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Abstract: Particle aspects of two-dimensional conformal field theories are investigated,
using methods from algebraic quantum field theory. The results include asymptotic com-
pleteness in terms of (counterparts of) Wigner particles in any vacuum representation
and the existence of (counterparts of) infraparticles in any charged irreducible product
representation of a given chiral conformal field theory. Moreover, an interesting inter-
play between the infraparticle’s direction of motion and the superselection structure is
demonstrated in a large class of examples. This phenomenon resembles the electron’s
momentum superselection expected in quantum electrodynamics.

1. Introduction

Particle aspects and superselection structure of quantum electrodynamics are plagued
by the infrared problem, which has been a subject of study in mathematical physics for
more than four decades [6-8,10,16,18,19,21-24,28-30,33,34,39-42,44,46,48]. The
origin of this difficulty, inherited from classical electrodynamics, is the emission of
photons which accompanies any change of the electron’s momentum. It has two impor-
tant consequences which are closely related: Firstly, the electron is not a particle in the
sense of Wigner [50], but rather an infraparticle [46], i.e. it does not have a precise
mass. Secondly, the electron’s plane wave configurations of different momenta cannot
be superposed into normalizable wavepackets. In fact, such configurations have different
spacelike asymptotic flux of the electric field, which imposes a superselection rule [7].
The evidence for this phenomenon of the electron’s momentum superselection comes
from two sources: On the one hand, it appears in models of non-relativistic QED in
the representation structure of the asymptotic electromagnetic field algebra [18]. On the
other hand, it is suggested by structural results in the general framework of algebraic
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quantum field theory [7,8,16,41,42]. However, no examples of local, relativistic theo-
ries, describing infraparticles with superselected momentum, have been given to date.
Thus the logical consistency of this property with the basic postulates of quantum field
theory remains to be settled. As a step in this direction, we demonstrate in the present
paper that a simple variant of this phenomenon - superselection of direction of motion
- occurs in a large class of two-dimensional conformal field theories.

Conformal field theory has been a subject of intensive research over the last two
decades, both from physical and mathematical viewpoints, motivated, in particular, by
the search for non-trivial quantum field theories. (See e.g. [3] and references therein). It
exhibits particularly interesting properties in two dimensions, where the symmetry group
is infinite dimensional. Since the seminal work of Buchholz, Mack and Todorov [15]
the superselection structure of these theories has been investigated [31] and deep clas-
sification results have been obtained [36,37]. It has remained unnoticed, however, that
two-dimensional conformal field theories have also a rich and interesting particle struc-
ture: The concepts of Wigner particles and infraparticles have their natural counterparts
in this setting and both types of excitations appear in abundance: Any chiral conformal
field theory in a vacuum representation has a complete particle interpretation in terms
of Wigner particles. Although such theories are non-interacting, their (Grosse-Lechner)
deformations [14] exhibit non-trivial scattering and inherit the property of asymptotic
completeness as we show in a companion paper [25]. It is verified in the present work
that any charged irreducible product representation of a chiral conformal field theory
admits infraparticles. In a large class of examples these infraparticles have superselect-
ed direction of motion, i.e. their plane wave configurations with opposite directions of
momentum cannot be superposed. Thus subtle particle phenomena, which are not under
control in physical spacetime, can be investigated in these two-dimensional models.

To keep our analysis general, we rely on the setting of algebraic QFT [32]. We base
our discussion on the concept of a local net of C*-algebras on R?, defined precisely
in Subsect. 2.1: To any open, bounded region @ C R? we attach a C*-algebra 2(0),
acting on a Hilbert space H of physical states. This algebra is generated by observables
which can be measured with an experimental device localized in O. It is contained in
the quasilocal algebra %A, which is the inductive limit of the net © — A(QO). Moreover,
there acts a unitary representation of translations R* 3 x — U (x) on H, whose adjoint
action o, () = U(x) - U(x)* shifts the observables in spacetime. The infinitesimal
generators of U are interpreted as the Hamiltonian H and the momentum operator P.
Their joint spectrum is contained in the closed forward lightcone V., to ensure the pos-
itivity of energy. If there exists a cyclic, unit vector €2 € H which is the unique (up to a
phase) joint eigenvector of H and P with eigenvalue zero, then we say that the theory
is in a vacuum representation. If each of the subspaces H+ = ker(H F P) includes
some vectors orthogonal to €2, then we say that the theory contains Wigner particles.
Since we do not assume that these particles are described by vectors in some irreducible
representation space of the Poincaré group, the present definition is less restrictive than
the conventional one. However, it is better suited for a description of the dispersionless
kinematics of two-dimensional massless excitations. In particular, it allows us to apply
the natural scattering theory, developed by Buchholz in [S], which we outline in Sub-
sect. 2.2 below. We recall that in [5] these excitations are called ‘waves’, to stress their
composite character.

Due to this compound structure of Wigner particles (or ‘waves’), asymptotic com-
pleteness in a vacuum representation is not in conflict with the existence of charged rep-
resentations with a non-trivial particle content. However, in charged representations of
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massless two-dimensional theories Wigner particles may be absent, as noticed in [12]. In
this case scattering theory from [5] does not apply and an appropriate framework for the
analysis of particle aspects is the theory of particle weights [10,16,23,24,35,41,42,47],
developed by Buchholz, Porrmann and Stein, which we revisit in Subsects. 2.3 and 2.4.
This theory is based on the concept of the asymptotic functional, given by

o(€) = fim [ dx (Wla (©)9), (1.1

for any vector W € 'H of bounded energy, and suitable observables C € 2. (In general,
some time averaging and restriction to a subnet may be needed before taking the limit).
We remark for future reference that this functional induces a sesquilinear form 3" on a
certain left ideal of 2. We show in Theorem 2.11 below, that asymptotic functionals are
non-zero in theories of Wigner particles. If non-trivial asymptotic functionals arise in the
absence of Wigner particles, then we say that the theory describes infraparticles.! Using
standard decomposition theory, the GNS representation 7 induced by the sesquilinear

form " can be decomposed into a direct integral of irreducible representations

n:/du(s)ng, (1.2)
X

where (X, du) is a Borel space and =~ denotes unitary equivalence [42,49]. Results from
[2,47] suggest that the measurable field of irreducible representations {7¢ }gcx carries
information about all the (infra-)particle types appearing in the theory. In particular, there
exists a field of vectors { g¢ }e¢ex which can be interpreted as the energy and momentum
of plane wave configurations {1/¢ }sex of the respective (infra-)particles [42]. The sesqui-
linear forms {y¢ }¢cx, called pure particle weights, induce the representations {7¢ Jecx
and satisfy

M =/Xdu(€)1ﬂg- (1.3)

The existence of such a decomposition was shown, under certain technical restrictions,
in [41,42].

The theory of particle weights is sufficiently general to accommodate the phenome-
non of the infraparticle’s momentum superselection, discussed above: In this case ge #
g should imply that 7r¢ is not unitarily equivalent to sz for almost all labels &, £’
corresponding to the infraparticle in question. Superselection of direction of motion is a
milder property: It only requires that plane waves ¢, V¢, travelling in opposite direc-
tions, give rise to representations ¢, 7z which are not unitarily equivalent. This latter
interplay between the infraparticle’s kinematics and the superselection structure occurs
in some two-dimensional conformal field theories, as we explain below. We state this
property precisely in Definitions 2.7 and 2.12, where we restrict attention to represen-
tations 7w of (Murray-von Neumann) type I with atomic center. This is sufficient for our
purposes and allows us to separate our central concept from ambiguities involved in the
general decompositions (1.2), (1.3).

! The conventional definition of infraparticles requires that both 4 and H_ contain at most multiples of
the vacuum vector. Our (less restrictive) definition imposes this requirement on one of these subspaces only.
Thus theories containing ‘waves’ running to the right but no ‘waves’ running to the left (or vice versa) describe
infraparticles according to our terminology. Such nomenclature turns out to be more convenient in the context
of two-dimensional, massless theories.



460 'W. Dybalski, Y. Tanimoto

Our discussion of conformal field theory relies on the notion of a local net of von
Neumann algebras on R which we introduce in Subsect. 3.1. (Such nets arise e.g. by
restricting the familiar M&bius covariant nets on the circle to the real line.) With any
open bounded region Z C R we associate a von Neumann algebra A(Z), acting on
a Hilbert space K, and denote the quasilocal algebra of this net by .A. Moreover, the
Hilbert space K carries a unitary representation of translations R 3 s — V (s), whose
spectrum coincides with R,. If there exists a cyclic, unit vector Qg € /C, which is the
unique (up to a phase) non-zero vector invariant under the action of V, then we say that
the theory is in a vacuum representation. Given such a net, covariant under the action of
some internal symmetry group, one can proceed to the fixed-point subnet which has a
non-trivial superselection structure. In the simple case, considered in Subsect. 3.4, the
action of Z, is implemented by a unitary W # I on K s.t. W> = I. The fixed-point
subnet Ay, consists of all the elements of .4, which commute with W. The subspace
Key = ker(W — I (resp. Kogq = ker(W + I)) is invariant under the action of Ay and
gives rise to a vacuum representation (resp. a charged representation) of the fixed-point
theory.

Given two nets of von Neumann algebras on the real line, A; and A;, acting on
Hilbert spaces K and K>, one obtains the two-dimensional chiral net 2, acting on
H = K1 ® K», by the standard construction, recalled in Subsect. 3.1: The two real lines
are identified with the lightlines in R? and for any double cone O = Z x J one sets’
A(Z x J) = A1(Z) ® A2(J). If the nets Ay, Aj are in vacuum representations, with the
vacuum vectors Q) € Ky, 2 € Ky, then 2 is also in a vacuum representation, with the
vacuum vector 2 = Q21 ® 2. In spite of their simple tensor product structure, chiral
nets play a prominent role in conformal field theory. In fact, with any local conformal
net on R? one can associate a chiral subnet by restricting the theory to the lightlines.
In the important case of central charge ¢ < 1 these subnets were instrumental for the
classification results, mentioned above, which clarified the superselection structure of a
large class of models [36,43]. As we show in the present work, chiral nets also offer a
promising starting point for the analysis of particle aspects of conformal field theories:
Any chiral net in a vacuum representation is an asymptotically complete theory of Wig-
ner particles. Moreover, any charged irreducible product representation of such a net
contains infraparticles. With this information at hand, we exhibit examples of infrapar-
ticles with superselected direction of motion. This construction is summarized briefly
in the remaining part of this Introduction.

Let us consider two fixed-point nets A ey, A2 ey, Obtained from A; and Ay with
the help of the unitaries W; and W», implementing the respective actions of Z,. The
resulting chiral net 2.y acts on the Hilbert space H = K| ® K, which decomposes into
four invariant subspaces with different particle structure:

H=K1,ev @ K2,ev) B (K1,0dd @ K2,ev) B (Ki,ev @ K2,0dd) B (K1,0dd ® K2,0dd)-
(1.4)

ey restricted to Ho 1= K ey ® Kaev is a chiral theory in a vacuum representation.
Thus it is an asymptotically complete theory of Wigner particles, by the result mentioned
above. Hr = K1,0dd ® K2y contains ‘waves’ travelling to the right, but no ‘waves’
travelling to the left. In Hy, := K ev ® K2,0da the opposite situation occurs. Thus ey
restricted to HRr or Hy, describes infraparticles, according to our terminology. Finally,

2 In the main part of the paper 2((Z x J) denotes a suitable weakly dense ‘regular subalgebra’ of A1 (Z) ®
A3 (J). This distinction is not essential for the present introductory discussion.
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ey restricted to H = K1,0dd ®K2,0dd is a theory of infraparticles which does not contain
‘waves’. In Theorem 3.10 below, which is our main result, we establish superselection
of direction of motion for infraparticles described by the net A = Aoy ;- The argument
proceeds as follows: 2y is contained in 2, which is an asymptotically complete theory
of Wigner particles. Thus we can use the scattering theory from [5] to compute the
asymptotic functionals (1.1) and obtain the decompositions (1.2) of their GNS represen-
tations. Interpreted as a state on 2, any vector ¥; ® W; € H consists of two ‘waves’ at
asymptotic times: W ® Q2 travelling to the right and 2] ® W, travelling to the left. (cf.
Theorem 3.3 below). However, these two vectors belong to different invariant subspaces
of ey, namely to Hg and Hy . The corresponding representations of 2 are not unitarily
equivalent, since they have different structure of the energy-momentum spectrum.

Our paper is organized as follows: Sect. 2, which does not rely on conformal sym-
metry, concerns two-dimensional, massless quantum field theories and their particle
aspects: Preliminary Subsect. 2.1 introduces the main concepts. In Subsect. 2.2 we
recall the scattering theory of two-dimensional, massless Wigner particles developed in
[5]. Subsection 2.3 gives a brief exposition of the theory of particle weights and intro-
duces our main concept: superselection of direction of motion. Subsect. 2.4 presents our
main technical result, stated in Theorem 2.11, which clarifies the structure of asymptotic
functionals in theories of Wigner particles. Its proof is given in Appendix A. In Sect. 3
we apply the concepts and tools presented in Sect. 2 to chiral conformal field theories.
Our setting, which is slightly more general than the usual framework of conformal field
theory, is presented in Subsect. 3.1. In Subsect. 3.2 we show that any chiral theory
in a vacuum representation has a complete particle interpretation in terms of Wigner
particles. In Subsect. 3.3 we demonstrate that charged irreducible product representa-
tions of any chiral theory describe infraparticles. Subsect. 3.4 presents our main result,
that is superselection of the infraparticle’s direction of motion in chiral theories arising
from fixed-point nets of Z; actions. Proofs of some auxiliary lemmas are postponed to
Appendix B. In Sect. 4 we summarize our work and discuss future directions.

2. Particle Aspects of Two-Dimensional Massless Theories

2.1. Preliminaries. In this section, which does not rely on conformal symmetry, we
present some general results on particle aspects of massless quantum field theories in
two-dimensional spacetime. We rely on the following variant of the Haag-Kastler axioms
[32]:

Definition 2.1. A local net of C*-algebras on R? is a pair (A, U) consisting of a map

O — A(O) from the family of open, bounded regions of R* to the family of C*-algebras

on a Hilbert space H, and a strongly continuous unitary representation of translations

R? 5 x — U(x) acting on 'H, which are subject to the following conditions:

1. (isotony) If O1 C Oy, then A(O1) C A(O»).

2. (locality) If O1 L Os, then [A(O1), A(O1)] = 0, where L denotes spacelike sepa-
ration.

3. (covariance) U (x)A(O)U (x)* = A(O + x) for any x € R2.

4. (positivity of energy) The spectrum of U is contained in the closed forward light-
cone V.. := {(», p) e R? |» = |p|}.

5. (regularity) The group of translation automorphisms o, (-) = U(x) - U(x)* satis-
fies limy ¢ |lax (A) — A]| =0 forany A € 2.

We also introduce the quasilocal C*-algebra of this net A = | J » g2 A(O).
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For any given net (2, U) there exists exactly one unitary representation of trans-
lations U™ s.t. U™ implements «, all the operators U*"(x), x € R? are contained
in 21", the spectrum of U is contained in V. and has Lorentz invariant lower bound-
ary upon restriction to any subspace of H invariant under the action of 2" [4]. We
assume that this canonical representation of translations has been selected above, i.e.
U = U . We denote by (H, P) the corresponding energy-momentum operators, i.e.
U(x) = eH1=iPx x — (s x). As we are interested in scattering of massless particles,
we introduce the single-particle subspaces H4 := ker(H F P) and denote the corres-
ponding projections by Py. The intersection H, N H_ contains only translationally
invariant vectors. If H,. # H, N"H_ and H_ # H, N H_ then we say that the theory
describes Wigner particles. If U has a unique (up to a phase) invariant unit vector 2 € ‘H
and 2 is cyclic under the action of 2 then we say that the net (2, U) is in a vacuum
representation. In this case 2l acts irreducibly on H (cf. Theorem 4.6. of [1]). Scattering
theory for Wigner particles in a vacuum representation, developed in [5], will be recalled
in Subsect. 2.2.

In the absence of Wigner particles we will apply the theory of particle weights
[10,16,41,42], outlined in Subsect. 2.3, to extract the (infra-)particle content of a given
theory. In this context it is necessary to consider various representations of the net (A, U).
A representation of the net (2(, U) is, by definition, a family of representations {7}
of local algebras which are consistent in the sense that if O; C O; then it holds that
70, l0,) = 7o,. Since the family of open bounded regions in R? is directed, this
representation uniquely extends to a representation 7 of the quasilocal C*-algebra 2I.
Conversely, a representation of 2( induces a consistent family of representations of local
algebras. In the following 7= may refer to a representation of 2 or a family of repre-
sentations. We say that a representation w : A — B(H,) is covariant, if there exists a
strongly continuous group of unitaries U, on Hy, s.t.

(0 (A)) = Up () (A)Ur (x)*, A€, x eR% (2.1)

Moreover, we say that this representation has positive energy, if the joint spectrum of the
generators of Uy is contained in V, + ¢ for some g € R%. We denote the corresponding
canonical representation of translations by US" and note that (7 (), U7") is again a
local net of C*-algebras in the sense of Definition 2.1. We say that the net (r (), US™)
is in a charged irreducible representation, if 7 (2() acts irreducibly on a non-trivial Hilbert
space H, which does not contain non-zero invariant vectors of U;".

We call two representations (71, Hy,) and (w2, Hy,) of (A, U) unitarily equivalent,
(in short (71, Hy,) = (72, Hx,)), if there exists a unitary W : Hy, — Hy, s.t.

Wm1(A) =m(A)W, Aefl (2.2)

If 1 is a covariant, positive energy representation then so is 77 and it is easy to see that
2

WU (x) = U ()W, x e R™. (2.3)

Remark 2.2. We note that our (non-standard) Definition 2.1 of the local net neither
imposes the Poincaré covariance nor the existence of the vacuum vector. Thus it applies
both to vacuum representations and charged representations, which facilitates our dis-
cussion. Apart from the physically motivated assumptions, we adopt the regularity prop-
erty 5, which can always be assured at the cost of proceeding to a weakly dense subnet.
This property seems indispensable in the general theory of particle weights [41], e.g.
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in the proof of Proposition 2.10 stated below. For consistency of the presentation, we
proceed to regular subnets also in our discussion of conformal field theories in Sect. 3.
We stress, however, that this property is not needed there at the technical level.

2.2. Scattering states. Scattering theory for Wigner particles in a vacuum representa-
tion of a two-dimensional massless theory (2(, U) was developed in [5]. For the reader’s
convenience we recall here the main steps of this construction. Following [5], for any
F e 2 and T > 1 we introduce the approximants:

Fy(hr) = /hT(t)F(t, +t)dt, 2.4)

where F(x) := ax(F), hr(t) = |T|"*h(|T|7*(t = T)),0 <& < 1l and h € C°(R) is
a non-negative function s.t. [ dr h(t) = 1. By applying the mean ergodic theorem, one
obtains

lim Fy(h7)Q2 = PLFQ. 2.5)
T—o00

Moreover, for F € 2(0O) and sufficiently large T the operator F.(hr) (resp. F_(hr))
commutes with any observable localized in the left (resp. right) component of the space-
like complement of O. Exploiting these two facts, the following result was established
in [5]:

Proposition 2.3 ([5]). Let F, G € . Then the limits

OYY(F) :=s-lim Fy(hr) (2.6)
T—o00

exist and are called the (outgoing) asymptotic fields. They depend only on the respective
vectors ®Q(F)Q2 = Py FQ and satisfy:

@ OP(F)Hy CHieo PM(G)H- CH-.
(b) @ (P(F)) = DX (ax(F)),  ax(PM(G)) = (i (G)) for x € R2.
© [PU(F), PG =0.

The incoming asymptotic fields iil(F ) are constructed analogously, by taking the limit
T — —o0.

With the help of the asymptotic fields one defines the scattering states as follows:
Since 2 acts irreducibly on H, for any W4 € Hy we can find Fy € A s.t. Uy = F1LQ
[45]. The vectors

ut

W, X W = @OU(F,) @0 (FL)Q 2.7)

are called the (outgoing) scattering states. By Proposition 2.3 they do not depend on the

choice of F1 within the above restrictions. The incoming scattering states W, 1><n W_ are
defined analogously. The physical interpretation of these vectors, as two independent
excitations travelling in opposite directions at asymptotic times, relies on the following
proposition from [5]:
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Proposition 2.4 ([5]). Let V1, V!, € H. Then:

@ W % WK W) = (W) (v,
b) U)Wy X U_) = (Ux)W,) % UE)Y_), forx € R2.

Analogous relations hold for the incoming scattering states.

Following [5], we define the subspaces spanned by the respective scattering states:

. in out
H™ =H, x H_ and H™ =H, x H_. (2.8)

Next, we introduce the wave operators QU H, @H_ — H™and Q" : H, @ H_ —
H'™, extending by linearity the relations

t , .
QUMW @ W ) =W, x W_ and Q"(W, @V )=, x U_. (2.9)

These operators are isometric in view of Proposition 2.4 (a). The scattering operator
S : HOU — H™ given by

S = QIN(QOU*, (2.10)
is also an isometry. Now we are ready to introduce two important concepts:

Definition 2.5. (a) IfS=1on HOU, then we say that the theory is non-interacting.
(b) If H™ = H" = H then we say that the theory is asymptotically complete (in
terms of ‘waves’).

We show in Theorem 3.3 below that any chiral conformal field theory in a vacuum
representation is both non-interacting and asymptotically complete. (We demonstrated
these facts already in [25] in a different context.)

To conclude this subsection, we introduce some other useful concepts which are
needed in Theorem 2.11 below: Let us choose some closed subspaces i+ C Hai,

t
invariant under the action of U, and denote by K, O; IC_ the linear span of the respective
t
scattering states. For any W € K % K € HO" we introduce the positive functionals
p+.w, given by the relations
prw(A) = (M)A DM ™), 211
pow(A) = ()T @ A)Q™ ™), (2.12)

where A € B(H) and the embedding /O, @ K_ C H®H isunderstood. These functionals
can be expressed as follows

prw(-) =D (Winl| - Vi), (2.13)
neN

where Wy , € Kyand D, W p I = || W2 It follows easily from Lemma A.2, that

out
for W € Pp(K+ x K_), where Pg is the spectral projection on vectors of energy not
larger than E, one can choose W4 , € PrK4. We note that for || = 1 the functionals
p+.w are just the familiar reduced density matrices.
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2.3. Particle weights. Similarly as in the previous subsection we consider a local net
of C*-algebras (2, U) acting on a Hilbert space . However, we do not assume that H
contains the vacuum vector or non-trivial single-particle subspaces H. To study parti-
cle aspects in this general situation we use the theory of particle weights [10,16,41,42]
which we recall in this and the next subsection. With the help of this theory we formu-
late in Definitions 2.7 and 2.12 below the central notion of this paper: superselection of
direction of motion.

First, we recall two useful concepts: almost locality and the energy decreasing prop-
erty. An observable B € 2 is called almost local, if there exists a net of operators
{B, € A(O;)|r > 0}, s.t. for any k € Ny,

lim #X|B — B,|| =0, (2.14)
r—00

where O, = {(t,x) € R?||t] + |x| < r}. We say that an operator B € 2 is energy
decreasing, if its energy-momentum transfer is a compact set which does not intersect
with the closed forward lightcone V. We recall that the energy-momentum transfer (or
the Arveson spectrum w.r.t. o) of an observable B € 2 is the closure of the union of
supports of the distributions

(¥1|B(p)W2) = 27)~! / d?x e7'P¥ (W1 | B(x) W) (2.15)

over all W1, ¥, € ‘H, where p = (w, p), x = (t,x) and px = wt — px.
Following [16,41], we introduce the subspace £y C 2, spanned by operators which
are both almost local and energy decreasing, and the corresponding left ideal in 2:

L:={AB|Aec Be Ly} (2.16)
Particle weights form a specific class of sesquilinear forms on L:

Definition 2.6. A particle weight is a non-zero, positive sesquilinear form  on the left
ideal L, satisfying the following conditions:

1. Forany L, Ly € L and A € U the relation Y (AL, Ly) = ¥ (L1, A*L») holds.

2. Forany Li,Ly € L and x € R? the relation Y(ax (L), ax(L2)) = ¥ (L1, Lo)
holds.

3. Forany Ly, Ly € L the map R2>5x > W (L1, oy (L2)) is continuous. Its Fourier
transform is supported in a shifted lightcone V. — q, where q € V. does not depend
on Ly, Lj.

Let us now summarize the pertinent properties of particle weights established in [41]
(in a slightly different framework). As a consequence of Theorem 2.9, stated below,
particle weights satisfy the following clustering property [41]:

/dx | (L1, ax(L2))| < oo, 2.17)

valid for L1 = B{AB{, Lo = B} A, B}, where By, B|, By, B} € Loand Aj, Ay €
are almost local. In view of this bound, the GNS representation (iy,, H”w) induced by a
particle weight 1 is well suited for a description of physical systems which are localized
in space (e.g. configurations of particles). The Hilbert space Hy,, is given by

Hy, = (L/{L € LIY(L,L) =0} (2.18)
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and the respective equivalence class of an element L € L is denoted by |L) € Hy,,. The
completion is taken w.r.t. the scalar product (L1|L2) := ¥ (L1, L2). The representation
7Ty acts on H”w as follows:

7y (A)|L) = |AL), A e (2.19)

This representation is covariant and the translation automorphisms are implemented by
the strongly continuous group of unitaries Uy, , given by

Ur, (X)|L) = |ox (L)), x € R’ LeLl (2.20)

which is called the standard representation of translations in the representation my,. By
Property 3 in Definition 2.6 above, its spectrum is contained in a shifted closed forward
lightcone. The corresponding canonical representation will be denoted by U;aw“ (cf. the

discussion below Definition 2.1). We also introduce operators (0°, Q) of characteris-
tic energy-momentum of { which are the generators of the following group of unitaries
on Hy

v

U (x) = US™ (x) Un, (1) € 7y (), 2.21)

ie. U;Bf“ (x) =é Q=i 0x We call a particle weight pure, if its GNS representation is
irreducible. It follows from definition (2.21) that the operator of characteristic energy-
momentum of such a weight is a vector ¢ = (¢°, ¢) € R?. It can be interpreted as the
energy and momentum of the plane wave configuration of the particle described by this
weight [2,41].

To extract properties of elementary subsystems (particles) of a physical system
described by a given (possibly non-pure) particle weight, it is natural to study irreduc-
ible subrepresentations of its GNS representation. To ensure that there are sufficiently
many such subrepresentations, we restrict attention to particle weights {» whose GNS
representations my are of type I with atomic center.? (In particular, 7Ty appearing in
our examples in Subsect. 3.4 below belong to this family). Then, by Theorem 1.31 from
Chap. V of [49], there exists a unique family of Hilbert spaces (¢, £ )ac1 and a unitary
W Hzr, = Dyerl9Ha ® Kol st

Wy ()W = @{B(m) ® CI}, (2.22)
acl

Wy ()W = @H(CI ® B(Ra)}- (2.23)
acl

We note that a subspace Ky, C Hﬂw carries an irreducible subrepresentation 7y , of
my, if and only if WKy . = $o ® Ce for some o € I and e € R. Clearly, 7, and
Ty, are unitarily equivalent for any fixed o and arbitrary vectors e, ¢’ € . Choosing
in any K, an orthonormal basis B, we obtain

7y = P mae. (2.24)
ael
eeBy

3 Ie. whose center is a direct sum of one-dimensional von Neumann algebras.



Infraparticles with Superselected Direction of Motion in 2D CFT 467

It is clear from the above discussion that any irreducible subrepresentation of 7y, is
unitarily equivalent to some 7, . in the decomposition above.

If all the representations in the decomposition (2.24) are unitarily equivalent to some
fixed vacuum representation, then we call the particle weight ¥ neutral. Otherwise we
call ¥ charged. In the case of charged particle weights there may occur an interplay
between the translational and internal degrees of freedom of the system which we call
superselection of direction of motion. To introduce this concept, we need some terminol-
ogy: Let Hy, r (resp. Hy, 1) be the spectral subspace of the characteristic momentum
operator @ of i, corresponding to the interval [0, co) (resp. (—oo, 0)). Let 7 be an irre-
ducible subrepresentation of 7y, acting on a subspace K C Hy,, . Then we say that  is
right-moving (resp. left-moving), if K # {0} and K C Hz, r (resp. K C Hz, 1). By a
suitable choice of the bases B, one can ensure that each representation g ., appearing
in decomposition (2.24), has one of these properties. (In fact, exploiting relations (2.21),
(2.23), one can choose such basis vectors e € &, that W~ (£, ® Ce) belong to Hr, R
or Hy, ). After this preparation we define the central concept of the present paper:

Definition 2.7. Let W be a family of particle weights and assume that their GNS rep-
resentations { (7wy, Hz,) | ¥ € W} are of type I with atomic centers. Suppose that for
any ¥, ' € W the following properties hold:

1.y has both left-moving and right-moving irreducible subrepresentations.

2. No right-moving, irreducible subrepresentation of my is unitarily equivalent to a
left-moving irreducible subrepresentation of 1y .

Then we say that this family of particle weights has superselected direction of motion.

Let us now relate superselection of direction of motion in the above sense to our
discussion of this concept in the Introduction. For this purpose we consider a particle
weight ¢, whose GNS representation is of type I with atomic center and acts on a sep-
arable Hilbert space Hy,, . Making use of formula (2.24) and identifying unitarily each

Ty.e» acting on W1(§, ® Ce), with 77, 1= TTa,eo acting on Ky 1= W16, ® Cep) for
some chosen ¢y € B, we obtain

7y () = Pl (@) @ CI}, (2.25)
ael
where the r.h.s. acts on @, 1{K« ® R} In the sense of the same identification
my Q) ~ EHICI ® B(Ra)). (2.26)
acl

Now, following [42], we choose a maximal abelian von Neumann algebra M in 7y, @y,
containing { U;';ar (x) | x € R?}. As a consequence of formula (2.26),

M~ PICI @ My}, 2.27)
ael
where M, C B(R,) are maximal abelian von Neumann subalgebras. For any such M,
there exists a Borel space (Zy, dity) s.t. (Mg, Ry) =~ (L (Zy, diny), LZ(ZD,, ditgy)).
(This fact uses separability of the Hilbert space. See Theorem I1.2.2 of [20].) Adopting
this identification in (2.25) and (2.26), we obtain

Ugfff ~ @{1 ® ushary, (2.28)

ael
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where Uéh"“ (x) € L®(Zy, duy) is the operator of multiplication by (the equivalence
class of) the function Z, 3 z — e/9%+*, where g, = (qg’z, qu.;) € R?. Introducing the
field of representations (7y, ;. Hg,z)zcZ, St Ta,; = Ty and Hy ; = Ky forall z € Z,, we
obtain from relation (2.25) the existence of a unitary W Hry, — Doer [ ®a Mo (2) Da.z
S.t.

Wy (W = D / A1t () T (). (2.29)

ael

This is an example of decomposition (1.2), stated in the Introduction. Moreover, as a
consequence of (2.28),

UChaf(x)W— @ / diig(z) €90 (2.30)

acl

where {gq.;};cz, is the field of characteristic energy-momentum vectors* of the repre-
sentations (7y,;, Ha,z)ze 7, - As we required in the Introduction, for any particle weight
with superselected direction of motion, the relation g, . qa » < 0 should imply that
Ta,; 18 not unitarily equivalent to 7, o for almost all z, 7. ThlS is in fact the case in
view of the following proposition.

Proposition 2.8. Suppose that  belongs to a family of particle weights which has su-
perselected direction of motion in the sense of Definition 2.7 and s.t. its GNS representa-
tion acts on a separable Hilbert space. Then {ry ;};cz,, appearing in the decomposition
(2.29) of my, is a field of right-moving (resp. left-moving) representations, if and only if
4y > 0(resp. q, . <0) foralmostall z € Z,.

Proof. Suppose that 7y is a right-moving subrepresentation of 7y, i.e. Ko C Hy, R-
We recall that 7, coincides with 7, ¢, acting on Ko o, = K¢ . Since every my ¢, € € R, i
unitarily equivalent to 74 ¢, , the property of superselection of direction of motion implies
that Ky, C Ho, r foralle € & Consequently, Hoy = W' (94 ® Ra) C Ha, R Since
the projection P, on H,, is central, this subspace is invariant under the action of Ufrgar.
Formula (2.28) gives

US (x) P = 1 @ U™ (x), (2.31)

thus the spectra of the generators of R* 3 x — U;haf (x) and R? 5 x — U Chaf (x) Py

coincide. In particular the spectrum of the generator of space translations of Uy Char 1s con-

tained in [0, 00). The opposite implication follows immediately from relation (2.3 ). O

2.4. Asymptotic functionals. In this subsection we consider a concrete class of particle
weights, introduced in [9,10,41], which have applications in scattering theory. Their
construction relies on the following result due to Buchholz (which remains valid in
higher dimensions).

4 This terminology is consistent with the discussion after formula (2.21). In fact, under some technical
restrictions each g, ; is induced by some pure particle weight v/, ;, whose characteristic energy-momentum
vector i8S qq, 7 [41,42], cf. also formula (1.3).
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Theorem 2.9 ([10]). Let (2, U) be a local net of C*-algebras on R2. Then, for any
E>0,Lel,

HPE/ dx (L*L)(x)Pg| <c, (2.32)
K

where Pg is the spectral projection on vectors of energy not larger than E, K C Risa
compact interval, and c is a constant independent of K.

Following [41], we introduce the algebra of detectors C = span{LiL> : Ly, Ly € L}
and equip it with a locally convex topology, given by the family of seminorms

pE(C) = sup [/dx [(VICx)W)| | W e PEH, V] <1 ], CelC, (2.33)

labelled by E > 0, which are finite by Theorem 2.9. Next, for any W € H of bounded
energy, (i.e. belonging to Pr’H for some E > 0), we define a sequence of functionals

{U\g)}reR from the topological dual of C:

o (C) ::/dthT(t)/dx (V|C(t, x)¥), CeC. (2.34)

Asthis sequence is uniformly bounded in 7 w.r.t. any seminorm pg, the Alaoglu-Bourbaki
theorem gives limit points o € C* as T — oo, which are called the asymptotic func-
tionals. The following fact was shown in [41]:

Proposition 2.10 ([41]). If 0" # 0, then the sesquilinear forms on L, given by
Yg" (L1, Ly) == oy (LTL2), (2.35)
are particle weights, in the sense of Definition 2.6.

Fundamental results from [2] suggest a physical interpretation of the particle weights
Y g'" as mixtures of plane wave configurations of all the particle types described by the
theory (cf. formulas (1.2), (1.3)). Accordingly, we say that a given theory has a non-
trivial particle content, if it admits some non-zero asymptotic functionals ™. This
is the case in any massless two-dimensional theory of Wigner particles (in a vacuum
representation) as a consequence of the following theorem. A proof of this statement,
which is our main technical result, is given in Appendix A.

Theorem 2.11. Let (2, U) be a local net of C*-algebras on R? in a vacuum represen-
tation, acting on a Hilbert space H. Then, for any ¥ € PpH", E > 0,

VL. Loy = Jim [ dthr() / dx (WI(LILo) (. )W)
_ / dx (pew + p—) (LT (). (236)

where the functionals p+ g are defined by (2.11), (2.12). In particular, " = 0, if and
only if ¥ € CQ.
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In a theory of Wigner particles CQ # Hy C H°", thus the particle content is non-trivial
by the above result. However, non-zero asymptotic functionals may also appear in the
absence of Wigner particles, i.e. when one or both of the subspaces H equal Hy NH_.
If this is the case, then we say that the net (2, U) describes infraparticles. Theorem 3.6
below provides a large class of such theories. In Theorem 3.10 we show that some
of these models describe excitations whose direction of motion is superselected in the
following sense:

Definition 2.12. Let (U, U) be a net describing infraparticles. We say that the infrapar-
ticles of the net (U, U) have superselected direction of motion, if { 3" | W # 0, W €
PrH, E > 0} is a family of particle weights with superselected direction of motion in
the sense of Definition 2.7.

3. Particle Aspects of Conformal Field Theories

3.1. Preliminaries. In this section we are interested in particle aspects of chiral confor-
mal field theories. To emphasize the relevant properties of these models, we base our
investigation on the concept of a local net of von Neumann algebras on R, defined below.
There are many examples of such nets. In particular, they arise from Mobius covariant
nets on S' by means of the Cayley transform and the subsequent restriction to the real
line. The simplest example is the so-called U (1)-current net [15], whose subnets and
extensions are well-studied. For certain classes of nets on S! even classification results
have been obtained [36,37].

Definition 3.1. A local net of von Neumann algebras on R is a pair (A, V) consisting
of amap T — A(Z) from the family of open, bounded subsets of R to the family of von
Neumann algebras on a Hilbert space K and a strongly continuous unitary represen-
tation of translations R 3 s — V (s), acting on K, which are subject to the following
conditions:

1. (isotony) If T C 3, then A(Z) C A(J).

2. (locality) f TNJ = @, then [AZ), AJ)] = 0.

3. (covariance) V (s)AZD)V (s)* = A +s) forany s € R.
4. (positivity of energy) The spectrum of V coincides with R,.

We also denote by A the quasilocal C*-algebra of this net, i.e. A = |Jz-gr A).

Since we assumed that 4(Z) are von Neumann algebras, we cannot demand norm
continuity of the functions s — B,(A), A € A, where B;(-) = V(s) - V(s)*. This reg-
ularity property holds, however, on the following weakly dense subnet of C*-algebras:

I AD) ={Ac AD)| Lim |5 (A) — Al = 0}. 3.1

The corresponding quasilocal algebra is denoted by A.

If V has a unique (up to a phase) invariant, unit vector 9 € K and Qo is cyclic
under the action of any A(Z) (the Reeh-Schlieder property) then we say that the net
(A, V) is in a vacuum representation. In this case A acts irreducibly on K. In the course
of our analysis we will also consider other representations of (A, V). We say that a
representation w : 4 — B(/C;) is covariant, if there exists a strongly continuous group
of unitaries V; on ICy, s.t.

7(as(A)) = Vg (s)m(A)Ve(s)*, A A, seR. (3.2)
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Moreover, we say that this representation has positive energy, if the spectrum of V;
coincides with R,. If 7 is locally normal (i.e. its restriction to any local algebra A(Z)
is normal) then (7 (A), V) is again a net of von Neumann algebras in the sense of
Definition 3.1.

Let (Ay, V1) and (A3, V) be two nets of von Neumann algebras on R, acting on
Hilbert spaces /C; and 7. To construct a local net (2, U) on R2, acting on the ten-
sor product space H = K; ® K,, we identify the two real lines with the lightlines
I+ = {(t,x) € R*|x ¥t = 0} in R%. We first specify the unitary representation of
translations

Ut,x) =V (%(l — x)) QW (%(I +x)) , 3.3)

whose spectrum is easily seen to coincide with V. as a consequence of Property 4 from
Definition 3.1. We mention for future reference that if o x)(-) = U(t, x) - U(t, x)*

is the corresponding group of translation automorphisms and ﬂs(l/ 2)( ) = Vipls) -
Viy2(s)*, then

_ pM 2)
ax) (Al ® A2) = ,3%07”(/11) ®ﬂ%(t+x)(/\2), Are A, Ay e Ab. (34)

Any double cone D C R? can be expressed as a product of intervals on lightlines
D = T x I,. We define the corresponding local von Neumann algebra by 2N (D) :=
A1(Z1) ® Ax(T3), and for a general open region O we put A'N(0) = Voco AN(D).
The net of von Neumann algebras (QIVN, U), which we call the chiral net, satisfies all
the properties from Definition 2.1 except for the regularity Property 5. Therefore, we
introduce the following weakly dense subnet of C*-algebras

0= AO0) :={AeANO)| lim flo;(4) — All = 01, (3.5)

and denote the corresponding quasilocal algebra by 2. Then (2, U) is a local net of
C*-algebras in the sense of Definition 2.1. We will call it the regular chiral net and refer
to (A1, V1), (Az, V») asits chiral components. We note for future reference that if 2l acts
irreducibly on H, then U is automatically the canonical representation of translations of
this net (cf. Subsect. 2.1). Another useful fact is the obvious inclusion

./Zl] ®alg lez C Q[, (36)

where ®ag is the algebraic tensor product.

Let (AN, U) be a chiral net, whose chiral components are (A;, V1) and (A, V»). Let
11, 2 be locally normal, covariant, positive energy representations of the respective nets
on R. Then the chiral net of (771 (A1), Vr,), (m2(A2), Vx,) is a covariant, positive energy
representation of (AN, U), which will be denoted by (7 (A'N), U,), 7 = 71 ® 7> and
7 is called the product representation of 771 and 5. We note that (77 (2(), Uy, ) is contained
in the regular subnet of (77(A'N), Uy). For faithful 77 these two nets coincide, due to
Proposition 2.3.3 (2) of [17]. It is easily seen that 7 is faithful (resp. irreducible), if 7|
and m are faithful (resp. irreducible) (cf. Theorems 5.2 and 5.9 from Chap. IV of [49]).
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3.2. Vacuum representations and asymptotic completeness. A regular chiral net (A, U)
is in a vacuum representation, with the vacuum vector 2 € H, if and only if its chiral
components (Aj, V1), (Az, V») are in vacuum representations with the respective vac-
uum vectors Q) € K, Q7 € Ky s.t. Q = Q1 ® Q) (cf. Proposition 3.5 below). In this
subsection we show that any such regular chiral net has a complete particle interpretation
in terms of non-interacting Wigner particles. These facts follow from our results in [25],
but the argument below is more direct.

We start from the observation that the asymptotic fields have a particularly simple
form in chiral theories:

Proposition 3.2. Let (Ay, V1), (A2, Va) be two local nets of von Neumann algebras
in vacuum representations, with the respective vacuum vectors 21, Q. Then, for any
Al € Aj, Ay € Ay,

XA @ Ay) = A1 ® (Qu]Ar)], 3.7)
DM M(A; ® Ay) = (1]A121)] ® As. (3.8)

Proof. We consider only ®", as the remaining cases are analogous. From the defining
relation (2.6) and formula (3.4), we obtain

ot o @)
(41 © 49 = s-lim 41 ® [ drhr (0, (42, (39)

We set Ay(ht) := fdt hT(t),B%t(Az). This sequence has the following properties:

Tli_)moo Az (hr)2 = (22]A2€2)2, (3.10)
Jim [[Az(hr). Alll = 0. foranyA As. (3.11)
— 00

The first identity above follows from the mean ergodic theorem and the fact that 25 is
the only vector invariant under the action of V;. The second equality is a consequence
of the locality assumption from Definition 3.1. Since A acts irreducibly, any ¥ € K,
has the form ¥ = AQ, for some A € Aj; [45]. Thus we obtain from (3.10), (3.11),

s-lim Ay (hr) = (/42201 (3.12)
—> 00

which completes the proof. O

Now we can easily prove the main result of this subsection:

Theorem 3.3. Any regular chiral net (U, U) in a vacuum representation is asymptoti-
cally complete. More precisely:

H, = K, ® CQy, (3.13)
H_ =CQ Ky, (3.14)
t in
He X H_=H, x H_ =H. (3.15)

Moreover, any such theory is non-interacting.

Remark 3.4. This result and Theorem 2.11 imply the convergence of the asymptotic

functional approximants {cfé,T)}TeR+ for all ¥ € H of bounded energy in any regular
chiral net in a vacuum representation.
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Proof. Using formula (2.5) and the cyclicity of the vacuum €2 under the action of 2, we
obtain

L+ =[OP(F)QIF e, (3.16)

where [ - ] denotes the norm closure. Applying Proposition 3.2 and exploiting the cyclic-
ity of 21,2 under the action of A, /2, we obtain (3.13) and (3.14). The asymptotic com-
pleteness relation (3.15) also follows from Proposition 3.2: For any A € Al, Ay € Az,

PMAL @ DNOM(I ® Ay)Q2 = DN(A] @ NP ® A))Q = AR ® ArQs.
(3.17)

Exploiting once again cyclicity of §21 /2, we obtain that scattering states are dense in the
Hilbert space.

Now let us show the lack of interaction: Let W1+ € H... Then, by (3.13), (3.14) and
the irreducibility of the action of A, 2 on Kip, there exist A; € A1, Ay € A st
U, =A1Q1 ®and V_ = Q| ® ArQ2>. Then

t
Wy X Wl = 02UA @ DOV @ A)Q = A1Q) @ A2
— DA @ NP @ A)Q = W, X U_. (3.18)

Hence the scattering operator, defined in (2.10), equals the identity on H. O

3.3. Charged representations and infraparticles. Itis the goal of this subsection to clar-
ify the particle content of chiral conformal field theories in charged representations.
More detailed particle properties of such theories, e.g. superselection of direction of
motion, will be studied in the next subsection.

Let us first note the following simple relation between the single-particle subspaces
of a regular chiral net and the invariant vectors of its chiral components.

Proposition 3.5. Let (Ay, V1), (Az, Vo) be local nets of von Neumann algebras on R.
Then V (resp. V») has a non-trivial invariant vector, if and only if the single-particle
subspace H_ (resp. Hy) of the corresponding regular chiral net (A, U) is non-trivial.

Proof. Suppose there exists a non-zero 21 € Ky, invariant under the action of Vj. Then,
for any W, € Ky,

U, —)(2 @ W) = Q1 @ Wy, (3.19)

for t+ € R. Hence the subspace H_ is non-trivial. Similarly, the existence of a non-zero
Q; € Ky, invariant under the action of V,, implies the non-triviality of H..

Now suppose W € H_ and V) has no non-trivial, invariant vectors. Then, by the
mean ergodic theorem,

T—o0

17 17
U= lim —/ dtU(t,—)¥ = lim —/ dt (Viv2r) @ I)W =0.  (3.20)
T Jo T—oo T Jo

Thus we established that H_ = {0}. Similarly, the absence of non-trivial, invariant
vectors of V, implies that H, = {0}. O
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Let (%, U) be a regular chiral net in a charged irreducible (product) representation.
That is 2l acts irreducibly on a non-trivial Hilbert space, which has the tensor product
structure, by our definition of chiral nets, and does not contain non-zero invariant vectors
of U. The particle structure of such theories is described by the following theorem.

Theorem 3.6. Let (U, U) be a regular chiral net in a charged irreducible (product)
representation acting on a Hilbert space H. Then:

(@) Hy = {0} or H— = {0}, i.e. the theory does not describe Wigner particles.
(b) For any non-zero vector ¥ € PgH,E > 0, all the limit points of the net

{oé,T)}TER+, given by (2.34), are different from zero.
Hence (2, U) describes infraparticles.

Proof. Part (a) follows immediately from Proposition 3.5 and the absence of non-zero
invariant vectors of U in H. As for part (b), since 2 acts irreducibly on H, its chiral
components (Aj/2, Vi,2) act irreducibly on their respective Hilbert spaces K/2. We
note that for any non-zero vector ¥ € PrH we can find a sequence of vectors {V, },,en
from /Cy s.t. ¥; # 0 and

e NHY) = Z(\I»’n|C\I’n) (3.21)
neN

for all C € B(K). Moreover, we can assume without loss of generality that C; does
not contain non-trivial invariant vectors of Vi. Then we obtain from Lemma A.1 (b)
the existence of a local operator A € A;j and f € S(R) s.t. supp f N Ry = &, which
satisfy A(f)¥1 # 0. We note that any B := A(f) ® I is a non-zero element of A
which is almost local and energy decreasing. Consequently, B* B belongs to the algebra
of detectors C of the net (2, U). We consider the corresponding asymptotic functional
approximants

o (B*B) =/dthr(t)/dx (Wlaq.x) (B*B)W)

_ / dt hr (1) / dx (w|p" (ADAGS) @ DY)

W2~ l—x
> / dx (W1|(B 5, (AU ANV # 0. (3.22)
where in the last step we made use of (3.21). As the last expression is independent of T,

all the limit points of {cré,T)}TER+ are different from zero. 0O

3.4. Infraparticles with superselected direction of motion. In Theorem 3.6 above we
have shown that any charged irreducible (product) representation of a chiral conformal
field theory contains infraparticles. In this subsection we demonstrate that in a large class
of examples these infraparticles have superselected direction of motion in the sense of
Definition 2.12.

Let (A, V) be alocal net of von Neumann algebras on R, acting on a Hilbert space /.
We assume that this net is in a vacuum representation, with the vacuum vector Q¢ € K.
Let W be a unitary operator on K which implements a symmetry of this net, i.e.

WADYW* C AQD), (3.23)
WV@HOW* =V (1), (3.24)
WQo = Qo, (3.25)
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for any open, bounded interval Z C R and any + € R. We assume that W gives rise to
a non-trivial representation of the group Z,, i.e. AdW # id and W? = I. We define the
subspaces

Aey(@) ={A € AQ) | WAW™ = A}, (3.26)
AoddX) ={A € AQD)|WAW* = —A}. (3.27)

Let Aey (resp. Aogq) be the norm-closed linear span of all operators from some Aey (7)
(resp. Aodd(Z)), Z C R. Clearly, (Aey, V) is again a local net of von Neumann alge-
bras on the real line acting on K. We introduce the subspaces ey = [Aev 0], Kodd =
[Aodd 0], where [ -] denotes the closure, which are invariant under the action of Aey
and V, and satisfy K = ey @ Kodd- Kodd gives rise to the representation

T[Odd(A) = A|’C0dd’ A € A6V7 (328)
Vodd (1) = V(D)lKe: 1 €R. (3.29)

Its relevant properties are summarized in the following lemma, which we prove in Appen-
dix B.

Lemma 3.7. (7044, Kodd) is a covariant, positive energy representation of (Aey, V), in
which the translation automorphisms are implemented by Vyq4. Moreover:

(a) Todq is a locally normal, faithful and irreducible representation of Aey.
(b) Voad does not admit non-trivial invariant vectors.

We set A 1= Todd (Aevy), V(t) := Vodd(?). By the above lemma (fl, ‘7) is again a local
net of von Neumann algebras on the real line. We define its representation on ey,

Tev(A) = m3 (A, A€ A, (3.30)
Vev(t) = V(t)|lCevv t €R, 3.31)

and state the following fact, whose proof is given in Appendix B.

Lemma 3.8. (ey, Key) is a covariant, positive energy representation of (A, \7), inwhich
the translation automorphisms are implemented by Ve,. Moreover

(a) ey is a locally normal, faithful and irreducible representation of A
(b)  Vey admits a unique (up to a phase) invariant vector, which is cyclic for any

Tey (A(D)).

We conclude that (nev(fl), Vev) is a local net of von Neumann algebras in a vacuum
representation with the vacuum vector ¢ € Cey.

We remark that the above abstract construction can be performed in a number of
concrete cases. If a Mobius covariant net Z — A(Z) on S ! in a vacuum representation,
admits an automorphism® y of order 2 which preserves the vacuum state, then one can
define W by

WAQy = y(A)Qo, A e AD). (3.32)

5 An automorphism y of a net A is an automorphism of the quasilocal algebra A which preserves each
local algebra A(Z).
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This does not depend on the choice of the interval Z and defines a unitary operator thanks
to the invariance of the vacuum state. This W automatically commutes with the action
of the Mobius group (in particular with the action of translations) as a consequence
of the Bisognano-Wichmann property [31]. Thus, upon restriction to the real line, we
obtain a local net equipped with a unitary W which satisfies (3.23)—(3.25). Non-trivial
automorphisms y appear, in particular, in the U (1)-current net (y : J(z) — —J(2))
[15], in loop group nets of a compact group G with a Z,-subgroup in G [51] and in the
tensor product net A ® A for an arbitrary Mdbius covariant net A, where y is the flip
symmetry.

Coming back to the abstract setting, we introduce the class of two-dimensional the-
ories, we are interested in: Let (Aj, Vi), (A2, V2) be two local nets of von Neumann
algebras on R, in vacuum representations, acting on Hilbert spaces K1, K. We denote
the respective vacuum vectors by €21, €27 and introduce the corresponding regular chiral
net (2, U). We assume the existence of unitaries Wy, W», which give rise to non-trivial
representations of Z; and implement symmetries of the respective nets on R as defined in
(3.23)-(3.25). By the construction described above we obtain the nets (Al , 171 ), (Az, \72),
acting on K1 odd, K2,0dd- We denote by (QlVN, U ) the corresponding chiral net acting on

H = K1,0dd ® K2,0dd and by (QAl, U ) its regular subnet. Let us summarize its properties.

Proposition 3.9. The regular chiral net (QAl, U ), whose chiral components are (A] s \71),
(A3, V), has the following properties:

(a) A acts irreducibly on H.

(b) (QAl, 0) does not admit Wigner particles (7:(i = {0}), but all the asymptotic func-
tionals of the form { 1//\‘1’}“ W #£0, Ve PE')'A{, E > 0} are non-zero.

() 7R =11 @ m2ev and m, = 1 ey @ L2 are irreducible, faithful, covariant represen-
tations of (ﬁl, 0), acting on Hyy = K1 ,0dd @ Ko,ey and Hy = Kiev ® K2,0dd,
respectively. The respective (canonical) unitary representations of translations are
given by Uy, (x) := U(x)mﬂR and Uy, (x) 1= U(X)|H,,L-

(d) Hpg— = {0} and Hzp + # {0} while Hy, — # {0} and Hy + = {0}. Conse-
quently, 7R is not unitarily equivalent to my..

In part (¢) 112 are the defining representations of A] /2. Representations 112 ey are
defined as in (3.30), (3.31).

Proof. Part (a) follows from the irreducibility of /2 odd, shown in Lemma 3.7. As

for part (b), we obtain from Lemma 3.7 (b) and Proposition 3.5 that ﬂi = {0}. On
the other hand, Theorem 3.6 ensures that the relevant asymptotic functionals are non-
zero. Irreducibility and faithfulness of g, in part (c) follow from Lemma 3.8 (a) and
Lemma 3.7 (a). Proceeding to part (d), we note that, by faithfulness of mRr, the net
(TR (QAl), Uxy) coincides with the regular chiral subnet of (7 (ﬁlVN), Uxy ), whose chiral
components are (fl], \71) and (2 ey (/Alz), V2.ev). From Lemma 3.7 (b), Lemma 3.8 (b)
and Proposition 3.5 we obtain that Hy, - = {0} and Hy; + # {0}. An analogous
reasoning, applied to s, shows that Hy _ # {0} and H, + = {0}. Hence, due to
relation (2.3), the two nets are not unitarily equivalent. 0O

In view of part (b) of the above proposition, the theory (él, U) describes infraparticles.
In the following theorem, which is our main result, we show that these infraparticles
have superselected direction of motion, in the sense of Definition 2.12.
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Theorem 3.10. Consider the regular chiral net (ﬁl, U ), constructed above. Let r €

{ 1//\‘1’,llt W #£0, Ve PE’I:{, E > 0} and let wy be its GNS representation. Then 1y, is a
type I representation with atomic center. It contains both right-moving and left-moving
irreducible subrepresentations which are unitarily equivalent to TR and my, respectively.
Hence the theory describes infraparticles with superselected direction of motion.

Remark 3.11. Let us consider the regular chiral net (2, U) in the vacuum representation.
Then, similarly as in the theorem above, the GNS representation 7y, induced by any par-
ticle weight ¥ € {y " | W ¢ CQ, ¥ € PgH, E > 0} is of type I with atomic center.
However, any non-trivial irreducible subrepresentation of 7y, is unitarily equivalent to
the defining vacuum representation, i.e. v is neutral. These facts are easily verified by
modifying the proof below.

Proof. Let us first consider the regular chiral net (2, U) acting on H. By Theorem 3.3,
Ki = Kiodd ® CQ C Hy and K_ 1= CQ ® K2.0d4a C H—. Any vector ¥ €

t
Pr (K4 0; K_), E > 0, gives rise to functionals py +, defined by (2.11), (2.12). They
have the form
prw(-) =D (Vinl - Vi), (3.33)
neN

where W4 , € PpK4 (cf. formula (2.13) and the subsequent discussion). Since W # 0,
we can assume that W, ; # 0 and W_; # 0. We also note for future reference that
K+ CHng and K- C Hy, -

PO N t A
Let us now proceed to the net (2, U), acting on H = Iy 0; K_ C H, and let L be

the left ideal of 2, given by definition (2.16). For any L € £ we define
L= (] dqq ® 75 09) (L) € L, (3.34)

where L is the corresponding left ideal of 2(. We note that such L leaves the subspaces
Hrp and Hy, invariant. Exploiting Theorem 2.11 and formula (2.13), we obtain

Yo (L1, La)=> / dx {(We | (LTL2) (X) Wy ) + (W [(LE L) (x)W_ )} (3.35)
neN

It follows from Theorem 2.9 that for any L given by (3.34) the Fourier transforms
LV, ,(p) := 2n)"'/? / dx e PX LU (x) Wy, (3.36)
LY_,(p) = Qn)~'/? / dx e'P* LUy (0)*W_, (3.37)

belong to Hyp, ® L2R,, d p) and Hy ® L2(R+, d p) respectively. Since mr (QA[) acts
irreducibly on H; and Uy, does not have non-zero invariant vectors, we obtain from

Lemma A.1 (a) the existence of I:+ e L st LW,y # 0. Since LiUpzpy(x)*W,
is a continuous function of x, it is nonzero as a square-integrable function, hence

{LJr\ilJr,l(p)}pe]R+ # 0. Analogously, we can find L_elst {L_\TJ_,l(p)}pe]R+ # 0.
For future reference, we note the equalities

Ay (L)W (p) = e PPy (X)L, ,(p), (3.38)
ay (L)V_,(p) = e ' P=PYy (x)LY_ ,(p), (3.39)
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which hold in the sense of Hz, ® LR, d p)and Hy QL *(R,,d p) respectively. These
relations are easily verified for such W4 , € PEK4+ that R 5 x — LUy s (x)* Wy,
decay rapidly in norm as |x| — oo, since in this case the Fourier transform is pointwise
defined. The general case follows from the fact that such vectors form a dense subspace

in PEK4 (cf. formula (3.53) below) and that the maps PEKXL > ¥ — {L\iJ(p)}I,e]R+ €

Hog pL® L2(R+, d p) are norm-continuous. This latter fact is a consequence of Theo-
rem 2.9 and the (Hilbert space valued) Plancherel theorem.
After this preparation we study the structure of the GNS representation induced by

Y. Let us first consider the following auxiliary representation of &, U):

() =P ()@ I} @& (n.(-) ®1}), (3.40)

neN

acting on Hyr, := @,y ((Hrg ® LRy, dp)} & {Hy, ® LRy, dp)}). From defi-
nition (3.40) and relation (2.22) we conclude that 71 and its subrepresentations are of
type I with atomic center. Moreover, it is covariant and it is easily seen that the canonical
representation of translations is given by

U (x) = P ({Ung 1) @ 1} & {Un () ® T}). (3.41)
neN
We note that 7y, is unitarily equivalent to a subrepresentation of 1. In fact, the map
Wi Hﬂw — Hy,, given by
Wi:IL) - @ (LY n(p) }per, ® {LY_ 4(p) ) per,). (3.42)
neN

intertwines the two representations and is an isometry by formula (3.35) and the (Hilbert
space valued) Plancherel theorem. It is easily checked that the canonical representation
of translations U;i“ in the representation 7y, is given by the relation

Uca“(x) Ug" ()W, (3.43)
Recalling that U;f;ar (x) =U32" (x)U (x) where Uy, is given by (2.20), we obtain

W1USS (0)|L )
= WU e (L)) = US™ () Wila—r (L) )
=D (Une )a—x (L) Vs n(P) }per, @ { Uny (Dot (L)Y 1 (p) } e, )
neN
=P (1@ PP pp, &I @ PP g )WL), (3.44)
neN

where in the last step we made use of relations (3.38), (3.39). Now let Q be the gener-
ator of space translations of ngar and let Hy, r (resp. Hy, 1) be its spectral subspace

corresponding to the interval [0, 0o) (resp. (—oo, 0)). Then, by formula (3.44),

WiHz, R = PRWiHz,, (3.45)
WiHz, L = PLWiHz,, (3.46)
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where Pr are the projections on the subspaces @neN{HnR/L ® L’(Ry,dp)} in
‘Hyz,. From definition (3.42) and the remarks after formula (3.37) we conclude that
PrWiHz, # {0} and PLWHz, # {0}. Consequently 7y has both right-moving and
left-moving irreducible subrepresentations.

Let 7 be an irreducible subrepresentation of 7y, acting on a non-trivial subspace
K C HW,R (i.e. a right-moving subrepresentation). Then Wi (- )W/ is an irreducible
subrepresentation of g (- ) ® I acting on Hyy ® (€D, ey L>(R+, dp)). By irreducibil-
ity, we conclude that 7 is unitarily equivalent to (7r(-) ® [ )|H”R ®Ce for some non-
zero e € @,y L?(Ry, dp). This latter representation can be identified with 7g. An
analogous argument shows that any left-moving irreducible subrepresentation of 7y, is
unitarily equivalent to rr.. Hence, by Proposition 3.9 (d), (A, U) describes infraparticles
with superselected direction of motion. O

Let us assume for a moment that H is separable. Then we obtain from the above
theorem and formula (2.29) that the GNS representation of any particle weight ¥ of

the net (‘51, U ), where W # 0 is a vector of bounded energy, has the form

52 52
Ty out == / dur(z) 7R ; © / dur(z) 7L ;. (3.47)
ZR 71
Here (Zr,L, dur L) are some Borel spaces and 7R, = wr/L for all z € Zg/L. A
decomposition of ¥ 3" into pure particle weights, which induce the irreducible repre-
sentations appearing in the decomposition of Ty qut, Was obtained by Porrmann in [41,42]
(cf. formula (1.3) above). However, to apply Porrmann’s abstract argument, one has to
restrict attention to countable (resp. separable) subsets of all the relevant objects and it is
not guaranteed that the resulting (restricted) pure particle weights extend to the original
domains. It is therefore worth pointing out that the theory (ﬁ(, U) admits a large class
of particle weights, whose decomposition can be performed in the original framework.
To our knowledge this is the first such decomposition in the presence of infraparticles.
(See however [35] for some partial results on the Schroer model). These particle weights
belong to the set { 1//0”t | W e D}, where D C H is a dense domain spanned by vectors
of the form

VU =FQ ®FQ, (3.48)

where F| € Aj odds F2 € Az.0dd are s.t. F1 ® I, I ® F» € 2 are almost local and have
compact energy-momentum transfer (see formula (2.15)). The proof of the following
proposition exploits some ideas from [26].

Proposition 3.12. Consider the regular chiral net (QAl, U ) constructed above. Denote
by L its left ideal, given by definition (2.16). Then, for any non-zero vector ¥ € D,
there exist continuous fields of pure partlcle welghts ARy > p = YR p(-, ) and

AL >Pp— YLmp(-. ) st forany Ly, Ly € L,

Y (L1, L) = Z/ dpyYroap(Li, Lo) + Z/ dp Yimp(L1, La),

neCr meCL,

(3.49)

where Cr, CL, C N are non-empty finite subsets and AR ,,, ALm C Ry are non-empty,
open subsets for any n € Cr, m € CL. Moreover:
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(a) The characteristic energy-momentum vectors of the weights YR u p (resp. YL m,p)
are equal to qr n,p = (P, p) (resp. qLm,p = (P, —P)).

(b) The GNS representation induced by any YR u,p (resp. YL m, p) is unitarily equiva-
lent to mR (resp. mp).

The representations wr /1. appeared in Proposition 3.9.

Remark 3.13. Parts (b) and (d) of Proposition 3.9 show that spectral properties of the
energy-momentum operators in the representations induced by the pure particle weights
YR/L,n,p are different from those in the original representation: In the case of Uy
the right branch of the lightcone contains the singularities characteristic for Wigner
particles, while in the left branch such singularities are absent. (For Uy, the opposite
situation occurs.) For infraparticles in physical spacetime a more radical version of this
phenomenon may occur: There one expects isolated singularities at the characteristic
energy-momentum values of the respective pure particle weights (cf. Sect. 2 (iii) of [ 16]).

Proof. Any vector W € D has the form

V= zck,lFR,kQI ® F1L,1Q02, (3.50)
k.l
where the sum is finite and Fr x, F1,; have properties specified below formula (3.48).
Applying the Gram-Schmidt procedure, we can ensure that the systems of vectors
{FR,kﬂl},’:’:O, {FL,ZQ2}ZI\LO are orthonormal. Since H{ = K1odd ® K20dd C K1 @Ko =
‘H, we can write

W= @ (Fri ® DO ® FL)K, (3.51)
k,l

where we made use of Proposition 3.2 applied to the net (2, U). For any L e £ we define
L = (7] o4q ® ) aqa) (L) € L, where L is the left ideal of 2, given by definition (2.16).
In view of Theorem 2.11, we get

Yo (L1, La) = D [ dx (Gron ® DQILTL2)(xX)(Gra ® Q)

neCr

+ > [ dx (I ® GLWQILTL) () ® GLw)R), (3.52)

meCr,

where Grn = D cknFR ks GLm = 2y ¢m,1Fi,1 and the sets Cr and Cy are chosen
sothat Wr , := (Gr, ® )2 # 0and W, == (I @ GL.m)RX # 0 forn € Cr and
m € CL. We note that both sets are non-empty, if ¥ # 0 (cf. formula (2.13) and the
subsequent remarks).

Let us consider the first sum in (3.52) above: Any L € L is a finite linear combina-
tion of operators of the form AB, where A, B € 2 and B is almost local and energy
decreasing. Since we assumed that Fr x ® I are almost local, the functions

R > x — ABUyr (x)*(Gron ® D = A[B, (Grn @ D(—x)IQ  (3.53)

decrease in norm faster than any inverse power of |x|. Consequently, the Fourier trans-
form

LUg ,(p) == (2n)*‘/2/dx e PX LU (x) (GR.,y @ R (3.54)
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is a norm-continuous function. It is compactly supported in Ry due to the spectrum
condition and the fact that the energy-momentum transfer of each Gr , ® I is bounded.
By the (Hilbert space valued) Plancherel theorem, we can write

/ dx (Grn ® DQLTL2)(x)(Gr, ® Q) = / dp (L1VR ,(p)| L2 VR 1 (p)).
(3.55)
We define

YR p(L1, L2) := (L1WR 1 ()| L2VR 1 (P)). (3.56)

It is easy to see that non-zero YR ,, p are particle weights in the sense of Definition 2.6:
Positivity and Property 1 are obvious. The continuity requirement in Property 3 follows
from the equality

YR p (L1, La(y) — L)
=Qm)~'? / dx e P (L1 U, (p)I[(L2(y) — L2), (Grx ® 1)(—X)]R),
(3.57)

and from the dominated convergence theorem. Invariance under translations (Property 2)
is a straightforward consequence of the formula

ax(LYUR o (p) = e " PPXUp (x)LUR »(p), x € R?. (3.58)

Making use of the above relation and the spectrum condition, it is easy to see that the
distribution

R?>>5q — 27)~! /dzx e YR 0 p (L1, ey (L2)) (3.59)

is supported in V, — (p, p).
Now let us show that any function p — YR, p(-, -),n € Cg, is non-zero on a
non-empty open set AR ,: Since (Gr,, ® I)2 € Hyy is different from zero, Uy, does

not have non-zero invariant vectors and g (231) acts irreducibly on Hy,, Lemma A.1

ensures the existence of L € £ s.t. L(Gr,y, ® I)Q2 # 0. Consequently, R > x —
LUz, (x)*(Gr,n ® I)Q is a non-zero function and so is the norm of its Fourier trans-

fom R, > p — wR,,,,p(lA,, i,). Since the functions Ry > p — 1//R’n,p(ltl, iz) are
continuous for all 1:1, iz € fl, as we have shown above, the sets
Arn= |J (peRilyrapLi, L) #0) (3.60)

L],izeﬁ

are open and non-empty.

Let us now fix some n € Cr, p € AR, and consider the GNS representation 7 in-
duced by YR, p, acting on the Hilbert space H; := (/3/{ Lel | wR,n,p(I:, I:) =0 })°Pl,
The equivalence class of L € L is denoted by |L) and the scalar product is given by
(il |ﬁ2) = WR’,,,p(lAll, ig). This GNS representation has the form

n(A)L) = |AL), Le

Aed, (3.61)
Ur(0)|L) = lax(L)), Lel, xeR?

ﬁs
L, (3.62)
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where Uy is the standard representation of translations. We will show that (rr (QAl), Uy)
is unitarily equivalent to (R (), Uy ). To this end, we introduce the map Wg : H; —
Hag = K1,0dd ® K2.ev given by

WRrIL) = LUr . (p), LelL. (3.63)

This map is clearly an isometry. Since wRr acts irreducibly on H,, we obtain that W
has a dense range and hence it is a unitary operator. From the relation

Wrrt(A)|L) = i (A)LUR ,(p) = iR (A)WRIL), Lel, Aed (3.64)

we conclude that 7 and 7R are unitarily equivalent. Next, we obtain for any LeLand
x € R?,

Ung )WRIL) = &/ P-PXa (L)UR ,(p) = ' PPYWRU, (0)IL),  (3.65)

where in the first step we made use of relation (3.58). We recall that the spectrum of

Uxy coincides with V, and note that n(ﬁ() acts irreducibly on H, by relation (3.64) and
Proposition 3.9 (c). Thus, in view of equality (3.65),

U;an(x) — ei(P,P)XUﬂ ()C), x e Rz (366)

is the canonical representation of translations in the GNS representation of YR ., p.
Relation (3.66) shows that gr »,p = (P, P).

The analysis of the second term on the r.h.s. of (3.52) proceeds similarly: For any
m € Cr, and I € £ one introduces vectors

LY . (p) == (2n)—‘/2/dx ePXLU(x)* (I @ GLm)S (3.67)

and functionals wL,m,p(il, I:z) = (Ll\IlL,m(p)|L2\IIL,m(p)). By an analogous rea-
soning as above one shows that for p in some non-empty, open set Ap , C Ry
these functionals are particle weights with characteristic energy-momentum vectors
qL.m,p = (p, —p). Their GNS representations are unitarily equivalent to 7. O

4. Conclusions and Outlook

In this work we carried out a systematic study of particle aspects of two-dimensional
conformal field theories both in vacuum representations and in charged representations.
In the former case we established a complete particle interpretation in terms of Wigner
particles (or ‘waves’ in the terminology of [5]). In the latter case we proved the existence
of infraparticles and verified superselection of their direction of motion in a large class of
examples. We conclude that conformal field theories provide a valuable testing ground
for fundamental concepts of scattering theory.

An important question which remained outside of the scope of the present work is
the problem of asymptotic completeness in the case of infraparticles. We remark that
the theory of particle weights offers natural formulations of this property [9,11] which
can be adapted to the case of massless, two-dimensional theories. We conjecture that
any charged representation of a chiral conformal field theory has a complete particle
interpretation in terms of infraparticles.
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A more technical circle of problems concerns the decomposition of particle weights
and their representations stated in formulas (1.2), (1.3). We recall that the general pro-
cedure of [41,42] is not canonical: Firstly, it involves a choice of a maximal abelian
subalgebra, acting on the representation space of the original weight. Secondly, it relies
on a selection of countable subsets of all the objects involved. In view of these ambi-
guities it is not yet possible to associate a unique family of (infra-)particle types with
any given quantum field theory. We feel that a satisfactory solution of these problems
requires a systematic study of examples. A useful criterion for their classification is the
type of representations induced by particle weights. Thus in the present paper we focused
on representations of type I (with atomic center) which have a simple decomposition
theory. Already in this elementary case we found a physically interesting phenomenon:
superselection of direction of motion. It is a natural direction of further research to look
for theories, whose asymptotic functionals induce representations which are not of type
I with atomic center. We conjecture that such models exist and some of them describe
infraparticles with superselected momentum, similar to the electron in QED.
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A. Proof of Theorem 2.11

Lemma A.1. (a) Let (A, U) be a local net of C*-algebras on R? in the sense of Defi-
nition 2.1, acting irreducibly on a Hilbert space H and let U = U™, Let ¥ € 'H
be s.t.

ANV = /d2x o (A) f(X)W =0 (A.1)

for all local operators A € U and all f € S(R?) s.t. supp f is compact and
supp f NV, = @&. Then V is invariant under the action of U. (Here f(p) =
Qm)~! [d%x e'P* f(x).)

(b) Let (A, V) be a local net of von Neumann algebras on R in the sense of Defini-
tion 3.1, acting irreducibly on a Hilbert space KC. Let ¥ € I be s.t.

ANV = /ds Bs(A) f(s)¥ =0 (A2)

for all local operators A € A and all f € S(R) s.t. supp f is compact and
suppf N Ry = &. Then V¥ is invariant under the action of V. (Here f(a))

Qm)" 2 f ds ' f(s).)
Proof. The argument exploits some ideas from the proof of Proposition 2.1 of [13].
As for part (a), suppose that W is not invariant under the action of U. Since the map

B(H) 2 A — A(f) is o-weakly continuous (cf. Lemma 5.3 of [41]) and 2 acts irre-
ducibly on H, condition (A.1) implies that

P(ADA(f)P(A)Y =0, (A.3)
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where P( -) is the spectral measure of U and A1, Ay C R? are open bounded sets. Since
the spectrum of U has Lorentz invariant lower boundary and W is not invariant under
translations, we can choose A1, As s.t. P(A1) # 0, P(A2)¥ # 0 and the closure of
(A1 — Ay) does not intersect with V. Choosing f € S(R?) s.t. supp f NV, = and
f(p) = 1 for p in the closure of (A; — Aj), we obtain that

P(ADAP(A)Y =0 (A4)

for any A € 2. Exploiting irreducibility again, we obtain P(A;) = 0, which is a
contradiction. The proof of part (b) is analogous. O

Lemma A.2. Let K1 C Hy be closed subspaces, invariant under the action of U. Let
{e+.m}mer be a complete orthonormal basis in (PEIKCy) and let {e_ ,},c5 be a complete

out
orthonormal basis in (PEK_) for some E > 0. Then any ¥ € Pg (K4 >L<1 K_) can be
expressed as

out
v = zcm,ne+,m X €— n, (A.5)

m,n
where Zm,n |cm,,,|2 < 00.
Proof. First, we define a strongly continuous unitary representation of translations
U)W @ Vo) = (U)W ® (U(x)W-), Wi € KLy (A.0)
on 4 ® K_. Then we obtain from Proposition 2.4,
QU (x) = U (x)Q™". (A7)
For ¥’ = (Q°)~!W the above relation gives Py pW’ = W', where Py f is the spectral

projection of Uy corresponding to the set { (w, p) € R?|w < E}. By the functional
calculus, we get Py g = Py, r(Pg ® Pg). Hence

U= (PE ® PE)\IJ/ = Zcm,ne+,m ®e_n. (A.8)

m,n
By applying Q°%, we obtain relation (A.5). O
Lemma A.3. Let V' € H be a vector of bounded energy, let Fy, F» € 2 be almost local

and of compact energy-momentum transfer, and let L = "} _, Ay By, where Ay, By € 2
are almost local and By, are, in addition, energy decreasing. Then

TILmOO(W'I[[QT, OM(F)], PM(F)IR) =0, (A.9)

where Qr = [dt hy(t) [ dx (L*L)(t, x). (The above sequence is well defined by The-
orem 2.9.)
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Proof. First, we note that by Proposition 2.3 and Theorem 2.9,

Tli_)moo(‘lf’l[[QT, OY(F)], @M (F2)]RQ) = Tli_)moo(‘l”l[[QT, Fi 1 (hp)], F2,—(h7)]€),

(A.10)
if the limit on the r.h.s. exists. We introduce the auxiliary operators:
Qi1 = /dthT(t) dx (L*L)(z, x). (A.11)
Ry
As we show below, they satisfy
lim |Pe[Q+ 7, F+(h7)]PE]l =0 (A.12)
T—o0

forany E > 0 and any F' € 2 which is almost local and of compact energy-momentum
transfer. Making use of this relation and the fact that Q7 = Q4 7 + Q_ 7, the proof is
completed with the help of the Jacobi identity and Proposition 2.3 (c).

Let us now verify (A.12). As the two cases are analogous, we focus on one of them
and estimate the corresponding expression as follows:

|PELQ— 1, Fi(hr)]PEI E/dtdtlhT(t)hT(tl)/R dx||[L*L(t, x), F(t, t)]]l.
(A.13)

Since L*L and F are almost local, we can find sequences C,, F, € 2(0O,), s.t. for any
n € N there exist Cy, C}, s.t.

/

C (o
IL*L = Cill < =2, |IF — |l < 2. (A.14)
r r

We choose r = (1 + %|x )¢+ T*¢, where O < & < 1 appeared in the definition of A7. We
write

[(L*L)(t, x), F(t1, )] = [(L*L — C,)(t, x), F(t, 11)]
+[Cr (2, %), (F — Fr)(11, 11)]
+Cr (2, %), Fr(t1, 11)]. (A.15)
By estimates (A.14), the first two terms on the r.h.s. above give contributions to (A.13)

which tend to zero in the limit 7 — o0. The contribution of the last term can be estimated
as follows, exploiting locality,

/dtdt1 hT(t)hT(tl)/]R dx||[C/(t, %), Fr(t1, t)]]l

< c/dtdt1 hT(t)hT(t1)/ dxx(|x —t1| < |t — 1| +2r), (A.16)
R_

where y is the characteristic function of the respective set and ¢ is a constant inde-
pendent of T. Let us now derive some inequalities which hold on the support of the
integrand on the r.h.s. of (A.16). First, we note that ¢,#; € supphr, if and only if
t,t1 € Tsupph + T, in particular |t —#1| < ¢; T? for some ¢; > 0. Exploiting this fact,
the inequality |x — 71| < |t — 1] + 2r and the relation r = (1 + 4—11|x|)5 + T¢, we find
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such ¢p > O that |x| < ¢pT and r < ¢, T?, in particular the r.h.s. of (A.16) is finite for
any T > 1. Making use of the inequalities r < ¢;T¢ and |x — 11| < |t — 1| + 2r, and
of the fact that 7, 11 € supp h7, we obtain that |x — T'| < ¢3T¢ for some ¢3 > 0 which
implies that x > O for sufficiently large 7'. As the region of integration in the x variable
is restricted to R_, we conclude that the r.h.s. of (A.16) is zero for such 7. 0O

Proof of Theorem 2.11. Let Q7 = [dt hr(t) [dx (L*L)(t, x),where L = >} _, Ax By
is an element of the left ideal £, Ay are almost local and B € L. Moreover, we choose
U = OM(F)PM(F)Q and W' = OL(F)) PO (F})Q, where Fijo, F]//2 € A are
almost local and have compact energy-momentum transfer. Since W and W’ are vectors
of bounded energy, we can write

(W07 @Y (F) @M (F2)) = (W'[[[Q7, @Y (F1)], @2 (F2)1)
+HW'| DN (F) Q1 DI (F1)R)
+HW'| DL (F) QT X (F2)R). (A.17)

The term with the double commutator above vanishes as 7 — oo due to Lemma A.3.
The second term on the r.h.s. of relation (A.17) is treated as follows:

Tlim (V| @M (F) Q7 P (F1)Q)
—00

Jim (W102(Fy) [ [ dx 2 Lwe o)

lim (V[0 (Fy) / i (1)l =P / dx (L*L) (x) 0% (F}))

(V|0 (F2) Py / dx (L*L)(x) " (F1)<), (A.18)

where in the first step we made use of the fact that ®"'(F})Q2 = P, P (F1)€2, in the
second step we exploited the invariance of [dx (L*L)(x) under translations in space
and in the last step we made use of the mean ergodic theorem as in the proof of Lemma 1
of [5]. Next, we obtain

(q)im(F{)d)(l“t(Fﬁ)QIfb‘i”t(Fz)PJr/dx (L*L)(x) DL (F1)Q)
= (dfi“t(Fz)*d)‘i“t(Fﬁ)QlCI"i“t(F{)*P+/dx (L*L)(x) @ (F1)S2)

= (QOM (Fy)*dM (F)Q) (qu)ﬁ“t(Ff)*/dx (L*L)(x) L (F)Q),
(A.19)

where we made use of the facts that [P (F)), ®°"'(F2)] = 0 and that H,/CSQ is
orthogonal to H_ /CS2 (as in the proof of Lemma 4 (a) of [S]). The last term on the r.h.s.
of (A.17) is treated analogously.

We note that any W1 € PrpH.+ can be approximated by a sequence of vectors of
the form Py F, <2, where F,, € 2 are quasilocal and have energy-momentum trans-

out
fers in some fixed compact set. Hence, any ¥ = W, x W_ has bounded energy. By
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out
the above considerations and Theorem 2.9, we obtain for any ¥ = ¥, x ¥_, ¥’ =

out
WX W, Wy, W, e PpH,

lim (V1Q7) = (V,|9) / dx (W (L7 L) (x) W)

+(\I’/_|‘I'—)/dx (WLI(L*L) (x)Wy). (A.20)

Now in view of Lemma A.2, any ¥ € PrH" has the form

out
v = Zcm,ne+,m X e_ n, (A.21)

m,n

where {e-t , }°°

Q2. Defining

o are orthonormal systems in { Pg’H+ }, which we choose so that e+ o =

\I/+,n = Zcm,netmv \I’[—,n = ch,me—,m, (A.22)
m m
we obtain p4+ w(-) =2, (W+ 4| - W4 ,). Relation (A.20) gives

Jim (V]Q7W) = /dx (4,0 + p— @) (L*L)(x)). (A.23)

Exploiting the Cauchy-Schwarz inequality and the following bounds, valid for L =
AB,A e, B € Ly,

(WQrW)| < IIPE/dx (B*B)(x)Pe| |A*All,  (A.24)

/a’x (pa,w + p— w) (L*L)(x)) < 2IIPE/a’x (B*B)(x)Pe| [A*All, (A.25)

one extends (A.23) to any L € L. Now formula (2.36) follows by a polarization argu-
ment.

Let us now show that %" = 0 only if ¥ € CQ. By the above considerations we
obtain, for any B € Ly,

V' (B, B) = Z/dx {(W_LI(B*B)(x)W_ ) + (W | (B* B) () Wy )}

(A.26)

If 1//\‘1’,“‘ = 0, then BV, ,, = 0 for each n and any such B. Thus, by Lemma A.1 (a), ¥+ ,
are proportional to 2. Using definitions (A.21), (A.22) and the convention e4 o = €2, it
is easily seen that W is proportional to 2. O
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B. Proofs of Lemmas 3.7 and 3.8

Proof of Lemma 3.7. As for the main part of the lemma, it suffices to show that the
spectrum of Vq4q coincides with R;. It follows from the assumption AdW # id and the
Reeh-Schlieder property of the net (A, V) that Ayqq(Z) # {0} and Kogg = [Aodd (Z) 0]
for any open, bounded subsetZ C R. Let P (- ) be the spectral measure of V and suppose
that P(A)Koda = {0} for some open subset A C R;. We fix a non-zero A € Aoqq(Z).
Then, for any B € A(Z) the distribution

(Q0[B, A(®)]12) = dt e (Q|[B, B (A)]10) (B.1)

1
7/
is supported outside of A U —A. Since, by locality, this distribution is a holomorphic
function, it must be zero for all € R. Thus forany f € S(R) s.t. f is supported in the
interior of R, we obtain (Q20|BA(f)S20) = (Q0|B f(T)AS0) = 0. Here T > 0 is the
generatorof V, A(f) = f dt B,;(A) f (t) and we made use of the fact that A(f)*Qy = 0,
due to the support property of f and the spectrum condition. Approximating the char-
acteristic function of the interior of R; with such f and making use of the fact that
(R20]A20) = 0, we conclude that A2y = 0 and hence, by the Reeh-Schlieder property
A = 0, which contradicts our assumption. Consequently, P (A)Koq4q 7~ {0} for any open
subset A of R;, which means that the spectrum of Vy4q coincides with R,.

This fact can also be proven as follows: The representation of translations V can
be extended to a representation of the ax + b group thanks to the Borchers theorem
[27]. There is only one non-trivial, irreducible representation of this group which has
positive energy [38] and its spectrum of translations is R,. Since Koqq does not contain
non-trivial invariant vectors of V, the spectrum of Vi ,, coincides with R,.

Let us now proceed to part (a) of the lemma. To show the irreducibility of meqq, it
suffices to check that any vector W € /Coqq is cyclic under the action of mogq(Aey). By
contradiction, we suppose that there is W' € Koqq s.t. (W/'|AW) = 0 for any A € Aey.
But this implies that (¥'|BW¥) = 0 for any B € A, which contradicts the irreducibility
of the action of A on K. Next we verify the faithfulness of 7qq restricted to a local
algebra. Let A € Aey(Z) be a positive local element which is zero upon restriction to
Kodd- For any local odd element B € Ayqq(J) and for sufficiently large s we obtain

0 = (QIB;(B")ABs(B)Q2) = (QIBs(B*B)AQ) — (QIB*BQ) - (2AQ), (B.2)

where in the last step we took the limit s — oco. By the Reeh-Schlieder property it
follows that A = 0. This implies that 7oq4q is faithful on Aey (Z) by Proposition 2.3.3 (3)
of [17]. Now the faithfulness of 7oqq on the quasilocal algebra A.y follows from Propo-
sition 2.3.3 (2) of [17], which says that m,qq is faithful, if and only if ||7oqq(A) || = [|A]l
for any A € Aey. Local normality of myqq is obvious, since 7o4q acts by the restriction
to a subspace. Indeed, making use of Lemma 2.4.19 from [17] and of the fact that mqq
preserves the norm, it is easy to check that l.u.b.mwoqq4(Ay) = moga(l.u.b. Ay), where
Lu.b denotes the least upper bound and {Ay},c1 is a uniformly bounded increasing net
of positive operators from some Aey (7).

Part (b) of the lemma follows from the uniqueness of the invariant vector of V. O

Proof of Lemma 3.8. We know from Lemma 3.7 that A., # CI, since it can be irreduc-
ibly represented on the infinite dimensional Hilbert space Koqq. Consequently, we can
find anon-zero A € Aey(Z), for some open, bounded Z, s.t. (20| A2p) = 0. Proceeding
identically as in the proof of the main part of Lemma 3.7, we conclude that the spectrum
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of Vey coincides with R,. Part (b) follows trivially from the fact that the net (A, V) is in
a vacuum representation. Irreducibility in part (a) follows from part (b). The remaining
part of the statement is proven analogously as the corresponding part of Lemma 3.7. O
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