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ABSTRACT: We construct a three-parameter family of smooth and horizonless rotating
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geometry terminates on a smooth five-dimensional cap, and it displays neither ergoregion nor
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twist. We discuss the propagation of particles and waves showing that geodetic motion is
integrable and the radial and angular propagation of scalar perturbations can be separated
and described in terms of two ordinary differential equations of confluent Heun type.

KEYWORDS: Black Holes, Black Holes in String Theory, Supergravity Models

ARX1v EPRINT: 2504.12235

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP01(2026)046


https://orcid.org/0000-0002-7591-3870
https://orcid.org/0000-0001-7018-5133
https://orcid.org/0000-0002-6948-9751
https://orcid.org/0000-0003-3253-8385
mailto:bianchi@roma2.infn.it
mailto:dibitetto@roma2.infn.it
mailto:morales@roma2.infn.it
mailto:ruiperez@roma2.infn.it
https://doi.org/10.48550/arXiv.2504.12235
https://doi.org/10.1007/JHEP01(2026)046

Contents

1 Introduction 1
2 M- and string origin of static Topological Stars 2
2.1 Non-BPS deformations of M-branes 3
2.2 M-theory embedding of a magnetic Topological Stars 4
2.3 1IB embedding of a dyonic Topological Stars 5
3 Rotating Topological Stars 6
3.1 The solution 6
3.2 Rotating black strings 9
3.3 Rotating Topological Stars 10
3.4 Extreme rotating black strings 15
3.5 Five-dimensional charges 16
3.6 Four dimensional charges 17
4 Geodetic motion 19
5 Scalar perturbations 23
5.1 rg=rp case 25

1 Introduction

Deciphering the intime structure of black holes (BHs) is one of the most fascinating and active
endeavours in the quest for a quantum theory of gravity. One of the most credited proposals [1],
motivated by String Theory, posits the absence of both the horizon and the curvature
singularity. In this framework, BHs are viewed as statistical ensembles of microstates, known
as fuzzballs, that may include smooth and horizonless geometries with the same asymptotics
as the putative BH. Given the existence of no-go theorems in four dimensions [2], microstate
geometries are typically built as solutions of five or higher-dimensional gravity theories,
blowing up near the would-be horizon, see [3—8] for a few examples within this class.

A particularly simple class of solutions, that may be viewed as a “caricature” of spherically-
symmetric fuzzballs, are known as Topological Stars [9-12] (Top Stars or TS for brevity).
TS are static, smooth and horizonless solutions of five-dimensional Einstein-Maxwell theory
supported by fluxes. Several dynamical properties of these solutions have been studied in the
recent literature [13-21], including their linear stability, deformability, echoes due to late-time
emission of (scalar) waves (as a proxy for gravitational waves) and radiation losses in the
Self-Force approach, both for bound and unbound orbits.

Given the wealth of data that the LIGO-Virgo-KAGRA collaboration is collecting, and
the one expected from the next generation of both ground-based and space-based experiments,
one may envisage the possibility in the near future of being able to discriminate black
holes from fuzzballs or other Exotic Compact Objects (ECO) from their gravitational-wave



signals [8, 22-27]. For this reason it is urgent to find smooth horizonless counterparts of
Kerr BHs in the simple-minded (‘caricature’) version of the fuzzball proposal for compact
rotating objects.

The aim of the present investigation is to built a class of smooth horizonless solutions
of minimal supergravity in five dimensions carrying non-trivial angular momentum in four-
dimensions after reduction on a compact circle. A three parameter family of solutions of
this theory parametrized by a mass, a rotation parameter a and a duality phase was found
in [28]. Here we consider solutions obtained from this family by analytic continuation to the
imaginary branch where a? < 0. The resulting solution, parametrized by three real numbers,
rs, 7y and a? interpolates between the static TS solution at @ — 0, and the Kerr BH at r, — 0.
We find that for specific choices of the parameters the BH curvature singularity can be
hidden inside of a cap where space terminates. Moreover, for quantized choices of the angular
momentum parameter, in the branch where a? < 0, the resulting geometry is horizonless and
smooth everywhere. The solution asymptotes to R x S up to a freely acting Zg4 orbifold
twist acting on both the azimuthal angle and the appropriate circle coordinate. The order
of the orbifold ¢ turns out to be determined by the quantized angular momentum. We will
refer to this solution as “Rotating Topological Star” (RTS for brevity).

We will study the properties of RTS, their reduction to four dimensions, and their
embedding in String theory as ‘harmonic superpositions’ of three stacks of M5-branes in
M-theory or, as bound-states of KK-monopoles and D1-branes and D5-branes in Type I11B
superstring theory. We will also briefly discuss the propagation of scalar and gravitational
waves in the RTS geometry. In particular we show that, like in the Kerr case, the scalar wave
equation can be separated into two ordinary differential equations of confluent Heun type.

The plan of the paper is the following. In section 2 we discuss the M- and String origin of
static Top(ological) Stars (TS). In section 3, we introduce the relevant supergravity solutions
and determine the conditions under which the geometry is horizonless and smooth. We show
that no ergoregion is present in the RTS regime, and then discuss the reduction to four
dimensions and compute the mass, charges and angular momentum, which turn out to be
incompatible with the BH regime. In section 4 we discuss geodetic motion, showing that it is
integrable and identifying the light-rings in the equatorial plane. Finally, in section 5 we study
scalar wave perturbations and show that both the angular and radial dynamics are governed
by Confluent Heun Equations (CHE’s) that can be related to quantum Seiberg-Witten curves
for N'= 2 super Yang Mills (SYM) theories with three fundamental hyper-multiplets. We
also discuss the extremal limit r, = rs.

2 M- and string origin of static Topological Stars

The goal of this section is to discuss an embedding in string/M- theory of static topological
stars (see also [10, 29] for related results). Let us first consider the Einstein-Maxwell action
in five dimensions,
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where k2 = 875 denotes the five-dimensional gravitational coupling constant and Fg) =
dA(y). A solution of this theory, found by Horowitz and Strominger in [30], is the following:

dr?

2 _ 2 2 2 s 2 2 2
ds? = = fo()d* + TS (46 + sin? 0dg?) + fi(r)dy?, )
Ay =P cosfdg,
where
r=(1-2), am=(1-2). (2.3
and
pP? = 3rsTp. (2.4)

In the regime r4 > 75, which was the one originally studied in [30], the solution describes a
magnetically-charged black string. The limiting case ry = r, represents an extremal black
string, which displays an AdS3 x S? near-horizon geometry. The analysis of the solution
in the regime r, > r, has been recently addressed by Bah and Heidmann in [9], where it
has been shown to correspond to a smooth horizonless soliton, called ‘Topological Star’ or
Top Star (TS) for brevity.

There exists also an electric version of the Topological Star, where the metric (2.2) is
instead supported by the electric two-form charge

B(Q) = g dt Ady, (2.5)

solving the Einstein equation describing gravity minimally coupled to the three-form field
strength H3) = dBs
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The solution we have just presented can be obtained from three-charge configurations
consisting of non-extremal brane systems in string or M-theory, upon a suitable identification
of the charges. These can be viewed as dyonic solutions of minimal supergravity, obtained by
identifying the three U(1) gauge fields of the STU supergravity model in five dimensions [31],
thus extending in the bosonic sector Einstein-Maxwell (EM) with a Chern-Simons (CS) term.
Denoting by @; and P;, the corresponding electric and magnetic charges with respect to the
three U(1) gauge fields of the STU model, Einstein equations require

3

Y (PP +Q7) = 3ramy. (2.7)

i=1
We start by reviewing the non-extremal deformations of BPS M-branes, and then we discuss
in turn the embedding of electric and magnetic TS in string/M-theory.
2.1 Non-BPS deformations of M-branes

In this section we review two different non-extremal deformations of BPS M-branes. An
analogous story applies, mutatis mutandis, to D-branes in string theory as well. We start



by considering a BPS Mb-brane described by the following eleven-dimensional supergravity
solution [32, 33],
ds}y = H™Y3ds2,; + H?/3 (dr? + r2ds2,) | 28)
2.8
A(G) = (H_l - 1) volp1,s ,
where H is a harmonic function on the transverse R® and d5§4 is the metric of a unit S*.
Demanding spherical symmetry,

Q
H:1+T—§. (2.9)

The first way to make the above M5 become non-extremal is to add a blackening factor,

Wy = 1—%, (2.10)
with w; > 0 through
ds?, = H-'/3 (=Wy dt? + ds%@) + H?/3 (% + T2d5%4) , 2.11)
Ay =7 (H™' =1)volgis,
with vy = /1 + & the off-extremality parameter. A second way of going non-extremal
is to add a cap-off factor,
Wgzl—%, (2.12)
still with we > 0. The solution is modified as follows
ds?, = H™3 (Wady? + dsk, ) + HY? (dWTz + r2ds%4) : (2.13)

A(ﬁ) = Y2 (H_l — 1) volp1,s ,

where v = , /1 + % the off-extremality parameter. Note that in this case space terminates

/ 3, provided that the y coordinate be compact. It is worth noticing that, both

at r = w%
non-extremal Mb5-branes are obtained by replacing the eleven-dimensional flat space where
the M5 branes live in with (Euclidean) Schwarzschild-Tangherlini (ST) Ricci-flat geometries:
STy 5 x RS, for the former, or R x ESTg, for the latter. We will show that both of these
non-extremal deformations may be performed simultaneously in three-charge brane systems,

just at the price of slightly modifying the ansatz for the flux.

2.2 M-theory embedding of a magnetic Topological Stars

Let us consider the intersection of three mutually orthogonal M5-branes as shown in table 1.
The corresponding 11d supergravity solution reads

o p—1/3,7-1/3 1, —1/3 9 9 2/3,,2/3 ,,2/3 [ dr? 219
dsty = Hy VP Hy P HT (W - Waay?) + B P HY (  rast,
1Wa

+H, P Hy P (Hy ds?y + Hydst, + Hids?) |

F(4) = ('71 QIVOIT% + 79 QQVOng + 73 QgVOng) A VOISQ ,
(2.14)



branes | t y |2t 2?2 2 ozt 2 S| 0 ¢
M5, _ _ . .- -
M>5s — — - - . .-
Mb3 — - - - - =
~ =~
Wi W

branes | t y |zt 2?2 2 2t 2| r 6 ¢
KKbp | — - |- = = = so
D1 — —
D5 — - l=- - = =
~ =~
Wi Wo

Table 2. (Non-)extremal KK5-D1-D5 intersection.

where

H=1+9 21923 w,=1-% 412, (2.15)
T T

with ~;, = \/(14-21211) (l—l-gi) .

When W; = Wy = 1, the system is 1/8 — BPS, with near-horizon geometry AdSz x S2
preserving eight real supercharges.
To obtain the TS, we identify Q1 = Q2 = Q3 = @, leading to

dr?
2 _ -1 2 2 2
dsty = H™ (=Widt? + Wy dy?) + H <W1W2

+ r2d5§2> + dsZs (2.16)
with H = 1+ % = H; = Hy = Hs. The metric in (2.16) is the direct product of the
TS metric (2.2) and a six-torus, upon identifying r, = @ 4wy, 1y = @ + wo, and sending
r—=r— @, that we will henceforth continue to denote by r. The metric is supported by
the magnetic charge P? = 3r,r,. We stress that thanks to the identification of the charges
Q. and thus of the harmonic functions H, the six-torus completely factorizes from the rest
and has fixed volume/radii.

2.3 1IB embedding of a dyonic Topological Stars

The type IIB brane picture of a dyonic T'S may be obtained from the previous M5 intersection
by a chain of dualities. In particular, we first reduce on S;G to obtain an NS5-D4-D4
intersection in type IIA. Subsequently, we perform three T-dualities along z>%° to get the
IIB setup depicted in table 2.



The corresponding IIB supergravity (string frame) solution reads

2
ds?y = Hy V2H; V2 (CW e 4 Wady?) + HY2HY2H, (-9 42,
W1Ws
—1—H11/21L[21/2H3_1 (dz® 4+ v3 Q3 0039d¢)2 + Hll/zHgl/stTz; ,
P H11/2H;1/2, (2.17)
C(g) =7 (Hl_l — 1) dt Ady,
0(6) = (Hz_l — 1) dt A dy A volpa ,
where
H=1+9 21923 w,=1-% 412, (2.18)
r r
. w1 w2
with ~; = (1+) (1+) .
\/ Qi Qi
1,2,3,4,5

The D1-branes are smeared along the directions x , while the D5-branes are smeared
along the direction x°, the isometric direction for the KK monopole. When Wy = Wy = 1, the
system is 1/8 — BPS with near-horizon geometry AdS3 x S? preserving eight real supercharges.

The TS metric (2.2) is obtained again identifying the three charges Q1 = Q2 = Q3 = Q,
dimensionally reducing along the T* and z°-directions, setting r, = @ 4wy, rp = @ + ws, and
sending r — r — Q The metric is now supported by a magnetic charge P? = r,r, coming
from the KK gauge field with charge y3Q3 and the two two-forms descending from the RR
C(2) and C(g) potentials carrying a total electric charge Q? = 2rsry. As before, thanks to
the identification of the charges ), and thus of the harmonic functions H, the four-torus
completely factorizes from the rest and has fixed volume/radii, while the x° circle with

constant radius is fibered over the five-dimensional TS base space due the KK monopole.

3 Rotating Topological Stars

The goal of this section is to study solutions of minimal supergravity in five dimensions
describing rotating topological solitons, to which we refer as Rotating Topological Stars (or RT'S
for brevity). Our conventions are such that the bosonic action of minimal supergravity [34]
is given by

1 1
S = 22 / dPz/—g <R = " = Meﬂ”P“FWFWAA> , (3.1)
where 9% = ——L- and Fl, = 0,4, — 0,4,

3.1 The solution

The starting point is a three-parameter family of solutions of (3.1) constructed by Compere,
de Buyl, Jamsin and Virmani in [28] by using a solution-generating technique exploiting Go
dualities arising from reductions from five to three dimensions. A solution in this family is
obtained from a Kerr black string of mass m and rotation parameter a, by acting with a Go



transformation parametrized by a duality phase §. A more symmetric parametrization of
the general solution can be obtained by introducing the following quantities,

7, = 2msinh? 4§, 7 = 2mcosh? 4, a? =a?—d}, (3.2)
which are subject to the following constraint
reay =rpa’. (3.3)

In terms of these parameters and the variables y = cosf and r = r + rp the solution

CdBJV
of [28] can be written as:

2 2 2
9 rsT 2, TyT dr dy
= (1-= 4, 1— 2 —p, 2=
ds ( S +r rba522>dt < > rrbab22>dy + (A +1_X2>
2

— 42 2 2(1—x?
1—x (7“2 + a2) —a? (1 _ X2> A+ rgmp GQT(lzx)} d¢2 + 2rsrp asab% dtdy

by
1— 2 2 2
-2 > lrsas (r—rba )dtd¢—rbab (r—r5a>dyd¢

A:m%(asdt— (r2+a2) d¢—abdy) ;

+

(3.4)
where
Y =r?4a?x?, A=(r—ry)(r—m)+ad>. (3.5)

Note that the a — 0 limit of (3.4) boils down to the static Horowitz-Strominger black
string [30] in (2.2) when rg > r}, or to the Bah-Heidmann Topological Star [9] when r, > rg. A
first advantage of the parametrization we are using is that now the solution can be analytically
continued for all values of 75 and 7y, which is precisely what we need to do in order to describe
a rotating topological soliton. As a bonus, it makes explicit the symmetry of the metric
under the following transformations,

(t,y) « (iy,it) , (rs,rp) < (rp,7s) , (as,ap) < (iap,ias) , (3.6)

which keep the metric and gauge field real. As in the static case, the solution (3.4) can be
viewed as a superposition between a Lorentzian and a Euclidean Kerr solution, supported by
a magnetic flux. Indeed, Lorentzian, Euclidean Kerr and the static black string/Topological
Star solutions all appear as different limits of (3.4):

o 1y =1, =0: R" written in oblate coordinates.

o 1y =ap = 0: Kerry x S; (Schwy x S, when a, = 0).

e 75 =as =0: EKerry x R; (ESchwy x R; when a;, = 0), [35, 36].
o a5 =ay = 0,75 > rp: Horowitz-Strominger black string [30].

o a5 =ay = 0,1, > s static Bah-Heidmann Topological Star [9].
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Figure 1. Different regimes of the solution in terms of the dimensionless ratios ry/rs & as/rs. The
static case is recovered by projecting onto to = 0, while the usual Kerr string case correponds to the
t; = 0 line. The black string and naked singularity regimes are separated by an arc of parabola setting
the bound on the rotation parameter as as to avoid over-rotation. The extreme black string plays the
role of a triple point in the phase diagram.

In what follows we consider the case in which none of the parameters r; and a,; vanishes, and
investigate the different regimes of the solution. The latter fall into three classes, depending
on whether space terminates on a curvature singularity (naked or surrounded by a horizon)
or a smooth cap. Denoting by r1 the roots of A(r), we find

N2
Ti:?"bg—?"s :l:\/<rb2rs> —a?, (3.7)

recalling that

2 2
b r a‘r a‘ry
a2:a§—a§:a§<1—):—a§<l—s> or a?=— o af=— . (3.8)
Ts b Th—Ts Th— T

Then, we have that a? is positive for r5 > r,. This corresponds to the case studied in [28],
in which space ends on a curvature singularity, either naked or surrounded by two horizons
at 74, according to the sign of the quantity under the square root. For r, > 75, instead, we
show below that the geometry smoothly ends at r, which now represents a cap instead of
an event horizon. Thus, the solution in this regime describes a horizonless topological soliton.
A concise summary of the different classes of solutions is the following (see figure 1):

o Naked singularity (NS): s > 75, a® > (2572)2.
« Rotating black string (RBS): 7, > 75, 0 < a® < (T57)2.
« Rotating Topological Star (RTS): 7, > 7, a® < 0.

« Extreme rotating black string (ERBS): 75 =13, a? = 0.



Because of the constraint (3.3), the general solution has only three independent parameters,

which can be taken to be rg, 7, € [0,00), and one between a?, a2, ai € (—00,0). Moreover,

9 S
in the BS and RTS, where ry are real, the general solution can be alternatively described
in terms of rg, 7, and ry. The explicit expression of the rotation parameters in terms of

these variables is

__¢04—TQU+—TQ%b
Qs =

Ty —Ts

, a? =~ (ry =) (ry —75) - (3.9)

Let us study in more detail the RBS and RTS and briefly comment on ERBS at the
very end.

3.2 Rotating black strings

This case has been already analyzed in [28], so we keep the discussion brief. Our goal here is
to emphasize those aspects which will be useful when studying the solution in the topological
soliton regime. As already stated, the rotating black string regime corresponds to

N2
rs > Ty, 0<a®< (7452%) , (3.10)

which together with (3.7) implies
re > Ty > Ty (3.11)
The hypersurface r = r4 is a Killing horizon for the following Killing vector,
C=0+¢"0,+¢" 0y, (3.12)

where

C¢ _ Ts—T4 _ \/(rs_""b) (TS_TJr) Cy _ _ W TsTT+ ——— (”7)3/2 Ts7h+ . (313)

’ -
Qs Ty r3 (re—mp) AsTsTH—Tp Te =T}

To study the geometry near the horizon, it is convenient to introduce the coordinates
t=t, b=¢—(%t, g=y—Ct, 2 =4(r—ry), (3.14)

in terms of which the above Killing vector becomes simply ¢ = 0;. The metric at leading
order in o is given by!

d$2 _ E'ﬁ‘

2 2172 2 2
= — [ — dt“ +d —i—d” 3.15
2T+—rb—rs< e Q) SHo ( )

2 (rs —13) (214 — rp — 14)° (3.16)

A — )

'We ignore the mixed components gz and ggz, which vanish in the ¢ — 0 limit.



is the square of the surface gravity and

o Srd | (=X Fu(x) [+ Gu (x) -2
GhET et Dy o) (3.17)
2rp, (1 — x - —Ts 5 dd |
" Tp (gi X )\/Tb (ry rbrb_) £:+ rs) [Ti — (ry — 1) (ry _TS)X2i| djdé

is the induced metric at the horizon. The functions Fy and Gy are explicitly given by
rerpry (ry —mp) (ry —rs) (1= x?)
DI ’ (3.18)

Gu(x) =13y (rs — 1) =y (r — 1) (roe —75) (T 1y — T4 75 — 75 13) X7

Fy(x) = (rorp+rprs —rg rb)2 —

The near-horizon metric (3.15) is Rindlery x S? x S'. The Rindler factor (which characterizes
the near-horizon geometry of non-extremal black holes) is parametrized by the coordinates ¢
and p; slices of the horizon at constant ¢ have S? x S' topology, with the S! being parametrized
by the coordinate y, which is assumed to be compact. The S' never shrinks outside the
horizon, and has finite size at infinity, where the solution tends to R13 x S'. We conclude
by observing the following property,

Fy (£1) =32 (£1), (3.19)
which ensures regularity of the metric (3.17) at the poles of the S2.

3.3 Rotating Topological Stars
Next, we consider the topological soliton regime,
Ty > T = a®<0. (3.20)
Taking into account (3.7), the above implies
T >Tp > Ts. (3:21)

Contrarily to the RBS case, the hypersurface » = r, no longer corresponds to an event
horizon, but rather to the locus where an S! shrinks to zero size, as we now show.

Regularity at the cap. Consider the Killing vector
E=0,+&%0,+¢6 0, (3.22)

where

ap Ty ’ B

€¢:_r+—rb:_\/(r+—rb)(rb—rs) ¢ QT T+—rb:r§/2(r+—rb) (3.23)
r3(ry —rg) apTy T4 —Ts 7“2/2(7"+ — )

This is proportional to the generator of the horizon in (3.12) and (3.13),2 which makes it
evident that its norm also vanishes at r = ry,

9", = 0. (3.24)

2We note, however, that the proportionality constant vanishes in the static limit, where we already know

that they are not proportional to each other.
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Contrarily to the black string case, £ is spacelike rather than timelike near » = ro. This fact,
together with the symmetry (3.6), strongly motivates us to introduce the following coordinates,

t=t—¢y, ¢ =0y, v =y, o =4(r—ry), (3.25)

which are adapted to the isometry generated by &. In terms of them, this Killing vector
simply becomes { = 0, and the metric near the cap, at leading order in o, becomes

b 0°
ds? = — =t [ de® + = dy? | +ds? 3.26
s 27"+—7“b—7's<g+72 vu) e ( )
with 3/
N 2r) " (ry — 1) (3.27)
Ve —71s(2ry —rp— 1)’
and
G (X) 2 E-i— dX2 (1 - X2) Fca (X) 2
ds?, =—[1—- —S2 )4t P22 d¢’
Scap ( (Tb — 7"3) 23— + 1 — X2 + E+ (b

(3.28)

2 (1= ¢ rs (ry — 1) (ry — 1) [ri — (e — 1) (ry — 1) X?] dt’d¢’,

21 Ty —Ts
is the induced metric at the cap, which has R x S? topology. The functions Feap(x) and
Geap(x) are given by

2 sty (re —mp) (re —1s) (1 - X7
Yy " (3.29)
Geap(x) = r‘i rs(ry —1s) 75 (1 —13) (1 —18) (rmy — 4 s F 1 7) X2

Feap (X) = Fr(x) = (rems + 1y mp — 7573)

and coordinates are subjected to the global identifications

(@, y') ~ (¢ +2m,y) ~ (¢, + 27Ry), (3.30)

The two dimensional metric along the (p,’) plane is flat near the cap, and it exhibits in
general a conical singularity at the origin with excess/defect angle 27r(Rly —1). Although a
general choice may lead to interesting scenarios as well, see for example [37] for applications
of excess/defect conical singularities to black hole formation, here we restrict ourselves to
the regular case, so we take

2r2/2 (ry —rs)

pr— = . ].
Bv=r= = —n-m) (331

The asymptotic geometry. Having analyzed the geometry near r = r,, let us consider
3

now the geometry at infinity. The metric (3.4) always asymptotes to flat spacetime,

ds? = —dt® 4+ dr? + 2 <d92 + sin? 9d¢2) +dy? +. (3.32)

31t is meant that the metric asymptotes to a spacetime with vanishing Riemann curvature. We further
remind that the Zg-orbifold acts freely on the five-dimensional geometry.

— 11 —



where the dots denote subleading terms in the r — oo limit. Contrarily to what happens for the
RBS, the coordinates t, ¢, y now satisfy twisted periodic identifications, inherited from (3.30),

(t:6,9) ~ (£, +2m,y) ~ (t+27R, €', + 27 R, €,y + 2R, ) | (3.33)

involving also the time coordinate. This can be remedied by boosting the solution along

the y direction with velocity &**

t— ¢ — &'

il 0 el .0 (3.34)
/1 — §t2 /1 — €t2

that leaves invariant the asymptotic metric (3.32). Notice that &, given in (3.23), satisfies

0 < &' < 1 in the soliton regime (3.21). The identifications (3.33) now become

t=

<

(0,9) ~ (¢ +2m,7) ~ <<b + 2w Ry €2, + 2 Ry\ /1 — 5’52) . (3.35)

Moreover, in the new coordinates the Killing vector (3.22), whose orbits generate the S*
shrinking at » = r4, can be written as a linear combination of the two compact isometries

The identifications (3.35) become untwisted if the product R, £? is an integer number.
Unfortunately, this condition does not admit real solutions in the rotating case. The best can
be done, is to assume that the product is a fractional number, so we require that

h
R, € = — (3.37)

where h and ¢ are co-prime integers such that ¢ > h > 0. This condition ensures that we
come back to the same point after going ¢ times along the g-circle. It is also equivalent to
demanding that the orbits of { are not dense in the torus generated by d; and J, [38]. As
a result, the asymptotic geometry is given by the orbifold (R x S')/Z,, where Z, acts
freely as a rotation on R'3 accompanied with a shift or order ¢ along S'. More precisely,
the action of Z, is such that

orh  27R
g+ Sl), (3.38)

q q
where

Rg1 = qRy\/1 — €12, (3.39)

Alternatively, one can relax the condition R, =~ and allows for a conical singularity at the
cap. For this choice, using (3.27) and (3.37) one finds in general an excess/defect angle ratio

Ry _h [1+”ﬂ

=_ 3.40
T2 T+ =T (340)

“We notice that the same happens for the solitons studied in [4], where the authors first introduce an
arbitrary boost parameter and then fix it by imposing the time coordinate does not shift. We thank Enrico
Turetta for pointing to us the similarity between our analysis and that of [4], and to Stefano Giusto for
correspondence on this point.
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Figure 2.

as a function of ;—b for different values of %.
S

In particular for ¢ = 1, where the orbifold acts trivially and five dimensional geometry
factorizes as R3! x S! the right hand side of (3.40) is always bigger than one in the RTS
regime r; > 1 > ry leading to an excess conical singularity at the cap. In the remaining
of this work, we will always assume that the cap is smooth, so the ratio in (3.40) is simply
one. We notice that this requirement (3.37) boils down to a quantization condition on
the angular momentum,

2 _ h2(ry —75)?

= h . 3.41

Finally, plugging this into (3.39), one finds the following constraint relating Rgi1, s and 7:
3 3
cyTp —Cor

R%2, = —fb "—'s 3.49

S1 — ) ( )

where

et =2¢° —h? +£2/q% — h2. (3.43)

In the static case h = 0, (3.42) correctly reduces to the result in [9], namely
47“?

bers'

Ry = (3.44)

We notice that Rgi|p,—0 has an absolute minimum at r, = 3rs/2, where it takes the value
Rg1/rs = 3v/3. The existence of a lower bound for Rg: persists in the rotating case, as
we show in figure 2. This tells us that there is no net separation of scales between the
size of the S and the would-be horizon scale, r,. As in the static case, the RTS solution
is genuinely five-dimensional.

Finally, we notice that, as in the static case, once the asymptotic geometry is fixed, i.e.
given Rg1, h, q; the solution is given in terms of a single continuous parameter, let us say rs or
the mass. All other quantities a, rp, r. can be determined in terms of {Rg1,h/q,7s} by (3.41)
and (3.42). This is equivalent to say that the magnetic charge and angular momentum are
fixed in terms of the asymptotic boundary data and the mass.
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Absence of an ergoregion. In pure General Relativity, spinning compact objects featuring
an ergoregion without an event horizon are known to be unstable [39], since physical negative-
energy states existing inside the ergoregion are energetically favorable to cascade toward
even more negative states. As shown in [40], these ‘ergoregion instabilities’ affect other
non-supersymmetric smooth horizonless geometries,® such as JMaRT [43], that also suffer
from charge instabilities [44].

Here we show that no potential issue of this kind may take place in our solutions since
the Killing vector 0; is everywhere timelike. Its norm, given by the tt component of the
metric, reads

&2y —rs v (as— ftab)2 rsTpX>

—gﬁ =1 + 1—7852 E + 1— §t2 22 . (345)

The last term is manifestly positive, so we just have to show that the remaining ones be
positive as well. To this aim, we recall that in the soliton regime » > r, and a? < 0, which
implies that 0 < ¥ < 72, and ¢ < 1. Then,

E2py — 1y 1 E2ry — 1y 1 2\ T —Tb
14— =>4+ > (1 — >0, 3.46
e s T e, ( E) . (3.46)
where we used the fact that space ends at » = r;. > 1, > rs. Thus, we conclude that the
would-be ergoregion is not part of the RTS spacetime.

Absence of closed timelike curves (CTC). In order to check the absence of CTC in
our geometry, we follow [45], where it is argued that the positive-definiteness of the induced
metric on a Cauchy slice at constant  ensures the absence of CTC in a region where 9; is
timelike.5 We emphasize that although the authors apply this in a supersymmetric context,
the argument holds whenever the latter condition is satisfied. As we showed in (3.45), in
our geometry 0; is always timelike. Hence, we just have to check that the induced metric
on ¢ = constant hypersurface is positive definite.

Given the form of the metric, this reduces to a two-dimensional problem, since the
r — x part is automatically positive-definite. The relevant two-dimensional metric is then
the following,

999 99

2
5 D
dsj 5 = 949 (dﬁ + gyd¢> +—dg?, (3.47)
]
where D is the determinant. Thus, the metric is positive-definite if
gy > 0, D>0. (3.48)

In order to demonstrate the strict inequality one has to stay away from the poles y = =£1,
where we already know that regularity imposes that both D and gy, vanish. Similarly, we
know that gg; must vanish at the poles of the S 2 at r = r, since these correspond to the

SEven the supersymmetric ones, which have an ‘evanescent ergosurface’ [41], have been argued to be
non-linearly unstable [42].
5As a matter of fact, this condition guarantees the absence of closed causal curves, [45].
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fixed points of the isometry d;. This can be deduced from (3.36), where we showed that 0y
is a linear combination of 9,y and Jy which vanish, respectively, at r = r; and x = %1.
A sketch of the proof is the following. The expressions for D and gy are of the form,

A2
D= 73(1_22)2 (P + (1-x*) D) (3.49)
and ) )
995 = 2 (1 B (ft)z) 2 [g(o) +Gn) (1 - X2) + G (1 — X2> } , (3.50)

where Dy, D(1), G(0), Y1) and G(o) are functions of r, whose explicit expression is not
displayed as it is somewhat lengthy and unilluminating. The important point is that one
can check that all of them are positive (except at the fixed points of Jy). This ensures there
are no CTC in the RTS geometry.

GL instabilities. Black string and extended solutions are known to suffer from Gregory-
Laflamme (GL) instabilities [46] if the Kaluza-Klein radius is not small enough. This is
certainly the case of black string solutions along the y-axis (1, = 0) of the phase diagram 1.
On the other hand, static solutions [9, 30], although generically unstable, have been shown
to be free of GL instabilities if falling in the segment % < v% < 2 along the z-axis [16, 47].
This suggests that rotating solutions with % < :—i < 2 should be GL stable when the rotation
parameter is small enough. A rigorous claim, however, would require a calculation of QNM
frequencies of all linear perturbations of the rotating metric, a challenging task that can be
addressed by with recently proposed methods based on the duality with A/ = 2 supersymmetric
gauge theories [48-58]. Alternatively, one could address this problem via Euclidean methods,
by extending the analysis of [59] to the rotating case. We leave this for future work.

3.4 Extreme rotating black strings

We notice that the NS and RTS regions are divided by a continuous line of solutions (see
figure 1) corresponding to the choice

Ty =Tp=";s, ap = as, a” =0,
whereby the functions A and ¥ simply reduce to
A= (r—r)?, »=r?. (3.51)
The corresponding form of the 5d metric becomes

1_X2

2
ds® = dsfpg — azrf%(dt —dy)? — 2a,rs

(dt — dy)de, (3.52)

which could be understood as a one-parameter deformation of the extreme static black string
solution, whose line element we denote by ds%BS:

ar

dstps = fs (*dt2 + dy2> + 72

+ r?dss, (3.53)
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with fs = (1 — rS) Introducing the coordinates
r

u=t-—y, v=t+uy, (3.54)

the metric and gauge field can be brought into the form

2,.2.2 2 T 1— 2 d 2
dsQ:—fsdu<dv—|—asZSX du 4 2575 { X)d¢)+7;+r2ds§2,
r fS Tfs fs (355)

a
A=—/3rsmpx (dd) — T—; du) .
This solution possesses mass and angular momentum and exhibits a curvature singularity
at r = 0.

3.5 Five-dimensional charges

We are now ready to compute the five-dimensional charges of the BS and RTS solutions.
These are given by the general formulae:

— 3 # _ 1 # _ 1 f

[ee] ] [e’s}

where K ?z.) = gip dz! are the one-forms associated to the three Killing vectors K ;) generating
the isometries of the solutions, and ¥, a spatial cross-section of the asymptotic boundary.
This is summarized in the table below.

Kuy | K | Ky Yoo
RBS| o, s a 52 % o1
RTS 85 8¢ (9 (S2 X Sl) /Zq

<

>

Charges for the rotating black string. The mass and angular momentum of the RBS
can be extracted from the asymptotics of the gy and gy components of the metric. One finds

o SVSQ xSl . 2 o SVSQXSI
M = T{%rlgfolo (—7“ 8r9tt) = W Ts,
Vg2 g1 10) g Vg2 g1 (3.57>
j = 182x5 XQS lim <T2 r t¢2> = S XQS 2@5T$7
2kg T 1—x 2KE
where
Very g1 = 812 Rg1 . (3.58)

The momentum charge P vanishes since gy, = O (1/r?).

Charges for the rotating Topological Star. Although the form of the solution is the
same, the expressions for the charges of the topological soliton differ from the black string
for two reasons. The first is the fact that the boundary is different, as we have explained
in section 3.3. The second is the boost we have performed along the y direction. This
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will give rise to a non-vanishing momentum charge P, as can be seen from the asymptotic
expansion of the metric:

Ts — {tzrb 1 Ty — EtQTs 1 N

d52 = — (1 — 1_75152 7") thQ + (1 — 71 — £t2 ; dy2 + d?“2 + r2d5§2 (359)

2§t (7"[,—7”3) .. 1- X2 abrbgt — QsTs 4 abrb_asrsgt N
———— > dtd 2 dt dp+—=22-dg d
[—gz WA | Ty ddor T =g dide)
where W2

2 _ 4dx 2 2

dsfe = 7= 5+ (1-x2) dg?, (3.60)

is the metric of the round S? and the dots denote 1/r2-corrections. From (3.56) one finds:

_ 3Vsexsr 2 _ 3Vseygirs — £2py
M=t (o) = S0 S
V. 0rg; V. _ t
— % lim (72 rgt¢2 _ Vsixst asTo—ap 7“2135 ’ (3.61)
gKrg T—00 1—x 2qK3 M
P = M lim [ 72 a”g@ _ Vsaug (rp—rs) &
2ql€§ T—00 1-— X2 qu ]__é'tQ

We conclude showing explicitly that the mass is positive, as it is not manifest from the above
expression. However, using (3.23) we have that

Ts

t2
re — &y =
’ Tl% (ry —rs)

5 [7’5 (ry —7s)> =72 (ry — rb)ﬂ >0, (3.62)

since ry > 1, > rs > 0.

3.6 Four dimensional charges

In this section we perform the dimensional reduction of the RTS solution down to four
dimensions and compute its charges. There are two natural choices for the compactifications:
reducing along 0,/ or along d;. The former choice leads to a magnetic flux tube background
generalizing Melvin solution of Einstein-Maxwell theory [35, 36, 60, 61].” Here we focus
on the reduction along d; leading to an asymptotically flat four-dimensional space instead.
We remind that the five-dimensional asymptotic geometry has the topology (R'? x S1)/Z,,
so non-spherical symmetric modes mix with KK momenta along the S!. In particular, see
also eq. (5.3), modes with non-zero azimuthal integer number m will generically have a
non-vanishing KK momentum along ¢, appearing as massive from a 4d point of view. As
a consequence, the reduction to four-dimension will only capture the dynamics of modes
for which m is a multiple of q. This can be viewed as a distinguishing feature of RTS’s
that might allow to discriminate them from the corresponding black objects. In addition,
as in the static case, the radius of the circle varies along the spacetime and shrinks to zero
size at r = ry where the entire four-dimensional picture beaks down. The RTS solution is
genuinely five-dimensional. Bearing this in mind, we can still find an asymptotically flat

"We thank Pierre Heidmann for the references and detailed discussions on this point.
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four-dimensional solution by reducing the RTS geometry along ¢, and compute its charges.
More precisely, we start from the reduction ansatz:

ds? = e?ds? + e 2% (dj + B)? ,

(3.63)
A =A+a(dyg+8B),

with A, B some one-forms in 4d. Assuming that all five-dimensional fields be §-independent,
the five-dimensional action (3.1) reduces to

1 3 e e ¥ e3¢
Si= 5z [ d'2v=g [Ra = 5 (00 = 55 (00 = IR~ < (G
Kg 2 2 4 4 (3 64)
+0‘6WW(F Fop — aF,,G +Q—QG G )] |
2\/3 puvd po uv'3 po 3 uv po )
where )
q%
Fo) = dA+adB, Gy = dB, KT = 27TR55 - (3.65)

)

The 4d effective description couples the 4d metric, to two vector fields (A, B) and a ‘complex
axio-dilaton field consisting in the two real scalars (¢, «). The explicit form of the 4d metric
may be directly read off from the reduction ansatz (3.63). Since the complete metric is quite
involved, we will not display it explicitly. We can provide instead its asymptotic expansion

for large r, which is undistinguisable from the Kerr metric:
B (1 B 2G4M> 42 AGaT (1—x?%) 2G4 M
r T

ds? = dfdo+ (1 + ) dr®+r?dsgz+... , (3.66)

with mass M and angular momentum J given in terms of the parameters by

_ 2rg+ 1y 4 £ (rs + 21)

o J:asrs—abrbit

4G4 (1 - £7) ’ 2G4/1— €2

Note that the expression for the mass differs (apart from a normalization factor) from the

(3.67)

five-dimensional one in (3.61). The reason is that the 4d and 5d metrics are related by
a conformal factor e? (see (3.63)), which contributes to the mass as a consequence of the
non-trivial profile of the Kaluza-Klein scalar.® In addition, we further note that the mass is
manifestly positive and reduces to the result of [9] in the static limit, whereby & — 0.

Just as in the static case, the 4d geometry exhibits curvature singularities when the
Kaluza-Klein scalar ¢ diverges. From the explicit expression of the latter,

oy _ XPers (ap — as€') 2 + 78 (ry — 1€"?) + 87 (€7 — 1)
gy = € = 2 (g2 - 1) ’

(3.68)

one sees that ¢ diverges along a curve in the (7, x) plane, which is displayed in figure 3. This
touches the north and south poles of the S? at the cap, which are the fixed points of 0y-
There, both the 4d Ricci scalar and the axionic kinetic energy diverge.

8This issue does not affect the angular momentum since the conformal factor e? between the 4d and 5d
metrics does not contribute to the 1/r term of the £ component.
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41 -

Figure 3. Curve in the (x,y) = (rx, ry/1— XQ) plane along which e~2% vanishes. We have chosen
the values r4. =4, r, =2, ry = 1.

4 Geodetic motion

In this section we study geodetic motion of a massive spinless probe around the backgrounds
discussed in the previous section. Scalar perturbations will be discussed in section 5. Thanks
to the three commuting isometries, one can conveniently describe the relevant dynamics
in Hamilton form,

H=g"P,P, =—p?, (4.1)
where p is the mass of the probe and P, = g, " are the momenta. In particular,

b b
Po=20 P, = %, 42
r X l_X ( )

while £ = —PF;, J = P, and p = P, are conserved momenta. We shall denote them
collectively by Z,. After some algebra one finds

S (HA+p2) = APF+ (1= x) P2+ W (r,x:Za) = 0, (4.3)
where ( )
N TaX;Ia 2
SRR DS CTANES o) 44

The numerator is a quartic polynomial in both r and y, and is obviously quadratic in Z, and u,
2
N (r,x;Z,) = J?A + B(r) (1 — X2) —a? (p2 — E2) A (1 — X2) , (4.5)

where B(r) is again a quartic polynomial. It is now clear that one can introduce a separation
constant K2, akin to Carter’s constant for geodetic motion in Kerr(-Newman) black holes,
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as well as in circular fuzzballs [62], and set’

2

(1 _ XQ) P2+ 1i]><2’ —a? (p2 - Ez) (1 - x2) +a’ P’ = K —a® (p2 — Ez) (4.6)
so that
() P L e ()= (1
The radial Hamiltonian then becomes
AP? + ig:; +ptr? = —K? 4 a? (p? - E?) (4.8)

which can be expressed in the very neat form

P2+ Qnlr) =0, (4.9)
where . 5
Ny(r wer
= 4.10
QR(T) A(T’)Z + A(T) ( )
and
Nu(r) = B(r) + [K* = a® (p* = E)| A(r). (4.11)
This is again a quartic polynomial, Ny(r) = Zizo ver®, whose coefficients are given by
u=p =B, gy =-ptro+ B, m=K?-d? (B-p),
1 = a? (pgrb — EQTS) +2J (Easrs — payry) — K? (rp+7s) (4.12)

Yo = rerpK? — a? <J2 - K2> — 2roryJ (asE — app) + (asryp — aproE)?

Geodesics are non planar in general. Planar ‘shear-free’ geodesics at xy = x¢ exist for specific
choices of J and K such that P, = 0. Defining

J2 K2+a2(E2—p2—M2)X2
Qx () = T T , (4.13)
the ‘shear-free’ condition boils down to
dQy (X
Q) = 19N g (1.14)
X X=X0

It is easy to show that the equatorial plane xyg = 0 is a solution of the shear-free condition
if J2 = K2. Assuming the angular momentum of the background is positive, J = +K

corresponds to co-rotating geodesics, while the case J = —K corresponds to counter-rotating
geodesics.
Critical geodesics correspond to P. = 0 and ddir = 0; they are non planar in general

except for the equatorial ones.

9Note that thanks to the ‘negative’ shift by a? (E2 — p2), K? is positive definite for E > /p? + u2 when

a® = a? — a? <0 as in the RTS regime.
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Let us focus for simplicity on null geodesics in the equatorial plane, which characterize
the light rings [13, 63-65]. In order to set the stage, let us recall that for static topological
stars, thanks to spherical symmetry, one can focus on equatorial null geodesics. Setting for
simplicity P, = 0, the ‘reduced’ metric boils down to

d 2
ds? = —fdi2 + S 4242 (4.15)
fob
Setting F = —P, = —fst and J = Py = r2¢, the null Hamiltonian reads
E? J?
— 2 —
H—fsfbpr_f""ﬁ—o' (4.16)
Note that
7= fsfoPr (4.17)
vanishes for P, = 0 but also at r» = r}, (rr = r4 is not part of the geometry). Critical geodesics
correspond to Qr = dg—rR = 0. Introducing the impact parameter b = %, we have that these

two conditions reduce (for r # 1) to:

E2

2r—rg) =1 = .
(r —14)2(r — 1) [b%( 5) ]=0 (4.18)

Qr =

and

dQr  E*(b* —3r?)
dr — (r—rs)2(r—rp)

+ E? {bZ(r —rg) — 7“3} % {(r —rg) 2 (r — rb)*l} =0. (4.19)

Using the first equation, the second one yields

b2 =3r2, (4.20)

c
and plugging this into the gives

72 (2r. — 3ry) = 0. (4.21)
Barring the unphysical solution r. = 0, one finds

3
rt = 3T (4.22)

which may or may not be physically acceptable depending on whether r. is larger or smaller

than r,. If rp < %rs, r} = %rs is an unstable light ring, while r, = r} is a (meta)stable

internal light ring. Instead, if r, > %rs, the only acceptable critical null geodesic has
_ 3
Te =7Th > 57"3 s (423>

corresponding to an unstable light ring.
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The situation in the rotating case should be similar, at least in the equatorial plane
and provided one distinguishes between co- and counter- rotating geodesics. Indeed, setting
x = 0, one has that the reduced metric is given by

r2dr?

ds? = —f, dt? + f, dy® + x

+ L3 d¢® 4 29, dt de + 20, dy do (4.24)
where we have introduced the quantities

2 2\2 2 _A
12 = (r* +a%)" +a® (rsm )’ Q = 7 Qy:+@. (4.25)

r2 r

The conserved momenta now read?

Po=-E=—fi+W¢, Py=p=fig+Qyd, Po=J=L3o+Ut+Q,y, (4.26)

while
%7

The Hamiltonian governing equatorial null geodesics can be put in the form

H= APTQ + Wgeo(r; E,p, J) (4'28>
with

Wgeo(“ E.p,J)= gﬂﬁpﬂp’? (4.29)
where G#” is the reduced (inverse) metric in the (¢,y, ¢) isometric subspace. More explicitly,
one finds

N
Weeo (5 B, p, J) = E2K4 : (4.30)

where N4 = N,/E?. Restricting to equatorial null geodesics with p = 0, one has'!

A

Ny =rgry (b—as)?* + [Tb (ag - b2) —rs(b— as)ﬂ T+ <b2 - a2) r?rer® =1t (4.31)

where as before b = %

Critical geodesics are then determined by the conditions

W N, dP, d Ny
PT — geo — Ezi =0 r —_ E27 =0. 4.32
A A2 ’ dr  dr ( A2 (4.32)

Away from the cap (where A vanishes), one can forget about the denominator and look
simply for

N4(r67 bc) =0, Nzi(rc; bc) =0. (433)

ONote that J = £K.
"Note that the condition p = 0 can be imposed at this level notwithstanding the identifications in (3.35),
since one is allowed to assume p and J to take continuous values.
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Eliminating quadratic terms in b, after combining the two equations, one can express b,
in terms of r. and then get a quintic equation for r. whose solutions cannot in general
be found by radicals.

For small a and thus'? a; = v/ —a?2 Tb’f . and ap = vV—a? Tbr_—bm one can expand the solution
around the non-rotating case. To first order in a, b? = 3r2 still holds and one finds

3r 2a
+ s s
=—+—=++... 4.34
¢ 2 \/3 ( )

with the + sign for counter-rotating geodesics and — sign for co-rotating geodesics. Moreover

T

one also has
2a
~+ s
=+ .
c \/g

Barring the negative solution, the positive solution is acceptable if 2a, > +/3r, which is

(4.35)

beyond the present approximation scheme and requires a more detailed (numerical) analysis,
along the lines for instance of [66].
Finally one can check that at r = r; (where A vanishes) due the potential barrier one

cannot find any critical geodesics.

5 Scalar perturbations

Static topological stars are linearly stable under scalar and metric perturba-
tions [14-16, 1821, 67, 68]. In both cases, the angular and radial parts of the perturbations
can be indeed separated into two decoupled ordinary differential equations. Being spherically-
symmetric solutions, the angular equation can be solved in terms of standard spin-weighted
harmonics. The radial equation can be put in the form of a confluent Heun and generalized
confluent Heun type (for scalar and gravitational perturbations respectively). As it turns
out, all QNMs frequencies have negative imaginary part. This is in contrast with what one
finds for other horizonless smooth geometries like JMaRT [40, 44].

In this section, we study scalar perturbations of the rotating black string and topological
star backgrounds, showing that the equation describing the dynamics of such perturbations
separates into two ordinary differential equations for the radial and angular parts of the
perturbations, which are instances of confluent Heun type. For simplicity, we focus on
the massless case:

1
V=g

Exploiting the three commuting isometries, one can take as an ansatz

d(z) = e WHMITPYG (V)R (1) | (5.2)

0%(a) Oy (v/=99"9,) B(x) = 0. (5.1)

where m € Z. As we showed in section 3.3, the soliton only exists (when completely smooth)
if the coordinates satisfy twisted periodic identifications (3.33), or equivalently (3.35). This
implies the following quantization must hold

(p _ gw) R, — ”;h A (5.3)

12Recall that a® = a2 — a} is negative in the RTS regime.
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In the black string case, however, we do not need to impose twisted boundary conditions,
which means that the quantization condition for p simply reads (assuming y ~ y + 27R,)

pRy € 7. (5.4)

Plugging now (5.2) into (5.1), one finds that the wave equation separates into the
following two ordinary differential equations:

Y A I
4 {A(r)dfdiir)} +[-as Z((Z))] R(r) = 0, (5.6)

being A a (Carter-like) separation constant and C(r) = 4_o A\pr* a fourth-order polynomial
with coefficients

o = — myrs(pa? 4+ w?a?) + m2a® 4 2ryrs (—mpay, + pwayas + mwa)

A = a? (WQT'S - p2rb) + 2m (papry — wasrs) ,

Ay = a? (w2 —p2) , (5.7)
A3 = pPrs — w’ry,

M= w? —p?.

Note that up to a sign and the shift by terms in A, the quartic polynomial C(r) coincides
with Ny(r), appearing in the radial effective potential for null geodesics, after replacing A
with K2, m with J and w with E. Both equations in (5.6) are confluent Heun equations.
The angular equation exhibits regular singularities at y = £1 and an irregular singularity
at infinity. Observe that this equation coincides with the one describing the polar angular

2 can be either positive

dynamics in Kerr for p = 0, with the important difference that now a
or negative, depending on whether we are inthe black string or soliton regime, respectively.

On the other hand, the radial equation has regular singularities at » = r1 and an irregular
one at infinity. Following the recently proposed gauge(CFT)/gravity correspondence for black
holes, fuzzballs, and (lo and behold) cosmological perturbations [48-58], one can relate the
Heun equation and its confluences to the quantum Seiberg-Witten (qSW) curves describing a
SU(2) gauge theory with up to four fundamental hyper-multiplets.

For three hypers, the qSW curve can be written as

[ZQPL (—zf)z + ;) — 2P(—20,) +x Pr (—z@z - ;)] Z(z)=0, (5.8)
with
Pr(v) = (v—m1)(v—ma), Pr(v) =v—ms,
P(v):v2—u+w<v+;—m1—mg—m3>. (5.9)

Performing a change of variable,

e2:0(2)
\/2(1 — Z)1+m1+m2 ’

Z(z) =

— 24 —



we can bring (5.8) to Schrodinger-like canonical form

U(z) 4+ Q(2)¥(z) =0, (5.11)

2 2 2 1
x® axmg 1—(mi—m 1— (m1+m u—z+% (mi+me—1
4z 2 4(z—1)z 4(z —1)2%z (2—1)22

(5.12)

The angular and radial equations in (5.6) can be also put into the Schrédinger-like canonical
form (5.11). To this aim, one has to identify

2 U(z)
=2 SW=Epegs eedaet e
1
miy=m, mogz =0, u= A+Z+a(a—2m+2)\/w2—p2 ,

in the angular case, and

(5.13)

¥(z)
V2 -2z

m1’2:r+—r <\/C T‘+ :F\/C > ms = 2\/7[)\3-}-2)\4( -f—’l“Jr)], (514)

1
u:A—i—z—)\g—M( —2ryr_ +37’+)+Z\/ (r— —ry) — Az (r— +2ry)

— 24/ M C(ry),

in the radial case.

r=r_ +T+_r_7 R(r) =

x =2V (r— —ry),

5.1 ry = rp case

A significant simplification of the equations describing linear perturbations takes place in
the extremal case rs = . Along this line, a> = 0 and the angular equation can be explicitly
solved in terms of spherical harmonics with separation constant,

A=0+1). (5.15)

For p = 0, the radial equation becomes:

2
s _Al=o0.

d odR 2mas (p —w)rs  (w? — p?) (a2ri+ri—r3ry) +2pwa’r
S r=r) 252 4R
dr {(r rs) d’r] +E(r) l r—rs + (r—rg)?

(5.16)
This corresponds to a doubly confluent Heun equation with irregular singularities at r = rg, co.
It can be related to the quantum SW curve of a N' = 2 SU(2) gauge theory with two
fundamental hyper-multiplets. The SW curve is given again by (5.8), with

P (v)=v—my, Pr(v)=v—my, Pl)=v’—u+z. (5.17)
It can be brought to canonical form (5.11) via the change of variable

Z=/zex"2U(z) (5.18)

,25,



where now Q(z) is given by

x mox My 2r —4du+1 1

oy e 5.19
424 + 23 z 422 ( )

The ‘gauge-gravity dictionary’ for the radial equation becomes

. 1
_ 1 _ _ 2,2 = 7
r rs + vy ' € asrs(p w)\/ﬁ Y 2as7s <p - w)

2
3
mp = m — 7(;0—!—&1)7“8 . Mg = ——Tg\/ P>
2a, 2

1
u=A+ 3 + 2a575(p — w)y/p? — w? + 3(p* — w?)r? (5.20)

For p = 0 and m = 0, the radial equation can be written in the Schrédinger-like canonical form

— W2

V) Q) =0, R(r) = ) (5.21)

r—7"Ts

with
w? (a§r§+r4—r3r5) 0(0+1)

(r—rs)? C(r—ry)?

The simple form of @Q,(r) allows us to explicitly determine the location r. and the critical

Q’I‘:

(5.22)

frequency w. associated the light-rings of the solution. They are given by solutions of the
critical equations

Qr(rca wc) = 81"@1"(7'0;@)6) =0. (523)

In the limit of as small one finds

3rs  8a? 2\/0(0 +1) 8a?
===_ =Y 1 ... 5.24
Te 9 97'5 + 5 We 3\/§T5 + 277"2 + s ( )

s

with dots denoting higher-order terms in as.
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