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Abstract
We prove long-time contractivity estimates and exponential rate of convergence to
equilibrium for solutions of hypoelliptic diffusion equations, which include the well-
known Kolmogorov equation and similar kinetic Fokker–Planck equations in R

d .
Compared to the existing literature, our proof exploits a different approach, elemen-
tary and self-contained, based on oscillation estimates for the adjoint problem. We
first prove contractivity inWasserstein distances through doubling-variable (coupling)
methods. Next, we upgrade the estimate to weighted L1-(or total variation) norms,
thanks to short-time hypocoercivity gradient estimates.
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1 Introduction

This paper concerns the long-time convergence of solutions of kinetic-type Fokker-
Planck equations, such as

{
∂tm − �vm + divy(H(v, y)m) = divv(B(v, y)m) , (v, y) ∈ R

2d ,

m(0, v, y) = m0(v, y) ,
(1.1)

where m0 is a probability measure on R2d , and B, H : R2d → R
d are functions such

that DvH is positive definite. The simplest and most famous example is given by the
Kolmogorov equation (corresponding to H(v, y) = v)

∂tm − �vm + v · ∇ym = divv(B(v, y)m) , (1.2)

which is the prototype of degenerate convection-diffusion equations that exhibit a
hypoelliptic behavior. We recall that the solution of (1.2) describes the law of the
Langevin process {

dyt = vt dt,

dvt = −B(vt , yt ) dt + √
2 dWt ,

whereWt is a Brownianmotion inRd . It is well known that solutions of (1.2) converge
exponentially fast, as t goes to infinity, towards the stationary state, if either y is
in a compact setting (e.g., on the torus) or B is a suitable confining vector field.
The occurrence of this exponential stability is a subtle combination of diffusion and
transport, and it is strictly related to the underlying hypoellipticity of the operator.

There exist many different methods to show that exponential stabilization occurs.
Originally, in the model case, the explicit knowledge of the stationary state and/or of
the fundamental solution was used to derive this kind of result. However, an approach
that avoids the use of explicit solutions appears preferable for tackling more general
problems with a possibly similar structure. In [29], Villani introduced the notion of
hypocoercivity to frame the question of long-time stability, showing that an exponential
contractivity estimate, such as

‖m1(t) − m2(t)‖X ≤ Ce−ωt‖m01 − m02‖X ,
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could be proved in the Hilbert setting of suitable energy spaces, being X , typically,
a weighted H1- or L2-space. This is also related to spectral gap methods, already
used before to quantify regularizing effects and long-time rate of convergence, see,
e.g., [11, 18–20]. Later on, those approaches have been refined to a large extent and
merged with entropy methods, geometric Poincaré inequalities, and different tools
from semigroup theory [3, 4, 9, 12, 14, 16, 25, 31]. Different techniques, more directly
based on Harris’ recurrence theorem for Markov semigroups [17], or the so-called
Meyn–Tweedy approach [13, 24], were employed in other works, see, for instance,
[6, 7, 23]. Their connection with our present article will be further commented below.

The goal of this paper is to introduce a new method to prove the exponential rate of
convergence, extending to degenerate Kolmogorov operators the techniques recently
developed in [26] for convection-diffusion equations with uniform or fractional diffu-
sion. This approach derives the exponential decay by duality from oscillation estimates
of the adjoint problem. Precisely, the focus is moved from the conservative equation
(1.1) to the dual advection–diffusion problem

∂t u − �vu − H(v, y) · ∇yu + B(v, y) · ∇vu = 0 , (1.3)

where the decay of u is proved in suitably weighted seminorms (see estimate (3.5)).
This idea has its roots in the coupling methods developed in probability [8, 22] and,

in parallel, in the doubling-variable techniques of the PDE community [10, 21], in
the same spirit as [27]. The outcome is a self-contained, elementary approach, where
pointwise oscillation estimates for the advection–diffusion equation (1.3) lead to the
exponential decay of (1.1) bypassing any spectral analysis, Poincaré inequality, or
integral Harnack inequality. Somehow, our work answers a natural question (men-
tioned by Villani in [30, Chapter 2]), namely, whether the exponential stabilization
of the (hypoelliptic) kinetic Fokker–Planck equation could be proved through a sim-
ple coupling method, as in the diffusive case. A positive answer was already given
in [15] by probabilistic arguments, showing the exponential contractivity in Wasser-
stein distances for solutions of (1.2). Here, we complement and extend [15] from a
PDE perspective. Our contribution is twofold. First, we provide an entirely PDE-based
proof of the decay in Wasserstein distances, only based on maximum principle, which
gives conclusions for the general problem (1.1) similar to those obtained in [15] for
the Kolmogorov equation. Next, we improve the result by achieving the decay in total
variation norm, combining the oscillation estimates with short-time L∞ → W 1,∞
smoothing effect. This latter tool seems interesting in its own, and should be consid-
ered as the L∞-version, on the adjoint problem, of the L2 → H1 smoothing effect
lying at the heart of Villani’s hypocoercivity estimate. The final outcome can be sum-
marized in the following contractivity estimate, when the initial data are probability
measures with finite first moments, whose space is denoted by P1(R

2d).

Theorem 1.1 Assume that H , B satisfy (2.5) and (2.6)–(2.7), and there exists a Lya-
punov function ϕ (cf. Definition 3.1) fulfilling conditions (3.4), (4.8), and (5.1). Then,
there exist ω, K > 0 such that, for every initial data m01,m02 ∈ P1(R

2d) for which
ϕ ∈ L1(dm0i ), i = 1, 2, the corresponding solutions m1,m2 of (1.1) satisfy
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‖m1(t) − m2(t)‖T Vϕ ≤ K e−ωt ‖m01 − m02‖T Vϕ , (1.4)

where ‖ · ‖T Vϕ is the norm of the total variation weighted by ϕ.

Let us spend a few words on the hypotheses of the above result.
A crucial role in Theorem 1.1 is played by the assumption that DvH is positive

definite (cf. (2.6)). Roughly speaking, this means that the v-linearization of the drift
field H is nondegenerate. The case in which DvH is negative definite would, of
course, be the same. When H is linear with constant coefficients, our assumptions
can be reduced to one form of the Hörmander condition (though not the most general
one), in particular, the Hörmander condition of first order (say, only using first-order
commutators). We discuss this issue in Remark 2.1. It has to be mentioned that, in the
special case of linear drifts with constant coefficients, the exponential convergence
under the general Hörmander condition is proved in [3] by using entropy methods
and the explicit form of the steady state. We also hope to extend our approach to
incorporate the case of general Hörmander operators. So far, our assumptions include
and generalize the case of the Kolmogorov equation, appearing as the first step in the
direction of treating general nonlinear and inhomogeneous first-order terms.

The requirement, in Theorem 1.1, that a suitable Lyapunov function exists should
not be surprising, since the state space is noncompact, and thus some confinement
condition is necessary for long-time stabilization. This is a classical ingredient used to
show the ergodicity property of theMarkov process associated with the operator (1.3).
Explicit examples of Lyapunov functions are given at the end of the paper, precisely
in Sect. 5.1. Similar forms of these functions already appear in previous works (see,
e.g., [4, 6, 7, 15, 23]) with either analytic or probabilistic approaches. Some of the
aforementioned papers rely on the version of Harris’ theorem proved in [17], whose
cornerstone is indeed the existence of a Lyapunov function. We stress again, however,
that our method departs from this literature because we bypass the use of Harnack
inequalities for the Fokker–Planck equation in favor of global oscillation estimates
proved on the adjoint problem (1.3). In this context, the contractivity estimate is
reduced to a maximum principle argument on the adjoint problem, where coupling
methods naturally come into play.

Let us remark that the estimate of Theorem 1.1 holds for weak (distributional) solu-
tions of (1.1). The key point indeed is to show that weak solutions are dual to viscosity
solutions of the adjoint problem (1.3), which are sufficiently robust for the main esti-
mate. This duality, already exploited in [26] for other drift-diffusion operators, is also
very natural to handle sign-changing solutions. In this direction, the estimate (1.4) can
alternatively be reformulated as the decay of zero-average solutions, see Theorem 5.3.
Lastly, all our estimates are shown to be independent of possible additional diffusivity
in the y-variable, which makes the results directly applicable to the framework of
vanishing viscosity approximation for degenerate equations.

As mentioned before, in the intermediate steps needed to prove Theorem 1.1, we
also establish other results that may have interest in their own. They can be found in
the next sections, so it is worth giving a quick plan of the paper. In Sect. 2, we present
some notation and the setting of our assumptions, andwe discuss the notion of solution
to (1.1) and (1.3) that we are going to use. We also state an existence and uniqueness
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result (Theorem 2.3) for both the adjoint problems, which is the natural background
of our estimates. Section 3 is devoted to proving the main estimate for problem (1.3),
namely, the exponential decay of suitable oscillation seminorms, see Theorem 3.2.
An immediate byproduct is the decay in Wasserstein distances of solutions of (1.1),
see Theorem 3.5. In Sect. 4.3, we show the L∞ → W 1,∞ smoothing effect for the
Eq. (1.3), by suitably rephrasing Villani’s hypocoercivity argument to obtain point-
wise gradient bounds through the classical Bernstein method, see Proposition 4.2. A
weighted version, including the Lyapunov function growth into the estimate, is also
needed for our purposes. Finally, in Sect. 5, we prove our main results, Theorem
5.2 (which includes the above Theorem 1.1) and 5.3, and we give some examples of
application,where confinement properties of the drift ensure the existence ofLyapunov
functions satisfying the desired conditions.

2 Setting of the problem

2.1 Notation

Let us start with some notation. In the following,Rd , d ≥ 1, denotes the d-dimensional
Euclidean space, where dy represents the Lebesgue measure. Id is the d-dimensional
identity matrix, and |y| is the usual Euclidean norm, for y ∈ R

d . Given two real
numbers a, b, we use the standard notation a∨b = max(a, b) and a∧b = min(a, b).
For vectors z, w ∈ R

d , z ⊗ w is the matrix such that (z ⊗ w)i j = ziw j . For any d × d
(real) matrix A, tr(A) denotes its trace.

The space Cb(U ) is the set of continuous and bounded functions on an open set
U , and Cc(U ) is the set of continuous and compactly supported functions. The space
M(Rd) denotes the set of finite (signed) Borelmeasuresm, whose total variation norm
is ‖m‖T V :=|m|(Rd). Here, |m| = m+ +m−, where m± are positive measures giving
the Hahn decomposition of m. The subset of probability measures is represented by
P(Rd), endowed with the topology of narrow convergence. This is equivalent to the
weak-∗ convergence of measures in M(Rd), induced by duality with the uniform
convergence in Cb(R

d), see, e.g., [1, Chapter 5]. We refer toMk(R
d) as the subset of

M(Rd) consisting of measures m with finite kth moment, i.e., |v|k ∈ L1(Rd , d|m|).
In particular, the set P1(R

d) denotes the space of probability measures with finite first
moment, where we consider the Kantorovich–Rubinstein distance

W1(m, m̃) := sup

{∫
Rd

ζ d(m − m̃) : ζ Lipschitz, ‖Dζ‖∞ ≤ 1

}
. (2.1)

We fix a positive, continuous function ϕ on R
d . L1(ϕ(x)) represents the usual

Lebesgue space L1(Rd , μ), defined in terms of the measure μ = ϕ(x)dx , and
L∞(ϕ(x)) is the space of measurable functions u : Rd → R such that u ϕ is essen-
tially bounded (namely, uϕ ∈ L∞(Rd)). Similarly, we denote byMϕ(Rd) the subset
of measures m such that ϕ ∈ L1(Rd , d|m|), and we set ‖m‖T Vϕ := ∫

Rd ϕ d|m|.
For given T > 0, we set QT := (0, T ) ×R

d . We denote by C1,2(QT ) the space of
functions, defined on QT , that areC1 in t andC2 in x . We refer toC([0, T ];M(Rd)∗)
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as the space of functionsm from [0, T ] intoM(Rd), which are continuouswith respect
to the weak∗-convergence of measures. Similarly, we use C([0, T ];P(Rd)) when
working with probability measures, and C([0, T ];P1(R

d)) for continuous functions
m from [0, T ] into P1(R

d), endowed with theW1-distance.

2.2 Assumptions and well-posedness of the differential problems

Let v, y ∈ R
d and denote by ∇v, divv,�v , etc..., the corresponding differential oper-

ators in the v-variable (the same for y). Given κ ≥ 0, we consider the problem

{
∂tm − �vm − κ�ym + divy(H(v, y)m) = divv(B(v, y)m) , t ∈ (0, T ) , (v, y) ∈ R

d × R
d ,

m(0, v, y) = m0(v, y) , (v, y) ∈ R
d × R

d ,

(2.2)
where m0 ∈ M(R2d). We recall that this equation is associated with the stochastic
system {

dyt = H(vt , yt ) dt + κ
√
2 dWt

dvt = −B(vt , yt ) dt + √
2 dW̃t

for two independent d-dimensional Brownian motions Wt , W̃t , since m(t) can be
interpreted as the law of the process (vt , yt ) in R2d , see, e.g., [2]. The case in which y
is taken in the flat torus could also be considered, as well as the case v ∈ R

d , y ∈ R
k

with k �= d. We will comment those two possible extensions later, see Remark 3.4.
Here, we focus on the symmetric case, which includes the Langevin equation of
Brownian particles when κ = 0, H = v, and, formally, ÿt = −B(ẏt , yt ) + √

2 dBt
dt .

We introduce the linear operator

L[ϕ] := −�vϕ − κ�yϕ − H(v, y) · ∇yϕ + B(v, y) · ∇vϕ , (2.3)

which defines the adjoint problem to (2.2). Indeed, we will also consider the following
adjoint PDE (put in forward time direction)

{
∂t u − �vu − κ �yu − H(v, y) · ∇yu + B(v, y) · ∇vu = 0 , t ∈ (0, T ) , (v, y) ∈ R

d × R
d ,

u(0, v, y) = u0(v, y) , (v, y) ∈ R
d × R

d .

(2.4)
In (2.2) and (2.4), we assume that B : Rd ×R

d → R
d satisfies the following Lipschitz

condition
|B(v1, y1) − B(v2, y2)| ≤ �B(|v1 − v2| + |y1 − y2|) , (2.5)

for some �B > 0. Regarding the function H : Rd × R
d → R

d , we suppose that it
holds

DvH(v, y) ≥ γ Id ∀(v, y) ∈ R
2d , (2.6)

|H(v1, y1) − H(v2, y2)| ≤ �H (|v1 − v2| + |y1 − y2|) ∀(v1, y1), (v2, y2) ∈ R
2d ,

(2.7)

for some γ, �H > 0. Note, incidentally, that (2.6) and (2.7) imply �H ≥ γ .
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As mentioned in the Introduction, the simplest case satisfying (2.6)–(2.7) is given
by H(v, y) = v, as in the Kolmogorov equation. For amore general class of examples,
one can take H(v, y) = vh(|v|, y), where h is any Lipschitz function increasing in
|v| and bounded below by a positive constant.

Remark 2.1 The nondegeneracy condition (2.6) plays a crucial role in what follows,
ensuring the hypoellipticity of the drift-diffusion operator.

Let us discuss this condition in the linear case, i.e., if H(v, y) = Cv + Dy, where
C, D are constant matrices inRd . There, assumption (2.6) corresponds to requiring C
to be a positive definite matrix. To fix the ideas, we assumedC > 0, but, of course, the
case C < 0 is equally treated up to changing y into −y in the equation. We also stress
that if κ = 0, then the change of variable My = y′ would turn equation (2.2) into
a similar one where C is replaced by MC . So, actually, we only need the condition
MC > 0 for some invertible matrix M . This is the case, for instance, if C is just
assumed to be invertible, rather than positive definite.

To sum up, when κ = 0 and the drift is linear, our assumptions are equivalent
to requiring the so-called first-order Hörmander condition for linear drift-diffusion
operators −Tr(AD2(·)) + FD(·), namely, that no subspace of Ker(A) is mapped
into Ker(A) by F∗ (in our setting, if H(v, y) = Cv + Dy, then this would mean
Ker(C) �= 0). As pointed out, for instance, in [3, Section 2], the full Hörmander
condition is actually more general, only asking that no subspace of Ker(A) is left-
invariant by F∗. However, this more general condition requires to use commutators
of order higher than one. We expect to exploit this further generality in the future. By
the way, we stress once more that our setting is neither confined to linear drifts nor to
constant coefficients, obviously.

Let us now specify the notion of solutionwe use for the above initial value problems.
As for (2.2), we work with the standard notion of weak (distributional) solution.

Definition 2.2 Let m0 ∈ M(R2d). A function m ∈ C([0, T ];M(R2d)∗) is a weak
solution to (2.2) if

∫ T

0

∫
R2d

(−∂tφ + L[φ]) dm(τ ) dτ =
∫
R2d

φ(0, v, y) dm0 ∀ φ ∈ C1,2
c ([0, T ) × R

2d ) .

Concerning problem (2.4), which is a degenerate second-order problem, it seems
very natural to exploit the general concept of viscosity solutions, nowadays classical
because of [10]. This notion preserves the maximum principle (the only ingredient
needed for the estimates) and is stable for vanishing viscosity (i.e., as κ → 0 above).
As a byproduct of the estimates we prove later, we get the following existence and
uniqueness result, whose proof is postponed to the Appendix.

Theorem 2.3 Assume that (2.5) and (2.6)–(2.7) hold, and κ ≥ 0. For any T > 0, we
have:

(i) Given u0 ∈ Cb(R
2d), there exists a unique viscosity solution u ∈ Cb(QT ) of (2.4).

Moreover, for every t > 0, u(t) is Lipschitz continuous and satisfies estimate (4.3).
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(ii) Given m0 ∈ P1(R
2d), there exists a unique weak solution m ∈ C([0, T ];P(R2d))

of (2.2). In addition, m ∈ C([0, T ];P1(R
2d)) and

∫
R2d

ζ dm(t) =
∫
R2d

u(0, v, y) dm0

∀ t ∈ (0, T ) , ζ ∈ Cb(R
2d), and u ∈ Cb([0, t] × R

2d) such that

u is a viscosity solution of (B)

{
−∂t u + L[u] = 0 in (0, t) × R

2d ,

u(t, v, y) = ζ(v, y) in R2d .

(2.8)

For general (possibly signed) measures m0 ∈ M1(R2d), there exists a unique
weak solution m of (2.2) such that supt∈(0,T )

∫
R2d |z| d|m|(t) < ∞; in addition,

m satisfies (2.8).

Remark 2.4 There is a slight difference in the above statement concerning the unique-
ness of solutions of (2.2), depending on whether m(t) is a probability measure or a
general (possibly signed) measure. In this latter case, we need to require a priori that
|m|(t) has finite first moments, bounded in (0, T ). By contrast, for positive measures,
this estimate can be deduced directly from the formulation. This subtle distinction
between probability solutions (nonnegative and mass-preserving) and general solu-
tions (possibly signed and not a priori mass-preserving) is classical for Fokker–Planck
equations, see e.g. [5]. However, the two notions coincide here, provided that the first
moments are controlled.

Let us comment further on the statements of Theorem 2.3. The well-posedness
of viscosity solutions of (2.4) appears as a variant of the general theory. However,
we could not find a result directly applied to (2.4), so we will give a proof here for
completeness. Uniqueness of merely weak solutions to (2.2) is not trivial in gen-
eral, although it is not surprising here due to the Lipschitz growth of the drift terms.
For nondegenerate diffusions, this is well known, see, for instance, [5, 28]. For the
Kolmogorov equation, a similar result can be found in [2]. Consequently, the most
interesting outcome of the previous theorem is the duality equality (2.8) between weak
and viscosity solutions of the two adjoint problems, as well as the consistency of the
problems with the vanishing viscosity limit. As observed in [26], the dual represen-
tation (2.8) can eventually serve as a definition of robust solutions of Fokker–Planck
equations, whenever the ordinary theory does not apply anymore. As a matter of fact,
the formulation (2.8) suits possibly signed measures, and it guarantees positivity and
mass preservation. A statement in this sense is the following corollary.

Corollary 2.5 Under the assumptions of Theorem 2.3, let m0 ∈ Mk(R
2d) for some

k > 0. Then, there exists a unique m ∈ C([0, T ];M(R2d)∗) satisfying (2.8). In
addition, m0 ≥ 0 implies m(t) ≥ 0 for all t ∈ (0, T ], and ∫

R2d dm(t) = ∫
R2d dm0 for

every t > 0.
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3 Oscillation decay estimates

Together with the hypoellipticity condition (2.6), a crucial role will also be played by
Lyapunov functions since we are going to investigate the long-time stabilization for a
noncompact state space.

Definition 3.1 We say that ϕ(v, y) is a Lyapunov function for the operator L if it
satisfies

ϕ ∈ C2(Rd ×R
d) , ϕ(v, y)

|(v,y)|→∞−→ ∞ , and ∃ ω0 > 0 : lim inf|(v,y)|→∞
L[ϕ]

ϕ
≥ ω0 .

(3.1)
Without loss of generality, we will also suppose ϕ ≥ 1 in Rd × R

d .

Let us mention that a condition such as (3.1) is satisfied under suitable coercivity
assumptions on the drift terms, for which we refer to Sect. 5.1.

In connection with the Lyapunov function ϕ, we will consider (viscosity) solutions
u of (2.4) so that u = o(ϕ) as |(v, y)| → ∞ (uniformly in t ∈ (0, T )), namely,

lim|(v,y)|→∞

[
sup

t∈(0,T )

u(t, v, y)

ϕ(v, y)

]
= 0. (3.2)

Of course, this condition is trivially fulfilled for bounded solutions, but it seems conve-
nient (and costless!) to consider the broader setting of possibly unbounded solutions,
like, for instance, unbounded Lipschitz solutions.

3.1 Exponential decay of oscillation seminorms

In this subsection, we prove the exponential decay for a weighted oscillation seminorm
of the solution. For θ ∈ (0, 1] and w ∈ C(R2d) ∩ L∞(ϕ−1), we define

[w]θ := sup
(v,y) �=(ṽ,ỹ)

|w(v, y) − w(ṽ, ỹ)|
(ϕ(v, y) + ϕ(ṽ, ỹ))(dθ ∧ 1)

, d = |(v, y) − (ṽ, ỹ)| . (3.3)

Then, we have the following result.

Theorem 3.2 Let u bea viscosity solutionof (2.4) such that u(t) is Lipschitz continuous
in R

2d (with a uniform Lipschitz constant for t ∈ [0, T )) and (3.2) is true, for some
Lyapunov function ϕ associated to the operator L. Assume that (2.5) and (2.6)-(2.7)
hold, and, for some �ϕ > 0,

|∇vϕ(v, y) − ∇vϕ(ṽ, ỹ)| ≤ �ϕ [ϕ(v, y) + ϕ(ṽ, ỹ)](|v − ṽ| + |y − ỹ|) . (3.4)

Then, for every θ ∈ (0, 1], there exist ω, K > 0 such that

[u(t)]θ ≤ K e−ωt [u0]θ (3.5)
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for every t > 0, where ω, K depend on γ, �H , �B, ϕ, and θ .

Proof For the sake of clarity, we divide the proof into several steps. We first give the
proof for any θ < 1. In the end, we explain the modifications needed to handle the
limiting case θ = 1.

Step 1. Here we describe the geometric setting, the test function, and the strategy
used to obtain (3.4).

We introduce the rotated norm

||(v, y)|| := |v + μy| + λ|y| , where μ = 2�H
γ

, λ = 4
γ
((μ + 1)�H + 2�B) .

(3.6)
Note thatμ and λ only depend on the constants γ, �H , and �B appearing in (2.5), (2.6),
and (2.7). The precise value of μ and λ is not specially relevant and could have been
fixed later in the proof. However, we observe since now that μ ≥ 2 and λ > 4(μ+1),
being �H ≥ γ , as noticed before.

Of course, the norm (3.6) is equivalent to the standard Euclidean norm in R
2d . In

particular, since λ ≥ 1 + μ, we have

|v| + |y| ≤ ||(v, y)|| ≤ |v| + (λ + μ)|y|.

We regularize || · || as

||(v, y)||ε := |v + μy|ε + λ|y|ε , with |z|ε := √ε2 + |z|2 − ε .

For later convenience, we denote by

ξ := v + μy . (3.7)

Next, we define the function ψ as

ψ(r) := 1 − e−C2rθ

, (3.8)

for θ ∈ (0, 1) and some C2 ≥ 1 to be determined later. We also fix a generic time
horizon T > 0. We claim that, for some C2, ω, K , and L to be chosen later, we have

u(t, v, y) − u(t, ṽ, ỹ) ≤ e−ωt (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρ) + η

T − t
, (3.9)

for every t ∈ (0, T ), v, y, ṽ, ỹ ∈ R
d and η sufficiently small, where

ρ=||(v − ṽ, y − ỹ)|| .

In order to prove (3.9), we argue by contradiction. We define

m := sup
t,(v,y),(ṽ,ỹ)

{
u(t, v, y)− u(t, ṽ, ỹ)− e−ωt (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρ)− η

T − t

}
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and suppose thatm > 0. We are going to show that this leads to a contradiction up to
a suitable choice of K , L,C2 (sufficiently large) and ω sufficiently small.

We first notice that m is finite and is a global maximum attained at some point.
Precisely, we have

ψ(ρ) ≥ 1

2
(C2ρ

θ ∧ 1) ≥ 1

2
(C2ρ ∧ 1) (3.10)

since 1 − e−t ≥ 1
2 (t ∧ 1). Due to assumption (3.2), for any σ > 0 there exists Cσ

(depending on u) such that |u(t, v, y)| ≤ σϕ(v, y) + Cσ in (0, T ) × R
2d . Choosing

σ = e−ωT K
4 ,wededuce that |u(t, v, y)| ≤ e−ωt K

4 ϕ(v, y)+CK ,ω,T , for someconstant
CK ,ω,T depending on K , ω, T . In addition, u(t, v, y) − u(t, ṽ, ỹ) ≤ �Tu ρ for some
�Tu > 0, due to the Lipschitz continuity of u and the equivalence between || · || and
the standard Euclidean norm in R2d . Hence, we can estimate

u(t, v, y) − u(t, ṽ, ỹ) ≤ e−ωt
(
K

4
[ϕ(v, y) + ϕ(ṽ, ỹ)] + C̃T

)
(C2ρ ∧ 1) ,

for some constant C̃T (possibly depending on u), which yields, by (3.10),

u(t, v, y) − u(t, ṽ, ỹ) − e−ωt (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρ)

≤ e−ωt
(

−K

2
[ϕ(v, y) + ϕ(ṽ, ỹ)] + 2C̃T − L

)
ψ(ρ) .

Since ϕ blows-up at infinity, we deduce that

lim sup
|(v,y)|∨|(ṽ,ỹ)|→∞

{
u(t, v, y) − u(t, ṽ, ỹ) − e−ωt (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρ) − η

T − t

}
≤ 0 ,

(3.11)
uniformly for t ∈ (0, T ). Therefore, assuming m > 0 implies (by continuity of u)
that the sup is attained at some point in [0, T ] × R

2d . Note that this happens for any
given choice of K , L, η and T , being just a consequence of the regularity of u and of
the properties of the Lyapunov function ϕ.

Now, for ε > 0 small, we consider the regularized distance ρε = ||(v− ṽ, y− ỹ)||ε
and, correspondingly, the value

mε := sup
t,(v,y),(ṽ,ỹ)

{
u(t, v, y) − u(t, ṽ, ỹ) − e−ωt (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρε) − η

T − t

}
.

(3.12)
Notice that |z|ε ≤ |z| ≤ |z|ε + ε, and so

ρε ≤ ρ ≤ ρε + (1 + λ)ε . (3.13)

In particular, being ψ increasing, we have mε ≥ m > 0. Moreover, we claim that
(3.11) even holds with ρ replaced by ρε. Specifically, repeating the argument exploited
above, for any small σ > 0 there exists a constant Cσ such that

u(t, v, y) − u(t, ṽ, ỹ) ≤ [σ(ϕ(v, y) + ϕ(ṽ, ỹ)) + Cσ ]1{C2ρθ
ε >1} + �Tu ρ 1{C2ρθ

ε ≤1} ,
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for some �Tu > 0. So, from (3.13), we infer (recalling that C2 ≥ 1 and θ ∈ (0, 1))

u(t, v, y) − u(t, ṽ, ỹ)

≤ [σ(ϕ(v, y) + ϕ(ṽ, ỹ)) + Cσ ]1{C2ρθ
ε >1} + �Tu ρε1{C2ρθ

ε ≤1} + �Tu (1 + λ)ε

≤ [σ(ϕ(v, y) + ϕ(ṽ, ỹ)) + Cσ ]1{C2ρθ
ε >1} + �Tu C2ρ

θ
ε1{C2ρθ

ε ≤1} + �Tu (1 + λ)ε

≤ [σ(ϕ(v, y) + ϕ(ṽ, ỹ)) + Cσ + �Tu ]2ψ(ρε) + �Tu (1 + λ)ε ,

where we have also used (3.10) in the last step.
Hence, we get, for any t ∈ (0, T ),

u(t, v, y) − u(t, ṽ, ỹ) − e−ωt (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρε) − η

T − t

≤
{
[Cσ + �Tu ]2 − e−ωT

(
(K − 2σeωT )[ϕ(v, y) + ϕ(ṽ, ỹ)] + L

)}
ψ(ρε)

+ �Tu (1 + λ)ε − η

T − t
.

Taking σ < e−ωT K/2 and ε such that ε�Tu (1 + λ) <
η
T , we obtain (3.11) with ρ

replaced by ρε. Consequently, mε is a global maximum as well, attained at some
point (tε, vε, yε, ṽε, ỹε). We also notice that obviously tε < T , and moreover tε > 0,
provided

u0(v, y) − u0(ṽ, ỹ) ≤ (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρε) + η

T
(3.14)

for every v, y, ṽ, ỹ and ε sufficiently small. This is the case, for instance, if (recall
(3.3))

K ≥ 2[u0]θ (3.15)

holds. Indeed, recall that u(t) is Lipschitz continuous up to t = 0, by assumption.
Thus, using (3.10) and the fact that, if ρ ≥ 2(1 + λ)ε, then we have ρ ≤ 2 ρε (due to
(3.13)), taking C2 ≥ 2 we get

u0(v, y) − u0(ṽ, ỹ) ≤ [u0]θ [ϕ(v, y) + ϕ(ṽ, ỹ)]((2ρε)
θ ∧ 1) + �u0 ρ 1{ρ<2(1+λ)ε}

≤ [u0]θ [ϕ(v, y) + ϕ(ṽ, ỹ)]((C2ρε)
θ ∧ 1) + �u0 2(1 + λ)ε

≤ [u0]θ [ϕ(v, y) + ϕ(ṽ, ỹ)]2ψ(ρε) + �u0 2(1 + λ)ε .

Therefore, (3.14) is satisfied as long as K ≥ 2[u0]θ and 2(1 + λ)ε �u0 ≤ η
T . We

conclude that (tε, vε, yε, ṽε, ỹε) is a local (and global) maximum point, where mε is
attained.

Step 2. In this step, we exploit the maximum principle (for viscosity solutions)
together with the coupling method.

To lighten the notation, henceforth we drop the index ε from the maximum point
found above, where mε in (3.12) is attained. At such t, (v, y), (ṽ, ỹ), we apply the
classical argument in viscosity solutions theory [10], which provides with suitable
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replacements of Du(t, v, y), D2u(t, v, y) and Du(t, ṽ, ỹ), D2u(t, ṽ, ỹ) in Eq. (2.4).
For a proper formulation in this context, we refer e.g. to [27, Thm 2.2 and Rmk 2.3]
or [26, Thm 2.3]. Namely, since t, (v, y), (ṽ, ỹ) is a local maximum in (3.12), there
exist matrices V , Ṽ ,Y , Ỹ such that

⎛
⎜⎜⎝

V . . . 0 0
. . . Y 0 0
0 0 −Ṽ . . .

0 0 . . . −Ỹ

⎞
⎟⎟⎠ ≤ e−ωt D2

(v,y),(ṽ,ỹ)ζ , (3.16)

where
ζ := (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρε) ,

and, subtracting the equations of u(t, v, y) and u(t, ṽ, ỹ),

η

(T − t)2
− ω e−ωt ζ − e−ωt (H(v, y) · Dyζ + H(ṽ, ỹ) · Dỹζ

)
+ e−ωt (B(v, y) · ∇vζ + B(ṽ, ỹ) · ∇ṽζ

) ≤ tr(V − Ṽ ) + κ tr(Y − Ỹ ) .

(3.17)

To handle the diffusion terms, we introduce the coupling matrix

⎛
⎜⎜⎝

Id 0 C 0
0 κ Id 0 κ Id
C∗ 0 Id 0
0 κ Id 0 κ Id

⎞
⎟⎟⎠ , (3.18)

which we assume to be nonnegative. We also suppose that C is symmetric to ease
computations. Note that we are only using the synchronous coupling in the y-variable,
since in the spirit of our result the y-diffusion is meant to be vanishing.

Multiplying (3.16) by the above matrix and taking the traces, we get

tr(V − Ṽ ) + κ tr(Y − Ỹ ) ≤ e−ωt tr
(
D2

vvζ + 2CD2
ṽvζ + D2

ṽṽζ
)

+ κ e−ωt tr
(
D2

yyζ + 2D2
ỹ yζ + D2

ỹ ỹζ
)

,

so that (3.17) implies

η

(T − t)2
− ω e−ωtζ − e−ωt (H(v, y) · Dyζ + H(ṽ, ỹ) · Dỹζ

)
+ e−ωt (B(v, y) · ∇vζ + B(ṽ, ỹ) · ∇ṽζ )

≤ e−ωt tr
(
D2

vvζ + 2CD2
ṽvζ + D2

ṽṽζ
)

+ κ e−ωt tr
(
D2

yyζ + 2D2
ỹ yζ + D2

ỹ ỹζ
)

.
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Using the explicit form of the test function ζ , dropping the first term, and dividing by
e−ωt , it follows that, in view of (2.3),

ψ(ρε)K {L[ϕ](v, y) − ωϕ(v, y) + L[ϕ](ṽ, ỹ) − ωϕ(ṽ, ỹ)} − ω Lψ(ρε)

+ (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ ′(ρε)

× (−(H(v, y) − H(ṽ, ỹ)) · ∇yρε + (B(v, y) − B(ṽ, ỹ)) · ∇vρε

)
≤ (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) × 2tr (Id − C) D2

vv(ψ(ρε))

+ 2Kψ ′(ρε) (Id − C)∇vρε · (∇ϕ(v, y) − ∇ϕ(ṽ, ỹ)) . (3.19)

Let us now specify our choice of C. For ξ given by (3.7) and τ ≥ 0, we take

C = I − τ
ξ − ξ̃

|ξ − ξ̃ | ⊗ ξ − ξ̃

|ξ − ξ̃ | . (3.20)

With this, we observe that the matrix in (3.18) is nonnegative provided 0 ≤ τ ≤ 2.
This selection of coupling includes what are called the synchronous coupling (τ = 0)
and the reflection coupling (τ = 2), and we will choose one of these two options
depending on the distance ρε between the points (v, y) and (ṽ, ỹ). Notice, indeed, that
we need to take τ = 0 whenever ξ = ξ̃ . Otherwise, C would be singular.

Let us further elaborate the second-order terms. According to the definition of ρε,
we compute

D2
vvψ(ρε) = ψ ′′(ρε)∇vρε ⊗ ∇vρε + ψ ′(ρε)D

2
vvρε

= ψ ′′(ρε)

(
ξ − ξ̃

|ξ − ξ̃ |ε + ε
⊗ ξ − ξ̃

|ξ − ξ̃ |ε + ε

)

+ ψ ′(ρε)
1

|ξ − ξ̃ |ε + ε

(
Id − ξ − ξ̃

|ξ − ξ̃ |ε + ε
⊗ ξ − ξ̃

|ξ − ξ̃ |ε + ε

)
.

Therefore, we obtain

2tr
(
(Id − C) D2

vv(ψ(ρε))
)

= 2τ ψ ′′(ρε)

(
|ξ − ξ̃ |

|ξ − ξ̃ |ε + ε

)2

+ 2τ
ψ ′(ρε)

|ξ − ξ̃ |ε + ε

ε2

(|ξ − ξ̃ |ε + ε)2
. (3.21)

Step 3. We now show that (3.19), together with (3.21), leads to a contradiction,
with suitable choices of the parameters. We analyze three different cases, depending
on the distance between the points (v, y) and (ṽ, ỹ).

Case 1 (ρε large): We first analyze the case that ρε ≥ R1, for some large R1 > 1
to be fixed later.
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We estimate, by virtue of (2.5) and (2.7), since |∇vρε| ≤ 1, |∇yρε| ≤ μ + λ, and
recalling that |v − ṽ| + |y − ỹ| ≤ ρ,

|(H(v, y) − H(ṽ, ỹ)) · ∇yρε| + |(B(v, y) − B(ṽ, ỹ)) · ∇vρε|
≤ (�H (μ + λ) + �B)(|v − ṽ| + |y − ỹ|)
≤ (�H (μ + λ) + �B)(ρε + (1 + λ)ε) ≤ Cρε ,

(3.22)

where we have also exploited (3.13) and the fact that ρε is large enough. Here, C
depends on μ, λ, �B , and �H (hence, it only depends on �B, �H , and γ ). Next, we
take τ = 0 in the choice of the coupling (3.20) (i.e., C = Id ). Hence, we obtain, from
(3.19),

ψ(ρε)K {L[ϕ](v, y) − ωϕ(v, y) + L[ϕ](ṽ, ỹ) − ωϕ(ṽ, ỹ)} − ω Lψ(ρε)

− (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L)Cψ ′(ρε)ρε ≤ 0 .
(3.23)

Since (3.8) implies

ψ ′(r)r = θC2r
θe−C2rθ

, (3.24)

it results thatψ ′(r)r is decreasing for C2r θ ≥ 1, so, a fortiori, if r ≥ 1. Then, we have
ψ ′(ρε)ρε ≤ ψ ′(R1)R1 forρε ≥ R1 ≥ 1.BeingC2 ≥ 1, it also holds 1/2 ≤ ψ(ρε) ≤ 1
for ρε ≥ R1. Consequently, we get

Cψ ′(ρε)ρε ≤ 2Cψ(ρε)ψ
′(R1)R1 .

Renaming C̃ = 2C , it follows, in view of (3.23),

ψ(ρε)
{
K
(L[ϕ](v, y) − (ω + C̃ψ ′(R1)R1)ϕ(v, y) + L[ϕ](ṽ, ỹ)

− (ω + C̃ψ ′(R1)R1)ϕ(ṽ, ỹ)
)− L(ω + C̃ψ ′(R1)R1)

}
≤ 0 .

(3.25)

We recall that ρε ≤ ρ ≤ ||(v, y)|| + ||(ṽ, ỹ)||. Therefore, ρε ≥ R1 implies that
||(v, y)|| ≥ R1/2 or ||(ṽ, ỹ)|| ≥ R1/2. Without loss of generality, we assume the first
holds. Up to choosing ω small and R1 large so that

ω + C̃ψ ′(R1)R1 <
ω0

2
, (3.26)

where ω0 is given by (3.1), we have that L[ϕ] − (ω + C̃ψ ′(R1)R1)ϕ ≥ −k0 for some
k0 > 0. Hence, we estimate, according to (3.1) and (3.26) again,

L[ϕ](v, y) − (ω + C̃ψ ′(R1)R1)ϕ(v, y) + L[ϕ](ṽ, ỹ) − (ω + C̃ψ ′(R1)R1)ϕ(ṽ, ỹ)

≥ L[ϕ](v, y) − ω0

2
ϕ(v, y) − k0 ≥ ω0

4
ϕ(v, y) ,
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as long as R1 is sufficiently large, only depending on ω0 and ϕ (and μ and λ). We thus
deduce, from (3.25), that if ρε ≥ R1, then

K
ω0

4

(
inf{||(v,y)||≥R1/2}

ϕ

)
≤ L(ω + C̃ψ ′(R1)R1) .

However, this is impossible if we choose K as

K = L
8(ω + C̃ψ ′(R1)R1)

ω0ϕR1

, ϕR1 := inf{ϕ(v, y) : ||(v, y)|| ≥ R1/2} . (3.27)

Case 2 (|ξ − ξ̃ | >
√

ε) We now discuss the case ρε < R1 and |ξ − ξ̃ | >
√

ε. If this
occurs, then we have, for ε small,

ρε ≥ |ξ − ξ̃ |ε≥ |ξ − ξ̃ | − ε ≥ 1

2

√
ε ,

thus, from (3.13),

|v − ṽ| + |y − ỹ| ≤ ρ ≤ ρε + (1 + λ)ε ≤ C ρε . (3.28)

Then, we can estimate the drift terms in (3.19) exactly as in (3.22), using the Lipschitz
character of H and B. Similarly, we treat the last term in (3.19) using |∇vρε| ≤ 1 and
assumption (3.4), which yields

2Kψ ′(ρε)(Id−C)∇vρε ·(∇ϕ(v, y) − ∇ϕ(ṽ, ỹ)) ≤ C K [ϕ(v, y)+ϕ(ṽ, ỹ)]ψ ′(ρε)ρε .

Hereafter, we denote by C possibly different constants only depending on γ, �H , �B ,
and �ϕ . Finally, we use (3.21) with τ = 2 (note that τ = 1 would equally work) and
L[ϕ] − ωϕ ≥ −k0. Overall, we obtain from (3.19),

− 2ψ(ρε)k0 K − ω Lψ(ρε) − (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L)C ψ ′(ρε)ρε

≤ (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L)

×
{
4ψ ′′(ρε)

( |ξ − ξ̃ |
|ξ − ξ̃ |ε + ε

)2

+ 4
ψ ′(ρε)

|ξ − ξ̃ |ε + ε

ε2

(|ξ − ξ̃ |ε + ε)2

}
. (3.29)

We now observe that, due to (3.27), there exists c > 0 (independent of C2, R1, and
L) such that

Kψ(ρε) ≤ c L

(
ωψ(ρε) + ψ ′(ρε)ρε

ϕR1

)
∀ρε < R1 . (3.30)

Indeed, if C2ρ
θ
ε ≥ 1, then ψ ′(ρ)ρ is decreasing for ρ ≥ ρε, so (3.27) implies, for

ρε < R1,

Kψ(ρε)≤ L
8(ωψ(ρε) + C̃ψ ′(ρε)ρε)

ω0ϕR1

,
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which yields (3.30). Alternatively, we have C2ρ
θ
ε < 1, and then ψ(ρε) ≤ e

θ
ψ ′(ρε)ρε

(using (3.24) and that 1 − e−t ≤ e te−t for t ≤ 1). Hence, Kψ(ρε) ≤ c K ψ ′(ρε)ρε

and (3.30) immediately follows because K ≤ 4
ϕR1

L , according to (3.26) and (3.27).

Therefore, (3.30) holds for every ρε < R1 and we have

2ψ(ρε)k0 K + ω Lψ(ρε) ≤ 2k0c

ϕR1

ψ ′(ρε)ρε L +
(
1 + 2k0c

ϕR1

)
ω Lψ(ρε) .

Note that ϕR1 is uniformly bounded below (since ϕ ≥ 1), and eventually it can be
taken large up to increasing the value of R1. In particular, we will assume henceforth
that R1 is sufficiently large so that

2k0c

ϕR1

≤ γ

4
,

where we recall that γ is given in (2.6). With this in hand, we refine the above estimate
as

2ψ(ρε)k0 K + ω Lψ(ρε) ≤ γ

4
ψ ′(ρε)ρε L +

(
1 + γ

4

)
ω Lψ(ρε) (3.31)

whenever ρε < R1. Inserting this into (3.29), we obtain

(K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L)

⎧⎨
⎩−4ψ ′′(ρε)

(
|ξ − ξ̃ |

|ξ − ξ̃ |ε + ε

)2

− 4ψ ′(ρε)

|ξ − ξ̃ |ε + ε

ε2

(|ξ − ξ̃ |ε + ε)2
− C ψ ′(ρε)ρε

}

≤
(
1 + γ

4

)
ω Lψ(ρε) .

(3.32)

From the definition of the function ψ , it holds

⎧⎨
⎩−4ψ ′′(ρε)

(
|ξ − ξ̃ |

|ξ − ξ̃ |ε + ε

)2
− 4ψ ′(ρε)

|ξ − ξ̃ |ε + ε

ε2

(|ξ − ξ̃ |ε + ε)2
− C ψ ′(ρε)ρε

⎫⎬
⎭

= C2θ ρθ−2
ε e−C2ρ

θ
ε

⎛
⎝4[(1 − θ) + C2θρ

θ
ε ]
(

|ξ − ξ̃ |
|ξ − ξ̃ |ε + ε

)2
− 4ρε

ε2

(|ξ − ξ̃ |ε + ε)3
− Cρ2ε

⎞
⎠

≥ C2θ ρθ−2
ε e−C2ρ

θ
ε

(
2(1 − θ) + 2C2θρ

θ
ε − 4

√
ερε − Cρ2ε

)
,

(3.33)

where we have used that |ξ − ξ̃ | >
√

ε gives

(
|ξ − ξ̃ |

|ξ − ξ̃ |ε + ε

)2

≥ 1 − ε ≥ 1

2
and

ε2

(|ξ − ξ̃ |ε + ε)3
≤ √

ε . (3.34)
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Now, we fix C2, in terms of R1, by imposing

2C2θr
θ − 4

√
ε r − Cr2 ≥ 0 ∀r ≤ R1 . (3.35)

Thus, we deduce, from (3.32) and (3.33),

(K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L)C2θ ρθ−2
ε e−C2ρ

θ
ε 2(1 − θ) ≤

(
1 + γ

4

)
ω Lψ(ρε) ,

which yields, since ρε ≤ R1, θ ∈ (0, 1), and ψ ≤ 1,

C2θ Rθ−2
1 e−C2Rθ

1 2(1 − θ) ≤
(
1 + γ

4

)
ω .

Nevertheless, this is impossible if we choose ω sufficiently small, namely,

ω <
(
1 + γ

4

)−1
C2θ Rθ−2

1 e−C2Rθ
1 2(1 − θ) . (3.36)

Case 3 (|ξ−ξ̃ | ≤ √
ε)Byvirtue of the above choices and conditions for the parameters,

we are only left with the possibility that ρε < R1 and |ξ − ξ̃ | ≤ √
ε. This scenario

corresponds to |ξ−ξ̃ | near zero (or possibly zero), wherewe cannot use the coupling by
reflection for the variable ξ .We indeed takeC = Id .Moreover,we exploitL[ϕ]−ωϕ ≥
−k0. Hence, we achieve, according to (3.19),

− 2ψ(ρε)k0 K − ω Lψ(ρε)

+ (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ ′(ρε) {− (H(v, y) − H(ṽ, ỹ))

·∇yρε + (B(v, y) − B(ṽ, ỹ)) · ∇vρε)
} ≤ 0 .

(3.37)

As for the drift terms, recalling that v = ξ − μy and |∇yρε| ≤ (μ + λ), we have

− (H(v, y) − H(ṽ, ỹ)) · ∇yρε

= −
∫ 1

0
DvH(sv + (1 − s)ṽ, sy + (1 − s)ỹ)(v − ṽ) · ∇yρε ds

−
∫ 1

0
DyH(sv + (1 − s)ṽ, sy + (1 − s)ỹ)(y − ỹ) · ∇yρε ds

≥ μ

∫ 1

0
DvH(sv + (1 − s)ṽ, sy + (1 − s)ỹ)(y − ỹ) · ∇yρε

− (μ + λ)�H (|ξ − ξ̃ | + |y − ỹ|)

≥ μγλ
|y − ỹ|2√

ε2 + |y − ỹ|2
− μ2�H |y − ỹ| − (μ + λ)�H (|ξ − ξ̃ | + |y − ỹ|) ,
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where we have used DvH ≥ γ Id , ||DvH ||, ||DyH || ≤ �H , and |∇yρε −
λ

(y−ỹ)√
ε2+|y−ỹ|2 | ≤ μ. Being

|y − ỹ|2√
ε2 + |y − ỹ|2 ≥ |y − ỹ|ε ≥ |y − ỹ| − ε ,

in view of the Lipschitz character of B we get

− (H(v, y) − H(ṽ, ỹ)) · ∇yρε + (B(v, y) − B(ṽ, ỹ)) · ∇vρε

≥ μγλ |y − ỹ| − μ2�H |y − ỹ| − (μ + λ)�H (|ξ − ξ̃ |
+ |y − ỹ|) − μγ λ ε − �B(|v − ṽ| + |y − ỹ|)

≥ (μ γ λ − μ2�H − (μ + λ)�H − �B(μ + 1))|y − ỹ|
− ((μ + λ)�H + �B)|ξ − ξ̃ | − μγ λ ε .

We recall thatμ = 2�H
γ

≥ 2, and thenμγλ−λ�H = 1
2μγλ. Also using |ξ − ξ̃ | ≤ √

ε,
it holds

(μ γ λ − μ2�H − (μ + λ)�H − �B(μ + 1))|y − ỹ| − ((μ + λ)�H + �B)|ξ − ξ̃ | − μ γ λ ε

≥ μ

(
1

2
γ λ − (μ + 1)�H − 2�B

)
|y − ỹ| − C

√
ε = 1

4
μγλ|y − ỹ| − C

√
ε ,

by the definition of λ in (3.6). According toμ ≥ 2 and λ|y− ỹ| ≥ ρ −√
ε ≥ ρε −√

ε,
we conclude that

−(H(v, y) − H(ṽ, ỹ)) · ∇yρε + (B(v, y) − B(ṽ, ỹ)) · ∇vρε ≥ γ

2
ρε − C

√
ε .

Inserting the above estimate in (3.37), we obtain

(K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ ′(ρε)
{γ

2
ρε − C

√
ε
}

≤ ψ(ρε)K 2k0 + ω Lψ(ρε)

≤ γ

4
ψ ′(ρε)ρε L +

(
1 + γ

4

)
ω Lψ(ρε) ,

in view of (3.31). Therefore, we infer that

ψ ′(ρε)
{γ

4
ρε − C

√
ε
}

≤
(
1 + γ

4

)
ω ψ(ρε) . (3.38)

Finally, we can choose ω so that

(
1 + γ

4

)
ω <

γ

8
θ e−C2Rθ

1 , (3.39)
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in addition to (3.36). Since ρε ≤ R1, this yields(
1 + γ

4

)
ω ψ(ρε) ≤ γ

8
θ e−C2ρ

θ
ε ψ(ρε) ≤ γ

8
ψ ′(ρε)ρε ,

where we have exploited ψ(r) ≤ C2r θ and (3.24). Then, by virtue of this inequality
and (3.38), we achieve

γ

8
ρε ≤ C

√
ε . (3.40)

On the other hand, sinceu(t) is Lipschitz continuous,with someconstant �Tu , uniformly
in (0, T ), by definition (3.12), and using (3.28) and (3.40), we have

m ≤ mε ≤ u(t, v, y) − u(t, ṽ, ỹ) ≤ �Tu (ρε + Cε) ≤ �Tu (8Cγ −1√ε + Cε) . (3.41)

Letting ε → 0, we reach a contradiction because m > 0.
We have thus proved that (3.9) holds for K given by (3.27), with a choice of R1, ω,

and C2 only depending on �B, �H , γ and the Lyapunov function ϕ. The constant L
is finally chosen in a way that K , as defined by (3.27), satisfies (3.15). This means
taking L = n [u0]θ , for some n ≥ ω0ϕR1

4(ω+C̃ψ ′(R1)R1)
. Letting η → 0 in (3.9), we get

u(t, v, y) − u(t, ṽ, ỹ) ≤ e−ωt (K [ϕ(v, y) + ϕ(ṽ, ỹ)] + L) ψ(ρ)

≤ e−ωt (K + L)[ϕ(v, y) + ϕ(ṽ, ỹ)]ψ(ρ) .

Since ψ(ρ) ≤ (C2ρ
θ ) ∧ 1 and ρ is equivalent to the Euclidean distance, we deduce

that [u(t)]θ ≤ C e−ωt (K + L), according to (3.3). Recalling that K is proportional to
L , where L = n [u0]θ , we conclude with the desired estimate (3.5) (up to renaming
K ). Hence, the case θ ∈ (0, 1) is completed.

Step 4.We conclude by explaining how to get the result for the limiting case θ = 1.
First of all, note that we just need to refine the previous estimate when ρ is small.

So, we only consider the case that ρ < δ, for a small δ < 1 (to be fixed later). First,
we modify the function ψ used before. To this end, we fix any θ < 1, take a constant
β (to be fixed later, depending on δ) and define

ψ̃(r) := r − β

1 + θ
r1+θ .

We suppose, for now, that
βδθ <

1

2
, (3.42)

so that
1

2
r ≤ ψ̃(r) ≤ r ,

1

2
≤ ψ̃ ′(r) ≤ 1 ∀r ≤ δ . (3.43)

We claim that, for a suitable choice of ω and K , it holds

u(t, v, y) − u(t, ṽ, ỹ)

≤ e−ωt K [ϕ(v, y) + ϕ(ṽ, ỹ)]ψ̃(ρ) + η

T − t
∀t ∈ (0, T ), ∀v, y, ṽ, ỹ ∈ R

d : ρ < δ , (3.44)
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for every η sufficiently small. Here, ϕ and ρ are the same quantities used above, except
that the parameters μ and λ in (3.6) might be chosen differently (as precised later),
yet only depending on γ, �H , and �B . Following the same approach as before, (3.44)
is proved arguing by contradiction. We suppose that

m := sup
ρ<δ

{
u(t, v, y) − u(t, ṽ, ỹ) − e−ωt K [ϕ(v, y) + ϕ(ṽ, ỹ)]ψ̃(ρ) − η

T − t

}
> 0 .

If ωθ and Kθ denote the constants given by (3.5), here we choose ω < ωθ and K such
that

K ≥ 2max
(
1, δθ−1Kθ

)
[u0]1 .

Thus, according to this and (3.43), when t = 0, we have

u0(v, y) − u0(ṽ, ỹ) ≤ [u0]1[ϕ(v, y) + ϕ(ṽ, ỹ)]ρ ≤ K [ϕ(v, y) + ϕ(ṽ, ỹ)]ψ̃(ρ) ∀ρ ≤ δ ,

and, if ρ = δ, using what proved for θ < 1,

u(t, v, y) − u(t, ṽ, ỹ) ≤ e−ωθ t Kθ [u0]θ [ϕ(v, y) + ϕ(ṽ, ỹ)]δθ

≤ e−ωt Kθ δ
θ [u0]1 [ϕ(v, y) + ϕ(ṽ, ỹ)]

≤ e−ωt K
δ

2
[ϕ(v, y) + ϕ(ṽ, ỹ)]

≤ e−ωt K [ϕ(v, y) + ϕ(ṽ, ỹ)]ψ̃(δ) .

Consequently, if m is positive, then it can be attained neither at t = 0 nor for ρ = δ.
Excluding the case t = T as before, it follows that m is a local maximum. Then,
we proceed exactly as in the first part of the proof. Specifically, we introduce the
parameter ε and the corresponding mε, which, for ε sufficiently small, is attained at
some t ∈ (0, T ), and v, y, ṽ, ỹ with ρε < δ. With the notation already used above, if
|ξ − ξ̃ | >

√
ε, then we employ the coupling by reflection in the ξ -variable and obtain

the analogue of (3.29) (with L = 0 in the present choice), namely,

− 2ψ̃(ρε)k0 K − K [ϕ(v, y) + ϕ(ṽ, ỹ)]C ψ̃ ′(ρε)ρε

≤ K [ϕ(v, y) + ϕ(ṽ, ỹ)]
{
4 ψ̃ ′′(ρε)

( |ξ − ξ̃ |
|ξ − ξ̃ |ε + ε

)2
+ 4

ψ̃ ′(ρε)

|ξ − ξ̃ |ε + ε

ε2

(|ξ − ξ̃ |ε + ε)2

}

≤ K [ϕ(v, y) + ϕ(ṽ, ỹ)]
{
2 ψ̃ ′′(ρε) + 4

√
εψ̃ ′(ρε)

}
,

by virtue of (3.34) and the concavity of ψ̃ again. We recall that C only depends on
γ, �H , �B, and �ϕ . Using (3.43), we deduce

0 ≤ K [ϕ(v, y) + ϕ(ṽ, ỹ)]
{
2 ψ̃ ′′(ρε) + 4

√
ε + (2k0 + C)ρε

}
,
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whence, computing ψ̃ ′′ and being |ξ − ξ̃ | >
√

ε,

2θβρθ−1
ε ≤ 4

√
ε + (2k0 + C)ρε ≤ C̃ρε ,

for some C̃ only depending on γ, �H , �B, and ϕ. We now choose β = C̃
θ
δ2−θ . In this

way, the previous inequality cannot occur for ρε ≤ δ. Hence, the case |ξ − ξ̃ | >
√

ε

is not possible. Observe that, with this choice of β, (3.42) is satisfied as long as δ is
sufficiently small. It remains to deal with |ξ − ξ̃ | ≤ √

ε. We reason as in Case 3 above.
In particular, we estimate

− (H(v, y) − H(ṽ, ỹ)) · ∇yρε + (B(v, y) − B(ṽ, ỹ)) · ∇vρε

≥ (μ γ λ − μ2�H − (μ + λ)�H − �B(μ + 1))|y − ỹ|
− ((μ + λ)�H + �B)|ξ − ξ̃ | − μγ λ ε

≥ (μ γ λ − μ2�H − (μ + λ)�H − �B(μ + 1))|y − ỹ| − C
√

ε ,

which yields, from ρε+λ
√

ε ≥ λ|y − ỹ| ≥ ρε − √
ε,

− (H(v, y) − H(ṽ, ỹ)) · ∇yρε + (B(v, y) − B(ṽ, ỹ)) · ∇vρε

≥ (μ γ − �H )ρε − 1

λ
(μ2�H + μ�H + �B(μ + 1))ρε − C

√
ε ,

for a possibly different C , potentially depending on μ and λ. The analogue of (3.37),
in this case, leads to

(μ γ − �H )ρε − 1

λ
(μ2�H + μ�H + �B(μ + 1))ρε ≤ 2

ψ(ρε)

ψ ′(ρε)
k0 + C

√
ε

≤ 4ρεk0 + C
√

ε ,

also using (3.43). Now, we fix the values of μ and λ. First, we choose μ = 4k0+2�H
γ

so that the previous inequality yields

�Hρε − 1

λ
(μ2�H + μ�H + �B(μ + 1))ρε ≤ C

√
ε .

Next, we choose λ large enough to reach that ρε ≤ Ĉ
√

ε, for some different Ĉ . From
here, we obtain (3.41) and we conclude the contradiction argument as before. ��
Remark 3.3 The exponential rateω in (3.5) heavily depends on the Lyapunov function
ϕ, which makes it hard to provide explicit quantifications. We just observe that, in the
above proof, we have C2 � R2−θ

1 from (3.35), hence the conditions (3.36) and (3.39)
are essentially equivalent. Together with (3.26), these will impose some condition on
ω in terms of ω0 (appearing in (3.1)) and R1, which also depends on ϕ. Typically, the
selection of the Lyapunov function involves conditions depending on the dimension
d, the confining potentials, and, possibly, the diffusion strength. However, even in the
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simplest case of the confined Kolmogorov equation, where the Lyapunov function is
sufficiently explicit (cf. Sect. 5.1), our method does not likely provide sharp expo-
nential rates, since it also depends on the auxiliary function ψ , which is just a simple
choice of a concave bounded function and is not meant to be optimal at all.

For the interested reader, we refer to [15] for a detailed discussion of the exponential
rate that could come out from similar coupling methods, though this is quite involved
even in model examples. Our purpose was actually rather opposite, namely, to give
a quite general approach to exponential decay, aimed at covering a broader class of
equations, at the expense of any sharpness of the rate.

Remark 3.4 The approach developed in the above proof can be readily adapted to
slightly different settings. For instance, if the state variable y belongs to a compact
space, then it is enough to use a Lyapunov function ϕ only depending on the v-variable.

In particular, a similar result to Theorem 3.2 can be proved if y ∈ T
d , where

T
d = R

d/Zd is the flat d-dimensional torus. In this case, we consider solutions u
of (2.4) such that u(t, v, y) is Zd−periodic in y, and we suppose the existence of a
Lyapunov function ϕ = ϕ(v) (or alternatively some ϕ(v, y), periodic in y), which
satisfies (3.1) as |v| → ∞. In order to follow the above proof, we simply remark that,
using the periodicity of u and the increasing character of ψ , we still have that

sup
t,(v,y),(ṽ,ỹ)

� :=
{
u(t, v, y)−u(t, ṽ, ỹ)−e−ωt (K [ϕ(v) + ϕ(ṽ)] + L) ψ(ρ)− η

T − t

}
(3.45)

is actually a maximum attained at some point.
Indeed, for any y ∈ R

d , denote by [y] ∈ Z
d the period such that y − [y] ∈ Q1 :=

[0, 1]d , which is the reference unit cube, and set ŷ := y − [y]. Observe that

|v−ṽ+μ(y− ỹ)|+λ|y− ỹ| ≥ |v−ṽ+μ(ŷ− ˆ̃y)|+λ|ŷ− ˆ̃y|+(λ−μ)|y− ỹ|−(λ+μ)cd ,

for some constant cd only depending on the dimension. Hence, if we set Cλ,μ =
(λ+μ)cd

λ−μ
, we have

||(v − ṽ, y − ỹ)|| ≥ ||(v − ṽ, ŷ − ˆ̃y)|| whenever |y − ỹ| ≥ Cλ,μ.

Then, due to the periodicity of u, and since ψ(·) is increasing, we deduce that
�(t, v, y, ṽ, ỹ) ≤ �(t, v, ŷ, ṽ, ˆ̃y)whenever |y− ỹ| ≥ Cλ,μ. Thismeans that the sup in
(3.45) is restricted to the set |y− ỹ| ≤ Cλ,μ (note thatwe can assumeCλ,μ ≥ diam(Q1)

up to increasing cd ) . In addition, exactly as in (3.11), we have
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lim sup
|v|∨|ṽ|→∞

{
u(t, v, y)−u(t, ṽ, ỹ)−e−ωt (K [ϕ(v) + ϕ(ṽ)] + L) ψ(ρ)− η

T − t

}
≤ 0,

(3.46)
using the Lyapunov function ϕ, and the facts that u is Lipschitz and u = o(ϕ) as
|v| → ∞. The above two conditions ensure that, if the sup in (3.45) is positive, then
any maximizing sequence is relatively compact, up to normalization in y. Namely,
suppose that

�(tn, vn, yn, ṽn, ỹn) → sup
t,(v,y),(ṽ,ỹ)

� > 0 .

Being |yn − ỹn| ≤ Cλ,μ, up to subsequences we can assume that ŷn → y0 and
yn − ỹn → w0, and it holds

�(tn, vn, yn, ṽn, ỹn) = u(tn, vn, ŷn) − u(tn, ṽn, ỹn − [yn])
−e−ωtn (K [ϕ(vn) + ϕ(ṽn)] + L) ψ(ρn) − η

T − tn
,

where ρn = ||(vn − ṽn, yn − ỹn)||. We also know that vn, ṽn are bounded due to (3.46),
and so relatively compact, as well as ρn . Since ŷn → y0, ỹn −[yn] → y0 −w0, and tn
converges up to subsequences, we conclude that� achieves a maximum at some point
(t0, v, y0, ṽ, y0 − w0). Once we have justified the existence of a maximum point for
�, the rest of the proof of Theorem 3.2 remains unchanged, with the minor difference
that the case where ρ is large is now reduced to having |v − ṽ| large, which explains
why confining is only needed in the v-variable.

We conclude by mentioning that another extension, which is doable up to suitable
modifications, could be achieved if the variable y belongs to a space with a different
dimension, say y ∈ R

k , k < d. There, we need to change the scalar μ to a suitable
matrix M ∈ Mk,n in the definition of the rotated norm, and the nondegeneracy
condition on DvH to a full-rank condition. This variant is to be better analyzed within
the more general picture of degenerate drift-diffusion operators under Hormander’s
condition.

3.2 Decay ofWasserstein distances for the kinetic Fokker–Planck equation

An immediate corollary is a decay result inWasserstein distances for solutions of (2.2).
Let us introduce the following weighted distance for μ, ν ∈ Mϕ(R2d) ∩ P1(R

2d):

d1,ϕ(μ, ν) := sup

{∫
�

ζ d(μ − ν) , ζ ∈ L∞(ϕ−1) : [ζ ]1 ≤ 1

}
,

where [·]1 is defined in (3.3). Then, for every ζ ∈ L∞(ϕ−1), one can estimate

∫
�

ζ d(μ − ν) ≤ [ζ ]1 d1,ϕ(μ, ν) . (3.47)

123



Long-time contractivity estimates… Page 25 of 42    47 

Note that if ϕ has at least linear growth at infinity, then we have

|u(χ) − u(χ̃)|
(ϕ(χ) + ϕ(χ̃))(|χ − χ̃ | ∧ 1)

≤ C
|u(χ) − u(χ̃)|

|χ − χ̃ | , χ = (v, y) , χ̃ = (ṽ, ỹ) ,

for some C > 0 independent of u. Hence, we get

W1(μ, ν) ≤ C d1,ϕ(μ, ν) , (3.48)

where W1 is the standard 1-Wasserstein distance, recall (2.1). In particular, in this
case, the decay of d1,ϕ implies the decay of W1.

Theorem 3.5 Under the assumptions of Theorem 3.2, let μ1, μ2 be two solutions of
(2.2) corresponding to initial data μ01, μ02 ∈ P1(R

2d)∩Mϕ(R2d). Then, there exist
K , ω > 0 such that

d1,ϕ(μ1(t), μ2(t)) ≤ Ke−ωt d1,ϕ(μ01, μ02) . (3.49)

In particular, if ϕ grows at least linearly at infinity, then

W1(μ1(t), μ2(t)) ≤ C K e−ωt d1,ϕ(μ01, μ02)

for some C > 0.

Proof Let ζ ∈ L∞(ϕ−1) be such that [ζ ]1 ≤ 1. This means that ζ is a locally Lipschitz
function and (see Corollary 4.6) there exists a viscosity solution u of the backward
problem {

−∂t u + L[u] = 0 in (0, t) × R
2d ,

u(t) = ζ in R2d .

By (2.8) applied to μ1 and μ2, it holds

∫
�

ζ d(μ1(t) − μ2(t)) =
∫

�

u(0) d(μ01 − μ02) ≤ Ke−ωt d1,ϕ(μ01, μ02) ,

where we have used (3.47) and (3.5) (applied backwards, and with θ = 1) to estimate
[u(0)]1. This gives (3.49). The last statement immediately follows from (3.48). ��

We conclude by pointing out that Theorem 3.5 provides the existence (and unique-
ness) of a stationary measure m̄ solving (2.2) and attracting all other solutions in
long time. As detailed in [26, Section 5], the exponential decay rate enables building
such a solution, whose uniqueness and exponential stability follow from the same
contractivity estimate.
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4 Hypocoercivity and L∞-Lipschitz smoothing

In this section, we prove short-time smoothing estimates for the problem (2.4). To
work in a slightly broader framework, we consider the operator

L(u) := −tr(A(v)D2
vvu) − κ �yu − H(v, y) · ∇yu + B(v, y) · ∇vu ,

where A(v), H(v, y), and B(v, y) are C1-functions, globally Lipschitz continuous,
and κ ≥ 0. In particular, we assume that A(v) is a bounded and elliptic matrix, i.e.,

∃ α0 > 0 : α0 Id ≤ A(v) ≤ 1

α0
Id , (4.1)

and also Lipschitz continuous:

|A(v) − A(ṽ)| ≤ �A |v − ṽ| ∀v, ṽ ∈ R
d . (4.2)

We start with a computational lemma.

Lemma 4.1 If u is a smooth solution of

∂t u + L(u) = 0 ,

then we have:

(i)
1

2
(∂t + L)

(
u2
)

= −A(v)∇vu · ∇vu − κ |∇yu|2 ;
(ii)

1

2
(∂t + L)

(
|∇vu|2

)
= −

∑
k

A(v)∇vuvk · ∇vuvk +
∑
i jk

(ai j )vk uvk uviv j

+ DvH∇yu · ∇vu − DvB∇vu · ∇vu − κ
∑
i j

u2vi y j ;

(iii)

(∂t + L)
(∇vu · ∇yu

) =
∑
i jk

((ai j )vk uyk uviv j − 2ai j uvivk uykv j )

− 2κ
∑
i j

uvi y j uyi y j + DvH∇yu · ∇yu

+ DyH∇yu · ∇vu − DvB∇vu · ∇yu − DyB∇vu · ∇vu ;
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(iv)

1

2
(∂t + L)

(
|∇yu|2

)
= −

∑
k

A(v)∇vuyk · ∇vuyk + DyH∇yu · ∇yu

−DyB∇vu · ∇yu − κ
∑
i j

u2yi y j .

Proof Equality (i) immediately follows from the chain rule and the equation ∂t u +
L(u) = 0. To show (ii), we denote the second-order terms in the operator L by
L0(u) := −tr(A(v)D2

vvu) − κ �yu. Then, we have

1

2
(∂t + L0)

(
|∇vu|2

)
= ∇v ((∂t + L0)(u)) · ∇vu

+
∑
i jk

(
(ai j )vk uvk uviv j − ai j uvkvi uvkv j

)− κ
∑
i j

u2vi y j

= ∇v

(
H(v, y) · ∇yu − B(v, y) · ∇vu

) · ∇vu

+
∑
i jk

(
(ai j )vk uvk uviv j − ai j uvkvi uvkv j

)− κ
∑
i j

u2vi y j ,

in view of ∂t u + L(u) = 0 again. Developing the drift terms, we reach (ii).
Similarly, it holds

1

2
(∂t + L0)

(
|∇yu|2

)
= ∇y ((∂t + L0)(u)) · ∇yu −

∑
i jk

ai j uykvi u ykv j − κ
∑
i j

u2yi y j ,

and we obtain (iv) using once more the equation for u.
Finally, to get (iii) we compute

(∂t + L0)
(∇vu · ∇yu

) = ∇v ((∂t + L0)(u)) · ∇yu + ∇y ((∂t + L0)(u)) · ∇vu

+
∑
i jk

(
(ai j )vk uyk uvi v j − 2ai j uvi vk uv j yk

)
− 2κ

∑
i j

uvi y j uyi y j

= ∇v

(
H(v, y) · ∇yu − B(v, y) · ∇vu

) · ∇yu + ∇y
(
H(v, y) · ∇yu − B(v, y) · ∇vu

) · ∇vu

+
∑
i jk

(
(ai j )vk uyk uvi v j − 2ai j uvi vk uv j yk

)
− 2κ

∑
i j

uvi y j uyi y j

= H(v, y) · ∇y(∇vu · ∇yu) − B(v, y) · ∇v(∇vu · ∇yu) + DvH∇yu · ∇yu + DyH∇yu · ∇vu

− DvB∇vu · ∇yu − Dy B∇vu · ∇vu +
∑
i jk

(
(ai j )vk uyk uvi v j − 2ai j uvi vk uv j yk

)

− 2κ
∑
i j

uvi y j uyi y j .

��
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Exploiting the above lemma, we deduce the short-time smoothing effect of
Kolmogorov-type operators. We actually employ an L∞-version of Villani’s hypoco-
ercivity estimates, obtained via the classical Bernstein method.

Proposition 4.2 Let u ∈ L∞((0, T );W 1,∞(R2d))bea smooth solution of the equation

{
∂t u − tr(A(v)D2

vvu) − κ �yu − H(v, y) · ∇yu + B(v, y) · ∇vu = 0

u(0) = u0 ,

where κ ≥ 0, A(v) satisfies (4.1)–(4.2), B(v, y) fulfils (2.5), and H(v, y) satisfies
(2.6)–(2.7).

Then, there exists a constant C > 0, depending on α0, �A, �B, �H and γ , such that

‖∇vu(t)‖∞ + t ‖∇yu(t)‖∞ ≤ C
‖u0‖∞√

t
∀t ∈ (0, 1] . (4.3)

Proof We introduce the function

W := 1

2

(
λu2 + t |∇vu|2 − 2εt2∇vu · ∇yu + δt3|∇yu|2

)
, (4.4)

where λ is a large constant, to be fixed later, and ε, δ satisfy (at least) the condition

ε2 < δ , (4.5)

so that W > 0. The goal is to show that W is a subsolution (in short time).
From Lemma 4.1-(ii), using (2.5) and the ellipticity of A(v), see (4.1), we have

1

2
(∂t + L)

(
t |∇vu|2

)
≤
(
1

2
+ t �B

)
|∇vu|2 − t α0

∑
ik

u2vivk + t
∑
i jk

(ai j )vk uvk uviv j

+ t DvH∇yu · ∇vu − tκ
∑
i j

u2vi y j

≤
(
1

2
+ t (�B + CA)

)
|∇vu|2 − t

α0

2

∑
ik

u2vivk

+ t �H |∇vu| |∇yu| − tκ
∑
i j

u2vi y j ,

(4.6)

thanks to (4.2), (2.7), and Young’s inequality. Hereafter, we denote by CA possibly
different constants depending on the W 1,∞-bound of A, namely, on α0 and �A.
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Similarly, according toLemma4.1-(iii), byvirtue of (4.1)–(4.2) andYoung’s inequality
again, it holds

(∂t + L)
(
−ε t2 ∇vu · ∇yu

)
≤ t

α0

4

∑
i j

u2viv j
+ CA ε2 t3|∇yu|2 + CA ε2 t3

∑
k

|∇vuyk |2

− ε t2 (DvH∇yu · ∇yu + DyH∇yu · ∇vu) + ε t2(DvB∇vu · ∇yu + Dy B∇vu · ∇vu)

+ 2κ ε t2
∑
i j

uvi y j uyi y j − 2ε t ∇vu · ∇yu .

The terms with H and B can be estimated by (2.6)–(2.7) and (2.5). So, we get

(∂t + L)
(
−ε t2 ∇vu · ∇yu

)
≤ t

α0

4

∑
i j

u2viv j
+ CA ε2 t3|∇yu|2 + CA ε2 t3

∑
k

|∇vuyk |2

− ε
γ

2
t2|∇yu|2 + CB,H ε t2|∇vu|2 + 2κ ε t2

∑
i j

uvi y j uyi y j − 2ε t ∇vu · ∇yu ,

where CB,H only depends on the constants �B, �H , γ .
Finally, in view of Lemma 4.1-(iv), we also have

1

2
(∂t + L)

(
δ t3 |∇yu|2

)
≤ −δ t3α0

∑
k

|∇vuyk |2 + δ t3
(
�B |∇vu| |∇yu| + �H |∇yu|2

)

− κ δ t3
∑
i j

u2yi y j + 3

2
δ t2 |∇yu|2 .

We now add up the previous inequalities, gathering together the similar terms.
Hence, we obtain

(∂t + L)

(
W − λ

2
u2
)

≤
(
1

2
+ t (�B + CA)

)
|∇vu|2 − t

α0

4

∑
ik

u2vivk + t �H |∇vu| |∇yu|

− t2|∇yu|2
(

ε
γ

2
− 3

2
δ − CA ε2 t

)
− t3

(
δα0 − CAε2

)∑
k

|∇vuyk |2 − 2ε t ∇vu · ∇yu

+ CB,H ε t2|∇vu|2 + δ t3
(
�B |∇vu| |∇yu| + �H |∇yu|2

)

+ κ t

⎛
⎝2ε t∑

i j

uvi y j uyi y j − δ t2
∑
i j

u2yi y j −
∑
i j

u2vi y j

⎞
⎠ .

Recall that t ≤ 1 and ε, δ ≤ 1. Moreover, thanks to (4.5), the last term is negative and
can be dropped. Then, applying Young’s inequality, we infer that there exists K > 0
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(only depending on α0, �A, �B, �H , and γ ) such that

(∂t + L)

(
W − λ

2
u2
)

≤ K |∇vu|2 + (�H + 2ε)t |∇vu| |∇yu|

− t2
(

ε
γ

2
− 3

2
δ − CA ε2 t − �Bδ2t − �H δ t

)
|∇yu|2

− t3
(
δα0 − CAε2

)∑
k

|∇vuyk |2 ,

which yields, because (�H + 2ε)t |∇vu| |∇yu| ≤ (�H+2ε)2

εγ
|∇vu|2 + t2ε γ

4 |∇yu|2,

(∂t + L)

(
W − λ

2
u2
)

≤
(
K + (�H + 2ε)2

εγ

)
|∇vu|2

− t2
(

ε
γ

4
− (3 + 2�H )

2
δ − CA ε2 − �Bδ2

)
|∇yu|2

− t3
(
δα0 − CAε2

)∑
k

|∇vuyk |2 ,

(4.7)

where we have also used t ≤ 1 inside the second term on the right. We remark that the
last two terms are negative as long as δ, ε are sufficiently small with 2(3+2�H )δ < γ ε

and δα0 > CAε2. We fix, e.g., δ = γ ε
4(3+2�H )

and take ε small enough, ensuring that
(4.5) is also satisfied. Then, being δ = O(ε), it holds

−t2
(

ε
γ

4
− (3 + 2�H )

2
δ − CA ε2 − �Bδ2

)
≤ −t2

(
ε
γ

8
+ O(ε2)

)
,

and the right-hand side is negative choosing ε sufficiently small, only depending on
CA, �B and γ . Similarly for the last term in (4.7), since δ = O(ε) implies δα0 > CAε2

for small ε. Therefore, we achieve

(∂t + L)

(
W − λ

2
u2
)

≤
(
K + (�H + 2ε)2

εγ

)
|∇vu|2 ,

and, recalling Lemma 4.1-(i), we reach

(∂t + L)W ≤ −
(

λ α0 −
(
K + (�H + 2ε)2

εγ

))
|∇vu|2 ∀t ∈ (0, 1] .

Here, we choose λ sufficiently large so that (∂t + L)W ≤ 0 for t ≤ 1. Now, W
is a bounded subsolution (since u ∈ L∞((0, T );W 1,∞(Rd))), so we can apply the
maximum principle to get

sup
t∈(0,1]

W (t) ≤ ‖W (0)‖∞ ≤ λ

2
‖u0‖2∞ .
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In view of (4.5), we have W ≥ cε

(
t |∇vu(t)|2 + t3|∇yu(t)|2), from which estimate

(4.3) follows. ��
Remark 4.3 At different steps, one may use some dissipativity property of DvB, DyB,
DyH (which enter in (ii)–(iv) of Lemma 4.1) in an attempt to improve the above
estimates. However, here we are just exploiting the smoothing effect in short-time, so
this seems unnecessary. In parallel, it could be interesting to understand under what
conditions on the drift terms an estimate such as (4.3) can hold globally in time.

Wenowobserve that aweightedversionofProposition 4.2 canbeobtained similarly.

Proposition 4.4 Let u ∈ L∞((0, T );W 1,∞(R2d))bea smooth solution of the equation{
∂t u − tr(A(v)D2

vvu) − κ �yu − H(v, y) · ∇yu + B(v, y) · ∇vu = 0

u(0) = u0 ,

where A(v) satisfies (4.1)–(4.2), B(v, y) fulfils (2.5), and H(v, y) satisfies (2.6)–(2.7),
and κ ≥ 0. Assume there exists some function ϕ ∈ C1,2([0, T )×R

2d) such that ϕ ≥ 1,

ϕ(t, v, y)
|(v,y)|→∞−→ ∞ uniformly for t ∈ (0, T ), and satisfies

(∂t + L)(ϕ2) ≥ −k0 , t ∈ (0, 1), v, y ∈ R
d , (4.8)

for some k0 > 0. Then, we have ‖u(t)‖L∞(ϕ−1) ≤ e
k0
2 t‖u0‖L∞(ϕ−1

0 )
for any t ∈ (0, 1],

and there exists C > 0, depending on α0, �A, �B, �H , γ, and k0, such that

|∇vu(t, v, y)|+t |∇yu(t, v, y)| ≤ C ϕ(t, v, y)
‖u0‖L∞(ϕ−1

0 )√
t

∀t ∈ (0, 1], v, y ∈ R
d ,

(4.9)
where ϕ0(·) = ϕ(0, ·).
Remark 4.5 In this result, the Lyapunov function ϕ may also depend on time, as we are
only concerned with short-time estimates. Indeed, given the linear growth of the drift
fields H and B, the function ϕ = eλt (〈v〉k +M), with 〈v〉 = √1 + |v|2, satisfies (4.8)
and the above conditions, provided that 0 < k ≤ 2 and λ, M are chosen sufficiently
large.

Proof Take L := ‖u0‖L∞(ϕ−1
0 )

, which means that L = sup
( |u0|

ϕ0

)
. We claim that

e−k0tW − λ

2
L2ϕ2 ≤ 0 for t ∈ (0, 1] ,

whereW is the function (4.4) built in Proposition 4.2. Of course, the above inequality
is true at t = 0 by definition of L and W . Next, we point out that

(∂t + L)

(
e−k0tW − λ

2
L2ϕ2

)
= −k0e

−k0tW + e−k0t (∂t + L)W − λ

2
L2(∂t + L)ϕ2

≤ −k0e
−k0tW + λ

2
L2k0 ,
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where we have used the subsolution property ofW and (4.8). If e−k0tW − λ
2 L

2ϕ2 has
a positive maximum, then we have e−k0tW > λ

2 L
2ϕ2 ≥ λ

2 L
2 at a maximum point,

which yields

(∂t + L)

(
e−k0tW − λ

2
L2ϕ2

)
≤ −k0e

−k0tW + λ

2
L2k0 < 0

there. This violates the maximum principle, showing that e−k0tW − λ
2 L

2ϕ2 ≤ 0 for
t ∈ (0, 1]. Hence,W ≤ ek0t λ

2 L
2 ϕ2, which gives the desired conclusions according to

the definition of W . ��

To conclude this section, we note that the above estimate allows us to extend the
well-posedness result of Theorem 2.3 to possibly unbounded initial data u0.

Corollary 4.6 Assume that (2.5) and (2.6)–(2.7) hold, and κ ≥ 0, T > 0. Letϕ(t, v, y)
be a function satisfying the assumptions of Proposition 4.4. Given u0 ∈ C(R2d) ∩
L∞(ϕ−1

0 ), there exists a unique viscosity solution u ∈ C([0, T ] × R
2d) ∩ L∞(ϕ−1)

of the problem (2.4). Moreover, for every t > 0, u(t) is locally Lipschitz continuous
and fulfils estimate (4.9).

Proof The existence follows by approximation. Precisely, if u0:=ξ ϕ0, for some
bounded ξ , then we consider the viscosity solutions un corresponding to the initial
data u0n = ξ(ϕ0 ∧ n). By Proposition 4.4, we have

‖un(t)‖L∞(ϕ−1) ≤ CT ‖u0n‖L∞(ϕ−1
0 )

≤ CT ‖u0‖L∞(ϕ−1
0 )

,

and then, by (4.9), we deduce uniform bounds for
√
t ‖∇vun(t)‖L∞(ϕ−1) and

t
3
2 ‖∇yun(t)‖L∞(ϕ−1). Henceforth, one proceeds as in the proof of Proposition 6.1
to deduce the compactness of un (in local uniform topology) and the convergence of a
subsequence towards a viscosity solution u. The uniqueness follows as in Proposition
6.1, replacing |v|2 with ϕ2 and using the supersolution property (4.8). ��

5 Improved long-time decay

Thanks to Proposition 4.4, we can now improve the long-time decay estimate of
Theorem 3.2.

Theorem 5.1 Assume that (2.5) and (2.6)–(2.7) hold, and κ ≥ 0. Let ϕ(v, y) be a
Lyapunov function (cf. Definition 3.1) fulfilling (3.4) and (4.8). In addition, we suppose

∫ 1

0
ϕ(sv + (1− s)ṽ, sy + (1− s)ỹ) ds ≤ c [ϕ(v, y) + ϕ(ṽ, ỹ)] ∀v, y, ṽ, ỹ ∈ R

d ,

(5.1)
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for some c > 0. Given u0 ∈ C(R2d) ∩ L∞(ϕ−1), let u be the viscosity solution of
(2.4). Then, there exist ω, K > 0 such that

|u(t, v, y)−u(t, ṽ, ỹ)| ≤ K e−ωt‖u0‖L∞(ϕ−1)(ϕ(v, y)+ϕ(ṽ, ỹ)) ∀t > 0, v, y, ṽ, ỹ ∈ R
d ,

(5.2)
where ω, K depend on �B, �H , γ, and ϕ.

Proof The strategy is to applyTheorem3.2 tou(t+1) and reach the result by estimating
[u(1)]θ with Proposition 4.4.Wefirst assume that u0 is bounded, so that u(t) is not only
bounded, but also Lipschitz for t > 0 (see Theorem 2.3). Next, we apply Proposition
4.4 (for t = 1), which gives, according to (5.1),

u(1, v, y) − u(1, ṽ, ỹ) =
∫ 1

0
{∇vu(1, sv + (1 − s)ṽ, sy + (1 − s)ỹ) · (v − ṽ)

+∇yu(1, sv + (1 − s)ṽ, sy + (1 − s)ỹ) · (y − ỹ)
}
ds

≤ C ‖u0‖L∞(ϕ−1)

∫ 1

0
ϕ(sv + (1 − s)ṽ, sy

+ (1 − s)ỹ)(|v − ṽ| + |y − ỹ|) ds
≤ C̃ ‖u0‖L∞(ϕ−1)[ϕ(v, y) + ϕ(ṽ, ỹ)](|v − ṽ| + |y − ỹ|) .

We also notice that if k0 satisfies (∂t + L)ϕ ≥ −k0, then ‖u0‖L∞(ϕ−1)e
k0tϕ is a

supersolution of the equation since ϕ ≥ 1. By comparison, we readily get

|u(t, v, y)| ≤ ek0 ‖u0‖L∞(ϕ−1)ϕ(v, y) ∀t ∈ (0, 1] . (5.3)

Thus, for a possibly different constant C̃ , we have

u(1, v, y)−u(1, ṽ, ỹ) ≤ C̃ ‖u0‖L∞(ϕ−1)[ϕ(v, y)+ϕ(ṽ, ỹ)] ((|v − ṽ| + |y − ỹ|) ∧ 1) ,

which implies
[u(1)]1 ≤ C̃ ‖u0‖L∞(ϕ−1) .

Finally, once we apply Theorem 3.2 to u(t + 1), we get (5.2) for t ≥ 1. However, up
to increasing the value of K , (5.2) also holds for t ∈ (0, 1] in light of (5.3). The case
when u0 is not bounded is obtained by approximation, as in Corollary 4.6. ��

Consequently, we deduce by duality our main result, which includes Theorem 1.1
for the case κ = 0.

Theorem 5.2 Assume that H , B satisfy (2.5), (2.6)–(2.7) and there exists a Lyapunov
function ϕ (cf. Definition 3.1) satisfying conditions (3.4), (4.8) and (5.1). Then, there
exist ω, K > 0 such that, for every initial data m01,m02 ∈ P1(R

2d) for which
ϕ ∈ L1(dm0i ), i = 1, 2, the corresponding solutions m1,m2 of (2.2) satisfy

‖m1(t) − m2(t)‖T Vϕ ≤ K e−ωt ‖m01 − m02‖T Vϕ , (5.4)

where ‖ · ‖T Vϕ is the norm of the total variation weighted by ϕ.
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Proof of Theorem 5.2 (and Theorem 1.1) We first observe that if ϕ ∈ L1(dm0i ), i =
1, 2, then we also have ϕ ∈ L1(dmi (t)) for all t > 0. This is established as in
the proof of Theorem 2.3, where we show that if the initial measure has finite k
moments, then the corresponding solution enjoys the same property at later times.
Setting m0 := m01 − m02 and m := m1 − m2, applying (2.8) to both solutions, and
subtracting, we obtain ∫

�

ζ dm(t) =
∫

�

u(0) dm0 ,

for every ζ ∈ Cb(R
2d), whereu is the solution of the backward problem (B) in (2.8). By

stability of viscosity solutions, standing on Corollary 4.6, and since ϕ ∈ L1(d|m|(t)),
the equality extends to the case ζ ∈ L∞(ϕ−1). Using that m0 has zero average, any
constant can be added to u(0). Then, it holds∫

�

ζ dm(t) ≤ ‖m0‖T Vϕ inf
c∈R ‖u(0) + c‖L∞(ϕ−1)

= ‖m0‖T Vϕ sup
z,z̃

|u(0, z) − u(0, z̃)|
ϕ(z) + ϕ(z̃)

≤ ‖m0‖T Vϕ K e−ωt‖ζ‖L∞(ϕ−1) , (5.5)

using Theorem 5.1, withere z = (v, y), z̃ = (ṽ, ỹ), and infc∈R ‖u(0) + c‖L∞(ϕ−1) =
supz,z̃

|u(0,z)−u(0,z̃)|
ϕ(z)+ϕ(z̃) follows from, e.g., [17, Lemma 2.1]. By arbitrariness of ζ , this

yields ‖ϕ‖L1(d|m|(t)) ≤ K e−ωt‖m0‖T Vϕ , which is the desired conclusion. ��
The result of Theorem 5.2 can also be rephrased as the decay of zero-average

solutions. Those solutions are meant in the sense of Corollary 2.5 (possibly signed
solutions). Hence, the proof of the result below works by duality, exactly as in (5.5).

Theorem 5.3 Assume the hypotheses of Theorem 5.2 are valid. Let m0 ∈ M(R2d) be
a zero-average measure such that ϕ ∈ L1(d|m0|). Let m be a solution of (2.2) in the
sense of Corollary 2.5, i.e., m ∈ C([0, T ];M(R2d)∗) and satisfies (2.8). Then, we
have

‖m(t)‖T Vϕ ≤ K e−ωt ‖m0‖T Vϕ ∀t > 0 ,

with K , ω as in Theorem 5.2.

5.1 Examples

Weconclude this section by giving amodel class of examples,with a specificLyapunov
function ϕ, for which the above theorem can be used. Precisely, we assume that

H(v, y) = v , B(v, y) = b(v, y) + ∇�(y) ,

where b is a Lipschitz function satisfying

∃ α, c0 > 0 : b(v, y) · v ≥ α |v|2 − c0 , b(v, y) · y ≥ −c0|y|(1 + |v|) , ∀v, y ∈ R
d ,

(5.6)
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and � ∈ W 2,∞(Rd) fulfils

∃ β, c1 > 0 : ∇�(y) · y ≥ β |y|2 − c1 ∀y ∈ R
d . (5.7)

Then, we can build a Lyapunov function for (2.4). Note that (2.5)–(2.7) are satisfied
by H and B as well.

Lemma 5.4 Suppose that (5.6) and (5.7) hold. There exist ε, δ > 0 such that

ϕ := �(y) + 1

2

(
|v|2 + 2εv · y + δ|y|2

)
is a Lyapunov function for the operator L satisfying (3.4), (4.8), and (5.1).

Proof We compute and estimate, by virtue of (5.6) and (5.7),

L[ϕ] = −d − κδd−κ�� − v · ∇�(y) − ε|v|2 − δv · y
+ b(v, y) · v + εb(v, y) · y + ∇�(y) · (v + εy)

≥ (α − ε)|v|2 − δv · y + ε(β|y|2 − c1) + εb(v, y)

· y − [d(1 + κδ) + c0+κ‖��‖∞]

≥
(

α

2
− ε

)
|v|2 + ε

(
β

2
|y|2 − c1

)
− δ2

2α
|y|2

− ε
c20
2β

(1 + |v|)2 − [d(1 + κδ) + c0+κ‖��‖∞]

≥
(

α

2
− ε − ε

c20
β

)
|v|2 + ε

(
β

2
− δ2

2αε

)
|y|2

−
(
d(1 + κδ) + c0 + εc1 + ε

c20
β

+κ‖��‖∞
)

.

We now take δ = ε and choose ε < 1 sufficiently small (only depending on α, β, and
c0) so that

α

2
− ε − ε

c20
β

≥ α

4
,

β

2
− ε

2α
≥ β

4
.

Then, we get

L[ϕ] ≥ α

4
|v|2 + ε

β

4
|y|2 − Cε , (5.8)

and, being ε < 1, we also have δ − ε2 = ε − ε2 > 0, which implies ϕ ≥ �(y) +
cε(|v|2+|y|2). Of course,we can assume�(y) ≥ 1without loss of generality (anyway,
� is bounded below due to (5.7)). In addition, we recall that ∇� is Lipschitz, thus
ϕ ≤ C(|v|2 + |y|2 + 1). Therefore, (5.8) yields that ϕ is a Lyapunov function, see
(3.1). Moreover, (3.4) is satisfied. As for (4.8), it is enough to observe that

1

2
L(ϕ2) = ϕL(ϕ) − (|∇vϕ|2 + κ|∇yϕ|2)
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and the right-hand side diverges at infinity, due to (5.8) and the quadratic growth of ϕ.
Finally, (5.1) holds since ϕ ∈ W 2,∞(R2d) (being the sum of a quadratic function and
� ∈ W 2,∞(Rd)), hence ϕ is semiconvex. Then, by using convexity only, (5.1) holds
for ϕ up to adding a quadratic function. Hence, this means that it holds for ϕ itself
because ϕ dominates a quadratic function. ��
Remark 5.5 We observe that the above lemma admits similar extensions to the case
of possibly more general functions H(v) = ∇�(v), for uniformly convex �, and
possibly superquadratic growth of the function �(y).

As a particular case, we can now deduce the exponential decay for the classical
Kolmogorov Eq. (1.2) from Theorem 1.1.

Corollary 5.6 Assume that b satisfies (2.5), (5.6) and � ∈ W 2,∞(Rd) fulfils (5.7). Let
m0 ∈ M2(R

2d) with
∫
m0 = 0, and let m be the solution (in the sense of Corollary

2.5) of (1.2) with B(v, y) = b(v, y) + �(y). Then, there exist ω, K > 0 such that

‖m(t)‖M2 ≤ K e−ωt ‖m0‖M2 . (5.9)

Proof Let ϕ be defined from Lemma 5.4. At infinity, ϕ is equivalent to |v|2 + |y|2, so
(5.9) can be rephrased as

‖m(t)‖T Vϕ ≤ K e−ωt ‖m0‖T Vϕ ,

which is exactly the estimate of Theorem 5.3. ��
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6 Appendix

In this appendix, we provide short proofs of the existence and uniqueness results for
problems (2.2) and (2.4). We start with the latter one.

Proposition 6.1 Assume that (2.5) and (2.6)–(2.7) hold, and κ ≥ 0. For any u0 ∈
Cb(R

2d), there exists a unique viscosity solution u ∈ Cb([0, T ] × R
2d) of (2.4).
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Proof The existence is given through vanishing viscosity. Indeed, if κ > 0 in (2.4),
then the existence of a unique (classical) solution is well known, due to the global
Lipschitz conditions (2.5) and (2.7) on the drift terms. Moreover, if u0 is bounded
and Lipschitz, then the solution is also bounded and Lipschitz, see, e.g., [27, Section
3]. For the general case (possibly degenerate), we consider a Lipschitz and uniformly
bounded sequence u0n of initial data, which converges to u0 locally uniformly, and we
take the solutions un corresponding to κ + 1

n . By the maximum principle, we have that
un is uniformly bounded. In addition, being un Lipschitz and smooth, according to
Proposition 4.2, we achieve that∇vun(t),∇yun(t) are uniformly bounded for t > 0. It
follows that the sequence un(t, ·) is equicontinuous. Now, applying [26, Lemma 6.2]
to u(t + ·, ·), we deduce that, for every compact set K ⊂ R

2d and ε > 0, there exists
δ > 0 such that ‖un(t + s) − un(t)‖L∞(K ) ≤ ε, for any s ∈ (0, δ) and any n, where
δ only depends on the local bounds of H , B, and un , and the equicontinuity of un(t).
In particular, by Ascoli–Arzelà theorem, the sequence un turns out to be relatively
compact, in the uniform topology, in [t, T ] × K , whatever t > 0 and compact set
K are given. Selecting compact sets K j exhausting R

2d and a sequence t j ↓ 0, by
a diagonal procedure, we can extract a subsequence unk converging to a continuous
function u locally uniformly in (0, T ) ×R

2d . Of course, from the previous estimates,
u is bounded and Lipschitz for t > 0. Using again [26, Lemma 6.2], and in view of the
local uniform convergence of u0n to u0, we also deduce that u is actually continuous
up to t = 0 and u(t) → u0 as t → 0. Thus, we have u ∈ Cb([0, T ] × R

2d), and, by
the stability of the viscosity formulation with respect to local uniform convergence,
we also get that u is a viscosity solution of (2.4).

To prove uniqueness, we use classical tools in the theory of viscosity solutions, so
we only sketch the argument. First of all, we observe that, due to the linear growth
of the drift terms B and H , the function eλt (|v|2+|y|2 + M) is a supersolution of
the equation, up to choosing λ and M sufficiently large. Therefore, for any small ε,
uε := u − εeλt (|v|2+|y|2 + M) and vε := v + εeλt (|v|2+|y|2 + M) are a strict
subsolution, respectively supersolution, being uε ≤ 0 and vε ≥ 0 outside of a suitable
compact set Kε. Thus, up to replacing u, v with uε, vε, we are reduced to proving a
comparison argument assuming that sup(u − v), if ever positive, would be attained in
some compact set, where the classical doubling method for viscosity solutions allows
to conclude. For the interested reader, we refer to [26, Proposition 6.1] for a similar
proof in a much more general context, with purely continuous data. ��

The next result shows that weak solutions of the Fokker–Planck equation are in
duality with the viscosity solutions constructed above.

Lemma 6.2 Assume that (2.5) and (2.6)–(2.7) hold, and κ ≥ 0. Let m0 ∈ M1(R
2d),

and let m ∈ C([0, T ];M(R2d)∗) be a weak solution of (2.2) such that m(t) ∈
M1(R

2d) and supt∈(0,T )

∫
R2d |z| d|m|(t) < ∞. Then, m satisfies (2.8).

Proof In what follows, we denote by z := (v, y) and set F := (B,−H) the drift term
in R

2d for the equation satisfied by m. We introduce a sequence ρδ(z) of standard
(compactly supported) symmetric mollifiers in R2d and set

mδ(t, z) = (m(t)�ρδ)(z) :=
∫
R2d

m(t, w)ρδ(z − w) dw .
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We also take a sequence of 1-d mollifiers ξε(t) such that supp(ξε) ⊂ (−ε, 0) and set

mδ,ε(t, z) = (mδ�ξε)(t, z) :=
∫ T

0
ξε(s − t)mδ(s, z) ds .

One can easily verify that mδ,ε satisfies the following equation

{
∂tmδ,ε − �vmδ,ε − κ�ymδ,ε − div(v,y)((m F)δ,ε) = ξε(−t)(m0)δ , in (0, T ) × R

2d ,

mδ,ε(0) = 0 in R2d ,
(6.1)

where (m F)δ,ε = (mF)δ�ξε. The fact that mδ,ε(0) = 0 is due to the decentered
choice of the time mollification. Since ξε is compactly supported in (−ε, 0), it follows
that mδ,ε(t) vanishes for t in a right neighborhood of zero, and we have

∫
R2d

mδ,ε(t, z)ψ dz =
∫
R2d

∫ T

0
(ξε(s − t) − ξε(s)) ψ mδ(s, z)dsdz

≤ cε t ‖ψ‖∞ , ∀ψ ∈ Cb(R
2d), ∀t > 0, (6.2)

for some constant cε only depending on ε.
We now consider the vanishing viscosity approximation of the backward problem,

namely, the unique classical solution of

{
−∂t un + L[un] = 1

n�yun in (0, t) × R
2d ,

un(t, v, y) = ζ(v, y) in R2d .

As the first step, we can take ζ ∈ Cb(R
2d) so that it is also a smooth Lipschitz function.

In order to exploit the duality between un and mδ,ε, we need to consider an auxiliary
cut-off function ηR(z) := η(z/R), for some smooth function η supported in {|z| ≤ 2}
and such that η ≡ 1 in {|z| ≤ 1}. Multiplying the equation of un by mδ,ε ηR and
integrating by parts (thanks to ηR), we get

−
∫
R2d

ζ ηR dmδ,ε(t) dz +
∫ t

0

∫
R2d

un

[
∂t − �v −

(
κ + 1

n

)
�y

]
(mδ,ε ηR) dzdτ

+
∫ t

0

∫
R2d

F(z) · ∇zun mδ,ε ηR dzdτ = 0 ,
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which yields, using the equation (6.1),

−
∫
R2d

ζ ηR dmδ,ε(t) dz +
∫ t

0

∫
R2d

F(z) · ∇zun mδ,ε ηR dzdτ

−
∫ t

0

∫
R2d

(m F)δ,ε · ∇z(unηR) dzdτ

+
∫ t

0

∫
R2d

un ξε(−τ)(m0)δηR dzdτ = 1

n

∫ t

0

∫
R2d

un(�ymδ,ε) ηR dzdτ

+
∫ t

0

∫
R2d

(
unmδ,ε

[
�v +

(
κ + 1

n

)
�y

]
ηR dzdτ

+ 2un

[
∇vmδ,ε∇vηR +

(
κ + 1

n

)
∇ymδ,ε∇yηR

])
dzdτ .

By letting R → ∞, we remove the cut-off function. This is justified by Lebesgue’s
theorem, using that un is bounded and Lipschitz and F(z)mδ,ε(z, t) ∈ L1((0, T ) ×
R
2d).1 In particular, all the terms with derivatives of ξR vanish as R → ∞. Then, it

holds

−
∫
R2d

ζ dmδ,ε(t) dz +
∫ t

0

∫
R2d

F(z) · ∇zun mδ,ε dzdτ −
∫ t

0

∫
R2d

(m F)δ,ε · ∇zun dzdτ

= −
∫ t

0

∫
R2d

un ξε(−τ)(m0)δ dzdτ + 1

n

∫ t

0

∫
R2d

un�ymδ,ε dzdτ .

(6.3)

We estimate, using the Lipschitz regularity of F and Proposition 4.2 for ∇un ,∣∣∣∣+
∫ t

0

∫
R2d

F(z) · ∇zun mδ,ε dzdτ −
∫ t

0

∫
R2d

(m F)δ,ε · ∇zun dzdτ

∣∣∣∣
=
∫ t

0

∫ t

0
ξε(s − τ)

∫
R2d

∫
R2d

nablazun(τ, z)

· [F(z) − F(w)]ρδ(z − w) dm(s, w) dw dz ds dτ

≤ c δ

∫ t

0

∫
R2d

τ− 3
2mδ,ε(τ, z) dzdτ ≤ c̃ε δ ,

(6.4)

where the last inequality comes from (6.2). Now, we pass to the limit in (6.3). Specif-
ically, we first let n → ∞ (so that the last term vanishes since mδ,ε is smooth),
exploiting the uniform convergence of un . Secondly, we let δ → 0, at fixed ε, using
estimate (6.4). We thus obtain

∫
R2d

ζ dmε(t) dz =
∫ t

0

∫
R2d

u(τ ) ξε(−τ)dm0 dzdτ .

1 Thanks to the Lipschitz character of F and supt∈(0,T )

∫
R2d |z| d|m|(t) < ∞. Indeed, we have

|F(z)mδ,ε(z)| ≤ C[((1 + |z|)|m|)�ρδ]�ξε
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Finally, we let ε → 0, using the continuity of u(t) (recall that u(t) → u(0) locally uni-
formly), the continuity of m(t), and the fact that m has finite first moment. Therefore,
(2.8) holds for any ζ ∈ Cb(R

2d) and the (unique) viscosity solution corresponding to
ζ . ��

In light of the above lemma, we conclude with the proof of Theorem 2.3.

Proof of Theorem 2.3 Item (i) was proved in Proposition 6.1. As for the Fokker–Planck
equation, the uniqueness is a straightforward consequence of Lemma 6.2 whenever
m(t) ∈ M1(R

2d) for t ∈ [0, T ] and supt∈(0,T )

∫
R2d |z| d|m|(t) < ∞. Indeed, if

m0 = 0, then (2.8) implies
∫
R2d ζdm(t) = 0 for any t . Here, any ζ ∈ Cb(R

2d) is
allowed, due to the solvability of the adjoint problem, which is guaranteed by item (i).
Hence, m(t) = 0.

If m ∈ C([0, T ];P(R2d)), then we do not need to assume a priori that m has finite
first moment. We now show this fact. Simply using the weak formulation and the time
continuity of m, we have

∫
R2d

φ(t, v, y) dm(t) +
∫ t

0

∫
R2d

(−∂tφ + L[φ]) dm(τ ) dτ

=
∫
R2d

φ(0, v, y) dm0 ∀φ ∈ C1,2
c (Qt ), t > 0. (6.5)

We wish to remove the condition that φ has compact support in R
2d . We set 〈z〉 :=√

1 + |z|2 and take a real-valued, cut-off function ξ(s), supported in {|s| ≤ 2} and
such that ξ ≡ 1 in {|s| ≤ 1}. Then, we replace φ with φ ξR as a test function in (6.5),

where ξR(z) := ξ
( 〈z〉

R

)
and now φ ∈ C1,2(Qt ) is assumed to be nonnegative, but

does not need to be compactly supported in R2d . We achieve

∫
R2d

φξR dm(t) +
∫ t

0

∫
R2d

(−∂tφ + L[φ]) ξR dm(τ ) dτ =
∫
R2d

φ(0, v, y) ξR dm0 + oR(1) ,

where oR(1) is a quantity converging to zero as R → ∞, since it involves the deriva-
tives of ξR , which vanish uniformly as R → ∞, whilem has finite mass. Notice that if
φ = eλ(T−t)(〈z〉k +M), then one can verify that (−∂t +L)[φ] ≥ c 〈z〉k ≥ 0 in (0, T ),
by choosing λ and M large enough, and the same holds replacing 〈z〉k with 〈z〉k ∧ n,
for any fixed n ∈ N. Thus, as long as ϕ is truncated, we can let R → ∞ obtaining

∫
R2d

(〈z〉k ∧ n) dm(t) ≤ C eλt
∫
R2d

〈z〉k dm0 .

This yields
∫
R2d |z|kdm(t) ≤ CT

∫
R2d (1 + |z|k) dm0 for all t ∈ (0, T ). In particular,

we have established that if m0 has k finite moments, then any nonnegative solution
m(t) has k finite and bounded moments in (0, T ). This concludes the proof of the
uniqueness statement of Theorem 2.3. We also note that, using the above estimate on
the moments, one can prove that m is continuous from [0, T ] into P1(R

2d).
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We are only left to show the existence of at least one solution, which we construct
by vanishing viscosity limit. Assume that m0 ∈ P(R2d) has k finite moments. Let mn

be the unique (classical) solution of (2.2) when replacing κ with κ + 1
n . By the above

estimate, we know that∫
R2d

〈z〉k dmn(t) ≤ CT

∫
R2d

〈z〉k dm0 ≤ C , (6.6)

which gives uniform bounds for the kth moments of mn . With standard argu-
ments, see, e.g., [26, Lemma 6.3], one can prove that mn is relatively compact in
C([0, T ];P(R2d)), and, up to a subsequence, it converges to a weak solution m. In
addition, m(t) ∈ Mk(R

2d) for every t ≥ 0. For a general signed measure m0, of
course, we reason by splitting m0 = m+

0 − m−
0 and obtaining a solution for both the

negative and positive parts. ��
Proof of Corollary 2.5 If m0 ∈ P(R2d) ∩ Mk(R

2d), then it can be approximated by
a sequence m0n of initial data belonging to P1(R

2d) that have k uniformly bounded
moments. Reasoning as in the previous proof, the corresponding sequence of solu-
tions, mn , satisfies a uniform estimate such as (6.6), and it is relatively compact in
C([0, T ];P(R2d)). A subsequence thus converges to somem, and since equality (2.8)
holds formn , passing to the limit, we get it form aswell. This result extends to any non-
negative measurem, and, for a generalm0, one can reason by splittingm0 = m+

0 −m−
0

to construct a solution. Finally, the uniqueness is a straightforward consequence of
(2.8) because the adjoint problem is solvable for all ζ ∈ Cb(R

2d). The preservation of
positivity follows from the adjoint problem, and the conservation of mass is obvious
being u = 1 the only viscosity solution corresponding to ζ = 1. ��
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