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Abstract

Given a smooth Riemannian manifold (M, g), compact and without boundary, we analyze
the dynamical optimal mass transport problem where the cost is given by the sum of the
kinetic energy and the relative entropy with respect to a reference volume measure e =" dx.
Under the only assumption that the prescribed marginals lie in L' (M), and a lower bound
on the Ricci curvature, we characterize the minimal curves as unique weak solutions of
the optimality system coupling the continuity equation with a backward Hamilton—Jacobi
equation (with source given by the logarithm of the density). We give evidence that the
entropic cost enhances diffusive effects in the evolution of the optimal densities, proving
L' — L regularization in time for any initial-terminal data, and smoothness of the solutions
whenever the marginals are positive and smooth. We use displacement convexity arguments
(in the Eulerian approach) and gradient bounds from quasilinear elliptic equations. We also
prove the convergence of optimal curves towards the classical Wasserstein geodesics, as the
entropic term is multiplied by a vanishing parameter, showing that this kind of functionals
can be used to build a smoothing approximation of the standard optimal transport related to
the Wasserstein distance.

Mathematics Subject Classification 35F20 - 49J20

1 Introduction

Let (M, g) be a smooth, connected d-dimensional Riemannian manifold, assumed to be
compact and without boundary, endowed with a metric tensor g = (g;;) and a volume form
dx. We denote by P (M) the set of probability measures on M. Given a time horizon 7 > 0
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and two fixed (initial and terminal) measures mq, m; € P(M), we analyze in this note the
optimal transport problem
oym — di =0
min {F.(m,v)}, amongall (m,v) : i rm = divg(vm)

m(0) = mg, m(T) = m (1.1

T 1 T
where F.(m, v)::/ / = |v|2 dmdt + s/ H(m(t); v)dt,
0o Jm?2 0

with v := e~V dx and where

dm
H(m; v)=/ log (—) dm=/ m(logm + V)
M dv M

denotes the relative entropy of m with respect to a reference measure e~ dx, given for some
Lipschitz continuous vector field V. Here and throughout the whole paper, we identify any
measure ¢ which is absolutely continuous with respect to dx with the corresponding density
function du/dx, still denoted as .

In (1.1), m(¢) is an (absolutely continuous) arc joining mq and m| with velocity v, |-| is
the length of vector fields and div, (-) the intrinsic divergence operator on the manifold M.

The functional (1.1) can be seen as a perturbation of the kinetic energy functional used
in the dynamical version of mass transportation [2]. The additional term in (1.1) prevents
concentration effects by penalizing through the relative entropy and is supposed to enhance
some form of dissipation along optimal curves. This is only one, yet very natural, among
possibly different entropic regularizations of the classical optimal transport energy. In this
respect, it follows a stream of research which has been very intensive in recent times, where
other kind of regularizations of the Wasserstein distance were suggested (see [13, 17, 28,
30]).

The evolution of optimal transport densities with additional costs that consider the effects
of congestion has been exploited so far in several directions, see e.g. [3, 5], and especially
[25], where some L' — L regularization in the time evolution of the optimal curves was
proved using variational techniques. Similar problems were addressed in [7-10, 20, 37] with
a different approach based on ideas coming from mean field game theory and PDE estimates
on the optimality system (state-adjoint state) associated to (1.1), which is

—du + 3 |Vul?> = e(log(m) + V(x)) in (0,T) x M
oym — divg(mVu) =0 in(0,T)xM (1.2)
m(0) =mg, m(T) =m inM.

As firstly observed by Lions [31], (1.2) is just one instance of PDE system appearing in
mean field game theory [23, 24] and some smoothness on the optimal curves of this kind of
functionals can be derived from gradient estimates on the adjoint state u (the so-called Kan-
torovich potential, in mass transportation language). This approach, relying on the ellipticity
hidden in the optimaliy system, was thoroughly developed in [35, 36, 39]. In particular, the
case of functional (1.1), with the additional entropy term, was addressed in [39] for convex
domains of R? (with no-flux condition at the boundary) assuming that the marginals m, m
are positive and smooth, in which case the minima can be proved to be positive and smooth for
all times. Similar results were also proved for Gaussian-like measures in the whole Euclidean
space.

The goal of this paper is twofold. First of all, we give some general result on problem
(1.1), under the only assumption that the marginals mo, m; € L'(M). In particular, the
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marginals do not need to be positive (nor smooth), extending many results of [39] to the
case of nonnegative initial-terminal data. Except for some special results obtained in one
dimension [11], the case of compactly supported marginals had not been developed, so far.

Secondly, we analyze the problem in the setting of a Riemannian manifold, in order to
get a more exhaustive comprehension of some crucial tools. In fact, in the genuine optimal
transport viewpoint, it is well understood [14—-16, 32-34, 38, 42—44] that the Riemannian
setting is the most natural to observe the role of Ricci curvature in regularity arguments
related to displacement convexity and entropy dissipation. In our results, we will require the
only condition that the Ricci curvature is bounded below, and we will obtain estimates which
are totally consistent with the pure mass transport problem, embedding therefore the case
& = 01in (1.1) into a family of similar problems. As an example, if Ricy(M) > A, we will
prove the diplacement A — convexity of the entropy along Wasserstein geodesics as the limit
of A.-convexity along the optimal curves of (1.1).

Concerning the characterization of minimal curves of (1.1), we summarize our main results
in the following statement.

Theorem 1.1 Let (M, g) be a smooth compact Riemannian manifold without boundary, with
Ricy (M) bounded below. Let mg, m; € LY (M) NP(M), and assume that V € W% (M),
& > 0. Then the functional F in (1.1) admits a unique minimum, given by (m, Vu), where
(m, u) is the unique weak solution (in the sense of Definition 5.1) of the system (1.2), with
f yu(Tymp =0.

Moreover we have:

(i) m>0a.ein(0,T)x M.
(ii) u,m € LY.((0, T) x M) and u(0) € L' (dmo), u(T) € L' (dm)).

(iii) if mo, m1 € WL (M) and are (strictly) positive, and if V. € C**(M), then u €
CH12(0,T) x M), m € CH*((0, T) x M).

The statement of Theorem 1.1 summarizes several different results that we establish later.
In fact, we will start from the case of smooth and positive marginals (see Theorem 5.4),
proving the existence of smooth solutions to the system (1.2). To this purpose, we follow
the strategy suggested by Lions [31], and developed in [36, 39], which consists in rewriting
the system (1.2) as a quasilinear elliptic equation for u (see (3.16)) and using the continuity
method, relying on gradient bounds, in order to produce a smooth solution u. Following [39],
this strategy is first employed for a penalized auxiliary problem (4.14), where the L°>°— norm
of u is readily controlled. Then a compactness argument yields a smooth solution (m, u) after
a suitable normalization of u.

Once we have built smooth solutions of (1.2), we will obtain all relevant estimates which
remain robust for merely L' marginals mg, m1. This step includes a bound on the minimal
value of F, obtained by building suitable competitors, which in turn will yield local uniform
bounds on u.

From the local bounds on u# we will also obtain the local L°°- bound on m. Notice that this
L' — L regularization on the density is not a straightforward extension from the Euclidean
case, because the Ricci curvature is allowed to be negative. In particular, the L° control on
m does not follow directly from the displacement convexity inequalities as in [39].

Finally, we will derive local (in time) bounds for Du in L? (from the HJ equation) and
for the Fisher information of m (by displacement convexity estimates) that yield the suitable
compactness arguments. This latter step includes a relaxation result on the system and the
convergence to weak solutions, providing with the final characterization of the minima of
(1.1) (see Theorem 5.10).
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Many of those tools, involving estimates and stability on the optimality system (1.2), are
stable as ¢ — 0.

Indeed, we conclude the article by giving a result on the convergence of the optimal curves
towards the Wasserstein geodesic, as ¢ — 0, as well as the convergence of min F, towards
min Fp. This convergence occurs with a rate O (¢) when the marginals have finite entropy,
while we cannot prove a rate better than O (¢|log ¢|) for the general case of marginals only
in L'(M).

Theorem 1.2 Under the assumptions of Theorem 1.1, let (m¢, Vu,) be the minima of (1.1),
where (mg, ug) solves (1.2), with fM us(Tym, = 0, and let (im, Vu) be the Wasserstein
geodesic between mo, m1. Then, as € — 0, we have

me — m in C°([0, T, P(M)) and weakly in L' ((0, T) x M),
mgVug, — mVu weakly in Ll((O, T)x M),
and min F; — min Fy. In particular we have
min F; = min Fo + r¢

where re = O(¢) if mo, m1 have finite entropy, otherwise re = O (¢|loge|).

Last but not least, we will show (see Theorem 6.4) that using a suitable approximation
of mo, m1 with sequences m., mi. of smooth positive functions, the Wasserstein geodesic
between mg, m| can be approximated by smooth minimizers of F; (related to marginals
mog, M1g), in @ way that the corresponding approximated Kantorovich potentials u, remain
uniformly bounded in Lipschitz norm, and converge uniformly in M.

This last result shows that the purpose of smoothing the Wasserstein geodesic can be fully
accomplished with the functional (1.1); in particular, this gives a general Eulerian strategy
towards the proof of displacement convexity properties along the geodesics of optimal trans-
port. As an example, we recover some results of [14, 15] with an alternative proof, avoiding
the use of EVI inequalities in favor of a standard Eulerian approach which is now justified
going through problems (1.1).

2 Notations and setting of the problem

In the following, we recall some elements of Riemannian geometry (see e.g. [41]). Through-
out the paper, (M, g) denotes a smooth, compact, connected and oriented d-dimensional
Riemannian manifold without boundary, with metric tensor g = (g;;), inverse g = (g
and determinant |g|. The orientation induces a unitary volume form dx (hence Vol(M) = 1
by normalization). Unless otherwise specified, the integration on M is understood to be taken
with respect to dx. If w and v are two vector fields on M, we denote by

W Vi= Z gij(xX)w;v;
ij
their scalar product in the tangent space 7M. The length of a vector field is given by
|lw| = ,/w-gw. Correspondingly, there is a scalar product in the cotangent space T,"M,
which is defined on differential 1-forms @ and v on M as w -g vi=3"; g7 (x)wiv;.

Let x;, j = 1,...,d, be a local system of coordinates: if u € Cl(M), the C_Qvariant
gradient of u, denoted by Vu, is the vector field with coordinates (Vu); = g (x)uy;.
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Therefore, given u, v € C Lo,
Vu o Vo = Zgij(x)uxi Vy; -
ij
We denote the Levi—Civita connection associated to the metric g with the letter D and we

will derivate covariantly vector and tensor fields on M. Recalling that, in local coordinates,
the Christoffel symbols are

1 dgji g 0gij
k1 j _ O8ij ) Ik,
ij 2 Xl: ( 0x; + 0x; Xy &

the covariant derivative of a C! vector field X = (X ;) along the vector field v = (v;) is the
vector field D, X with k-th coordinate given by

(DyX)k = Y viX;Tf + (VXp) g .
ij

fX=(Xj)isaC ! vector field on M, the divergence of X is defined by
1
diveX = —— > (V/18|Xk)
Vel Xk: xk

and the Leibniz rule: divg (fX) = V f -s X + fdivg X holds for every f € C'(M) and any
C! vector field X on M. Furthermore, by the Stokes theorem, we have

/ divgX = 0.
M

The Hessian V2u of a C? function u is the symmetric 2-tensor given by
(VZu) (v, w):=(DyVu) g w = (DyyVit) - v

for every vector fields v, w on M, where the last equality follows by the symmetry and the
compatibility with the metric of the Levi—Civita connection. The components of the Hessian
are the second covariant derivatives, given by

k
Viju =Uyx; — E Fijuxk'
k

In particular for every C? functions f, u and every vector field v it holds
v VIV f o Vi) = (V2 ) (v, Vu) + (Vi) (v, V ).

As usual, we denote Agu = divg(Vu) the Laplace-Beltrami operator on M. We recall the
Bochner formula (see e.g. [4]):

1A IVfIF = |V2f|2 +V(Agf) e Vf + Riccg(Vf, V) 2.1

for every f € C3(M), where R iccg is the curvature tensor of the metric g. Throughout all
the paper, we will assume that Ricg (M) is bounded below, i.e.

Riccg(X, X) > —1|X|? (2.2)

for every vector field X on M, for some A > 0.
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Given M, we denote by P (M) the space of probability measures on M, endowed with the
Wasserstein metric. The characterization of the Wasserstein geodesics in terms of optimal
mass transportation on M is well established, since M is compact, see [34, 44]. We will
always identify the measures with their densities when they are absolutely continuous with
respect to the unitary volume measure dx. With L? (M) we indicate the standard Lebesgue
space, for p € [1, +oc], and with wk.p (M) the Sobolev space of functions with k weak L?-
derivatives. We will use the Sobolev and Poincaré—Wirtinger inequalities on M, for which
we refer to [22]. Finally, throughout the paper we denote Qr the cylinder (0, 7) x M, and
Q7 =[0,T] x M.

2.1 Optimal transport functional

We now make precise the sense of the minimization problem (1.1).

Definition 2.1 Letmg, m; € P(M). A couple (m, v) is a solution of the continuity equation

(2.3)

oym — divg(vm) =0
m(0) = mo, m(T) = my,

ifm e C([0, T]; P(M)) with m(0) = mg and m(T) = my, v(¢, x) is a measurable vector
field on Q7 such that fOT [y lv1*dm < oo and the following equality holds

12
[ owin® ~ [ oo+ [ [ (~ag+ v 0) an =0,
M M sIm
forevery 0 < s <t < T and every function ¢ € C 1(@T).

We recall (see [1]) that weak solutions as defined above are essentially equivalent to
absolutely continuous curves from [0, 7] into P (M) which have L? metric derivative. We also
recall that any convex, superlinear function F (r) induces a lower semicontinuous functional
on the space of probability measures:

®(m) /, y F(m) if mis absolutely continuous
m) =
400 otherwise.

Similar kind of functionals have been extensively studied, see e.g. [25] and references therein.
Even if we could consider general functions F', for the sake of clarity we restrict the analysis in
this paper to the specific entropic case, in which F'(m) = m log(m), and more generally to the
relative entropy with respect to a possibly inhomogeneous reference measure v = e~V ) dx:

dm dm
H(m;v) = / F (d—) dv = f log (—) dm = / m(logm + V) 2.4
M v M dv M

with the convention that H(m; v) = 400 whenever m is not absolutely continuous with
respect to dx. In what follows, we assume that V is (at least) Lipschitz continuous on M.
Thanks to Definition 2.1, the meaning of the optimal transport problem (1.1) is now
clarified, to be read as
om — di =0
min{F,(m, v)}, amongall (m,v) : { o ivg(vm)

m(0) =mgy, m(T) = m 2.5)

T T
1
]—"a(m,v)::/ / — v)? dm—}-e/ H(m;v), vi=e VOdx,
0o Ju?2 0
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where the transport equation is understood as in Definition 2.1.

We first establish that, for every mg, m; € P(M), there exists an arc along which the
above functional is finite, so it admits a finite minimum. In addition, we can give a universal
upper bound on the minimal value of F.

Proposition 2.2 Let (2.2) hold true. There exists a constant C(M,d, A, T, ||eV ||oo) (depend-
ingon M aswellasond, A, T, ||eV | ) such that

min Fy < C (2.6)
for every mg, m1 € P(M), and every ¢ < 1.

Proof Consider the heat kernel p,(x, y) associated to the volume measure dx and the curve
no(-) : [0, 1] - P(M) N Cf (M) generated by the heat semigroup S;:

t— po(t, x) = Si(mo):= /M pe(x, y)dmo(y).

It is a classical result (cfr. [21, Chapters 7, 8]) that uo(-) is well defined and is a smooth
solution of the heat equation

d
5,u0 = Aguo on [0,00) x M.
In particular we have po(z, -) > 0 for every ¢ > 0 by the strong maximum principle.
It follows that the velocity of such curve for r > 0 is given by the vector field
Vo
Mo

vo(t, x):=

By the Li—Yau inequality [26, Theorem 1.4] we know that there exists a constant C(d, A)
such that

Vo> 9 2d
= 2—pp < (C + =) po.
0 at t

Recalling that ¢ is a probability density for every ¢t > 0, integrating the above inequality
we get

2d
f lvol* o < C + = @.7)
M t
We now study the decay of the entropy along the heat flow. We recall that

9 9 |V ol*
*/ o log(uo) = */ (o log(po) — o) = —/ —_—
or Ju ot Ju M Mo

By Sobolev and Poincaré—Wirtinger inequality we have (for 2* = % ifd > 2, or 2* any
sufficiently large number if d = 2)
2
2% 2%
dx)
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>c1(/ N dx) —o

where, here and below, by ¢; we denote different constants only depending on M, in particular
through d and A. By the concavity of the log function and Jensen inequality for the probability
measure (Lo

log (/ L |V 10l? +Cz> > —log (/ Vito® dx) + log(cy)
M KO

2 2¥_2
> log ( o ) wodx + log(cy) (2.8)

"

V

| \/

= Kd/ log (uo) modx + log(cr)
M

wherek; =1—
then we deduce

2* , (in particular, kg = 3 2ifd > 2). In other words, if ¢ (¢): _fM o log ro ,

¢'1) < —c1€ + 3
which implies
(1) = cp)e ™ W™ < —¢ 42 < —¢y.

Integrating in (t9, 1), we get

TR =e2t) | g =Ra @)= Ly ¢y (17 — 1) < 0.
In particular, letting tp — 0 we deduce

erawltn=ct) Ly ety < 0.

Since 1 is arbitrary, this means that

/M po(2) log puo(t) = ¢(t) < —é log (kac1t) + cat (2.9)
for every ¢t > 0.

Now, for any given 8 > 1, we consider the reparametrization jio (¢, -): =g (t#) for every
t > 0. Its velocity field is

Bo(t, ):=ptP T (tP, )

so, for any fixed 0 < §p < %, by (2.7)

0 1
ff|vo| flodi = ﬂ/ /|v0|2 0dt<63/ LI
0 tﬁ

which is finite for every 8 > 1. With such a choice, if we merge this estimate with (2.9) we
obtain

8o 8o
//If)olzﬂodt+8/ /[Lo(t)(IOg[Lo(t)+V)dl§C0
0 M 0 M

where Cy is a constant depending only on M, d, A, T, ||¢V |, B and dp.
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In asimilar way, forafixed T /3 < §; < T, we find a smooth curve of probability densities
11, with velocity vy such that

T T
// Ifnlzfudt-l-E/ / () (log fur (1) + V) di < €y
5l M 5[ M

where C| is a constant depending only on M, d, A, T, ||V |, B and &;.
Consider now the 2-Wasserstein geodesic (¢, V) between fio (8o, -) and i1 (51, -). Werecall
(see e.g. [15]) that the entropy functional is (—A)-convex along the 2-Wasserstein geodesic.

Hence, by (2.9),
81 81
/ / |V|2ﬁdz+8/ / mlogim+ V)dt <C
S /M So /M

where the constant C depends only on M,d, A, T, ||eV ||, 80, 61 and the Wasserstein dis-
tance W (/:LO (80, ), t1(81, -)). However, the latter is uniformly estimated in terms of the
manifold, thanks to the compactness of M.

Finally, gluing the paths from mq to jio(8p, ) and from fi1(8q, ) to m; with the 2-
Wasserstein geodesic 1, we have built an admissible arc joining mo and m, and with a
convenient choice of §p, §; we estimate

inf Fg(mo, my) < Cop+ C + Cy

where last constants only depend on M, d, A, T, |leV | .

Itis a classical result, after Benamou-Brenier’s trick [2] and the weak-lower semicontinuity
of the entropy, that the above estimate, with the existence of an admissible curve, yields the
existence of a minimizer of F, by direct methods of Calculus of Variations. For a similar
proof in Euclidean context, see e.g. [25, Proposition 2.9]. O

Remark 2.3 With a suitable choice of 8¢, §; in the above proof, it is possible to give an
estimate of the dependence of the constant C in (2.6) from the time-horizon 7. Alternatively,
if we denote min ]—"51 the minimum in unit time 7 = 1, with a simple time-scaling one can
estimate

1 1
min F, < max <?, T) min F} < max (?, T) C(M,d, 1, eV ]ls0).

Remark 2.4 We stress that in the above proof we can avoid the use of the Wasserstein geodesic
(@, v) between i (5o, -) and fi1(81, -) (and consequently, avoid the use of the (—A)- displace-
ment convexity of the geodesic). In fact, since {19 (o, -) and (i1 (81, -) are smooth and positive,
we can take the smooth optimal curve of F; joining the two measures, whose existence will
be (independently) proved in Sect. 5, Theorem 5.4.

3 The optimality system

In this Section we discuss the structure of the optimality system satisfied by minima of
functional (2.5). This is a first order PDE system which takes the following form

1
=+ 5 |Vu|> = e(log(m) + V), t€(0,T) B
om —dive(mVu) =0, t€(0,T).
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Let us first underline that, at least formally, (3.1) is the optimality condition of (2.5), in the
sense that (m, Vu) provides with the couple (7, v) minimizing (2.5). This is a consequence
of the convexity of the functional, following the original idea of Benamou and Brenier [2].
Even if this is clear to expert readers, we provide a proof for completeness.

Lemma 3.1 Let (u, m) be a smooth solution of system (3.1), in the sense thatu € C ([0, T]x
M), m € CY9[0, T] x M) with m(0) = mg, m(T) = m, and m > 0. Then (m, Vu) is a
minimum point of (2.5).

Proof Let (1, v) be any couple which solves the continuity equation in the sense of Def-
inition 2.1. We can assume that F;(u, v) < oo (otherwise, the inequality F,(m, Vi) <
Fe (1, v) is obvious), and in particular u € L! (Qr). Let us define the following convex and
lower semicontinuous function in R? x R:

2
% if m>0,

V(p,m)=10 if m=0andp =0, (3.2)
+o00 otherwise.

We set w = pv, w = mVu. Since m, u are smooth solutions of (3.1) (with m > 0), then
oW (w, m) is well defined. By convexity of W, we have

W, m) —W(w, n) <3,V @, m)- (W —w)+ 3V, m)(m — )

o (W ) |11)|2( )
= — . w—w —_— — m_
m 2m?2 ®

Since u € L' and u|v|? € L', we have w € L' and the above inequality is integrable on M.
From the very definition of w, w we deduce

T 1 1 T 1 T
2 2 2
/ ffm|Vu| 57/ /ulvl +f/ /m|Vu|
0o Ju?2 2Jo Ju 2Jo Ju
T 1 T
—/ f w-w+7/ f w|Vu|? (3.3)
0o Ju 2Jo Ju

Since u € C!, the continuity equation gives

T T
/ /w-Vu:/ /8tuu—/u(T)m1+/ u(0)mg
0 Jm 0 JMm M M
T 1 T
:—sf /(logm-i-V)M-i-*/ /IWIzu
0o Ju 2Jo Ju

—/ u(T)m +/ u(0)ymo.
M M
Hence from (3.3) we get

T T T
1 2 _ 1 2 | 2
—m|Vul|” < = wlol” + = m|Vul+ | u(T)my — | u(0)mg
0o Jm?2 2Jo Jm 2Jo Jm M M
T
+8/ / (logm + V)
o Jm

1 T T T
=f/ /u|v|2—ef /m(log(m)+v>+e/ f(logm+vm
2Jo Ju 0o Jm 0o Jm
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By convexity we obviously have m log(m) — wlog(u) < log(m)(m — w) + (m — u), where
last term disappears after integration. Then we conclude that

Fe(m, Vu) < Fe(it, v).
m}

Since (3.1) is a Hamiltonian system, there is some invariant of motion. The proof is
straightforward.

Lemma 3.2 Let (u, m) be a smooth solution of system (3.1). Then we have that the quantity

1
E(mg, my) := 5/

m|Vu|2 —8/ m(log(m) + V)
M M

is constant in time and it holds

1 2 (T
E(mg,my) = ?BS(MO, mp) — 7/0 /Mm(IOg(m) +V), 349

where Bs(mg, m1) = min F.

We observe that the quantity £ only depends on the marginals mg, m1, and is easily
estimated. In particular, by Jensen’s inequality, we have [, m(logm+V)dx > —log(v(M)),
for the measure v := e~ dx. Recalling Proposition 2.2 (and Remark 2.3), we deduce that

1
E(mo,my) < —— C(M. d, . 6V lo0) + 26 log(/ Vi <K (35)
T2 A1 M

for some constant K which is uniform for all mgy, m; € P(M), V € L°(M) with uniform
bound, and any ¢ < 1.

3.1 Displacement convexity estimates

In this section we study the convexity of some energy functional along the optimal curves of
(2.5). This is obtained in the Eulerian approach by exploiting dissipativity properties of the
solutions of system (3.1). We consider smooth solutions, which justifies the computations
below; as we will see later, this is no loss of generality, since all solutions will be obtained as
limit of classical ones. The following is an extension to the Riemannian setting of the results
proved in [19], (or in [39] with Neumann conditions); the only new ingredient is provided
by the Bochner formula (2.1).

Proposition3.3 Leru € Cz(aT) andm € C! (@T) be classical solutions to the system (3.1),
where V.€ W2 (M).
Let U : (0, 400) — R be a C' function such that

P@r):=U(r)r —U (@) > 0.
Then

d? / 1
i /M U(m) = /M [P mym — (1 — ?P(m)} (Agu)2

+/ P(m)Riccg(Vu, Vu) (3.6)
M

P'(m) 2 ,
+ e——|Vm|® +¢ P (m)Vm g VV
M m M
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Proof We begin by calculating the first derivate of the function t — [, U(m),

d /
a MU(m) = fMU (m)o,m

= / U’(m)(mAgu +Vm g Vu)
M

=/ P(m)Agu
M

recalling that P(r) = U’ (r)r — U(r). So, the second derivative takes the form
d2

ﬁ/ U(m):/ P (m)dymAgu + P(m)Ag(dru)
= Jm M

:/ P'(m)(mAgu + Vm g Vu)Agu
M
+/ P(m)Ag(% [Vul? — e(log(m) + V))
M
=/ [P'(m)m — P(m)](Agu)? —f P(m)V(Agu) g Vu
M M
+/ P(m)Ag(l [Vul? — e(log(m) + V)).
" 2

Now we use Bochner’s formula (2.1) to calculate Ag(% |Vul?), obtaining

d2

-3 /M U(m) = /M[P’(mm — P(m)1(Aqu)?

+ / P(m)[tr((V?u)*) + Riccg(Vu, Vu)]
M

P/
+/ L |Vm|2dx+8/ P'(m)Vm -, V'V.
M m M

Since, by the symmetry of V2u, it holds tr((Vzu)z) > é(zr(Vzu))2 = é(Agu)z, we get
(3.6). O
In particular, the inequality (3.6) implies the semi-convexity of the log-entropy along the

optimal curve m(t), and the strict convexity of the relative entropy whenever Riccg + D%V >
0.

Corollary 3.4 Under the assumptions of Proposition 3.3, let H(m(t); v) be the relative entropy
defined in (2.4), for v = e~V dx. Then we have
d2
—H(m(t); v) > / m(Riccg(Vu, Vu) + DZV(Vu, Vu))
M

di? (3.7)

+ s/ |V(ogm + V)| m.
M
Moreover, let A € R satisfy (2.2), and define
o) = / m(t)logm(t).
M

Then we have:
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(i) there exists a constant A¢, depending on M, d, A, ||V |lwi.~, T, €, such that
(T —1)
272
Moreover, the constant A is bounded independently of € (for ¢ < 1), and we have

A 30 %Wz(mo, mp)?.

(i) there exist constants L = L(M,d, \, |V, T) and L4 (only depending on d) such
that

T —1t

o) < —Lp(0) + %w(T) + A . (3.8)

(1) < 204 |1og(t(T — )| + £q | loge| + L Vi € (0, T). (3.9)

Proof We use Proposition 3.3 with U(r) = r logr — r (so that P(r) = r) and we get
d2

d2
— 1 = 1 - > Ri Vu,V
PR me ogm e /M(m ogm — m) _/Mm iccg(Vu, Vu)

| (3.10)
+f e— |Vm|? +e/ Vm -y VV.
M m M

Similarly, we compute

d? d d
— mV =— omV = —— mVV .. Vu
d? Iy dt Jy dt Ju

= —/ (VV s Vu)divg(mVu) — / mvVV .o V(1|Vu|2 — e(log(m) + V))
M M 2

:/ mD2V(Vu,Vu)+8/ mVV o V(log(m) + V).
M M

Adding this equality to (3.10), we obtain (3.7).
Now, if we come back to (3.10) and use the lower bound on Ricg, we get

d? & 1 , & 2
— | mlogm > —XA | m|Vul|* + = — |Vm|* — = | m|VV]|~.
dr? M M 2 um 2 Ju

By definition of the quantity E (mgq, m|) we obtain
dZ

—2/ mlogm > —2\E(mo, m) —ZXE/ m(logm + V)
dt* Jy M

1
+f/ —|Vm|2—f/m|VV|2
2 M m 2 M

(.11)
> —2VLE(mqg, my) —2A8f mlogm
M
+5/ L\ OmP = e cu 1V
— —_— — & , ,00 ).
2 Mm m C Wl

We estimate the Fisher information of m as in Proposition 2.2, see (2.8):

1
/ —le|2 > c1exp (Kd/ mlogm) —C,
mMm M

where we recall that kg = 1 — 2% 2* = % if d > 2, otherwise it is any sufficiently large
number if d = 2). Therefore, if p(t):= f ) mlogm , we deduce

@" > —20E(mg, my) + &(=21¢ + c3¢“®) —ec(h, |V | wieo, M), (3.12)
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for some positive constant ¢3. We note that the function r — —2Ar + c3¢*?" has a finite
minimum on [0, +00), and that E(mg, m) is bounded above by some constant K only
dependingon M, d, A, T, ||V |0, see (3.5). Hence we have

¢ > —20K —eC(A, |V lyi.0o, M)

which gives the semi-convexity of the entropy along the optimal curves, with a semi-convexity
constant A which is bounded uniformly for ¢ < 1.

In fact, we also obtain a local bound for the entropy, independently from the initial and
terminal marginals. Indeed, we deduce from (3.12) that

¢ > ec4e? —cs t€(0,T),

for some constant c4, cs depending on M, d, A, |V |1, T, ¢ (and uniform for ¢ < 1).
With a suitable choice of L (depending on c4, c5, T), we have that the function

Y(t) = L log(e t2(T — )} + L
Kd

is a supersolution of the same equation, i.e. " < g cae®d¥ — ¢cs fort € (0, T). Since v
blows up att = 0,7 = T, we conclude by comparison that ¢ < v, which gives (3.9) with
by = é.

To conclude, we observe that the semi-convexity constant A can now be estimated in a
more precise form. Indeed, on account of (3.4), we have

40
Ag =eC+20ME(mg,m) =eC +2— mlnfg——gf /m(log(m)—i—V)
:sC(l—i—IlogSl)—i—Z?min}'g,

where we used that fOT [y mlog(m) = O(log(e)) by (3.9). As we will prove in Sect. 6, it
holds that min(F,) — %Wz(mo, m1)?%; hence we deduce

F*)O

A 2
Ay — ?Wz(mo,ml) .

3.2 The optimality system as an elliptic equation

System (3.1) can be recast as a single elliptic equation, in time-space variables, for u. This
|Vu|?
2

comes by noting that meV = exp(%( — d;u)), which can be inserted in the continuity
equation, giving rise to a quasilinear elliptic equation in divergence form for u.

This is in fact a special case of a general approach suggested by P-L. Lions in his lectures
at College de France [31], in order to handle mean-field game systems of first order, such as

—8tu+ |Vul> = f(m) +V (3.13)

3tm—mAg —Vu-oVm =0

whenever f is an increasing function. For the reader’s convenience, we derive here this
equation in the Riemannian context. To this purpose, we first compute the covariant gradient
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of both terms in the Hamilton—Jacobi equation:

e )
fmVm =V |-+t ——=V].

Taking the scalar product with Vu we get

, B |Vu|?
fm)Vm - Vu =V | —0u + 2 -V )-eVu.

Similarly, by taking the time derivative from the Hamilton—Jacobi equation, we have:

, _a [Vul?
f(m)om = o —oru + 7 %

= —3nu + V(atu) ‘g Vu.

(3.14)

From the above equalities, merged with the continuity equation for m, we obtain

[Vul?
2

—0yu+ V(u) g Vu —V (—8,14 + — V) o Vu = f'(m) (9ym — Vm -5 Vu)

= f/(m)mAgu (3.15)

which becomes a second-order equation in the only unknown u. Indeed, by setting ¢:=(f) !,
the first equation of the system reads as

|Vul|?
m =¢ —8tl/t+ 2 — V N

and so (3.15) becomes a single equation for u. In the particular case of f(m) = elogm, we
have f/(m)m = ¢, and (3.15) simplifies further; if we also scale the potential V into ¢ V
(this is not necessary of course, but it is more consistent with the model of relative entropy),
we get to the following form:

— Oyu +2Vu - V(0;u) — (Vzu)(Vu, Vu) —eAgu+¢eVu -, VV = 0. (3.16)
We can shorten such equation by writing it as a quasilinear equation in the space-time variable
— 17 (AGx, Vi) 0 Vi) + 6V 4 YV (x) = 0 3.17)

where A(x, n) is the endomorphism of R x Ty M defined by
RxTiM — RxTM
[w,w] F— [ gw—w), gw—w)n+ew]
and, for every C? function f on [0, T] x M, the endomorphism v’ f is given by

RxTiM — RxTM
[w,w] > [Wyf+ V(O f)gw, wV(d[f)+ DyV[f]

Note that A(x, n) is independent of r € [0, T'] and it is symmetric for every choice
(x,n) € M x TyM. The symbol A(x, ) will denote also the bilinear form induced by such
endomorphism through the product metric g of the manifold R x M. Namely,

A(x7 77)([@7 w]? [ﬁa U]):= (A(x7 n)[w7 w]) ‘g [67 U]
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=-gw—wW)(N-gV—D)+EW-gV.

Finally we note that such bilinear form is elliptic (though not uniformly), in fact for every
[w, w] € R x TxM we have

A, n)([w, w], [w, w]) = n-gw — W) +¢elw> >0 Vw,w] = [0, 0].

4 Gradient bounds for smooth solutions

The purpose of this section is to obtain estimates for smooth solutions of the system (1.2),
by exploiting the elliptic character of the quasilinear equation (3.17). As a matter of fact,
the existence itself of smooth solutions of (1.2) needs to be justified, and this is why we
will develop this kind of estimates for a class of penalized problems, which will serve as
approximation steps towards (1.2). To be precise, we will introduce parameters p, § > 0 and
we will consider first the doubly penalized problem (4.4), which is an approximation of the
elliptic equation (3.17). At this stage, the parameter p is introduced only to speed up some
continuity argument for elliptic equations, in order to produce initially some solution u,, 5 to
(4.4) (this task is accomplished in “Appendix A”). The estimates that we prove in the next
Sects. 4.1 and 4.2 will allow us to let p — 0 and obtain a smooth solution for the §-penalized
problem (4.13), corresponding to the system (4.14). This is now a close approximation of
(1.2), with only a penalization of the marginal constraints at t = 0, 7, and will be discusssed
in Sect. 4.3. In the end, the analysis of the penalized problems, and the uniform character
with respect to p, § of the a priori estimates, will be crucial in order to deduce the existence
of smooth solutions of (1.2), jointly with the regularity estimates that those solutions satisfy.

To perform the above program, we mostly follow the ideas developed in [31, 36, 39],
although specifying to the case of the entropy nonlinearity allows us to simplify some
argument and to give estimates in a more precise form.

As a first step, we derive from the (possibly penalized) elliptic problem the differential
equations solved by some auxiliary functions of u and its derivatives.

Lemma4.1 Letu € C3([0, T] x M) be a solution of
— 17 (AGx, Vi) o V') + pu + £V 4 VV (x) = 0 @1

for some constants p, & > 0. Then
(i) forevery K € R, the function h:=(u + K)? satisfies
—ir (A(x, Vi) cﬁzh) +eVh g VV + 2pu (u + K)
= —2A(x, Vu) ([0;u, Vul, [0;u, Vu]) .

(ii) Set w:=0u, then it satisfies
—tr (.A(x, Vi) oﬁzw) +eVw g VV + po = =2 Vo2 + 2(V2u)(Vu, Vo).
(iii) Set (p:=% |Vu|2, then it satisfies
—tr (A(x, Vu) ongp) +eVe - VV +2pp = |V<,o|2 - |V(8ru)|2

— & (IV2u]* + (V2V)(Vut, Va) + Ricey (Vu, Vi) .

@ Springer



Entropy-minimizing dynamical transport on Riemannian manifolds Page 17 of 47 65

Proof Equations (i) and (ii) are straightforward computations based on equation (4.1). For
(i) we use the chain rule. For (ii) we derive in time equation (4.1) and we use that A(x, Vu)
is independent from time.

(iii) We now study the differential equation solved by (p::% |Vu |2. We first observe that,
if we develop the trace in (4.1), as we did in (3.16), we can rewrite the equation as

Opu +eAgu =20,¢9p — Vu g Vo +6Vu - VV + pu “4.2)
Now, using the Bochner’s formula (2.1), which means
Aep = LA, IVul? = |V2u|” + V(Agu) - Vu + Riccy(Vu, Vu) 4.3)
we get
9@ + eAg = V(1) g V(1) + Vit - V(8y0)
+& (V(Agu) ¢ Vi + [V2ul” + Ricey (Vu, Vu))
= V(@u + Agu) 5 Vi + V@ + ¢ [|V2u|2 + Ricey(Vu, Vu)] .
Then, using (4.2), we have
319+ eAgp = 2V(8,9) g Vi — (V2u)(Vu, Vo) — (V) (Vu, Vu)
+&e(V2u)(Yu, VV) + e(V2V)(Vu, Vu) + 2p¢
+ V@ + & [|V2u]” + Riceg (Vu, Vi

We note that for every vector field v on M we have Vg g v = (V2u)(Vu, v), so the above
equality becomes

0 + Mg =2V(0,9) ¢ Vu — Vo g Vo — (V20)(Vu, Vu) + eV ¢ VV
+e(V2V)(Vu, Vi) +2p¢ + [V @)
+e [|V2u}2 + Riccyg(Vu, Vu)] .
Finally, if we look at the whole chain of equalities we get
—r (A(x, Vi) ovzw) + eV g VV + 209 = [Vol2 — |V(3u)[?

— & (|V2u]” + (V2V)(Vut, V) + Ricey(Vu, Vi ).

|
4.1 Global Lipschitz bound on u
In this section we will prove a W 1% bound for the solution u € C3(Q7) of the system
—tr (A, Vi) o Vu) + pu+ eVu g VV(x) =0 in Or
—du + 3 |Vul®> = su + e(log(my) + V (x)) int=T,xeM 44

—du + 3 |Vul* + su = e(log(mo) + V (x)) int=0,xeM

where p, 6 are constants, 0 < p, § < 1. We recall that Q7 = (0, T) x M, and hereafter we
denote

Yo:={0} x M Zp:={T}x M.
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We notice that (4.4) is a perturbation of (3.17), containing an additional term pu in the interior
(this will simplify a preliminary step, detailed in “Appendix”) and an additional term du on
the boundary. The latter is used to control the function u in a first step. Indeed, using the
maximum principle, we have

Sllulloo < (lle(log(mo) + V)lleo + lle(log(mi) + V)lico) - 4.5)

Analogously, using Lemma 4.1 and the maximum principle, we bound the time derivative.
In this way, as in [39, Lemma 3.3], we obtain the following estimate.

Lemma 4.2 Let u be a solution of (4.4), where 0 < p, § < 1. It holds that

du(t,x) < sup (d;u)4 and |du(t,x)| < sup |du(t,x)| V(t,x)€ Qr (4.6)
YoUZr ZoUZr

Finally we give a bound for the space derivative in terms of the sup-norm of u.

Theorem 4.3 Let u be a solution of (4.4), where 0 < p,§ < 1.. There exists a constant C,
independent from p and 8, such that

IVitlloo < C(L+ llulloo);  N13ulloo < C(L+ [lulZ,)- 4.7)

Such constant C depends on || log(mo)|l 1.0, [l€ log(m1)||y1.c and on ||e V|| y2.00.

Proof We follow P.-L. Lions’ method, as developed in [36, 39]. First of all, we replace u
with the auxiliary function

vi=u+ K — Co (%), where K =2|ulloc +1, Co=2K.

Notice that Vv = Vu, so v solves the same elliptic equation of u, up to an additional term
due to the time translation. Moreover, we have ||[v]lcc < C(1 + ||u]lo0). We set

1 2 2
z=5|Vv]*+ Jv

where
o

T+ o)’

for some small constant o to be chosen later. The goal is to obtain an upper bound on z by
means of the maximum principle. If the maximum occurs at the boundary, this means that
either t = O or t = T; here one uses that, by construction, v(7)) > 1, v(0) < —1, then
reasoning exactly as in [39] (Thm 3.4, Step 1) one obtains that

Y

[Vlloo = €I + [lulloo)

for some C = C(||(elog(m) |1, ||(elog(mo) |y, IEVV ), in case of a maximum
attained at the extremal times ¢ =0, T.

Let us focus on a possibly interior maximum point. From Lemma 4.1, part (i) (applied to
v) and part (iii), we have

—tr (.A(x, Vu) o §2z> +&Vzs VV +2pz7 = -y A(x, Vu)([3;v, Vv], [0;v, VV])]
+|Vel? = |V(@v)|* —¢ (yv2u|2 + Ricey(Vu, Vu) + (V2V)(Vu, W)) (4.8)

+yp(K — Coltyw
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where ¢ = %qu|2. By definition of the matrix A(x, Vu), we get

ACx, V) (19, Vl, [8v, Vo) = |=d,v + Vo2 + & [Vl

while the definition of ¢ implies
Vo[> = |Vz|? = 2y vV g Vz + y?0? V]2,
Inserting the above equalities in (4.8) we get

— 2
—tr (A(x, Vu)oV z) +eVz-g VV +2pz 4y |[=dv + [Vo*|" + ye | Vu]?
= |Vz|* = 2yuVv o Vz + y20? Vo> — |V (3,v)]?
— & (|92] + Riceg (Vi Vu) + (V2V)(Vat, Vi) ) + yp (K = Co Tty

and since Ric, is bounded below, and )/v2 < Co by the initial choice, we can estimate the
right-hand side obtaining

—2 2
— 17 (AGx, Vi) 0 V2) 4 8V2g VV 4202+ [ =t + Vol 4 ye [Vol? )
< |Vz]* = 2yvVu -, Vz+ C(1 + |Vo[?)

for some constant C depending on (Ricg + V2V)_ and on o. Let us focus on the quantity
—9;v + |Vv|?: at an interior maximum point of z, we have

Co vy , 1 2
- Vu|? = (maxz — du) — — — = ~|V
v+ [V (EXZ (i) T~ 3Y +2| vl

However, thanks to Lemma 4.2, and to the boundary conditions at = 0, T, we have

oru < sup ou
YoUZT

< maaxz + [18u oo + %IlvlliO + lleVlleo + & max (|| log(mo) llco. I log(m1)lloc)

which implies, using yv?> < Co and (4.5),

04 — max z <K
[4]

foracertain K > 0depending only on ||eV ||eo, ||& log(#1) || s and || log(m10) || co. Therefore,
we conclude that

— Co vy, 1_ 5
Vs K- Yt
v+ |Vu|” > 7 3V +2| V|
|
= —K + 5|Vv|

where K = K + % + Co. So, either |Vv|2 < 4K (and then maxgz < 2K + C%) or we
have —K + %|Vv|2 > }T|Vv|2, and we estimate | — 3;v + |Vv|?|2 > %|Vv|4. In this latter

case, looking at (4.9) on a maximum point of z, where Vz = 0, we deduce that

%er‘ <C(1+ VP
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which implies |[Vv|?> < C(1 + %) <C(+ ||u||§o). Thus, we conclude in both cases with
an estimate like (4.7), for the spatial gradient Vu. Due to Lemma 4.2, this also yields an
estimate for d;u, and then the full gradient Vu is estimated. O

4.2 Local bound on the density

We next derive a local (in time) version of the gradient estimate. This is not enough to give
a local Lipschitz bound for u, but provides with a local L°°-bound for the density m.

In the following, we denote by [|(Riccg + V2V)_|lso the nonnegative real number R, :=
inf{r >0 : Riccg + VIV > —r I} (in the sense of quadratic forms).

Proposition 4.4 Let u be a solution of (4.4), where 0 < p,§ < 1.
Let0 <a <b < Tandk € (0, %). There exists a constant K > 0 (independent of p, §)
such that

e (log(m(t) + V) + «|Vu|* < K ( Vie(a,b) (4.10)

1
(—ar " b- m)
where K depends only on k, T, ||u]|1o(a,p)xm) and |le(Riccg + V2V)_ |l so-

Proof We follow an idea introduced in [39], where a similar result was proved in the Euclidean
case.
Let us consider z : [a, b] x M — R defined by
2 1
2 u
7:=0|Vu|~ — du + y;, where 6 € (0, 1),y =

(1 + [ull oo (a,byxm))?

, we obtain

By using Lemma 4.1 and denoting ¢ = %

—ir (A(x, Yu) ovzz) +eVZy VV +pz
< —20¢ (IV2ul® + Riccg(Vu, Vu) + (V2V)(Vu, Vu)) + 2|V (@) > 41D
— 2V g V(3u) + 20 [|[Vo|* — [V(3u)*] — y Alx, Vi) (Vu, Vi)
where we notice that
(V@) = 2V g V() + 20 [|[Vo|* — |V (@3u) ]
= —V(du) -g2Ve — 2V(du)) 4+ 0 V|Vu|? -s2Ve — 2V (1)) — 26|Ve — V(d,u)|*
= Vz 42V — 2V (3u)) — 260 [V — V(@u)|* — y u Vu -2V — 2V (3,u))
< éwzl2 + é v2 u® |Vl
By construction of A(x, Vu), we have
A(x, Vu)(Vu, Vu) = ||Vul? — dul?® + ¢|Vul?
so that, inserting the above estimates in (4.11), we obtain
— 17 (AG, Vi) 0 V'2) +6V2 4 TV + pz
< —20¢ (IV2ul* + Riccg(Vu, Vu) + (V2V)(Vu, Vu))

1 1
+ §|Vz|2 +5 y2u? |\Vul> = y ||[Vul® = dul® — y &|Vul?.

@ Springer



Entropy-minimizing dynamical transport on Riemannian manifolds Page 21 0f47 65

Using y u? < 1 and the regularity of V we get

—tr (A(x, Vu) onz) +&Vzg VV + pz

. | @.12)
= (L +€)1Vul + 2192 = y [IVul? = dyuf®

where C is a constant depending on the lower bound of &(Ric, + V2V). Given L > 0, let

1 1
vi=t <<r a2 T r>2>

Since Y blows up at t = a, b, we have that z — y admits a maximum point in (a, b) x M.
In such point we have Vz = 0 and

— —2 1 1
—tr (A, Vi) 0 ¥2) = —1r (A, VioV'y) = —6L ((t —t (b_t)4>.
If Lo:=max(z — ¥) > %,then, at a maximum point of z — ¥ we have
2
2 2 u 2 1
[Vul|* — o,u = (1 —6)|Vu| +Z—y7 > (1—-6)|Vu]| +1//+L0—5

>(1=0)|Vul>+v¢ >0
SO
IVul> = dul®> = (1 — 60) |Vul* + 2.

Using all of these in (4.12), we get

1 1 Y | oA 2 2o 4 2
—6L < (f c) Vul? =y (1 - 0)2|Vaul* —
((t—a)4+(b—t)4>_ gt [Vul” =y ( ) AVul® =y
which gives

1 1 N
(y L? —6L) ((t_a)4 + (b_m) < (g+c) IVul? =y (1 = 6)*|Vul*

e
<co|\y+—
14

for some ¢y only depending on 6. But the inequality above cannot hold for any too large L;
handling constants with care, this occurs for L = O([(b = a)* V 11 (1 + 1|7 oe (4 1) 11))-

The conclusion is that we have max(z — ¢) < % hence

1 1 1
ZSL((t—a)2+(b—t)2>+§’

Using the definition of z leads to

1 1 1
0 |Vul® —du < L —
Vul? = = ((r—a)2+<b—r>2>+2

and choosing 6 > %, from d;u = %|Vu|2 — g(log(m) + V) we obtain (4.10) with k =
0 — % < % o

@ Springer



65 Page 22 of 47 G. Bocchi, A. Porretta

4.3 Existence of smooth solutions for a penalized problem

We first collect all the above ingredients to show that a penalized version of the optimality
system admits a classical solution. We consider, for § > 0, the problem

—ir (A(x, Vi) ov2u) + eV VV(x) =0 inQr
—du + % |Vul?> = su + e(log(my) + V(x)) in X (4.13)
—du + 1 |Vul? + 8u = e(log(mp) + V(x)) in Zo.
which is equivalent, reasoning as in Sect. 3.2, to the system
—du + 1 |Vul?> = e(log(m) + V) in Qr
0ym — divg(mVu) =0 in Q7
Su(T) = elog(m(T)) — elog(m;) in Xr
Su(0) = elog(mg) — elog(m(0)) in Xo.

(4.14)

The auxiliary penalized problem (4.14) has the advantage that the L°°-norm of u is
controlled, for § > 0, see (4.5). The estimates derived from the elliptic theory (see “Appendix
A”) yield a smooth solution, with m > 0, provided the marginals are positive and smooth.

Theorem 4.5 Assume that V. € W2 (M), mg,m; € CY*(M) and mg,m; > 0 in M.
For every § > 0, there exists a unique smooth solution w8, m®) of (4.14), in the sense that
ue CQr)NCH(Qr),m € C¥(Q7) N CO*(Q7), m > 0 and the equations are
satisfied in a classical sense.

Proof We first rely on Proposition 7.1 which is proved in the “Appendix”. This gives a
sequence of solutions u,, of problem (4.4). By maximum principle, we have [|u, |00 < % By
the gradient bound proved in Theorem 4.3, we have that || Vu olloo < C. By elliptic estimates
(see also Lemma 7.2 below) we deduce first that [|u, || -1« op = C, and then, bootstrapping

Schauder estimates, u,, is bounded in C%“ on any compact subset of Q7. Defining

- 1 2
m, =exp< dyup + 3 [Vup|” V)

&

we deduce the C 1""(QT) N Coe (@T) estimates on m,, and, in particular, m,, is uniformly
bounded below due to the gradient bounds for u,. Passing to the limit as p — 0 gives the
desired solution of (4.13), hence of (4.14). O

The next step will consist in letting § — 0 in (4.14), still assuming that the marginals
mo, mp are positive, showing that the minima of (1.1) are smooth for positive smooth
marginals. This step is left to the stability results of the next section.

5 Existence and regularity of optimal curves

In this section we obtain the existence and the characterization of the minima of (1.1) in
terms of the optimality system (1.2), thus proving Theorem 1.1 stated in the Introduction.
We first obtain the existence of smooth minima, whenever the marginals mg, m] are positive
and smooth; this is achieved by passing to the limit as § — 0 in problem (4.14) and using
the “elliptic” Lipschitz estimates of Theorem 4.3. Then we will enlarge the set of admitted
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marginals mo and m to merely L', nonnegative densities. To this purpose, we will need a
relaxed definition of weak solution to the system (3.1), where merely sub-solutions of the
Hamilton—Jacobi equation are taken into account. This kind of notion of weak solutions,
introduced in [7] (see also [8, 9]) for first-order mean-field game systems, is by now well
established also in the context of mean-field transport problems, see e.g. [20, 37]. In particular,
in this latter paper a notion of trace was developed for functions which are (distributional)
sub-solutions of Hamilton—Jacobi equations, e.g. when u satisfies

1
—8tu+§|Vu|2§a, ael]l (0,T)x Q) (5.1)

in some open set 2. Relying on the fact that u is nondecreasing in time, up to an absolutely
continuous function, one-sided traces of u were defined in the sense of limits of measurable
functions (with possible range in [—o00, +00]), see [37, Prop 5.6]. In particular, if @ €
L'(07), any u satisfying (5.1) admits traces at t = 0,¢ = T, denoted below as u(0), u(T)
respectively, which are the pointwise limits of u(¢, ) as ¢t | O (respectively ¢t 1 T) in the
sense of measurable functions (for a possibly well-defined precise representative of u).

Definition 5.1 A pair (u, m) is a weak solution of

—0u + % |Vul? = e(log(m) + V(x)) in Or
oym — divg(mVu) =0 in Qr (5.2)
m(0, ) =mg, m(T,-)=m in M

if m e €0, T1; P(M)) N LY(Q7) with m(0) = mg, m(T) = m; and log(m) €
L},.((0,T); LY (M));

loc

u € L2 ((0,T); H'(M)) and in addition m |Vu|®> € L'(Qr), mlogm € L'(Qr) and

loc
(u, m) satisfy

(i) u is a weak sub-solution satisfying, in the sense of distributions,

1
—u+ 5 [Vul® < e(log(m) + V(x)) in Qr
(ii) m is a weak solution satisfying, in the sense of distributions, the continuity equation
om —divg(mVu) =0 in Qr

(iii) (u, m) satisfy the identity

T
/mou(O)—/ mm(T):/ / (1|W|2m+sm(logm+V)> dt (5.3)
M M o Ju\2

where u(0), u(T) are the one-sided traces of u mentioned above.

The existence of weak solutions to (5.2) will be produced through a stability argument,
which relies on several steps. Some crucial a priori estimates are given in the following
lemma, which applies to solutions of both (4.14) and (5.2) (corresponding to § = 0).

Lemma 5.2 Assume that (u, m) is a smooth solution to (4.14), for some § € [0, 1],Aand
define i = u — fMu(T)ml. Let A be given by (2.2). There exists a constant C =

CM,d,» T, |Vlle) such that

- E <u(t,x) Vi, x) e (0, T]x M,
f . (5.4)
u(t,x) < . Y(t,x) €[0,T) x M
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/ i(0ymo > —elog (/ e*V)
M M

T ~
/ / (m|Vu|2+£mlogm)dt§C.
0 M

In addition, for any 0 < a < b < T there exists C, depending on C and additionally on

a, (T — b), such that
b b
// |Vu|2dt+3// [logm|dt < C. (5.6)
aJM aJM

Finally, if mog,m; > 0 on M, then there exists K, depending on C and additionally on
n/lviln[s log(moe")] and mA}n[s log(mie")], such that

and

(5.5)

il Lo qo,71xm) < K. (5.7)

Proof By definition of iz, we have

//( |Vu|2m+8m(logm+V)> dt = /m(O)u(O)—/m(T)u(T)
M M

=/ (m(O)—mo)u(O)—/ (m(T)—m1>u<T>+/ moii (0)
M M M

This implies, using the initial-terminal conditions of (4.14),

/mou(O) —// ( |Vu| m—i—sm(logm—l—V))

T /M (mo — m(0))[log(mo) — log(m (0))] (5.8)

+§/ (m(T) — my)logm(T) — log(m )]
M

where last two terms should be treated as zero in case that § = 0. In particular, since the
right-side is bounded below, we deduce that

/m(O)u(O) >// ( |Vu| m—i—em(logm—l—V))
Z—£T10g</ e_V)
M

where we used Jensen’s inequality in the last step. Of course, i satisfies the same Hamilton—
Jacobi equation as u, from which we derive now all the estimates.

Atfirst, for any fixed xo € M, letting 6, be the Dirac delta concentrated at x, we consider
the solution w to the continuity equation

(5.9)

O — divg(uv) =0 in(s,T)xM
w(T) =my, u(s) =8y, inM

which was built in Proposition 2.2. Such a curve satisfies the estimate

Jv]? K
7u+w(logu+ V)| dt <
T —s

@ Springer



Entropy-minimizing dynamical transport on Riemannian manifolds Page 250f47 65

with K depending only on M, d, A, T and ||V ||, but independent of xo. We multiply by u
the equation of # and we integrate over (s, T) x M: we get

u(xo)_// v-Vup— /f [Vu|? M+8//(10g(m)+V)[Ldl
// u+8//(log(m)+V)pLdt

Using that a log(b) < alog(a) + b for every a, b € (0, +00) we obtain

T 1 T
Mmké//Amﬁu+{//xM%W%H0m+dT—ﬂ
K M2 s JM

<

K
+e(T —5).
—s

So there exists a constant C > 0, depending on T, || V|- and M, but independent of ¢ and
X0, such that for every t € [0, T')

i(t, xo) < (5.10)

T—t
Reasoning in a similar way, namely using an analogous curve between mg and d,,, and the
bound (5.9), we conclude that there exists a constant C > 0 such that for every ¢ € (0, T']

= <t (5.11)

By the arbitrariness in the choice of xg € M, we get (5.4).
Fixnow 0 < a < b < T, from the equation of iz we have

/u(a)—/u(b)—l—// IVuldt

—S/f [log(m)|dt + & cu (1 + IV loo)-

Using (5.10) and (5.11), we obtain estimate (5.6). Coming back to (5.9) and using the upper
bound (5.10), we also get (5.5).

Finally, to get (5.7) we use the comparison principle on the Eq. (4.13). In fact, the linear
function ¢ := % + Bt is clearly a solution of the same equation, and it is a strict supersolution
att = T if e(log(me")) > —B. This is possible if m| > 0, choosing B sufficiently large.
Since ¥ (0) > u(0) by (5.10), one can compare i with ¥ (note that & satisfies the same
condition as # at t = T up to a bounded term, and B can be chosen possibly larger to
compensate). Hence i < % + Bt. Similarly we reason to get the estimate from below using
the positivity of mg, and we conclude with the global bound (5.7). O

We notice that the local bounds of i, given by (5.4), are totally independent of m. This
allows us to infer the local boundedness of m too, as a consequence of Proposition 4.4.

Corollary 5.3 Under the assumptions of Lemma 5.2, given any 0 < a < b < T there exists
aconstant C = C(M,d, A, T, ||V|loo, [(Ricg + D?V)_\loo, &, a, T — b) such that

lm ()l Lo (@,pyxmy < C.
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Proof By estimates (5.4), we have ||| Loo((a.byx M) < c max(a~!, (T —b)~1). Hence, from
(4.10) we deduce that ¢ log(m(t)) is bounded above for ¢ € (a, b) by some constant depend-
ing on C T, max(a~!, (T —b)~!) and l(Ricg + D2V)_||oo, which yields the conclusion.

O

Thanks to the global bound (5.7), we can now pass to the limit as § — 0 in (4.14),
obtaining the existence of smooth minimizers for positive smooth marginals.

Theorem 5.4 Assume that mg, my € W (M) and mg, m1 > 0 in M. Let V.€ W2 (M),
& > 0. Then there exists a (unique) smooth solution (u, m) of the system (1.2) such that
[y u(@my =0, u € C>*(Q7) N C*(Qr), m € C*(Q7) N C®*(Q7), @ € (0, 1). In
addition we have m > 0 in Qr, u is a classical solution of the elliptic equation (3.17), and
(m, Vu) is the unique minimum of the functional F, in (1.1).
Finally, if V € C*%(M), we have u € CKTL2 (M), m € Ck*(M).

Proof In a first step, we take mq, m; € cl*(M) and positive on M. By Theorem 4.5,
problem (4.14) admits a smooth solution (u®,m?), and we set as before 7% = u® —
fM u‘S(T)ml. By (5.7), we have that i is uniformly bounded in Q7. Then, by Theo-
rem 4.3, we deduce that #° is uniformly bounded in Lipschitz norm (time-space). Since
m® = e~V exp {1(|Vi®[?/2 — 8,i®)}, the gradient bound on i2® implies that m® is uniformly
bounded both from above and from below by a positive constant. By elliptic estimates (same
as in Lemma 7.2), we have that 2% is bounded in C'%(Q7) and the bound only depends on
| log(mo)llwi.co(arys | log(m )|l wi.co(ary (and of course on e, ||V y2.00). We also have interior
local bounds on #% in C>¢, because the elliptic equation have coefficients bounded in C%¢.
Therefore, by compactness, we deduce that a® converges tosomeu € C Za( or)ync La (@T),
which is a classical solution of the elliptic equation (3.17). At the boundary, e.g. att = T,
we have

— o + % |Vﬁ5|2 = e(log(my) + V(x)) + 8 + 5/ ub (Tym,

M (5.12)

— e(log(my) + V() + 84° + ¢ / (log(m* (7)) — log(my))m1.
M

However, by (5.8) and the bound on %, we know that
/ (log(m® (T)) — log(m1)(m* (T) — my) < €5 *=°0
M

which implies that m®(T) - m;. In particular, last term in (5.12) vanishes as § — 0 by
dominated convergence, since log(m‘S ) is uniformly bounded. Since we also have sa8 > 0
we conclude that u satisfies the boundary condition att = T

1
—du+ 5 [Vul> = e(log(m1) + V (x)).

We argue in the same way for # = 0 and we conclude that the limit u satisfies the elliptic
problem (4.4) with p = 0, § = 0. Furthermore, we notice that u satisfies an elliptic equation
where the second-order coefficients only depend on Vu, and the first-order coefficients depend
on VV. Hence, by the interior Schauder regularity and a boostrap argument, we have u €
C*+Le(p) provided V e CR*(M), k > 1.

Finally, defining
—du + 1| Vul?
e VO ep (ll) |
e
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we have m € C*(Q7) N C%*(Q7), m > 0 and m(0) = mg, m(T) = m;. In other words,
(u, m) is a smooth solution of system (1.2) (unique, with the normalization of u), and is
the minimum of the functional F;. This is also the unique minimum, as we will prove in
more generality in our next results. As a last remark, the result extends by approximation to
positive marginals mq, m| € WL-2°(M) since in fact all the estimates above remain true. O

We will now extend the existence result to the case of general L! marginals. We will need
some more a priori estimates and new compactness arguments. To this purpose, we first make
use of the displacement convexity estimates of Proposition 3.3 to derive a local L2-bound on
Vm.

Lemma5.5 Let (u, m) be a smooth solution of the system (3.1). Forevery0 <a <b < T
there exist a constant C = C(M,d, A, T,b — a, ||V|wy1.~) such that

b

1
// |V /m|2 dtfcw
aJM &

Proof First, we recall inequality (3.11) which implies, using also (3.5),

dz/ 1 >2A/ 1 +8/1|V|2C
— mlogm — & mlogm b — m —
dr? M gm = M & 2 Jym

for some C depending on M,d, A, T, ||V|y1.~, and independent of ¢ < 1. Now we fix
to € (0,T),and R < Ry:=min(ty, T — tp); then, for t € (0, R) we let £(¢) be a smooth
cut-off function such that

E)=1 ift e (fo—rt,t0+ 1)
Er)=0 if [t — 19| > R
&0 + &) < e

for a certain ag > 0. Then we have

d2 ) ) £ 2|Vm|2 2
pre) & mlogm | > —2\eé mlogm + — EF— —C¢
t M M 2 M m
d
+4gg’—/ mlogm +2(g/2+s.f,:”)/ m logm.
dt M M

If we integrate in (0, T') both sides we get

T T
e/ / §2|V\/;71|2 dt <Cy.1 |:/ / mlogmdt+C],
0 JMm 0o JMm

for a possibly different constant C. Since fOT / e mlog(m) is estimated by (3.9), we conclude.
]

We will also use the following stability result.
Lemma5.6 Let (u,, my) be a sequence of smooth solutions of (3.1), possibly for different
parameters &, — & > 0. Assume that u,, satisfies (5.4) for some constant C independent of

n. Let (u, m) be such that u,, — u weakly in L*((a, b); H (M), forany0) <a <b <T,
and m,, — m weakly in LI(QT). Then we have:
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1. u satisfies, in the sense of distributions,
1
— du+ E|W|2 <e(logm+V) in(0,T)x M. (5.13)

2. For every sequences moy,, my, such that mo, — mgy, my, — mjp strongly in LI(M), we
have

limsup/ u, (0)ymo, 5/ u(0)dmy,
M M

n—oo

n—oo

1iminf/ u, (Tmy, Z/ u(T)dm;.
M M

3. Forevery (i, v) which solves (2.3) and such that ju(t) € L! (M) foreverytand plogu €
LY(Qr), it holds

! 1
[ woms) = [ wwn < [ [ oy vu= Ji9ul pae
M M sJIM

. (5.14)
—l—s// (logm + V) udr
sJM

forevery0 <s <t <T.

Remark 5.7 We notice that (5.13) implies
1
~du+ 3 |Vul’ <em+V) e L'(Qr)

hence u satisfies (5.1) for some & € L'(Q7) and admits one-sided traces uptos = 0and
t = T (those traces are used in items 2,3 above).

Proof By definition, u,, satisfies

T 1 T T
/ /unaﬂpdt+f/ / |Vun|2<pdt:/ /s(log(mn)+V)<pdt
o Jm 2Jo Ju 0o Jm

for every ¢ € CCI’O(QT). In particular the integrals are restricted to some interval (a, b)
containing the support of ¢, with 0 < a < b < T. Then, by simply using the weak
convergence of Vu, in L*((a,b) x M) and m,, in L'((a,b) x M), and the weak lower
semicontinuity for the convex functions | p|?> and — log(m), respectively, we conclude that
satisfies (5.13), in distributional sense.

To observe the relaxation on the initial traces, we fix k € N and consider the truncations
Up k:=max{u,, —k}. By a standard argument in Sobolev spaces (see e.g. Lemma 5.3 in [37]),
we have that u, x := max{u,, —k} are Lipschitz functions that satisfy

1
=dttn g + 5| Vitn il < L, 2tyen (0gmy + V) 5.15)
<&, (my, +1|V)).
For every k € N, let & be the piecewise linear function such that
¢
£G6)=1  Vselo, ;]
£()=0 Vse |28, T

Sé’k(s):—% vse|$,2¢
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where C is the same constant which appears in (5.4). We now fix a positive ¢ € L°°(M) and
we multiply (5.15) by ¢ = & ¢. Integrating by parts the time derivative we get

The sequence u, (0, -) is uniformly bounded in n by construction, let xj be its weak-* limit,

up to subsequences, in L>°(M). By (5.4), we note that u, » = u, fort > % Then we pass
to the limit for n — 400, using the weak convergence of u,,, and we get

k(2% 16 ll0o
e — = || updr <c = (5.16)
fM Y C./f /M Y k

From Eq. (5.13), setting F (¢, x) := 8fé(m(s,x) + V(x))ds, we know that u + F is
nondecreasing in time. Hence

Ko[2% o K o[2% ¢
E/é k/Muwdrs/Mu@;,ogo —gfé k/M F(0 — FOT 0 )t
* &

and last term vanishes as k — 0o because F' is a primitive of an L! function. Therefore, we
have

, k(2% , ¢
hmsup7/A / updt §hmsup/ u—, e 5/ u0) ¢
k—oo CJE Ju k—oo Ju  k M

where we used the pointwise convergence of u(z, -) ast — 0% and the fact that u is bounded
above by (5.4), which allows us to apply Fatou’s lemma. Finally, letting k — oo in (5.16),
we obtain

limsup/ Xk(pf/ u(0) ¢ (5.17)
M M

k— 00

for every ¢ € L°(M). Let us define now T;(f) = min(f, j) the truncation operator in
LY (M). We recall that mo, converges strongly to mg in L' (M) and u(0) is bounded above,
S0

lim sup/ mopu, (0) <lim sup/ T;(mon)u, (0)
n M n M
+ lim sup/ (mon — T (mon))u, (0)
n M
< lim sup / T} (mon )it (0)
n M
C .
+ — limsup [ (mo, — Tj(mon))
T n M
¢
< T;(mo) xxdx + T (mo — Tj(myo)).
M M
Using (5.17) with ¢ = T (mg) we obtain, letting k — oo,

lim SUP/ mopty (0) 5/ u(0) Tj(mo) + g/ (mo — T;j(myg)).
n M M T Ju
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Letting finally j — oo, we get

limsup/ mopun (0) 5/ u(0) mo.
M M

n

Similarly we argue for t = T', using now u, y = min(u,, k).

We are left to prove (5.14). To this purpose, forany f € L'(Q7), we denote by f;,, f_, the
time-average functions fj := % tH_h f(x,s)ds and f_j = % ftt_h f(x,s)ds. Integrating
(5.15) in (¢, t 4+ h) and dividing by &, we obtain, by means of Jensen inequality,

1 1 t+h
=0 (un,k)n + §|V(“n,k)h|2 < Z/ {1 u,=—k)&n (ogm, + V) } ds.
t

Let (i, v) be any solution of the continuity equation such that u(r) € L'(M) for every
t, and plog() € L'(Qr). By a density argument, any Lipschitz function ¢ can be used
as test function in the continuity equation; hence, multiplying by (u, ), we get (for any
O<s<r<T-—h)

/(un,k)h(S)u(S) —/ Un i )n(r) p(r)
M M
r 1
=< // nv g VQupin — §|V(14n,k)h|2ﬂdf (5.18)
sJIM

r 1 T+h
+ &, // 7/ {]l{uy,sz} (logm, + V)} u(r)dsdr.
sJIM h T

Now we let n — oo. Recall that u,, is bounded in L?((a, b); H'(M)), and, using (5.6), we
have in fact 9,u, bounded in L!((a, b); L1 (M)); using classical compactness results (see
[40]), we deduce that u,, is compactin L2((a, b); L?>(M)). Moreover, u,, is locally uniformly
bounded (and bounded above up to t = 0); since u(t) € LY (M), we deduce that

n—oo

f Um0 () "= / Win(0) (1)
M M

for any t € [0, T), where u; = max(u, —k). Moreover, by weak convergence of u, in
L?((a, b); H (M), for any small > 0 we have

.

. 1

lim sup / / [V g V(i n — = |V nl* nde
sJIM 2

n—oo

) r 1 s+n 1
shmsup/ / H e V(Ui — E|V<un,k>h|2w1r+f / Sulvide
n—oo Js+nJ M K M

r 1 ) s+n 1 )
E/ ’/ mv g V(up)n — §|V(uk)h| ndt +/ / §M|U| dt,
s+n/ M K M

and letting n — 0 Fatou’s lemma yields

.

) 1

hmsup// HV g Vg i)n — §|V(Mn,k)h|zl/¢df
sJM

n—oo

r
1
s/f v ¢ VG — 31V ol .
sJIM
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We are left with the last integral in (5.18). Of course, if &, — 0, using plogm,, < plogu+
m,, we estimate

r 1 T+h
&n // Z / {1{unsz} (logm, + V)} w(r)dsdr
sJIM T

r 1 T+h 00
<eé, — (my, +plogu+Vwp)ydsdt — 0.
sJM h T

So we suppose that &, — ¢ > 0. In this case, from Lemma 5.5 we get that ,/m,, is bounded
in L%((a, b); H(M)), for any0) <a < b < T. Since my|Viuy|* is bounded in L (Q7) and

1 1
(Vmp): = Edivg(./mnVun) + EVM,, o Vi/my,

we also deduce that (,/m,); is bounded in L%((a, b); (H'(M))*) + L'((a, b) x M). By
classical compactness results (see [40]), we infer that ,/m,, is strongly compact in L*((a, b)x
M), which means that m,, is relatively compact in the strong L '-topology, locally in time, and
converges almost everywhere, up to subsequences. In particular, still using that u logm, <
plog 4+ m,,, we can apply Fatou’s lemma in the last integral in (5.18) (notice that 1, >}
a.e. converges to 1, _x) for almost every k, which we can suppose to be the case). Finally,
by (5.18) we obtain, letting n — oo:

/(uk)h(S)u(S) —/ (up)n(r) p(r)
M M
r 1
5[/ v 'gv(uk)h_§|v(uk)h|zﬂdf
sJIM

r 1 T+h
+¢€ // W / Ly>—ky dogm + V) u(r)dsdr.
sJM T

Now we let 7 — 0. Once more, the last term can be handled through Fatou’s lemma; indeed,
since log(m) € L}OC((O, T); L' (M)), we have that

1 T+h he0
W / Ty>—kydogm +V) = N> (logm+ V) forae 7€ (0, T),xeM
T

and
1 T+h
M(T)E/ Lyz—ky logm+ V) <plogu+pV+my
T

where last sequence is strongly convergent in L' (Q7). Hence Fatou’s lemma can be applied
and yields

r 1 T+h
lim sup// f/ Ty>—ky dogm + V) u(r)dsdz
0 JsJuh Jo -

;
5// Tu>—ky (logm + V) pdr.
sJIM

Similarly we argue for the term involving Vuy, where we also use Fatou’s lemma, because
Vuy € leo (0, T) x M) and V(ur)p, — Vuy almost everywhere, up to extracting a suitable
subsequence. Finally, using that uy is uniformly bounded in (0, » + %) and u admits one-sided
traces (in the sense of monotone limits of measurable functions, as recalled above), we have
that (u), (t) — ui(t) (we can use here the precise representative for u at any 7, otherwise we
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should limit ourselves to a.e. t). Notice that the convergence (uy ), (t) — ux(t) is pointwise
but also weak—* L°°, and holds for all # > 0. Therefore, once 7 — 0 we get

r 1
/ uk(s)p(s) —/ up(r) p(r) < /f (Lo g Vug —EIVMkIZM]dT
M M sJIM

,
+8// Ty>—ky Jogm + V) udr.
sJIM

Letting now k — 00, using Fatou’s lemma (and the monotone convergence theorem if s = 0),
we obtain

" 1
/ () (s) —/ u(r) p(r) 5// v g Vi = ZIVul® pldr
M M sJIM

,
+8// (logm + V) udr.
sJM

With a symmetric argument, using the left time-averages u_j, we also obtain the inequality

! 1
/ u(ryp(r) —/ u(t) pu(r) S// v 'gVu—EIVMIQM]dT
M M rJM

t
—l—s// (logm + V) udr
rJM

for every 0 < r <t < T. Adding the last two inequalities we obtain (5.14). O

Remark 5.8 The inequality (5.14) includes the case that s = 0 or r = T. In particular, it is
a byproduct of the previous proof that u(0) € L'(dmo) and u(T) € L'(dm), which would
not be guaranteed a priori. This is indeed a consequence of item 2 of the statement, which
implies that f » 4(0)myg is bounded below and f e W(T)my is bounded above. Since the other
bounds are obvious from (5.4), this yields u(0) € LY (dmg), u(T) € LY (dm)).

Remark 5.9 We point out that inequality (5.14) remains true when ¢ = 0 even without
requiring that u log(u) € L'(Q7). It is enough that u € LY(Q7) in order that (5.14) holds
for all s,¢ € (0, T) (such that u(s), u(t) € L'(M)), and even for s = 0,t = T assuming
for instance that (-) is continuous in [0, 7] in the weak L !'-topology.

In fact, we know from Proposition 4.4 that ¢, (log(m,))+ is locally uniformly bounded,;
in addition, if &, — 0, using estimate (3.9) we have

T
len Q080 4+ 11 0.yt < En fo / i (l0g(ma))+
M
< Cey (14 |log(en)]) — O.

Hence ¢, (log(m,))+ converges to zero in L' and weakly—x in L°°((a, b) x M). This implies
that the last term in (5.18) vanishes as n — oo, only using that p is in L! (Q7). Thus we
obtain again the inequality

r 1
/ ug (s)p(s) —/ ur(r) u(r) S// (v g Vup — §|Vuk|zﬂ]df
M M sJM

forany 0 < s < r < T. Since u is locally bounded, here one can readily get rid of the
truncation k for s, r € (0, T). To get the inequality up to t = 0, one can first let s — 0%
using that () is continuous in the weak L!-topology and uy is uniformly bounded. This
leads the first integral towards f a wk(0)mg , which gives the desired term by letting k — oo

@ Springer



Entropy-minimizing dynamical transport on Riemannian manifolds Page330f47 65

and using the monotone convergence theorem. Symmetrically one argue up tot = T to get
(5.14) in the whole interval (0, T'). O

Now we have all the ingredients to prove our main result on the existence and char-
acterization of minima for nonnegative marginals mg, m1, which are only assumed to be
LY(M).

Theorem 5.10 Let V € W22 (M), mo, m; € P(M) N LY (M), and & > 0.

Then there is a unique m and a unique u such that (u, m) is a weak solution of problem
(5.2) with fM u(T)m; = 0. Moreover we have that u,m € L;’;’C(Qr), and (m, Vu) is the
unique minimum of the functional F in (1.1).

Proof We first approximate m, m| with positive smooth marginals. To this goal, we consider
the solutions of the heat equation

0]
gﬁ’l,‘ = Aglﬁi with m; (0, ) = m; fori =0, 1.
Thanks to the compactness of M, itis well known that such solutions are smooth on (0, +00) x
M and that they are curves of probability measures (cfr. [21, Chapter 7]). Furthermore we
have m;(t,-) > O for every t+ > 0 by the strong parabolic maximum principle (cfr. [21,
Theorem 8.11]) and 7; (7, -) — m; in L' (M) for t — 0 [21, Theorem 7.19].
For every n € Nletmg, = rho(%, Yand my, = m (%, -). By Theorem 5.4, we obtain the
existence of a couple (u,, m,) which is a classical solution of

—du + 3 |Vul* = e(log(m) + V(x)) in Qr

oym — divg(mVu) =0 in Qr (5.19)
m(0, ) =mop, m(T, ) =my, in M

with [y, up(T)my, =0Vn € N.

Now we use Lemmas 5.2 and 5.5 to get estimates for u,, m,. In particular, u,, satisfies
(5.4), hence it is locally uniformly bounded, and the same holds for m,, due to Corollary 5.3.
In addition u,, is bounded in L2((a, b); H'(M)) and m,|Vu,|? is bounded in L' (Q7). With
the same compactness arguments used in Lemma 5.6, we deduce that both u,, and m, are
relatively compact in the strong L' (M)-topology, locally in time. Therefore, we deduce that
there exist functions u, m such that for a subsequence, not relabeled,

u, — u weakly in L%((a, b); H'(M)) and strongly in L”((a, b) x (M))Vp > 1,
m, — m strongly in L?((a,b) x (M))¥p > 1,and a.e. in Q7.

In addition, we know that m,, () has bounded entropy (at any time ¢), so it is weakly compact
inL! (M); and due to the bound of m,|Vu, |2 (see (5.5)), we get that m, is equi-continuous
from [0, T'] into the space of measures. By Ascoli—Arzela’s theorem, m,, (t) — m(t) in the
Wasserstein topology (uniformly in [0, 7']), and actually in L'-weak for all ¢ € (0, T), due
to the bound of the entropy. By continuity, we conclude that m(0) = mo and m(T) = m;.
Notice that, by the local strong convergence of m,,, and due to the bound (5.5), we also deduce
that

S Vu, — /mVu weakly in L2((0, T)x M)), (5.20)

and, in particular, we have that m,Vu, — mVu in the sense of distributions, and actually
weakly in L'((0, T) x M). Thus, we proved so far that m € CO([0, T1; P(M)) and is a weak
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solution of

om — divg(mVu) =0 in Or, 521)
m(0) = mg, m(T) = my.
In addition, by (5.6) and Fatou’s lemma, we have that log(m) € L'((a, b) x (M)), for any
0 <a < b < T,and in particular m > 0 a.e. in Q.
As for the Hamilton—Jacobi equation, we use Lemma 5.6 to deduce that

1
— du+ 5|W|2 < e(log(m) + V) (5.22)
and we also have
lim sup/ monu,(0) < /u(O)dmo. (5.23)
n—00 M

In particular (since the upper bound follows from (5.4)), we deduce that u(0) € LY (dmy).
Similarly we reason for t = T, obtaining

/ my u(T) §liminf/ Minttn(T) = 0. (5.24)
M M

n—oo

As before, this implies, in particular, that u(7T) € L! (dm1). Now we only need to conclude
that (u, m) satisfies condition (iii) of Definition 5.1. To this purpose, we follow the steps
of [12, 37], on account of Lemma 5.6. First we go back to (5.19), which implies, using
fM u(T)my, =0,

T
. 1
[ monin @) = [ [ Sl s+ emytogm, -+ V) .
M 0o Jmu?2
Using (5.20) and weak lower semicontinuity, as well as (5.23), we deduce, as n — oo:
Tr
/ / §m|Vu|2 +em(logm + V) dt < /u(O)dmg. (5.25)
0 Jm
However, applying (5.14) with (i, v) = (m, Vu),s =0andt = T, we get
Tr
/ mou(0) < / / — |Vul> m + em(logm + V) dt +/ u(T) dm,
M 0o Ju?2 M
Tr
< / / — |Vu|2m +em(logm + V) dt
0o Ju?2
where we used (5.24). Putting together the above information with (5.25) we obtain
Tro
f f fm|Vu|2 +em(logm + V)dt = / mou(0),
0 Ju?2 M

and, in between, we also get that f ymiu(T) = 0. This means that (u,m) satisfy
Definition 5.1. In addition, from the bounds derived before, we have u, m € L;’:C(QT).

We are left to prove that (m, Vu) is the unique minimum of 7. To show that, let (i, v)
be an admissible couple for the functional F,. Without loss of generality, we can assume
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that 7, (i, v) < 00, in particular plog u € L'(O7). We use once more (5.25) together with
(5.14) and we get

r 1
/ / <fm|Vu|2+em(logm+V)> dt
o Ju\2

T 1 T
< / / (v -gVu — §|Vu|2,u]dt+8/ / (logm + V) pdt (5.26)
0JM 0oJM

T 1 T
5// flvlzudﬂrs// (logm + V) pds.
0Jm 2 0Jm

By the strict convexity of r + rlogr — r, for every a > 0 and b > 0 we have
alog(a) —a > blog(b) — b + log(b)(a — b)

where a log a is extended as O for a = 0. Furthermore the equality holds if and only if a = b.
This is equivalent to

(log(b) —log(a))a <b—a (5.27)

with equality if and only if @ = b. Applying this inequality with @ = u and b = m (which
is positive a.e.), we obtain from (5.26)

T T
// (1m|vM|2+sm(logm+V)> dtffg(u,v)+8f/(m—u)dt
0o Ju \2 0Jm
Z‘FS(M7U)

and the equality holds if and only if & = m. This concludes the proof that (m, Vu) is the
unique minimum of F.

In fact, the solution we found is also the unique weak solution of the system (5.2) (up
to addition of a constant to u). Indeed, the uniqueness of (m, ) can be proved similarly
as in [12, Thm 1.16]. Compared to this latter result, we observe that, being m > 0 almost
everywhere, there is no loss of information here due to the set where m vanishes. O

6 Convergence to Wasserstein geodesic

We now briefly analyze the limit ¢ — 0 to show that the minimal curves of F, converge to
the geodesics of the classical mass transport problem
T ] oym — divg(vm) =0
min}'g(m,v)::/ f —wi?dm, (m,v): {m©0) = my (6.1)
0o Jm?2
m(T) = mj.

We first consider the easier case where the marginals mgo, m; have finite entropy. This
assumption implies that F, converges to Fq with a rate of order ¢.

Theorem6.1 Let V. € W2*®(M), mg,m; € PM) N LY(M) and such that
H(mo; v), H(m1;v) < oo. For ¢ € (0,1), let (mg, ug) be the unique solution of (5.2)
given by Theorem 5.10, and (m¢, Vu,) the unique minima of F.
As € — 0, we have:
me — m in C°([0, T1, P(M)) and weakly in L' (Q7),

. 1 (6.2)
meVue, — mVu weaklyin L (Qr),

@ Springer



65 Page 36 of 47 G. Bocchi, A. Porretta

where m is the Wasserstein geodesic between mg, my, and (m, Vu) is a minimum of Fy.
Moreover, we have (min Fp) = lin}) (min F), and in particular, for some K > 0,
e—

| min F; — min Fy| < K ¢. (6.3)

Proof For every ¢ > 0 we can apply Theorem 5.10 and define the couple (., m.) which is
the unique weak solution to the problem

—du + 3|Vu|> = e(log(m) + V(x)) in Qr
om — divg(mVu) =0 in Qr
m(0) =mgy, m(T) =m in M

with [y, ug(T)m; = 0.

By Lemma 5.2, we have that u, is bounded in L2((a,b), HY(M)) andin L*((a, b) x M)
forevery 0 < a < b < T, so it is weakly relatively compact in L2((a, b); H' (M)).

For any sequence extracted out of u., by a diagonal process we can select (and fix) a
function u € Lloc((O T); HY(M) n Lloc((O, T) x M) and a subsequence (that we will not
rename) such that u, converges weakly to u in L?((a, b); HY(M)) for every0 <a<b<T.

Furthermore, as a consequence of estimate (5.5), we have dy (m¢ (1), ms(s)) < C/t — s
for any t > s and some C > 0, where dy is the Wasserstein distance. Hence, by Ascoli—
Arzela’s theorem, there exists m € C([0, T']; P(M)) such that, up to a subsequence, m,(t) —
m(t) in the Wasserstein topology, uniformly in time. Since mg, m; have finite entropy, by
estimate (3.8), we have that

f meg(t) log(me(t)) is uniformly bounded in (0, T'). (6.4)
M

We deduce that m, is weakly relatively compact in L' (Q7) and then, by Cauchy—Schwarz
inequality and (5.5), m. Vu, is also weakly relatively compact in L'(07).In particular, there
exists m € C([0, T]; P(M)), and w € L'(Qr), such that

me — m in C([0, T]; P(M)) and weakly in L' (Q7),
meVu, — w weakly in LI(QT).

We now identify w as mVu. To this goal, we first use the semi-continuity for the function &
defined in (3.2), and we get

/ —dt < 11m mf/ / mg|Vu8| dt = / us(0)ymo + O(e) (6.5)
M 2m

where we used (6.4). By Lemma 5.6 we deduce

/ /—dt<hm1nff /fmg|Vu£|2dt
M (6.6)

flimsup/ ug(0) mo 5/ u(0)my.
M M

e—0

Notice that this inequality also implies that w = 0 a.e. in the set {m = 0}. Setting v :=
%1{m>0, we deduce that (m, v) is a solution to (2.3). We also get from Lemma 5.6 a similar
inequality at t = T, namely

/ u(T)m §liminf/ us(Tym; =0.
M e—0 M

@ Springer



Entropy-minimizing dynamical transport on Riemannian manifolds Page 37 of 47 65

We insert this information into (5.14) (where ¢ = 0,5 = 0, = T') and we get

T w |VM|2 T |w|2
u(Q)ymgy < — g Vu — m < —dt.
M o JulLm 2 o Ju 2m

Combining this with (6.6) we conclude that w = m Vu and that

T r
/ u(0)mo :/ / —m|Vu|?dt,
M 0o Jm?2
/ua(O)MO —>/ u(0ymyg ,
M M

T r T r
2 2
f / —mg|Vug| dt—)/ / —m|Vu|*dt.
0o Jm?2 0o Jm?2

We now show that (m, Vu) is a minimum of Fy. To this goal, we recall (see [14, 34]) that
the minimum of Fy is attained at a unique geodesic w* such that u*(z) € LY (M) for every
¢ and p*(-) is continuous in the weak-L! topology. On account of Remark 5.9, we can use
inequality (5.14) with ¢ = 0 and u = p*, which yields:

g 1 2 _ g * _1 2 %
m|Vul|“dt = u(Qymgy < (" v g Vu [Vul|= u*1dt
0o Jm2 M 0Jm 2

Tr 1
T2, .
5/[ |v|” u* dt = min Fy
0Jm 2

Hence (m, Vu) is the minimum point of Fy and coincides with the unique geodesic between
mo, mp (notice that the previous inequality implies v = Vu). Finally, we observe that, still
using (5.14) for (mg, us) and (m, u), we have

and then

and

min}}:/ us(0) mo
M

T 1 T
5/ / fm|Vu|2dt+8/ fm(log(m£)+V)dt
0o Ju?2 0o Ju

T
Sminfo—i-e/ / mlog(m) + C & = min Fy + O(¢)
0 M

due to the fact that m has finite entropy. Since the opposite inequality is obviously true, we
conclude with (6.3). ]

As a byproduct of the previous result, we have proved that whenever mg, m have finite
entropy, then the Wasserstein geodesic connecting mg, m has finite entropy for all times.
In fact, using Corollary 3.4 we also have a quantitative estimate of the convexity of the log-
entropy functional along the geodesic. In this way, we recover a result proved by Daneri and
Savaré [15] with a different and independent approach. We point out that we can avoid the
use of this convexity property of the geodesic in all our estimates and stability results (see
also Remark 2.4), so that this is just deduced from the limit ¢ — 0 of the convexity of the
entropy along the optimal curves of F.
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Corollary 6.2 In the assumptions of Theorem 6.1, let A € R be such that
. 2
Ric, + D7V > Al

in the sense that (Riccg + D2V)(X,X) > A |X|2f0r every vector field X on M.

Then the relative entropy functional H(m;v) is A-convex along the 2-Wasserstein
geodesics. In other words, if m : [0,1] — P(M) is the geodesic between mg and my, it
holds

Hm(@); v) <tH(my;v)+ (1 —t)yH(mg; v) — %t(l — t)sz(mo, mp) 6.7)
foreveryt € [0, 1].

Proof As in Theorem 6.1, let (uc,m.) be the sequence of solutions of (1.2), with
f a ue(TY)my = 0. At first, let us suppose that mg, m; are smooth and positive, so that
ug, me are smooth solutions (Theorem 5.4). By (3.7) in Corollary 3.4, we have

d2
—H(mg(1); v) zA/ me |Vug|*dx
dt2 £ M £ &€

= 2ABg(mo, m1) — 2AeH(me(1); v)

where we used (3.4) (with T = 1) and, we recall, B, (mg, m1) = min(F;). Since mg, m
have finite entropy, we already know from (3.8) that H (m.(¢); v) is bounded independently
of ¢, for every t € (0, T'). Hence we get, for some C > 0:

2

d
WH(ms(t); V) = Ag i=2ABg(mg,m;) —Ce

which implies
H(mg(t);v) <tH@my;v) + (A —)H(mg; v) — %t(l —1t) Ve ([0,1]. (6.8)

Note that A, is stable by approximation of mq, m| with smooth positive densities, due to
Theorem 5.10, so the above inequality holds for any mg, m; with finite entropy. Finally,
we let ¢ — 0; by Theorem 6.1 we know that m. () weakly converges in LY (M) towards
m(t), where m is the Wasserstein geodesic between mq, m1. Thus we can use the weak
lower semicontinuity of the entropy for the left-hand side. We also know that B, (mg, m1) =
min(F;) converges towards min(Fp) = %sz(mo, m1). Hence A, — A sz(mo, m1) and
from (6.8) we deduce (6.7). ]

We conclude by extending the convergence result of Theorem 6.1 to marginals which only
belong to L' (M), without having necessarily finite entropy. It is known that, if mq, m| €
LY(M), then the Wasserstein geodesic belongs to LY(M) for all times 7, see e.g.[14,34]. This
is also a byproduct of our next result, since we will prove that (6.2) still holds for merely L'
marginals. To get the necessary equi-integrability for this goal, we will use an idea suggested
to us by G. Savaré, based on displacement convexity and the following lemma essentially
contained in [44].

Lemma 6.3 Let mg € LY (M). Then there exists a function U : [0, 00) — R such that:

(i) U e C%(0, 00), is convex and satisfies %r) "X 10

@) P'(ryr—(1— %)P(r) > 0,and 0 < P(r) < Kr for every r > 0, where P(r) =
U(r—-U(r), K > 0.
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(iii) U@mg) € LY(M).

Even if the above Lemma mostly follows from [44, Proposition 17.7] combined with De la
Vallée—Poussin lemma, we will give a proof in the “Appendix”, for the reader’s convenience.
Standing on Lemma 6.3, we will show that min F, (mq, m1) — min Fy(mg, m1), although
now the rate of convergence appears to be of order |¢loge|. We will also prove a further
property here, namely that, up to approximating mg, m; with suitable smooth sequences
Mog, M1s, We can build a minimizing curve of F, which is a smooth approximation of
the Wasserstein geodesic, with the adjoint states uniformly converging to the Kantorovich
potentials.

Theorem 6.4 Let V € W2 (M), andmg, my € P(M)NL'(M). Fore € (0, 1), let (m, u;)
be the unique solution of (5.2) given by Theorem 5.10, and m be the Wasserstein geodesic
between mq, my, with (m, Vu) the minimum of Fo. Then we have that (6.2) holds true and
min Fy = lim,_,o min F.

In particular, we have

min Fp — cpe < min F; < min Fp + c; €| log €| (6.9)

for some cgp, c1 > 0.

In addition, there exist sequences mog, m1s, converging respectively to mo, my in L' (M),
such that, if (ug, mg) denotes the solution of (5.2) corresponding to marginals mo., m., and
with [y, us(T)dm = 0, then we have:

(i) (mg,ug) is smoothin (0, T) x M.
(ii) ug is bounded in W% (Q7) and converges uniformly to a Lipschitz continuous solution
u of the Hamilton—Jacobi equation d;u = |Vu|*/2 in Q7.
(iii) my — min CO%([0, T, P(M)) where m is the Wasserstein geodesic connecting mq, mi,
with Vu being the metric velocity of the geodesic and u(0), u(T) the Kantorovich optimal
potentials.

Proof Let U be the function given by Lemma 6.3 (built replacing mo with max(mg, m1)).
By the properties of U, we are allowed to use Proposition 3.3 and, in addition, the first term
in the right side of (3.6) is nonnegative. Hence we have

d2

P’ (myg)
dr? e

/ U(m;) 2/ P(me)Riccg(Vug, Vug) +/ e——2 |Vm,|?
M M M

m

+8/ P'(me)Vmg g VV
M

Z/ P(mg)Riccg(Vug, Vuy) —8/ P(mg) AgV.
M M

Using (2.2) and that P(r) < K r by Lemma 6.3, we obtain

d2

G [ vm =ik [ me iV - ek 1AV
= Jm M

Setting ¢, (1) = fM U(m.)(t), we deduce that ¢, satisfies, for some constant ¢ > 0,

-] (t) < AKf:(t) +ce t€,T)
@:(0) = [}, U(mo), 9(T) = [,, U(my) ,
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where f; := [}, me [Vug | is bounded in L' (0, T) by Lemma 5.2. By the (compact) embed-
ding of H 10, T) into C°([0, T1), we deduce that ¢ 1s uniformly bounded and actually it is
relatively compact in the uniform topology. Since U is superlinear, this means that m (¢) is
weakly compact in L'(M) and weakly converges to m(t), for every ¢t € [0, T]. In addition,
t — m(r) is continuous in L! (M) endowed with the weak topology. With this in hand, we
also have that m, Vu, is weakly compact in L'(Q7). Moreover, from Lemma 5.2, we know
that u, weakly converges to some u € leoc((O, T); H'(M)n ijc((O, T) x M), exactly as
in Theorem 6.1. In order to identify the limit of m,Vu, as mVu, we can proceed as before,
using (5.14) on account of Remark 5.9. Thus we obtain the same conclusion (6.2) as before.

However, the rate of convergence (6.3) does not follow in this case since we can only estimate

T
/ / mg log(mg) dt = O (g|logel)
0 JM

from (3.9). This yields (6.9).

Finally, we observe that we can build a smooth approximation of the Wasserstein geodesic
if we approximate mg, m| with the heat semigroup, namely mo, = S:(mg), mie = Se(my),
where S; is the heat semigroup as in Proposition 2.2. By using Li-Yau estimates on the heat
kernel, in the improved form given e.g. in [27, Thm 1.8] for Riemannian manifolds with
Ricci curvature bounded below, we have that there exists a constant C, only depending on
M, d, such that

<|VSE(m0)|
e [ LL2eM0N

S.m0) + |10g(Ss(m0))|> =C.

This means that ¢ log(m,) is bounded in WL%°(M), and so is for & log(mig). From (5.7) in
Lemma 5.2 we deduce that i, is uniformly bounded, and then from Theorem 4.3 i, is bounded
in Lipschitz norm. Moreover, at fixed ¢, (u., m.) are smooth according to Theorem 5.4.
Finally, by Ascoli-Arzeld’s theorem, u, is relatively compact in C°(Q7) and converges
uniformly towards its limit . It is a standard result that u is a viscosity solution of the
Hamilton Jacobi equation d,u = %|Vu|2. m]

7 Appendix A: Existence of smooth solutions
Here we show the existence of solutions to the differential system

—tr (.A(x, Vi) o VZM) +pu+eVu-g VV(x) =0 inQ
—du + % |Vul? = su + e(log(m) + V (x)) in X7 (7.1)
—du + L Vul? + su = e(log(mo) + V (x)) in X

and we recall (see (3.16)) that the expanded form of the first equation is

— Oyu +2V(0u) g Vu — eAgu — (Vzu)(Vu, Vu) + pu +eVu-; VV =0.  (7.2)

Proposition 7.1 Let p,8,& > 0. Assume that V € W22 (M) and mg,m; € P(M) N
(M) withmy, my > 0in M. o

Then there exists a classical solution u € C 2""(QT) of the quasilinear elliptic problem
(7.1).
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We will prove such result by means of the method of continuity. For convenience of nota-
tion,ﬁwe sete = 1in let follows. We consider the differential operators F : Cz’o‘(QT) —
C%(Q7) and G : C2*(Q7) — CL¥(Zy U T7) defined by

Flul:= — tr (A(x, Vi) onu) + pu+ Vit g VV(x)

Glulm 1 00+ 3 IVul> — 8u —log(m) — V(x) in X7
| =8 + L IVul? + su — log(mo) — V(x) in Xy.

Finally we define the operator

P:C**(Qr) — C*(Qr) x C1*(ZyU X7)
u — (Flul, Glu])

and the set
E:={u € C“‘(@T)Elr e [0,1] s.t. Plu]l = (1 —1)P[0]}

We note that 0 € E and that if a function u € C>* (Q7) satisfies P[u] = O then it is a
solution for the elliptic problem (7.1).

Lemma 7.2 The set E is bounded in C1* (O7).
Proof In the expanded form, given 7 € [0, 1], the problem P[u] = (1 — ) P[0] is

—tr (.A(x, Vu) o gzu) +pu+Vu-;VV(x) =0 in Q7
—du + 3 |Vul* = su + 1 (log(m)) + V (x)) inr (7.3)
—du + 1 |Vul? + 8u = t (log(mo) + V (x)) in X

So by Theorem 4.3, (4.5), and T < 1 we get

lullwie < C(@, [z log(mo)llwice, T logmp)|lyrce, 1TV Iy2.00)
= C(8, llog(mo)llw1.cc, [log(m1) Iy, [V [lw2.00)-

Moreover, since V € W2, we get that the coefficients of the elliptic problem P[u] = (1 —
7) P[0] are C% in the interior and C'-* on the boundary with respect to (¢, x), independently
of 7.

Fixed any local system of coordinates on M, we recall that the second covariant derivatives
of i are

Vo= -yt
Y _Bx,-axj . ijaxk

where the Fl{‘j are the Christoffel symbols.

Hence, if we localize the differential system (7.3), we get a differential problem on R?
which differs from (7.3) only in the first-order terms (because of the Christoffel symbols,
which are smooth), so an elliptic problem with Holder coefficients in their arguments. There-
fore, we can apply the classical results on Schauder estimates (e.g. [18], and [29, Lemma 2.4]
for the boundary estimates) in every local chart of a finite atlas (M is compact). We obtain a
global C%(Q7) estimate on u, independent of . O
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We now observe that, thanks to Lemma 17.29 in [ 18], we have that E is closed in C2¢ (07)
and that the set

S:={r € [0, 11|3u € C**(Q7) s.t. Plul= (1 —1)P[0]}

is closed. Note that S is not empty because 0 € S. We want to prove that S is also open,
so that it will coincide with [0, 1]. To this purpose, we prove that for each u € E the linear
differential system induced by the Gateaux derivative of P has one and only one solution.

Lemma7.3 Givenu € E, ¢ € C%(Q7), ¢1, Lo € CH*(M) there exists one and only one
solution ¥ € C>*(Qr) of the linear problem

— Oy — Agfr — (Vzl/f)(Vu, Vu) +2V(0y) g Vu

"o
+ V@)~V (VuP) + YV VY 4oy =g a4
=Y +2Vu o Vi — 8¢ = ¢ onXr '
=0y +2Vu - Vi + 8% = {o on .

Proof The uniqueness of the solution follows from the maximum principle applied to the
homogeneus system ({1 = o = ¢ = 0), thanks to the linearity of the problem.

We now prove the existence of a solution. Let L : Cc2e (07) — Co’a(ar) x CLe(p)?
defined by the left side of system (7.4), in other words a function ¥ € C>¢ solves (7.4) if

and only if L[y] = (¢, ¢1,40).
Let Lo : Cz’”‘(QT) — CO*"‘(QT) x CL*(M)? be the operator given by

Loly] = (=0uyy — Ag¥ + p¥r, =8, 8Y)
and, for every t € [0, 1],

L. : C*(Qr) —> C%(Q7) x C¥(M)?
¥ > TL[Y]+ (1 — ) Lo[y].

so the expanded form of the problem L. [{] = (¢, ¢1, {o) is
— Bl — Ag¥ — T(V2Y)(Vu, Vi) + 2TV (9,9) - Vi

’ nQr
+ T[2V@Qu) = V (IVul®) + VV] o VY + py = ¢ 75)
—Th Y +2tVu o Vi — 8y = on X7 '
—T3 Y +2tVu o Vi + 8% = & on .

As in Lemma 7.2, we observe that if we write system (7.5) in the coordinates of any local
chart, we obtain a uniformly elliptic problem. Hence, on every differential problem induced
by the localizations of a finite atlas (M is compact), we can, by ellipticity, apply Theorem
6.17 or Theorem 6.30 of [18] (the former for ¢t € (0, T'), the latter for r € {0, T'}). We obtain
the global bound

Wl craig,) < CUAVlcogg,) + 18llcaig,) + 181 lctaan + 120l claq)

where C is independent from t. We conclude that there exists a constant C > 0, depending
only on p, § and M, such that

”w”(jz,a(@T) = C”LT[W]HCO’“(ET)XCL“(M)Z VT € [0, 1]’ VW € Czya(QT)-

Thanks to the bound above, we can apply the method of continuity for linear elliptic dif-
ferential problems and we find that, for each t € [0, 1], the operator L. is surjective if and
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only if L is surjective. This means that the system (7.4) has solution if and only if there is a
solution to the system

—att‘lf_AgW‘f'Pw =¢ inQr
—Sw =0 on Xt
3 =¢o on .

This is a standard Poisson problem, which admits a unique solution since the differential

% — Ag + p is Fredholm of index zero and injective (see Proposition 1.8,
Chapter 5 of [41]). Moreover, by elliptic regularity, the solution belongs to C>%(Q7). O

operator —

8 Appendix B: Proof of Lemma 6.3

In this section we provide the proof of Lemma 6.3, which we restate here for the reader’s
convenience.

Lemma8.1 Letmg € L' (M). Then there exists a function U : [0, 00) — R such that:

(i) U € C%(0, 00), is convex and satisfies @ "X oo

i) P'(r)yr— (1 — ﬁ)P(r) >0,and0 < P(r) < Kr foreveryr > 0, and for some K > 0,
where P(r) = U'(r)r — U (7).

(iii) U(mg) € L1 (M).

Proof The proof consists of two steps, which rely on two general facts: first of all, by the
classical De la Vallée-Poussin criterion, any mo € L' (M) is integrable for some superlinear
function V. Secondly, by [44, Proposition 17.7], given a superlinear function ¥ one can build
anew function U which stays below and satisfies the conditions needed for the displacement
convexity. However, for our purposes, it will be needed to detail the possible construction of
W as well as Villani’s construction of U, in order to show that P satisfies a suitable sublinear
growth. This is why we detail the proof, for the reader’s convenience.

Step 1 Here we follow and slightly modify, to our purposes, the proof of de la Vallée-

Poussin’s lemma proposed in [6]. If we set f(A) := meas({mo > A}), then f € L0, 00)
and we can define the sequence

a, = inf{z : /OO f)da < iz}. 8.1
¢ n

We possibly increase a, by defining the sequence x, as

X1 = 1
Xn41 = max(2x,, ap41 + 1)
Now we define a piecewise linear function (which will play the role of ') as follows:

{CD(x):x xe(0,1)

®(x) = D) + dy1 (x — %) forx € (X, Xpg1) 1 > 1

where d,, is defined as

dy =1,
dpi :min(d 1 w)

M Xn41’ Xngl—Xn
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We notice that & is increasing and concave, because {d,} is positive and decreasing. In
addition, since d,+1 < ﬁ < % for x € (x;, Xy+1), we deduce that ' (x) < % forx > 1.

.. n
Moreover, by definition oft dyy1, we have

| — d(x,
B(x) < Blry) + PO et forx € (i xnr).  (82)
Xn+l — Xn

This implies that

Xn+1

0 k
/ QM) fF()dx < sup Y (n+1) f F(A)dA
1 k =1 X,

n

where the last sum is finite, since reordering summation and using x, > a, defined by (8.1),
we have

k

Xp+ 00 00 k 00
Z(n + 1)/ l Fdr = 2/ FOydr — (k+ 1) FOdr + Z FO)dA
Xn X1

n=1 Xk+1 n=2"Y*n

k
1
<2fllp+) 5 =C.
n=2

Hence @ f € Ll(l, 00). Finally, we check that ®(r) e oo; for that, being @ increasing,
it is enough to show that ®(x,,) — oo. But we have

n n
O(xp1) =1+ Y (Pxy1) = P)) =14 Y diey1 (k1 — x3) (8.3)

k=1 k=1
If diyy = ﬁ then di1(xer1 — xp) = 1 — & = % by definition of x¢. Similarly, if
diy1 = % then diy1(Xk1 — x) = k + 1 — ®(xz) > 1 (see (8.2)). Therefore, by

definition of dj, we conclude that ZZ:] di4+1(xg41 — xx) do not converge if di41 # di for
infinitely many indexes; but this means that the only case left out is that dj is definitively
constant after some kg, and again this implies ZZZI i1 (X1 — Xk) = digy (X1 — Xip) —>
00. We conclude that the sum in (8.3) diverges, hence ®(x,) — oo.

Therefore, we proved that @ is a concave, positive, piecewise linear function, which is
increasing and unbounded, and satisfying ®'(x) < % for x > 1; in addition, ®(A) f (1) €
L'(0, 00). Now, one can smoothen ® by convolution with some function ¢ € C* which is
supported in (—%, %) and with unit mass. Namely, we define

W' (r) = / O —s5)(s)ds, V() = /r W/ (s)ds.
R 0

We notice that W' > 0, is increasing and differentiable, and satisfies W”(r) < <. Moreover,
we have W/ (r) < ®(r + %) < o(r) + <I>(%) (because @ is concave and sublinear). Hence

we also have W'(1) f (1) € L'(0, 00). This implies W (mo) € L'(M), since

/ W(mgy) = /00 W' (L) f(RdA < oo.
M 0

Notice also that W is superlinear, because W’ (r) — 0o asr — 00, by the very same property
of ®.

Step 2 Given W built in the previous step, which is a superlinear function, now we apply
[44, Proposition 17.7] which provides with a function U < W such that U(0) = 0, U is
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convex and superlinear, belongs to C2(0, co) and satisfies P/(r)r — (1 — %)P(r) > 0, where
P(r) = U'(r)r — U(r). All those properties are proved in [44, Proposition 17.7]. In addition,
we also wish to show that P(r) < C r, and to this purpose we recall the construction of U in
Villani’s book. Given W (r), let us define u(r) = r?W(r—9), and let /i (r) be the lower convex
envelope of u (the sup of linear functions lying below ). The function U is then defined as

U(r) = ri(r=19).
Since i < u, one obviously have U (r) < W(r) by definition. Now, let us define

[M«Zr)—l/") - u(s>]
sup
O<E<r—1/d §

a, =

0
which is a finite number because u (£) £3% oo, Since u@) > u(@ry 4y —g. & fore < r=1/4,
by definition of the convex envelope the same inequality is satisfied replacing u with i; when
£ =r~1/4 this yields

u(2r)~ Yy — g1y < g, p=14, (8.4)

We estimate now a,; in fact, we have

“ [u((zr)—‘/d) - u((m—l/")}
,\e[l,zo) (Ar)~1/d

where we can write, by definition of u,

w(@r) =) — (@)= oyl [ 2@ v
(Ar)~l/d N 2r Ar

2 /
= (Ar)l/d/ (—\p(s)) rdt.
A N

|s:tr

ar =

Now, by the construction in Step 1, we know that 0 < W”(s) < % for some constant C > 0.

This implies that ‘pis) is increasing and we have
Uis)\ _ W(s)s — W(s) - C
N B 52 s

by Lagrange theorem. Therefore, for any A > 1 we estimate

A TON
rdt <C (10g2) 1“6[1,2]}.
A

N

lsesr
Coming back to a, we deduce that
a, < C (log2)(2r)'/4
and therefore, from (8.4), we conclude that
W@V —ae < € (8.5)

for some constant C > 0. Now we can estimate P (r); using the convexity of U and its
definition, we have

Pr)=U'(rr—-U®)
<UQr)=2U(r) = 2rit(2r)~ ") — 2rii(r=1/9)
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< 2r@(@n) V) —ae=)

where we used that # < u. Using (8.5) we conclude that P (r) < 2Cr. ]
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