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—— Abstract

A randomized distributed algorithm called RAES was introduced in [11] to extract a bounded-degree
expander from a dense n-vertex expander graph G = (V, E). The algorithm relies on a simple
threshold-based procedure. A key assumption in [11] is that the input graph G is static — i.e., both
its vertex set V and edge set F remain unchanged throughout the process — while the analysis of
RAES in dynamic models is left as a major open question.

In this work, we investigate the behavior of RAES under a dynamic graph model induced by a
streaming node-churn process (also known as the sliding window model), where, at each discrete
round, a new node joins the graph and the oldest node departs. This process yields a bounded-degree
dynamic graph G = {G; = (V4, E¢) : t € N} that captures essential characteristics of peer-to-peer
networks — specifically, node churn and threshold on the number of connections each node can
manage. We prove that every snapshot G; in the dynamic graph sequence has good expansion
properties with high probability. Furthermore, we leverage this property to establish a logarithmic
upper bound on the completion time of the well-known PUSH and PULL rumor spreading protocols
over the dynamic graph G.
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1 Introduction

In [11], the authors proposed a simple, lightweight distributed algorithm, working on any
synchronous communication model, that extracts an n-vertex sparse expander subgraph
from any n-vertex dense expander graph G. This task, in different versions, has been the
subject of a strong research activity [3, 18, 9, 29, 38, 33]. The algorithm, called RAES,! is
governed by two parameters ¢, d € N that essentially determine a constant threshold on the
maximum vertex degree, and it can be informally described as follows. Initially, each vertex
has no incident links. In each round, every vertex v performs two consecutive actions. In
a first request phase, v samples a set of random neighbors from the underlying graph G,
selecting enough candidates to potentially establish d outgoing links. It then sends a link
request to each of these sampled neighbors. In a second acceptance phase, each vertex, upon
receiving requests, accepts or rejects them based on a threshold rule. Specifically, it accepts
all incoming requests from the current round unless doing so would result in more than cd
total incoming links. If that limit is exceeded, it rejects all requests received in that round.
The process repeats until every vertex has exactly d established outgoing links, at which
point the algorithm terminates and no further requests are made. Informally, in [11] it is
shown that, if the underlying graph G from which each vertex selects its random neighbors
is sufficiently dense? and has good expansion properties, then RAES has O(logn) completion
time and the subgraph determined by all the accepted links?® is a good sparse expander, with
high probability.*

The setting considered in [11] is static: both the set of vertices and the underlying
dense graph remain unchanged throughout the process. The work [11] in fact leaves the
analysis of RAES in dynamic models as a major open question. This is motivated by the fact
that modern network scenarios, such as peer-to-peer networks [8, 41, 43] and opportunistic
networks [14], are inherently dynamic, with nodes and links changing over time, sometimes
at a relatively-high rate.

In more recent studies [12, 13], a different version of RAES is presented and analyzed
over a dynamic setting where vertices may enter and leave the system according to the
streaming node-churn process®. Despite its simplicity, this streaming model has been shown
to be predictive for other, more realistic dynamic-graph models (see [12]) and, moreover,
its rigorous analysis requires coping with challenging technical issues, as shown in [12, 20]
and for other graph-connectivity problems in [21]. In this streaming model, starting from an
empty vertex set Vj, at each round, a new vertex v joins the network and selects d random
neighbors. Then, after n rounds, v leaves the network and all its incident edges are removed.
Notice that this process implies that every vertex stays in the system for exactly n rounds
and, after an initial time window of n rounds, the number of alive vertices |V;| at every round
t is always n. During its life, a vertex v can thus see one of its incident link disappear because
one of its neighbors is the oldest one and leaves the network: in that case, v immediately

Standing for “Request a link, then Accept if Enough Space”.

In particular, if the edge set has size Q(n?).

In the final random subgraph produced by RAES, both outgoing links and incoming ones are considered
undirected.

An event E holds with high probability (for short, w.h.p.) if Pr[E] > 1 —n~" for some constant v > 0,
with respect to some input parameter n.

They also considered other node-churn processes.
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replaces it with a new random link. We also observe that the time duration of a round in
this model needs to be suitably set to (only) allow a direct, 1-hop communication of small
messages: it is thus reasonable to assume that, in that small period, the node set gets only
very-small changes.

We remark that the dynamic version considered in [13] does not implement the second
action of the original algorithm RAES: every link request is accepted by every destination
vertex at any round of the process. The absence of this second action clearly implies that
the maximum vertex degree of the resulting dynamic graph is not bounded. Indeed, a
standard balls-into-bins argument shows that the maximum degree is ©(logn/loglogn),
w.h.p. (see for instance [40]). In the most relevant network scenarios that inspired our
algorithmic study, namely peer-to-peer networks such as the bitcoin network [10, 41], the
presence of an unbounded number of links managed by a single vertex may lead to serious
efficiency and security problems [1, 22]. Indeed, the standard protocol of the bitcoin network
[22, 41] imposes a threshold on the number of active links each vertex can manage, thus an
action similar to the second one of the original RAES algorithm proposed in [11]. For further
discussion of this issue and other related works see [5, Section 7].

A further motivation for maintaining dynamic bounded-degree expanders lies in the
opportunity to adopt broadcast protocols, such as PUSH and PULL ones, to get fast and
communication-efficient rumor spreading [15, 23, 17].

As we discuss in the next subsection, our goal is to study the dynamic graph generated
by the original version of RAES combined with the streaming node-churn model.

1.1 OQOur contribution

Setting the dynamic-graph process. We aim to analyze a dynamic graph model that
simultaneously captures two key features of modern peer-to-peer networks: a local threshold
mechanism that bounds the degree of each vertex, and a node-churn process that regulates
how vertices join and leave the network in each round. We kept all other modeling choices as
simple and natural as possible, using the fewest parameters necessary. While this setting
does not capture all aspects of real dynamic networks (such as the Bitcoin one), we believe
that this approach can still recover qualitative properties and phenomena yielded by the
simultaneous presence of the two features above, and that it can be robust to variations or
extensions of the model’s complexity.

We introduce the Threshold-driven Streaming Graph model, abbreviated as TSG(n,d, ¢),
which is obtained by combining the two processes described above: (i) the streaming node-
churn model [13, 19], and (ii) the original RAES protocol in [11] (see Definition 4 and
Definition 5 for its formal definition). We first notice that, in every round ¢ > 0, the degree
of each vertex v is always bounded by the threshold (¢ + 1)d: in particular, at most d edges
are generated by the requests sent by v and at most cd edges are due to the online requests
received by v.

Consistently with other models of dynamic graphs with node churn [7, 6, 33, 38|, we
assume the presence of a link manager to apply the RAES’s connection-request strategy: any
vertex that makes a link request can access this entity and get a random destination vertex.
Importantly enough, the role of the link manager we assume here is minimal: vertices cannot
get any further information from it.® As we will elaborate later in this section, the total
number of calls each vertex performs to the link manager is a key performance measure of
the system and the RAES’s strategy optimizes it.

8 For instance, one vertex might ask the current degree of the selected destination or, even more,
information about the current topology: this is not allowed.
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As we will discuss later in Section 2, the TSG(n, d, ¢) model yields a complex stochastic
process of graph snapshots G = {G; = (V;, E;) : t € N}, where edges in E; are neither
uniformly distributed nor mutually independent. Hence, the analysis of the key aspects, such
as the expansion properties of the graph snapshots, requires coping with new technical issues
that are likely to emerge in other, more realistic models as well.

Expansion properties. Even though the node churn and the RAES rules are simple in
themselves, their combination, yielding the 7SG dynamic graph, turns out to be rather
complex, essentially because it generates both a non-uniform link distribution and induces
subtle correlations between the links of every snapshot of the dynamic graph. Informally, on
the one hand older vertices tend to have a higher degree than younger ones. On the other
hand, the fact that connection requests might create conflicts with other requests and get
rejected several times along their life generates non trivial correlations among the links that
are active in a given graph snapshot, even if they have been established in different previous
rounds.

Our analysis solves the above technical challenges and essentially limits the maximum (i.e.
worst-case) correlation lying among any subset of links of the same snapshot (see Section 2
for an overview of this key technical part). We then use such limited correlation among edges
to prove that the TSG(n,d, ¢) model generates graph snapshots having the following good
expansion properties.

» Theorem 1 (Expansion Properties). There exist constants ¢, d and 8 sufficiently large such
that, for all n large enough, and any round t > 2n, the snapshot Gy generated by TSG(n,d, c)
has the following properties w.h.p.:
(a) There exists an induced expander subgraph in Gy with n — O(logn) nodes;
(b) Any subset of vertices of size at least flogn has constant conductance.”

We observe that the above result is tight in the following sense. It is easy to see that
a new incoming vertex may stay isolated for the first o(logn) rounds of its life with non
negligible probability: then, it is clear that, at any round, there may be some vertex subset
of o(logn) size having bad expansion.

Rumor spreading. Rumor Spreading refers to a class of simple epidemic protocols that,
given a source vertex s holding a piece of information (i.e. the rumor), aim to broadcast this
information to all vertices of the graph. The basic, popular randomized variants of rumor
spreading are the (synchronous) uniform PUSH protocol and the PULL protocol: in the former,
at each round every informed node (i.e., every node that learned the rumor in a previous
round) chooses a neighbor uniformly at random and sends the rumor to it. In PULL, at each
round, every uninformed node chooses a random neighbor; if that neighbor is informed, it
sends the rumor to the uninformed node. Finally, the PUSH-PULL protocol combines both
strategies above to inform new, uninformed nodes.

PUSH and PULL protocols have been shown to be effective in many networks applications
[23, 34, 44], and, very importantly for our setting, they have been proved to be fault-tolerant
[27, 28] and efficient even in some model of evolving graphs [16, 17, 26, 30]. A key question
concerns the completion time, i.e., how many rounds such protocols take to broadcast the
source information to all nodes in the graph [15, 37].

7 For a definition of conductance see (2).
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While flooding has been analyzed even on dynamic graphs that include node-churn [6, 13],
to the best of our knowledge, no analytical results are known for any rumor-spreading
protocol. As a further contribution, we study the completion time of the uniform PUSH and
PULL over the TSG model and, exploiting Theorem 1, we prove the following bound.

» Corollary 2. There exist constants ¢ and d sufficiently large such that, for all n large
enough, the following holds. Let s be a source node joining the TSG(n,d,c) dynamic graph
at some round ts > 2n. Then, after T = O(logn) rounds, the PUSH or the PULL protocol
inform at least n — O(logn) vertices in Gryt,, w.h.p.

Also the result of Corollary 2 is tight for the same reasons of Theorem 1: with non-
negligible probability a new incoming vertex may stay isolated for the first o(logn) rounds
and hence it cannot receive the source information. Then, it is clear that, at any round,
there may be some subset of size o(logn) with vertices that are not informed.

Communication complexity of TSG(n,d,c). Message-communication overhead is a cru-
cial performance parameter in communication networks since it has a strong impact on
node traffic congestion and on the time delay of fundamental tasks such as broadcast and
consensus [1, 6, 22]. In the TSG(n,d, c) model the only messages exchanged by vertices are
those determined by the pending link requests: the overall number of exchanged messages at
every round ¢ is optimal in expectation and O(logn), w.h.p. Indeed, we prove that, at every
round t > 0, the overall number of calls to the link manager performed by the vertices in
Vi (i-e. the overall number of pending requests at round t) has constant expectation and is
O(logn), w.h.p. We also show that the overall number of calls (i.e. the work) each vertex
makes during all of its life has constant expectation and it is O(logn), w.h.p., as well. These
results are easy consequences of Lemma 9 and Lemma 11.

1.2 Previous work

We already discussed the results in [11, 12, 13] that motivated our work. Due to space
constraints, we discuss here only two other well-studied approaches that implemented the
link-manager function in a distributed way. We refer to [5, Section 7] for an overview of
further related literature.

The use of a centralized link manager, able to provide a list of possible neighbors whenever
a node requires it, has been widely adopted (see for example [11, 25, 42]). A parallel line
of research providing instead a partially-distributed implementation of the link-manager
function is the one employing ID-based random walks [19, 81, 33, 38, 39]. Differently from
RAES, this approach requires the access to a centralized link manager only when the nodes
join the network: after that, they periodically refresh their neighborhood based on the results
of random walks running continuously in the background. This approach is less prone to a
possible malicious behavior of the centralized link manager (typically represented by DNS
Servers) and thus it can be more resilient and safe in some scenarios [33]. On the other hand,
as remarked in the recent work [32], the use of random walks has two crucial limitations:
(i) they have a high communication complexity, since the overall message overhead in every
round is O(npolylog(n)) [19, 36, 39] (recall that RAES has a message overhead of ©(logn));
(ii) they tend to favor nodes with higher in-degrees, which compromises their ability to
provide a uniform sample [39] (which is instead granted in the RAES protocol).

6:5
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A further class of distributed algorithms partially overcoming these two weaknesses is
the one using the so-called gossip-based approach [32, 36], see also [2] for a version including
an underlying node-churn dynamics. In these algorithms, each node holds a list of possible
future neighbors and exchanges a part of this list at each interval of time with its current
neighbors. As proved in [32], this approach is more efficient than the ID-random walk based
one, and, importantly enough, after a suitable amount of time it generates neighbor lists that
are distributed almost uniformly over all possible nodes of the network. For this reason, our
results on the TSG(n,d, c) model, which imposes a uniform distribution for the formation
of future links, may also be interpreted as a first, important step towards a theoretical
analysis of the expansion properties of a dynamic graph model with node churn where the
link manager is implemented via the distributed, gossip-based approach.

1.3 Roadmap

The rest of the paper is organized as follows. In Section 2, we overview the main technical
challenges and the key ideas we introduce to face them. In Section 3.1 we first of all give a
more formal definition of the 7SG model. Then, we proceed with some technical lemmas in
Section 3.2. In particular, we state the fundamental result on the link distribution generated
by the 7SG model, Lemma 8, bounding the maximal correlation among multiple links of any
graph snapshot. The lemma is followed by a sketch of its proof, while the latter is deferred to
the full version of this work [5]. In Section 4 we describe how to use the results of Section 3.2
to prove the expansion properties stated in Theorem 1. Then, Section 5 is devoted to the
proof of the rumor spreading result, namely Corollary 2. Finally, in Section 6, we discuss
some open questions.

2 Technical Analysis: An Overview

As we already remarked in Section 1, our analysis requires to cope with two main technical
challenges, each one already faced in two previous works [11] and [13] that analyze two
different variants of RAES. Unlike those prior works, in which only one of the two challenges
is considered, our setting requires to confront both simultaneously, significantly increasing
the complexity of the analysis.

The first challenge, addressed in [11], arises from the second action of RAES, which involves
the threshold-based conditional acceptance rule of link requests. This mechanism introduces
correlations among the random destinations of the accepted links: to see just one source of
this correlation, consider the fact the acceptance of a link implies that the target node did
not receive more than cd requests in the current round. In the static setting, [11] addresses
this issue using a sophisticated compression argument to prove the expansion properties of
the resulting graph. Essentially, while powerful, this technique lacks the flexibility to include
the presence of the second challenge: the node churn and the dynamic link regeneration at
every round.

The second challenge thus arises from the presence of the streaming node churn: this
issue is faced in [13], where a simplified version of the RAES algorithm is considered. In [13],
vertices accept all incoming requests unconditionally, eliminating the threshold mechanism.
This simplification avoids the correlation issues seen in the static case, allowing the authors
to sidestep the compression argument. Their proof relies on a key lemma establishing that
the random destinations of the link requests follow an almost-uniform distribution; this
property is then exploited to get good expansion properties of the resulting graph snapshots.
A major issue in their dynamic model is handling correlations due to node churn, especially
proving that nodes with similar ages do not generate dense clusters. On the other hand,
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their key lemma may focus on the distribution of the destination of a single link request: this
is enough since, in the absence of the threshold mechanism, link destinations always remain
mutually independent and their joint distribution is just a product. In contrast, in our model,
the threshold-based acceptance rule introduces dependencies among edge destinations: we
thus have to cope with both potential node clustering and the mutual correlation among
link destinations.

We address these issues by extending the approach of the key lemma from [13]. Specifically,
our Lemma 8 shows that, not only the destination of a single link destination is almost uniform
(similarly to [13]), but also demonstrates that the joint distribution of the destinations of
any subset of links can be effectively expressed as a product distribution, up to a constant
factor. The proof of Lemma 8 represents the main technical contribution of our work: an
overview is given in Section 3.2, while its full version is available in the extended version
of this paper [5]. We believe that our technique can also be adapted to more complicated
versions of node churn, as the Poisson node churn considered in different papers [42, 13].

Another technical challenge that lies behind all our proofs is the control of the number of
pending requests at every round. This boils down to a queuing theory problem: thanks to
the method of bounded differences, we can show that the process (Q¢):en of the number of
pending requests can be stochastically dominated by a Markov process that has a strong
negative bias for high values of @Q; (see [5, Lemma 4.3]). This ensures that the queue of
pending requests is O(logn) with high probability (Lemma 9). We also show in Lemma 11
that the probability that a request is pending for more than j rounds during its life decays
exponentially, guaranteeing a minimal number of requests to the link manager and, thus, a
minimal workload per node.

Given our key Lemma 8 and the control of the pending requests queue, the proof of
the good expansion properties of the dynamic graph become more standard, albeit suitable
adaptations of the techniques of [13, 11] are needed in our framework.

Finally, the expansion properties of the dynamic graph and the fact that our model
allows by its nature only vertices of bounded degree would make the results of Corollary 2
a simple consequence of the classic analysis of rumor spreading in [15]. The only novelty
here is the analysis of the initial bootstrap process, see Lemma 17. The bootstrap of the
information-spreading process is essentially the initial, random time phase the protocol
requires to reach a logarithmic number of informed nodes: we need this further analysis since
Theorem 1 does not guarantee worst-case good expansion for subsets of informed vertices of
size o(logn). Informally, for this phase, we use Claim (b) of our Theorem 1 to prove that,
when joining the graph, the source has high probability to fall into a connected component

of size Q(logn) and, moreover, this component will be stable for at least ©(log® n) rounds.

This is enough to get O(logn) number of informed nodes after a logarithmic number of
rounds after the source joined the graph. As remarked above, once the set of informed nodes
achieves a logarithmic size, we can combine Claim (a) of Theorem 12 with the previous
classic analysis of rumor spreading in [15] to get Corollary 2.

3 Preliminaries

A dynamic graph G is an infinite sequence of graphs G = {G; = (V;, Fy) : t € N} If {V;}; or
{E:}+ are sequences of random sets, we call the corresponding random process a dynamic
random graph, and G; denotes the snapshot of the dynamic graph at round ¢t. As usual, the
size of any subset A is denoted as |A|. The outer boundary of a set of vertices S is defined as

Iy(S)={veV;\S|JueSst {uv}ekE}.
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Our analysis of dynamic graphs considers the fundamental notions of conductance of a
graph [35]. For any two set of vertices S, T C V;, E(S,T) denotes the set of edges crossing
(S,T) at round ¢, that is Ey(S,T) = {{u,v} € Ey 1w € S,v € T}, while 9,5 = E(S,V; \ S)
denotes the set of edges crossing (S, V; \ S). The volume of the set S is defined as vols(S) =
|E(S, Vi)]. Then, the conductance ¢.(S) of the set S at round ¢ is defined as

10,5
min{vol;(S),vol,(V; \ S)}

¢e(S) = (1)
The conductance of the graph G; is the minimum of ¢;(S) over all possible sets S C V;
with volume smaller than the total number of edges:

#:(Gt) = éﬂgl‘l;lt ¢:(S). (2)

Given any vertex subset S, G¢[S] denotes the subgraph of G; induced by S. We will omit
the subscript ¢ in all notations above when it is clear from the context.

» Definition 3 (Graph Expansion). An infinite family of graphs {G™ (V, E), with |V| = n}nen
is an a-expander if there exist constants o € (0,1) and ng € N such that ¢(G™) = « for all
n=ng.

3.1 The dynamic graph model

Our goal is to study the dynamic graph model determined by combining the streaming
node-churn process [13] with the edge generation process defined by the distributed algorithm
RAES (in [11]), based on a simple threshold rule. In what follows, we formalize this combined
model and state some of its preliminary properties.

The vertex-set process {V;}; of a dynamic graph G is typically called node churn [6, 13].
In this paper, we consider the deterministic streaming node churn of parameter n defined as
follows.

» Definition 4 (Streaming node churn). Let n € N. A streaming node churn with n vertices

is a deterministic process {V; : t € N} such that Vo = 0, and, for any t > 1, the set V; is

defined iteratively by the following simple rules:

(a) A new vertex v joins the vertices set;

(b) At round t = n + 1, the vertex u that joined the set of vertices at time t — n, leaves the
graph.

Then, V; is defined to be Vy = Vi_y U{v}\ {u} whent 2 n+1 and V; = Vi1 U{v} fort < n.

For a vertex v € V4, the age of v at time t is the function age,(v) =t — t,, where t, <t is

the round verter v joined the vertex set.

Some easy but important remarks follow. The vertex v joining the graph at time ¢, leaves
the graph at round ¢, +n, i.e. v € ﬂi“:‘;:b_le and v € Vi4,,. We say that the streaming node
churn {V; : t € N} with parameter n gets stable after round ¢ > 2n: in particular, after that
round, two properties hold that we will often (implicitly) use in the analysis of the process:

(i) The set V; has size n;
(ii) The set V;_,, has size n: this implies that, at the round each vertex in V; joined the
graph, there were already n vertices present in the graph.

In order to define our dynamic graph model G, we need also to specify the evolution of
the edge set {E:};. We consider a random process {E;}; determined by the simple rules
of the RAES algorithm we described in Section 1. According to peer-to-peer models (where



F. Angileri, A. Clementi, E. Natale, M. Salvi, and |. Ziccardi

vertices make connection requests to other nodes), we distinguish between outgoing edges
from a vertex v, originating from a connection request made by v, and incoming edges to v,
resulting from a connection request made by another vertex to v. However, we remark that
the resulting graph snapshots Gy = (W4, E;) are undirected: once established, every edge in
E; allows message communication in both directions.

» Definition 5 (Edge process). Let ¢, d € N be two parameters, and let {V; : t € N} be the
streaming node churn with n > 2 vertices introduced in Definition 4. The random subset
sequence {Ei}; is defined inductively as follows. We set Eg = 0 and, for any t > 1, the subset
E, is generated according to the following rules:

(a) E; contains all the edges in Ey_1(Vy, Vi), while all edges incident to the leaving vertex of
age n are deleted;

(b) Each vertex v € V; with less than d outgoing edges makes a new connection request
for each one of its missing outgoing edges. Fach request is sent to a destination vertex
chosen independently and uniformly at random in V; \ {v}.%

(c) Assume a vertex u € V; receives £ > 1 connection requests from other nodes. Then,
it accepts all the requests and activates the corresponding edges if and only if it has
in-degree < ¢-d — {; otherwise, it rejects all the requests it received at round t.

Informally, each vertex v € V; of the dynamic graph tries to maintain its out-degree
equal to d: we can think that v is equipped with d connection requests that it tries to keep
connected to active vertices. However, if a request of v at time ¢ lands to a vertex u which
has a number of incoming edges and new connection requests larger than cd, the request of
v is rejected and will not create an edge at round ¢ (but it will try to connect again at the
next round).

The dynamic graph G determined by the streaming node churn in Definition 4 and the
edge process in Definition 5 will be called Threshold-driven Streaming Graph with parameters
n, d, and ¢ (for short TSG(n,d, c)).

Full nodes, pending requests, and other key random variables. We now introduce the
key notions and quantities we will consider in the probabilistic analysis of the TSG(n,d, c)
model.

A vertex with c¢d incoming edges is called full and the set of full vertices at round ¢ is
denoted as B;. Each request at round ¢ is a pair r = (v, ), where v € V; is the vertex making
the request and ¢ € [d] is its index. For any vertex v € V; (or any request r € V; x [d]), we
will denote with ¢, (resp. t,) the first round in which v (resp. r) appears in the dynamic

graph. If a request r is trying to connect to some vertex u, we say that r targets the vertex u.

We observe that, at any round, there are pending requests. A connection request r from
a vertex v is called pending at round ¢ if either v has just joined the set of vertices V;, or
if » has been rejected in round t — 1, or if r was connected at round ¢t — 1 to the node u
that leaves the network at round ¢. Such a request generates an edge in E; if and only if it
is accepted by its target vertex at round ¢. Notice that, when a vertex joins the graph at
time t, all its d requests are pending at time t.

Essentially, each round ¢ is organized in two consecutive phases: in the first one, the node churn action
is applied to V;—1 thus getting V%, while, in the second phase, the edge process works on the new vertex
subset V.

Notice that this rule implies that the new node, when it joins the graph, will make exactly d connection
requests.

6:9
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The queue at round t is the random set Q; of all pending requests at round ¢t. As we
will see in the next sections, the queue plays a key role in our analysis. Moreover, by the
definition of the TSG(n,d, ¢) model, the size |Q;| of the queue bounds the overall number of
messages exchanged by the vertices at round t.

> Claim 6. For any ¢t > 1, the overall number of messages performed by the dynamic graph

TSG at round t is O(|Q¢]).

For any ¢ > 1 and any request r € V; x [d], the random variable X;(r) is defined as the
destination of the request r if r is accepted (and thus generates an edge in E;), while we set
X (r) = 0 if the request r was rejected at round t.

For any set S, denote with r %, S the event indicating that the request r established
a connection with a vertex in the set S at round ¢: in other words, that the request r is
pending at round ¢, targets a vertex in the set S and it is accepted.

On the number of full vertices. Using a simple combinatorial argument, we next prove
that the size of the set B; of full vertices (i.e. vertices with in-degree equal to cd) at round ¢
can never exceed a suitable threshold.

> Claim 7. For any t > 1, |By| < 2.

Proof. For each ¢ > 1, it holds |Ey| <
Assume, by contradiction, that |B;| > 2. Then, since each vertex in B; has in-degree cd,
n
(&

nd, since each vertex has at most d outgoing edges.
n
c

= nd, contradicting the fact that |E;| < nd. <

this implies that |Ey| > cd|By| > cd -

3.2 Key Lemmas

In this section we provide an analysis of the stochastic process generated by the 7SG model.
This analysis allows us to establish some key results that will be then used to derive the
expansion properties claimed in Theorem 1 and the logarithmic bound on the completion
time of the PUSH and PULL protocols in Corollary 2.

On the edge probability distribution. To analyze the expansion properties of the TSG
snapshots, we show that the link requests from any subset of nodes are both nearly uniformly
distributed across the entire node set and nearly mutually independent. This result is the
main technical contribution of the paper and is formalized in the following

» Lemma 8. There exist constants ¢ and d sufficiently large such that, for all n large enough,
the following holds. For every t > 2n, and for every S C Vi, R C S x [d] and P C V;, we
have

220(P|\ !
n—1 '

Pr N, en{X.(r) € P} < (

The full proof of the above lemma can be found in [5, Lemma 4.1], while here below we
provide a short overview of its main ideas.

Proof Overview of Lemma 8. Consider the snapshot G; = (V¢, F;) at round ¢t > 2n and a
set of link requests R. We want to control the probability that all requests in R established
a link to some set P of vertices at round ¢. As a first step, we order the requests according
to the last time they were accepted by some node of P. This way, we can telescopically
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condition the probability that a single request » € R establishes a link with P at some time s
on an event involving only connections happened in the past. For r to connect to P at time
s two events must happen: r has to be pending at time s and the link manager has to point
to some node of P at time s. Since we are conditioning only on the past, the probability of
the second event is uniform over all nodes present at time s. As a byproduct, we are left to
show that the (conditional) probability that r is pending at time s is small enough. The
conditioning forces us to go through a (painful) worst-case scenario analysis. The key idea is
the following: during its life each request goes through cycles (called Wy, W1, ... in the proof)
composed of two phases: a first phase where the request stays linked to a single vertex (until
that vertex dies) and a second phase where the request is pending because it gets rejected
before forming a new link. We show that, regardless of what happened in the past, the length
of the first phase can be stochastically dominated from below by a suitable uniform random
variable, while the length of the second phase can be stochastically dominated from above by
a geometric random variable. The decomposition in cycles and the stochastic domination of
the phases allow us to sandwich the event that r is pending during its f-th cycle between
two events, called S1(f) and Sa(f). As f varies, S1(f) and Sa(f) form a partition of the
space of events, allowing us to conclude. <

On the number of pending requests. As we observed in the previous section, the queue
Q: (i.e. the set of all pending requests at round ¢) plays a crucial role in our probabilistic
analysis. In particular, we will often exploit the following upper bound on its size.

» Lemma 9. There exist constants ¢ and d sufficiently large such that, for all n large enough,
the following holds. For every t > 2n, Pr [|Q¢| < 100(cd)?*logn] > 1 —n"2.

The proof of the lemma can be found in [5, Lemma 4.2], while we here highlight one of
its key-ingredients that has a per se interest: informally, whenever Q; reaches a logarithmic
size, it will decrease by a constant factor, w.h.p.

» Lemma 10. There exist constants ¢ and d sufficiently large such that, for all n large
enough, the following holds. For any t = 2n, if |Q¢| > 3 - 32(cd)? logn, then

Pr[|Qu1] < 5|Qi] | Q, Gia] =1 —n72 (3)

On the number of pending rounds of a request. The following lemma provides a bound
on the overall number of rounds in which a fixed request r is pending during all of its lifetime,
namely on the quantity

tr+n
P(r) = Z L[reQ.

t=t,

» Lemma 11. There exist constants ¢ and d sufficiently large such that, for all n large
enough, the following holds. For any t > 2n, any request r in Vi X [d] verifies

Pr[P(r) > j] < 2e79/%4,
As a consequence E[P(r)] = O(1) and in particular Pr [P(r) > 50logn] < n~2.

The proof of the above lemma can be found in [5, Lemma 4.4].

6:11
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4 Expansion Properties

In this section, we will prove the main result of this paper that we re-state here in a more
formal way.

» Theorem 12. Let ng,co,do € N and o = a(d) sufficiently large integers. Then, for any
d > dy, ¢ = co and n = ng, an integer § = B(c, d) exists, such that the snapshot Gy = (Vy, E})
generated by the TSG(n,d,c) model with t > 2n satisfy the following properties, w.h.p.

(a) For every S C 'V, with |S| > Blogn has conductance ¢(S) > a;

(b) A subset Hy C V; with |Hy| =n — O(logn) exists such that G¢[Hy] is an a-expander.

The proof of Claim (a) is organized in two lemmas: The first one, Lemma 13, considers

the vertex expansion of subsets of size in the range [B logn while the second one

5000
» 200017
covers the remaining size range.'® In both cases, our analysis will show a constant lower

bound of € = 1—10 on the vertex expansion of the considered vertex subsets. However, since

the graph snapshots in 7S8G(n,d,c) has bounded maximum degree (i.e. < (¢ + 1)d), by
definition of conductance (see Section 3), the latter will be at least e((c + 1)d)~ = Q(1). We
recall that the verter expansion of the graph G; is defined as

RV
@) = g L
ISI<%

The proof of Claim (b) of the main theorem above will be provided in a third lemma,
Lemma 15, and it also consists of analyzing the vertex-expansion of the considered subgraph.

4.1 Proof of Claim (a) of Theorem 12

The proof of the following lemma, proving the expansion of small subsets, relies on a standard
application of our key Lemma 8 and it is provided in the full version of this paper [5,
Lemma 5.2].

» Lemma 13 (Expansion of small subsets). There exist constants ¢ and d sufficiently large
such that, for all n large enough, the following holds. For any t > 2n let E; be the event

B :{ min TS o 1 }

> —
Sth:QﬁIOgng\S\gﬁ ‘S| 10

where 8 = 100(cd)?. Then Pr[E;] >1—n"2.
The following lemma proves instead the expansion of the big subsets.

» Lemma 14 (Expansion of big subsets). There exist constants ¢ and d sufficiently large such
that, for all n large enough, the following holds. For any t > 2n let E; be the event

Et:{ min 'Ft<5>|>1}.

> L
SCViias<isi< |5 10

Then Pr[E] >1—e ™.

10The factor ﬁ has been set in order to simplify some calculations: the optimization of this parameters
is out of the scope of our analysis.
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Proof. Fix any subsets S C V; of size 5055 < |S| < 2 and T C V;\ S such that |T| = []5]]
(from now on we will just suppose that n/2000 and |S |/10 are integers, for simplicity). Taking
P=SUT and P° =V, \ P, we have that

Pr([[y(S) € T] = Pr [Nyesxa {Xe(r) € P} (4)
We note that for each r € S x [d] it holds
{Xi(r) & P} C F(P°) ()
where, calling ¢, < t the round when the request r joined the graph, for any A C V;
F.(A) = {r did not establish a connection with a vertex in A when it joined the graph}.

Indeed, if request r established a connection with some vertex of P¢ when it entered the
graph at time t,, then it would still be connected to P¢ at time ¢ > t,.. Note that it is
possible that not all vertices of P¢ were already in the graph at time ¢,.

For every vertex a € S, consider now

Ou = {b e P° | age,(a) < age,(b)}

the subset of vertices in P¢ C V; that were in the graph when a joined it. Clearly, F,.(P¢) =
F.(Oq(ry) if 7 is a request from vertex a(r). In the rest of the proof we will abbreviate a(r)
as a. Then, from (4) and (5) we have

Pr([(S) C T] < Pr [Nresxia Fr(Oa)] - (6)

Let k =|S| and {aq,...,ax} be an age-based ordering of the vertices in S from the oldest
to the youngest, so that t; < --- < ¢;. We will analyze the r.h.s. of (6) by subsequentially
conditioning on the events involving older vertices. We start by writing

Pr [N,csx(a Fr(Oa)]
=Pr [N, Flo, ;1 (On)| NE5 N9y Fla, 5 (00)] Pr [NE2) 00 Fla, 5)(0)] (7)

where we abbreviated O,, as O; to ease the notation. Let us focus on the conditional
probability in the last expression. Recall that any fixed r € {ax} x [d] may fail to establish a
connection with Oy at time ¢, for two reasons: either because it targets a vertex outside of
Oy, or because it receives a rejection from the target vertex in Oy. The first event occurs
with probability L‘Okl
from the past. The second event happens if the targeted vertex is full at time ¢, or if the
vertex targeted by r is also targeted by too many other requests in ¢);,. As we are interested
in the rejection of the d requests {(ax,j), j € [d]}, by the principle of deferred decision we
can assume that all ' € @y, \ {(ax,7), j € [d]} are sent before {(ax,j), j € [d]}. Now, if
any r € {(ag,7), j € [d]} targets a vertex that has an in-degree of at most (¢ — 1)d after all
other requests in the queue are sent, the attempt will certainly be accepted, independently
from the other ' € {(ax,%), @ € [d]} \ {r} and from what happened in the past. Therefore,
if we call By, the set of vertices with load at least (c — 1)d, at time t, and after all other

Lm&k | . Thus,

since the targets are chosen uniformly at random independently

requests in the queue are sent, the probability of r being rejected is at most
we can conclude that

n—1

~ d
_ |O;€ N B¢ |
Pr (N9, Fla,.5)(Ok) | NEZ) NIy Fla, ) (00)] = (1 -t

6:13
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The same argument can be iteratively applied to Pr [ﬂle ﬂ?zl F(am)((’)l-)]7 isolating d
requests per iteration, and it leads to

k Ae i\ @ k
O; N B, ) d ~
Pr [Nesx(aFr(Oa)] < H <1 - |t1|> < exp <_n—1 E ‘Oi N B;‘) (8)
i=1

: n—1
=1

where inequality (I) follows since 1 4+ = < e*.
Now, if we look at the set of possible pairs (a, ) € S x P, two cases may arise:

(i) H(a,b) € S x P° | age,(a) < age,(b)}] = =,
(ii) |{(a,b) € S x P¢ | age,(a) > age,(b)}] > 2
If Case (i) holds, then
- o |S|-[P°
> 10al =Y |0aN By, |+ 0. N B | > %

a€sS a€esS

which implies that

nc d ‘S|
ta>n_1< =10 me|>

a€S a€es

Using the same argument of Claim 7, it can be shown that | By, | <

yielding

c— 1’

d S|-|P¢
> (B s B s ©

2

a€S
where in (I) we used that |S| < %, that |[P°| = n — 1£|S| and that we can take for example
¢ > 16 as in Lemma 13. By plugging (9) in (8), we obtain

Pr[[,(S) C T] < exp (-an N B¢ y) exp (—$|S|>. (10)

Then, a union bound on all possible choices of S, T leads us to Pr[F;] < e™", by using
the fact that s > 5555 and taking d large enough.

The proof of Case (ii) can be completed with the same argument, by considering the
requests sent from P€ to S. |

4.2 Proof of Claim (b) of Theorem 12
The following lemma immediately implies Claim (b) of Theorem 12.

» Lemma 15. There exist constants ¢ and d sufficiently large such that, for all n large
enough, the following holds. A constant 5 = [(c,d) > 0 exists such that the snapshot
Gy of TSG(n,d,c) for any t > 2n verifies the following property. A subset Hy C Vi with
\Ht| >n — flogn exists such that the induced subgraph Gi[H;] has vertex expansion at least
w.h.p.

207
Proof. Fix = 100(cd)?. To prove the lemma, we show that the following event holds w.h.p.

) [T+ (S) N Hyl 1
_ R S i1 B N
E= {HHt with |H| > n — Blogn s.t. SgHE\lgﬂgnn 5] Z 3
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Notice that, in Lemma 13 and Lemma 14, we proved that all the sets S C V; with size
at least 8logn have vertex expansion at least 1—10 w.h.p. Therefore, to show that F holds
w.h.p., we need to prove that there exists a subset H; C V; such that, all the sets S C H;
with S < 208 logn have also vertex expansion at least %. Indeed, the fact that the subsets
|S| = Blogn have expansion at least 1/10 implies directly that the event E holds for such
subsets, since, for each S C H; such that |S| > 208 logn, we have

[De(S) N He|  [T4(S)] _ Blogn 1 1 1

5] Z 9 S| 710 20 20

In particular, we will take H; as all the set of nodes without pending requests at time .
More formally, we have that E1 N Es N E3 C E, where E; and F5 are the events defined in
the Lemma 13 and Lemma 14, and

) ) IT:(S) N Hy 1
FEs =< 3dH; with |Hy| > n— Pl 3.t —_— > — 5.
3 { ¢ W | t| K B ogm S SgHt:Lg\lg%Oﬁlogn |S‘ 20

From Lemma 13 and Lemma 14, we have that Pr[E§ U ES] < 4n~2. In what follows, we
will show that Pr[E$] < 2n=2.
Notice that, from Lemma 9, we have that, if A = {|Q¢| < Slogn}, it holds that

Pr[ES] < Pr[E{N Al + Pr[A°] < Pr[ESN Al +n2 (11)

If we define Q; as the set of nodes v € V; with at least one pending request, we have that
|Qt| § ‘Qt‘ and that (takmg Ht = ‘/t \Qt)

ESNAC {35 CVi\Qr st [S] <208logn, |T4(S)\ Qi < 1551}
C{ISCV\Qy, IT C Vi \ S st |S| <208logn, |T| = 15]S], Te(S) ST UQ}.

Therefore, it holds that

PriESNAI< Y > PrIy(S) CTuQ,SNQ; =]
SCV;: TCV;\S:
[S1<208logn |T|=15s

= > Y PrNesxa{Xi(r) € SUTUQ:}]
SCVi:  TCV;\S:
[S|<20Blogn |T|=1 s

N d|S|
() 220(|S] + 15151 + Q) un _,
oy oy (e e

SCV;: TCVi\S:
[S1<208logn |T =1 s

where (I) follows from Lemma 8, and (/1) from the fact that we are looking at ES N A, hence
|Q:| < Blogn, and since s < 208 logn and taking d large enough.
From (11), since Pr [E$ U ES] < 4n~2, and since E; N B, N E3 C E, it follows that

Pr[E] < Pr[E{UES] + Pr[E§] < 6n~2,
proving the lemma. |
5 Proof of Corollary 2: Convergence Time of PUSH and PULL

The aim of this section is to analyze the rumor-spreading process on the 7SG model and
prove Corollary 2.
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5.1 Rumor spreading on the 7S8G model

We shortly recall how pPUsH and PULL [23] can be defined on the 7S8G model. Such simple,
local mechanisms are used to perform efficient broadcast operations over communication
networks.

Given a connected graph G = (V, E) and a source vertex s € V, the goal is to inform all
vertices about a piece of information that only s initially knows. The synchronous, uniform
PUSH protocol works as follows. At round ¢ = 0, the source selects one neighbor v uniformly
at random and sends the message to it: we say that v is informed at (the end of) round t.
Then, at every round ¢ > 1, each informed vertex selects one random neighbors and sends
the message to it. In the PULL protocol, each node u, which is still not informed at (the
beginning of) round ¢, selects one random neighbor v and, if v is informed, then u pulls the
source message from v and gets informed. The PUSH-PULL protocol is defined by considering
both the PUSH and PULL actions performed by each vertex, at every round.

In order to combine the protocols above with the process generated by the 7SG model,
we organize each synchronous round ¢ > 1 in two consecutive phases. In the first, topology
phase, all the actions of the TSG process described in Definition 4 and Definition 5 take
places: this generates the snapshot G;. Then, in the second rumor-spreading phase, the local
rule of PULL and/or PUSH are applied by every vertex in V; in parallel on G;.

5.2 Proof of Corollary 2

Rumor spreading on static graphs: Previous results. Our proof makes use of the following
important result, that bounds the completion time of rumor spreading protocols over static
graphs of bounded degree, and its proof argument (see [15, Theorem 12]). We recall its
statement and provide a short overview of its proof argument.

» Theorem 16 ([15]). Let G = (V, E) be a connected n-vertices graph with conductance ¢
and such that, for any edge {u,v} € E, deg(u)/deg(v) = ©(1). Then, O(logn/$) rounds of
PUSH or PULL suffice to spread to all nodes of G a message originated at an arbitrary source
node, w.h.p.

Proof Overview. Let us just consider the case where ¢ = O(1). Let I; C V the set of
informed nodes at round ¢ and assume that |I;| < n/2. We first notice that, since G is an
almost-regular ©(1)-expander, the size of the outer boundary of I; is such that |T'(I;)| = v|I¢|,
for some constant v > 0. Then, at every round ¢ > t, the PULL or the PUSH protocol let
every node v € T'(I;) to have constant probability to get informed. This implies that the
expected number of informed nodes at round ¢ + 1 will be at least (1+©(1))|I¢|. By applying
suitable concentration arguments, this fact is then used to show that, within O(logn) rounds,
the number of informed nodes is at least n/2, w.h.p. Once the spreading process reaches
at least n/2 informed nodes, the analysis proceeds in a similar way by looking at the set
non-informed nodes at round ¢ and show that this quantity decreases at exponential rate,
w.h.p. |

The analysis on the 7S8G model. In order to apply the above proof argument on the 78G
model we need to cope with two main technical issues.

Our Lemma 13 shows that, at any round ¢ > 2n, each subset S C V; of the snapshot
Gy = (Vi, Ey) with |S]| > Blogn for some constant S > 0, has conductance ¢.(S) = Q(1),
w.h.p. Then, in order to apply the proof argument of Theorem 16, we need to show that there
is an initial phase of the rumor-spreading process, called bootstrap, that is able to inform at
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least Blogn vertices, w.h.p. Indeed, after this bootstrap, we can apply the same argument
of the proof of Theorem 16 assuming that there is an informed subset of logarithmic size.
The analysis of the bootstrap will be discussed later in this section.

The second technical issue is caused by the presence of a set of old nodes (defined
later in this section) that, during the information process, can leave the graph and create
edge deletions and regenerations. However, once the bootstrap is completed, the subset of
informed nodes reaches a logarithmic size which is large enough to dominates the impact of
all possible edge deletions that can take place for a time window of logarithmic size even in
an adversarially fashion: this time window is exactly what the rumor spreading process needs
to complete the broadcast task. As we used in several previous steps of our analysis, this
limited impact is essentially due to the fact that the maximum vertex degree of the graph
snapshots is always bounded by the constant quantity (¢ + 1)d and thus, at every round,
only this number of edges can be deleted.

The Bootstrap. Recall that s is the source node joining the dynamic graph in round
ts > 2n. Let OLD be the nodes in V;, having age larger than n — log?n. Our goal is to prove
the following.

» Lemma 17. Let 8 > 0. Then, within T' = O(logn) rounds after the informed source s
joined the graph at time t,, there are Blogn informed nodes whose age is at most n — log? n,
w.h.p.

Proof. From Lemma 15, at time ¢; when the source enters the graph, there exists a con-
nected!! graph Gy [H;, ] with vertex subset H; of size n — O(logn). Consider now the
connected components {C;};cr, obtained by removing from H;, the set OLD of nodes that
will die within the next ©(log? n) rounds. How many nodes in {C;};c; belong to a connected
component of size smaller than Slogn? Since |I| < |OLD| = O(log® n), there are at most
Blogn - |I| = O(log® n) such nodes. We now proceed with defining the following events: Let
D be the event “s is not connected after 2logn rounds”, B be the event “s targets a node
which is either in OLD or in a small component during some round ¢, ..., ts + 2logn” and C
be the event “s gets connected to a node in a large connected component that will remain
connected for at least ©(log® n) rounds”. Now notice that, since C¢ C BU D

Pr[C]=1-Pr[C%>1-Pr[BUD]>1— (Pr[B]+Pr[D)). (12)

We then know that Pr[D] < O(n=2) by a standard concentration argument on the
geometric probability of success (we again use Claim 7 that says that, at every round, the
number of full vertices is at most n/c). Observe also that, using a union bound over the
observed time window, Pr [B] = O(polylog(n)/n), since at each round the probability that
the request targets a node in OLD or in a small component (regardless of whether it is
relaunched or not) is O(polylog(n)/n).

From the above facts and Equation (12) we get that, w.h.p., the source s will belong to a
subgraph of size at least 8logn that will remain connected for at least @(log2 n) rounds. <

Finally, thanks to Lemma 17, we can apply the expansion argument we described in
the proof sketch of Theorem 16 to the sets with size > Slogn and get that, w.h.p., after
O(logn) rounds, at least n — O(logn) vertices in the graph will be informed (Lemma 13
using Lemma 14).

1 Gy, [H:,] is a vertex expander but in this proof we only use the fact that it is a large connected subgraph.
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» Remark 18. Our analysis above proving Corollary 2 easily implies a further stabilizing
property of the rumor spreading protocols on the 7SG model. In particular, after the source
joins the graph at round ¢, for a time window of a polynomial length, every new vertex will
get informed within O(logn) rounds w.h.p.

6 Conclusion and Open Questions

The study of dynamic-graphs models capturing key aspects of real dynamic networks is
currently a hot topic in algorithmic research and network science. In what follows, we discuss
some open questions related to the model and the results presented in this paper.

We believe it is possible to extend our analysis on other, more realistic models of node
churn, such as the Poisson one where nodes enter according to a Poisson clock and have a
random age following an exponential distribution [13, 42]. In this setting, the analysis gets
more complicated by two further issues: the random number of nodes each snapshot can have
and the presence of nodes having random age, possibly larger than n. However, we think
that the key arguments we used in the analysis of the streaming model can be adapted to
take care about such further issues. Essentially, it could be possible to exploit concentration
results on both the number of nodes in a snapshot and on the random life of a node.

A further interesting scenario is that generated by a different mechanism to get new
link connections. For instance, we can think of a link manager that returns a non-uniform
distribution over the current set of nodes, or that can selects possible links from an underlying
(dynamic) graph somewhat representing social relationships among nodes.

Finally, an important property of distributed protocols is self-stabilization [4, 24]. For
short, it represents the ability of a protocol to recover its “good” behavior (guaranteeing
some desired performance and/or property) from any (worst-case) configuration the system
can be landed on, due to some bad event (e.g. a node/link fault and/or an adversarial setting
of some local variable). The current version of RAES is not fast self-stabilizing under a
worst-case scenario where the adversary can corrupt all nodes: essentially, it can construct a
non-expander topology respecting the algorithm rules than can last for a linear number of
rounds. However, Lemma 10 ensures that the number of pending requests decreases faster:
we believe this key-fact can be exploited to design a different, more robust version of RAES
having fast self-stabilization.
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