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A B S T R A C T   

This paper provides a procedure to obtain the uniform strength of frame and lattice structures. Uniform strength 
condition is achieved by performing the shape optimization of all beam elements of the structure. The beam 
shape which guarantees uniform strength is analytically deduced from the one-dimensional Timoshenko model. 
The optimization problem presents itself as the search for the zeros of the objective-functions vector, which is a 
non-linear system of equations representing the kinematic-congruence and forces balance at every node of the 
structure. The analytical formulation of the optimization problem allows to construct the objective-functions 
vector without the use of external structural computation, i.e. not recurring to any Finite Element Analysis to 
accomplish iterations. This latter feature entails a great advantage in terms of computing time required to 
perform optimization. The proposed analytical formulation allows to directly insert the uniform strength con
dition into the objective-functions vector, transforming the optimization into an unconstrained problem. Some 
examples are shown in which the performance of the optimization procedure is discussed in terms of robustness 
and rate of computational complexity while increasing the degrees of freedom of the structure. The reliability 
and the quality of the optimization are verified through Finite Element Analysis.   

1. Introduction 

Structural optimization is engaged in several fields of engineering as 
mechanical, civil, aerospace, biomedical etc., both for large and small- 
scale structures [1–3]. In many cases, frame and lattice structures are 
considered, in which the beams are the main players of the optimization. 
Some classical examples concern the optimization of bridges, stadium 
domes, radio towers and bus frames [4–10]. Less classical applications 
regard the optimization of lattice materials (metamaterials) or space 
structures [11–16]. 

The search for an optimum involves the application of advanced 
mathematical and computational strategies (non-linear programming), 
which recur to procedures that can be split into two main categories: 
classic gradient-based methods [17] or heuristic ones [18–20]. Both 
strategies start with the definition of a representative functional that 
guides the goodness of the outcomes. 

Gradient-based methods attains the optimum according to 
analytically-based methods, which require computing the derivatives of 
the objective functions. Some common techniques are: Penalty methods, 

Sequential Quadratic Programming (SQP), Trust Region, Damped Least- 
Squares (DLS, also known as Levenberg–Marquardt algorithm), Inscri
bed Hyperspheres (IHS), and Gradient Projection Method [17,21–23]. 
All of these suffer the need for an initial guess so that they might reach 
and stop on an optimum, which could be a local optimum and conse
quently miss the absolute one. 

Heuristic methods follow the idea to set up the optimization process 
being inspired by observed behaviors in nature. Their main advantage is 
that they do not require any derivative, which is an expensive operation 
in terms of computational time. This makes them simple and feasible to 
use for any optimization problem, non-smooth ones included. Main 
disadvantages are: the inability to ensure the stationarity of the identi
fied optimal solution and the high number (difficult to foresee) of 
objective-function calls required to reach an optimum. Among the best- 
knowns are: Genetic Algorithm (GA), Particle Swarm Optimization 
(PSO), Ant Colony Optimization (ACO), and Biological Growth Method 
(BGM) [18,19,24–29]. 

Previously mentioned optimization techniques are widely used in 
structural mechanics, which aims to obtain the design of a structure that 
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exhibits the best performance in terms of loads, kinematics, mechanical, 
dimensional, and constraint conditions. The minimization of the weight, 
dual to best utilization of the material, is the most sought feature in 
structural optimization; it is usually accompanied by stiffness re
quirements (i.e. maximum allowed displacements) and stress limitations 
on some regions of interest. Several scopes may drive the optimal design 
and can be gathered in the following types: topology, layout, sizing, and 
shape. First type, the topological, concerns the optimization of the in
ternal arrangement of the structure, generally intended as the optimal 
number of components (beams for frame structures) keeping unchanged 
the external kinematic constraints, loads and other design requirements. 
This is the only optimization procedure, among all above mentioned, 
that can change the number of components and their connectivity with 
respect to the baseline, i.e. the structure before optimization 
[2,7,11,30–40]. In other words, topological optimization achieves the 
optimum performing a global form-finding. 

Layout optimization [7,41–45] is commonly used to minimize stress 
on frame structures; it operates with a fixed topology (i.e. the same 
number of components and their connectivity) and modifies the length 
of the elements and the load application points to get the desired 
objective. 

Sizing optimization typically regards beam/truss structures 
[7,8,31,36,46–48]; it considers fixed the topology and the length of the 
components, and acts modifying the size of cross-sections to achieve the 
best compromise between weight and stiffness. 

In some papers, topology and sizing optimization or layout and sizing 
optimization are performed together or one subsequent the other 
[7,31,33,36,38,47]. 

Shape optimization [49–55] is less explored if compared to the 
previous ones, probably because the geometries resulting at the end of 
the optimization process are difficult to realize through traditional 
manufacturing. However, complex and precise geometrical shapes are 
now easier to produce thanks to the continuous progress in the field of 
additive manufacturing, not only by polymer but also by metal [56–58], 
especially with regard to moderate-sized bodies such as machine com
ponents. Shape optimization seeks to find the best possible shape for 
every beam in a structure, that is the scenario investigated in the present 
paper. From a mathematical point of view, it is much more challenging 
[59], since the variables that define each attempt may even be contin
uous functions (dynamic optimization) instead of a table of values (static 
optimization). Some authors [53–55] address the shape optimization to 
statically-determinate structures, which results hugely simpler than 
statically-indeterminate structures. 

The aim of the present paper is to encompass shape optimizations on 
statically-indeterminate frame structures that, to the best knowledge of 
the authors, have never been investigated in the past. It is interesting to 
observe that, though beam elements involve a one-dimensional model
ling, there are currently no shape optimization procedures that can 
efficiently work when frames are not statically-determinate, e.g. welded 
frames. 

The procedure here presented allows to obtain the uniform-strength 
of a planar frame structure performing a (simultaneous) shape optimi
zation of every beam forming the frame to achieve overall uniform 
strength. Uniform-strength [60–62] is a condition that guarantees a 
suitable distribution of internal stress, which entails the best use of the 
material and, therefore, the minimization of the weight. 

To reach uniform-strength condition through shape optimization, 
some numerical procedures [29,63,64] recur to a solid-elements dis
cretization using the Finite Element Method (FEM); obviously, dealing 
with solid elements implies managing a huge number of degrees of 
freedom (DOFs) and equations, limiting the number of governing vari
ables driving the optimization. However, a large number of structures 
can be traced back to frames and thus modelled using beam elements, 
requiring much fewer DOFs than solid discretization. Using one- 
dimensional elements, our purpose is to offer an optimization proced
ure that provides fast results even for large structures, strongly 

statically-indeterminate. 
A recurrent limitation in most structural optimizations, both for 

gradient-based and heuristic methods, is the need to repeat a Finite 
Element Analysis (FEA) at each objective function evaluation (Fig. 1a). 
This continuous call to Finite Element (FE) solvers affects most of the 
computation time since it requires to suspend the optimization algo
rithm while waiting for FE results, often provided by external software. 
To considerably improve speediness, in this paper the search for optimal 
beam shapes employs an exact analytical deduction based on one- 
dimensional Timoshenko beam model to perform the tuning of the 
beam shape along their axes. 

The key feature lies in the fact that the optimization problem turns 
into the search for the zeros of the non-linear system of analytically 
defined objective functions.This peculiarity allows to update the opti
mization workspace, which in our procedure includes the structural 
modelling, non-recurring to any external structural computation (e.g. 
FEA) at each iteration (Fig. 1). This significantly reduces the required 
time for the optimization, even for structures formed by a huge number 
of elements. On the other hand, it is useful to specify that the optimi
zation procedure here outlined primarily focuses on achieving uniform 
strength. It does not encompass all the technological challenges associ
ated with specific regulations which are postponed to subsequent ana
lyzes after obtaining the optimal design. 

It is worth pointing out that the peculiarity of the model is that the 
resulting shape modulation within each beam is not a priori preset, so the 
complexity of the beam-shape depends on all applied loads (including 
distributed ones); the uniform-strength is forced as a feature condition 
on the whole length of every beam. 

The approach proposed in this article is particularly well-suited for 
optimizing machine components, thus within the context of mechanical 
engineering where optimizing part geometries plays a pivotal role in 
enhancing lightweight and efficiency. 

2. Analytical formulation of the Uniform-Strength beam element 

In this section, the governing equations of planar Timoshenko beam 
are reported for a variable cross-section, symmetrical along one axis 
(here identified with the y-axis) (Fig. 2). The magnitude of the uniform- 
strength stress affects the resulting equations, thus presenting the 
problem in an unusual way. An inverse approach is employed to respect 
the uniform-strength of whatever load/boundary settings, so that the 
shape of the beam cross-section is a function of the applied loads. Note 
that, being the frame structure statically-indeterminate, the element 
loads are themselves influenced by the geometric shapes of the beams. 
This relationship yields that this beam model, in terms of force
–displacement entanglement, turns highly non-linear. 

This paper section aims to develop the formulation of a uniform- 
strength beam element with two ending nodes; the loads are applied 
to nodes and/or distributed along the axis. In order to obtain a 
comprehensible compact formulation, what follows refers to common 
finite element notations, reference systems and assemblage. 

The section is assumed to be non-deformable on its plane [60,65], i.e. 
without in-plane or out-of-plane warping. The reference system of the 
element is collinear with the principal axes of inertia and originates at 
the section centroid of the first node I of the element (Fig. 2). 

The 2D displacement field, in the small-displacements regime and 
Lagrangian description of the motion, is: 

U(x, y) = u(x) − y ψ(x) (1)  

V(x, y) = v(x) (2)  

in which U and V are the displacements, along x and y axes, of every 
point of the beam; u,v and ψ are the cross-section translations (along x 
and y) and rotation, respectively. 

Assuming small strains, the components of the linearized Green 
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strain tensor are: 

εx =
∂U
∂x

= uʹ − y ψʹ (3)  

γxy =
∂U
∂y

+
∂V
∂x

= v́ − ψ (4)  

in which compact notation ( • )́ = d( • )/dx is used. 
The material is assumed homogeneous, linear elastic and isotropic, 

then the axial and shear stresses, using Eqs. (3,4) result as: 

σx = Eεx = E(uʹ − y ψʹ) (5)  

τxy =
E

2(1 + ν)γxy = G(v́ − ψ) (6)  

where E is the Young’s modulus and ν the Poisson’s coefficient. 
The constant shear strain in Eq. (4) and the shear stresses in Eq. (6) 

are approximated, due to the missing shear-warping effect of the section. 
To correct this, on average, a simple way is to impose that the strain 
energy computed with constant shear stress is equal to the one computed 
considering the shear stress distribution from the 3D continuum model 
[66] or with the approximated Jourawsky’s approach [60,65]. A shear 
strain correction factor κ outcomes comparing the two shear stress de
ductions [60,67], depending on the section’s form. This correction fac
tor is used in the Timoshenko beam model to obtain effective shear area 

Fig. 1. Work-scheme comparison between classic optimization and the proposed one: (a) Classic workflow; (b) Proposed workflow.  

Fig. 2. Notation of forces and displacements of the beam element with a variable shape in its local reference system.  
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As = A/κ and effective shear strain γeff
xy = κγxy. 

Resulting internal loads at the section level, namely the normal and 
shear forces and bending moment, are associated with the previous 
stresses by: 

N(x) =
∫

A(x)
σxdA = EA(x) uʹ (7)  

T(x) =
∫

As(x)
τxydA =

GA(x)
κ

⋅(v́ − ψ) (8)  

M(x) = −

∫

A(x)
y⋅σxdA = EI(x) ψʹ (9)  

where A and I are the (variable with x) area and moment of inertia of the 
cross-section. 

From eq.s (5–9) and the given latter correction, the governing 
equations of kinematics and stresses are: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

uʹ(x) =
N(x)
EA(x)

.

ψʹ(x) =
M(x)
EI(x)

.

v́ (x) = ψ(x) + κ T(x)
GA(x)

(10)  

σx(x, y) =
N(x)
A(x)

−
M(x)
I(x)

y (11)  

The shear stresses are not specified since they have no influence on what 
follows. 

To integrate Eqs. (10), two additional information are required: the 
relationships with the section forces/moment in eq. (7–9) and the 
nodal/distributed loads, and the shape of the beam cross-section that 
guarantees uniform-strength. 

The straight beam of length L (Fig. 2) is loaded along its axis with the 
(variable) distributed loads qx(x), qy(x) and at its ends (nodes) by 
concentrated forces and moments. For the sake of clarity, the same no
tation used for finite elements is adopted, i.e. the nodal forces, moments, 
translations and rotations are referenced by numerical subscripts. 

Applying a virtual cut on the beam (Fig. 3), orthogonal to the beam 
axis, the relationships between section forces/moment and the applied 
loads F1, ..., F6 turn out [67,68]: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N(x) = − F1 −

∫x

0

qx(x̃)dx̃

T(x) = − F2 −

∫x

0

qy(x̃)dx̃

M(x) = F2x − F3 −

∫x

0

(x̃ − x)qy(x̃)dx̃

(12)  

in which x̃ is a dummy variable for integration. 
Eqs. (12) are obtained by applying equilibrium with respect to the 

node I, but the same can be easily obtained referring to the forces on the 
J node using the balance equations between the nodal forces (explicitly 
reported hereinafter since we refer to both in §4): 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F1 = − F4 −

∫L

0

qx(x)dx

F2 = − F5 −

∫L

0

qy(x)dx

F3 = − LF5 − F6 −

∫L

0

xqy(x)dx

(13)  

To obtain the shape of the beam the idea is to impose the uniform- 
strength for the entire beam length. Uniform-strength is an ideal con
dition aiming to achieve the same maximum stress on all points of a 
structure. Clearly, this can almost never be exactly achieved except in 
elementary cases such as truss structure. For general frame structures, 
stresses caused by bending are dominant; they generate a linear trend of 
the stress on the section. Therefore, the uniform-strength condition is 
intended as uniformity of the axial stresses at top or bottom sides, 
depending on the presence of additional axial loads. 

According to the continuum model or Jourawsky’s approximation, 
shear stress vanishes at top and bottom of a beam cross-section (where 
the magnitude of axial stress is maximum). Therefore, it is reasonable to 
assume that the presence of shear stress does not affect the shapes of the 
beam that derive from the condition of uniform-strength. 

An inverse approach is carried out to obtain the shape that ensures 
uniform-strength, imposing the same maximal magnitude of the stress 
σmax at the top or bottom sides y = ±h(x)/2 along the beam [69]: 

σmax =
|N(x) |
A(x)

+
|M(x) |

I(x)
h(x)

2
(14)  

The axial force N and bending moment M of the section are given by Eq. 
(12), while the iso-stress σmax is given as a fixed value throughout the 
optimization. 

Fig. 3. Equilibrium between nodal forces/moment and internal ones.  
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Till now, the only limitation regards the one-axis symmetry of the 
cross section. To go further, it is necessary to specify the type/form of 
section to deal with. The exact analytical beam shape for some sections 
of engineering interest is deduced in what follows. 

At first, the analysis addresses to the analytical shape of rectangular 
section beams. The rectangular section in Fig. 4 is assumed to have a 
known constant width b and an unknown variable height h(x). 
Substituting into the Eq. (14) the area A(x) = b h(x) and the moment of 
inertia I(x) = b h3(x)/12 of this section one obtains: 

bσmaxh2(x) − |N(x) |h(x) − 6|M(x) | = 0 (15)  

Solving Eq. (15) with respect to the variable h(x), choosing the positive 
solution (the only physically acceptable), the section shape (along the 
x-axis) of the uniform-strength beam with rectangular cross-section 
(Fig. 4) turns out: 

h(x) =
|N(x) |
2bσmax

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

N(x)
2bσmax

)2

+
6|M(x) |
bσmax

√

(16)  

Clearly, many other types of optimized uniform-strength shapes could 
be found by establishing a law of b(x) variation as a function of the 
height h(x) variation. The other classical dual way is to keep fixed the 
height h and vary the width b(x), commonly used in the design of leaf 
springs. 

Another interesting class of solutions concerns the sections that 
varies homothetically along the beam axis, i.e. sections that can be 
geometrically scaled using a single variable, further on called h. The area 
and the moment of inertia of these homothetic sections can be expressed 
as follow: 
{

A(x) = cAh2(x)
I(x) = cIh4(x) (17)  

in which cA and cI are geometric coefficients depending on the form of 
the section. 

Typical homothetic sections used in frame structures are square 
(Fig. 5a) and circular (Fig. 5b) ones, both solid or hollow. A void ratio α 
is introduced to identify them, equal to the ratio between the internal 
height and the external one (α = hi/he) for square sections (Fig. 5a) and 
the ratio between the internal and external diameter for circular sections 
(Fig. 5b). The geometric coefficients for the sections in Fig. 5 are: 

cA =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
1 − α2)square cross-section (Fig.5a)

π(1 − α2)

4
circular cross-section (Fig.5b)

(18)  

cI =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(1 − α4)

12
square cross-section (Fig.5a)

π(1 − α4)

64
circular cross-section (Fig.5b)

(19)  

It is worth to pointing out that for the hollow sections in Fig. 5 with fixed 
ratio α, the thickness of the section, equal to (he(x) − hi(x) )/2, varies 
along the x-axis. 

It is necessary to consider the thickness as variable whatever is the 
section shape. In fact, considering the thickness as fixed, it could be 
impossible to achieve uniform-strength when the loads reduce signifi
cantly, e.g. the case of a beam in which the bending moment M(x) is null 
at some axis points. At those locations, the section height cannot be 
reduced more than twice the thickness and consequently the resulting 
stress drops violating the uniform-strength requirement. 

Even more complex sections can be made homothetic, function of a 
single variable. To make this clearer, consider as example the I-section 
(IPE) in (Fig. 6) in which the variable that tunes the homothetic section 
is the height h(x) and all other geometrical information are related to it 
by scalar quantities (α1,α2,α3). In this case, the two geometric co
efficients of the section are: 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

cA = 2α1α2 + α3(1 − 2α1)

cI =
1
2

[
α1

3α2

3
+ α1α2(1 − α1)

2
+

α3(1 − 2α1)
2

6

] (20)  

Therefore, it only remains to get the uniform-strength shape formula 
valid for all homothetic sections; by substituting Eqs. (17) into the Eq. 
(14), a cubic equation turns out: 

h3(x) −
|N(x) |
cAσmax

h(x) −
|M(x) |
2cIσmax

= 0 (21)  

The discriminant of the cubic eq. (21) is [70]: 

Δ(x) = 1 −
16cI

2

27cA
3σmax

|N(x) |3

M2(x)
(22)  

The solution of a cubic equation depends on the sign of this discrimi
nant, which is an x function; at every sign switch along the axis, the way 
to achieve the solution changes. However, an important specification 
holds. Considering the typical values in structural components, the 
second term at the r.h.s. of Eq. (22) is typically well lower than one. The 
discriminant in eq. (22) could turn negative or equal to zero only if the 
bending moment M is several orders of magnitude smaller than the 
normal stress N. Howe 

ver, this implies that the element behaves like a truss. The extremal 
case of null bending can be kept away since Eq. (21) turns out as a 
quadratic equation. Given the previous considerations, the discriminant 
is assumed always positive, avoiding possible switches in the solution. 

With a discriminant positive or equal to zero, the unique real solution 
of the cubic Eq. (21) is: 

h(x) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
|M(x) |
4cIσmax

3

√ [ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 1 +
̅̅̅̅̅̅̅̅̅̅
Δ(x)

√3
√

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 1 −
̅̅̅̅̅̅̅̅̅̅
Δ(x)

√3
√ ]

(23) 

If N(x) is null, the previous equation simplifies into: 

h(x) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

|M(x) |
2cIσmax

3

√

(24)  

For completeness, the solution with a negative discriminant is reported 
in the Appendix A. 

Being known the uniform-strength shape defined by the solutions Fig. 4. Rectangular cross-section beam with variable height h(x) and con
stant width..b 
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h(x) in Eqs. (16 or 23), it is possible to substitute the values of A(x) and 
I(x) and integrate the kinematic Eqs. (10) to obtain the nodal displace
ments (u1,⋯, u6) (Fig. 2). The latter are essential to define the objective 
function of the optimization, hereinafter detailed. 

For a statically-indeterminate frame structures, the nodal forces (F1,

⋯, F6) that govern the shape of every beam (Eqs. (16,23)) are not known 
a priori. Therefore, the idea is to solve analytically or numerically the 
kinematic equations for every beam in its local reference system and, 
subsequently, to transform them in the global reference system. Refer
ring to the assembled structure, equilibrium conditions and kinematic- 
congruence require fulfilment at every node. Since the equations, in 
term of relationships between forces and displacements are non-linear, 
the satisfaction of the requirements at every node involves an iterative 
procedure, whose features are explained in details in §4. 

The beam shape along its axis (Eqs. (16,23)) may present expressions 
that are not easy to integrate analytically, especially in the presence of 
distributed loads. Two analytical solutions, under some assumptions, are 
investigated in the next section. However, other more complex section 

forms can always be addressed recurring to numerical integration, as 
discussed in §3 and shown in §5. 

The most important benefit of uniform-strength is that it allows the 
best use of the material, implying the minimization of the structural 
weight. To quantify the efficiency achieved, it is possible to introduce 
the beam efficiency parameter ξ, computed as the ratio between the 
stored energy and the maximum energy that could (potentially) be 
accumulated if all material points been subjected to the maximum stress. 
For beams mainly subjected to bending, unitary efficiency is not 
reachable, due to the distribution of the stresses, linearly dependent on 
the distance by respect to neutral axis. If only elastic strain energy 
associated to bending is taken into account, the efficiency of a beam can 
be computed as follow: 

ξ =
1

σ2
maxV(x)

∫L

0

M2(x)
I(x)

dx (25)  

where V(x) is the beam’s volume. 
Since the efficiency of the beam cannot reach unity, the measure of 

efficiency of uniform-strength beams must be compared with that ob
tained with constant sections. Clearly, the efficiency is function of the 
loading conditions, and Tab. reports a comparison of the efficiency for a 
constant and uniform-strength cantilever beam, loaded at the end with a 
transversal force (i.e. no axial forces N(x) results). The efficiencies in 
Table 1 are computed analytically through Eq. (25); for uniform- 
strength beams, the h(x) shape of Eqs. (16,24) are used. Results show 
that for rectangular and square sections the uniform-strength beams 
enhance the efficiency for 3 times, considering circular section it as
sumes the value 3 • π2/4 ≈ 7.40. 

3. Displacements’ field of the uniform-strength beam element 

The aim of this section is to provide the relationship among the nodal 
forces and displacements of uniform-strength beams. Some analytical 
and numerical solutions of the beam kinematics, i.e. the integration of 

Fig. 5. Solid (α = 0) and hollow (α ∕= 0) cross-sections: (a) square; (b) circular.  

Fig. 6. Homothetic I-section.  
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the ODE system of Eqs. (10) considering the uniform-strength shapes 
derived in §2. The analytical solutions will play a pivotal role in §4, to 
build up the vector of objective-functions and to carry out the uniform- 
strength shape optimization of the whole assembled structure. 

The analytical integration of the kinematics of the uniform-strength 
shape is performed, under two restrictive assumptions: the first being 
the absence of distributed loads qx(x),qy(x), and the second is neglecting 
the influence of the axial forces N(x) on the axial stresses’ distribution. 
In frame structures the stress distribution is bending dominated; as a 
consequence, the influence of axial forces on stresses is practically 
negligible. If not, the shape optimization of the beam falls of interest, 
and the element turns into an almost constant section truss. 

If above restrictions cannot be assumed, a numerical integrations of 
Eqs. (10) is necessary to carry out the optimization process. This 
approach, fully numerical, is described hereinafter. 

The results of analytical and numerical approaches are shown in the 
examples developed in §5. 

3.1. Analytical solution for rectangular sections 

Under the absence of distributed loads and neglecting the stresses 
due to axial forces, the uniform-strength shape of rectangular section 
with fixed width b (Fig. 4) is obtained applying the third of Eq. (12) into 
Eq. (16): 

h(x) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

6|F2x − F3|

bσmax

√

(26)  

The equations of the kinematics are: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

uʹ(x) = −
F1

Eb
1

h(x)

ψʹ(x) =
12
Eb

(F2x − F3)

h3(x)

v́ (x) = ψ(x) − κF2

Gb
1

h(x)

(27)  

which are obtained using Eqs. (12) into the Eqs. (10) and considering 
A(x) = b h(x) and I(x) = b h3(x)/12, where h(x) is made explicit in Eq. 
(26). For this section, the shear strain correction factor is κ = 6/5. 

The integration of eqs. (27) gives the whole element displacements 
field: 

u(x) = c1 −
σmax

3E
F1

|F2|
h(x) (28)  

ψ(x) = c2 +
4σmax

EF2

⃒
⃒
⃒
⃒
bσmax

6
h(x) −

F3

h(x)

⃒
⃒
⃒
⃒ −

4σmax

E
F3

|F2|

1
h(x)

(29)   

In which the h(x) function, given in Eq. (26), is used in the latter 
equations to obtain a more compact form. We want to warn up the 
reader that the integration of the previous equations, even if it may 
appear simple, actually hides some pitfalls due to the presence of the 
absolute value appearing in Eq. (26). A useful tip that can be helpful for 
the reader who wants to deduce the previous solutions is that the signs in 
Eq. (27) are only due to forces F1,F2,F3, while h(x) is clearly a positive 
value. 

The constants of integration c1, c2, c3 are obtained applying u(0) =

u1, ψ(0) = u3, v(0) = u2: 

c1 = u1 +
σmax

3E
F1

|F2|
h(0) (31)  

c2 = u3 −
4σmax

EF2

⃒
⃒
⃒
⃒
bσmax

6
h(0) −

F3

h(0)

⃒
⃒
⃒
⃒+

4σmax

E
F3

|F2|

1
h(0)

(32)  

c3 = u2 −
4
3

bσmax
2

EF2|F2|
h(0)

⃒
⃒
⃒
⃒
bσmax

18
h2(0) − F3

⃒
⃒
⃒
⃒+

(
4σmax

E
F3

|F2|
+

2κF2

GcN

)
bσmax

3|F2|
h(0)

(33)  

By computing Eqs. (28–30) at the other end, x = L, and using Eqs. 
(31–33), the relationships between the nodal displacements are 
revealed: 

u4 = u1 −
σmax

3E
F1

|F2|
(h(L) − h(0) ) (34)  

u5 = u2 +

(

u3 −
4σmax

EF2

⃒
⃒
⃒
⃒
bσmax

6
h(0) −

F3

h(0)

⃒
⃒
⃒
⃒+

4σmax

E
F3

|F2|

1
h(0)

)

L+

+
4
3

bσmax
2

EF2|F2|

(

h(L)
⃒
⃒
⃒
⃒
bσmax

18
h2(L) − F3

⃒
⃒
⃒
⃒ − h(0)

⃒
⃒
⃒
⃒
bσmax

18
h2(0) − F3

⃒
⃒
⃒
⃒

)

+

−

(
4σmax

E
F3

|F2|
+

2κF2

GcN

)
bσmax

3|F2|
(h(L) − h(0) ) (35)  

u6 = u3 +
4σmax

EF2

(⃒
⃒
⃒
⃒
bσmax

6
h(L) −

F3

h(L)

⃒
⃒
⃒
⃒ −

⃒
⃒
⃒
⃒
bσmax

6
h(0) −

F3

h(0)

⃒
⃒
⃒
⃒

)

+

−
4σmax

E
F3

|F2|

(
1

h(L)
−

1
h(0)

)

(36)  

As previously mentioned, the Eqs. (34–36) show a strong non-linear 
relationship among nodal forces and displacements, considering that 
the terms F2 and F3 appears also in h(0) and h(L). Furthermore, the 
uniform-strength stress also appears in a non-linear manner, as a 
consequence, it is not possible to linearly scale the solution with the 
variation of σmax. 

Table 1 
Efficiency of constant and uniform-strength cantilever beams loaded at the end with a vertical force.   

Constant 
rectangular 
section 

Uniform-strength 
rectangular section ( 
Fig. 4) 

Constant square (solid 
or hollow) section ( 
Fig. 5a) 

Uniform-strength (solid or 
hollow) square section ( 
Fig. 5a) 

Constant circular (solid or 
hollow) section (Fig. 5b) 

Uniform-strength (solid or 
hollow) circular section ( 
Fig. 5b) 

ξ 1
9  

1
3  

1
9
(
1+α2) 1

3
(
1+α2) 256

3(32)2

(
1+α2) π264

(32)2

(
1+α2)

v(x) = c3 + c2x+
4
3

bσmax
2

EF2|F2|
h(x)

⃒
⃒
⃒
⃒
bσmax

18
h2(x) − F3

⃒
⃒
⃒
⃒ −

(
4σmax

E
F3

|F2|
+

2κF2

GcN

)
bσmax

3|F2|
h(x) (30)   
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3.2. Analytical solution for homothetic sections 

For homothetic sections, keeping the previous mentioned consider
ations concerning the distributed and axial forces, the uniform-strength 
shape is: 

h(x) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

|F2x − F3|

2cIσmax

3

√

(3)  

obtained applying the third of Eq. (12) into the Eq. (24). 
The kinematic equations can be obtained using Eqs. (12) into the Eqs. 

(10), remembering that. 
A(x) = cAh2(x) and I(x) = cIh4(x), where h(x) is given in Eq. (37): 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u’(x) = −
F1

EcA

1
h2(x)

ψ ’(x) =
1

EcI

(F2x − F3)

h4(x)

v’(x) = ψ(x) − κF2

GcA

1
h2(x)

(38)  

The integration of Eqs. (38) provides: 

u(x) = c1 −
6cIσmax

EcA

F1

|F2|
h(x) (39)  

ψ(x) = c2 +
6σmax

EF2

⃒
⃒
⃒
⃒cIσmaxh2(x) −

F3

h(x)

⃒
⃒
⃒
⃒ −

6σmax

E
F3

|F2|

1
h(x)

(40)  

v(x) = c3 + c2x+
18cIσmax

2

EF2|F2|
h2(x)

⃒
⃒
⃒
⃒
2
5
cIσmaxh3(x) − F3

⃒
⃒
⃒
⃒+

−
18cIσmax

2

E
F3

F2
2h2(x) −

6κcIσmax

GcA

F2

|F2|
h(x) (41)  

Again, the function h(x) of Eq. (37) is used in these last equations to have 
more concise formulas. 

The constants of integration c1, c2, c3 come out by posing u(0) = u1, 
ψ(0) = u3, v(0) = u2: 

c1 = u1 +
6cIσmax

EcA

F1

|F2|
h(0) (42)  

c2 = u3 −
6σmax

EF2

⃒
⃒
⃒
⃒cIσmaxh2(0) −

F3

h(0)

⃒
⃒
⃒
⃒+

6σmax

E
F3

|F2|

1
h(0)

(43)  

c3 = u2 −
18cIσmax

2

EF2|F2|
h2(0)

⃒
⃒
⃒
⃒
2
5
cIσmaxh3(0) − F3

⃒
⃒
⃒
⃒+

18cIσmax
2

E
F3

F2
2h2(0)+

+
6κcIσmax

GcA

F2

|F2|
h(0) (44)  

The nodal displacements relationship are obtained by evaluating Eqs. 
(39–41) at x = L and using Eqs. (42–44): 

u4 = u1 −
6cIσmax

EcA

F1

|F2|
(h(L) − h(0) ) (45)  

u5 = u2 +
6σmax

E

(
F3

|F2|h(0)
−

⃒
⃒
⃒
⃒
cIσmax

F2
h2(0) −

F3

F2h(0)

⃒
⃒
⃒
⃒

)

L+

+
18cIσmax

2

EF2|F2|

(

h2(L)
⃒
⃒
⃒
⃒
2
5
cIσmaxh3(L) − F3

⃒
⃒
⃒
⃒ − h2(0)

⃒
⃒
⃒
⃒
2
5
cIσmaxh3(0) − F3

⃒
⃒
⃒
⃒

)

+

(46)  

−
18cIσmax

2

E
F3

F2
2

(
h2(L) − h2(0)

)
−

6κcIσmax

GcA

F2

|F2|
(h(L) − h(0) )

u6 = u3 +
6σmax

EF2

(⃒
⃒
⃒
⃒cIσmaxh2(L) −

F3

h(L)

⃒
⃒
⃒
⃒ −

⃒
⃒
⃒
⃒cIσmaxh2(0) −

F3

h(0)

⃒
⃒
⃒
⃒

)

+

−
6σmax

E
F3

|F2|

(
1

h(L)
−

1
h(0)

)

(47)  

At this point, it is sufficient to know the displacements and forces at node 
I to obtain the whole internal displacements and forces. 

3.3. General numerical solution 

The scenario that embraces the presence of distributed loads qx(x),
qy(x) or the accounting how the stress due to axial load N(x) affects the 
uniform-strength shape, introduces overwhelming analytical diffi
culties. Numerical solutions, instead, are always possible, albeit the in
crease of computational time compared to analytical solutions. The 
general nodal displacements can be carried out through the numerical 
integration of Eqs. (10), that using Eqs. (12) appears as: 

u4 = u1 +

∫L

0

1
EA(x)

⎡

⎣ − F1 −

∫x

0

qx(x̃)dx̃

⎤

⎦dx (48)  

u5 = u2 +

∫L

0

∫x

0

1
EI(x̃)

⎡

⎣F2x̃ − F3 −

∫x̃

0

(x̂ − x̃)qy(x̂)dx̂

⎤

⎦dx̃dx+

+

∫L

0

κ
GA(x)

⎡

⎣ − F2 −

∫x

0

qy(x̃)dx̃

⎤

⎦dx (49)  

u6 = u3 +

∫L

0

1
EI(x)

⎡

⎣F2x − F3 −

∫x

0

(x̃ − x)qy(x̃)dx̃

⎤

⎦dx (50)  

where ̃x and ̂x are dummy variables. Clearly, A(x) and I(x) are a function 
of the uniform-strength beam shape h(x) which depends on the form of 
the beam’s cross-section. It is worth to emphasize that Eqs. (48–50) are 
valid for whatever uniform-strength beam shape which can be obtained 
as described in §2. 

It is straightforward to observe that the use of analytical solutions 
significantly accelerates the optimization procedure by respect to fully 
numerical implementations. 

4. Optimization procedure 

In the previous sections the uniform-strength shape and kinematic 
equations have been derived. These are functions of the nodal forces F1,

...,F6, and the uniform-strength stress σmax. 
For a statically-determinate structure the nodal forces do not depend 

on the shape (i.e. flexibility) of the elements. Therefore, it is easy to 
obtain the uniform-strength shape of every beam that forms the struc
ture simply applying force balancing. In other words, for statically- 
determinate structures, the uniform-strength shape is obtained with a 
one-shot computation (small displacements assumption) and the results 
are only function of the chosen uniform-strength stress σmax. 

For a statically-indeterminate structures, typical in engineering, it is 
not possible to obtain the nodal forces through simple balancing, inas
much they depend on the elements’ flexibility. Furthermore, in turn, the 
flexibility of the elements depends on their shapes which are function of 
the nodal loads. This mutual influence implies to switch to an iterative 
approach for the finding of uniform-strength shape of every element in 
the structure. The iterative procedure is stopped when the boundary 
conditions are satisfied on all beam nodes within a threshold tolerance. 
These, imposed at every node of the beams, are of kinematic and force 
type. Clearly, the uniform-strength shapes are affected by the loads and 
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constraints applied to the entire structure. 
For a structure composed of nel elements, a number of nDOFs = 6 × nel 

global boundary conditions (equal to the number of degrees of freedom 
DOFs) are necessary to fix the solution. 

The objective is that the structure (already set to be uniform- 
strength) be kinematically congruent and balanced on all nodes. 
Therefore, the scalar boundary conditions are stored in the vector of 
objective-functions {Φ}: 

{Φ} =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Φ1({F}, {u} )

⋮
Φi({F}, {u} )

⋮

ΦnDOFs ({F}, {u} )

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
nDOFs×1

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Φ1({FI}, {FJ}, {uI}, {uJ} )

⋮
Φi({FI}, {FJ}, {uI}, {uJ} )

⋮

ΦnDOFs ({FI}, {FJ}, {uI}, {uJ} )

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
nDOFs×1

=

⎧
⎪⎪⎨

⎪⎪⎩

0

⋮
0
⋮

0

⎫
⎪⎪⎬

⎪⎪⎭

(51)  

where each row of {Φ}, i.e. each condition, is a function of the vectors 
that collect all nodal forces {F} = {F1, F2⋯, FnDOFs} and displacements 
{u} = {u1, u2⋯, unDOFs}. 

Note that in the third term of Eq. (51) the forces/displacements 
associated at the nodes I and J of every beam have been partioned. 

For every beam the unknowns are six forces F1, ..., F6 and six dis
placements u1, ...,u6, but this would imply that the system in Eq. (51) be 
underdetermined. However, it is fundamental to remember that the 
forces and displacements at the node J can be deduced from those at 
node I (Eqs. (13,48–50)). 

The forces at the node J are linked to the ones at the node I by the 
three linear Eqs. (13), i.e. {FJ} = {FJ({FI} ) }. The displacements at the 
node J are non-linear functions of the displacements and forces at the 
node I, i.e. {uJ} = {uJ({uI}, {FI} ) } (one should refers to Eqs. (48–50) if 
the solution is given numerically or to Eqs. (34–36, 45–47) if it is given 
analytically). The existence of two relationships between the ending- 
nodes of every element implies that there are only six unknowns per 
beam, the three forces F1, F2, F3 and the three u1, u2, u3 at the node I, 
from which the other forces/displacements at node J derive. Therefore, 
the system in Eq. (51) results only function of the nodal forces and 
displacements resulting at the node I, hence it can be reduced as follow: 

{Φ({FI}, {uI} ) } =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Φ1({FI}, {uI} )

⋮
Φi({FI}, {uI} )

⋮

ΦnDOFs ({FI}, {uI} )

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
nDOFs×1

= {0} (52)  

which is a (non-linear) system presenting an equal number of unknowns 
and equations. 

To clarify how the objective-functions vector {Φ} is formed, this is 
fully detailed hereinafter through two examples, which adopt the same 
well-known numbering of nodes and DOFs usually recurrent on planar 
frames by finite element codes. 

Fig. 7a shows a straight structure, clamped at A, hinged at C and 
supported at E, with internal rotation release on C. At B and D, where the 
force Fy and couple M are applied, the adjacent beams are connected 
each other. Fig. 7b shows the numbering of the nodes, each associated to 
three DOFs. When two (or more) elements are adjacent as in Fig. 7b, two 
(or more) elements’ nodes geometrically coincides on the structure’s 
nodes; however, since the one of the targets of our objective-functions 
requires kinematic congruence, it is useful to maintain distinct nodes 
for distinct elements even if the nodes’ location coincide. 

As example, in B, which corresponds to an internal fixed connection, 
the relative boundary conditions are that the generalized displacements 
of the two nodes are exactly the same (kinematic congruence). In C, 
instead, the translational DOFs are the same while the rotational ones 
are decoupled. Table 2 details all the kinematic and force conditions that 
form the vector {Φ} for the structure of Fig. 7 which, having four ele
ments, involves twenty-four conditions. As previously discussed, the 
displacements and forces associated at the “J” nodes 2,4,6,8 (Fig. 7b) are 
function of the displacements and forces associated at the respective “I” 
nodes 1,3,5,7, so the vector {Φ} is only function of the DOFs associated 
at these latter nodes. 

In the example of Fig. 7 the global reference system is always 
collinear with the elements reference systems. For a general frame 
structure this does not happen; therefore, the displacements and forces 
require a change of basis to build-up the rows of the vector {Φ} in a 
unique reference system, the so-called global one. The displacements 
and forces expressed in the global reference (hereinafter identified by 
the character “g”) can be computed starting from the local one, which 
starts from the node with the lowest number to the one with the highest 
number, through the change of basis matrix [R]: 

Fig. 7. Supported Structure: (a) Applied forces and kinematic constraints (b) 
Node numbering. 

Table 2 
The twenty-four kinematics and forces boundary conditions of the structure in 
Fig. 7.  

Structure’s 
node 

Kinematic B.C. Forces B.C. 

A  
u1 = 0 u2 = 0 u3 = 0 

None 

B u4 − u7 = 0 u5 − u8 = 0 u6 −

u9 = 0  F4 + F7 = 0 F5 + F8 = 0 F6 +

F9 − M = 0 
C  

u10 − u13 = 0 u10 = 0 u11 −

u14 = 0 u11 = 0 

F12 = 0 F15 = 0 

D  
u16 − u19 = 0 u17 − u20 =

0 u18 − u21 = 0 

F16 + F19 = 0 F17 + F20 − Fy =

0 F18 + F21 = 0 

E  
u23 = 0  F22 − Fx = 0 F24 = 0  
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⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

gF1

gF2
gF3

gF4
gF5

gF6

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

=

[
[R]T [0]
[0] [R]T

]

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

F1

F2

F3

F4

F5

F6

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(53)  

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

gu1

gu2
gu3

gu4
gu5

gu6

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

=

[
[R]T [0]
[0] [R]T

]

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u1

u2

u3

u4

u5

u6

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(54)  

[R] =
1
L

⎡

⎣

gxJ −
gxI

gyJ −
gyI 0

gyI −
gyJ

gxJ −
gxI 0

0 0 L

⎤

⎦ (55)  

where gxI,
gxJ,

gyI,
gyJ are the coordinates of the nodes I and J of the 

element in the global reference system. 
Fig. 8a and Fig. 8b show a frame structure, now developing in a 

plane, with an assumed node numbering. This structure involves six 
elements, thus 36 boundary conditions, with multiple connections. 
Table 3 summarizes all the boundary conditions that form the rows of 
the vector {Φ}, expressed in the global reference system. 

In both previous examples, the nodal displacements associated at the 
second node “J” of every beam is driven by the nodal displacements and 
forces of the first node “I” applying the analytical or numerical solutions 
derived in §3. 

Undoubtedly, the use of the analytical solutions of the kinematics 
greatly reduces the time required for the formation of the objective 
function vector if compared with the numerical approach, which re
quires to carry out numerical integrations at every iteration. 

Whatever is the way to face kinematics, the nodal forces at the “J” 
beam nodes are analytically linked to the forces at the nodes “I” simply 
using equilibrium through Eq. (13). 

As shown in the previous examples, the vector of objective functions 
collects equations that refer to different physical quantities, displace
ments and forces. It is useful to partition Eq. (52) separating the rows 
{Φu} concerning displacement constraints from those regarding forces 
{ΦF}: 

{Φ({FI}, {uI} ) } =

⎧
⎨

⎩

{Φu({FI}, {uI} ) }

{ΦF({FI}, {uI} ) }

⎫
⎬

⎭
nDOFs×1

= {0} (56)  

Due to structural stiffness, the displacement constraints {Φu} need to be 
respected with a more restrictive tolerance criterion than forces require. 
Therefore, a parameter λ≫1 is introduced to weigh the residuals due to 
kinematic constraints more than those due to force unbalances when 
evaluating the objective function norm at the kth iteration: 

‖Φk‖ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

λ{Φu
k}

T
{Φu

k} + {ΦF
k}

T
{ΦF

k}

√

(57)  

Whatever algorithm is used to solve Eq. (56), the procedure converges 
when the norm of the objective function vector is less than a threshold 
value ‖Φk‖ ≤ Tol. Additional information regarding the algorithm used 
by the authors to address the problem are discussed in §5. 

It is worth to highlight that the rows of {Φu} associated to external 
(to the ground) kinematic constraints are respected a priori. Further
more, it is also possible to find the solution with imposed displacements, 
which are treated in {Φu} as imposed kinematic constraints and there
fore also respected a priori. 

The formulation of the optimization problem discussed in this paper 
presents some peculiar aspects. The objective functions of Eq. (56) form 
a non-linear system, hence, the optimization problem turns out into the 
search for zeros of a nonlinear system. This is an important feature, as it 
allows you to quantify how the obtained solution is correct, simply 
checking its proximity to zero norm; the presented formulation differs 
from classical optimization problems where the objective is to achieve Fig. 8. Frame Structure: (a) Applied forces and kinematic constraints (b) 

Node numbering. 

Table 3 
The thirty-six kinematics and forces boundary conditions in the global reference 
for the structure shown in Fig. 8.  

Structure’s 
node 

Kinematic B.C. Forces B.C. 

A gu1 = 0 
gu2 = 0 
gu3 = 0 
gu34 = 0 
gu35 = 0 
gu36 = 0 

None 

B  
gu4 −

gu7 = 0 gu4 −
gu10 =

0 gu5 −
gu8 = 0 gu5 −

gu11 =

0 gu6 −
gu9 = 0 gu6 −

gu12 = 0  

gF4+
gF7+

gF10 =

0 gF5+
gF8+

gF11 =

0 gF6+
gF9+

gF12 − M = 0 
C  

gu16 = 0 gu19 = 0 gu17 =

0 gu20 = 0 gu18 −
gu21 = 0 

gF18+
gF21 = 0 

D  
gu22 −

gu25 = 0 gu23−
gu26 =

0 gu24 −
gu27 = 0 

gF22+
gF25 = 0 gF23+

gF26 + Fy =

0 gF24+
gF27 = 0 

E  
gu13 −

gu28 = 0 gu13−
gu31 =

0 gu14 −
gu29 =

0 gu14 −
gu32 =

0 gu15 −
gu30 =

0 gu15 −
gu33 = 0  

gF13+
gF28+

gF31 − Fx =

0 gF14+
gF29+

gF32 =

0 gF15+
gF30+

gF33 = 0  
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the minimum of a functional, but it is not possible to verify the quality of 
the solution inasmuch it is not possible to verify whether the solution 
obtained is an absolute or local minimum. Although the main purpose is 
to achieve uniform-strength, the developed procedure assumes it as al
ways verified, since the uniform-strength condition is analytically 
embedded into Eq. (52), and the objective is the satisfaction of the ki
nematic congruence and forces balance. Thanks to this approach, the 
search for the optimum results as an unconstrained optimization prob
lem in which all the beams have a uniform-strength shape, but the 
resultant design solutions are the only ones that fulfill both equilibrium 
and kinematic congruence. Undoubtedly, the feature of having an un
constrained optimization is of particular importance because it allows 
the computational efforts to be greatly reduced. 

It is worth to point out that, due to the high nonlinearity of the 
system in Eq. (56), the solution may not be unique; more specifically, the 
solution is affected by the choice of the starting (trial) solution that is 
provided to the algorithm. As described in the next section (§5) a good 
choice is to start the algorithm with a trial solution, in terms of forces 
and moments, obtained from a structure with beams all having the same 
cross-section dimensions. This allows to achieve a homogeneous optimal 
solution in terms of shape of the beams, i.e. avoiding configurations in 
which the beams show very different sizes at the connection points. 

5. Examples, robustness and required computational effort vs 
DOFs 

This section shows some examples of optimized uniform-strength 
structures, with the aim to show the performance, reliability and 
robustness of the proposed procedure. As previously mentioned, the 
results consider only shape optimizations, non-modifying the layout and 
topology of the baseline structure (before optimization). 

As described in §4, the optimized shapes carry out from the solution 
of the non-linear system of Eq. (56), which represents the objective 
functions imposing the kinematic and force boundary balancing. The 
zeros of Eq. (56) can be obtained using various methods; in the pre
sented examples the trust-region method [17,71] is adopted, enhanced 
by parallel computing. The optimal solutions are achieved setting a 
relative tolerance on force balance equal to 10− 4 and a weight parameter 
λ = 102 (resulting a relative tolerance of 10− 6 on generalized 
displacements). 

To start the procedure a trial solution is required; as usually in non- 
linear programming, this is a delicate issue. In order not to make this 
choice random or case-dependent, we carry out a linear elastic Finite 
Element Analysis (FEA) on the baseline structure with all cross-sections 
set to constant unique shape; the obtained displacements and forces 
provide a first attempt for the optimization progress. This starting cri
terion has always proven to be effective and led to solutions with much 
fewer iterations if comparing to any other generation of the trial solu
tion. As expected, being Eq. (56) a non-linear system, the solution could 
not be unique, i.e. different trial solutions can generate dissimilar 
optimal results. 

All examples discussed involve statically-indeterminate structures. 
The material is elastic, homogeneous and isotropic with E = 200GPa. 
The geometrical dimensions and applied forces are given, for each case, 
on the relative figures. 

The effective achievement of uniform strength is evaluated, in terms 
of stress distribution, performing a linear FEA on the optimized structure 
with several beam elements, so that the shape variability is assumed. Of 
course, this verification is worthy because the FEA involves the fulfill
ment of the kinematic congruence. 

Fig. 9 shows a straight structure having hollow circular sections with 
void ratio α = 0.5. The structure is subjected to two concentrated forces, 
transverse and axial, together with a constant distributed load. The 
presence of the distributed and axial forces infers the formation of the 
objective function vector through the numerical integration of Eqs. 

(48–50). The maximum stress on the baseline structure of Fig. 9 presents 
a magnitude of ≈ 130MPa. This maximum value is taken as the uniform 
strength stress σmax to perform the optimization of the structure, shown 
in Fig. 10; in this figure are reporter the bending moments and axial 
forces trends along each beams, which can be used into the Eqs. (22,23) 
to build-up the analytical shapes of the optimized beams. To check the 
resulting shape at the end of the optimization process a FEA was per
formed; its maximal stress distribution is visible in Fig. 10 and it con
firms the accuracy of. 

the optimized solution. The regions immediately close to sudden 
cross-section restrictions present less accurate results in terms of uni
form strength, due to their dependency on FE mesh sizing and the 
imposed minimal thickness of 2.25mm to perform the FEA. This last 
minimal thickness is given to guarantee the strength to shear and axial 
forces when bending moments vanish. 

Fig. 11 shows a frame structure made of beams with square cross 
sections, subjected only to concentrated forces and moments. For this 
case the optimization is carried out using the analytical solutions of Eqs. 
(45–47), valid for homothetic sections. The optimized result is shown at 
the right end of Fig. 11, obtained setting the uniform strength stress at 
150MPa, higher than the maximum stress of 114MPa experienced by the 
baseline structure. It is worth to highlight that all results, i.e. the shape 
and weight of the structures, are dependent on the chosen value of the 
uniform strength stress. To delve into this, Fig. 12 shows the relationship 
between the structure weights and the fixed uniform strength stresses, 
which defines a Pareto frontier, so that the minimum possible weight at 
that stress value. In other words, if the weight limitation is a purpose to 
reach, this can be achieved performing a number of optimization at
tempts, determining the association between weight and uniform 
strength stress. Furthermore, Fig. 12 show a reference for a direct 
comparison in terms of total weight if the maximum value of the stress 
experienced by the baseline structure (114 MPa) is enforced in the 
optimized structure. In this particular case the total weight is reduced 
quite two times (196 %), but much better reduction can be achieved if 
the allowable stress is furtherly increased. 

A more geometrically heterogeneous example is the structure of 
Fig. 13, starting from a solid structure to obtain a frame version to 
optimize. The solid structure in Fig. 13a is the well-known shape of a 
uniform strength cantilever beam with constant width, subjected to a 
transversal force at the end; this shape offers iso-stress only at top and 
bottom edges, presenting less-and-less loaded material approaching the 

Fig. 9. Straight structure formed by circular beams with constant 
cross-sections. 
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Fig. 10. Optimization of the straight structure in Fig. 9 taking into account axial and distributed forces.  

Fig. 11. Constant section frame structure and its optimized uniform-strength shape.  
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cross-section centers. To achieve the optimized geometry using the 
analytical solution of Eqs. (34–36), we first discretize the solid structure 
with a mesh of 62 nodes (Fig. 13a) and 103 beams and compute the trial 
solution with rectangular beams having constant cross-sections of 3×

20mm2. 
The optimized structure in Fig. 13b, in which the weight is the 17.4 

% of the initial solid cantilever, turns out to be lighter and more efficient 
since all the beams offer the iso-stress condition of 100 MPa at top and 
bottom edges. 

Other design solutions can be obtained changing the initial topology, 
i.e. with a different meshing of the solid structure. 

The presented procedure results especially suitable to optimize ma
chine components; in this regard, in Fig. 14 is addressed the case of a 
torsional joint. The solid torsional joint, whose geometric measurements 
are shown in Fig. 14a, is internally fixed and subject to a torque of 1.6 
kNm on the outer crown. To obtain a lighter as well uniform-strength 
joint, the solid structure is discretized with a mesh of 144 nodes 
(Fig. 14a) to form an ordered lattice structure of 324 beams. The opti
mized result in Fig. 14b, having a weight of 23.8 % of the initial solid 
joint and. 

an iso-stress of 130 MPa, is obtained starting from a trial configura
tion with rectangular beams having constant cross-sections of 2×

50mm2. It is interesting to point out that despite the solution being 
computed considering the entire structure, the solution appears almost 
perfectly symmetrical; however, it is a result, not an imposition. 

Two structures in Fig.s 15 and 16 are proposed to test the procedure 
in terms of robustness and computational effort when DOF numbers 
increase. The interest embraces both a linear development as well as a 
planar one. To accomplish this, a supported (Fig. 15) and a frame 
(Fig. 16) structure are given, with circular and square sections, respec
tively. Both structures, together with constraints and loads, may be 
repeated sequentially several times. 

Fig. 17 shows the trend of the computational time required to reach 
the solutions as a function of the DOF numbers − up to 6000 so that 
36,000 unknowns − using the analytical solutions of §3. The time 
consumed is reported in ordinate, making it dimensionless referring to 
the case with 120 DOFs for the supported structure, and 144 DOFs for 
the frame one. Downstream of these tests, that always reached conver
gence, it is possible to confirm that the procedure is robust, including the 
criterion to choose the trial solution. The required computational effort 

Fig. 12. Volume of the optimized structure as function of the uniform-strength stress.  

Fig. 13. Optimization of the cantilever solid-structure (a), to obtain the uniform-strength cantilever beam-structure (b).  
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trend of Fig. 17 shows that the optimization, involving here the search of 
zeros of a non-linear system, is affected by the size of the model in a 
reasonable way, in accordance with the increase of classical optimiza
tion problems presented in literature. 

6. Conclusions 

This paper presents a shape optimization procedure to obtain the 
uniform strength of planar frames or lattice structures (statically-inde
terminate) made of beam elements. Uniform strength condition is 
enforced for the entire structure since this condition entails the best 
material utilization, which results in weight minimization. The proposed 
optimization procedure is particularly suitable in applications where 
weight reduction is paramount, as for automotive and aerospace in
dustries, more generally for machine components. 

The beams forming the frames follow the one-dimensional Timo
shenko model, and the beams shape, fixed the form of the cross-section, 

are the variables of the optimization process. Two types of sections are 
analysed, rectangular with fixed width, and homothetic ones (circular, 
square, etc.); for all these sections the beam shape is analytically defined 
by means of geometric coefficients. Further beam-shapes with different 
cross-section types can be obtained following the same analytical 
workflow. 

The forces-displacements behaviour of the uniform strength beam is 
analytically deduced for concentrated end-loads; for distributed loads 
the determination of the forces-displacements behaviour needs a nu
merical approach that in this paper is generalized to also address any 
section and beam shape. Since the uniform-strength beam shape is a 
function of the nodal forces, the force–displacement relationships 
appear as highly non-linear. 

The analytical formulation of the problem allows to directly insert 
the uniform strength condition into the kinematics equations. This 
approach allows the optimization problem subject to uniform strength 
constraint to be transformed into an unconstrained problem in which all 

Fig. 14. Optimization the solid torsional joint (a), to obtain the uniform-strength lattice torsional joint (b).  

Fig. 15. Optimization of a supported structure with repetitive units.  
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beam shapes are iso-resistant, but the optimized solutions are the only 
ones that respect both equilibrium and kinematic congruence. 

Therefore, the addressed objective functions become the conditions 
of kinematic-congruence and force balance to be fulfilled at every node 
of the structure and the optimization problem turns into the search for 
the zeros of a non-linear system. Furthermore, this formulation of the 
optimization problem allows to quantify how the obtained solution is 
exact simply checking its proximity to zero norm. 

Clearly, being the problem highly nonlinear, the solution is not 
unique and it depends on the starting (trial) solution. 

The most important feature of the procedure is that each row of the 
objective-functions vector is analytically assembled, allowing to avoid 

the recurring to any external computation, e.g. FEA, for the updating of 
the optimization workspace at each iteration, as often necessary in many 
structural optimization workflows. This feature significantly reduces the 
computational time required by the optimization process. 

The presented optimization procedure is made evident through some 
examples. Its robustness and applicability on structures made with 
thousands of elements is proven, with examples involving an increasing 
number of DOFs. The reliability of the optimization process is verified 
performing FEA analysis on the optimized structures, checking that the 
stress distribution satisfies the uniform strength condition. 

Fig. 16. Optimization of a frame structure with repetitive units.  

Fig. 17. Relative time to perform the optimization of the repetitive: (a) supported structures and (b) frame structure.  
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Appendix 

A. Uniform-strength solution for homothetic sections with a negative cubic discriminant 

The physical acceptable solution of the cubic Eq. (21) with a negative discriminant (Eq. (22)) is the unique positive solution of the following 
equation: 

h(x) = 2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

|N(x) |
cAσmax

√

cos
(

ϑ + 2π(k − 1)
3

)

(A1) 

with k ∈ (1, 2,3) and ϑ = atan2
(

−
|M(x) |
4cI σmax

)

. 
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