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Abstract

A refinement of the Heisenberg uncertainty principle has been proved by Luo using Wigner—
Yanase information. Generalizations of this result have been proved by Yanagi and by other
scholars for regular Quantum Fisher Information in the matrix case. In this paper, we prove
these results in the von Neumann algebra setting.
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1. Introduction
Starting from the Wigner-Yanase information I,(A) := 3Tr((i[o, A])?) and the vari-

ance V,(A) = Tr(pA?) — (Tr(pA))z, Luo introduced in [1] a new measure of quantum
uncertainty as

Up(A) = 1/Vp(A)2 = (Vo(4) = Lp(A))2.

check for and proved an uncertainty principle for U in the form
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of all Quantum Fisher Information is parametrized by a certain class of operator monotone
functions JF,, (see below). To each function f of the class J,, one may associate the metric

adjusted skew information Ig (A), so one can define also a generalized quantum uncertainty
Copyright: © 2025 by the authors.

f
Licensee MDP], Basel, Switzerland. u by the formula
This article is an open access article ufj; (A) = \/Vp (A)2 — (Vp (A) — I;J; (A) )2.
distributed under the terms and
conditions of the Creative Commons It is natural to conjecture that inequality (1) is a particular case of a general inequality
Attribution (CC BY) license
(https:/ / creativecommons.org/ Ug(A) . llg(B) > f(O)|TI'(p[A, BD|2, f S Storp. (2)

licenses /by /4.0/).

Mathematics 2025, 13, 3651 https://doi.org/10.3390/math13223651


https://doi.org/10.3390/math13223651
https://doi.org/10.3390/math13223651
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math13223651
https://www.mdpi.com/article/10.3390/math13223651?type=check_update&version=1

Mathematics 2025, 13, 3651

2 of 10

Actually, this is not the case and the inequality is true only for a proper subset of
Fop [2,3]. To have a general uncertainty relation for U/ one has to use the smaller constant
£(0)2. Indeed the main result in [4] was the following inequality

U (A) - US(B) > F(0)2Tr(p[A, B)[?,  f €] 3)

As for this article, we want to extend the validity of inequalities (3) and (2) to un-
bounded operators affiliated to a von Neumann algebra.

The use of von Neumann algebras in Quantum Information is not new, starting from
the work of Umegaki in the 1960’s, and it has been popular ever since, as it is witnessed,
for example, by the books [5-10] and the papers [11-15].

In Section 2 we recall some notions on operator monotone functions. In Section 3
we prove some auxiliary lemmas, revolving around sesquilinear forms on the Hilbert
space of the standard representation of a von Neumann algebra. In Section 4 we prove
inequalities (3) and (2) for unbounded operators affiliated to a von Neumann algebra,
respectively, in Theorem 2 and in Theorem 3.

2. Operator Monotone Functions

In quantum probability, operator monotone functions are extremely relevant because
they parametrize Quantum Fisher Information(s) and Quantum Covariances.

Let M, := M,,(C) be the set of all n x n complex matrices. A function f : (0, +o0) — R
is an operator monotone (increasing) if, for any n € N, and A, B € M, such that 0 < A < B,
the inequalities 0 < f(A) < f(B) hold. An operator monotone function is symmetric if
f(x) = xf(x~ ) and normalized if f(1) = 1.

Definition 1. F,), is the class of functions f : (0,4+c0) — (0, +00) such that

(i) f is operator monotone.
(ii) f(1) = 1.
(i) (1) = f(1)

Example 1. Examples of elements of F,) are given by the following list:

frip(x) = &5 fwr(x)

()"

_1\2
fop(x) = HE fu@) = a(l-0)Sley,  we (0]

To each function f € JF,, one may associate an operator mean (Kubo-Ando [16]), a
Quantum Fisher Information (Petz [17]); and a Quantum Covariance (Petz [18]) according
to the following formulas:

mf(A,B) — Al/Zf(Afl/ZBAfl/Z)Al/Z/
(A,B), s =Tr(A-mg(Ly,Rp)""(B)),
Covh (A, B) = Tr(Ag - mf(Ly, R,)(Bo))-

A number of applications in quantum information derive from the above Kubo—Ando—
Petz results.
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Remark 1. Any f € F, satisfies

2x gf(x)glgx, Vx > 0.

For f € J,, define f(0) := limy_,o f(x). We introduce the sets of regular and non-
regular functions

?gp = {f € ?0]!7 |f(0) 7£ 0}, Sjonp = {f € H:OP |f(0) = 0}
and notice that trivially Fop = F5, UFg, .

Definition 2. For f € F;, we set

f(x)=% (X+1)—(x—1)2j:§2; x> 0.

Theorem 1 ([19]). The correspondence f — f is a bijection between Fop and Fgp,.

Recently this result has proven to be useful in different parts of Quantum Information.
The first example is the Dynamical Uncertainty Principle, which is the first inequality
setting a quantum bound for the generalized variance of an odd number of observables,
contrary to the Schrodinger—Robertson uncertainty principle [15,20].

The second example deals with the construction of quantifiers of quantum discord.
Two of the most used ones are Local Quantum Uncertainty (LQU) and Interferometric
Power (IP) [21,22]. Using the above theorem it has recently been proven that LQU and IP
are just examples of a class of quantifiers parametrized by the functions f € Fg, [23].

See [24] for a recent survey of the applications of this correspondence.

We recall two inequalities that we use in the sequel.

Proposition 1. Any f € F,, satisfies

fOP—12 < 2(x+1)* = f(x)?, x>0

N

If, moreover, % (x +1) + f(x) > 2f(x), Vx > 0, then

(x+1)% = f(x)?, x> 0.

N

fO)(x—1)* <

Proof. The first inequality is proved in [4]. The second inequality comes from ([3],
Lemma 4.1). O

3. Auxiliary Lemmas

Let M be a von Neumann algebra, and w a normal faithful state on M. Associated
with w are a Hilbert space H,, a normal faithful representation 7, of M on B(H,,), and
a cyclic and separating vector §,, € H,, such that w(a) = (w, Tw(a)Cw), a € M. These
are called the GNS (for Gelfang—Naimark-Segal) Hilbert space, representation, and vector,
respectively. Consider now the antilinear densely defined operator S,,aé., := a*Gw, a € M.
Its polar decomposition is S, = ]wA}U/ 2 where Jw is an antilinear unitary, called modular
conjugation, and A, is a positive unbounded self-adjoint operator, called modular operator.
See [25,26] for more information on the general theory of von Neumann algebras. In the
sequel, we denote by TEM the fact that T is a closed, densely defined linear operator on
H., and is affiliated with M.



Mathematics 2025, 13, 3651 40f 10

For the reader’s convenience, we recall the following folklore result.
Lemma 1. D(AY/?) = {T¢, : TEM,E, € D(T)ND(T*)}.

Proof. See, e.g., ([27], Lemma 3.6). O

To deal with unbounded operators, we introduce some sesquilinear forms on I, and
take [28] as our standard reference.

Definition 3. Let f € Fop, and define the following sesquilinear forms

E(&m) = (AY2E, NPn), & e DY),

E(E ) =EEn) +(&, 1), &neDAY?),

F&n) = <f( )28, F(8) ), & e D(f(Aw)?),
91 (@) == FFw ) - F (&), &neDBl?).

Remark 2. The form 4/ is used to define the f-correlation, while the others are introduced for
technical purposes.

Proposition 2. Let f € Fop, and A, = fooo tdE(t) its spectral decomposition. Then, for any
&1 € D(AY?), one has

Proof. It follows from ([29], Prop. 4.15) that

FhEm) = O, Fo) = [ FOVER@ac, B = [ F0d, Bw)
Then

400

gl = 2E - #en = [ 0+0de Bwn - [ F©de, Eon.
O

Remark 3. (1) It follows from ([28], example V1.1.13) that & and .F/ [so also & and 4f] are
closed, positive, and symmetric sesquilinear forms
(2) Observe that Ffsio (&) = 1&6(&,n) + (&, n) = 3&(E 7). Indeed

ijLD(§,;7> = <fSLD(Aw)1/2§’ fSLD(Aw)1/277>

- %«1 +80)128, (14 80)! /)

/ / 1
2<A1 2z, M) + (& m).

Some properties of the quadratic forms .7/ are contained in the following Lemma.

Lemma 2. (1) D(.Z/) > D(AL/?),
() f,8 € Top. f <8 = FI(E,8) < FH(E,Q), forany ¢ € D(AL?).
() 9/ is a symmetric sesquilinear form on D(4F) > D(AL/?), which is positive on D(AL/?).
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Proof. (1) Since f € F,, = 0 < f(x) < I(x+1), Vx > 0, one has D(AL/?) C
D(f(Aw)'?).

(2) It is obvious.

(3) It follows from Lemma 2 and Remark 1. [

Since we consider only self-adjoint operators (i.e., observables, in physics parlance)
we introduce the following definition.

Definition 4. Set X, := {AEM: A = A*, i, € D(A)}.

The following Proposition is used to prove that the f-correlation is symmetric.
Proposition 3. Let A, B € X, and f € Fop. Then F/(Bolw, Aolw) = FF(Aolw, Botw) € R.
Proof. Indeed

FF (Bo€w, Aotw) = (f(Bw)*Boéw , (D) *Aotu)
= (f(Bw)? DY *Bote , f(Aw)?JwbL/*Aote)
= (Juf (8) oA A, Jeo f (Bo) T AL * BoZ)
= (F(AL)Y2AY2 Aol F(ATH)Y2AL?Boce)

—

D F(Dw) 2 Ao, f(Dw)/2Botw) = FF (Aouwr Bolw),

where in (a) we used f(x~1) = x~1 f(x), for x > 0.
Therefore

FI (Ao, Bodw) = (f(8e) Ao, F(Bu)2Bou)” = (F(A)/*Bo, f(Bw)!? Aolw)
= F/ (Bofw, Aolw) = F/ (Aow, Bofw) -

O

We can now introduce the main objects of study.

Definition 5. For any f € §,p, and any A,B € X, we set Ay := A — (Cw, Alw)I, By :=
B — (&, B&w) 1, and define the bilinear forms
Covy (A, B) :=Re(Aplw, Bolw),
Vary, (A) := Covy (A, A),
Corr&(A,B) = Re<A0€w, BO§w> - <f(Aw)l/2A0§w/ f(Aw)l/zBO€w>
= Covy(A,B) — 9”((1405“;/ BoCw),
15(A) := Corrl (A, A).

We refer to Corr/ as the f-correlation and to 1/ as the metric adjusted skew information
associated to f.

Remark 4. Observe that in the matrix case w = Tr(p-), for some density matrix p, and
Ay = LPRFjl, so that the previous Definition is a true generalization of covariance and f-correlation
in the matrix case.

What follows provides the link between ¢/ and f-correlation.

Lemma 3. Let A,B € Xy, and f € Fop. Then
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(i) Covew (A, B) = 1& (AoEw, Bofw) is a positive symmetric bilinear form;
(Zl) COI‘I‘({,(A,B) = gé(AOCw; B()gw) = l(gol(Aoé’w, B()gw) — 915(14050‘;, BO‘:w) is a positive
symmetric bilinear form.

Proof. (i) Observe that

(BoCw, Aolw) = (BiCw, Ajtw) = (JuDY?Bolw, JwAL > Aolw)
= (A2 Agéw, AY?Bocew) = E(Aolw, Bofw)-

Then

ZCOVw(A/B) = <A0§w ’ BO§w> + <BOC¢U/ AO§w>
= <A0§w ’ BO‘:w> + g(AO(:w/ Bogw) = éal(AOé’wr BOCW)-

The thesis follows from this and the fact that D(AY/?) = {T¢&, : TEM, &, € D(T) N D(T*)}.
(ii) It follows from (i) and Lemma 2 (ii). O

4. A Refinement of Heisenberg Uncertainty Relation
To each function f of the class J,, one may associate the metric adjusted skew infor-

mation I;,r (A), a generalization of WYD information, and therefore one can define also a
generalized quantum variance U/ by the formula

A \/Varw — (Vary,(A) — Icfu(A))zf
1£(A) = 2 Var,, (A )—Iii( A).

Proposition 4. Set, V& € D(AL/?),

1) =\ 79,02 — #5002,
@) = M0 - F (60 =9 (6,0,
I1@) =70+ F (e

)
)-
Then, for any A € X,, one has

() Ey(A) = 5 (Aogw);

@) Js(4) = 7/ (Aog);

(3) Uy (A) =  Ho(A) - T (A);

@ UL (A) = %S (Aow);
(5)0 < IL(A) < UL(A) < Vary(A).

Proof. (1) From Remark 3, #fstp = %éﬁ, and Definition 5 it follows that

15,(A) = Cortl, (A, A) = Cove(A, A) — FT (AgEe, Aote)
= FI0(AgEw, Aolw) — FF (Aolw, Avtw) = 77 (Aotw).
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(2) One has

JL(A) = 2 Var, (A) — I(A)
= 25510 (g, Aofw) — (FI510 (Agla, Aotw) — F/ (Aoluw, Aotw))
= FF (Aol Aow) + FF (Aotw, Aotw) = 7 (Aogw).

(3) One has
UL (A)? = Varw (A)? — (Vare (A) — I,(A))?
— 2Var, (A) I (A) — I, (A)? = T (A) (2 Var, (A) — I,(A)) = E(A) - TL(A).

(4) It follows from (1)-(3).
(5) Since IL{,(A) = Vary,(A) — ﬂi(AO(,‘w,Aoga,) < Var,(A), one has

UL (A)? = 2Vary(A) 1 (A) — I (AP > I (A).
The last inequality is obvious. [

Before proving the main result of this paper, let us recall a version of Heisenberg
uncertainty relation.

Proposition 5. Let 3 be a Hilbert space, & € 3, ||&]| = 1, A, B € L(H) self-adjoint, and such
that & € D(A)ND(B), Ag:= A —({, AG)I, By := B —({, BG)I. Then

(1) [Im (Aog, Bod)| < [ Aogll [ Bogl;
(2)if¢ € D(AB) ND(BA), 31(&, i[A, BI)| < || Aol ||Bog]l-

Proof. See [30]. O
We are ready for the main result of the paper.
Theorem 2. Let A, BEM self-adjoint, &, € D(AB) N D(BA), Aolw, Bolw € D(Aw). Then
F(0)?](Zw, [4, BJEw) P < UL (A)UL(B).
Proof. One has

(Zw, A, BIEw)| 2 [2iTm{ Ao, Bofw)] = (Ao, Bodw) — (Bodeo , Ao}
2 (Ao, Botw) — (Ao, MwBofw)| = (Ao, (I~ Bur)Bof)l,

where in (a) we used Proposition 5, and in (b) a formula proved in Proposition 3. If
I — A, = V|I — Ayl is its polar decomposition, one has

(6w, [A, BlGw) > = [{(Aodw , VII = Aw|BoGw)|?

= [(IT = A2V Aol , [T — Dol ?BoZ)?

< = Ao |V2V* Aol P 111 = Aw|*Boée |1

= ([T = Do|?V* Aglw, 1T — Do |V2V* Ao} ([T — Awo|V*Bole, [T — Do ?Boles)
= <AO§wr V|I - Aw|V*A0§w><BO§wr ‘I - Aw|BOCw>

9D (AgZur, 1= Aol AoZe) (Bofw , |T — Aes| Bol),
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where in (¢) we used a property of the polar decomposition (see exercise 7.26 in [31],
page 199). Let A, = 0+°° AdE(A) be the spectral decomposition of A,. Then, for any
& € D(Ay) C D(AL/?), one has

()

FOE 11-aule) = [ O -alate, Bne < [ (Ga+17 - Fo) e, B

< (/Om (GA+1) - F)aie, E(A)’é>>1/2(/0+°o (GA+1)+F)aie, E(/\)C))l/z, @

where in (d) we used Proposition 1. Observe that, in analogy to Proposition 2, for any
1 € D(AL/?), one has

Ay = [ (3040 Fw) dn, Eom),

[ Gavos fw)a. o,

N
g
=
N~—
I

so that, if ¢ € D(A), one has

FONE, T = Bol8) </ 21() 71 (§) =21 (0).

Therefore
F(02|(Ew, [A BlEw) 2 < % (Aotw) % (Bow) = UL (A)UL(B).
O

Theorem 3. Let f € F,p, be such that 1(x +1) + f(x) > 2f(x), Vx € (0,+c0), and A, BEM
self-adjoint, &, € D(AB) N D(BA), Aplw, BoCw € D(Aw). Then

F(0)|(Ew, [A, BlEw) 2 < UL(AUL(B).

Proof. It is analogous to that of Proposition 2, but for inequality (4), which must be
substituted with

) (a) ) ~
VAo 1= auey = [ ron-ate, Eng £ [ (G- Far) Cae, Bng

<

()

1

2

(A+1) = F)dee, E(/\)§>>1/2( L7 (Gaen+ ), E(A)@)M,

where in (a) we used Proposition 1. [

Remark 5. The condition in Theorem 3 allows us to verify that inequality (2) is not only satisfied by
the functions fy, but also by some other f € Fop. For example, the function f(t) = fi5(t?/3)3/% =

(1%%)3 is in Fop, as a consequence of [32], Corollary 4.3 (i). Moreover, f satisfies the condition in

~ 3
Theorem 3, since, setting g(t) := L + f(t) —2f() =t +1— 2((\%}312)3 - (ﬁ;1)3, it suffices
o proveg(t) >0, Vt > 0. Indeed, g(O) — %, and g’(t) — 3—6t1/3+t2/;;/132(tﬁ3t/43/;+18t5/3+3t2 >0,

forall t > 0, since it is easy to prove that h(t) := 3 — 6t1/3 +12¢ > 0, Vt > 0.
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