Mathematische Annalen (2026) 395:47

https://doi.org/10.1007/500208-026-03478-6 Mathematische Annalen
)]

Check for
updates

Long-time contractivity estimates for kinetic
Kolmogorov-Fokker-Planck equations

Nicolo Forcillo? - Alessio Porretta?

Received: 20 October 2025 / Revised: 22 March 2026 / Accepted: 14 April 2026
© The Author(s) 2026

Abstract

We prove long-time contractivity estimates and exponential rate of convergence to
equilibrium for solutions of hypoelliptic diffusion equations, which include the well-
known Kolmogorov equation and similar kinetic Fokker—Planck equations in RY.
Compared to the existing literature, our proof exploits a different approach, elemen-
tary and self-contained, based on oscillation estimates for the adjoint problem. We
first prove contractivity in Wasserstein distances through doubling-variable (coupling)
methods. Next, we upgrade the estimate to weighted L!-(or total variation) norms,
thanks to short-time hypocoercivity gradient estimates.
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1 Introduction

This paper concerns the long-time convergence of solutions of kinetic-type Fokker-
Planck equations, such as

om — Aym + divy (H (v, y)m) = divy(B(v, y)m) , (v,y) € R

(1.1)
m(0, v, y) =mo(v,y),

where my is a probability measure on R and B, H : R?? — RY are functions such
that D, H is positive definite. The simplest and most famous example is given by the
Kolmogorov equation (corresponding to H (v, y) = v)

om — Aym +v - Vym = divy (B (v, y)m) , (1.2)

which is the prototype of degenerate convection-diffusion equations that exhibit a
hypoelliptic behavior. We recall that the solution of (1.2) describes the law of the
Langevin process

dy; = v, dt,

dv; = —B(v;, y) dt + /2dW;

where W, is a Brownian motion in R<. It is well known that solutions of (1.2) converge
exponentially fast, as ¢ goes to infinity, towards the stationary state, if either y is
in a compact setting (e.g., on the torus) or B is a suitable confining vector field.
The occurrence of this exponential stability is a subtle combination of diffusion and
transport, and it is strictly related to the underlying hypoellipticity of the operator.

There exist many different methods to show that exponential stabilization occurs.
Originally, in the model case, the explicit knowledge of the stationary state and/or of
the fundamental solution was used to derive this kind of result. However, an approach
that avoids the use of explicit solutions appears preferable for tackling more general
problems with a possibly similar structure. In [29], Villani introduced the notion of
hypocoercivity to frame the question of long-time stability, showing that an exponential
contractivity estimate, such as

lmi(t) —ma(t)|lx < Ce™*|lmo1 —moz2llx
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could be proved in the Hilbert setting of suitable energy spaces, being X, typically,
a weighted H'- or L2-space. This is also related to spectral gap methods, already
used before to quantify regularizing effects and long-time rate of convergence, see,
e.g., [11, 18-20]. Later on, those approaches have been refined to a large extent and
merged with entropy methods, geometric Poincaré inequalities, and different tools
from semigroup theory [3, 4, 9, 12, 14, 16, 25, 31]. Different techniques, more directly
based on Harris’ recurrence theorem for Markov semigroups [17], or the so-called
Meyn-Tweedy approach [13, 24], were employed in other works, see, for instance,
[6, 7, 23]. Their connection with our present article will be further commented below.

The goal of this paper is to introduce a new method to prove the exponential rate of
convergence, extending to degenerate Kolmogorov operators the techniques recently
developed in [26] for convection-diffusion equations with uniform or fractional diffu-
sion. This approach derives the exponential decay by duality from oscillation estimates
of the adjoint problem. Precisely, the focus is moved from the conservative equation
(1.1) to the dual advection—diffusion problem

ou—Ayu—H(@,y) -Vyu+B,y) Vyu=0, (1.3)

where the decay of u is proved in suitably weighted seminorms (see estimate (3.5)).

This idea has its roots in the coupling methods developed in probability [8, 22] and,
in parallel, in the doubling-variable techniques of the PDE community [10, 21], in
the same spirit as [27]. The outcome is a self-contained, elementary approach, where
pointwise oscillation estimates for the advection—diffusion equation (1.3) lead to the
exponential decay of (1.1) bypassing any spectral analysis, Poincaré inequality, or
integral Harnack inequality. Somehow, our work answers a natural question (men-
tioned by Villani in [30, Chapter 2]), namely, whether the exponential stabilization
of the (hypoelliptic) kinetic Fokker—Planck equation could be proved through a sim-
ple coupling method, as in the diffusive case. A positive answer was already given
in [15] by probabilistic arguments, showing the exponential contractivity in Wasser-
stein distances for solutions of (1.2). Here, we complement and extend [15] from a
PDE perspective. Our contribution is twofold. First, we provide an entirely PDE-based
proof of the decay in Wasserstein distances, only based on maximum principle, which
gives conclusions for the general problem (1.1) similar to those obtained in [15] for
the Kolmogorov equation. Next, we improve the result by achieving the decay in total
variation norm, combining the oscillation estimates with short-time L — wl.oo
smoothing effect. This latter tool seems interesting in its own, and should be consid-
ered as the L°-version, on the adjoint problem, of the L> — H! smoothing effect
lying at the heart of Villani’s hypocoercivity estimate. The final outcome can be sum-
marized in the following contractivity estimate, when the initial data are probability
measures with finite first moments, whose space is denoted by P (R>?).

Theorem 1.1 Assume that H, B satisfy (2.5) and (2.6)—(2.7), and there exists a Lya-
punov function ¢ (cf. Definition 3.1) fulfilling conditions (3.4), (4.8), and (5.1). Then,
there exist w, K > 0 such that, for every initial data mg1, mgz € P (R2d) for which
NS Li(dmg), i = 1,2, the corresponding solutions m1, mo of (1.1) satisfy
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mi(t) —ma(0)ll7y, < K e |lmor —mozllrv,. (1.4)
where || - ||Tv, is the norm of the total variation weighted by ¢.

Let us spend a few words on the hypotheses of the above result.

A crucial role in Theorem 1.1 is played by the assumption that D, H is positive
definite (cf. (2.6)). Roughly speaking, this means that the v-linearization of the drift
field H is nondegenerate. The case in which D, H is negative definite would, of
course, be the same. When H is linear with constant coefficients, our assumptions
can be reduced to one form of the Hérmander condition (though not the most general
one), in particular, the Hormander condition of first order (say, only using first-order
commutators). We discuss this issue in Remark 2.1. It has to be mentioned that, in the
special case of linear drifts with constant coefficients, the exponential convergence
under the general Hormander condition is proved in [3] by using entropy methods
and the explicit form of the steady state. We also hope to extend our approach to
incorporate the case of general Hormander operators. So far, our assumptions include
and generalize the case of the Kolmogorov equation, appearing as the first step in the
direction of treating general nonlinear and inhomogeneous first-order terms.

The requirement, in Theorem 1.1, that a suitable Lyapunov function exists should
not be surprising, since the state space is noncompact, and thus some confinement
condition is necessary for long-time stabilization. This is a classical ingredient used to
show the ergodicity property of the Markov process associated with the operator (1.3).
Explicit examples of Lyapunov functions are given at the end of the paper, precisely
in Sect. 5.1. Similar forms of these functions already appear in previous works (see,
e.g., [4, 6,7, 15, 23]) with either analytic or probabilistic approaches. Some of the
aforementioned papers rely on the version of Harris’ theorem proved in [17], whose
cornerstone is indeed the existence of a Lyapunov function. We stress again, however,
that our method departs from this literature because we bypass the use of Harnack
inequalities for the Fokker—Planck equation in favor of global oscillation estimates
proved on the adjoint problem (1.3). In this context, the contractivity estimate is
reduced to a maximum principle argument on the adjoint problem, where coupling
methods naturally come into play.

Let us remark that the estimate of Theorem 1.1 holds for weak (distributional) solu-
tions of (1.1). The key point indeed is to show that weak solutions are dual to viscosity
solutions of the adjoint problem (1.3), which are sufficiently robust for the main esti-
mate. This duality, already exploited in [26] for other drift-diffusion operators, is also
very natural to handle sign-changing solutions. In this direction, the estimate (1.4) can
alternatively be reformulated as the decay of zero-average solutions, see Theorem 5.3.
Lastly, all our estimates are shown to be independent of possible additional diffusivity
in the y-variable, which makes the results directly applicable to the framework of
vanishing viscosity approximation for degenerate equations.

As mentioned before, in the intermediate steps needed to prove Theorem 1.1, we
also establish other results that may have interest in their own. They can be found in
the next sections, so it is worth giving a quick plan of the paper. In Sect. 2, we present
some notation and the setting of our assumptions, and we discuss the notion of solution
to (1.1) and (1.3) that we are going to use. We also state an existence and uniqueness
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result (Theorem 2.3) for both the adjoint problems, which is the natural background
of our estimates. Section 3 is devoted to proving the main estimate for problem (1.3),
namely, the exponential decay of suitable oscillation seminorms, see Theorem 3.2.
An immediate byproduct is the decay in Wasserstein distances of solutions of (1.1),
see Theorem 3.5. In Sect. 4.3, we show the L® — Wl smoothing effect for the
Eq. (1.3), by suitably rephrasing Villani’s hypocoercivity argument to obtain point-
wise gradient bounds through the classical Bernstein method, see Proposition 4.2. A
weighted version, including the Lyapunov function growth into the estimate, is also
needed for our purposes. Finally, in Sect. 5, we prove our main results, Theorem
5.2 (which includes the above Theorem 1.1) and 5.3, and we give some examples of
application, where confinement properties of the drift ensure the existence of Lyapunov
functions satisfying the desired conditions.

2 Setting of the problem
2.1 Notation

Let us start with some notation. In the following, RY,d > 1, denotes the d-dimensional
Euclidean space, where dy represents the Lebesgue measure. I; is the d-dimensional
identity matrix, and |y| is the usual Euclidean norm, for y € R?. Given two real
numbers a, b, we use the standard notation a V b = max(a, b) and a A b = min(a, b).
For vectors z, w € RY, 7 ® w is the matrix such that (z®w);j = zjw;. Forany d x d
(real) matrix A, tr(A) denotes its trace.

The space Cp(U) is the set of continuous and bounded functions on an open set
U, and C.(U) is the set of continuous and compactly supported functions. The space
M(R?) denotes the set of finite (signed) Borel measures m, whose total variation norm
is ||m||TV:=|m|(]Rd). Here, |m| = mt + m~, where m* are positive measures giving
the Hahn decomposition of m. The subset of probability measures is represented by
P(R?), endowed with the topology of narrow convergence. This is equivalent to the
weak-% convergence of measures in M(R?), induced by duality with the uniform
convergence in Cp, (R9), see, e. g., [1, Chapter 5]. We refer to My (R4 as the subset of
M(R?) consisting of measures m with finite kth moment, i.e., vk e LY(RY, d|m)).
In particular, the set P; (R?) denotes the space of probability measures with finite first
moment, where we consider the Kantorovich—Rubinstein distance

Wi (m, m) := sup {/ ¢d(m —m): ¢ Lipschitz, | D¢|eo < 1}. 2.1
R4

We fix a positive, continuous function ¢ on RY. L1(<p(x)) represents the usual
Lebesgue space Ll(Rd , b), defined in terms of the measure u = ¢@(x)dx, and
L (¢(x)) is the space of measurable functions u : R? — R such that u ¢ is essen-
tially bounded (namely, up € L>(R?)). Similarly, we denote by /\/l(p(Rd) the subset
of measures m such that ¢ € L'(R?, d|m|), and we set Imlrv,:= f]Rd od\m|.

Forgiven T > 0, weset Q7 := (0, T) x R4, We denote by Cl’z(QT) the space of
functions, defined on Q7, that are C! in ¢t and C? in x. We refer to C ([0, T']; M(R%)*)
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as the space of functions m from [0, 7] into M (Rd), which are continuous with respect
to the weak*-convergence of measures. Similarly, we use C ([0, T1; P(R%)) when
working with probability measures, and C ([0, T']; P (R9Y) for continuous functions
m from [0, T'] into P; (R?), endowed with the W), -distance.

2.2 Assumptions and well-posedness of the differential problems

Letv,y e R4 and denote by V,, divy, Ay, etc..., the corresponding differential oper-
ators in the v-variable (the same for y). Given « > 0, we consider the problem

dm — Aym — Kk Aym + divy (H (v, y)m) = divy(B(v, y)ym), 1€ (0,T), (v,y) € R xRY,
m(0, v, y) = mg(v,y), (v,y) € RY x R4 s
2.2)
where mo € M(R?*?). We recall that this equation is associated with the stochastic
system

dy; = H(v, y) dt + k/2dW;
dv; = —B(v,, y) dt +/2dW,

for two independent d-dimensional Brownian motions W, W,, since m(t) can be

interpreted as the law of the process (v, y;) in R see, e. g., [2]. The case in which y

is taken in the flat torus could also be considered, as well as the case v € R¥, y € RF

with k # d. We will comment those two possible extensions later, see Remark 3.4.

Here, we focus on the symmetric case, which includes the Langevin equation of

Brownian particles when k = 0, H = v, and, formally, y; = —B(y;, y1) + «/Edd%.
We introduce the linear operator

Llg] := —Avyp —kAyp — H(v,y) - Vyo + B(v,y) - Vyo, (2.3)

which defines the adjoint problem to (2.2). Indeed, we will also consider the following
adjoint PDE (put in forward time direction)

Bt — Ayu —k Ayu — H(v, y) - Vyu+ B(v,y) - Vou =0, 1€ (0,T), (v.y)eR?! xR?,
:u(O,v,y) =ug(v,y), (v,y) e R4 x RY .
2.4)
In (2.2) and (2.4), we assume that B : R? x RY — R4 satisfies the following Lipschitz
condition
|B(vi, y1) — B(v2, y2)| < €p(lvi — val + |y1 — y2)» (2.5)

for some £z > 0. Regarding the function H : R x RY — R?, we suppose that it
holds

DyH(v,y) >y Ig ¥(v, y) € R*, (2.6)
|H(v1, y1) — H(va, y2)| < Lu(jvr — val + Iy — »2)  ¥(u1, y1), (v2, y2) € R¥,
Q2.7)

for some y, £y > 0. Note, incidentally, that (2.6) and (2.7) imply £y > y.
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As mentioned in the Introduction, the simplest case satisfying (2.6)—(2.7) is given
by H (v, y) = v, as in the Kolmogorov equation. For a more general class of examples,
one can take H (v, y) = vh(|v|, y), where h is any Lipschitz function increasing in
|v| and bounded below by a positive constant.

Remark 2.1 The nondegeneracy condition (2.6) plays a crucial role in what follows,
ensuring the hypoellipticity of the drift-diffusion operator.

Let us discuss this condition in the linear case, i.e., if H(v, y) = Cv + Dy, where
C, D are constant matrices in R?. There, assumption (2.6) corresponds to requiring C
to be a positive definite matrix. To fix the ideas, we assumed C > 0, but, of course, the
case C < 0 is equally treated up to changing y into —y in the equation. We also stress
that if ¥k = 0, then the change of variable My = y’ would turn equation (2.2) into
a similar one where C is replaced by M C. So, actually, we only need the condition
MC > 0 for some invertible matrix M. This is the case, for instance, if C is just
assumed to be invertible, rather than positive definite.

To sum up, when ¥ = 0 and the drift is linear, our assumptions are equivalent
to requiring the so-called first-order Hormander condition for linear drift-diffusion
operators —Tr(AD2(-)) + FD(-), namely, that no subspace of Ker(A) is mapped
into Ker(A) by F* (in our setting, if H(v,y) = Cv + Dy, then this would mean
Ker(C) # 0). As pointed out, for instance, in [3, Section 2], the full Hormander
condition is actually more general, only asking that no subspace of Ker(A) is left-
invariant by F*. However, this more general condition requires to use commutators
of order higher than one. We expect to exploit this further generality in the future. By
the way, we stress once more that our setting is neither confined to linear drifts nor to
constant coefficients, obviously.

Let us now specify the notion of solution we use for the above initial value problems.
As for (2.2), we work with the standard notion of weak (distributional) solution.

Definition 2.2 Let my € M(R2?). A function m € C([0, T]; M(R2)*) is a weak
solution to (2.2) if

T
/ f (=3 + LIP)) dm(t)dt = f $0,v,y)dmg V¢ e CH?(0,T) x R¥).
0 RZd RZd

Concerning problem (2.4), which is a degenerate second-order problem, it seems
very natural to exploit the general concept of viscosity solutions, nowadays classical
because of [10]. This notion preserves the maximum principle (the only ingredient
needed for the estimates) and is stable for vanishing viscosity (i.e., as k — 0 above).
As a byproduct of the estimates we prove later, we get the following existence and
uniqueness result, whose proof is postponed to the Appendix.

Theorem 2.3 Assume that (2.5) and (2.6)—(2.7) hold, and k > 0. For any T > 0, we
have:

(i) Givenug € Cp(R2), there exists a unique viscosity solutionu € Cyp, (ET) of 2.4).
Moreover, for everyt > 0, u(t) is Lipschitz continuous and satisfies estimate (4.3).
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(ii) Givenmg € P1(R*?), there exists a unique weak solutionm € C ([0, T1; P(R%*4))
of (2.2). In addition, m € C([0, T1; P1(R*?)) and

/ cdm(t) =/ u(0, v, y)dmyg
RZ(I RZd
Vie(0,T), ¢ € Co(R?), andu € Cp([0, 1] x R*) such that

—u+Lul=0 in(0,1) x R¥
u(t,v,y)=¢w,y) in R24 .
(2.8)

u is a viscosity solution of (B) {

For general (possibly signed) measures mg € ./\/ll(de ), there exists a unique
weak solution m of (2.2) such that sup;¢ o 1y fde|Z| d|m|(t) < oo, in addition,
m satisfies (2.8).

Remark 2.4 There is a slight difference in the above statement concerning the unique-
ness of solutions of (2.2), depending on whether m(¢) is a probability measure or a
general (possibly signed) measure. In this latter case, we need to require a priori that
|m|(t) has finite first moments, bounded in (0, 7). By contrast, for positive measures,
this estimate can be deduced directly from the formulation. This subtle distinction
between probability solutions (nonnegative and mass-preserving) and general solu-
tions (possibly signed and not a priori mass-preserving) is classical for Fokker—Planck
equations, see e.g. [5]. However, the two notions coincide here, provided that the first
moments are controlled.

Let us comment further on the statements of Theorem 2.3. The well-posedness
of viscosity solutions of (2.4) appears as a variant of the general theory. However,
we could not find a result directly applied to (2.4), so we will give a proof here for
completeness. Uniqueness of merely weak solutions to (2.2) is not trivial in gen-
eral, although it is not surprising here due to the Lipschitz growth of the drift terms.
For nondegenerate diffusions, this is well known, see, for instance, [5, 28]. For the
Kolmogorov equation, a similar result can be found in [2]. Consequently, the most
interesting outcome of the previous theorem is the duality equality (2.8) between weak
and viscosity solutions of the two adjoint problems, as well as the consistency of the
problems with the vanishing viscosity limit. As observed in [26], the dual represen-
tation (2.8) can eventually serve as a definition of robust solutions of Fokker—Planck
equations, whenever the ordinary theory does not apply anymore. As a matter of fact,
the formulation (2.8) suits possibly signed measures, and it guarantees positivity and
mass preservation. A statement in this sense is the following corollary.

Corollary 2.5 Under the assumptions of Theorem 2.3, let mg € My(R*) for some
k > 0. Then, there exists a uniqgue m € C([0, T1; M(R3*?)*) satisfying (2.8). In
addition, my > 0 implies m(t) > 0 forallt € (0, T], and fRdem(t) = fRdemofor
everyt > 0.
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3 Oscillation decay estimates

Together with the hypoellipticity condition (2.6), a crucial role will also be played by
Lyapunov functions since we are going to investigate the long-time stabilization for a
noncompact state space.

Definition 3.1 We say that ¢(v, y) is a Lyapunov function for the operator L if it
satisfies

V)= . . E
|(U&>oooo, and 3wy >0: liminf MZCO()-

g e C*(RI xR, ¢(v,y)
[(v,y)|>00 @
(3.1

Without loss of generality, we will also suppose ¢ > 1in R¢ x R¢.

Let us mention that a condition such as (3.1) is satisfied under suitable coercivity
assumptions on the drift terms, for which we refer to Sect. 5.1.

In connection with the Lyapunov function ¢, we will consider (viscosity) solutions
u of (2.4) so that u = o(¢) as |(v, y)| = oo (uniformly in ¢ € (0, T')), namely,

. u(t7 U’ y)
lim sup ———== | =0. (3.2)
lwyl=oo | teo,1) ¢, y)

Of course, this condition is trivially fulfilled for bounded solutions, but it seems conve-
nient (and costless!) to consider the broader setting of possibly unbounded solutions,
like, for instance, unbounded Lipschitz solutions.

3.1 Exponential decay of oscillation seminorms

In this subsection, we prove the exponential decay for a weighted oscillation seminorm
of the solution. For 6 € (0, 1] and w € C(IRZd) N Loo(go_l), we define

w(v, y) — w(i, ) .
= , d=1w,y) — (v, . (33
Bl = R @)+ 9 @ AT w7 =@ DG

Then, we have the following result.

Theorem 3.2 Letu be aviscosity solution of (2.4) such that u(t) is Lipschitz continuous
in R (with a uniform Lipschitz constant for t € [0, T)) and (3.2) is true, for some
Lyapunov function ¢ associated to the operator L. Assume that (2.5) and (2.6)-(2.7)
hold, and, for some £, > 0,

IVop (v, y) = Vop(0, Y| = Ly [9(v, y) + @, DI(lv —vl+ 1y —=3JD. (B4
Then, for every 6 € (0, 1], there exist w, K > 0 such that

[u()]o < K e [uoly (3.5)
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foreveryt > 0, where w, K depend on y, gy, Lp, ¢, and 6.
Proof For the sake of clarity, we divide the proof into several steps. We first give the
proof for any 6 < 1. In the end, we explain the modifications needed to handle the
limiting case 6 = 1.

Step 1. Here we describe the geometric setting, the test function, and the strategy

used to obtain (3.4).
We introduce the rotated norm

1. I = oyl + Ayl where = 22 2= 2((u+ Dien +20p).
3.6)
Note that u and A only depend on the constants y, £y, and £ g appearing in (2.5), (2.6),
and (2.7). The precise value of u and A is not specially relevant and could have been
fixed later in the proof. However, we observe since now that © > 2 and A > 4(u+ 1),
being £y > vy, as noticed before.
Of course, the norm (3.6) is equivalent to the standard Euclidean norm in R In
particular, since A > 1 4+ u, we have

ol + Iyl = [, Il = vl + A+ wlyl.
We regularize || - || as
N, e = v+ myle + Alyle,  with [z]e == &2 + [z2 — .
For later convenience, we denote by
E=v+uy. (3.7)
Next, we define the function ¢ as
Yy =1 (3.8)

for 6 € (0, 1) and some C; > 1 to be determined later. We also fix a generic time
horizon T > 0. We claim that, for some C;, w, K, and L to be chosen later, we have

u(t, v, y) —u(t, 5, 5) < e (Klp(v, y) + o(@, )] + L) ¥ (p) + % . (39)

foreveryt € (0,T),v,y,0,y € R4 and n sufficiently small, where
p=ll(v —v,y — Il

In order to prove (3.9), we argue by contradiction. We define

m:=  sup u(r,v,y)—u(z,ﬁ,i)—e*‘”’(K[go(v,y)+w(ﬁ,5)]+L)w(p)—TL}
1.(v,3),(8,5) !
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and suppose that m > 0. We are going to show that this leads to a contradiction up to
a suitable choice of K, L, C» (sufficiently large) and w sufficiently small.

We first notice that m is finite and is a global maximum attained at some point.
Precisely, we have

1 1
v(p) = E(Czpe ADzS(CpAD (3.10)

since 1 —e™" > %(t A 1). Due to assumption (3.2), for any o > 0 there exists Cy,
(depending on u) such that |u(¢, v, y)| < op(v,y) + Cs in (0, T) x R, Choosing

o= e‘wT§,wededucethat lu(t, v, y)| < e‘“”%go(v, ¥)+Ck .1, for some constant
Ck .o, depending on K, w, T. In addition, u(¢, v, y) —u(t,v,y) < E,{ o for some
Z,{ > 0, due to the Lipschitz continuity of u and the equivalence between || - || and

the standard Euclidean norm in R?“. Hence, we can estimate
~ = —ot (K ~ = ~
u(t,v,y) —u(t,v,y) <e Z[w(v, V) + @, )]+ Cr ) (Cap A1),

for some constant C7 (possibly depending on ), which yields, by (3.10),

ult,v,y) —u(t,0,5) — e (Klp(v, y) + (@, H + L) ¥ (p)

K o 5
<e (—;[sv(v, )+, »]+2Cr - L) v(p).
Since ¢ blows-up at infinity, we deduce that

lim sup {u(z, v, y) =, 5, §) — e (Klp@, y) + 9@ DI+ DY () = 77— 1 } <0,
|@IVI@.3)|—00 —1
(3.11)

uniformly for + € (0, T'). Therefore, assuming m > 0 implies (by continuity of u)
that the sup is attained at some point in [0, 7] x R?>?. Note that this happens for any
given choice of K, L, n and T, being just a consequence of the regularity of # and of
the properties of the Lyapunov function ¢.

Now, for ¢ > 0 small, we consider the regularized distance p, = ||(v—0, y —¥)||¢
and, correspondingly, the value

m = sup {u(t, v, y) —u(t, 5, 5) — e (Klp(v, y) + @@, )]+ L) ¥ (pe) — Tn_t}.

£, (v,),(V.3)
(.12)
Notice that |z] < |z| < |z|¢ + €, and so

Pe < p < p.+(1+2)e. (3.13)
In particular, being ¥ increasing, we have m; > m > 0. Moreover, we claim that

(3.11) even holds with p replaced by p;. Specifically, repeating the argument exploited
above, for any small o > 0 there exists a constant C,, such that

u(t’ v, )’) - u(t7 ﬁa y) S [G((p(vv )’) + (p(ﬁv y)) + C(T]]I{C2,05>]} + EZIO ]l{cngfl} 5
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for some 155 > 0. So, from (3.13), we infer (recalling that C» > 1 and 6 € (0, 1))

u(t,v,y) —u(t,v,y)
<[ (@@, ) + 9@ ) + Collicypp=1y + Ly Pelicypp<ry + €h (1 +2)e
< [0 (@@, ) + 9@ ) + Collicypp=1y + i Copllic, o<1y + Ly (1+ M)e
< [o(p(v, y) + (5, ) + Co + L1129 (pe) + €L (1 + De,

where we have also used (3.10) in the last step.
Hence, we get, forany r € (0, T),

u(t, v, y) —u(t, 9,5 — e (Klpv, y) + @ )+ L) ¥ (pe) —

Ui
—1

T
= {ICo +el12 = 7T ((K =20 D)lp(v, y) + (@ ) + L) | w(po)

Ui

Taking 0 < e T K /2 and & such that 865(1 + 1) < %, we obtain (3.11) with p
replaced by p.. Consequently, m, is a global maximum as well, attained at some
point (t, ve, ye, Ve, Ye). We also notice that obviously t, < T, and moreover t, > 0,
provided

uo(v, y) —uo(@,y) < (Klp, y) + @@, N1+ L) ¥(pe) + % (3.14)

for every v, y, v, y and ¢ sufficiently small. This is the case, for instance, if (recall

(3.3)
K > 2[ugly (3.15)

holds. Indeed, recall that u(¢) is Lipschitz continuous up to # = 0, by assumption.
Thus, using (3.10) and the fact that, if p > 2(1 + X)e, then we have p < 2 p, (due to
(3.13)), taking C> > 2 we get

(v, y) — uo(d, §) < [uole [9(v, ) + @@, N2 A1) + Lug p Lip<a(1+1)e}
< [uolo [p(v, ¥) + @@, N(C2p)? A 1) + €y 2(1 + A)e
< [uolo [e(, y) + @@, )12% (pe) + Luy 2(1 4+ e

Therefore, (3.14) is satisfied as long as K > 2[ugly and 2(1 4+ X)e €, < % We
conclude that (7, ve, ye, Us, V) is a local (and global) maximum point, where m; is
attained.

Step 2. In this step, we exploit the maximum principle (for viscosity solutions)
together with the coupling method.

To lighten the notation, henceforth we drop the index ¢ from the maximum point
found above, where m, in (3.12) is attained. At such ¢, (v, y), (v, y), we apply the
classical argument in viscosity solutions theory [10], which provides with suitable
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replacements of Du(z, v, y), Dzu(t, v, y) and Du(t, v, y), Dzu(t, v, y) in Eq. (2.4).
For a proper formulation in this context, we refer e.g. to [27, Thm 2.2 and Rmk 2.3]
or [26, Thm 2.3]. Namely, since ¢, (v, y), (v, y) is a local maximum in (3.12), there
exist matrices V, \7, Y, Y such that

Vo ... 0 0

.Y 0 0 i

0 0 -7 .. [=¢"Ponant (3.16)
0 0 -y

where
¢ = (Klp,y) + o, y)]+ L) ¥(pe),

and, subtracting the equations of u(z, v, y) and u(z, v, y),

' _ fwt_fth7 .Dye+ H®@. ) - Ds
T2 ¢ ¢ —e " (H(v,y) DyS + H(@,5) - D5¢) 3.17)

+e " (B(v,y) - Vol + B(#,5) - Vgg) <tr(V = V) +xtr(Y —Y).
To handle the diffusion terms, we introduce the coupling matrix

Iy 0 C 0
0 «I; 0 «kly
cc 0 I O ’
0 «lg 0 «lg

(3.18)

which we assume to be nonnegative. We also suppose that C is symmetric to ease

computations. Note that we are only using the synchronous coupling in the y-variable,
since in the spirit of our result the y-diffusion is meant to be vanishing.
Multiplying (3.16) by the above matrix and taking the traces, we get

w(V = V) +rte(Y — ¥) < et (Dﬁvg +20D2 ¢ + D%}ﬁ;)

—wt 2 2 2
ke (D3¢ +2D2¢ + DI

so that (3.17) implies

_n
(T —1)?
+e " (B(v,y) Vol + B(@,5) - Vi)

< el (ngg +20D2 ¢ + Dgﬁg) et (D§yg +2D2 ¢ + Dgy;) :

we 't —e (H(U, y)-Dy¢ +H(,5) - D;{)
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Using the explicit form of the test function ¢, dropping the first term, and dividing by
e~ it follows that, in view of (2.3),

Y (0) K {LIpl(v, y) — wp, y) + LIP](B, §) — 09, )} — o L (pe)
+ (Ko, y) + @@, )]+ L) ¥ ()
x (—(H@.,y) — H®@, ) - Vype + (B(v, y) = B(@, 7)) - Vups)
< (K[p(v, y) + @@, )]+ L) x 2tr (Ig — C) Dy, (¥ ()
+ 2Ky (pe) (Ia — C) Vype - (Vo(v, y) — Vo (3, 7)) . (3.19)

Let us now specify our choice of C. For & given by (3.7) and t > 0, we take

£ —
5 —

&=
& —

C=1-r1

(3.20)

we | Vi
e | v

| |
With this, we observe that the matrix in (3.18) is nonnegative provided 0 < 7 < 2.
This selection of coupling includes what are called the synchronous coupling (r = 0)
and the reflection coupling (r = 2), and we will choose one of these two options
depending on the distance p, between the points (v, y) and (v, ¥). Notice, indeed, that
we need to take 7 = 0 whenever £ = &. Otherwise, C would be singular.

Let us further elaborate the second-order terms. According to the definition of p,,
we compute

Dy, ¥ (pe) = ¥ (pe) Ve ® Vope + ¥ (0e) Dy, pe
£E—¢ £E—£
- ”(»( LS S i )
L N Tprp v R
__J__—(m— ik S fi ).
€ —Elote\ ! E_ELte JE—Elte

+ W(pe)

Therefore, we obtain

& —Ele+e
1///(,08) 32
& —Els+e (16 —El: +2)2

= 2
2 <(Id - C) ng(w(pa))) =27 Iﬁ//(pg) <M>

(3.21)

Step 3. We now show that (3.19), together with (3.21), leads to a contradiction,
with suitable choices of the parameters. We analyze three different cases, depending
on the distance between the points (v, y) and (v, y).

Case 1 (p. large): We first analyze the case that p, > Rj, for some large Ry > 1
to be fixed later.
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We estimate, by virtue of (2.5) and (2.7), since |Vype| < 1, |Vype| < u + A, and
recalling that |[v — 0| + |y — y| < p,

[(H(v,y) = H(@©,)) - Vype| + [(B(v, y) — B(©, 3)) - Vypel
= Wan+2)+Lp)(lv—vl+1[y—yD (3.22)
< Ur(u+2) +L€p)(pe + (1 +2)e) < Cpe,

where we have also exploited (3.13) and the fact that p, is large enough. Here, C
depends on u, A, £p, and £g (hence, it only depends on £p, £, and y). Next, we
take T = 0 in the choice of the coupling (3.20) (i.e., C = I;). Hence, we obtain, from
(3.19),

V() K {LI@](w, y) — wp(v, y) + LI](D, §) — @@, ¥)} — o L (pg)

3.23
(Ko, ) + 9@ )]+ L) CY(pe)ps < 0. (3:23)

Since (3.8) implies

W' (r)r = 0CyrPe=Cr (3.24)

it results that ' (r)r is decreasing for Cor? > 1,50, a fortiori, if ¥ > 1. Then, we have
V' (pe)pe < ¥/ (R Ry for pe > Ry > 1.Being C3 > 1,italsoholds 1/2 < yr(pe) < 1
for p, > Rj. Consequently, we get

CY'(pe)pe < 2CY (p)¥' (RDR1 .

Renaming C = 2C, it follows, in view of (3.23),

V(e[ K (Llg)w, ) = @+ Y (RORDe(, ») + LIg](@, 5)

— @+ CY'(RDRDG(@, ) = L@+ C¥/(RORD} = 0.
(3.25)

[|(v, Y)I| = Ry/2or||(v, ¥)|| = Ry/2. Without loss of generality, we assume the first
holds. Up to choosing @ small and R; large so that

We recall that p. < p < [|(v, Y)|| + ||(V, ¥)||. Therefore, p. > R; implies that

~ , (,()0
o+ CY ' (R)R < 5 (3.26)

where wy is given by (3.1), we have that L[¢] — (v + C‘W(Rl)Rl)q) > —ko for some
ko > 0. Hence, we estimate, according to (3.1) and (3.26) again,

L1, y) — (@ + CY' (RDRD@, y) + L)@, 7) — (@ + CY'(R) R, )

> Llp)(v, y) — %o(v, y) —ko > %w(v, y).
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47  Page 16 of 42 N. Forcillo, A. Porretta

as long as Rj is sufficiently large, only depending on wg and ¢ (and w and ). We thus
deduce, from (3.25), that if p, > Ry, then

0

K— inf < L(w+ CY¥' (R)R)).
4 ({n(v,y)nzm/z}(p> v

However, this is impossible if we choose K as

L&w+éWmom)
WOPR, ’

K = or, =inf{e(v,y) : [I(v, VIl = R1/2}. (3.27)

Case 2 (|€ — €| > /) We now discuss the case p. < R and |§ — &| > /e. If this
occurs, then we have, for & small,

- ~ 1
pe = 1§ —El=|E—§|—e> 5\/5,
thus, from (3.13),
=0 +]y—=Y<p=<p:+1+2e=<Cp;. (3.28)

Then, we can estimate the drift terms in (3.19) exactly as in (3.22), using the Lipschitz
character of H and B. Similarly, we treat the last term in (3.19) using |V, 0¢| < 1 and
assumption (3.4), which yields

2Ky (pe)(La—C)Vype-(Vo(v, y) — Vo(,5) < CK [p, y)+@(@, NIV (o) ps -

Hereafter, we denote by C possibly different constants only depending on y, £, £p,
and £,. Finally, we use (3.21) with T = 2 (note that T = 1 would equally work) and
L[g] — wp > —kq. Overall, we obtain from (3.19),

— 29 (pe)ko K — o LY (ps) — (K[@(v, ) + @0, )1+ L) C ¥’ (pe) pe
< (Klpw,y) + @, )]+ L)

lE—& \? ¥ (0e) &?
4 ”(9(——7———)-+4 ( : }. (3.29)
X{ L Ty € —Elte (& —El+e)?

We now observe that, due to (3.27), there exists ¢ > 0 (independent of C», R, and
L) such that

oW (pe) + ' (pe) pe
PRy

Ky (pe) <cL ( ) Ve < Rp. (3.30)

Indeed, if Cng > 1, then v/(p)p is decreasing for p > p., so (3.27) implies, for
Pe < Rls

K(po)< L 8(wir () + CY¥'(pe) pe) ’
WOPR,
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which yields (3.30). Alternatively, we have C» pf < 1, and then ¥ (pe) < %W(ps) De

(using (3.24) and that 1 — e™" < ete™' fort < 1). Hence, Ky (p:) < ¢ K ¥/ (0¢) pe

and (3.30) immediately follows because K < %L, according to (3.26) and (3.27).
1

Therefore, (3.30) holds for every p. < R and we have

2koc , 2koc
24 (pe)ko K + @ L (o) < (kaﬁ (pe)pe L + (1 + (PT) o LY (pe) .

Note that ¢, is uniformly bounded below (since ¢ > 1), and eventually it can be
taken large up to increasing the value of Rj. In particular, we will assume henceforth
that R; is sufficiently large so that

2koc
PRy

=

s

ENIIEN

where we recall that y is given in (2.6). With this in hand, we refine the above estimate
as

2 (e ko K +0 LY (pe) < Ty (pope L+ (14 D)oLy (31

whenever p, < Rjp. Inserting this into (3.29), we obtain

- 2
(Klp(v, y) +¢@, )]+ L) [ — 4y (g) ('5—5')

& —Ele +¢
4y’ &2 (3.32)
e e e VSV
§ —&le+e (I§—6lc+e)
14
= (1+ %) oLvie).
From the definition of the function v, it holds
E-8 \ 40 2
—4y" (pe) — — - —C Y (pe)pe
{ v <|s—s|5+s> € Eote G5 Beier VO p]
0 E-& \ 2
=0 pl 26 C20% [ 411 = 0) + C20091 | ———— | —4pe ——— — Cp?
e e ( e\l tte) T GE—Eerer
> €26 pf 2 (21— 6) + 2C20pf — 4epe — Co)
(3.33)
where we have used that |§ — &| > J€ gives
E—8 I :
B8 ) s> - and — < . (3.34)
|§ —&le +¢ 2 (16 — &l + )3
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Now, we fix Co, in terms of R, by imposing
20:0r —4\er —Cr>>0 Vr<R,. (3.35)

Thus, we deduce, from (3.32) and (3.33),
~ -2 —Cyp? 4
(Klp(v.y) + 9@ D]+ L) C2 o 2= 2(1=0) < (1+ T ) w0 Ly (o).

which yields, since p. < R, 60 € (0, 1),and ¥ < 1,

Ca0 R{2e™Ri2(1 —0) < (1+ %) w.

Nevertheless, this is impossible if we choose w sufficiently small, namely,
AN 6-2 —CaR0n 1 _
o<1+ 1 C0 R "e 12(1 —6). (3.36)

Case3(|E—£| < +/€) By virtue of the above choices and conditions for the parameters,
we are only left with the possibility that p, < R; and |§ — &| < +/¢. This scenario
corresponds to | — | near zero (or possibly zero), where we cannot use the coupling by
reflection for the variable £. We indeed take C = 1. Moreover, we exploit L[¢g]—wg >
—ko. Hence, we achieve, according to (3.19),

— 2¥ (pe)ko K — & L (pe)
+ (Ko, y) + @@, N+ L) ¥ (pe) {— (H(v, y) = H(@, §)) (3.37)
Vype + (B(v,y) = B(©, 7)) - Vope)} < 0.

As for the drift terms, recalling that v =& — py and [V pe| < (1 + A), we have

—(H(,y) —H(®, ) Vype

1
= —/ DyH(sv+ (1 —s5)v,sy + (1 —5)y)(v —0) - Vypeds
0
1
= [ DoHGU+ =55y 4 (=950 = ) Vypeds
0

1
> M/O DyH(sv+ (1 =5)v,sy + (1 =5)y)(y =) - Vype

— (k4 My (& —El+ 1y — 5D
ly — 37
> UYA—F———
Vet +ly =317

— 1P lyly = Fl — (n+ )y (€ =&+ 1y =T,
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where we have used DyH > y Iy, |IDyH||, ||IDyH|| < £y, and |[Vyp, —

=9 ;
P y|2| < w. Being
ly = 3I°

ﬁib’_ﬂazw yl—e,
ver+ 1y —Jl

in view of the Lipschitz character of B we get

— (H(v,y) = H®@,5) - Vype + (B(v, y) — B(8, §)) - Vps
> puyhly =5 — u*uly — 1 — (w + My (& — &
+ly =D —nyre—Lg(v—73l+ly -3
> (yh— g — (42 — (e + 1))y — 3|
—((+ M)y +Lp)E —El—pyhre.

We recall that u = TH > 2,andthenu yA—Aly = Z/Lyk Also using |§ — | < Ve,
it holds

(Hyh—u2ly — (w+ )y —Lg(u+ 1)y — 3| —((M+>~)€H +ep)E—El—pyre

1 .
zu(iw\—(wl)ﬁﬂ—%g)ly—yl Cye = fwkly yl— Cye,

by the definition of A in (3.6). According to u > 2and A|y — | > p— /€ > p: — /¢,
we conclude that

—(H(,y) —H(,))) - Vype + (B(v,y) = B, y)) - Vyps = —Cye.

Inserting the above estimate in (3.37), we obtain

(Klp(v.y) + 9@ )+ L) ¥ (p) | S 0e = C V2]
VY (pe) K 2ko + @ LY (pe)

Yo 4
= ZW e L+ (14 5) 0 Ly (o).

IA

A

in view of (3.31). Therefore, we infer that

Voo { Lo — Vel = (14 D)oy (3.38)

Finally, we can choose w so that
(1 + %) o< %9 e ORI (3.39)
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in addition to (3.36). Since p; < Ry, this yields
Y Y o _Chp? y
(1+ ) 0w = L0 v = L (oo)pe

where we have exploited ¥ (r) < Car? and (3.24). Then, by virtue of this inequality
and (3.38), we achieve

%ps <CVe. (3.40)

On the other hand, since u(¢) is Lipschitz continuous, with some constant £ L{ , uniformly
in (0, T'), by definition (3.12), and using (3.28) and (3.40), we have

m<m <u(t,v,y) —ult, v, <€l (p: + Ce) < €T (BCy™'e + Ce). (3.41)

Letting ¢ — 0, we reach a contradiction because m > 0.

We have thus proved that (3.9) holds for K given by (3.27), with a choice of Ry, w,
and C; only depending on ¢p, £y, y and the Lyapunov function ¢. The constant L
is finally chosen in a way that K, as defined by (3.27), satisfies (3.15). This means
taking L = n [uolg, for some n > Mﬂ%' Letting n — 01in (3.9), we get
u(t,v,y) —u(t, 0,3 < e (Klp,y) + 9@, )]+ L) ¥(p)

<e (K + L)eW,y)+ @@, DY (p).

Since ¥ (p) < (C2p%) A 1 and p is equivalent to the Euclidean distance, we deduce
that [u(7)]p < C e~ (K + L), according to (3.3). Recalling that K is proportional to
L, where L = n[uglp, we conclude with the desired estimate (3.5) (up to renaming
K). Hence, the case 6 € (0, 1) is completed.

Step 4. We conclude by explaining how to get the result for the limiting case 6 = 1.

First of all, note that we just need to refine the previous estimate when p is small.
So, we only consider the case that p < §, for a small § < 1 (to be fixed later). First,
we modify the function ¥ used before. To this end, we fix any 6 < 1, take a constant
B (to be fixed later, depending on §) and define

@(r) =r — p P10

146
We suppose, for now, that 1
Bs% < 3 (3.42)
so that { 1
Erswm, 55&’0)51 vr <. (3.43)

We claim that, for a suitable choice of w and K, it holds

u(ts v, Y) - M(t, f)s 5})
<e K [pW,y) + @@, PP (o) + % Vi e 0, T), Vv, y,0,5eR? : p <8, (3.44)
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for every n sufficiently small. Here, ¢ and p are the same quantities used above, except
that the parameters © and X in (3.6) might be chosen differently (as precised later),
yet only depending on y, £y, and £ . Following the same approach as before, (3.44)
is proved arguing by contradiction. We suppose that

m := sup {u(t, v, ) —u(t, 0, 7) — e " Klp, ) + 9@ NI (p) TU_Z} >0.
p<

If wp and Ky denote the constants given by (3.5), here we choose w < wy and K such
that
K > 2max (1, 59*‘1{9) [uo] -

Thus, according to this and (3.43), when r = 0, we have
uo(v, y) —ug(@, 3) < [uolile(, y) + ¢@, Mo < Ko, y) + 9@, NP (p)  Yp <38,

and, if p = §, using what proved for 6 < 1,

u(t, v, y) —u(t, v, 5) < e " Koluolg [p(v, y) + 9@, )18’
< e " Kp8[uol [9(v, y) + (B, )]

8
< e“”’KE (v, y) + @0, y)]

<e K, y) + 0@, NP (E).

Consequently, if m is positive, then it can be attained neither at # = 0 nor for p = 4.
Excluding the case t = T as before, it follows that m is a local maximum. Then,
we proceed exactly as in the first part of the proof. Specifically, we introduce the
parameter ¢ and the corresponding m,, which, for ¢ sufficiently small, is attained at
some t € (0, 7T), and v, y, v, y with p, < §. With the notation already used above, if
|€ —£| > /e, then we employ the coupling by reflection in the &-variable and obtain
the analogue of (3.29) (with L = 0 in the present choice), namely,

—2¥(pe)ko K — Ko, y) + (@, )IC ¥ (ps) pe
& —é] >2+4 ¥ (pe) & }
€ —&le+e 1€ —&le+e (1€ —Ele + )2

< K[p(v,y) + o, &)1{2 V" (pe) + 4&&’(/)5)} :

< K[p(v,y) + o, &)1{4 V" (pe) <

by virtue of (3.34) and the concavity of ¥ again. We recall that C only depends on
v, Ly, Lp, and £,. Using (3.43), we deduce

0 < K[p(,y) + ¢, i)]{z U (pe) + 4/ + (2ko + C)ps} ,
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whence, computing ¥ and being |€ — &| > |/z,
208pY 7" < 4/e + (2ko + C)pe < Cpe

for some C only depending on y, £, £, and ¢. We now choose g = 582_9. In this

way, the previous inequality cannot occur for p, < §. Hence, the case |§ — | > JeE
is not possible. Observe that, with this choice of 8, (3.42) is satisfied as long as § is
sufficiently small. It remains to deal with |§ — | < /€. We reason as in Case 3 above.
In particular, we estimate

—(H(,y) = H@.5) - Vyps + (B(v, y) — B, 7)) - Vupe
> (yh— Py — (u+0)y — g+ 1)y — 3
—((m+ M)y +Lp)|E — &l —pyre
> (yr— Py — (41 — Lp(+ 1)y — 5| — C/e,

which yields, from p,+4./¢ > Aly — J| > pe — /¢,
—(H(,y) = H(®, ) Vype + (B(v,y) — B(v,))) - Vype

1
> Uy —Lu)pe — X(/ﬂH +uly + L+ 1))ps — Cy/e,

for a possibly different C, potentially depending on p and A. The analogue of (3.37),
in this case, leads to

1/f(,05)
k C
oo T Ve

< 4pcko +C\/gs

1
(y —Lr)pe — X(/ﬁeﬂ + by +Lp(pn+1))pe <2

4ko+20y

also using (3.43). Now, we fix the values of u and X. First, we choose u = ;

so that the previous inequality yields
1
Cnpe = > (W + by + Lp G+ 1)pe < CVe.

Next, we choose A large enough to reach that p, < CA\/E , for some different C. From
here, we obtain (3.41) and we conclude the contradiction argument as before. O

Remark 3.3 The exponential rate w in (3.5) heavily depends on the Lyapunov function
¢, which makes it hard to provide explicit quantifications. We just observe that, in the
above proof, we have Cy >~ R12—0 from (3.35), hence the conditions (3.36) and (3.39)
are essentially equivalent. Together with (3.26), these will impose some condition on
o in terms of wq (appearing in (3.1)) and R, which also depends on ¢. Typically, the
selection of the Lyapunov function involves conditions depending on the dimension
d, the confining potentials, and, possibly, the diffusion strength. However, even in the
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simplest case of the confined Kolmogorov equation, where the Lyapunov function is
sufficiently explicit (cf. Sect. 5.1), our method does not likely provide sharp expo-
nential rates, since it also depends on the auxiliary function i, which is just a simple
choice of a concave bounded function and is not meant to be optimal at all.

For the interested reader, we refer to [ 15] for a detailed discussion of the exponential
rate that could come out from similar coupling methods, though this is quite involved
even in model examples. Our purpose was actually rather opposite, namely, to give
a quite general approach to exponential decay, aimed at covering a broader class of
equations, at the expense of any sharpness of the rate.

Remark 3.4 The approach developed in the above proof can be readily adapted to
slightly different settings. For instance, if the state variable y belongs to a compact
space, then it is enough to use a Lyapunov function ¢ only depending on the v-variable.

In particular, a similar result to Theorem 3.2 can be proved if y € T¢, where
T¢ = R?/Z4 is the flat d-dimensional torus. In this case, we consider solutions u
of (2.4) such that u(t, v, y) is z4 —periodic in y, and we suppose the existence of a
Lyapunov function ¢ = ¢(v) (or alternatively some ¢ (v, y), periodic in y), which
satisfies (3.1) as |[v| — oo. In order to follow the above proof, we simply remark that,
using the periodicity of u and the increasing character of 1, we still have that

sup &= {u(t, v, y)—u(t, v, y)—e " (K[p@) + ()] + L) w(p)—T 77_ t}

t,(v,),(0,3)
(3.45)
is actually a maximum attained at some point.
Indeed, for any y € R4, denote by [y] € 74 the period such that y — [y] € Qg :=
[0, 119, which is the reference unit cube, and set y := y — [y]. Observe that

o=+ (y—DH+Ay =5 = [v=T+uG =D +A5 =3+ =)y =5 — o+ w)ea,

for some constant ¢y only depending on the dimension. Hence, if we set C; ;, =

(}‘jﬂ, we have
—u

=0,y =N = l[(v="0,5 =) whenever |y — j| = Cy p.

Then, due to the periodicity of u, and since ¥ (-) is increasing, we deduce that
O, v,y,0,9) <P, v, 3,0, ):1) whenever |[y—y| > Cj_,. This means that the sup in
(3.45)isrestricted to the set |y —y| < C;, ,, (note that we can assume C), ,, > diam(Q)
up to increasing c4) . In addition, exactly as in (3.11), we have

@ Springer



47  Page 24 0f42 N. Forcillo, A. Porretta

lim sup {u(t, v, y)—u(t, v, y)—e " (K[p(v) + ¢(0)] + L) w(p)—%} <0,

[V |v]— 00

(3.46)
using the Lyapunov function ¢, and the facts that u is Lipschitz and u = o(gp) as
|[v] — oo. The above two conditions ensure that, if the sup in (3.45) is positive, then
any maximizing sequence is relatively compact, up to normalization in y. Namely,
suppose that

D (ty, Vn, Yn, Ony Yn) — sup & >0.
1,(v,),(0,5)

Being |y, — ¥u| < C ., up to subsequences we can assume that y, — yo and

Yu — Yn — wp, and it holds

D(tn, vn, Y, Uy, )711) = u(ty, vy, )A’n) — u(ty, Up, Yu — [ynl)
—e” " (K[@(vn) + @ (@)1 + L) ¥ (pn) —

)

T—1t,

where p, = ||(v, — Uy, Y — Yu)||. We also know that v,,, v, are bounded due to (3.46),
and so relatively compact, as well as p,,. Since 3, — yo, ¥n — [yu] = Yo — wo, and t,,
converges up to subsequences, we conclude that ® achieves a maximum at some point
(t0, v, Yo, U, yo — wo). Once we have justified the existence of a maximum point for
®, the rest of the proof of Theorem 3.2 remains unchanged, with the minor difference
that the case where p is large is now reduced to having |v — v| large, which explains
why confining is only needed in the v-variable.

We conclude by mentioning that another extension, which is doable up to suitable
modifications, could be achieved if the variable y belongs to a space with a different
dimension, say y € RF, k < d. There, we need to change the scalar p to a suitable
matrix M € My, in the definition of the rotated norm, and the nondegeneracy
condition on Dy H to a full-rank condition. This variant is to be better analyzed within
the more general picture of degenerate drift-diffusion operators under Hormander’s
condition.

3.2 Decay of Wasserstein distances for the kinetic Fokker-Planck equation

Animmediate corollary is a decay result in Wasserstein distances for solutions of (2.2).
Let us introduce the following weighted distance for w, v € M(p(RM ) NPy (R*):

dip(p,v) = Sup{fﬁd(u— V), £eL®) ¢l < 1} .
Q
where [-]; is defined in (3.3). Then, for every ¢ € L>®(p~1), one can estimate

/Qé“ d(p —v) < [Clidie(n,v). (3.47)
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Note that if ¢ has at least linear growth at infinity, then we have

lu() —u(Ol GO —ul

@O+ —TAD = =g =@ x=0,

for some C > 0 independent of u. Hence, we get
Wl (Ma V) S Cdl,(p(l’La U) ’ (348)

where W is the standard 1-Wasserstein distance, recall (2.1). In particular, in this
case, the decay of d , implies the decay of W.

Theorem 3.5 Under the assumptions of Theorem 3.2, let 111, 1y be two solutions of
(2.2) corresponding to initial data o1, por € Pr(R*)N MW(RM). Then, there exist
K, w > 0 such that

dip(r1(1), ua(t)) < Ke™®dy o (por, mo2) - (3.49)

In particular, if ¢ grows at least linearly at infinity, then

Wi(ui (1), p2(t)) < C K e dy o (1o1, i02)

for some C > 0.

Proof Let{ € L (¢~ ") besuchthat[¢]; < 1. This means that ¢ is a locally Lipschitz
function and (see Corollary 4.6) there exists a viscosity solution u of the backward
problem

—3u+ Llul =0 in(0,1) x R*

ult) =¢ in R%

By (2.8) applied to w1 and 2, it holds

/QE d(pr(t) — u2(0)) = /Qu(o)d(um — pno2) < Ke™'dy o (1ot, po2) ,

where we have used (3.47) and (3.5) (applied backwards, and with 8 = 1) to estimate
[1£(0)]1. This gives (3.49). The last statement immediately follows from (3.48). O

We conclude by pointing out that Theorem 3.5 provides the existence (and unique-
ness) of a stationary measure m solving (2.2) and attracting all other solutions in
long time. As detailed in [26, Section 5], the exponential decay rate enables building
such a solution, whose uniqueness and exponential stability follow from the same
contractivity estimate.
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4 Hypocoercivity and L*-Lipschitz smoothing

In this section, we prove short-time smoothing estimates for the problem (2.4). To
work in a slightly broader framework, we consider the operator

L(u) = —tr(A(v)ngu) — Kk Ayu—H@,y)-Vyu+ B(v,y) - Vyu,

where A(v), H (v, y), and B(v, y) are C'-functions, globally Lipschitz continuous,
and « > 0. In particular, we assume that A(v) is a bounded and elliptic matrix, i.e.,

1
Jag>0: agly <Alv) < —1, 4.1
[o40]

and also Lipschitz continuous:
|A(v) — A@)| < Lalv—B] Vu.0eR?, 4.2)
We start with a computational lemma.

Lemma 4.1 If u is a smooth solution of
oru+ L) =0,

then we have:

() .
5(8, + L) (uz) =—-AW)Vyu - Vyu — « |Vyu|2;

(i)

1

5(31 +£) <|Vvu|2) = - Z A(U)Vvuuk : Vvuvk + Z (aij)vkuvkuvivj

k ijk
+ DyHVyu - Vyu — DyBVyu - Vyu — « Zu%l_yj ;
ij

(iii)

0 + L) (Vvu : Vyu) = Z ((aij)vkuykuv,-vj - 2aijuvivkuykvj)
ijk
— 2k Z”vzy;“yiyj + DyHVyu - Vyu
ij
+ DyHVyu - Vyu — DyBVyu - Vyu — DyBVyu - Vyu ;
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(iv)
1
Ewer(Wwﬁ):—EZAWﬂhMVVMM+J%HVM~Vw
k
2
—DyBVyu - Vyu — « Z”yiy_;'
ij

Proof Equality (i) immediately follows from the chain rule and the equation d;u +
L) = 0. To show (ii), we denote the second-order terms in the operator £ by
Lo(u) = —tr(A(v)ngu) — k Ayu. Then, we have

1
5@+ Lo) (1Vuul?) = Vi (@1 + Lo) ) - Vou
+ Z ((aij)vkuvkuv;v_/ - aij“vkviuvkvj) — K Zu%i}’i
ijk ij
=V, (H@,y) - Vyu— B, y) Vyu) - Vyu
+ Z ((aij)vkuvkuvivj - aij”vkvi”‘vkvj) K Zu%i)’j ’
ij

ijk

in view of d;u + L(u) = 0 again. Developing the drift terms, we reach (ii).
Similarly, it holds

1
5@+ L0) (1952) = ¥y (@ + L)) - Vyw = Y @ity ity =€ Y16,
ijk ij

and we obtain (iv) using once more the equation for u.
Finally, to get (iii) we compute

(9 + Lo) (Vvu . Vyu) = Vy (3 + Lo)(W)) - Vyu + Vy (0 + Lo)(w)) - Vyu

+ Z ((af_/)uku)'kuviuj - zai_iuvak”v_/yk> -2k Zuviy,' Uy;yj
ijk ij
=V, (H@,y) - Vyu — B, y) - Vou) - Vyu+ Vy (H@, y) - Vyu — B(v, y) - Vyu) - Vyu
+ Z ((“ij)vk”ykuvivj - Z“ij”vivk”vj)’k) -2« Z”viy,'”yiyj
ijk ij
=H(,y) - Vy(Vyu-Vyu) — B(v,y) - Vo(Vyu - Vyu) + Dy HVyu - Vyu + Dy HVyu - Vyu
— DyBVyu - Vyu — Dy BVyu - Vyu + Z ((aij)ukMquuiuj —2a;juy; v uvjyk)
ijk

-2 Z”Uz‘,\‘j”}’i}'j .
ij
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Exploiting the above lemma, we deduce the short-time smoothing effect of
Kolmogorov-type operators. We actually employ an L°°-version of Villani’s hypoco-
ercivity estimates, obtained via the classical Bernstein method.

Proposition 4.2 Letu € L>®((0, T); W12 (R2)) be a smooth solution of the equation

o — tr(A(v)D%vu) —KkAyu—H@,y)-Vyu+ B(v,y) - Vyu=0
u(0) =uo,

where k > 0, A(v) satisfies (4.1)—(4.2), B(v, y) fulfils (2.5), and H (v, y) satisfies
2.6)-(2.7).
Then, there exists a constant C > 0, depending on g, L4, €p, Ly and y, such that

lluoll
IVou(®)lloo + t [Vyu(t)lloo < C —== Vt € (0, 1]. 4.3)
At
Proof We introduce the function
1
W= > (Auz + 1Vyul? — 2602Vyu - Vyu + 513|vyu|2) : (4.4)

where A is a large constant, to be fixed later, and ¢, § satisfy (at least) the condition

g2 <§, 4.5)

so that W > 0. The goal is to show that W is a subsolution (in short time).
From Lemma 4.1-(ii), using (2.5) and the ellipticity of A(v), see (4.1), we have

1 1
S0 +0) (t |Vvu|2) < (5 +t€B>|VUu|2 —tag Y up, Y (@)l

ik ijk

+t DyHVyu - Vyu — tx Zu%m
ij '

1 2 @0 2
< (5 +1(lp + CA)>|VUu| —15 %:uvivk
1y |Voul |Vyu| — ti Zu%l_yj,
ij

(4.6)

thanks to (4.2), (2.7), and Young’s inequality. Hereafter, we denote by C4 possibly
different constants depending on the W!-*°-bound of A, namely, on ag and £ 4.
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Similarly, according to Lemma 4.1-(iii), by virtue of (4.1)—(4.2) and Young’s inequality
again, it holds

0 + L) (—8t2 Vou - vyu) <t —Z Wl +Cae? BIVyul + Cpe? 3 Y [Vyuy,

—et? (DyHVyu - Vyu + DyHVyu -Vyu) + et (DvBVvu - Vyu + DyBVyu - Vyu)

2
+ 2k et Z”viyj"‘yiyj —2etVyu - Vyu.
ij

The terms with H and B can be estimated by (2.6)—(2.7) and (2.5). So, we get

0
(8;+£)< et? Vou - Vyu)ftj v,vI+CA821%|Vy“|2—|—CA€ 13Z|Vvuyk|
ij
Y
—8§t2|Vyu|2 +Cp e IVoul? + 26612y uyy tty;y; — 261 Vou - Vyu,
ij

where Cp, g only depends on the constants £g, £, .
Finally, in view of Lemma 4.1-(iv), we also have

1
5@+ L) (5 3 |Vyu|2) < 6% Y |Vouy, > +513 (ZB|VUM| Vyul +zH|Vyu|2)
k
3
3 2 2 2
— K8t Zuyiyj+53r IVyul?.
ij

We now add up the previous inequalities, gathering together the similar terms.
Hence, we obtain

A 2 1 2 0 2
@+ 0 (W= 2u2) = (5415 +Cn) ) 1Voul =1 2 Y i, 1047 1Voul 190
ik
3
— 12| Vyul? (s% - 36— Ca e2 t) 3 (5a0 - CA82) ; Votty |> = 261 Vyu - Vyu

+Cp et Voul? +613 (ZBIVvuI IVyul +eH|vyu|2)

2
+ Kt ZSIZMU,MM},}! St Z”)z)’ — vlyj
ij

Recall thatt < 1 and €, § < 1. Moreover, thanks to (4.5), the last term is negative and
can be dropped. Then, applying Young’s inequality, we infer that there exists K > 0
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(only depending on o, £4, B, £H, and y) such that
) 2
0, + L) W—Eu < K |Vyul”+ Ly + 28)t [Vyul |Vyul

3
2 <eg — S8 Cactr— s - em‘;) Vyuf?

— 1% (8ag = Ca?) 3 1Vuuy 2,
k
2
which yields, because (£¢ + 26)t |Vyul| |Vyu| < L2010 4 126 1|V,

A 2¢)2
@ + L) <W - 5142) < (K + M) |Voul?
ey

342
ey G20
4 2

1% (80 = Ca?) Y 1Vuuy 2,
k

Cpe’ — 6382> IVyul* (4.7)

where we have also used ¢ < 1 inside the second term on the right. We remark that the
last two terms are negative as long as §, ¢ are sufficiently small with2(3+205)58 < ye¢
and Sag > Cae?. We fix, eg.,d = ﬁ and take ¢ small enough, ensuring that
(4.5) is also satisfied. Then, being § = O(¢), it holds

»f v (B+2y)
_t 8_ —_—
4 2

§—Cye’— 3352> e (s% + 0(82)) ,

and the right-hand side is negative choosing ¢ sufficiently small, only depending on
Ca, £p and y. Similarly for the last term in (4.7), since § = O(¢) implies dag > Cp62
for small . Therefore, we achieve

A [ 2¢)?2
3 + L) <W— —u2) < <K+—( H T 2¢) )leu|2,
2 ey

and, recalling Lemma 4.1-(i), we reach

2
0 + L)W < — (kao — (K + %)) |Voul> Vi e (0,1].

Here, we choose A sufficiently large so that (3, + L)W < 0 for r < 1. Now, W
is a bounded subsolution (since u € L>®((0, T); W1 (R%))), so we can apply the
maximum principle to get

A
sup W (1) < [[W(0)[loo < Elluollgo-
1€(0,1]
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In view of (4.5), we have W > ¢, (t|Vvu(t)|2 + t3|Vyu(t)|2), from which estimate
(4.3) follows. O

Remark 4.3 At different steps, one may use some dissipativity property of D, B, D, B,
DyH (which enter in (ii)—(iv) of Lemma 4.1) in an attempt to improve the above
estimates. However, here we are just exploiting the smoothing effect in short-time, so
this seems unnecessary. In parallel, it could be interesting to understand under what
conditions on the drift terms an estimate such as (4.3) can hold globally in time.

‘We now observe that a weighted version of Proposition 4.2 can be obtained similarly.

Proposition 4.4 Letu € L°°((0, T); WL-20(R24Y) be a smooth solution of the equation

du — tr(A()D2u) — k Ayu — H(v,y) - Vyu + B(v,y) - Vyu = 0
u(0) = uo,

where A(v) satisfies (4.1)—(4.2), B(v, y) fulfils (2.5), and H (v, y) satisfies (2.6)—(2.7),

and k > 0. Assume there exists some function ¢ € C]’z([O, T)x de) suchthat o > 1,

[(v,y)| =00 . ,
p(t,v,y) —> oo uniformly fort € (0, T), and satisfies

B +L)(¢*) = —ko, t€(0,1), v,yeR?, (4.8)

k
Jfor some ko > 0. Then, we have [[u(t) || oo (-1 < eTOtlluollLoo((pal)foranyt € (0, 1],
and there exists C > 0, depending on ag, €4, Lp, Ly, v, and ko, such that

0l oo g 1)

NG

Vi e (0,1], v,y € RY,
4.9)

|Vvu(t, U, )’)H‘t |Vyu(tv Us y)' E C(p(ta U, }’)

where ¢o(-) = ¢(0, ).

Remark 4.5 1n this result, the Lyapunov function ¢ may also depend on time, as we are
only concerned with short-time estimates. Indeed, given the linear growth of the drift
fields H and B, the function ¢ = ¢ ((v)¥ + M), with (v) = /1 + |v|?, satisfies (4.8)
and the above conditions, provided that 0 < k < 2 and A, M are chosen sufficiently
large.

Proof Take L := ””0”L°°(<pg‘)’ which means that L = sup (‘f;—gl) We claim that

A
e—k()IW _ EL2§02 < 0 fort e (Oa 1]9

where W is the function (4.4) built in Proposition 4.2. Of course, the above inequality
is true at t = 0 by definition of L and W. Next, we point out that

A A
0 + L) (e—kO'W — EL2¢2> = —koe K'W + 7K' (3, + LYW — §L2(3t + L)p?

IA

A
—koeikotW + ELZkO R
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where we have used the subsolution property of W and (4.8). If e %0 W — %szpz has
a positive maximum, then we have e—koty > %qu)z > %L2 at a maximum point,
which yields

A A
0 + L) <e_k°’W -3 L2<p2) < —kge Fotw + > L%y <0

there. This violates the maximum principle, showing that e %0’ W — %L2<p2 < 0 for
t € (0,1]. Hence, W < ekot %Lz <p2, which gives the desired conclusions according to
the definition of W. O

To conclude this section, we note that the above estimate allows us to extend the
well-posedness result of Theorem 2.3 to possibly unbounded initial data u.

Corollary 4.6 Assume that (2.5) and (2.6)—(2.7) hold, andk > 0, T > 0. Let ¢(t, v, y)
be a function satisfying the assumptions of Proposition 4.4. Given ug € C(R?*?) N
Loo(gpal), there exists a unique viscosity solution u € C([0, T] x R??) N L>®(p~ 1)
of the problem (2.4). Moreover, for every t > 0, u(t) is locally Lipschitz continuous
and fulfils estimate (4.9).

Proof The existence follows by approximation. Precisely, if ug:=¢& ¢g, for some
bounded &, then we consider the viscosity solutions u, corresponding to the initial
data ug, = &(po A n). By Proposition 4.4, we have

”un(t)”LOQ((p*I) =< CT||u011||L00((p61) < CT||”0||L00(¢61) )

and then, by (4.9), we deduce uniform bounds for N Voun ()] L% (1) and

t% IVyun (Ol Loop-1y- Henceforth, one proceeds as in the proof of Proposition 6.1
to deduce the compactness of u,, (in local uniform topology) and the convergence of a
subsequence towards a viscosity solution «. The uniqueness follows as in Proposition
6.1, replacing |v|?> with ¢ and using the supersolution property (4.8). O

5 Improved long-time decay

Thanks to Proposition 4.4, we can now improve the long-time decay estimate of
Theorem 3.2.

Theorem 5.1 Assume that (2.5) and (2.6)—(2.7) hold, and k > 0. Let ¢(v, y) be a
Lyapunov function (cf. Definition 3.1) fulfilling (3.4) and (4.8). In addition, we suppose

1
/ psv+ (1 =90, 5y + (1 —9)F)ds < clp, ) +o@, ] Yv,y,0,7 € R?,

0
5.1
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for some ¢ > 0. Given ug € C(R*) N L®(¢p™"), let u be the viscosity solution of
(2.4). Then, there exist w, K > 0 such that

(. v, y) —ut, 5. )| < K e lugll oo (1) (0. ) +9(@. 7)) Vi >0, v,3.5,5 € R,
5.2)
where w, K depend on Lp, Ly, y, and ¢.

Proof The strategy is to apply Theorem 3.2 to u(t+1) and reach the result by estimating
[u(1)]p with Proposition 4.4. We first assume that u is bounded, so that u(#) is not only
bounded, but also Lipschitz for r > 0 (see Theorem 2.3). Next, we apply Proposition
4.4 (for t = 1), which gives, according to (5.1),

1
u(l, v, y) — u(l, 5. 5) = / (Vou(l, sv+ (1= )5, sy + (1 = )F) - (v - 5)
0

+Vyu(l, sv+ (1 —5)v, sy + (1 —5)y) - (y — &)}ds

1
<C ”uO”LOO(wfl)/(; osv+ (1 —s5)v,sy
+ A =9y (v—vl+|y—yDds
< Clluoll o1l (v, ¥) + 9@, (v — 5] + |y — 5.

We also notice that if kg satisfies (3; + L)¢ > —ko, then ||uo||Lm((p_|)ek°[<p is a
supersolution of the equation since ¢ > 1. By comparison, we readily get

u(t, v, )| < € llugllpp1yp@.y) Vi e (O 1]. (5.3)
Thus, for a possibly different constant C , we have

M(l, v, y)_u(l’ ‘D’ 5}) S é ”uO”LDO((p_l)[(p(v’ y)+§0(i}’ y)] ((|U - i}l + |y - 5}') AN 1) )

which implies _
[u(Dh = Clluollpoc -1y -
Finally, once we apply Theorem 3.2 to u(t + 1), we get (5.2) for t+ > 1. However, up

to increasing the value of K, (5.2) also holds for ¢ € (0, 1] in light of (5.3). The case
when u( is not bounded is obtained by approximation, as in Corollary 4.6. O

Consequently, we deduce by duality our main result, which includes Theorem 1.1
for the case k = 0.

Theorem 5.2 Assume that H, B satisfy (2.5), (2.6)—(2.7) and there exists a Lyapunov
function ¢ (cf. Definition 3.1) satisfying conditions (3.4), (4.8) and (5.1). Then, there
exist w, K > 0 such that, for every initial data moy, mo2 € P (de) for which
@ € LY(dmy;), i = 1,2, the corresponding solutions my, ms of (2.2) satisfy

lmi(t) = ma()llry, < K e= |mo1 —mozliTv,, (5.4)

where || - |7, is the norm of the total variation weighted by ¢.
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Proof of Theorem 5.2 (and Theorem 1.1) We first observe that if ¢ € Ll(dm()i), i =
1,2, then we also have ¢ € Ll(dmi(t)) for all + > 0. This is established as in
the proof of Theorem 2.3, where we show that if the initial measure has finite k
moments, then the corresponding solution enjoys the same property at later times.
Setting mg = mqo; — mey2 and m = m| — my, applying (2.8) to both solutions, and

subtracting, we obtain
/{dm(t) :/u(())dmo,
Q Q

forevery ¢ € Cp (R24), where u is the solution of the backward problem (B)in (2.8). By
stability of viscosity solutions, standing on Corollary 4.6, and since ¢ € L' (d|m|(1)),
the equality extends to the case ¢ € L>(¢~!). Using that mg has zero average, any
constant can be added to #(0). Then, it holds

/Q £dm(®) = Imollyy, inf 1u(®) + el
ey sup 10 =10 5)
= 0llTYV, =
Y : 9@+ e@)
< Imollzv, K e 12 gy 5.5)

using Theorem 5.1, withere z = (v, y), 2 = (v, y), and infeer [u(0) + ¢l oo (1) =
sup, : % follows from, e.g., [17, Lemma 2.1]. By arbitrariness of ¢, this
yields @l 1 gpmia) = K e"‘”||m0||TVw, which is the desired conclusion. m]

The result of Theorem 5.2 can also be rephrased as the decay of zero-average
solutions. Those solutions are meant in the sense of Corollary 2.5 (possibly signed
solutions). Hence, the proof of the result below works by duality, exactly as in (5.5).

Theorem 5.3 Assume the hypotheses of Theorem 5.2 are valid. Let mg € M(R??) be
a zero-average measure such that ¢ € Ll(d|m0|). Let m be a solution of (2.2) in the
sense of Corollary 2.5, i.e., m € C([0, T]; M(R*)*) and satisfies (2.8). Then, we
have

Im®lirv, < K e Imollry, V>0,

with K, w as in Theorem 5.2.

5.1 Examples

We conclude this section by giving a model class of examples, with a specific Lyapunov
function ¢, for which the above theorem can be used. Precisely, we assume that

Hw,y)=v, B@,y)=>bl,y)+VO(y),

where b is a Lipschitz function satisfying

Ja,co>0: by -v=al?—co, b.y)y=—colyll+[v), Vo, yeR?,
(5.6)
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and ® € W2 (R?) fulfils
3Bc1>0: VO -y=Blyf—c  VyeR (5.7)
Then, we can build a Lyapunov function for (2.4). Note that (2.5)—(2.7) are satisfied

by H and B as well.
Lemma 5.4 Suppose that (5.6) and (5.7) hold. There exist ¢, 5 > 0 such that

1
0= 00 + 5 (10 +2e0- y +6y1?)

is a Lyapunov function for the operator L satisfying (3.4), (4.8), and (5.1).

Proof We compute and estimate, by virtue of (5.6) and (5.7),

Llp) = —d — k8d—k AD — v - VO (y) —elv]* —8v -y
+b(v,y) - v+eb(v,y) -y + V() - (v+ey)
> (a—&)|v]> —8v-y+eBlyl? —c1) +eb(v, y)

-y = [d(1 +k8) + cotx | APl o]

82
> (% - e>|v|2 +s(§|y|2 —~ c1> - £|y|2

2

C
_ gﬁ(l + [v)? = [d(1 4+ k8) + co+k | AD[ oo ]

2 2
o C )
S ) [T L
2 B 2 2ae
6‘2
— (d(l +k8) + co + €cy +£EO+K||ACD||OO> .

We now take § = ¢ and choose ¢ < 1 sufficiently small (only depending on «, 8, and
cp) so that

2
z_8_86_0>g’ é_i>é'
2 B~ 4 2 2a " 4
Then, we get
) B
E[w]zzlvl +82|y| = Ce, (5.8)

and, being ¢ < 1, we also have § — &2 = ¢ — ¢2 > 0, which implies ¢ > ®(y) +
ce (Jv]>+]y]?). Of course, we can assume ®(y) > 1 without loss of generality (anyway,
® is bounded below due to (5.7)). In addition, we recall that V& is Lipschitz, thus
o < C(|v|2 + |y|2 + 1). Therefore, (5.8) yields that ¢ is a Lyapunov function, see
(3.1). Moreover, (3.4) is satisfied. As for (4.8), it is enough to observe that

1
5£<<p2) = 0L(p) — (IVopl* +«|Vy0l?)
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and the right-hand side diverges at infinity, due to (5.8) and the quadratic growth of ¢.
Finally, (5.1) holds since ¢ € W2 °°(R??) (being the sum of a quadratic function and
® € W>*(R?)), hence ¢ is semiconvex. Then, by using convexity only, (5.1) holds
for ¢ up to adding a quadratic function. Hence, this means that it holds for ¢ itself
because ¢ dominates a quadratic function. O

Remark 5.5 We observe that the above lemma admits similar extensions to the case
of possibly more general functions H(v) = VW (v), for uniformly convex W, and
possibly superquadratic growth of the function ®(y).

As a particular case, we can now deduce the exponential decay for the classical
Kolmogorov Eq. (1.2) from Theorem 1.1.

Corollary 5.6 Assume that b satisfies (2.5), (5.6) and ® € W2*°°(]Rd)fulﬁls (5.7). Let
moy € Mo (R*) with f mo = 0, and let m be the solution (in the sense of Corollary
2.5) of (1.2) with B(v, y) = b(v, y) + ®(y). Then, there exist w, K > 0 such that

lm@lpm, < K e llmolla, - (5.9)

Proof Let ¢ be defined from Lemma 5.4. At infinity, ¢ is equivalent to [v|> 4 |y|?, so
(5.9) can be rephrased as

Im@®)llry, < Ke " llmolrv, .

which is exactly the estimate of Theorem 5.3. O
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6 Appendix

In this appendix, we provide short proofs of the existence and uniqueness results for
problems (2.2) and (2.4). We start with the latter one.

Proposition 6.1 Assume that (2.5) and (2.6)—(2.7) hold, and k > 0. For any ug €
Cp(R2), there exists a unique viscosity solution u € Cp([0, T x R??) of (2.4).

@ Springer


http://creativecommons.org/licenses/by/4.0/

Long-time contractivity estimates... Page 37 of 42 47

Proof The existence is given through vanishing viscosity. Indeed, if ¥ > 0 in (2.4),
then the existence of a unique (classical) solution is well known, due to the global
Lipschitz conditions (2.5) and (2.7) on the drift terms. Moreover, if u( is bounded
and Lipschitz, then the solution is also bounded and Lipschitz, see, e.g., [27, Section
3]. For the general case (possibly degenerate), we consider a Lipschitz and uniformly
bounded sequence u, of initial data, which converges to u¢ locally uniformly, and we
take the solutions u,, corresponding to x + % By the maximum principle, we have that
u, is uniformly bounded. In addition, being u,, Lipschitz and smooth, according to
Proposition 4.2, we achieve that Vy,u, (1), Vyu, (¢) are uniformly bounded for ¢ > 0. It
follows that the sequence u, (¢, -) is equicontinuous. Now, applying [26, Lemma 6.2]
to u(t + -, -), we deduce that, for every compact set K C R24 and ¢ > 0, there exists
8 > 0 such that |lu,(t +5) — u, ()|l L~k) < €, for any s € (0, §) and any n, where
6 only depends on the local bounds of H, B, and u,, and the equicontinuity of u, (7).
In particular, by Ascoli—-Arzela theorem, the sequence u,, turns out to be relatively
compact, in the uniform topology, in [z, 7] x K, whatever r > 0 and compact set
K are given. Selecting compact sets K ; exhausting R2? and a sequence ¢ i 4 0, by
a diagonal procedure, we can extract a subsequence u,, converging to a continuous
function u locally uniformly in (0, T') x R?¢. Of course, from the previous estimates,
u is bounded and Lipschitz for ¢ > 0. Using again [26, Lemma 6.2], and in view of the
local uniform convergence of ug, to up, we also deduce that u is actually continuous
uptotr = 0and u(t) - ugpast — 0. Thus, we have u € Cp, ([0, T'] x RM), and, by
the stability of the viscosity formulation with respect to local uniform convergence,
we also get that u is a viscosity solution of (2.4).

To prove uniqueness, we use classical tools in the theory of viscosity solutions, so
we only sketch the argument. First of all, we observe that, due to the linear growth
of the drift terms B and H, the function * (|v|>+|y|> + M) is a supersolution of
the equation, up to choosing A and M sufficiently large. Therefore, for any small ¢,
ug = u — e (Jv|*+|y|?> + M) and ve = v + ee* (Jv|*+|y|> + M) are a strict
subsolution, respectively supersolution, being u#, < 0 and v, > 0 outside of a suitable
compact set K. Thus, up to replacing u, v with u,, v., we are reduced to proving a
comparison argument assuming that sup(z — v), if ever positive, would be attained in
some compact set, where the classical doubling method for viscosity solutions allows
to conclude. For the interested reader, we refer to [26, Proposition 6.1] for a similar
proof in a much more general context, with purely continuous data. O

The next result shows that weak solutions of the Fokker—Planck equation are in
duality with the viscosity solutions constructed above.

Lemma 6.2 Assume that (2.5) and (2.6)—(2.7) hold, and k > 0. Let my € M, (RM),
and let m € C([0, T1; M(R?*?)*) be a weak solution of (2.2) such that m(t) €
M (R and SUP;e(0,7) fde|Z| dlm|(t) < oo. Then, m satisfies (2.8).

Proof In what follows, we denote by z := (v, y) and set F' := (B, —H) the drift term
in R4 for the equation satisfied by m. We introduce a sequence ps(z) of standard
(compactly supported) symmetric mollifiers in R> and set

ms(t, z) = (m(t)xps)(2) := / m(t, w)ps(z —w)dw.
R2d
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We also take a sequence of 1-d mollifiers &, (¢) such that supp(&;) C (—¢, 0) and set

T
mse(t,2) = (msx&e)(1, 2) = / (s —t)ms(s,z)ds .
0
One can easily verify that m; . satisfies the following equation

dms.e — Ayms e — k Aymg ¢ — divey y) ((m F)s o) = & (—1)(mg)s . in (0, T) x R,
mg.¢(0) =0 in R4,

6.1
where (m F)s. . = (mF)sx&.. The fact that ms (0) = 0 is due to the decentered
choice of the time mollification. Since &; is compactly supported in (—¢, 0), it follows
that ms . (¢) vanishes for ¢ in a right neighborhood of zero, and we have

T
/ ms.e(t, )¢ dz = / / (Ec(s — 1) — Ec(5)) ¥ ms(s, 2)dsdz
de ]RZd 0
<cet|¥lloo, V¥ € Cp(R¥), V1 >0, (6.2)

for some constant ¢, only depending on €.
We now consider the vanishing viscosity approximation of the backward problem,
namely, the unique classical solution of

—dup + Llun]l = LAyu, in (0,1) x R,
un(t, v&.y):;(v?y) inRZd'

As the first step, we can take ¢ € Cp, (R24y 5o that it is also a smooth Lipschitz function.
In order to exploit the duality between u,, and m; ., we need to consider an auxiliary
cut-off function ng(z) := n(z/R), for some smooth function n supported in {|z| < 2}
and such that n = 1 in {|z| < 1}. Multiplying the equation of u, by ms . ng and
integrating by parts (thanks to ng), we get

! 1
—/ {nrdms (1) dz +/ / Up |:at — Ay — (K + —) Ay] (ms.e nR) dzdt
R2d 0 R2d n

t
+ / / F(z)-Viuymsenrdzdt =0,
0 R2d
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which yields, using the equation (6.1),
1
- [ emdnswdz+ [ F@-Vatymsnndzar
R2d 0 JR2d

t
—/0 /de(m F)s.e -V (upnr) dzdt

t 1 t
+ / f U £0(—T) (mo)sng dzdT = f / n(Ayms.e) ng dzde
0 RZd n 0 RZd

! 1
—|—/ / (unm(;,s [Av + (K + —) Ay] ngdzdt
0 R2d n

1
+ 2u, I:vag,gvvmg + (K + ;)Vymg,gvynR} )dzdt .

By letting R — 00, we remove the cut-off function. This is justified by Lebesgue’s
theorem, using that u,, is bounded and Lipschitz and F(z)ms¢(z,t) € LY((0,T) x
RM).l In particular, all the terms with derivatives of &g vanish as R — oo. Then, it
holds

t t
—A‘{M{ dmg,g(t)dz—}—/(; /deF(Z)'VZ"” ms ¢ dzdt —-/(; A&Zd(m F)s.¢ - Voup dzde

t 1 t
= —/0 /];wun Ee(—r)(mo)adzdr—k;/o /deu”Aym&SdZd’-
(6.3)

We estimate, using the Lipschitz regularity of F and Proposition 4.2 for Vu,,

¢ t
‘+f f F(z) - Vou,ms e dzdt — / f (mF)se-Vu,dzdt
0 JRA 0 JRA

t pt
:/0 /0 Ec(s — r)/de/RMnablazun(r,z) 6.4)

[F(z) — F(w)]ps(z — w)ydm(s, w)dwdzds dt

t
sch/ f 3y o(r, ) dadr < 7 8,
0 R2d

where the last inequality comes from (6.2). Now, we pass to the limit in (6.3). Specif-
ically, we first let n — oo (so that the last term vanishes since mgs , is smooth),
exploiting the uniform convergence of u,. Secondly, we let § — 0, at fixed ¢, using
estimate (6.4). We thus obtain

t
/ cdme(t)dz = / / u(t) & (—t)dmodzdr .
R2d 0 R2d

! Thanks to the Lipschitz character of F and sup,e(0.7) JpadlzldIm|(t) < oo. Indeed, we have
[F(2)ms ¢ (2)] < CI((L + |zDIm)*psI*&e
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Finally, we let e — 0, using the continuity of u(¢) (recall that u () — u(0) locally uni-
formly), the continuity of m(¢), and the fact that m has finite first moment. Therefore,
(2.8) holds for any ¢ € C;(R*?) and the (unique) viscosity solution corresponding to
¢. i

In light of the above lemma, we conclude with the proof of Theorem 2.3.

Proof of Theorem 2.3 Item (i) was proved in Proposition 6.1. As for the Fokker—Planck
equation, the uniqueness is a straightforward consequence of Lemma 6.2 whenever
m(t) € M(R*) for t € [0, T] and sup,c(g.7) [pealzldlm|(t) < oo. Indeed, if
mo = 0, then (2.8) implies fRM;dm(t) = 0 for any ¢. Here, any ¢ € Cp(R2?) is
allowed, due to the solvability of the adjoint problem, which is guaranteed by item (i).
Hence, m(t) = 0.

If m € C([0, T]; P(R??)), then we do not need to assume a priori that m has finite
first moment. We now show this fact. Simply using the weak formulation and the time
continuity of m, we have

t
/ B (1, v, y) dm(t) + / / (=30 + LISD) dm(r) dr
de 0 RZd

- /qus(o, v,y)dmg Y¢eCLrQ,), t >0. (6.5)

We wish to remove the condition that ¢ has compact support in R2?. We set (z) :=
V14 |z)? and take a real-valued, cut-off function &(s), supported in {|s| < 2} and
such that £ = 1 in {|s| < 1}. Then, we replace ¢ with ¢ &g as a test function in (6.5),
where &r(z) = & (%) and now ¢ € C12(Q,) is assumed to be nonnegative, but

does not need to be compactly supported in R?¢. We achieve

t
/ ¢5Rdm(t)+/f <—a[¢+£[¢]>stm(r)dr:/ (0, v. y) g dmg + og (1),
RZd 0 RZd RZ:Z

where o (1) is a quantity converging to zero as R — 00, since it involves the deriva-
tives of &g, which vanish uniformly as R — oo, while m has finite mass. Notice that if
¢ = T =D ((z)k + M), then one can verify that (—9, + £)[¢] > ¢ (z)k = 0in (0, T),
by choosing A and M large enough, and the same holds replacing (z)X with (z)X A n,
for any fixed n € N. Thus, as long as ¢ is truncated, we can let R — 0o obtaining

[ (2 An)ydm(t) < Ce“/ (2)% dmy .
R2d RZd

This yields [ lz[¥dm(t) < Cr Jraa (1 + |12|%) dmy for all ¢ € (0, T). In particular,
we have established that if m( has k finite moments, then any nonnegative solution
m(t) has k finite and bounded moments in (0, 7). This concludes the proof of the
uniqueness statement of Theorem 2.3. We also note that, using the above estimate on
the moments, one can prove that m is continuous from [0, 7] into P; (R2dy,

@ Springer



Long-time contractivity estimates... Page 41 of 42 47

We are only left to show the existence of at least one solution, which we construct
by vanishing viscosity limit. Assume that mq € P(R?) has k finite moments. Let m,,
be the unique (classical) solution of (2.2) when replacing « with x + % By the above
estimate, we know that

/ (2 dm, (1) < Cr / (2 dmg < C, (6.6)
RZ:] RZ(]

which gives uniform bounds for the kth moments of m,. With standard argu-
ments, see, e.g., [26, Lemma 6.3], one can prove that m,, is relatively compact in
C([0, T1; P(R*?)), and, up to a subsequence, it converges to a weak solution m. In
addition, m(t) € My (R?*?) for every t > 0. For a general signed measure mg, of
course, we reason by splitting my = ma' — my, and obtaining a solution for both the
negative and positive parts. O

Proof of Corollary 2.5 1f my € P(R>*?) N My (R??), then it can be approximated by
a sequence mo, of initial data belonging to P; (R2?) that have k uniformly bounded
moments. Reasoning as in the previous proof, the corresponding sequence of solu-
tions, m,, satisfies a uniform estimate such as (6.6), and it is relatively compact in
C([0, T]; P(R*)). A subsequence thus converges to some m, and since equality (2.8)
holds for m,,, passing to the limit, we get it for m as well. This result extends to any non-
negative measure m, and, for a general m, one can reason by splitting my = ma’ —mg
to construct a solution. Finally, the uniqueness is a straightforward consequence of
(2.8) because the adjoint problem is solvable for all ¢ € Cj,(R??). The preservation of
positivity follows from the adjoint problem, and the conservation of mass is obvious
being u = 1 the only viscosity solution corresponding to ¢ = 1. O
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