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Derivative Free Data-Driven Stabilization of
Continuous-Time Linear Systems From

Input-Output Data
Corrado Possieri

Abstract— This letter presents a data-driven framework
for the design of stabilizing controllers from input-output
data in the continuous-time, linear, and time-invariant
domain. Rather than relying on measurements or reliable
estimates of input and output time derivatives, the pro-
posed approach uses filters to derive a parameterization of
the system dynamics. This parameterization is amenable
to the application of linear matrix inequalities enabling
the design of stabilizing output feedback controllers from
input-output data and the knowledge of the order of the
system.

Index Terms— Data-driven control, linear systems, LMI.

I. INTRODUCTION

THIS letter aims to extend the results given in [1] to the
case where only input-output measurements are available.

To pursue this objective, some filters, borrowed from the
adaptive control literature, are first used to obtain a state-space
system representation of the dynamics of the plant so that
stabilization of such a system ensures stabilization of the
closed loop. Although the obtained system is linear and time-
invariant (LTI), it is affected by a disturbance whose dynamics
depend just on those of the filters. Hence, the framework
proposed in [1] is adapted to handle this disturbance.

As for the framework proposed in [1], and unlike most
existing techniques [2], [3], [4], [5], [6], [7], [8], [9], [10],
[11], [12], [13], [14], the approach proposed in this letter
does not assume that measurements or reliable estimates of
the successive time derivatives of the output are available.
Other approaches to designing stabilizing controllers from
input-output data that do not use the time derivatives of input
and output have been proposed in [15] and [16] for the
single-input and single-output (SISO) and for the multi-input
and multi-output (MIMO) cases, respectively. The main differ-
ences from [15] and [16] are the following: (i) the data-driven
parameterization proposed in this letter is independent of the
time derivatives of the filter state; (ii) in the SISO case, the data
matrix in this letter has 2n+1 rows rather than 3n+1 as in [15]
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and [16]; (iii) differently from [15] and [16], where a dynamic
extension is used to deal with unmeasurable states, in this
letter a filtering strategy is proposed to remove disturbances;
(iv) sufficient conditions ensuring that the data matrix has full
rank are provided.

Notation: Let In and 0n,m denote the n-dimensional identity
and (n × m)-dimensional zero matrices, respectively. Let en

i
denote the i th column of In . Let Sn = [ en

n · · · en
1 ] denote the

n-dimensional reversal matrix. Let col(A, B) = [ A⊤ B⊤
]
⊤.

Let λ(A) denote the spectrum of A. The symbol ⊗ denotes
the Kronecker product. A matrix is Toeplitz if each descending
diagonal from left to right is constant. A polynomial is
Hurwitz if all its roots have negative real parts. A matrix
A ∈ Rn×n is Hurwitz if its characteristic polynomial is
Hurwitz. Two polynomials in a single variable are coprime
if they do not have a common root. Let A† be the Moore-
Penrose pseudoinverse of the matrix A. R[c1, . . . , cn] denotes
the ring of all the polynomials in c1, . . . , cn with coefficients
in R. Let ı =

√
−1 denote the imaginary unit in C. Let

He(A) = A + A⊤ and Sk(A) = A − A⊤ be the symmetric
and skew-symmetric parts of A, respectively. The matrix A ∈

Rn×n is positive definite, denoted A ≻ 0, if x⊤ Ax > 0,
∀x ∈ Rn

\ {0}. Let Hn({dk}
N−1
k=1 ) denote the Hankel matrix of

depth n of the discrete-time sequence {dk}
N−1
k=1 . The sequence

{dk}
N−1
k=1 , dk ∈ Rm , is persistently exciting of order n if

rank(Hn({dk}
N−1
k=1 )) = nm.

II. THE PROPOSED DATA-DRIVEN APPROACH FOR THE
SYNTHESIS OF AN OUTPUT FEEDBACK CONTROLLER

Consider a continuous-time, LTI, MIMO system described
in differential operator representation [17, Sec. 2.1]

y(n)(t)+ A1 y(n−1)(t)+ · · · + An−1 y(1)(t)+ An y(t)

= B1u(n−1)(t)+ · · · + Bn−1u(1)(t)+ Bnu(t), (1)

where y(t) ∈ Rp, u(t) ∈ Rm , Ai ∈ Rp×p, and Bi ∈ Rp×m ,
i = 1, . . . , n. Assume that a single input–output trajectory of
system (1) in the interval [0, T ] is available:

D = {(u(t), y(t)) ∈ Rm
× Rp, t ∈ [0, T ], such that (1) holds}.

The main goal of this letter is to design a stabilizing output
feedback controller for system (1) just using the dataset D
and the knowledge of the order n of system (1). Note that the
knowledge of n is usually assumed when applying adaptive
approaches for the synthesis of an output feedback controller;
see, e.g., [18, Chap. 7]. Algorithm 1 illustrates the proposed
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Algorithm 1 The Proposed Data-Driven Approach
Input: dataset D, parameters c1, . . . , cn, β ∈ R, order n of (1)

such that any of its minimal realizations has dimension pn
Output: a stabilizing output feedback controller or a failure

1: define the matrices

Ar =

[
0n−1,1 In−1

−cn · · · −c1

]
, Br =

[
0n−1,1

1

]
, (2)

2: let Ar,m = Ar ⊗ Im , Br,m = Br ⊗ Im , Ar,p = Ar ⊗ Ip, and
Br,p = Ar ⊗ Ip

3: filter the data in D using the following filters

ζ̇ (t) = Ar,mζ(t)+ Br,mu(t), ζ(0) = 0mn,1, (3a)

µ̇(t) = Ar,pµ(t)+ Br,p y(t), µ(0) = 0pn,1, (3b)

φ̇(t) = −βφ(t)+ χ(t), φ(0) = 02n,1, (3c)

υ̇(t) = −βυ(t)+ u(t), υ(0) = 0, (3d)
δ(t) = χ(t)− βφ(t), (3e)

where χ(t) = col(ζ(t), µ(t))
4: fix sampling times 0 < t1 < t2 · · · < tN and define

1N =
[
δ(t1) . . . δ(tN )

]
∈ R(m+p)n×N , (4a)

8N =
[
φ(t1) . . . φ(tN )

]
∈ R(m+p)n×N , (4b)

ϒN =
[
υ(t1) . . . υ(tN )

]
∈ Rm×N (4c)

5: find a matrix WN such that, for all x0 ∈ Rpn ,
[ (eA⊤

r,p t1 −e−βt1 Ipn)x0 ··· (eA⊤
r,p tN −e−βtN Ipn)x0 ]WN = 0

6: define the filtered data

1̄N = 1N WN , 8̄N = 8N WN , ϒ̄N = ϒN WN (5)

7: if rank(col(8̄N , ϒ̄N )) = (m + p)n + m then
8: solve the LMI

He(1̄N Z⊤) ≺ 0, He(Z8̄⊤

N ) ≻ 0, (6a)

Sk(Z8̄⊤

N ) = 02n,2n (6b)

9: compute the gain

Kf = ϒ̄N Z⊤(Z8̄⊤

N )
−1 (7)

10: return the controller obtained by interconnect-
ing (3a), (3b) and letting u(t) = Kfcol(ζ(t), µ(t))

11: else
12: failure the proposed approach cannot be applied

approach to design a stabilizing output feedback controller by
using the dataset D and the knowledge of n.

The effectiveness of Algorithm 1 is proven in Section III in
the SISO case and in Section IV for a class of MIMO systems.

III. THE SINGLE-INPUT SINGLE-OUTPUT CASE

The main goal of this section is to prove the effective-
ness of Algorithm 1 to solve the problem of designing a
stabilizing output feedback controller in the SISO case. First,
in Section III-A, it is shown how to obtain a model whose state
is measurable from input-output data. Then, in Section III-B,

it is shown how the gathered measurements can be used to
design a stabilizing output feedback controller.

A. Data-Driven Modeling With input–output Data
If p = m = 1 (i.e., in the SISO case), then (1) becomes

y(n)(t)+ a1 y(n−1)(t)+ · · · + an−1 y(1)(t)+ an y(t)

= b1u(n−1)(t)+ · · · + bn−1u(1)(t)+ bnu(t), (8)

where y(t) ∈ R, u(t) ∈ R, y(i)(t) =
di y(t)

dt i , u(i)(t) =
di u(t)

dt i ,
ai ∈ R, and bi ∈ R, i = 0, . . . , n. The following assumption
is made hereafter in this section.

Assumption 1: The polynomials sn
+ a1sn−1

+ · · ·+ an and
b1sn−1

+ b2sn−2
+ · · · + bn are coprime.

Assumption 1 entails the fact that the transfer function
b1sn−1

+b2sn−2
+···+bn

sn+a1sn−1+···+an
completely describes system (8).

The description (8) is equivalent to the state-space form

ẋ(t) = Ax(t)+ Bu(t), y(t) = Cx(t), (9)

where x(t) ∈ Rn , A ∈ Rn×n , B ∈ Rn , and C ∈ R1×n are in
observability canonical form, i.e., C = [ 01,n−1 1 ],

A =

 01,n−1
In−1

−an
...

−a1

, B =

 bn
...

b1

,
by [17, Sec. 2.3]. In particular, by letting

O =

 C
...

C An−1

, M =

 0 · · · 0 0
...

...
. . .

...

C An−2 B · · · C B 0

,
be the observability matrix and the Toeplitz matrix of the
Markov parameters of system (9), the relation between the
initial conditions of the descriptions (8) and (9) is y(0)(0)

...

y(n−1)(0)

 = Ox(0)+ M

 u(0)(0)
...

u(n−1)(0)

. (10)

By [17, Sec. 2.3 and Sec. 5.1], under Assumption 1, the
pair (A, B) is reachable and the pair (A,C) is observable.

Since the time derivatives of the output y(·) and of the input
u(·) are usually not measurable in practical settings, consider
the filters (3a) and (3b) of the input and output of (9).

Remark 1: The filters (3a) and (3b) are usually employed in
the adaptive control literature [18], [19] to estimate the param-
eter vector θ = [ b1 · · · bn a1 · · · an ]

⊤. In fact, letting χ(t) =

col(ζ(t), µ(t)) and ψ(t) = y(t)+ [ −cn −cn−1 · · · −c1 ]µ(t),
the vector θ can be estimated using the gradient algorithm
˙̂θ(t) =

ψ(t)−θ̂⊤(t)χ(t)
1+χ⊤(t)χ(t) χ(t). If χ(t) is persistently exciting

according to [18, Def. 4.3.1], then θ̂ (t) converges exponen-
tially to θ ; see [18, Thm. 4.3.2].

Unlike adaptive approaches, which estimate the parameters
of system (8) to design a control law, the main goal of this
letter is to design a stabilizing control law using only input-
output data, bypassing the identification step. To this end,
consider the next, proved in Appendix A.

Theorem 1: Let Assumption 1 hold and consider the inter-
connection of systems (9), (3a), and (3b), whose dynamics
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are

η̇(t) = Aiη(t)+ Biu(t), χ(t) = Ciη(t), (11)

where η(t) = col(ζ(t), µ(t), x(t)), η(t) ∈ R3n , χ(t) =

col(ζ(t), µ(t)), χ(t) ∈ R2n , Ci =
[

I2n 02n,n
]
, and

Ai =

 Ar 0n,n 0n,n
0n,n Ar BrC
0n,n 0n,n A

, Bi =

 Br
0n,1
B

. (12a)

By letting x(0) = x0, the dynamics of χ(t) are given by

χ̇(t) = Afχ(t)+ Bfu(t)+ GfeA⊤
r t x0, (13)

the pair (Af, Bf) is reachable, and

Af =


0n−1,1 In−1

−cn · · · −c1
0n,n

0n−1,n
bn · · · b1

0n−1,1 In−1

−an · · · −a1

,
Bf =

 0n−1,1
1

0n,1

, Gf =

[
02n−1,n
01,n−1 1

]
.

By Theorem 1, the dynamics of the state χ(t) ∈ R2n of the
filters (3a) and (3b) are LTI and are affected by a disturbance
that depends on c1, . . . , cn and on the initial condition x0 of
system (9). Consider the next corollary.

Corollary 1: Let Assumption 1 hold and let Kf be such that
Af + Bf Kf is Hurwitz. If the polynomial sn

+ c1sn−1
+ · · · +

cn−1s+cn is Hurwitz, then the origin is globally asymptotically
stable for the feedback interconnections of system (9), the
filters (3a) and (3b), and u(t) = Kfχ(t).

Proof: The proof follows directly from Appendix A and
the fact that if sn

+c1sn−1
+· · ·+cn−1s +cn is Hurwitz and Kf

is such that Af+Bf Kf is Hurwitz, then the matrix
[

Af+Bf Kf Gf
0n,2n A⊤

r

]
is Hurwitz. □

By Corollary 1, if sn
+ c1sn−1

+ · · · + cn−1s + cn is
Hurwitz, then it suffices to design a feedback gain Kf such
that Af + Bf Kf is Hurwitz yielding a stabilizing controller
consisting of the filters (3a), (3b) and the control law u(t) =

Kfχ(t). Since the dynamics of χ are LTI with a disturbance
generated by an LTI known exosystem, this objective can be
pursued by suitably adapting the framework proposed in [1].
Namely, consider the additional filters (3c), (3d), and (3e),
where β ∈ R is a parameter assumed to satisfy the following
assumption.

Assumption 2: The parameter β satisfies −β /∈ λ(Ar).
Assumption 2 holds for all β ∈ R such that (−β)n +

c1(−β)
n−1

+ · · · + cn ̸= 0. Consider the following lemma,
whose proof is given in Appendix B.

Lemma 1: Let Assumptions 1 and 2 hold. By letting 0⋆ ∈

R2n×n be the unique solution to 0A⊤
r +β0 = Gf, define ϵ(t) =

0⋆(eA⊤
r t

− e−βt In)x0. For all t ≥ 0, one has

δ(t) = Afφ(t)+ Bfυ(t)+ ϵ(t). (14)
Building on Lemma 1 and using a construction similar

to that employed in [1] and [20], consider the following
assumption.

Assumption 3: Let EN = [ ϵ(t1) · · · ϵ(tN ) ] ∈ R2n×N . There
is a matrix WN ∈ RN×N̄ , N̄ ∈ N, such that EN WN = 02n,N̄ ,
and, by defining the filtered data matrices as in (5), the

following rank condition holds

rank(col(8̄N , ϒ̄N )) = 2n + 1. (15)
By Lemma 1, if Assumptions 1-3 hold, then the matrices

Af and Bf can be obtained as

[Af Bf] = 1̄N (col(8̄N , ϒ̄N ))
†. (16)

In fact, by Lemma 1, one has 1N = Af8N + BfϒN + EN .
Hence, since WN is such that EN WN = 0, one has 1̄N =

Af8̄N + Bfϒ̄N . Hence, in principle, a gain Kf such that Af +

Bf Kf is Hurwitz can be designed by estimating Af and Bf
using (16), provided that Assumptions 1-3 hold. In Section III-
B, it is shown how to directly design Kf using the matrices
in (5) bypassing the intermediate estimation step.

The main goal of the remainder of this section is to provide
conditions ensuring that Assumption 3 is satisfied. Consider
the following lemma, whose proof is given in Appendix C.

Lemma 2: Let N ≥ n + 1 and t1 < · · · < tN be fixed.
There exist N − n linearly independent α ∈ RN such that∑N

i=1 αi (eA⊤
r ti − e−βti In) = 0n,n .

By Lemma 2, if N ≥ n + 1, then there exists
WN ∈ RN×(N−n), rank(WN ) = N − n, depending only on
t1 . . . , . . . , tN , c1, . . . , cn , and β, such that EN WN = 02n,N−n ,
∀x0 ∈ Rn . In particular, the matrix WN can be obtained by
stacking the N −n linearly independent α ∈ RN characterized
in Lemma 2. The next remark illustrates how to obtain 1̄N ,
8̄N , and ϒ̄N using a discrete-time filter in the case that
t1 < · · · < tN are uniformly spaced.

Remark 2: Let N ≥ n + 2. If t1, . . . , tN are uniformly
spaced, ti = iTS , i = 1, . . . , N , for some sampling time
TS > 0, then by the Cayley-Hamilton theorem [21, Ex. 7.2.2],
by letting WN ∈ RN×(N−n−1) be the lower triangular Toeplitz
matrix whose first column is [wn+1 · · · w1 w0 01,N−n−2 ]

⊤,
where w0zn+1

+ · · · + wn+1 = (z − e−βTS ) det(z I − eA⊤
r TS ),

one has rank(WN ) = N − n − 1 and EN WN = 0, ∀x0 ∈ Rn .
Note that 1̄N , 8̄N , and ϒ̄N can be obtained by feeding the
discrete-time signals {δi (tk)}N

k=1, {φi (tk)}N
k=1, i = 1, . . . , 2n,

and {υ(tk)}N
k=1, to the finite impulse response (FIR) filter

zn+1
+w1zn

+···+wn z+wn+1
zn+1 , and discarding its first n outputs.

Consider the following assumption.
Assumption 4: The polynomials sn

+ a1sn−1
+ · · ·+ an and

sn
+ c1sn−1

+ · · · + cn are coprime.
By letting a1, . . . , an ∈ R and β ∈ R be fixed, let

q ∈ R[c1, . . . , cn] be the resultant [22, §6,Chap. 3] of
(sn

+ a1sn−1
+ · · · + an)(s + β) and sn

+ c1sn−1
+ · · · + cn .

Assumptions 2 and 4 hold if and only if [ c1 · · · cn ]
⊤ /∈ V(q),

where V(q) = {[ c1 · · · cn ]
⊤

∈ Rn
: q(c1, . . . , cn) = 0}. Thus,

Assumptions 2 and 4 hold generically. These assumptions are
made in Proposition 1, proved in Appendix D, to simplify
the analysis of the interconnection of (9) and (3), ruling out
the presence of resonances, to establish sufficient conditions
ensuring that Assumptions 3 holds. Since the interconnection
of (8) and (3) is not reachable (see Appendix D), such a
proposition does not follow directly from the Willems et al.
fundamental lemma [23, Cor. 2] or [24, Lem. 1].

Proposition 1: Let Assumptions 1, 2 hold. Let TS > 0 be
a given sampling time such that

∄ℓ ∈ {−β} ∪ λ(A) ∪ λ(Ar), h ∈ Z \ {0} such that

ℓ+ ı2hπT −1
S ∈ {−β} ∪ λ(A) ∪ λ(Ar), (17)
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By letting N ≥ 8n + 4, tk = kTS , k ∈ {0, . . . , N }, let
WN ∈ RN×(N−n−1) be the lower triangular Toeplitz matrix
whose first column is [wn+1 · · · w1 w0 01,N−n−2 ]

⊤, where
w0zn+1

+ w1zn
+ · · · + wn+1 = (z − e−βTS ) det(z I − eA⊤

r TS ).
By applying to the interconnection of system (9) and the
filters (3), the input u(t) = dk , ∀t ∈ [kTS, (k + 1)TS),
k ∈ {0, . . . , N −1}, if {dk}

N−1
k=1 is persistently exciting of order

4n + 2, then Assumption 3 holds.
Note that (17) holds for almost all TS > 0 (see the

discussion in [1]). Therefore, since Assumptions 2 and 4 are
also generically satisfied, Proposition 1 provides an easily
implementable approach to gather informative data.

By letting L f ∈ R1×2n , the result of Proposition 1 can be
extended to include a feedback term in the control input:
u(t) = L fχ(t) + dk , ∀t ∈ [kTS, (k + 1)TS). If Assump-
tions 1 and 2 hold, TS > 0 is such that (17) holds with
λ(A) ∪ λ(Ar) substituted by λ(Af + BfL f), λ(A + BfL f) ∩

λ(Ar) = ∅, and {dk}
N−1
k=1 is persistently exciting of order

4n + 2, then a reasoning wholly similar to that given in
Appendix D can be used to conclude that Assumptions 3
holds.

B. Data-Driven Synthesis of a Stabilizing gain

By Corollary 1, if Kf is such that Af + Bf Kf is Hur-
witz, then the feedback interconnection of system (9), the
filters (3a), (3b), and u(t) = Kfχ(t) is globally asymptotically
stable. Thus, consider the following theorem, which follows
directly from (16) and [1, Thm. 2].

Theorem 2: Let Assumptions 1-3 hold. Then, any matrix
Z ∈ R2n×h such that the LMI (6) holds is such that the gain
Kf given in (7) is stabilizing. Conversely, if Kf is stabilizing,
then it can be written as in (7), with Z satisfying (6).

It is worth pointing out that an approach wholly similar to
that given in [1, Thm. 3] can be used to guarantee robustness
of such a scheme with respect to measurement and input
noises.

IV. EXTENSION TO A CLASS OF MULTI-INPUT
MULTI-OUTPUT SYSTEMS

The main objective of this section is to extend the results
given in Section III to a class of MIMO systems. Toward this
goal, consider a generic MIMO system in state space form

˙x̄(t) = Āx̄(t)+ B̄u(t), y(t) = C̄ x̄(t), (18)

with x̄(t) ∈ Rh , u(t) ∈ Rm , and y(t) ∈ Rp. The next
assumption is made throughout this section to ensure that
system (18) is a realization of the differential form (1).

Assumption 5: System (18) is reachable and observable,
pn = h, and rank(Ō) = h, Ō = col(C̄, C̄ Ā, · · · , C̄ Ān−1).

Remark 3: Under Assumption 5, by letting M̄ be the
matrix obtained from M by substituting A, B, and C with
Ā, B̄, and C̄ , respectively, one has that y(n)(t) = C̄ Ān x̄(t)+∑n−1

i=0 C̄ Ān−i−1 B̄u(i)(t) and x̄(t) can be uniquely expressed
in terms of y(0)(t), · · · , y(n−1)(t), u(0)(t), · · · , u(n−1)(t)
as x̄(t) = O−1(col(y(0)(t), · · · , y(n−1)(t)) −

M̄col(u(0)(t), · · · , u(n−1)(t))). Thus, under Assumption 5,
Eq. (1) completely describes the dynamics of system (18).

Define the matrices CM = [ 0p,p(n−1) Ip ] and

AM =

 0p,p(n−1)
Ip(n−1)

−An
...

−A1

, BM =

 Bn
...

B1

.
Under Assumption 5, the pair (AM, BM) is reachable since the
triplet (AM, BM,CM) is a realization of (1), and all minimal
(i.e., reachable and observable) realizations have the same
order [25, Sec. 17.1]. Let x0 be related to y(i)(0) and u(i)(0),
i = 0, . . . , n−1, by (10) with A, B, and C substituted by AM,
BM, and CM. Using reasoning similar to that in Appendix A to
prove Theorem 1 (see [26, Thm. 1’]), the dynamics of χ(t) =

col(ζ(t), µ(t)) are χ̇(t) = AM,fχ(t)+ BM,fu(t)+ GM,feA⊤
r,p t x0,

where BM,f = col(Br,m, 0pn,m), GM,f = col(0mn,pn, Br,pCM),

AM,f =

 Ar,m 0mn,pn

0(n−1)p,nm
Bn · · · B1

0(n−1)p,p I(n−1)p

−An · · · −A1

,
and the pair (AM,f, BM,f) is reachable. Using the fil-
ters (3c), (3d), and (3e), by a reasoning wholly similar to
that given in Appendix B to prove Lemma 1 (see [26,
Lem. 1’]), if Assumption 2 holds, then, by letting ϵe(t) =

GM,f(A⊤
r,p + β Ipn)

−1(eA⊤
r,p t

− e−βt Ipn)x0, one has δ(t) =

AM,fφ(t)+ BM,fυ(t)+ ϵe(t), for all t > 0. Hence, considering
that the minimal polynomial of Ar,p is sn

+ c1sn−1
+ · · · + cn ,

if the sampling times are uniformly spaced, i.e. ti = iTS ,
i = 1, . . . , N , then the matrix WN given in Remark 2 is
such that [ ϵe(t1) · · · ϵe(tN ) ]WN = 0, for all x0 ∈ Rpn .
Under Assumption 5, if non-resonance and non-pathological
conditions wholly similar to Assumption 4 and (17) hold, and
the sequence {dk}

N−1
k=1 is persistently exciting of order 2((m +

p)n + m), then, letting u(t) = dk for all t ∈ [kTS, (k + 1)TS),
k ∈ {0, . . . , N − 1}, the data matrices 1̄N , 8̄N , and ϒ̄N
defined in (5) satisfy rank(col(8̄N , ϒ̄N )) = (m + p)n + m
(see [26, Prop. 1’]). Therefore, by solving the LMI (6), a gain
Kf such that AM,f + BM,f Kf is stabilizing can be obtained as
in (7). Then, a stabilizing controller can be obtained using the
filters (3a), (3b) and by letting u(t) = Kfχ(t).

V. CONCLUSION

A data-driven framework for the design of output feed-
back controllers for LTI continuous-time systems has been
presented. By combining input–output filtering with an
LMI-based synthesis procedure, the proposed method avoids
reliance on time derivatives and bypasses explicit model iden-
tification. Constructive conditions ensuring the applicability of
the framework have been provided. n of system (1) from data
and on weakening Assumption 5 in the MIMO case.

APPENDIX

A. Proof of Theorem 1
It is first proved that, ∀k ∈ N, k ≥ 1, one has

Ak
i Bi =

 Ak
r Br∑k−1

i=0 Ai
r BrC Ak−i−1 B
Ak B

. (19)

By definition of Ai and Bi, Eq. (19) holds for k = 1. Assuming
that it holds for some k ∈ N, k ≥ 1, by computing Ai · Ak

i Bi,
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one has that (19) holds with k substituted by k +1. Therefore,
Eq. (19) holds by induction.

It is then proved that

Ak
r Br +

k∑
j=1

c j Ak− j
r Br = en

n−k, k = 1, . . . , n − 1, (20a)

An+i
r Br +

n∑
j=1

c j An+i− j
r Br = 0n,1,∀i ∈ N. (20b)

Note that Br = en
n and Ar Br + c1 Br = en

n−1. Hence, Eq. (20b)
holds for k = 1. Assume that (20) holds for some k ∈ N,
1 ≤ k < n. Then, one has Aren

n−k = en
n−k−1 − ck+1en

n =

Ak+1
r Br + c1 Ak

r Br + · · · + ck Ar Br. Hence, Eq. (20b) holds by
induction for k = 1, . . . , n − 1. On the other hand, by the
Cayley-Hamilton theorem, one has that (20b) holds.

Equations (19) and (20) are now used to find
a basis for the image of the reachability matrix
Ri = [ Bi · · · A3n−1

i Bi ] of the pair (Ai, Bi). By letting
c0 = 1, by (19), one has

∑k
j=0 c j Ak− j

i Bi =∑k
j=0 c j col(Ak− j

r Br,
∑k− j−1

i=0 Ak− j−i−1
r BrC Ai B, Ak− j B).

Note that
∑k

j=0 c j
∑k− j−1

i=0 Ak− j−i−1
r BrC Ai B =∑k−1

i=0 (
∑k−i−1

j=0 c j Ak− j−i−1
r Br)C Ai B. By (20b), one

has
∑k

j=0 c j Ak− j
i Bi = col(en

n−k,
∑k−1

i=0 en
n−k+i+1C Ai B,∑k

j=0 c j Ak− j B), k = 1, . . . , n − 1. Similarly, by (20b),
one has

∑n
j=0 c j Ak− j

i Bi = col(0n,1,
∑n−1

i=0 en
n−i C Ak−i−1 B,∑n

j=0 c j Ak− j B), k = n, . . . , 3n − 1. Therefore, by letting
Jf ∈ R3n×3n be the upper triangular Toeplitz matrix
whose first row is [ 1 c1 · · · cn 01,2n−1 ], one has

Ri Jf =

[
Sn 0n,2n

M Sn O R2n
Fn Sn qr(A)R2n

]
, where R2n = [ B AB · · · A2n−1 B ],

Fn = [ (
∑n−1

i=0 ci An−i−1)B · · · B ], and qr(s) =

sn
+ c1sn−1

+ · · · + cn . Under Assumption 1, one has
rank(R2n) = n. Since O is invertible, and S−1

n = Sn ,
by taking linear combinations of the columns of Ri Jf, one
has

span(Ri) = span

 In 0n,n
0n,n In
℧1 ℧2

,
where ℧1 = Fn − qr(A)O−1 M and ℧2 = qr(A)O−1.
Since (A, B,C) is a realization of (8), one has C An O−1

=

[ −an · · · −a1 ] and [ C An−1 B · · · C B ] − C An O−1 M =

[ bn · · · b1 ]; see Remark 3. Hence, it results that C℧2 =∑n−1
i=0 (cn−i − an−i )C Ai O−1

= [ cn − an · · · c1 − a1 ]. Further,
by [17, Eq. (28) at p. 324], one has C℧1 = C Fn − C℧2 M =

[ C An−1 B +
∑n−1

i=1 ai C An−1−i B · · · C B ] = B⊤. Finally,
since O−1 Br = en

1 , by [17, Eq. (11) at p. 199], and Ai−1en
1 =

en
i , i = 1, . . . , n, one has ℧2 Br = [ cn − an · · · c1 − a1 ]

⊤.

Thus, let P =

[
In 0n,n 0n,n

0n,n In 0n,n
℧1 ℧2 In

]
. By classical results on the

Kalman decomposition for reachability [25, Sec. 16.2], one
has

P−1 Ai P =

[
Ai,r,r Ai,r,u
0n,2n Ai,u,u

]
, P−1 Bi =

[
Bi,r
0n,1

]
,

and the pair (Ai,r,r, Bi,r) is reachable. Note that Ci P = Ci, Ar+

BrC℧2 = A⊤, P−1col(χ(t), x(t)) = col(χ(t), x(t)−℧1ζ(t)−

℧2µ(t)), Ai,r,r =

[
Ar 0n,n

BrC℧1 Ar+BrC℧2

]
, Bi,r =

[
Br

0n,1

]
, Ai,r,u =[

0n,n
BrC

]
, and Ai,u,u = A − ℧2 BrC = A⊤

r . Hence, the statement
follows by the fact that Ai,r,r = Af, Bi,r = Bf, Ai,r,u = Gf, and
κ(t) = x(t)−℧1ζ(t)−℧2µ(t) satisfies κ̇(t) = Ai,u,uκ(t) with
κ(0) = x0.

B. Proof of Lemma 1
Following a reasoning similar to that used in the proof of

[1, Lem. 1], the solution to system (3c), (3d), (3e) is

φ(t) =

∫ t

0
e−β(t−τ)χ(τ)dτ, (21)

and υ(t) =
∫ t

0 e−β(t−τ)u(τ )dτ. Integrating the right-hand side
of (21) by parts and using (13), one obtains that βφ(t) =

χ(t) −
∫ t

0 e−β(t−τ)χ̇(τ )dτ = χ(t) − Afφ(t) − Bfυ(t) −

(
∫ t

0 e−β(t−τ)GfeA⊤
r τdτ)x0. Under Assumption 2, since −β /∈

λ(Ar), the equation 0A⊤
r +β0 = 0(A⊤

r +β In) = Gf admits the
unique solution 0⋆ = Gf(A⊤

r + β In)
−1. Hence, letting ϵ(t) =

0⋆eA⊤
r t x0−e−βt0⋆x0, one has ϵ(t) = (

∫ t
0 e−β(t−τ)GfeA⊤

r τdτ)x0.
Thus, Eq. (14) holds for t ≥ 0.

C. Proof of Lemma 2
By [21, Ex. 5.13.16] and the Cayley-Hamilton theorem,

there exist ϑ i
1, . . . , ϑ

i
n ∈ R such that eA⊤

r ti =
∑n

j=1 ϑ
i
j (A

⊤
r )

j−1,
for each i ∈ {1, . . . , N }. Therefore, by letting Θ = ϑ1

1 −e−βt1 ··· ϑN
1 −e−βtN

...
...

...
ϑ1

n ··· ϑN
n

 ∈ Rn×N ,

[ eA⊤
r t1 − e−βt1 In · · · eA⊤

r tN − e−βtN In ]

= [ In A⊤
r · · · (A⊤

r )
n−1

](Θ ⊗ In).

Since rank(Θ) ≤ n, by the rank plus nullity theo-
rem [21, Eq. (4.4.15)], dim(ker(Θ)) ≥ N − n. By [21,
Ex. 5.8.15], for each α ∈ ker(Θ), one has (Θ ⊗

In)(α ⊗ In) = (Θα) ⊗ In = 0n2,n . Therefore,
it holds that [ eA⊤

r t1 − e−βt1 In · · · eA⊤
r tN − e−βtN In ](α ⊗ In) =∑N

i=1 αi (eA⊤
r ti − e−βti In) = 0n,n , for all α ∈ ker(Θ).

D. Proof of Proposition 1
Following [1, App. A], consider the interconnection of

system (9) and the filters (3), whose dynamics are

ξ̇ (t) = Aeξ(t)+ Beu(t)+ Ge℘(t), ℘̇(t) = A⊤

r ℘(t) (22)

where ξ(t) = [ υ⊤(t) φ⊤(t) χ⊤(t) ]⊤ and

Ae =

 −β 01,2n 01,2n
02n,1 −β I2n I2n
02n,1 02n,2n Af

, Be =

 1
02n,1

Bf

,
Ge =

 01,n
02n,n
Gf

, Ce =

[
02n,1 I2n 02n,2n

1 01,2n 01,2n

]
,

whose output ~(t) = Ceξ(t) from the initial condition ξ(0) =

04n+1,1, ℘(0) = x0, is ~(t) = [φ⊤(t) υ⊤(t) ]⊤. Under
Assumption 4, the Sylvester equation 5A⊤

r − A⊤5 = BrC
admits an unique solution 5⋆

∈ Rn×n . Therefore, the matrix
5⋆

f = col(0n,n,5
⋆) solves 5f A⊤

r − Af5f = Gf and hence,
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under Assumption 2, the matrix 5⋆
e = col(01,n,5

⋆
f (A

⊤
r +

β In)
−1,5⋆

f ) solves

5e A⊤

r − Ae5e = Ge. (23)

By linearity, the solution to system (22) from the initial
condition ξ(0) = 04n+1,1 satisfies ξ(t) = ξ a(t) + ξ b(t),
with

ξ̇ a(t) = Aeξ
a(t)+ Beu(t), ξ a(0) = −5⋆

ex0, (24a)

ξ̇ b(t) = Aeξ
b(t)+ Ge℘(t), ξ b(0) = 5⋆

ex0. (24b)

Since ℘(t) = eA⊤
r t x0 and 5⋆

e solves (23), the solution
to system (24b) is ξ b(t) = 5⋆

eeA⊤
r t x0. Therefore, ~(t) =

Ceξ
a(t) + Ceξ

b(t) = ~a(t) + Ce5
⋆
eeA⊤

r t x0. By [1, App. A],
the dynamics of ~a(t) are given by

~̇a(t) = Av~
a(t)+ Bvu(t)+ Gvð(t), ð̇(t) = −βð(t), (25)

with initial conditions ~a(0) = ~a
0 , ~a

0 = −Ce5
⋆
ex0, ð(0) = ð0,

ð0 = 𭟋5⋆
ex0, 𭟋 = [ Bf Af + β I2n −I2n ], Av =

[
Af Bf

01,2n −β

]
,

Bv =
[ 02n,1

1

]
, Gv =

[
I2n

01,2n

]
, and (Av, Bv) is reachable. Since

(Af, Bf) is reachable, by the PBH test for reachability [17,
Thm. 6.2.6], rank([ Af + β I2n Bf ]) = 2n, ∀β ∈ R. Therefore,
one has [ Af + β I2n Bf ][ Af + β I2n Bf ]

†
= I2n . Hence, since

Av =

[
Af+β I2n Bf

01,2n 0

]
−β I2n+1, the matrix 5⋆

v = [ Af + β I2n Bf ]
†

solves

Av5v + β5v = Gv. (26)

By linearity, the solution to system (25) from the initial
condition ~a(0) = ~a

0 satisfies ~a(t) = ~a
I (t)+ ~a

II(t),

~̇a
I (t) = Av~

a
I (t)+ Bvu(t), ~a

I (0) = ~a
0 −5⋆

vð0, (27a)

~̇a
II(t) = Av~

a
II(t)+ Gvð(t), ~a

II(0) = 5⋆
vð0. (27b)

Since 5⋆
v solves (26), the solution to (27b) is

~a
II(t) = 5⋆

ve−βtð0. Therefore, the vector ~(t) satisfies
~(t) = ~a

I (t) + Ce5
⋆
eeA⊤

r t x0 + e−βt5⋆
v𭟋5⋆

ex0, where ~a
I (t)

solves (27a).
Note that λ(Av) = {−β} ∪ λ(Af) = {−β} ∪ λ(A) ∪ λ(Ar).

Since (Av, Bv) is reachable, by [24, Lem. 1], if {dk}
N−1
k=1

is persistently exciting of order 4n + 2, u(t) = dk for
all t ∈ [kTS, (k + 1)TS), and (17) holds, then rank(H) =

4n +2, H = col([ ~a
I,1 · · · ~a

I,N−2n−1 ],H2n+1({dk}
N−1
k=1 )), where

~a
I,k = ~a

I (kTS), k ∈ N, k ≥ 1. In particular, one has
~a

I,k+1 = Ad
v~

a
I,k + Bd

v dk , where Ad
v = eAvTS and Bd

v =

(
∫ TS

0 eAd
vτdτ)Bv. Note that, letting w0, w1, . . . , wn+1 be defined

as in Remark 2, one has
∑n+1

i=0 wn+1−i (Ce5
⋆
eeA⊤

r ti+ j x0 +

e−βti+ j5⋆
v𭟋5⋆

ex0) = 0, j = 1, . . . , N − n − 1. Thus, one
has col(8̄N , ϒ̄N ) = [

∑n+1
i=0 wi~

a
I,n+2−i · · ·

∑n+1
i=0 wi~

a
I,N−i ].

Hence, by letting wi = 0 for i ∈ Z, i ≥ n + 1,
define 3 = [

∑2n+1
i=0 wi (Ad

v)
2n+1−i ∑2n

i=0 wi (Ad
v)

2n−i Bd
v ··· w0 Bd

v ]. By [27,
Thm. 3.2.1], if (17) holds, then (Ad

v, Bd
v ) is reachable.

Therefore, if (17) holds, then rank(3) = 2n + 1. Hence,
since [

∑n+1
i=0 wi~

a
I,2n+2−i · · ·

∑n+1
i=0 wi~

a
I,N−i ] = 3H , by the

Frobenius inequality [21, Ex. 4.5.17], one has rank(3H) ≥

rank(3)+ rank(H)− (4n + 2) = 2n + 1. Thus, since 3H ∈

R(2n+1)×(N−2n−1), rank(3H) = 2n + 1.
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