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Abstract10

Many natural systems involve structures shaped by competing11

forces: efficiency, randomness, and incomplete information. To the12

best of our knowledge, there is currently no robust method to assess13

the presence of optimization processes in real networks. Here, we14

introduce a class of bipartite random graphs that bridges two founda-15

tional approaches: maximum entropy models and optimal transport16

theory. By tuning a single parameter, our model generates a contin-17

uous family of network configurations, ranging from fully random to18

cost-minimizing structures. This transition is governed by a varia-19

tional principle analogous to free energy in statistical physics, where20

entropy and transport cost play competing roles. We analytically and21

numerically characterize how dense, entropic graphs evolve into sparse,22

efficient structures, revealing the most probable network configura-23

tions under partial optimization. Beyond clarifying the conceptual24

link between entropy-based and cost-based methods, our framework25

offers a generative model for systems where the structure emerges from26

random and constrained environments.27
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Introduction28

Optimal Transport (OT) theory offers a powerful mathematical framework29

to describe the transformation of one distribution of mass into another at30

minimal total cost [1, 2]. Beyond its mathematical elegance, OT has demon-31

strated wide practical relevance in modeling constrained optimization prob-32

lems across logistics, economics, and computer science, where limited re-33

sources—such as time, energy, or budget—necessitate efficient allocation34

strategies [3, 4, 5, 6, 7].35

Many real-world systems, where agents aim to maximize gain or minimize36

cost in resource allocation, exhibit behavior consistent with some form of op-37

timization [8, 9]. However, the specific nature of this optimization is often38

opaque. In particular, it is seldom evident whether the underlying process39

conforms to the formal structure of an OT problem. Ideally, we would like to40

infer the presence of an OT mechanism from observational data alone, with-41

out requiring detailed access to the governing dynamics or constraints. Yet42

this task is complicated by various sources of sub-optimality, noise, incom-43

plete information, competing objectives—that naturally arise in empirical44

settings. As a result, the question of whether a given system is shaped by45

an OT process remains largely unanswered. To date, no rigorous statistical46

test has been proposed to detect the presence of OT in real-world data.47

In discrete settings, OT problems are naturally represented as bipartite48

graphs, whose links connect, for instance, sources to sinks or producers to49

consumers. Interestingly, the exact solution to a discrete OT problem cor-50

responds to a tree spanning the bipartite network [10]. This structural con-51

straint implies that if an OT-like optimization is indeed shaping the system,52

it would leave distinctive network signatures. Yet, this connection has been53

largely overlooked in Network Theory, despite its potential implications for54

foundational tasks in statistical physics of networks [11].55

The framework introduced in [12] focuses on the limit where the model56

collapses to the classical Optimal Transport (OT) solution, and restricts ad-57

missible transportation plans by an a priori upper bound on edge weights58

(= 1 by default). A comprehensive extension to generic transportation plans,59

together with an analysis covering the full range of suboptimal solutions, re-60

mains an open problem. Relatedly, Stock et al. [13] study a model not based61

on the maximum-entropy construction, thus defining possible biased ensem-62

bles. Consequently, some of the approximations and regularization choices63

in [13] limit the generality of their conclusions relative to the present formula-64
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tion. Further, a complementary line of work in physics explains sparse–dense65

transitions through nonlinear transport costs or growth-and-selection mecha-66

nisms, which typically generate tree-like networks without explicit OT struc-67

ture [14, 15, 16]; more generally, topologically diversified structures may68

emerge from both growth processes and dynamical selection [17].69

Motivated by this gap, we propose a class of OT-inspired random graph70

models, derived from maximum-entropy arguments, which interpolate be-71

tween the strict optimality of tree-like structures and the more diffuse, re-72

dundant connectivity observed in empirical data. By blending the OT and73

the maximum entropy approaches, we position our framework within the74

broader theory of random network ensembles, where it generalizes known75

constructions. Our formulation connects these viewpoints: it yields a tunable76

ensemble of bipartite graphs where a single parameter governs a continuous77

transition between redundant (dense) and near-optimal (sparse, tree-like)78

connectivity, while preserving a transparent probabilistic interpretation and79

explicit links to OT. Practically, our model provides a statistical null for80

testing the presence of OT-like mechanisms and measuring the level of opti-81

mality in real data. Indeed, even though an OT optimization is characterized82

by the peculiar tree-like structure, this simple observation is not enough to83

test the presence of this process in a system. Other network models or pro-84

cesses might have a similar structure and a rigorous null model is required85

to perform model selection and statistical tests. Additionally, by allowing to86

capture suboptimal yet realistic network configurations, our approach can be87

relevant not only for solving noisy constrained optimization problems, but88

also for inference problems on networks such as link prediction, patterns and89

community detection, network reconstruction and graph combinatorics.90

Results91

Mathematical framework92

In the discrete case, OT is well-suited to be described within a bipartite93

network framework. This setup involves two sets of elements, e.g. N coal94

mines and M factories, with assigned physical constraints, such as mining95

capacity and coal necessity respectively, represented by two vectors s and σ,96

as shown in Fig. 1.97

The transport plan is described by a matrixw. Each element wiα specifies98
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the amount of mass transported from mine i to factory α. To ensure the99

feasibility of the solution, the plan w must satisfy the marginal constraints100

that enforce the preservation of the total mass in each distribution:101

M∑
α=1

wiα = si, and
N∑
i=1

wiα = σα (1)

These constraints guarantee that the OT solution respects the initial and final102

distributions: the total amount of mass leaving a source equals its supply,103

while the total amount received by a destination matches its demand. The104

constraints in Eq.(1) define a polytope Γ, which represents the set of all105

matrices w fulfilling the specified conditions.106

In this framework, the objective is to minimize the transport cost using107

a unit cost matrix C. Each unit of mass transported from i to α costs Ciα108

and the total cost of a given transportation plan w is simply
∑

iα wiαCiα. In109

the classic OT problem, s,σ,C are fixed and given as input to the problem.110

The optimization only requires to find the optimal transportation plan w∗
111

such that it minimizes the total cost:112

w∗ = argmin
w∈Γ

[
N∑
i=1

M∑
α=1

wiαCiα

]
(2)

To enhance computational efficiency and stability, Peyré and Cuturi [18,113

19] introduced an entropic regularization to the OT problem in Eq.(2) that114

can be solved thanks to the Sinkhorn-Knopp algorithm [20].115

To build our random graph model we rely on Maximum Entropy (Max-116

Ent) principle, that provides the most unbiased estimate of a system’s mi-117

croscopic configuration by maximizing Shannon entropy, subject to a set of118

constraints that determine the values of the observables of interest [21, 22]. In119

the context of random graphs, the MaxEnt principle prescribes constructing120

ensembles of graphs that ensure an unbiased representation of all permissi-121

ble network configurations that remain maximally uninformative beyond the122

specified constraints [11].123

To formalize this framework, we define P (G) as the probability of ob-
serving a particular network G in the ensemble G, and let π(G) be a generic
observable whose expected value is constrained to a specified target π∗. In
our setting, each graph G is a bipartite weighted network uniquely described
by its biadjacency matrix w(G)—an N×M matrix whose entries wiα(G) are

4

ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS



positive real numbers that represent the intensity of interactions (weights)
between nodes i and α in the two distinct layers. We also have the constraints
on the node strengths si(G) and σα(G), which specify how much “mass” or
total weight each node can distribute or receive:

⟨si⟩ =
∑
G∈G

P (G)si(G) = s∗i , si(G) =
∑
α

wiα(G), ∀i = 1, . . . , N (3a)

⟨σα⟩ =
∑
G∈G

P (G)σα(G) = σ∗
α, σα(G) =

∑
i

wiα(G), ∀α = 1, . . . ,M (3b)

In Equations (3), the terms s∗i and σ∗
α denote fixed values obtained from124

empirical observations, specifying the expected strengths for each node. In-125

corporating these constraints within the MaxEnt framework ensures that the126

generated ensemble of graphs aligns with the realistic conditions observed in127

actual data [23, 24, 25, 11, 26].128

Sub-Optimal Transport Random network model129

A key innovation introduced in this work is the extension of the random130

graph approach described in the previous section by including of a cost term,131

which assigns a relative importance to each link through a cost matrix Ciα.132

Drawing an analogy from physics, this addition is akin to coupling a system133

to an external field. Importantly, the introduction of the cost matrix Ciα134

does not act as a new constraint. It represents a conceptual shift: instead135

of maximizing the entropy of the system, we maximize the analogue of a136

Helmholtz Free Energy F , subject to the constraints defined in Equations (3).137

If U(G) =
∑

i,α wiα(G)Ciα represents the energy of the configuration (the138

network) G, given the disordered external field Ciα, the F is defined as139

F[P ] = S[P ]− βU[P ], (4)

where S[P ] = −
∑

G∈G P (G) logP (G) is the entropy, and U[P ] =
∑

G∈G P (G)U(G).140

Solving the optimization problem in Eq.(4) provides a Boltzmann-like141

probability distribution:142

PsubOT(G|β, {t,θ}) = 1

Z(β, {t,θ})
e−βU(G)−

∑
i tisi−

∑
α θασα (5)

Here {t,θ} represent the set of all Lagrange multipliers ti and θα associated143

with the constraints in Eq.(3) and Z represents the partition function (i.e.144
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the normalization of the probability distribution). It is important to empha-145

size that the model considers weighted networks where all links are treated146

as equally significant, as no additional cost is considered. In the limit of van-147

ishing β → 0, this model converges to the Bipartite Weighted Configuration148

Model (BiWCM), discussed in [27]. When β is finite, we label the model sub149

OT.150

The probability distribution in Eq.(5) can be factorized into exponential151

weight probability distributions for each edge (i, α) (see Methods for further152

details). Thus, it inherently produces a fully connected network, since every153

pair of nodes i, α the probability to be disconnected (i.e., have weight 0) is154

zero. Further, the average value of the weight of each link can be computed155

as156

⟨wiα⟩ =
1

βCiα + ti + θα
(6)

allowing for the construction of an average network. The values of the La-157

grange multipliers of Eq.(6) can be determined by maximizing the associated158

likelihood function L for a fixed value of β [28].159

To solve the sub-optimal model numerically, we follow two primary ap-160

proaches. The first is to directly solve the maximum log-likelihood prob-161

lem through optimization techniques, such as stochastic gradient descent or162

Adam, available in many libraries for machine learning and neural network163

models [29]. The second approach involves using the analytical gradient of164

the log-likelihood to derive a system of nonlinear equations that explicitly165

include the Lagrange multipliers and the node-strength constraints s∗i and166

σ∗
α. These equations can then be solved by methods like iterative maps [30]167

or conjugate gradient based algorithms [31]. Both pathways ultimately con-168

verge to the same numerical solution for the multipliers since the solution of169

the problem is unique. Additional details on the analytical formulation and170

the numerical procedures for each approach are provided in the Methods.171

The parameter β tunes the importance of the energy term on the network172

probability distribution in Eq.(5). Its impact on the resulting ensemble is il-173

lustrated in Fig. 2, which shows how the expected weights {⟨wiα⟩} evolve as β174

varies. What we described in Fig. 1 corresponds to the rightmost illustration175

in the upper part of Fig. 2, representing the final stage of the OT framework.176

As shown, the system evolves from the BiWCM, through an intermediate177

structured state (SubOT), and finally reaches the exact OT plan.178

To be more quantitative, we show in Fig.s 2a, b, c and d a typical behavior179

of the average weight matrix during the transition.180
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For low β, our model converges to the distribution of the corresponding181

BiWCM, where only the entropic term dominates and the external energy182

vanishes. In this regime, the weights are distributed homogeneously, ac-183

cording to the constraints, across all links (see Fig. 2a). As expected, their184

values depend entirely on the prescribed strengths s∗i and σ∗
α, resulting in a185

dense network since no topological constraint is considered. The heatmap186

values are shown on a logarithmic scale, highlighting that in this scenario,187

the weights cluster tightly around their average values.188

As β increases (Fig.s 2b and c), the weight progressively concentrates189

on the lowest-cost links, while others become increasingly suppressed. This190

behavior emerges from our ensemble construction, which maintains fully con-191

nected networks with a fixed total weight. In this regime, the system occu-192

pies an intermediate state of sub-optimality, where cost minimization and193

structural constraints compete. Consequently, a network corresponding to194

an intermediate β value, between the OT and BiWCM solutions, can be195

identified as a sub-optimal network relative to the OT solution.196

For very large β, the weights condense in a few links with the lowest value197

of the cost, and when β → ∞, the OT transportation plan is fully recovered198

(Fig. 2d) as already discussed in [12] (see also Methods in [32]).199

In conclusion, at varying β, we can generate networks that are closer to200

or further from the OT solution. Therefore our model offers explicit control201

over the degree of sub-optimality of a network. Since real-world systems are202

unlikely to perfectly conform to the OT solution, with our method we can203

naturally explore this intermediate regime of sub-optimality.204

In the following sections, we test alternative cost matrices and different205

strength distributions, providing a broader understanding of the interplay206

between cost and constraints in shaping the ensemble.207

Maximum Spanning Tree and dense-to-sparse transition208

Uniform cost and gaussian strength distribution209

Tracking the evolution of the average weights ⟨wiα⟩ with β, we observe the210

link separate into two sets between those that form the OT solution and the211

rest, as shown in Fig. 3. At low β, the two sets are indistinguishable, but get212

perfectly apart at high β values. Using the terminology of thermodynamics,213

we refer to the structure at low β as the dense phase, since the network is214

fully connected and any heterogeneity of the weight is driven mainly by the215
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constraints. Instead, the phase at large β corresponds to the sparse phase,216

where a small number of links (proportional to the number of nodes) get217

most of the weights. Since the structure of the OT solution is known to be a218

spanning tree, we can characterize the degree of sub-optimality at any β by219

looking at the weight associated with the Maximum Spanning Tree (MST)220

of the average network, defined as the MST mass share:221

mMST(β) =

∑
(i,α)∈MST

⟨wiα⟩
∑
i,α

⟨wiα⟩
(7)

This particular choice of the ‘order parameter’ is given by a composition222

of important factors. First, we know that the limit for β → ∞ must be equal223

to 1 and exactly match the solution of the classic OT problem. Secondly,224

it contains information about both the network topology and the weight225

distribution. Third, it is observable in real data. The dependence of mMST226

from β is shown in Fig. 4a and onward, where we plot it as a function227

ln β. This choice is consistent with the mapping proposed in [33]. Moreover,228

because the effective range of the control parameter depends on the total229

weight of the network, we introduce a rescaled parameter230

β̂ = Kβ = β
∑
i

si/L
2 (8)

where K =
∑

i si/L
2 sets the overall scale of the weights and represents their231

average value.232

In our numerical experiments, we consider square (bipartite) matrices of233

varying linear dimension L (from 64 up to 4096), allowing us to investigate234

how system size influences the phases of the model. In Fig. 4a we observe that235

the order parameter mMST transitions from near-zero values to mMST = 1 at236

increasingly larger β̂ for bigger system sizes, signaling a clear phase transition.237

Here, the cost matrix Ciα has elements drawn from a uniform probability238

distribution in the range [0, 1] and the strengths are Gaussian with mean239

5 · 10−5L and standard deviation 10−4
√
12L.240

As the system size L increases, the order parameter mMST grows notice-241

ably steeper, hinting at a saturation in the thermodynamic limit. To quantify242

this behavior, we define the transition value β̂t(L) := argmaxβ̂

[
∂ mMST(β̂,L)

∂ ln β̂

]
,243

following [34], and plot it in Fig. 4b. We then introduce the asymptotic tran-244

sition value β∗
t ≡ limL→∞ β̂t(L) and examine two possible scenarios: one in245
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which β∗
t diverges with the system size (unbounded power law), and another246

in which it converges to a finite limit (bounded power law). While fitting the247

diverging case with a power-law growth yields a reasonably strong adjusted248

R2 of about 0.95, the saturating fit aligns almost perfectly with the data,249

reaching an adjusted R2 close to 1. Consequently, our results suggest that250

ln β∗
t ≃ 3.15(9) is finite.251

Fig. 4 highlights additional features of the transition in our numerical252

simulations, suggesting that it is non-critical in the sense that no divergences253

appear in other observables. In panel (c), for instance, the order parameter254

evaluated at the transition point seems to converge to a finite value.255

Even more telling is the fact that the first derivative of the order parame-256

ter remains finite—no divergence is observed—implying that in the thermo-257

dynamic limit, the slope of the transition curve remains bounded.258

Despite this non-critical character, the transition can still be usefully259

characterized by examining the behavior of mMST on either side of β̂t. To260

that aim we call β̂< (β̂>) the values of β̂ before (after) β̂t. For β̂< ≪ β̂t, the261

expected weights ⟨wiα⟩ are nearly uniform, consequently, mMST decreases as a262

power law, acting roughly as mMST(ln β̂<) ≃ 2/L. In contrast, for β̂> ≫ β̂t,263

mMST approaches a size-independent value that depends on β̂, ultimately264

tending toward 1 as β̂ → ∞. Thus, in the thermodynamic limit, the system265

remains “decoupled” from the cost function for β̂ < β̂t, only to move into a266

regime where it systematically converges to an OT–like solution for β̂ > β̂t.267

For the sake of completeness, we test our results with scaling of transitions268

that are not critical. We propose a new control parameter B = ln(β̂/ ln(L))269

that apparently allows for a curve collapse of the mMST and its derivative,270

as shown in Fig. 5. The curves collapse is consistent with the observation of271

a limit curve for the order parameter (dashed in green) that is proportional272

to 1 − exp(−α(B − BC)) for B > BC. The transition does not present a273

divergence in the first derivative of the order parameter, but shows a slope274

of α = 0.846(7) after the ”critical” point BC. Indeed, the exponential fit275

function is maximum in BC, as expected by empirical behavior.276

Different cost and strength distributions277

Most of the preceding analyses assumed a specific setup in which the cost278

functions were uniformly sampled between 0 and 1, and the node strengths279

were drawn from a Gaussian distribution. However, to gain a more com-280

prehensive understanding of the dense-to-sparse transition and to test the281
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robustness of our algorithm, we also examined the model under various cost282

and strength distributions — showing that our results are not limited to the283

specific case of uniform costs and Gaussian strengths. This step is essen-284

tial for assessing whether the key features of the transition, particularly its285

nature, are robust to changes in these distributions, and thus whether the286

model can reliably capture real-world scenarios, where costs and constraints287

can be highly heterogeneous and only partial information about them may288

be available.289

We first examined the case where the cost remains uniformly distributed,290

but the node strengths follow a power-law distribution. Specifically, we used291

a probability density function p(x) ∼ x−4, although similar numerical exper-292

iments we tested with other power-law exponents revealed no notable qual-293

itative differences. This setup does demand more computational resources294

because obtaining solutions across different β̂ values can sometimes require295

fine-tuning of the simulation parameters. We also examined the case of uni-296

form distributed costs, but with node strengths following a truncated log-297

normal distribution, with parameters µ = 1 and σ = 0.5 and with a lower298

bound of 1 in the support. This has allowed for a similar effect on the strength299

distribution as the power-law distribution, but with a minor computational300

effort.301

The results, illustrated in Fig. 6, suggest that the transition is quali-302

tatively similar to the case where the strengths are Gaussian-distributed.303

Moreover, estimating the transition point in the thermodynamic limit yields304

ln β∗
t ∼ 3.1(3) for power-law distributed strengths and lnβ∗

t ∼ 3.4(4) for log-305

normal strengths. Both estimates are consistent with the gaussian-distributed306

strengths case (see Fig. 4b), where we found lnβ∗
t = 3.15(9). Although the307

behavior of the order parameter and its derivative at the transition point is308

not sufficiently sensitive to decisively distinguish between divergent or sat-309

urating fits, our findings are broadly in line with those from the previous310

setup.311

In the second scenario, we vary the cost distribution while retaining312

Gaussian-distributed node strengths. Because costs must be bounded from313

below, we cannot simply use standard distributions like the unbounded Gaus-314

sian often employed in random matrix theory. Moreover, as the system size315

L increases, uniform distributions tend to produce many cost values that are316

extremely close — with average spacing scaling as L−2 — which can cause317

numerical issues, especially in the lower end of the spectrum. In particular,318

for large L, small cost gaps may create shallow gradients in the Free Energy319
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landscape for configurations that are not true minima; this complication im-320

pedes a straightforward transition to the sparse phase. Simply rescaling the321

uniform distribution does not resolve this problem, since it amounts to a322

trivial shift of the control parameter.323

Instead, we transform the uniform distribution via a power-law function324

that depends on L:325

Ciα = x
1

log2(L) , x ∈ [0, 1], (9)

so that each new cost variable follows a Beta distribution whose parameters326

are log2(L) and 1. This transformation mainly affects the lower end of the327

spectrum distribution, preserving a finite gap between minimal cost values as328

L grows. As expected, the resulting behavior differs from the simple uniform-329

cost case, owing to the explicit dependence of the cost distribution on L, as330

illustrated in Fig. 7. Although the infinite-size limit of the mMST curves still331

vanishes below ln β̂t ≈ 0.4(7) and then rises to 1 above it, the finite-size332

curves exhibit intersection points that shift the transition to smaller values333

of β̂. The critical point β̂t goes to zero as the system’s size increases (panel334

b), as well as the value of the order parameter mMST(β̂t) (panel c), although335

the two fit, orange and blue lines, have very similar adjusted R2. Even in336

this setting, the asymptotic value of m′
MST (β̂t) shows a finite value (panel337

d).338

Discussion339

The model presented in this study is grounded in an information-theoretic340

framework similar to maximally entropic null models, but with an added cost341

term that acts like an external field, hence modifying the standard Entropy342

into a Free Energy. Our model offers a systematic way to analyze interme-343

diate stages of optimization in bipartite networks, capturing both the uni-344

form dense phase, where interaction weights are distributed broadly, and the345

sparse phase, where weights condense onto a minimal set of links, converging346

toward the spanning tree typical of OT solutions. This framework is partic-347

ularly relevant for domains in which mutualistic networks exhibit strong link348

preferences, concentrating most of the total interaction mass on a select few349

edges. Within such systems, one can leverage the MST mass share, mMST,350

as an order parameter that tracks the system’s transition between these two351

extremes.352
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By tuning the control parameter β, the model smoothly moves from353

a maximum-entropy description of bipartite weighted configuration mod-354

els—where costs play no role—to a near-OT state in which low-cost edges355

dominate. Notably, the transition between dense and sparse regimes does356

not appear to be critical in the statistical physics sense, as we observe no357

divergences in the conventional thermodynamic indicators. Instead, the tran-358

sition is signaled by the rise ofmMST, which vanishes below a threshold βt and359

grows steadily above it, eventually saturating as β becomes large. Finite-size360

analysis confirms the results are robust in the thermodynamic limit of large361

system size. Numerical studies consistently confirm this picture, demonstrat-362

ing that it persists across various strength distributions (e.g., Gaussian and363

power-law) and cost matrices, including those whose values are adjusted to364

address finite-size effects. These results underscore the robustness of the365

transition, suggesting that the underlying mechanism of weight condensa-366

tion onto cost-efficient links holds broadly rather than relying on a specific367

distributional choice.368

Interestingly, although the MST structure itself is central to defining369

mMST, the observed transition is not primarily driven by a topological re-370

arrangement of links. Instead, it reflects a smooth redistribution of weights371

that eventually “locks in” a small number of cost-favorable edges. As β372

decreases, these edges lose their advantage, causing weights to diffuse but373

not necessarily maintaining the OT spanning tree topology. In many practi-374

cal systems, such sub-optimal configurations emerge from a combination of375

constrained optimization and other “noise-like” processes that deviate from376

a complete OT solution. Hence, our model underscores how a partial op-377

timization mechanism, operating under known or estimated cost functions,378

can naturally coexist with the myriad factors that hold real networks short379

of the perfectly optimized state.380

From an applied perspective, this framework can be used as a null model381

for tasks such as link prediction, network reconstruction, and statistical val-382

idation. If the cost matrix is known or can be reliably estimated, one can383

deduce the degree of optimization by measuring β. Conversely, if β can be384

inferred—e.g., via external data or by calibrating the MST mass share—then385

the cost structure can be approximated or constrained accordingly. Such ca-386

pabilities are particularly valuable in fields like ecology (e.g., plant–pollinator387

interactions – see a first tentative approach in [35]) and economics (e.g., trade388

networks), where sub-optimal strategies may be adaptive responses to uncer-389

tain environments or system-level trade-offs. By providing a lens on how390
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sub-OT mechanisms play out in realistic settings, this model offers a uni-391

fying perspective that connects maximal-entropy bipartite null models with392

the classical OT framework—ultimately helping us quantify, interpret, and393

predict the patterns found in complex bipartite networks.394

Methods395

Derivation of the Maximum Free Energy Ensemble396

We analyze a canonical ensemble G of N ×M undirected, weighted bipartite397

graphs G. Each one is represented by a biadjacency matrix whose elements398

are continuous real numbers representing edge weights wiα(G) ∈ (0,∞). The399

ensemble is equipped with a probability measure P (G), which will depend on400

a set of parameters, the Lagrange multipliers {t,θ} and the coupling term401

β, characterizing the model. To quantify how well this ensemble represents402

a given real-world network, we define the expected value for any observable403

π(G) as:404

⟨π⟩ =
∑
G∈G

π(G)P (G) (10)

Therefore, the ensemble’s expected value of π weights each graph’s value405

π(G) by the probability of observing that graph. Our goal is to determine the406

parameters {t∗,θ∗} ensuring that the ensemble’s expected statistics match407

empirical values drawn from an observed network G∗ at each value of β.408

In this work, we impose local constraints on node strengths on each layer,409

and we call those fixed empirical values as s∗i and σ∗
α. However, we could410

have also focused on the degree distribution of each node or considered both411

aspects simultaneously [30, 11]. Our choice leads to the following constraints,412

which are already presented in the main text in Equations. (3):413

⟨si⟩ =
∑

G∈G P (G) si(G) = s∗i ∀i = 1, . . . , N (11)

⟨σα⟩ =
∑

G∈G P (G) σα(G) = σ∗
α ∀α = 1, . . . ,M (12)

where414

si(G) =
∑
α

wiα(G) σα(G) =
∑
i

wiα(G) (13)

13

ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS



are the strength variables of the two layers. Obviously, we are also implying415

the
∑

G∈G P (G) = 1 constraint that ensures the correct probability normal-416

ization.417

Due to the presence of a cost matrix, we seek a maximum-free energy418

probability measure consistent with Equations (11) and (12). Therefore we419

introduce a free energy functional defined as:420

F[P ] = S[P ]− βU[P ], (14)

where S[P ] = −
∑

G∈G P (G) logP (G) is the entropy, and U[P ] =
∑

G∈G P (G)U(G).421

We obtain the expression of the probability distribution P (G) by maxi-422

mizing F subject to the constraints in Equations (11) and (12). In practice we423

have to perform, and then set to zero, the functional derivative with respect424

to P (G) of the following expression:425

−
∑
G∈G

P (G) logP (G) + γ

(
1−

∑
G∈G

P (G)

)
− β

∑
G∈G

P (G)U(G) +

+
∑
i

ti

(
s∗i −

∑
G∈G

P (G) si(G)

)
+
∑
α

θα

(
σ∗
α −

∑
G∈G

P (G) σα(G)

)
(15)

where ti and θα are the Lagrange multipliers associated with each node in426

both layers and γ is the Lagrange multiplier linked to the normalization427

constraint. The derivative of Eq.(15) gives:428

− logP (G)− 1− γ −
∑
i

ti si(G)−
∑
α

θα σα(G)− β U(G) = 0 (16)

Therefore, the probability measure that characterize the ensemble is:429

Psub OT(G |β, {t,θ}) = e−(γ+1)e−H(G|{t,θ})−β U(G). (17)

We enclose all the contributions relative to the Lagrange multipliers in the430

following quantity:431

H(G |{t,θ}) ≡
∑
i

tisi(G) +
∑
α

θασα(G) =
∑
i,α

wiα(G)(ti + θα) (18)

The partition function is:432

Z (β, {t,θ}) = e1+γ =
∑
G∈G

e−H(G|{t,θ})−β U(G), (19)
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We can rewrite the expression in a more elegant form, resulting in a Boltzmann-433

like probability distribution for graphs:434

Psub OT (G |β, {t,θ}) ≡ e−H(G |{t,θ})− β U(G)

Z (β, {t,θ})
(20)

=
1

Z (β, {t,θ})
exp

[
−β U(G)−

∑
i

tisi(G)−
∑
α

θασα(G)

]

=
1

Z (β, {t,θ})
exp

[
−
∑
i,α

wiα(G) (β Ciα + ti + θα)

]

The explicit expression of the partition function435

Z (β, {t,θ}) =
∑
G∈G

exp

[
−
∑
i,α

wiα(G) (β Ciα + ti + θα)

]
(21)

can be analytically computed by considering the symbolical sum over the436

ensemble of graphs as an integral over the real values of the weights wiα:437

Z (β, {t,θ}) =
∫ +∞

0

∏
i,α

dwiα e
−H(G|{t,θ})−β U(G) =

=

∫ +∞

0

∏
i,α

dwiα e
−(

∑
i tisi+

∑
α θασα+β

∑
i,α wiαCiα) =

=

∫ +∞

0

∏
i,α

dwiα e
−

∑
i,α wiα(βCiα+ti+θα) =

=
∏
i,α

∫ +∞

0

dwiα e
−wiα(βCiα+ti+θα) =

=
∏
i,α

1

β Ciα + ti + θα

(22)

This result lets us decompose Psub OT (G |{t,θ}) in edge by edge terms or as438

a product over the pairs (i, α):439
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Psub OT (G |β, {t,θ}) =
∏
i,α

(β Ciα + ti + θα) e−wiα(G) (β Ciα+ ti+ θα)

≡
∏
i,α

riα e
−riα wiα(G)

︸ ︷︷ ︸
P (wiα|riα)

(23)

where we define the rate parameter riα = (β Ciα + ti + θα). Thus, the weight440

of each edge (i, α) in the graph is an independent and exponentially dis-441

tributed random variable wiα. Its probability density function is the condi-442

tional probability P (wiα|riα), with rate parameter riα. When we compute443

the expected value ⟨wiα⟩ with respect to P (wiα|riα) we get 1/riα.444

To determine the values of the Lagrange multipliers that enforce the445

strengths to match the empirical ones observed in a real graph G∗, we solve446

the self-consistent equations obtained by maximizing the log-likelihood with447

respect to each parameter in the set {t,θ}:448

L(G∗ |β, {t,θ}) = logP (G∗ |β, {t,θ})
= −H(G∗ |{t,θ})− logZ (β, {t,θ})− β U(G∗) (24)

Since the energy term does not depend on any Lagrange multiplier, the ML449

condition states that:450

∂L(G∗ |β, {t,θ})
∂θα

∣∣∣∣∣
θα=θ∗α

= (25)

[
−∂H(G∗ |{t,θ})

∂θα
− 1

Z (β, {t,θ})
∂Z (β, {t,θ})

∂θα

]

θα=θ∗α

= 0

∂L(G∗ |β, {t,θ})
∂ti

∣∣∣∣∣
ti=t∗i

= (26)

[
−∂H(G∗ |{t,θ})

∂ti
− 1

Z (β, {t,θ})
∂Z (β, {t,θ})

∂ti

]

ti=t∗i

= 0

As shown in Eq.(18), all terms coupled to the Lagrange multipliers that451

appear in H(G∗ |{t,θ}) take the form of a dot product. So we obtain:452
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∂H(G∗ |{t,θ})
∂θα

∣∣∣∣∣
θα=θ∗α

= σα(G
∗) (27)

= − 1

Z(β, {t,θ})
∑
G

σα(G) e−H(G|{t,θ})−β U(G) = ⟨σα⟩

∂H(G∗ |{t,θ})
∂ti

∣∣∣∣∣
ti=t∗i

= si(G
∗) (28)

= − 1

Z(β, {t,θ})
∑
G

si(G) e−H(G|{t,θ})−β U(G) = ⟨si⟩

Focusing on Eq.(28) solely, we replace the sum over G by an integral over all453

wjγ and we get that:454

1

Z

∫ ∞

0

[∑
α

wiα

]
exp

[
−
∑
j,γ

wjγ (β Cjγ + tj + θγ)
] ∏

j,γ

dwjγ (29)

Because the exponential factorizes,455

∑
α

∫ ∞

0

wiα

∏
j,γ

[
e− (β Cjγ+tj+θγ)wjγ dwjγ

]
(30)

we can rewrite the integral as:456

∑
α

∫ ∞

0

wiα e
− [β Ciα+ti+θα]wiα dwiα

∏
(j,γ)̸=(i,α)

∫ ∞

0

e− (β Cjγ+tj+θγ)wjγ dwjγ (31)

Each α term in the integral over i, α gives as a result 1 / (βCiα + ti + θα)
2

457

while the integral over each j, γ term yields:458

∏
(j,γ)̸=(i,α)

1

β Cjγ + tj + θγ
=

Z
1

β Ciα+ti+θα

(32)

Putting everything together and repeating such computations also for Eq.(27)459

we have that:460

s∗i =
∑
α

1

β Ciα + t∗i + θ∗α
∀i = 1, . . . , N (33)

σ∗
α =

∑
i

1

β Ciα + t∗i + θ∗α
∀α = 1, . . . ,M (34)
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Convexity of the optimization problem461

Solving Equations (33) and (34) is equivalent to directly computing the gra-462

dient of the log-likelihood function while keeping the constraints fixed. This463

approach effectively transforms the problem into an optimization task. The464

convexity of the optimization problem described in Equation (4) can be as-465

sessed by evaluating the Hessian matrix of L(G∗ | β, {t,θ}). For the sake466

of simplicity, we will omit all dependencies of this function in the following467

discussion. The Hessian takes the form of a block matrix where each block468

contains negative second-order partial derivatives of L with respect to all469

possible combinations of the Lagrange multipliers:470

∂2L
∂tj ∂tk

= (35)

∂

∂tj


α

1

β Ckα + tk + θα


=



−

α

1�
β Ckα + tk + θα

2 if j = k,

0 if j ̸= k.

Hence, in compact form,471

∂2L
∂tj ∂tk

= − δjk

α

1�
β Ckα + tk + θα

2 (36)

In other words, the blocks of the Hessian matrix of L corresponding to the
second derivatives with respect to the Lagrange multipliers within the same
layer are diagonal. Similarly, we have that:

∂2L
∂θβ ∂θγ

= − δβγ

i

1�
β Ciβ + ti + θβ

2 (37)

∂2L
∂tj ∂θγ

= − 1�
β Cjγ + tj + θγ

2 (38)

Implementation of the numerical solution472

Here we show how to implement an optimization procedure to determine the473

Lagrange multipliers t and θ by directly optimizing the log-likelihood func-474

tion rather than explicitly solving the self-consistent equations. The key idea475

is to leverage gradient-based optimization to find the optimal values of t and476
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θ that enforce the expected strength constraints. The metrics perc error477

is defined to track how well the row and column constraints are satisfied: it478

computes the percentage of ”mass” of the graph that misses the strength con-479

straint. Instead of explicitly solving the self-consistent Equations (34) and480

(33) for t and θ, the approach minimizes the negative of the log-likelihood481

L(G∗ |β, {t,θ}) =
∑
i,α

wiα(G
∗) (β Ciα + ti + θα)−

∑
i,α

log (β Ciα + ti + θα)

via Stochastic Gradient Descent (SGD). The log-likelihood function serves482

as the loss function, whose gradients are computed using PyTorch [29] auto-483

matic differentiation, and the parameters t and θ are updated iteratively. In484

this procedure, each ti and θα are initialized as 2/s∗i and 2/σ∗
α, respectively,485

and the learning rate is set high at the outset to allow for faster convergence,486

then it gradually decreases when the Loss function increases instead. The487

optimization continues up to a maximum number of iterations, unless the er-488

ror falls below 10−3, in which case it terminates early. If the solution has not489

converged after the specified number of steps, the process halts and saves the490

current values of t and θ to start a new optimization. This gradient-based491

method avoids explicitly inverting equations and provides a straightforward492

means to enforce the required constraints on the row and column sums by493

allowing the optimizer to drive the system toward the correct parameters t494

and θ.495

The choice of using Pytorch SGD to solve the model was reached after496

considering three different algorithms, each with distinct advantages and497

limitations.498

Stochastic Gradient Descent with momentum offers good consistency and499

is particularly suitable for complex or highly nonlinear cost functions, due500

to its adaptability. However, its convergence becomes significantly slower as501

the problem size increases. The time complexity of each step of the SGD502

algorithm is governed by the computation of the log-likelihood and of its503

gradient, both of which are O(NM) = O(N2). Other steps in the process504

are O(N +M) = O(N), so they can be ignored. Regardless of the system’s505

dimension, with larger values of β, the problem becomes ill-conditioned and506

the convergence is slower (i.e. more steps are needed).507

Fixed-point iterations, on the other hand, are much faster and highly508

scalable [30], making them attractive for large-scale problems. Yet, in this509

case they tend to be less stable and more prone to oscillations, especially in510
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heterogeneous regimes (when the strengths are not Gaussian, for example).511

This lack of consistency could potentially be mitigated by incorporating up-512

dates with momentum. Moreover, with higher values of β, the algorithm513

becomes ill-conditioned faster than SGD. The time complexity of each step514

of the fixed-point algorithm is governed by the computation of the contraints’515

estimates, that are O(NM) = O(N2), as in the case of SGD.516

Finally, Newton’s method with Schur complement (analogous to the method517

used by Koehl et al. in [36]) exhibits better consistency than fixed-point518

methods and is generally reliable for moderate-size problems. Nevertheless,519

it tends to be computationally expensive and seems to struggle with more520

intricate cost landscapes, where convergence is not always guaranteed. More-521

over, with higher values of β, the algorithm becomes ill-conditioned faster522

than SGD. The time complexity of each step is governed by matrix-vector523

multiplications, of order O(NM) = O(N2), as in the case of SGD.524

525

Of course, each of these methods has parameters to be tuned, and their526

effectiveness is bound to the efficacy in finding the optimal values for these527

parameters. In this sense, more fine tuning is certainly possible to optimize528

the solution of these models.529

As said above, the best method we found to solve our model was Py-530

Torch’s version of SGD, run on a NVIDIA GeForce RTX 3060 GPU with 8531

GB VRAM. The memory usage of a single run of the SubOT model for a532

system with L = 8192, Gaussian strengths, and uniform cost is 2322.66 MB.533

This is far enough from the bottleneck, which means that, in principle, it is534

possible to solve larger systems on such machines. Nevertheless, we chose to535

stop at the scale reached due to computation time and because it would have536

been outside of the scope of this work. A more comprehensive discussion of537

the complexity of the algorithm can be found in Fig. 8.538
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Algorithm 1 Gradient-Based Optimization of t and θ

Require: A set of matrix dimensions dims; coupling costant range betas;
maximum number of steps num steps; initial learning rate lr0; momen-
tum for SGD m0; maximum weight maxweigth.

Ensure: Optimized parameters t, θ stored for each dim and each β.

1: for dim in dims do
2: generate betas

3: generate cost matrix cost as random in [0, 1)
4: transform cost ▷ when required
5: generate a random matrix M in [0, maxweigth] of shape (dim,dim) ▷

to compute the strengths
6: r ← row-sums of M
7: c ← column-sums of M
8: t ← 2/r ▷ Element-wise division
9: θ ← 2/c ▷ Element-wise division

10: for beta in betas do
11: set up optimizer SGD with lr ← lr0, momentum ← m0

12: initialize increase← 0, patience← 10, last loss← ∞
13: for step ← 0 to num steps do
14: optimizer.zero grad()
15: loss ← L(t, θ, r, c, cost, beta)
16: loss.backward()
17: optimizer.step()
18: perc err ← perc error(beta, cost, t, θ, d, u)
19: if loss > last loss then
20: increase ← increase+ 1
21: end if
22: last loss ← loss

23: if increase ≥ patience then
24: reduce learning rate by factor 0.9
25: increase ← 0
26: end if
27: if perc err < 10−3 then
28: save (t,θ)
29: break
30: end if
31: if step = num steps then
32: save (t,θ) ▷ to start a new opt from the current t and θ
33: break
34: end if
35: end for
36: end for
37: end for
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Figure 1: Example of Optimal Transport framework. Optimal Trans-
port solution for a system of 4 mines that produce coal to be sold to 4
factories. The indices i and α denote the nodes in each layer of the bipar-
tite network. (a) The optimal transport plan as a weighted network, where
the color and width of each link represent its weight. (b) The biadjacency
matrix wiα of the same bipartite network, with matching colors for cells. On
the side of the matrix we show the strengths of each node, si and σα.
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Figure 2: Transition between entropy-driven and cost-driven trans-
port regimes. (a) Conceptual illustration of the transition between trans-
port regimes as the control parameter β varies. The parameter β tunes the
relative importance of the energy with respect to entropy in the ensemble
distribution. The OT limit (iii) corresponds to the optimal sparse trans-
port solution for moving coal from mines to storage facilities. Sub-panels (i)
and (ii) show how introducing an entropic term modifies this transport plan.
Initially, in (ii), it relaxes the strict cost-driven structure, leading to an inter-
mediate sub-optimal regime, where entropy and cost compete in shaping the
transport network. Ultimately, in (i), it reaches the BiWCM regime, where
transport is fully entropy-driven. (b) Quantitative illustration of the effect
of the control parameter β: it depicts the average transport plan ⟨wiα⟩ in a
square network of size L = 64, with uniformly distributed costs Ci ∼ U(0, 1),
for different values of the parameter β. The logarithmic colorbar indicates
the link weights in the average transport plans. (i) For low β, the weights
⟨wiα⟩ are homogeneously distributed, as mass spreads across all links while
satisfying the imposed constraints. (ii) As β increases, an underlying struc-
ture emerges: some links begin to accumulate larger weights ⟨wiα⟩, causing
the network to resemble the tree-like configuration typical of OT. (iii) For
very large β, most of the weight condenses onto the OT tree. (iv) the exact
OT solution.
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Figure 3: The weights wiα as a function of ln(β̂) highlight the sepa-
ration between OT links and the remaining ones. The figure displays
two vertical axes: the left y-axis shows the weights of all links in a 64 × 64
network with uniformly distributed random costs and Gaussian-distributed
strengths, while the right y-axis corresponds to the mass share of the max-
imum spanning tree, both with respect to the rescaled control parameter
ln(β̂) = ln(Kβ) (Eq. 8) where β tunes the relative importance of the energy
with respect to entropy in the ensemble distribution, and K =

∑
i si/L

2 is
the average weight of the network. Blue markers represent the weights of
links that are part of the OT solution in the ln(β̂) → ∞ limit, while red
markers correspond to all other links (dashed lines indicate average weights).
The green curve, relative to the right y-axis, shows the corresponding mass
share of the maximum spanning tree of the network, mMST (Eq. 7). Data
available in SD1.1 and SD1.2.

Figure 4: Sub-optimality transition of the model with uniformly
distributed costs and Gaussian-distributed strengths. (a) Behavior
of mMST (Eq. 7) as a function of ln β̂ (Eq. 8) for different network sizes L,
where L is the number of nodes in each layer of the bipartite network. Shaded
areas indicate the standard deviation over at least 100 realizations, except for
L = 4096, where only 20 realizations were realized due to the computational
expense. (b) Transition point ln β̂t as a function of L, defined as the point
where the derivative of the mMST is maximum. (c) Order parameter mMST

evaluated at the transition point β̂t, as a function of L. (d) Maximum
derivative of mMST, evaluated at the transition point β̂t, as a function of
L. In panels (b), (c), (d) error bars denote the standard deviation across
realizations, and orange and blue lines correspond to power-law and bounded
power-law fits, respectively. Legends include the best-fit parameters along
with the corresponding adjusted R-squared values. The control parameter β
tunes the balance between transport cost and entropy in the ensemble. mMST

(Eq. 7) denotes the mass share of the maximum spanning tree, used as the
order parameter in (a), and its value (or the value of its derivative) at the
critical point β̂t defines the quantities plotted in (c) and (d). Data available
in SD1.3.
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Figure 5: The transition properties of the model with a rescaling
of the β parameter. (a) The mass share of the maximum spanning tree
mMST (Eq. 7) using the rescaling of the control parameter from ln β̂ (Eq. 8)
to B = ln(β̂/ ln(L)). The curve at different sizes overlap in a region where
the value of the order parameter indicates the system is already transitioned
to the dense phase. The limit curve for the order parameter (dashed in green)
is 1 − exp(−α(B − BC)) for B > BC and 0 for B < BC (the fitted values
are BC = −0.039(7) and α = 0.846(7), where α is the exponent of the limit
curve and BC is the rescaled crossover point). Shaded areas indicate the
standard deviation over at least 100 realizations, except for L = 4096, where
only 20 realizations were realized due to the computational expense. The
fit has been executed using the L = 4096 data, which would be our closest
approximation of the limit curve. (b) The derivatives of mMST with respect
to B. The proposed rescaling of the control parameter affects the finite size
scaling. Data available in SD1.3.

Figure 6: The transition’s properties of the model in the case of Log-
Normal-distributed and Power-Law-distributed strengths. (a) - (c)
and (d) - (f) panels refer to the Log-Normal and Power Law distributions,
respectively. (a) and (d) The mass share of the maximum spanning tree
mMST (Eq. 7) as a function of ln β̂ (Eq. 8), for different sizes L, where L is
the number of nodes in each layer of the bipartite network. Each line is the
average of at least 10 realizations and the shaded areas indicate the standard
deviation over the realizations. (b) and (e) The transition values ln β̂t (dots)
with respect to L. (c) and (f), maximum derivative of mMST, evaluated at
β̂t. The orange and blue lines in panels (b), (c), (e), (f) are a power law
and a bounded power law fits. Legends include the best-fit parameters along
with the corresponding adjusted R-squared values. Data available in SD1.4
and SD1.5.
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Figure 7: The transition’s properties of the model in the case of
Beta-distributed cost matrices. (a) The mass share of the maximum
spanning tree mMST (Eq. 7) as a function of ln β̂ (Eq. 8), for different sizes
L, where L is the number of nodes in each layer of the bipartite network.
Each line is the average of at least 10 realizations and the shaded areas
indicate the standard deviation over the realizations. (b) The transition
values ln β̂t (dots) with respect to L. (c) The value of the order parameter
at the transition point with respect to the layer size L. (d) Maximum value
of m′

MST, evaluated at β̂t. The blue line and the red line are a power law and
bounded power law fits respectively. Legends include the best-fit parameters
along with the corresponding adjusted R-squared values. Data available in
SD1.6.

Figure 8: Performance Analysis across Dimensions and β. The anal-
ysis was performed for Gaussian strengths and uniform costs using the SGD
algorithm introduced in the main text. Error bars indicate the standard
deviation over at least 10 realizations, except for the largest network sizes,
L = [6144, 8192], where only 3 realizations were realized due to the com-
putational expense. (a) The cumulative number of SGD steps required to
reach convergence at each value of log(β̂) (Eq. 8). The colors represent the
dimension L of each layer of the bipartite system. For larger dimensions,
the scaling of the complexity is more evident. (b) The cumulative time (in
seconds) required to reach convergence for the SGD algorithm at each value
of log(β̂). The colors have the same meaning as in (a). (c) The average
cumulative time (in seconds) to reach convergence at a fixed value of log(β̂)
with respect to the layer dimension L. Different colors represent different
values of log(β̂), whereas a quadratic scaling guide have been plotted to bet-
ter understand the scaling of these curves. The average time is intended as
the total time, divided by the number of β values computed up to that point
(the bigger the value of log(β̂), more values are needed to reach it.). (d) The
cumulative time (in seconds) to reach convergence at a fixed value of log(β̂)
with respect to the layer dimension L. The different colors have the same
meaning as in (c), as does the scaling guide. Data available in SD1.7.
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