the efficient computational solution of convex quadratic programming problems at each time step [67–71]. Concerning
D block masonry structures, a regularization of the method has been proposed, resorting to a numerical compliance to avoid
ultiplicity of solutions in terms of contact impulses due to static indeterminacy [72–74].

While NSCD can be regarded as a distinct element method (DEM) [75], for it models a given structure as an assembly of distinct
odies, its peculiar feature is to be a non-smooth and implicit method. By converse, the label DEM is commonly referred to a broad
lass of smoothed and explicit methods, also applied to the dynamics of collections of rigid or deformable bodies in unilateral-
rictional contact, that adopt a regularization technique to approximate the contact law by a nonlinear spring-damper element and
esort to explicit time integration to address that nonlinear behavior [76]. Since steep penalty functions are usually needed to
atch the actual stiffness and dissipation properties of the contacts, short time-integration steps are generally required, and the

olution is somewhat sensitive to the input material parameters, which are often uncertain and complex to measure by experiments.
evertheless, the capability of DEM to predict the dynamic behavior of multi-block masonry columns, arches, and walls has been
roven (e.g., see [77–81]). A detailed account of DEM application to masonry structures can be found in [82].

In the present work, a variational formulation of the non-smooth contact dynamics method is proposed for the dynamic analysis of
istorical masonry structures modeled as systems of 3D rigid blocks and subjected to ground excitation. Following the NSCD method,
discrete version of the time-integrated equations of motion is considered in the unknown block velocities and contact impulses.
unilateral-frictional contact law is assumed to govern the interactions between the blocks, which is enforced by constraining the
2

elative velocity between pairs of antagonist contact points to belong to the kinematic Coulomb cone. Contact gaps are included
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in the kinematic constraint to account for potential contacts at the beginning of each time step. By adopting an associative friction
flow rule and exploiting the descending static-kinematic duality, it is shown that the equations of motion governing the dynamic
evolution of the block system under prescribed external forces are obtained as the stationarity conditions of a saddle-point functional,
from which purely kinematic and static functionals are obtained. Therefore, at the typical time step, the proposed method requires
performing a collision detection algorithm to determine antagonist contact points based on the given configuration, solving a
sparse second-order conic programming problem (SOCP) to compute block velocities and contact impulses, and updating the system
configuration in preparation to the next time step. As the main novelty of the proposed method, the convex variational setting of the
derived time-step problem allows for accomplishing enhanced robustness and efficiency compared to competing NSCD approaches
in the literature and for strengthening the potentialities to solve large-scale three-dimensional problems. While comparing the
performances of different types of solvers deserves further investigation, the optimization software Mosek® is adopted here to solve
the required SOCP [83]. That implements a primal-dual interior-point method, which is designed to handle large-scale and sparse
problems robustly and efficiently [84,85].

Numerical results are presented to investigate the computational performances of the proposed formulation. They include
validation in three benchmark problems, dealing with the Housner block, a 3D rigid block, and a multi-block masonry arch, and three
full-scale structural applications concerning a spandrel arch, a stone house, and a historical church. A thorough exploration is carried
out on the dynamic response and failure domains of those systems to given ground impulse excitations. Moreover, in the stone-house
problem, the structural response to earthquake excitation is studied by considering a family of ground motion records and providing
relevant results in the form of structural fragility functions. Numerical applications finally prove the accuracy, robustness, and
computational efficiency of the method, which enables the seismic analysis of real-size historical masonry constructions constituted
by up to thousands of blocks.

The paper is organized as follows. In Section 2, the variational formulation of the NSCD problem for block masonry structure
under ground excitation is presented. The adopted collision detection algorithm is discussed in Section 3. Numerical results are
described in Section 4. Conclusions are outlined in Section 5. Details on the linearization of the time-discrete rotational equations
of motion are given in Appendix.

2. Formulation

A system of 𝐵 three-dimensional rigid blocks in unilateral-frictional contact is considered. The state of the system at time 𝑡 is
described within a prescribed reference frame by introducing the following variables:

𝐱 =
(

𝐱1;… ; 𝐱𝐵
)

, 𝐑 = diag
(

𝐑1;… ;𝐑𝐵) ,

𝐯 =
(

𝐯1;… ; 𝐯𝐵
)

, 𝝎 =
(

𝝎1;… ;𝝎𝐵) .
(1)

For the typical block 𝑏, 𝐱𝑏 and 𝐑𝑏 respectively denote the coordinates of the block centroid 𝐺𝑏 and the block rotation matrix,
whereas 𝐯𝑏 and 𝝎𝑏 respectively denote the velocity of the block centroid and the block angular velocity. A semicolon indicates
column-stacking, and diag stands for the operator forming a block-diagonal matrix with the indicated entries. For future use, the
following positions are also introduced:

𝜴 = diag
(

𝜴1;… ;𝜴𝐵) , 𝜴𝑏 = skw𝝎𝑏, (2)

in which, for skw denoting the operator that forms the skew-symmetric matrix associated with the indicated vector, 𝜴𝑏 represents
the angular velocity matrix of the block 𝑏.

2.1. Equations of motion

Upon resorting to a backward Euler method for discretization in time, the translational and rotational equations of motion for
the block system at time 𝑡 = 𝑡𝑛 + 𝛥𝑡 are written in the following impulse-theorem format:

𝐌𝐯 −𝐌𝐯𝑛 = 𝐟 𝛥𝑡 +  ,

𝐉𝝎 − 𝐉𝑛 𝝎𝑛 = 𝐜𝛥𝑡 + ,
(3)

in the unknown velocities 𝐯 and 𝝎 at time 𝑡, for given velocities 𝐯𝑛 and 𝝎𝑛 at time 𝑡𝑛. In the left hand-side, the variation of linear
nd angular momenta of the block system within the time step 𝛥𝑡 is stated. Here, the mass and inertia matrices of the block system,
espectively denoted by 𝐌 and 𝐉, are constructed as:

𝐌 = diag
(

𝑀1𝑰 ;… ;𝑀𝐵𝑰
)

, 𝐉 = 𝐑 𝐉̃𝐑𝑇 , 𝐉̃ = diag(𝐉̃1;… ; 𝐉̃𝐵), (4)

ith 𝑀𝑏 and 𝐉̃𝑏 respectively as the mass and principal inertia matrices of the typical block 𝑏 in the initial configuration, and 𝑰 as
he 3 × 3 identity matrix. Conversely, in the right hand-side, the resultant linear and angular impulses on the block system within
he time step 𝛥𝑡 are accounted for, with 𝐟 and 𝐜 as the external forces and couples, respectively, and  and  as the contact linear
nd angular impulses, respectively. The equations of motion (3) are complemented by the following configuration update:
3

𝐱 = 𝐱𝑛 + 𝐯𝛥𝑡, 𝐑 = exp (𝜴 𝛥𝑡)𝐑𝑛. (5)
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Fig. 1. Unilateral-frictional contacts: (a,b) typical potential contact between two blocks, with highlighted contact direction, antagonist contact points, and gap,
and (c) parallel and orthogonal components of the contact impulse. Unilateral-frictional constraints are enforced at the mid-point between the antagonist contact
points for self-equilibrated internal contact impulses to be obtained.

It is recalled that, while the mass matrix 𝐌 is constant in time, the inertia matrix 𝐉 is not, thus making the rotational equation
of motion (3)2 nonlinear. The following quasi-Newton scheme is adopted for its solution:

𝐉∗𝝎∗ +𝐇∗(𝝎 − 𝝎∗) − 𝐉𝑛 𝝎𝑛 = 𝐜𝛥𝑡 + , (6)

in which 𝝎∗ denotes the previous iterate for the unknown angular velocity 𝝎 and 𝐇∗ denotes the positive semidefinite part of the
Jacobian of the nonlinear map 𝝎 ↦ 𝐉𝝎 at the previous iterate (for its computation, see Appendix). Eq. (6) is recast as:

𝐇∗𝝎 −𝐇∗𝝎𝑛 = 𝐜𝛥𝑡 +  + 𝐡∗, 𝐡∗ = 𝐇∗(𝝎∗ − 𝝎𝑛
)

−
(

𝐉∗𝝎∗ − 𝐉𝑛 𝝎𝑛
)

, (7)

where 𝐡∗ is interpreted as an unbalanced angular momentum. In light of such a scheme, at the typical iteration, the equilibrium
equations (3)1 and (7) need to be solved. They can be compactly written as:

𝑯∗(𝒗 − 𝒗𝑛
)

= 𝒃𝛥𝑡 +  + 𝒉∗, (8)

in which generalized velocities, external forces, and contact impulses have been introduced by:

𝒗 = (𝐯; 𝝎) , 𝒃 = (𝐟 ; 𝐜) ,  = ( ; ) , (9)

with the generalized velocities to be possibly accompanied by no subscript, a subscript 𝑛, or a superscript ∗ to respectively denote
values at time 𝑡, at time 𝑡𝑛, or values at the previous iterate. Moreover, the generalized Jacobian approximation and unbalanced
momenta have been introduced by:

𝑯∗ = diag
(

𝐌; 𝐇∗) , 𝒉∗ =
(

𝟎; 𝐡∗
)

. (10)

Remark 1. In the literature, several approaches have been considered to handle the nonlinearity of the rotational equation of
motion (3)2. A common formulation exploits that, in a time-continuous framework, d (𝐉𝝎) = 𝐉d𝝎+𝝎× 𝐉𝝎 d𝑡, where d stands for the
ime differential and × denotes the cross product. Accordingly, in a time-discrete setting, the first term is approximated by 𝐉d𝝎 ≈
𝑛
(

𝝎 − 𝝎𝑛
)

and the second term is treated in a time-explicit fashion by accounting for the approximate Coriolis and centrifugal
orces 𝝎𝑛 × 𝐉𝑛 𝝎𝑛 (e.g., see [72]). A different strategy is adopted here, based on the direct time-discretization d (𝐉𝝎) = 𝐉𝝎− 𝐉𝑛𝝎𝑛 and
n the subsequent linearization of the nonlinear map 𝝎 ↦ 𝐉𝝎. On the one hand, such a strategy enables a more accurate treatment of
he inertial forces, as it may be required when large angular velocities are involved. On the other hand, numerical experiments show
hat a single quasi-Newton iteration is generally sufficient for achieving accurate results in the problems under investigation. □

.2. Unilateral-frictional contacts

The generalized contact impulses  are determined by the unilateral-frictional contact interactions between the blocks of the
ystem. Actual and potential contacts are established in the given configuration at time 𝑡𝑛, as detailed in Section 3.

The typical contact 𝛼 is characterized by a pair of antagonist contact points (𝑃 𝑏)𝛼𝑛 and (𝑃 𝑏′ )𝛼𝑛 , respectively belonging to the
locks 𝑏 and 𝑏′, and by a contact direction 𝝂𝛼𝑛 , e.g. assumed to be oriented from block 𝑏 to block 𝑏′ (Fig. 1(a,b)). As a peculiarity
f the NSCD formulation, actual and potential contacts are unitarily treated by accounting for the contact interaction whenever the
ap between the antagonist contact points:

𝒈𝛼𝑛 = g𝛼𝑛 𝝂
𝛼
𝑛 , g𝛼𝑛 =

[

(𝑃 𝑏′ )𝛼𝑛 − (𝑃 𝑏)𝛼𝑛
]

⋅ 𝝂𝛼𝑛 , (11)

s sufficiently small (or, in particular, vanishing). It is here proposed to describe the contact interaction referring to the mid-point
𝑏 𝛼 𝑏′ 𝛼 𝑏 𝛼 𝑏′ 𝛼 ′
4

etween (𝑃 )𝑛 and (𝑃 )𝑛 , which is denoted by (𝑀 )𝑛 or (𝑀 )𝑛 to emphasize whether it is regarded as integral with block 𝑏 or 𝑏 ,
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respectively. Consistently with the configuration update (5), the unilateral-frictional constraints are thus enforced on the contact
relative velocity between the points (𝑀𝑏′ )𝛼𝑛 and (𝑀𝑏)𝛼𝑛 at time 𝑡. That is computed by:

𝜼𝛼 =
[

𝐯𝑏′ + 𝝎𝑏′ ×
(

(𝑀𝑏′ )𝛼𝑛 − 𝐺𝑏′
𝑛

)]

−
[

𝐯𝑏 + 𝝎𝑏 ×
(

(𝑀𝑏)𝛼𝑛 − 𝐺𝑏
𝑛

)]

, (12)

where the representation of the rigid-body velocity field of the blocks 𝑏 and 𝑏′ is used, and 𝐺𝑏
𝑛 and 𝐺𝑏′

𝑛 are recalled to respectively
denote the block centroids at time 𝑡𝑛. The contact relative velocity 𝜼𝛼 can be decomposed into its parallel and orthogonal components
with respect to the contact direction:

𝜼𝛼 = w𝛼 𝝂𝛼𝑛 + 𝐮𝛼 , w𝛼 = 𝜼𝛼 ⋅ 𝝂𝛼𝑛 , 𝐮𝛼 =
(

𝑰 − 𝝂𝛼𝑛 ⊗ 𝝂𝛼𝑛
)

𝜼𝛼 , (13)

with ⊗ denoting tensor product. Corresponding to such contact relative velocity, a work-conjugated contact impulse generally arises,
whose parallel and orthogonal components with respect to the contact direction are introduced by:

𝝉𝛼 = n𝛼 𝝂𝛼𝑛 + 𝐪𝛼 , n𝛼 = 𝝉𝛼 ⋅ 𝝂𝛼𝑛 , 𝐪𝛼 =
(

𝑰 − 𝝂𝛼𝑛 ⊗ 𝝂𝛼𝑛
)

𝝉𝛼 . (14)

It is observed that, thanks to the choice of enforcing the unilateral-frictional constraints at the mid-point between the antagonist
contact points, the internal contact impulses form a self-equilibrated system (Fig. 1(c)). The unilateral-frictional contact interaction
is thus translated by the following associative Coulomb constraint conditions [47,65,66,68]:

𝜼𝛼 +
𝒈𝛼𝑛
𝛥𝑡

∈
(

𝛼
𝑛
) ∗, 𝝉𝛼 ∈ 𝛼

𝑛 , (𝝉𝛼) 𝑇
(

𝜼𝛼 +
𝒈𝛼𝑛
𝛥𝑡

)

= 0, (15)

in which the superscript 𝑇 denotes matrix transposition, whereas the static Coulomb cone 𝛼
𝑛 corresponding to a friction coefficient 𝜇

and its kinematic polar cone
(

𝛼
𝑛
) ∗ are defined by:

𝛼
𝑛 =

{

𝝉𝛼 = n𝛼 𝝂𝛼𝑛 + 𝐪𝛼 |

|

|

‖𝐪𝛼‖ ≤ −𝜇n𝛼
}

,
(

𝛼
𝑛
) ∗ =

{

𝜼𝛼 = w𝛼 𝝂𝛼𝑛 + 𝐮𝛼 |

|

|

𝜇 ‖𝐮𝛼‖ ≤ w𝛼
}

. (16)

t is worth to remark that, consistently with the configuration update (5), the gap g𝛼𝑛 enters the constraint conditions (15) for a
ontact impulse to arise only provided that the two antagonist contact points actually come into contact at time 𝑡.

Relationships (15)–(16), which prevail at any contact 𝛼, can be compactly written for all the 𝐴𝑛 contacts detected on the
onfiguration of the block system at time 𝑡𝑛 by introducing the following notation:

𝜼 =
(

𝜼1; … ; 𝜼𝐴𝑛
)

, 𝝉 =
(

𝝉1; … ; 𝝉𝐴𝑛
)

, 𝒈𝑛 =
(

𝒈1𝑛; … ; 𝒈𝐴𝑛
𝑛

)

, 𝑛 = 1
𝑛 ×⋯ ×𝐴𝑛

𝑛 , ∗
𝑛 =

(

1
𝑛
) ∗ ×⋯ ×

(

𝐴𝑛
𝑛

)

∗, (17)

and requiring that:

𝜼 +
𝒈𝑛
𝛥𝑡

∈ ∗
𝑛 , 𝝉 ∈ 𝑛, 𝝉𝑇

(

𝜼 +
𝒈𝑛
𝛥𝑡

)

= 0. (18)

The kinematic-static duality finally implies that:

𝜼 = 𝑫𝑇
𝑛 𝒗,  = −𝑫𝑛𝝉 , (19)

with 𝑫𝑛 as a suitable static-kinematic operator, whose definition is e.g. inferred by the kinematic relationships (12)–(13).
Accordingly, the generalized contact impulses  are obtained, work-conjugated with the generalized velocities 𝒗 and to be accounted
for in the equations of motion (8).

Remark 2. It is pointed out that, in the imposition of the unilateral-frictional constraints between the blocks of the system, the
treatment of the system configuration is time-explicit because, as previously noticed, the pairs of antagonist contact points and
the relevant contact directions are evaluated at time 𝑡𝑛. The typical contact relative velocity 𝜼𝛼 at time 𝑡 is derived from Eq. (12)
using the linear and angular velocities of the blocks at time 𝑡, with the relative position vectors of the contact points from the
relevant block centroids computed at time 𝑡𝑛. Such a time-explicit configuration treatment in the imposition of contact constraints
only partially restricts the possibility of adopting large time steps of integration within the proposed NSCD formulation, as allowed
from the method to be time-implicit in all other aspects. □

2.3. Variational formulation

Relationships (8), (18), and (19) govern the dynamic evolution of the block system under the prescribed external forces. Such a
problem can be regarded as the set of stationarity conditions of the following mixed variational formulation:

max
𝝉∈𝑛

min
𝒗

{1
2
(

𝒗 − 𝒗𝑛
) 𝑇𝑯∗ (𝒗 − 𝒗𝑛

)

−
(

𝒗 − 𝒗𝑛
) 𝑇 (

𝒃𝛥𝑡 + 𝒉∗
)

+ 𝝉𝑇
(

𝑫𝑇
𝑛 𝒗 +

𝒈𝑛
𝛥𝑡

)}

. (20)

By a-priori enforcing the stationarity conditions with respect to the static variables, i.e. the contact impulses 𝝉, a kinematic
variational formulation is obtained:

min
𝒗

{1
2
(

𝒗 − 𝒗𝑛
) 𝑇𝑯∗ (𝒗 − 𝒗𝑛

)

−
(

𝒗 − 𝒗𝑛
) 𝑇 (

𝒃𝛥𝑡 + 𝒉∗
)

}

s.t. 𝜼 = 𝑫𝑇 𝒗, 𝜼 +
𝒈𝑛 ∈ ∗,

(21)
5

𝑛 𝛥𝑡 𝑛
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Fig. 2. Collision detection: contact direction between two blocks, determined as the direction of minimum distance of shrunken copies of the two blocks, in
case of blocks that are (a) well-separated or (b) in contact.

consisting in a second-order conic programming (SOCP) problem. When addressing its solution, the final velocity 𝒗 is directly
obtained as the primary variable. On the other hand, the dual variables are recovered from the Karush–Kuhn–Tuckers (KKT)
multipliers associated with kinematic conic constraints, recognized to be the contact impulses 𝝉. In a similar fashion, by a-priori
enforcing the stationarity conditions with respect to the final velocity 𝒗, a static variational formulation descends from the mixed
problem (20), reading:

max
𝝉

{

−1
2
𝒑𝑇

(

𝑯∗) −1𝒑 + 𝝉𝑇
(

𝑫𝑇
𝑛 𝒗𝑛 +

𝒈𝑛
𝛥𝑡

)}

s.t. 𝒑 =  + 𝒃𝛥𝑡 + 𝒉∗,  = −𝑫𝑛𝝉 , 𝝉 ∈ 𝑛,
(22)

hich represents the dual SOCP problem of the one in Eq. (21). Specifically, 𝒑 is interpreted as the vector of generalized resultant
mpulses acting on the system blocks, work-conjugated with the generalized velocities 𝒗 and contributed from both generalized
xternal and contact impulses. Moreover, the generalized velocity update 𝒗 − 𝒗𝑛 is computed as (𝑯∗) −1𝒑.

emark 3. It is emphasized that the choice to adopt the quasi-Newton scheme (6) for the solution of the nonlinear rotational
quation of motion (3)2, with 𝐇∗ as the positive semidefinite part of the Jacobian of the nonlinear map 𝝎 ↦ 𝐉𝝎, is instrumental for
roblems (21) and (22) to be SOCPs. Accordingly, they can be addressed by highly-efficient convex optimization software available
n the literature [83]. Should a full Newton method be adopted instead, a variational formulation would not be generally available
or problem (8), (18), and (19), for the Jacobian is not guaranteed to be symmetric. On the other hand, a quasi-Newton scheme
dopting the symmetric part of the Jacobian might result in a nonconvex optimization problem. □

emark 4. As a consequence of the rigid body idealization of the system blocks, the kinematic and static formulations (21) and (22)
ay admit multiple solutions in terms of contact impulses when statically indeterminate structures are considered. In order to avoid

uch a multiplicity of solutions, in [72], it has been proposed to resort to a numerical compliance as a regularization. Nonetheless,
he assumption that rigid bodies have infinite strength [1–3], together with the admissibility conditions (18)2 on contact impulses,
uarantees the equivalence of those solutions. □

emark 5. In [65], it has been shown that the velocity history obtained in solution of the time-discrete problem (8), (18), and (19)
onverges, for vanishing time step 𝛥𝑡, to the solution of the time-continuous dynamic problem assuming unilateral-frictional contacts
ith non-associative Coulomb frictional behavior and zero dilatancy. As expected, the limit velocity is a function of bounded
ariation characterized by jump discontinuities due to the contacts between the blocks, and the convergence of the numerical
iscrete scheme is intended as a weak∗ convergence of measures. □

. Collision detection

In order to impose the unilateral-frictional constraints discussed in the previous section, the actual and potential contacts between
he blocks of the system need to be computed in the typical structural configuration. Such a task is performed by means of a collision
etection algorithm, which is here presented. The algorithm assumes that each block is a convex polyhedron (non-convex polyhedral
locks could still be considered, as represented as the union of convex polyhedral sub-blocks, rigidly constrained with each other by
tandard kinematic constraints in the form of linear equality conditions on the block velocities). As suggested in [72], for numerical
fficiency, the algorithm is split into a broad and a narrow phase to be performed sequentially. In the broad phase, the pairs of
locks close enough to be in actual or potential contact are identified by a bounding box technique. Next, each pair of interacting
locks is considered in the narrow phase to determine relevant pairs of antagonist contact points between the blocks.

As a model assumption, it is here postulated that a single contact direction characterizes all possible pairs of antagonist contact
oints between two interacting blocks. Such a contact direction is determined by resorting to the Gilbert-Johnson-Keerthi (GJK)
lgorithm [86,87], which returns a pair of nearest points between any pair of given convex shapes. Direct use of the GJK algorithm
n two interacting blocks is not advisable because it would result in coincident nearest points for convex shapes that are not well-
eparated. Indeed, interacting blocks may not be well-separated either because they are in actual contact with each other or because
hey are even slightly interpenetrating due to numerical inaccuracies accumulated during the simulation. As an expedient proposed
n [72], the GJK algorithm is performed on shrunken copies of the blocks, with the shrinking factor to be calibrated as a geometrical
6
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Fig. 3. Collision detection: potential contacts between two blocks along a prescribed contact direction in case of (a) face-to-face, (b) edge-to-face, or (c)
edge-to-edge interactions. Antagonist contact points are depicted in red. They are obtained by projecting the visible faces of the blocks onto the orthogonal plane
to the contact direction, by considering the intersection convex polygon of the projected faces (in red), and by projecting back onto the blocks the vertices (in
blue) of the intersection convex polygon. Pairs of antagonist contact points too far apart from each other are discarded (and not shown). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 1
Numerical results: friction coefficient 𝜇 adopted in time-history analyses at the interfaces between
the blocks and between the blocks and the foundation.

Numerical problem Friction coefficient 𝜇

Block-to-block Block-to-foundation

Housner block – 2
Single 3D rigid block – 2
Multi-block arch 2 2
Spandrel arch 0.4 0.4
Stone house 0.7 0.9
Historical church 0.6 0.6

tolerance of the problem (Fig. 2). The contact direction between the interacting blocks is therefore selected as the direction of
minimum distance between their shrunken copies, provided that such a distance is small enough (otherwise, the pair of interacting
blocks is discarded from potential contacts).

Once the contact direction is found, relevant pairs of antagonist contact points must be determined between the two interacting
blocks. To that aim, a visibility check is performed on the faces of the two blocks by restricting the attention to those faces whose
outer normal vector forms an acute angle with the contact direction (as oriented from the block under consideration to the interacting
one). The visible faces of the two blocks are then projected onto the orthogonal plane to the contact direction, resulting in a set of
convex polygons. The intersection of every convex polygon that descends from the visible faces of one block is considered with every
convex polygon that descends from the visible faces of the other block. A pair of antagonist contact points between the interacting
blocks is determined by projecting back, onto the blocks along the contact direction, the vertices of each non-void intersection
convex polygon. Finally, possible duplicated pairs of antagonist contact points or pairs of antagonist contact points that are too far
apart from each other are discarded.

It is worth observing that the procedure above is capable to automatically determine the antagonist contact points between
two interacting blocks irrespective of their participation into the contact through one of their faces, edges or vertices. For an
illustration, Fig. 3 shows the pairs of antagonist contact points resulting in case of (a) face-to-face, (b) edge-to-face, or (c) edge-
to-edge interactions. Finally, unilateral-frictional constraints are enforced for each detected pair of antagonist contact points, as
previously discussed in Section 2.2.

Remark 6. It is noticed that the present modeling assumption to consider a single contact direction for all the pairs of antagonist
contact points between two interacting blocks is in line with a similar assumption in the DEM software 3DEC®. In that case, a
common-plane is introduced for two interacting blocks, defined as the plane separating them and maximizing the gap from the closest
vertex (in practice, the maximization problem is only approximatively solved) [88]. The normal unit vector to such a common-plane
is the contact direction between the blocks, here derived by the GJK algorithm as the direction of minimum distance between the
shrunken copies of the two blocks (for alternative collision detection algorithms developed within DEM, see [89]). Conversely,
in [72], the pair of nearest points returned by the GJK algorithm defines both a pair of antagonist contact points and the contact
direction between them. Additional pairs of antagonist contact points are then detected by repeating the procedure with small
rotational perturbations of the configuration of the blocks. As a result, the contact direction may therein be slightly different for
different pairs of antagonist contact points of two interacting blocks. □

4. Numerical results

In this section, numerical simulations are presented for exploring the capabilities of the proposed variational NSCD formulation
7

in predicting the dynamic behavior of block masonry structures subject to ground excitation. Specifically, three benchmark problems
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Table 2
Numerical results: number of blocks 𝐵, time step 𝛥𝑡, and average CPU time per time step taken in time-history
analyses to perform the collision detection (broad and narrow phases are separately considered) and to solve the
time-step optimization problem. Times are expressed in s.

Numerical problem No. blocks 𝐵 Time step 𝛥𝑡 Average CPU time per time step

Collision detection Optimization

Broad Narrow

Housner block 1 0.001 0.00002 0.0002 0.004
Single 3D rigid block 1 0.001 0.00002 0.0002 0.008
Multi-block arch 7 0.001 0.00007 0.002 0.01
Spandrel arch 201 0.001 0.002 0.07 0.1
Stone house 191 0.001 0.002 0.06 0.4
Historical church 5161 0.002 0.3 2.2 9.5

dealing with time-history analyses of the Housner block (Section 4.1), of a 3D rigid block (Section 4.2), and of a multi-block masonry
arch (Section 4.3) are addressed for a validation. Then, a spandrel arch (Section 4.4), a stone house (Section 4.5), and a historic
church (Section 4.6) are investigated as full-scale structural applications, enlightening their dynamic response and failure domains.

All numerical analyses have been performed using an in-house MATLAB®code, and the computations have been done on a
single machine with dual Intel® Xeon® CPU Gold 6226R @ 2.89 GHz and 256 GB RAM. Mosek® optimization software (version
10.1) [83] has been adopted to solve the time-step optimization problem. In particular, it has been observed that the kinematic
and static formulations (21) and (22), respectively, provide identical results, with the implementation of the kinematic formulation
being computationally more efficient.

Table 1 reports the friction coefficient 𝜇 adopted in the time-history analyses at the interfaces between the blocks and between
the blocks and the foundation (the large value 𝜇 = 2 is chosen to numerically match a no-sliding condition). Moreover, Table 2
ummarizes the number of blocks 𝐵, the time step 𝛥𝑡, and the average CPU times per time step taken in the time-history analyses
o perform the collision detection (broad and narrow phases are separately considered) and to solve the time-step optimization
roblem. It is noticed that the former CPU times could be improved by optimizing the programming of the collision detection
lgorithm, whereas the latter time is fully ascribable to Mosek® optimization software.

.1. Housner block

The classical Housner problem dealing with the free rocking motion of a 2D rigid block [4] is investigated for a first basic
alidation of the proposed variational NSCD formulation. The block, of rectangular shape with a basis of 2𝑏 and a height of 2ℎ,
as uniform mass density and is supported on a rigid plane where a no-sliding condition is assumed. The block is initially tilted
ith respect to the vertical by an angle 𝜗0. In time-history analyses, the following parameters are considered: 𝑏 = 0.30m, ℎ = 1m,
0 = 15◦.

A benchmark event-driven solution for the free rocking motion is obtained from the numerical integration of the following
quation of motion [12]:

𝜗̈ (𝑡) = −𝑝2 sin
[

𝛼 sgn 𝜗 (𝑡) − 𝜗 (𝑡)
]

, 𝜗 (0) = 𝜗0, 𝜗̇ (0) = 0, (23)

where 𝜗 is the block rotation angle with respect to the vertical, 𝛼 = tan −1 (𝑏∕ℎ) is the block slenderness angle, 𝑝 =
√

3g∕ (4𝑅) is the
lock frequency parameter depending on the radius 𝑅 =

√

𝑏2 + ℎ2, and sgn denotes the sign function. The numerical integration
as performed in MATLAB® using the built-in function ode23, which implements a Runge–Kutta integration scheme and allows for
treatment of the events. At any event, detected as a zero-crossing of the rotation angle and thus corresponding to an impact of

he block against the supporting plane, the rotation angle is kept fixed, and the block velocity (after the impact) is set to the block
elocity before the impact times the Housner angular-velocity coefficient of restitution 𝑟 = [1 + 3 cos (2𝛼)] ∕4 [4].

Fig. 4(a) shows the solution obtained by the proposed formulation in the phase plane, with 𝜔 (𝑡) = 𝜗̇ (𝑡) denoting the block angular
elocity. In order to enlighten the convergence properties of the method, the decreasing values 𝛥𝑡 = {0.001, 0.0005, 0.0001} s of the
ime step are considered. It is noticed that numerical results are already at convergence for the largest analyzed time step 𝛥𝑡 = 0.001 s.
n Fig. 4(b), the (converged) time history of the total, kinetic, and potential energy per unit weight is given. Sudden drops in the
inetic energy are observed at the impacts of the block against the supporting plane, consistently with the time history of the
issipated energy per unit weight. Interestingly, no significant algorithmic energy dissipation can be noticed. The obtained numerical
esults are in very good agreement with the benchmark ones reported as black dashed lines. Consequently, those results provide a
alidation of the present formulation and confirm its consistency with the classical Housner impact model.

emark 7. Some control on the coefficient of restitution could be achieved within the present formulation by extending the approach
roposed in [90] to the NSCD setting. The basic idea is to assume that the block basis is not perfectly plane but presents one or more
mall bumps. Consequently, the typical impact against the supporting plane occurs in several consecutive time steps. Numerical
esults show that such an approach accomplishes an increase in the coefficient of restitution and is thus capable of overcoming
8

ossible overestimation of the kinetic energy dissipation by Housner’s model. □
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Fig. 4. Housner block: (a) phase portrait and (b) time history of energy per unit weight in free rocking motion. Reference results, obtained by numerical
integration of the equation of motion (23) by MATLAB® built-in function ode23, are reported for comparison as black dashed lines. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Single 3D rigid block: (a) geometric model and (b) one-sine impulse ground acceleration.

4.2. Single 3D rigid block

As a 3D benchmark problem for the proposed variational NSCD formulation, the case study discussed in [36] of a parallelepiped
rigid block subject to pulse-type excitation is considered. The block is assumed to be characterized by a squared basis with a side
length of 2𝑏 and a height of 2ℎ, and to have a uniform mass density (Fig. 5a). A no-sliding condition is assumed to hold between
the basis of the block and the ground. Upon introducing a Cartesian reference frame (𝑂; 𝑥, 𝑦, 𝑧) with origin 𝑂 at the basis centroid
and coordinate axes parallel to the block edges, a one-sine impulse ground acceleration of amplitude 𝑎p and half-period 𝑡p is applied
to the block (Fig. 5b) along the horizontal direction forming an angle 𝛼 with the 𝑥-axis. Time history analyses are performed by
setting 𝑏 = 0.30m, ℎ = 1m, and 𝛼 = 44◦.

The application of a one-sine impulse with 𝑎p = 8m∕ s2 and 𝑡p = 0.25 s is initially investigated. In Fig. 6(a), an account of the
predicted block motion is delivered by the time history of the 𝑧-displacement of the point 𝐴 ≡ (−𝑏,−𝑏, 0). In order to investigate
the convergence properties of the proposed formulation, numerical results obtained for the values 𝛥𝑡 = {0.001, 0.0005, 0.0001} s of
the time step are shown. The numerical results obtained for the finest investigated time step 𝛥𝑡 = 0.0001 s are at convergence and
in excellent agreement with the reference solution (black dashed line) computed in [36] by adopting an event-driven approach and
the classical Housner impact model. Nonetheless, it is remarked that satisfactory accuracy is already achieved, from an engineering
perspective, for the coarsest investigated time step 𝛥𝑡 = 0.001 s.

An interpretation of the overall dynamic response of the block is favored by supplementing the displacement time history in
Fig. 6(a) with the energy time history shown in Fig. 6(b). In addition to the (converged) time history of the total, kinetic, and
potential energy per unit weight, harvested and dissipated energy per unit weight are reported, respectively computed as the
cumulative work done by the external forces per unit weight and as the difference between the harvested and total energy per unit
weight. It emerges that the block undergoes a 3D rocking motion in which several consecutive impacts dissipate its total energy
until it comes to rest. A glimpse of such a rocking motion is delivered by Fig. 7, which shows the block configurations at the time
9
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Fig. 6. Single 3D rigid block: time history of (a) 𝑧-displacement of basis vertex 𝐴 and (b) energy per unit weight, in response to a one-sine impulse of
amplitude 𝑎p = 8m∕ s2 and half-period 𝑡p = 0.25 s along the horizontal direction forming an angle 𝛼 = 44◦ with respect to the 𝑥-axis. Reference results [36] are
reported for comparison as black dashed line. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 7. Single 3D rigid block: deformed configuration attained at potential-energy peaks at time instants (a)–(f) 𝑡 = {0.3, 0.85, 1.35, 1.75, 2.1, 2.7} s, in response
to a one-sine impulse of amplitude 𝑎p = 8m∕ s2 and half-period 𝑡p = 0.25 s along the horizontal direction forming an angle 𝛼 = 44◦ with respect to the 𝑥-axis.
The red marker identifies point 𝐴. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

instants 𝑡 = {0.3, 0.85, 1.35, 1.75, 2.1, 2.7} s approximately coinciding with the first six potential-energy peaks. It is found that the
block starts rotating about vertex 𝐴 during the first half-sine impulse and, after a first major impact, continues rotating about the
diagonally opposite vertex during the second half-sine impulse. Subsequently, a free rocking motion occurs, characterized by block
oscillations alternately about all the basis vertices and with progressively higher frequency, which extends up to a complete decay
of the block total energy.

The effect of a stronger ground acceleration is next considered by selecting the amplitude 𝑎p = 9.5m∕ s2 for the one-sine
impulse while leaving its half-period 𝑡p = 0.25 s unchanged. The obtained numerical results are shown in Fig. 8, adopting the
same format as introduced above. From panel (a), the convergence properties of the present approach with respect to the time
step are substantially confirmed, and a satisfactory agreement is found with the benchmark solution (black dashed line) from [36].
From also inspecting panel (b), it is observed that, despite an initial rocking motion of the block partially dissipating its total
energy, the increased acceleration amplitude eventually implies its collapse. That is proven by the final and simultaneous diverging
of the 𝑧-displacement of point 𝐴 and of the kinetic and potential energy of the block. The block configurations at the time
instants 𝑡 = {0.3, 0.95, 1.6, 2.15, 2.15} s approximately coinciding with the potential-energy peaks, and at the time instant 𝑡 = 2.7 s
are shown in Fig. 9.

In closing, the present numerical results provide a validation of the proposed variational NSCD formulation in predicting the
complex 3D rocking motion of a block subject to pulse-type ground excitation. The very good comparison with results from an
event-driven approach based on the Housner impact model emphasizes the mechanical merit of the formulation and the numerical
efficiency achieved by avoiding refined time-detection of impacts.
10



Computer Methods in Applied Mechanics and Engineering 432 (2024) 117346N.A. Nodargi and P. Bisegna
Fig. 8. Single 3D rigid block: time history of (a) 𝑧-displacement of base vertex 𝐴 and (b) energy per unit weight, in response to a one-sine impulse of
amplitude 𝑎p = 9.5m∕ s2 and half-period 𝑡p = 0.25 s along the horizontal direction forming an angle 𝛼 = 44◦ with respect to the 𝑥-axis. Reference results [36] are
reported for comparison as black dashed line. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 9. Single 3D rigid block: deformed configuration attained at potential-energy peaks at time instants (a)–(e) 𝑡 = {0.3, 0.95, 1.6, 2.15, 2.5} s, and at incipient
collapse at time instant (f) 𝑡 = 2.7 s, in response to a one-sine impulse of amplitude 𝑎p = 9.5m∕ s2 and half-period 𝑡p = 0.25 s along the horizontal direction
forming an angle 𝛼 = 44◦ with respect to the 𝑥-axis. The red marker identifies point 𝐴. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 10. Multi-block arch: (a) geometric model, (b) perspective view of the adopted numerical model, and (c) biphasic impulse ground acceleration.

4.3. Multi-block arch

For a further validation of the proposed variational NSCD formulation, the problem of a multi-brick arch known as Oppenheim’s
arch [22] undergoing an in-plane pulse-type excitation is investigated. The arch is characterized by a circular mid-curve of
radius 𝑅 = 10m, thickness-over-radius ratio ℎ∕𝑅, and embrace angle 𝛽 (Fig. 10(a,b)). A no-sliding condition is assumed to hold
between the 𝐵 = 7 blocks and between the blocks and the ground. The arch is subjected to a biphasic impulse ground acceleration,
i.e. to a pulse of constant acceleration 𝑎p for a duration 𝑡p, followed by a pulse of constant acceleration 𝑎p∕2 in the opposite direction
for a duration 2𝑡p (Fig. 10c) acting within the arch plane (the first acceleration pulse is assumed leftwards).

As in proposed in [34], a time-history analysis of the Oppenheim arch is performed in the case ℎ∕𝑅 = 0.15 and 𝛽 = 150◦.
The values 𝑎 = 1.11 g, with 𝑔 as the gravity acceleration, and 𝑡 = 0.30 s are selected for the applied biphasic impulse (the
11
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Fig. 11. Multi-block arch: time history of (a) block rotations and (b) energy per unit weight, for a circular arch with radius 𝑅 = 10m, normalized
thickness ℎ∕𝑅 = 0.15, and embrace angle 𝛽 = 150◦, in response to an in-plane biphasic impulse of amplitude 𝑎p = 1.11 g and duration 𝑡p = 0.30 s. The blocks
are numbered from right to left. Numerical results at varying of the time step 𝛥𝑡 = {0.001, 0.0005, 0.0001} s are reported as dash-dotted, dashed, and solid lines,
respectively. Reference results [34] are reported for comparison as black dotted line. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 12. Multi-block arch: deformed configuration attained at potential-energy peaks at time instants (a)–(e) 𝑡 = {0.5, 0.85, 1.5, 1.75, 2} s, and at incipient collapse
at time instant (f) 𝑡 = 2.5 s, for a circular arch with radius 𝑅 = 10m, normalized thickness ℎ∕𝑅 = 0.15, and embrace angle 𝛽 = 150◦, in response to an in-plane
biphasic impulse of amplitude 𝑎p = 1.11 g and duration 𝑡p = 0.30 s.

pseudo-static seismic capacity of the arch, as determined by standard limit analysis, is of 0.444𝑔). In Fig. 11(a), the time history
predicted for the rotation angles of the blocks (as numbered from right to left) is depicted. Numerical results at varying of the time
step 𝛥𝑡 = {0.001, 0.0005, 0.0001} s are reported as dash-dotted, dashed, and solid lines, respectively. They confirm the convergence
properties of the present formulation and are found to be in very good agreement with the reference solution (black dotted line)
computed in [34] by an event-driven approach based on the classical Housner impact model. Fig. 11(b) shows the (converged) time
history of total, kinetic, potential, dissipated and harvested energy per unit weight.

As a qualitative description, it is observed that the arch motion (towards the right) initiates along the pseudo-static four-hinge
mechanism, with a peak of the kinetic energy attained at the end of the first pulse. While the arch recovers from such first excitation,
the inversion of the arch motion during the return pulse triggers a rocking motion. Several impacts take place, which produce sudden
drops in the kinetic energy of the system and, through the subsequent closing and opening of diverse hinges, imply a complex
motion. Despite the energy dissipation due to impacts, the arch collapses (moving towards the left). That is proven by the final and
simultaneous diverging of the rotation angles of all the blocks (except for the first one, which eventually returns to rest) and of
the kinetic and potential energy. The arch configurations at the time instants 𝑡 = {0.5, 0.85, 1.5, 1.75, 2} s approximately coinciding
with the potential-energy peaks, and at the time instant 𝑡 = 2.7 s are shown in Fig. 12, highlighting the fast evolution of the hinge
locations during the rocking of the arch.

As a concluding remark, the present numerical results validate the capabilities of the proposed variational NSCD formulation
also in addressing the dynamic response of a multi-block arch under in-plane ground excitation. Compared to the single-rigid-block
12
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Fig. 13. Spandrel arch: (a) geometric model, with dimensions expressed in m, and (b) perspective view of the adopted numerical model [72].

Fig. 14. Spandrel arch: time history of (a) monitored block and (b) energy per unit weight, in response to an in-plane sinusoidal acceleration of amplitude 𝑎p =
0.36 g and half-period 𝑡p = 1 s. Reference results [72] are reported for comparison as dotted line. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

problem, the interaction between multiple blocks is automatically accounted for by the implemented collision detection algorithm,
which accurately predicts the non-trivial sequence of opening and closing hinges. Finally, the consistency of the formulation with
the Housner impact model is further verified.

4.4. Spandrel arch

In this section, the dynamic behavior of the spandrel arch shown in Fig. 13 is considered to test the performances of the proposed
NSCD formulation in a full-scale structural application. Such a case study is inspired by a similar problem addressed in [72], where
the wall is specified to be 𝐻 = 5m high, 𝑡 = 0.8m thick, 𝐿 = 16.2m long, and the arch inner radius is given as 𝑅 = 3.8m. In order
to mimic the rounding and smoothing of the block corners therein adopted, a trimming procedure is implemented here to chip the
block edges. Specifically, for 𝝂1 and 𝝂2 denoting unit vectors normal to the two block faces that share the typical edge, the block
is trimmed by a plane at distance 𝜀𝐻 from the exterior support plane to the block whose normal vector is parallel to 𝝂1 + 𝝂2. In
numerical simulations, it is set 𝜀 = 0.0015. The structure comprises 𝐵 = 201 blocks, which are assumed of uniform mass density. A
Cartesian reference frame (𝑂; 𝑥, 𝑦, 𝑧) is introduced, such that the 𝑥- and 𝑧-axes define the in-plane horizontal and vertical direction,
respectively, and the 𝑦-axis defines the out-of-plane direction. A sinusoidal ground motion is applied along the 𝑥-direction, such that
the corresponding ground acceleration is of amplitude 𝑎p = 0.36 g and half-period 𝑡p = 1 s (the first acceleration pulse is assumed
leftwards). Based on the evidence from the convergence analysis carried out in the three benchmark problems previously discussed,
the time step 𝛥𝑡 = 0.001 s has been adopted in numerical simulations, which conjugates numerical accuracy and computational
efficiency.

Fig. 14(a) shows the time history numerically predicted for the in-plane horizontal and vertical displacements of the block
centroid indicated by a marker in Fig. 14(b), given the applied ground displacement time history. For comparison, results from [72]
are reported as dashed lines, implying a reasonable qualitative agreement (observed differences are mainly ascribable to not-perfectly
13
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Fig. 15. Spandrel arch: deformed configuration attained at time instants (a)–(f) 𝑡 = {1, 2, 3, 4, 5, 6} s, in response to an in-plane sinusoidal acceleration of
amplitude 𝑎p = 0.36 g and half-period 𝑡p = 1 s. The red marker identifies the monitored block. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

matching geometric models). Fig. 14(b) illustrates the time history of total, kinetic, potential, dissipated, and harvested energy per
unit weight.

It is observed that the horizontal displacement of the monitored block centroid coincides with the ground displacement until the
impulse ground acceleration reaches the pseudo-static seismic capacity of the spandrel arch, determined by a standard limit analysis,
of 0.284 g. Subsequently, the relative motion of the structure with respect to the ground initiates. It is characterized by a sequence
of oscillations in the horizontal direction exhibiting a phase lead compared to the ground motion. The structural configurations
attained at the time instants 𝑡 = {1, 2, 3, 4, 5, 6} s are depicted in Fig. 15, showing the progressive disassembling and damaging
process of the structure until its final collapse. The structural motion is significantly influenced by shear sliding occurring in the
spandrels, as enabled by the limited available friction coefficient. In particular, the sliding at the base of the spandrels induces
springing settlements of the arch, which thus enter a hinge mechanism. In the initial stages of the motion, panels (a)–(c), the
structural motion follows the alternating direction of the ground motion, with diagonal shear cracks in the spandrels and hinges
in the arch that alternatively open and close up. When the structural deterioration becomes more severe, panels (d)–(f), structural
damage starts accumulating despite the inversion of the ground motion, ultimately provoking the collapse for loss of equilibrium.
Consistently with Remark 5, it is noticed that no dilatancy effect arises at the contacts between the blocks, even in presence of
significant shear sliding.

In conclusion, the obtained numerical results show the computational merit of the proposed variational NSCD formulation in
application to a full-scale structure subject to in-plane ground excitation. Differently than the previous benchmark problems, a
complex dynamics characterized by a large number of impacts, also very close in time and yet not simultaneous, are naturally taken
into account, providing accurate results of engineering interest.

4.5. Stone house

A fully three-dimensional problem concerning the dynamic behavior of a stone house is addressed in this section. The stone
house is inspired by the masonry three-wall structure made up of rough stones of various sizes experimentally tested in [92]. The
adopted geometrical model (Fig. 16) follows the simplified version proposed in [91], which approximately reproduces the average
block size of the original mockup and assumes continuous horizontal joints. As a result, a more regular assembly of brick-shaped
rigid blocks is obtained (a comparison with the numerical results from [91] is not pursued here, because the DEM commercial
software 3DEC® therein used requires in input a conspicuous number of mechanical parameters that would be difficult to relate,
without a dedicated calibration, to the only friction angle entering the present NSCD formulation). It is observed that the east wall
of the stone house, corresponding to its façade, is characterized by a door opening and a timpanum. The two orthogonal walls have
the same dimensions, with the north wall presenting a window opening. A Cartesian reference frame 𝑂; 𝑥, 𝑦, 𝑧 is introduced, such
14
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Fig. 16. Stone house: (a) geometric model of east, north, and south walls and of layout plan (clockwise-shown, with dimensions expressed in m), and (b)
perspective views of the adopted numerical model [91,92]. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

that the 𝑥- and 𝑧-axes define the horizontal and vertical direction in the plane of the façade and the 𝑦-axis, pointing towards the
orthogonal walls, defines the out-of-plane direction. The structure is constituted by 𝐵 = 191 blocks, assumed to have uniform mass
density. Three blocks of the façade are precisely monitored during the stone house motion, as pinpointed by markers in Fig. 16(b).
They are referred to as the top central (blue marker), top south (red marker), and top north (yellow marker) blocks.

4.5.1. Time-history analysis
A time-history analysis of the stone house is initially performed. Specifically, the application of a one-sine impulse ground

acceleration (Fig. 5(b)) of amplitude 𝑎p = 0.8 g and half-period 𝑡p = 0.20 s is considered along the negative 𝑦-direction. The
corresponding pseudo-static seismic capacity, determined through a standard limit analysis procedure and implying the forward
out-of-plane collapse of the façade, is 𝑎p0 = 0.372 g. In Fig. 17(a), the time history of the (out-of-plane) 𝑦-displacement of the
monitored blocks is reported, implying that the stone house façade oscillates due to the strong motion and eventually comes to rest
in a slightly deformed configuration. Such a conclusion is consistent with the energy time history shown in Fig. 17(b). A phase lag
is observed between the structural response and the ground motion, with potential-energy peaks approximately attained at time
instants 𝑡 = {0.25, 0.65} s. The corresponding deformed configurations, alongside the one at the end of the simulation, are shown
in Fig. 18. During the first excitation pulse, an in-plane backward rotation of a portion of the north wall, which is weakened by
the window opening, is noticed. That also favors the formation of some cracks in the façade. Conversely, the second pulse activates
a forward out-of-plane rotation motion of the façade, partially involving the orthogonal walls due to the interlocking between the
blocks. Nonetheless, only minor residual damage is observed after the ground excitation.

The effect of a lower-frequency ground acceleration is then investigated by considering a one-sine impulse with half-period 𝑡p =
0.40 s and unchanged acceleration amplitude 𝑎p = 0.8 g. The obtained results are shown in Figs. 19 and 20, adopting the same format
introduced above. In this case, the first excitation pulse can already produce a severe in-plane backward rotation of the north wall.
Afterward, the second pulse causes a forward out-of-plane rotational collapse of the façade, which practically evolves as a rigid
body and drags down portions of the orthogonal walls.

As a general remark, it is observed that the dynamic behavior of the stone house is qualitatively governed by rotational-like
mechanisms. That is a consequence of the adopted friction coefficient (corresponding to a friction angle of 35◦), which is large
enough to avoid significant sliding, and thus disaggregation, of the blocks. Moreover, for the quite complex three-dimensional
masonry block structure under investigation, it is obtained that lower-frequency ground excitations are generally more dangerous
than higher-frequency ones. That result is consistent with analogous conclusions drawn in the literature concerning simpler masonry
block structures (e.g., see [33,34]).
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Fig. 17. Stone house: time history of (a) monitored block 𝑦-displacement and (b) energy per unit weight, in response to a one-sine impulse of amplitude 𝑎p = 0.8 g
and half-period 𝑡p = 0.20 s along negative 𝑦-direction. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 18. Stone house: deformed configuration attained at potential-energy peaks at time instants (a)–(b) 𝑡 = {0.25, 0.65} s, and at final time instant (c) 𝑡 = 2 s, in
response to a one-sine impulse of amplitude 𝑎p = 0.8 g and half-period 𝑡p = 0.20 s along negative 𝑦-direction. Blue, red, and yellow markers identify the monitored
top central, top south, and top north blocks. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

4.5.2. Failure domain
The failure domains of the stone house in resisting a sinusoidal ground impulse excitation are investigated by systematically

repeating the dynamic analysis in the previous section at varying the acceleration amplitude 𝑎p and the half-period 𝑡p of the applied
impulse. For the typical ground excitation, the stone house motion is simulated for a duration 𝑇 = 2𝑡p + 𝑡∗ , exceeding the strong
motion of the prescribed time 𝑡∗ = 2 s. Structural collapse is declared in case the potential energy of the structure measured from
the foundation reduces by at least 20% with respect to the counterpart value in the initial configuration. Numerical evidence shows
that such an adopted threshold also allows for consistently detecting partial structural collapses.

The results obtained adopting the friction coefficient 𝜇 = 0.7 between the blocks are shown in Fig. 21(a), where dot markers are
plotted for pairs

(

𝑡p, 𝑎p
)

causing the stone house collapse. Different colors are adopted for markers relevant to a ground excitation
in the positive (blue) or negative (red) 𝑦-direction. The boundaries of the resulting point clouds are interpreted as structural failure
domains. For accelerations smaller than the pseudo-static seismic capacity (horizontal dashed lines), the stone house behaves as
a rigid body integral to the ground. By contrast, a motion is initiated when larger accelerations are applied, with the structure
recovering or collapsing for small or large half-period impulses, respectively. In particular, the boundary of the failure domains
asymptotically approaches the pseudo-static seismic capacity for long impulse half-period.

It is observed that the failure domain for negative 𝑦-direction of the ground excitation is not monotonic with respect to the
acceleration amplitude 𝑎p for small half-periods 𝑡p. Such a result, revealing the existence of small safe regions carving the unsafe
one, is also observed for simpler masonry block structures (e.g., see [33,34]). Although that feature does not represent a numerical
artifact, it is still recognized as a region of complex response from the structure. Since the direction of the ground excitation is not
known in advance and in order to guarantee the monotonicity with respect to the acceleration amplitude, for safety, it is proposed
to consider as the structural failure domain the convex hull of the union of the point clouds relevant to both the ground excitation
directions.

The descending failure domain is reported in Fig. 21(b), where a comparison at varying the friction coefficient between the
blocks for the selected values 𝜇 = 0.3, 0.5, 0.7 is also delivered. Since the pseudo-static seismic capacity increases with the friction
16
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Fig. 19. Stone house: time history of (a) monitored block 𝑦-displacement and (b) energy per unit weight, in response to a one-sine impulse of amplitude 𝑎p = 0.8 g
and half-period 𝑡p = 0.40 s along negative 𝑦-direction. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 20. Stone house: deformed configuration attained at time instants (a)–(c) 𝑡 = {0.5, 0.9, 1.3} s, in response to a one-sine impulse of amplitude 𝑎p = 0.8 g
and half-period 𝑡p = 0.40 s along negative 𝑦-direction. Blue, red, and yellow markers identify the monitored top central, top south, and top north blocks. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

coefficient (as indicated by the horizontal dashed lines), the dynamic resistance of the stone house appears to correspondingly
improve for long impulse half-period (the failure domains slightly shift upwards for increasing 𝜇). By contrast, when high-frequency
excitations are concerned, it is observed that a smaller friction coefficient reduces the structural vulnerability (the failure domains
shift rightwards for decreasing 𝜇). Within the present context, where a purely frictional behavior is assumed at the block interfaces,
that result follows from a structural isolation effect due to significant sliding occurring at the interface between the blocks of the
first and second bottom masonry courses when the friction coefficient is sufficiently small.

Overall, it is confirmed that the failure domains of the stone house under sinusoidal ground impulse excitation are in line with
that shown by simpler masonry structures, as found in the literature (e.g., see [33,34]).

4.5.3. Fragility function
The stone house case study is finally exploited to assess the applicability of the proposed variational NSCD formulation in

predicting the dynamic behavior of historical masonry structures under earthquake excitation. Specifically, the estimation of a
fragility function for the stone house is targeted here, as required in several seismic assessment procedures (e.g., see [93,94]).
A fragility function characterizes the probability P (𝐶|IM ≤ 𝑥) that a ground motion with intensity measure IM ≤ 𝑥 produces the
collapse 𝐶 of the structure. By adopting the form of a lognormal cumulative distribution function, the fragility function is thus
defined as (e.g., see [95]):

P (𝐶|IM ≤ 𝑥) = 𝛷
(

ln (𝑥∕𝜃)
𝛽

)

, (24)

in which 𝛷 is the standard normal cumulative distribution function, whereas 𝜃 and 𝛽 respectively denote the median of IM values
associated with the onset of collapse and the standard deviation of ln IM.

The suite of ground motions given in FEMA P695 is considered in the present investigation [96]. It consists of 56 near-field
and 44 far-field records that are applied to the structure along the 𝑦-direction. The peak ground acceleration PGA is chosen as the
17
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Fig. 21. Stone house: (a) failure domain for a one-sine impulse of amplitude 𝑎p and half-period 𝑡p along positive or negative 𝑦-direction assuming friction
oefficient 𝜇 = 0.7 at the interface between the blocks and (b) failure domain obtained as union of the counterpart domains for positive or negative 𝑦-direction
t varying the friction coefficient 𝜇 at the interface between the blocks. (For interpretation of the references to color in this figure legend, the reader is referred
o the web version of this article.)

Fig. 22. Stone house: observed fractions of collapse as a function of the PGA (markers) and estimated log-normal fragility functions (solid lines), for the FEMA
6955 suite of 56 near-field and 44 far-field records [96] along the 𝑦-direction. Selected values of the friction coefficient 𝜇 at the interface between the blocks
re considered. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

ntensity measure IM of the ground motions (several different choices can be considered, e.g., see [98,99]). In order to estimate the
ragility function parameters 𝜃 and 𝛽, a multiple stripe analysis is resorted to (e.g., see [95]). Within that approach, scaled versions
f each ground motion are considered to match a discrete set of intensity measure IM values, and a dynamic analysis is performed
or each scaled ground motion to determine whether structural collapse occurs. In numerical simulations, the time step 𝛥𝑡 = 0.0025 s
as been adopted, corresponding to the minimum sampling rate of the records, and the structural collapse has been identified based
n the potential energy criterion introduced in the previous section. The obtained numerical results are shown in Fig. 22, where
arkers identify the fraction of collapses predicted for the investigated values {0.5, 0.75, 1, 1.5, 2, 2.5} of the PGA (in units of g) for

he values 𝜇 = {0.3, 0.5, 0.7} of the friction coefficient between the blocks.
The estimates of the fragility function parameters 𝜃 and 𝛽 are then obtained by maximizing the log-likelihood function

e.g., see [95]):

 =
∑

𝑗

{

ln
(

𝑛𝑗
𝑧𝑗

)

+ 𝑧𝑗 ln𝛷

(

ln
(

𝑥𝑗∕𝜃
)

𝛽

)

+
(

𝑛𝑗 − 𝑧𝑗
)

ln

[

1 −𝛷

(

ln
(

𝑥𝑗∕𝜃
)

𝛽

)]}

, (25)

here 𝑥𝑗 denotes the typical intensity measure IM value in the investigated discrete set, and 𝑧𝑗 denotes the number of collapses in the
orresponding 𝑛 ground motions. Such a log-likelihood function is obtained by assuming that the collapse under a ground motion is
18
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Fig. 23. Historical church: (a) perspective view of the adopted numerical model [97] and deformed configurations attained at time instants (b)–(d) 𝑡 =
{0.6, 1.2, 2} s, in response to a one-sine impulse of amplitude 𝑎p = 1 g and half-period 𝑡p = 0.40 s along negative 𝑦-direction.

independent of the collapse under other ground motions, i.e., that the number 𝑧𝑗 of collapses out of 𝑛𝑗 ground motions with IM = 𝑥𝑗
is given by a binomial distribution, and using the lognormal cumulative distribution function model (24) for the fragility function.
In practice, a generalized linear regression of the data

(

𝑥𝑗 , 𝑧𝑗 , 𝑛𝑗
)

with a probit link function is performed, which is equivalent to
solving problem (25) (e.g., see [100]). The obtained estimates of the fragility function parameters are 𝜃 = {1.015, 0.981, 0.971}
and 𝛽 = {0.520, 0.436, 0.416} respectively for the values 𝜇 = {0.3, 0.5, 0.7} of the friction coefficient at the interfaces between
the blocks. The corresponding fragility functions are shown in Fig. 22. It is noticed that while the fragility functions for 𝜇 = 0.5
and 𝜇 = 0.7 are similar, an improved seismic resistance is achieved for large PGA values in the case of 𝜇 = 0.3. That result may be
motived by the same seismic isolation effect observed under one-sine impulse excitation.

In conclusion, the present numerical results demonstrate the merit of the proposed variational NSCD computational approach in
addressing the dynamic response of historical masonry structures under earthquake excitation, thus enabling seismic applications
with practical engineering interest.

4.6. Historical church

In order to challenge the proposed NSCD formulation on a masonry structure comprising thousands of blocks, the dynamic
response of the historical church shown in Fig. 23(a) is addressed. The adopted numerical model closely follows the one investigated
under static loading conditions in [97]. In detail, the church layout is in the form of a Latin Cross, characterized by a single nave
about 18m long and a transept 14m large, with a chapel and a bell tower located at the apse sides. The church and the bell tower
are 14m and 17m high, respectively. The structure is constituted by 𝐵 = 5161 blocks of uniform mass density. A Cartesian reference
frame (𝑂; 𝑥, 𝑦, 𝑧) is considered, such that the 𝑥- and 𝑦-axes respectively define the transverse and longitudinal directions of the
church, and the 𝑧-axis corresponds to the vertical direction.

A time-history analysis of the church is performed under a one-sine impulse of amplitude 𝑎p = 1 g and half-period 𝑡p = 0.40 s
along the negative 𝑦-direction. In passing, it is noticed that the longitudinal pseudo-static seismic capacity of the church, determined
by standard limit analysis and producing the out-of-plane collapse of the façade, is 𝑎 = 0.238 g (in agreement with the value 0.237 g
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found in [97]). Fig. 23(b) shows the deformed configuration attained by the church at the time instant 𝑡 = 0.6 s. That is representative
of the effect of the first excitation pulse, which mainly induces a backward rotation of the bell tower, as highlighted by the
formation of diagonal cracks in its lateral wall, and some damage to the church façace. Subsequently, as illustrated by the deformed
configuration at time instants 𝑡 = {1.2, 2} s reported in Figs. 23(c)–(d), the second excitation pulse implies the forward collapse of
the upper part of the bell tower and the church façace, with severe damage of the church lateral walls.

Finally, the obtained numerical results prove the potentialities of the proposed variational NSCD computational approach to
predict the dynamic behavior of complex historical masonry constructions involving thousands of blocks and evolving through an
intricate sequence of block contacts and collisions.

5. Conclusions

A variational formulation of the non-smooth contact dynamics approach has been presented, aimed at numerically predicting the
dynamic response of historical masonry structures made up of 3D rigid blocks and undergoing ground excitation. In line with the
non-smooth contact dynamics method, the equations of motion have been set in a time-discrete impulse-theorem format, resorting
to block velocities and contact impulses as the problem unknowns. A unilateral-frictional contact law with an associative flow rule
has been assumed between the blocks and enforced as conic constraints on the relative velocities of antagonist contact points.
As the advantage of adopting an associative flow rule, the equivalence of the time-discrete dynamic problem with a saddle-point
variational formulation has been shown, from which purely kinematic and static functionals have been obtained. The proposed
numerical method requires, at each time step, performing a collision detection that identifies antagonist contact points based on
the given structural configuration, solving a second-order conic programming problem to compute block velocities and contact
impulses, and updating the structural configuration for the solution to advance in time. An optimization software available in the
literature, implementing a primal-dual interior-point method, has been resorted to for the solution of the time-step optimization
problem, leveraging the convex setting of the formulation to handle also large-scale problems robustly and efficiently. Numerical
results have been presented to test the computational performances of the proposed approach. Specifically, numerical evidence that
the present method implies no dilatancy at the contacts between the blocks and is consistent with event-driven solutions based
on the classical Housner impact model has been provided in three benchmark problems. Moreover, the dynamic response, failure
domains, and fragility functions of real-size masonry structures subjected to ground impulse or earthquake excitation have been
explored. The obtained results prove the accuracy, robustness, and efficiency of the method to serve as a reliable computational
tool for the dynamic analysis and seismic assessment of historical masonry constructions of engineering interest.
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Appendix. Linearized rotational equilibrium equation

This section is devoted to the linearization of the time-discrete rotational equations of motion (3)2. In particular, the nonlinear
map 𝝎𝑏 ↦ 𝐉𝑏 𝝎𝑏 relevant to the typical block 𝑏 is considered. Its Jacobian 𝐇𝑏 is given by:

𝐇𝑏 𝛥𝝎𝑏 = 𝐉𝑏𝛥𝝎𝑏 +
(

𝛥𝐑𝑏𝐑𝑏𝑇 )𝐉𝑏𝝎𝑏 + 𝐉𝑏
(

𝛥𝐑𝑏𝐑𝑏𝑇 ) 𝑇𝝎𝑏, (A.1)

involving the linearized rotation matrix in the term 𝛥𝐑𝑏𝐑𝑏𝑇 . That satisfies (e.g., see [101]):

𝛥𝐑𝑏𝐑𝑏𝑇 = skw
(

𝐁𝑏 𝛥𝝎𝑏) , 𝐁𝑏 = 𝑰 + 1 − cos𝜔𝑏
(

𝑏
)2

𝜴𝑏 + 𝜔𝑏 − sin𝜔𝑏
(

𝑏
)3

(

𝜴𝑏)2 , (A.2)
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where the position 𝜔𝑏 = ‖

‖

𝝎𝑏
‖

‖

has been introduced. The positive semidefinite part 𝐇𝑏 of the Jacobian 𝐇𝑏 is obtained as:

𝐇
𝑏
sym = 1

2

(

𝐇𝑏 +𝐇𝑏𝑇
)

= 𝑽 𝑏𝑫𝑏𝑽 𝑏𝑇 , 𝐇𝑏 = 𝑽 𝑏𝑫𝑏
+𝑽

𝑏𝑇 , (A.3)

i.e., by replacing the diagonal matrix 𝑫𝑏 involved in the eigendecomposition of its symmetric part 𝐇
𝑏
sym with the positive part 𝑫𝑏

+.
Finally, the matrix 𝐇 is given by:

𝐇 = diag
(

𝐇1;… ;𝐇𝐵) , (A.4)

to be used in the linearized rotational equilibrium equations (8).
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