
J
H
E
P
0
3
(
2
0
2
5
)
1
5
9

Published for SISSA by Springer

Received: October 20, 2024
Accepted: February 22, 2025

Published: March 20, 2025

Massive IIA flux compactifications with dynamical open
strings

Juan Ramón Balaguer ,a Valentina Bevilacqua ,b,c Giuseppe Dibitetto ,b,c

Jose J. Fernández-Melgarejo d and Giuseppe Sudano b,c

aDepartamento de Física, Universidad de Murcia,
Campus de Espinardo, E-30100 Murcia, Spain

bDipartimento di Fisica, Università di Roma “Tor Vergata”,
Via della Ricerca Scientifica 1, 00133, Roma, Italy

cINFN, Sezione di Roma2,
Via della Ricerca Scientifica 1, 00133, Roma, Italy

dDepartamento de Electromagnetismo y Electrónica, Universidad de Murcia,
Campus de Espinardo, E-30100 Murcia, Spain

E-mail: juanramon.balaguer@um.es, valentina.bevilacqua@roma2.infn.it,
dibitetto@roma2.infn.it, melgarejo@um.es, giuseppe.sudano@roma2.infn.it

Abstract: We consider massive type IIA compactifications down to 4 dimensions in presence
of O6 planes and D6 branes parallel to them, in order to preserve half-maximal supersymmetry
in 4D. The dynamics of open strings living on the spacetime filling branes is taken into
account, in the gauged supergravity description, by adding extra vector multiplets and
embedding tensor components. The scalar potential gets new terms that can be matched
with contributions coming from dimensional reduction of the non-Abelian DBI and WZ brane
actions. In this setting, we analyze the vacuum structure of the theory and find novel AdS4
vacua, both supersymmetric and non-supersymmetric ones. Furthermore, we address their
perturbative stability by computing their mass spectra. Some of the vacua are found to be
perturbatively stable, despite their being non-supersymmetric. We conclude by discussing
the reliability of our setup in terms of higher-derivative corrections.

Keywords: Flux Compactifications, Supergravity Models, Superstring Vacua

ArXiv ePrint: 2406.15310

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2025)159

https://orcid.org/0000-0001-8976-918X
https://orcid.org/0009-0008-8176-0138
https://orcid.org/0000-0001-7018-5133
https://orcid.org/0000-0002-6800-9242
https://orcid.org/0009-0007-0487-9939
mailto:juanramon.balaguer@um.es
mailto:valentina.bevilacqua@roma2.infn.it
mailto:dibitetto@roma2.infn.it
mailto:melgarejo@um.es
mailto:giuseppe.sudano@roma2.infn.it
https://doi.org/10.48550/arXiv.2406.15310
https://doi.org/10.1007/JHEP03(2025)159


J
H
E
P
0
3
(
2
0
2
5
)
1
5
9

Contents

1 Introduction 1

2 Orientifold reduction of massive IIA supergravity with open strings 4
2.1 SO(3) truncation and N = 1 superpotential 5

3 N = 4 supergravity with vector multiplets 7
3.1 The SO(3) truncation 9
3.2 Our setup: coupling to N = 3 extra vector multiplets 11

4 10-dimensional supergravity action and reduction thereof 12
4.1 Bulk action 12
4.2 Non-Abelian brane actions 14
4.3 Reduction of the WZ action and modified field strengths 14
4.4 Reduction of the DBI action 22

5 Analysis of vacuum solutions 25
5.1 Solutions in the origin 26
5.2 Out of the origin 27
5.3 The case N = 6 at the origin 29

6 Flux quantization and perturbative control 32

A A democratic formulation for massive IIA supergravity 36

B Review of the Dp-branes effective action (bosonic part) 37

C Normalized masses for the solutions in the origin 38

1 Introduction

Embedding consistent low energy effective theories within string theory is one of the most
challenging tasks in theoretical high energy physics. Generically, this involves dimensional
reductions and possibly spontaneous supersymmetry breaking. The wide range of low energy
effective models obtained through such constructions are by definition UV consistent and
constitute the so-called string landscape. Some portions of the landscape are widely explored
and contain various models with different amounts of supersymmetry in diverse spacetime
dimensions.

However, as opposed to the above top-down approach, one could also adopt a bottom-up
approach instead. This would consist in analyzing different lower dimensional and possibly
supersymmetric constructions and try to address the following question: do they satisfy all
UV consistency requirements? In case of a positive answer and only then, can these be coupled
to quantum gravity in a UV regime. This is the typical approach advocated by the so-called
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Swampland Program [1, 2], whose aim is to formulate a complete set of consistency conditions
that any effective model must comply with, in order for its UV completion to exist at all.

If we only focus on theories with extended supersymmetry, the landscape of all possibilities
is so heavily constrained, that it sometimes even allows for an exhaustive classification. This
is certainly the case for models enjoying maximal supersymmetry, i.e. 32 supercharges. In
ten spacetime dimensions, the only consistent maximal supergravities turn out to be type
IIA and IIB supergravities, which exactly happen to be the low energy descriptions of the
associated superstring theories. This is the prime realization of string universality.

If we now move to theories with half-maximal supersymmetry and still remain in 10D,
the string universality principle was proven in [3] by showing that the coupling of pure N = 1
supergravity to a gauge sector is constrained by anomaly cancellation to realize either SO(32)
or E8 × E8 as gauge groups. These in turn coincide with the (only) gauge groups that are
realized within heterotic or type I superstring theories.

In the last few decades great developments taught us many things concerning theories
with 16 supercharges and this has put us in the right position to test the string universality
principle in lower dimensions as well. At present, we may consider it to be fully settled in
dimensions eight and higher [4–6]. Beyond this, recent developments indicate that it might
be verified even in dimension seven and six, the latter both in the chiral (2, 0) case [7], and
in the non-chiral (1, 1) [8] case. For D < 6 cases, we do not have any conclusive arguments,
but the preliminary indications look quite promising [9–11].

Our work is inspired by this whole context, from which it gets its chief motivation.
Our specific goal is that of exploring the landscape of 4D string vacua with a dynamical
contribution from the open string sector associated with the D-branes present in our setup.
This work makes crucial use of the results in [12, 13], where it was shown that type IIB
orientifold flux compactifications down to 6D, coupled to open strings may be mapped into
non-chiral 6D gauged supergravities.

Our present setting is massive type IIA reductions on twisted tori with O6-planes and
parallel D6-branes (see [14] for a recent analysis of this compactification class). The effective
4D description turns out to be a half-maximal gauged supergravity. These lower-dimensional
theories with sixteen supercharges have been extensively studied in a bottom-up fashion by
using the embedding tensor formalism [15] as an organizing principle [16].

The 4D/10D dictionary relates fluxes to embedding tensor components (see [17] for a
nice review). In this massive IIA setup the emebedding tensor/fluxes dictionary was analyzed
in various works (see e.g. [18–22]). Later, in [23], this dictionary within the closed string
sector was used in order to classify the SO(3) invariant vacua of massive IIA on twisted
tori, which are consistent with only one type of O6-planes and parallel D6-branes. The
landscape of such vacua was organized in four discrete families of AdS extrema, one of which
preserving a residual N = 1 supersymmetry.

The goal of this paper is to generalize the analysis carried out in [23] by including open
string dof’s, such as dynamical brane position scalars and Wilson lines wrapping internal space,
and their novel effects, such as Yang-Mills (YM)-like brane gauge groups and the non-trivial
flux associated with the internal YM field strength. We will show how the reduction of the
non-Abelian WZ action for the D6-branes yields a modification of the bulk RR field strengths
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sourced by the open string dof’s, just like in the case of the heterotic string, where this
follows from the Green-Schwarz (GS) mechanism [24] for anomaly cancellation. Indeed, the
modifications we find may be heuristically obtained from the GS terms via a duality chain.

Subsequently, we present a detailed derivation of the scalar potential arising from
dimensional reduction of the 10D bulk action plus the non-Abelian DBI brane action. This
is then matched with the scalar potential of a suitable half-maximal gauged supergravity
theory, including extra vector multiplets that take the open string dof’s into account. It is
worth mentioning that the full matching works out, if one expands the DBI at NLO in α′.

Finally, the aforementioned scalar potential is studied, with the aim of finding novel
extrema corresponding to string vacua featuring an interplay between open & closed strings.
We find new examples of AdS vacua, that are organized in a very similar way to their
pure closed-string counterparts found in [23]. By analyzing the supersymmetry conditions,
we realize that only one family of vacua preserves minimal 4D supersymmetry, while all
the other solutions are non-supersymmetric. Some of these, nevertheless, appear to be
perturbatively stable.

The stability analysis is performed at the level of the 4D degrees of freedom, then it is
not complete from a 10D perspective, since the kind of truncation we are adopting does not
retain all the light states as dynamical. However, 4D stability is a necessary condition for
perturbative stability of the full higher-dimensional theory. Hence, the vacuum solutions
that are shown to be stable at least in our setting should be the only ones to deserve further
attention in a 10D context.

It is worth noticing, though, that our vacua are crucially obtained by treating closed-
string and open-string fluxes as competing effects. In some sense one might be led to think
that this may require working at finite α′. Hence, it still remains to be assessed whether our
construction is also physically reliable, besides its mathematical consistency. We conclude by
studying the reliability of the novel solutions we found, by estimating the size of the higher-
derivative corrections that would be present in this case and that we had been neglecting.
A reliable perturbative corner for our solutions, where one has parametric control on such
corrections, turns out to exist.

The paper is organized as follows. In section 2 we review some relevant features of massive
IIA twisted reductions with spacetime filling O6/D6 sources. In section 3 we illustrate the
embedding tensor formulation of 4D N = 4 gauged supergravities, coupled to an arbitrary
number of vector multiplets. In section 4 we go through the dimensional reduction of the 10D
bulk action, as well as the non-Abelian WZ & DBI D6-brane actions, and discuss the modified
RR field strengths. The vacua analysis is then carried out in section 5, where we present our
solutions to the field equations and discuss their mass spectra and supersymmetry. In section 6
we address the issue of flux quantization, their perturbative control, and higher-derivative
corrections. Finally, some technical support material may be found in our appendices.
These contain detailed information concerning the democratic formulation of massive IIA
supergravity, non-Abelian brane actions, and reductions thereof.
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2 Orientifold reduction of massive IIA supergravity with open strings

In this section we describe the compactification of type IIA superstring effective action
on twisted tori to 4D in the presence of D6-branes parallel to O6-planes, according to the
following set-up:

O6 : × | × × ×︸ ︷︷ ︸
4D spacetime

× × ×︸ ︷︷ ︸
ya

− − −︸ ︷︷ ︸
yi︸ ︷︷ ︸

ym

. (2.1)

Let us note that the tension of the O6-plane, which coincides with its charge, is given by [25]

TO6± = µO6± = ±2 TD6 , (2.2)

where TD6 is the tension of the D6-brane and amounts to

TD6 = 2π(2πℓs)−7 , (2.3)

where ℓs is the string length. Henceforth we will consider the normalization 2πℓs = 1, except
in section 6, where we will manifestly restore the dependence on ℓs.

According to the above orientifold configuration in 10D, the orientifold involution on
the internal coordinates is

σO6 :
{

ya → ya , a = 1, 2, 3 ,

yi → −yi , i = 4, 5, 6 ,
(2.4)

where the internal longitudinal coordinates are represented by a, b, c and the internal transverse
coordinates are denoted by i, j, k. According to this configuration, let us assume the following
compactification ansatz for the 10D metric:

ds2
(10) = τ−2 gµν dxµ dxν + ρ ( σ2 Mab ea eb + σ−2 Mij ei ej ) , (2.5)

where gµν is the 4D metric, Mab and Mij are two symmetric matrices which are elements of
the SL(3)/SO(3)|L and the SL(3)/SO(3)|R scalar cosets spanned by the internal longitudinal
and internal transverse components of the 10D metric, respectively. On the other hand, em

are the Maurer-Cartan 1-forms [26], which fulfill the equation

dem + 1
2 ωnp

m en ∧ ep = 0 , (2.6)

where ωnp
m are the structure constants. They satisfy the Jacobi equation as an integrability

condition,

ω[mn
r ωp]r

q = 0 , (2.7)

together with the unimodularity condition ωmn
n = 0, as we are doing a compactification

at the level of the action.
The absence of a warping factor in the ansatz (2.5) corresponds to the fact that we

are in the smearing approximation: we are assuming that all the O6 and D6 sources are
spread over the whole compact space.
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Type IIA Field σO6 (−1)FLΩ physical dof’s

Φ + + 1
Bai − − 9
Ci − − 3

Cabc + + 1
Caij + + 9

Cabijk − − 3
gab + + 6
gij + + 6
Y Ii − − 3N
AI

a + + 3N

Type IIA Flux σO6 (−)FLΩ

ωab
c + +

ωij
c + +

ωai
j + +

Hijk − −
Habi − −
F(0) + +
Fai − −

Fabij + +
Fabcijk − −
FI

ab + +

Table 1. Propagating scalar DOF’s (left) and fluxes (right) that are projected in by the Z2 truncation
due to the presence of O6/D6 objects in type IIA compactifications down to 4D.

The lower dimensional effective theory consists of an N = 4 = D supergravity theory
with global symmetry SL(2,R) × SO(6, 6 + N), and whose scalar coset is spanned by

SL(2,R)
SO(2) × SO(6, 6 + N)

SO(6) × SO(6 + N) . (2.8)

This (38 + 6N)-dimensional coset is filled out with the DOFs arising from the internal
components of the supergravity and the brane fields. These scalars and the set of fluxes,
which must be consistent with the O6 involution together with the combination of the fermionic
number symmetry (−1)FL and the worldsheet parity symmetry Ω, are shown in table 1.

Let us note that the structure constants of the Yang-Mills gauge group GYM associated
to the stack of D6 branes, despite not being genuine fluxes, consist of deformation parameters
of the lower dimensional effective theory. This group, which will be of the form

GYM =
(∏

a

U(Na)
)
×
(∏

b

SO(2Nb)
)
×
(∏

c

USp(2Nc)
)

, (2.9)

is crucially constrained by the number of massless vector fields of the lower dimensional
effective theory, N, which adds up to

N =
∑

a

N2
a +

∑
b

Nb(2Nb − 1) +
∑

c

Nc(2Nc + 1) . (2.10)

Thus, the resulting non-semisimple gauge group of the 4D effective supergravity will consist
of GYM × GISO, where GISO corresponds to the gaugings associated to the isometries of
the compactified bulk theory.

2.1 SO(3) truncation and N = 1 superpotential

Many interesting type IIA vacua have beeen found in N = 1 compactifications. Interestingly,
a part of them correspond to some specific truncations of the N = 4 effective supergravity
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theory obtained from the D6/O6 compactification. From a 10D viewpoint, this is carried
out by compactifying the theory in the presence of extended objects, together with further
consistent truncations arising from orbifold projections and/or preserving a specific subgroup
of the global symmetry group.

In this work, we will consider an SO(3) truncation, namely we will just keep the fluxes
and scalar fields that transform as singlet under the SO(3) subgroup of SO(6, 6 + N). Upon
this truncation, the theory reduces to

SL(2,R)
SO(2) ×

SO
(
2, 2 + N

3

)
SO(2) × SO

(
2 + N

3

) , (2.11)

whose dimension is 6 + 2N/3. For the simplest case N = 3, the 8-dimensional scalar coset
is spanned by the following closed string complex moduli

S = χ + ie−ϕ , T = χ1 + ie−φ1 , U = χ2 + ie−φ2 , (2.12)

together with two open string scalar fields, A and Y , such that {AI
a, Y Ii} = {δI

a A, δIiY }.
The axions of the complex scalars parametrize the following scalar fields:1

Cabc = ϵabcχ , Caij = ϵaijχ1 , Bai = δaiχ2 , (2.13)

whereas the dilatons are written in terms of the universal moduli as

eϕ = 1
τσ3 , eφ1 = σ

τ
, eφ2 = 1

ρ
. (2.14)

To understand the existence of an N = 1 formulation, let us consider the R-symmetry
group of N = 4 theory SU(4) ∼ SO(6). Interestingly, when studying the splitting of the
fundamental representation under the action of SO(3), 4 → 1 ⊕ 3, we note that an N = 1
structure still is possible due to the presence of the singlet. In particular, the scalar potential
of the closed string sector2 is given, up to N = 4 quadratic constraints, by

V = eK

(∑
Φ

KΦΦ̄|DΦW |2 − 3|W |2
)

, (2.15)

where Φ ≡ (S, T, U), K ≡ K(Φ, Φ̄), is the Kähler potential,

K(Φ, Φ̄) = − log
(
−i(S − S̄)

)
− 3 log

(
−i(T − T̄ )

)
− 3 log

(
−i(U − Ū)

)
, (2.16)

and W = W (Φ) is the holomorphic superpotential

W (Φ) = PF − PH S + 3PQ T , (2.17)

1Let us stress that the SO(3) truncation defines the diagonal group of SO(3)a × SO(3)i × SO(3)I (see [23]
for further details).

2It would be interesting to have a complete N = 1 open-string superpotential [27] that accounts for our set
of fluxes.
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Type IIA fluxes Parametrization

Faibjck a0 Faibjck = εabc εijk a0

Faibj a1 Faibj = εabc εijk δck a1

Fai a2 Fai = δai a2

F0 a3 F0 = a3

Hijk b0 Hijk = εijk b0

ωij
c b1 ωij

c = εijd δcd b1

Habk c0 Habk = εabk c0

ωka
j = ωbk

i c1 ωka
j = εkal δlj c1

ωbc
a c̄1 ωbc

a = εbcd δad c̄1

FK
ab g0 FK

ab = εabc δcKg0

gIJ
K g1 gIJ

K = ϵIJLδLKg1

Table 2. Parametrization of SO(3) invariant type IIA fluxes.

with the polynomials PF , PH and PQ defined as follows:

PF = a0 − 3 a1 U + 3 a2 U2 − a3 U3 , (2.18)
PH = b0 − 3 b1 U , (2.19)
PQ = c0 + (2c1 − c̄1) U . (2.20)

Here, KΦΦ̄ represents the inverse of the Kähler metric KIJ̄ = ∂K
∂ΦI∂Φ̄J̄

and the Kähler
derivative is DΦW = ∂W

∂Φ + ∂K
∂Φ W .

The correspondence between the type IIA fluxes and the fluxes in the superpotential
formulation is summarized in table 2.

3 N = 4 supergravity with vector multiplets

Reduction of massive type IIA supergravity on 6-dimensional twisted tori with orientifold
admits a 4D gauged supergravity description [22]: the supergravity theory we are interested
in is a half-maximal supergravity, described in detail in [16] and whose lagrangian in a
completely general formulation can be found in [28].

In principle, we can consider an N = 4 supergravity theory where the gravity multiplet
is coupled to an arbitrary number n of vector multiplets. If we are interested in matching the
lower dimensional theory with the closed string sector only, then we need to have 6 vector
multiplets, as in [23]. The possibility of coupling to N extra vector multiplets besides the
6 associated to the closed string modes, as it is described in [29], allows to capture also
the dynamics of open strings living on D6 branes parallel to the O6 plane. In this case the
N = 4 theory enjoys a global symmetry

Gglobal = SL(2,R) × SO(6, 6 + N) . (3.1)
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The bosonic degrees of freedom of the theory amount to the graviton, 12 + N vectors and
38 + 6N scalars, which can be mapped to those coming from type IIA supergravity after the
orientifold projection and dimensional reduction are performed, as detailed in table 1.

The scalar degrees of freedom of the theory, in particular, can be described through
the coset manifold

Mscalar = SL(2,R)
SO(2)︸ ︷︷ ︸

Mαβ

× SO(6, 6 + N)
SO(6) × SO(6 + N)︸ ︷︷ ︸

MMN

, (3.2)

where the 6N extra scalar modes are to be interpreted as corresponding to 3N position moduli
of the D6 branes in the transverse directions Y Ii plus 3N degrees of freedom corresponding to
the internal components of the worldvolume gauge fields AI

a (with the notation I = 1, . . .N).
Coset representatives are denoted with Mαβ, where α, β = (+,−) are SL(2,R) indices,
which can be raised or lowered by εαβ = εαβ (our convention is that ε+− = 1), and MMN ,
where M, N are SO(6, 6 + N) indices. Here we adopt a light-cone basis along the SO(6, 6)
coordinates, but a Cartesian basis in the extra SO(N) directions, so that the metric raising
and lowering the SO(6, 6 + N) indices is

ηMN = ηMN =


O6 I6 O6,N

I6 O6 O6,N

ON,6 ON,6 IN

 . (3.3)

In the following, we will always consider that the global SO(6, 6 + N) indices are split as
M ≡ (m, m̄, I), with m, m̄ = 1, . . . 6, I = 1, . . .N. Furthermore, the indices m, m̄ can be split
as m = (a, i), m̄ = (ā, ī), where a, i, ā, ī = 1, 2, 3, in analogy with the splitting of the internal
coordinates. The first factor in our coset can be parametrized as

Mαβ = eϕ

χ2 + e−2ϕ χ

χ 0

 . (3.4)

An explicit parametrization of the matrix MMN , instead, can be obtained starting from two
6 × 6 matrices, which we call G and B, respectively symmetric and antisymmetric. If we also
define an N× 6 matrix containing the scalar degrees of freedom from the open string sector

AI
m ≡

(
AI

a, Y Ii) , (3.5)

then we can introduce C = B + 1
2AT A and write the full MMN as

MMN =


G−1 −G−1C −G−1AT

−CT G−1 G + CT G−1C + AT A CT G−1AT + AT

−AG−1 AG−1C + A I + AG−1AT

 . (3.6)

The matrix MMN can be obtained, equivalently, from a vielbein V M
M (where M is a local

SO(6) × SO(6 + N) index with a splitting analogous to M), such that M = V VT . In order

– 8 –



J
H
E
P
0
3
(
2
0
2
5
)
1
5
9

to be consistent with our parametrization (3.6), we have to choose this vielbein to be

V N
M =


ET 0 0

−CT ET E−1 AT

−AET 0 I

 , (3.7)

with ET E = G−1.
The embedding of the gauge group of the theory into the global symmetry group can

be parametrized by two tensors ξαM and fαMNP = fα[MNP ] [16], but for the cases we will
consider we will always have ξαM = 0, then in the rest of this paper we will always consider
the embedding tensor to be given only by fαMNP . The quadratic constraints it has to satisfy
in order to ensure closure of the gauge algebra are

fαR[MN f R
βP Q] = 0 , εαβfαMNRf R

βP Q = 0 . (3.8)

The scalar potential of the theory, which is induced by the gauging, can be expressed in
terms of the embedding tensor and the scalar fields as

V = 1
64fαMNP fβQRSMαβ

[1
3MMQMNRMP S +

(2
3ηMQ − MMQ

)
ηNRηP S

]
− 1

144fαMNP fαQRSεαβMMNP QRS .

(3.9)

Here the antisymmetric tensor MMNP QRS is defined (after raising the indices with the
metric (3.3)) as

MMNP QRS ≡ εmnpqrsV̊ m
M V̊ n

N V̊ p

P V̊ q

Q V̊ r
R V̊ s

S , (3.10)

where V̊ M
M = V N

M R
M

N is a vielbein where the local index has been rotated to Cartesian
coordinates through a matrix

R ≡ 1√
2


−I6 I6 O6,N

I6 I6 O6,N

ON,6 ON,6
√

2 IN

 . (3.11)

3.1 The SO(3) truncation

In analogy with [23], we consider an SO(3) truncation of the full supergravity theory we are
studying. Namely, we define an SO(3) subgroup of the global symmetry group SO(6, 6 + N)
and we retain only the scalar fields and embedding tensor components that transform as
singlets with respect to it. Setting to zero all non-singlet scalars is allowed since their equation
of motion are consistently satisfied (they can never be sourced by SO(3) singlets).

The truncation makes the scalar sector of the theory reduce to

MSO(3) = SL(2,R)
SO(2) ×

SO
(
2, 2 + N

3

)
SO(2) × SO

(
2 + N

3

) , (3.12)
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which in the parametrization (3.6) of the MMN matrix corresponds to defining the G and
B matrices in the following way:

G = eφ2−φ1

χ2
2 + e−2φ2 −χ2

−χ2 1

⊗ I3 , B =

 0 χ1

−χ1 0

⊗ I3 . (3.13)

Hence, also considering the parametrization (3.4), the scalar degrees of freedom surviving
in the truncated theory are three dilatons (ϕ, φ1, φ2) and three axions (χ, χ1, χ2), plus the
scalars coming from the extra N vector multiplets.

The correspondence between the three dilatons ϕ, φ1, φ2 surviving the SO(3) truncation
and the universal moduli ρ, σ, τ appearing in the parametrization of the ten-dimensional
metric (2.5), which after the SO(3) truncation takes the form

ds2
(10) = τ−2 gµν dxµ dxν + ρ ( σ2 δab ea eb + σ−2 δij ei ej ) (3.14)

is given by

eϕ = 1
τσ3 , eφ1 = σ

τ
, eφ2 = 1

ρ
, (3.15)

or, inverting the relations,

τ = e
1
4 (−ϕ−3φ1). ρ = e−φ2 , σ = e

1
4 (−ϕ+φ1). (3.16)

This matching of the scalar degrees of freedom allows us to determine, for any term in the
action of the type IIA supergravity having its own scaling with respect to the universal
moduli, the corresponding scaling with respect to the gauged supergravity scalars. The
results, reported in table 3, will be useful in order to complete the dictionary between fluxes
and embedding tensor components and also to understand the structure of modified field
strengths in section 4.

As far as the embedding tensor is concerned, in order to be consistent with the SO(3)
truncation it can be factorized as

fαMNP = ΛαABC εxyz , (3.17)

(in analogy with [23]) where the tensor ΛαABC is completely symmetric in the indices A, B, C

running from 1 to 12 + N

3 . The quadratic constraints for fαMNP , in this case, translate
into the following equations for ΛαABC

Λ C
(αA[B Λβ)D]EC = 0 , εαβΛ C

αAB ΛβDEC = 0 . (3.18)

Since we want our gauged supergravity in 4 dimensions to match the dimensional
reduction of type IIA supergravity, we cannot admit the most general form for the embedding
tensor. Instead, we have to turn on only those components that can be associated to a flux
in the higher dimensional theory; in particular, if we consider geometric fluxes coming from
the closed string sector (but neglect the possibility of non-geometric ones), the corresponding
components of the embedding tensor are listed in table 4 (the dictionary is reported both for
general fluxes-embedding tensors and in the case of SO(3) truncation).
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Fluxes Scaling w.r.t. ϕ, φ1, φ2 Scaling w.r.t. ρ, σ, τ

|F6|2 eϕ+3φ1+3φ2 τ−4ρ−3

|F4|2 eϕ+3φ1+φ2 τ−4ρ−1

|F2|2 eϕ+3φ1−φ2 τ−4ρ

|F0|2 eϕ+3φ1−3φ2 τ−4ρ3

|Hijk|2 e−ϕ+3φ1+3φ2 τ−2ρ−3σ6∣∣∣ω c
ij

∣∣∣2 e−ϕ+3φ1+φ2 τ−2ρ−1σ6

|Habk|2 eϕ+φ1+3φ2 τ−2ρ−3σ−2∣∣∣ω j
ka

∣∣∣2, |ω a
bc |2 eϕ+φ1+φ2 τ−2ρ−1σ−2

g I
KL g J

MN eϕ+2(φ1−φ2) τ−3ρ2σ−1∣∣∣FI
ab

∣∣∣2 eϕ+2(φ1+φ2) τ−3ρ−2σ−1

Table 3. Scaling of the fluxes with respect to the dilatons ϕ, φ1, φ2 and the universal moduli ρ, σ, τ .

Type IIA Fluxes SO(6, 6 + N) SO(2, 2 + N/3)

Faibjck a0 −f+āb̄c̄ −Λ+333

Faibj a1 f+āb̄k̄ Λ+334

Fai a2 −f+āj̄k̄ −Λ+344

F(0) a3 f+īj̄k̄ Λ+444

Hijk b0 −f−āb̄c̄ −Λ−333

Habk c0 f+āb̄k Λ+233

ω c
ij b1 f−āb̄k̄ Λ−334

ω j
ka = ω i

bk c1 f+āj̄k = f+īb̄k Λ+234

ω a
bc c̄1 f+ab̄c̄ Λ+133

Table 4. Dictionary between embedding tensor components and geometric fluxes of type IIA
supergravity in the SO(3) truncation.

3.2 Our setup: coupling to N = 3 extra vector multiplets

We focus on the particular case when our supergravity theory is coupled to N = 3 extra
vector multiplets, so that the scalar fields parametrize the coset

SL(2,R)
SO(2) × SO(6, 9)

SO(6) × SO(9) , (3.19)

where the 18 extra scalar modes are (AI
a , Y Ii), with I = 1, 2, 3. If we perform the SO(3)

truncation, i.e. keep only the fields that transform as singlets under the SO(3) subgroup of the
global symmetry group SL(2,R)×SO(6, 9), we are only left with the 6 scalar degrees of freedom
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coming from the closed string sector, while the open string ones can be parametrized as(
AI

a , Y Ii
)

=
(
A δI

a , Y δIi
)

. (3.20)

If we want to parametrize the embedding tensor as in (3.17), in the case of N = 3 the
indices A, B, C of the Λ tensor run from 1 to 5. The correspondence between open string
fluxes and embedding tensor components is

FK
ab = εabc δcKg0, Λ+335 = g0,

g K
IJ = εIJL δLK g1, Λ+555 = g1.

(3.21)

Similar to the O7/D7 system in type IIB [13, 30], the quadratic constraints that we
have to impose on the embedding tensor to ensure consistency of the gauging give rise to
the following relation between the open string fluxes

gIJ
K FI

ab = 0 , (3.22)

which in this case translates to

g0 g1 = 0 . (3.23)

Furthermore, they imply three constraints involving the fluxes from closed string sector,
i.e. (in agreement with [23])

c1(c1 − c̄1) = 0 , b1(c1 − c̄1) = 0 , a3 c0 + 2 a2 c1 − a2 c̄1 = 0 , (3.24)

which may be understood as requirements on the absence of SUSY breaking sources such as
KK5 monopoles (the first two constraints), and D6 branes wrapping ajk cycles (the last one).

4 10-dimensional supergravity action and reduction thereof

In this section we analyse the dimensional reduction of the type IIA supergravity action in 10
dimensions in presence of D6-branes. Our purpose is to extract the contributions of each term
of the action to the final expression of the scalar potential in the lower-dimensional theory,
in order to compare them with the full 4D potential we get from the gauged supergravity
description.

4.1 Bulk action

The dimensional reduction of the Einstein-Hilbert action in 10 dimensions∫
d10x

√
−g(10) e−2Φ R(10) (4.1)

can be performed by adopting the following parametrization for the metric

ds2
(10) = τ−2 ds2

(4) + ρ ds2
(6)

= τ−2 gµν dxµ ⊗ dxν + ρ Mmn em ⊗ en

= τ−2 gµν dxµ ⊗ dxν + ρ ( σ2 Mab ea ⊗ eb + σ−2 Mij ei ⊗ ej ) ,

(4.2)
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where ρ is the universal modulus allowing to normalize the internal metric g(6) as∫
d6y

√
g(6) = 1 , (4.3)

while τ is related to ρ and to the dilaton Φ by the following constraint

e2Φ = τ−2ρ3 , (4.4)

in such a way that the gravity term of the action in 4 dimensions can be written in the
Einstein frame. The modulus σ, on the other hand, is related to the relative scaling between
the internal directions that belong to the worldvolume of the O6 plane and the transverse ones.
If we rewrite the Ricci scalar R(10) and the determinant of the metric g(10) respectively as

τ2R(4) + ρ−1R(6) , τ−4ρ3
√
−g(4)

√
g(6) , (4.5)

then the dimensional reduction of (4.1) is∫
d4x

√
−g(4)

(
τ−2ρ3e−2ΦR(4) + τ−4ρ2e−2ΦR(6)

)
=
∫

d4x
√
−g(4)

(
R(4) + τ−2ρ−1R(6)︸ ︷︷ ︸

−Vω

)
.

(4.6)

Here the first term is precisely the gravity action in 4 dimensions, while the second one, which
we have named as −Vω, contributes to the scalar potential. The internal part of the Ricci
scalar R(6) can be expressed in terms of the internal metric Mmn and the metric flux ω p

mn as

R(6) = −1
4MmqMnrMpsω q

np ω m
rs − 1

2Mnpω q
mn ω m

qp . (4.7)

In particular, if we parametrize both the metric and the metric flux according to the SO(3)
truncation, we obtain that in our setup the contribution to the scalar potential from the
Einstein-Hilbert action is

Vω = −3
2 τ−2ρ−1( c̄2

1 σ−2 + 4 b1 c1 σ2 − b2
1 σ6 ) . (4.8)

On the other hand, in the context of fluxes, the contribution to the scalar potential from
the H(3) flux is∫

d10x
√
−g(10)

(
− 1

12 e−2Φ |H(3)|2
)
→
∫

d4x
√
−g(4)

(
− 1

12HmnpHmnpτ−2ρ−3
)

, (4.9)

where the contraction with the indices has been done with the internal metric g(6). Taking into
account the Z2 truncation due to the presence of the O6-planes, and the SO(3) truncation,
we can expand it as

VH3 = 1
12τ−2ρ−3

(
b2

0 σ6 + 3 c2
0 σ−2

)
. (4.10)
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Regarding the R–R sector we have∫
d10x

√
−G

(
− 1

2p! |F(p)|2
)
→
∫

d4x
√
−g(4)

(
− 1

2p!Fm1...mpF m1...mp τ−4ρ3−p
)

. (4.11)

So, the contribution to the scalar potential of each field strength is

VFp = 1
2p!Fm1...mpF m1...mpτ−4ρ3−p . (4.12)

The expansion of this term can be explicitly done for each p-form. Due to the Z2 truncation,
each field strength has an equal number of longitudinal and transverse indices (see table 1)
and, consequently, σ will not appear in this contribution.

Then the full scalar potential arising from the bulk is

VBulk = Vω + VH3 +
∑

p

VFp . (4.13)

4.2 Non-Abelian brane actions

We want now to understand how the introduction of open string degrees of freedom contributes
to the scalar potential of the supergravity theory after compactification. For a stack of ND6
coincident D6-branes, the worldvolume action is made up by two contributions, denoted as
Dirac-Born-Infeld action and Wess-Zumino action. Following the notation already adopted
in [13, 31], they are

SDBI
D6 = −TD6

∫
WV(D6)

d7x Tr
(

e−Φ̂
√
− det(MMN ) det

(
Qi

j

) )
, (4.14)

SWZ
D6 = µD6

∫
WV(D6)

Tr
{

P
[
eiλιY ιY

(
Ĉ ∧ eB̂(2)

)
∧ eλF

]}
. (4.15)

In these expressions, λ = 2πℓ2
s and we are going to perform expansions for small λ; this

is also the parameter appearing in the brane positions yIi = λY Ii, with Y Ii living in the
gauge algebra of GYM (2.9).

The bosonic effective actions for the orientifold plane, instead, are respectively given by

SDBI
O6 = −TO6

∫
d7x e−Φ

√
−det(GMN ), (4.16)

SWZ
O6 = µO6

∫
W V (O6)

Ĉ(7) + . . . . (4.17)

Compared to (4.14) and (4.15) no other terms appear since at a perturbative level, orientifold
planes are not dynamical objects. We refer to appendix B for the main details about the
conventions we are using.

4.3 Reduction of the WZ action and modified field strengths

The Wess-Zumino part of the action does not contribute directly to the scalar potential in 4
dimensions. Nevertheless, it contains couplings of the R-R fields C(p) that modify the Bianchi
identities of the dual fields and consequently the form of the associated field strengths. Such

– 14 –



J
H
E
P
0
3
(
2
0
2
5
)
1
5
9

modified field strengths will be the ones appearing in the bulk action; after compactification,
we expect then the modified F(0), F(2), F(4) and F(6) to add new terms to the scalar potential.

The expression of the potential in 4D gauged supergravity, on the other hand, gives us a
strong hint about what these modified field strengths are. Indeed, considering a given F(p), if
we select the terms that have the same scaling as |F(p)|2 (this can be done by looking at the
scalings in table 3) and rearrange all of them in the form of |F̄(p)|2, we can argue that the F̄(p)
defined by this procedure should be precisely the modified field strength we are looking for.
However, we want to find explicitly how each of the terms that we expect to be present in the
modified field strengths according to the gauged supergravity description can be extracted
from compactification of the 10D action, in order to show once again the matching between
the two descriptions. This analysis will be, in some points, only qualitative, in the sense that
we will often neglect the precise coefficients in front of the terms coming from the WZ action.

Modified F(0). We start by looking at the modification to the Romans mass F(0). It can
be read from a contribution to the WZ action of the form∫

10
C(9) ∧ J

(D6)
(1) , (4.18)

or, which is equivalent up to an integration by parts,∫
10

dC(9) ∧ δF̄(0) . (4.19)

The only possibility to get such a current J
(D6)
(1) is to start from

µD6

∫
WV(D6)

Tr
{

P
[
iλιY ιY

(
Ĉ(9)

)]}
(4.20)

and rewrite it as

P
[
iλιY ιY Ĉ(9)

]
µ0µ1µ2µ3abc

= P
[
λ g I

JK Y JiY KjĈµ0µ1µ2µ3abcijtI

]
= P

[
λ g I

JK Y JiY Kj(Cµ0µ1µ2µ3abcij − λY k(ω d
ik Cµ0µ1µ2µ3abcdj + ω l

ak Cµ0µ1µ2µ3lbcij

))
tI

]
= λ gI

JK Y JiY Kj(Cµ0µ1µ2µ3abcij + λDaY kCµ0µ1µ2µ3kbcij − λY kω l
ak Cµ0µ1µ2µ3lbcij

)
tI ,

(4.21)

where we have first expanded the hatted field Ĉ(9), then neglected the term that cancels due
to the antisymmetry of C(9) in the indices of type a, b . . . and applied the pullback to the only
term that was not already of order λ2. The covariant derivative of a Y field with respect to
a worldvolume index of type a, b, . . . becomes (making (B.9) explicit)

DaY i = ∂aY i − i[Aa, Y i] = ω i
ja Y IjtI − g I

JK A J
a Y KitI , (4.22)

Then, if we isolate the terms that can be associated to a derivative of the C(9) field,
namely those containing at least one metric flux, we get

λ2 g I
JK Y JiY Kj(Y lω k

la Cµ0µ1µ2µ3kbcij − Y kω l
ak Cµ0µ1µ2µ3lbcij

)
tI (4.23)
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and take into account the antisymmetry of the indices of the metric flux, we get the expected
modification for the field strength F(0). Indeed, we can rewrite this term as

2λ2 g I
JK Y JiY KjY I′lω k

la Cµ0µ1µ2µ3kbcijtItI′ = 2λ2 g I
JK Y JiY KjY I′ltItI′

(
∂lCµ0µ1µ2µ3abcij

)
,

(4.24)
which, in our case with SO(3) truncation and N = 3, describes a coupling of the exterior
derivative dC(9) with g1 Y 3. This justifies the result we can get from the gauged supergravity
potential:

F̃(0) = a3 − g1 Y 3 . (4.25)

Modified F(2). We move then to considering the modification to the Bianchi identity for
F(2). Since we know from type IIA democratic formulation that F(8) = ⋆(F(2)), we want to
single out, within the full WZ action, a contribution of the form∫

10
C(7) ∧ J

(D6)
(3) , (4.26)

so that the Bianchi identity for the modified field strength, which we denote as F̄(2), becomes

dF̄(2) = J
(D6)
(3) . (4.27)

Since the only components of the internal part of F(2) that survive the orientifold projection
are F(2) = 1

2Faie
a ∧ ei, the associated Bianchi identity should be of type

dF(2) = −1
2
(
Fmiω

m
an + Famω m

in
)
en ∧ ea ∧ ei

= −1
2
(
Fbiω

b
ac + Fajω j

ic

)
ec ∧ ea ∧ ei.

(4.28)

Hence, the components of the current that we should look for are (J (D6)
(3) )

abk
.

The scalar potential suggests that we should expect, after the SO(3) truncation, a
modified field strength

F̃(2) = 1
2 F̃ai ea ∧ ei = 1

2 f̃2 δai ea ∧ ei , (4.29)

where f̃2 takes the form

f̃2 = a2 + c1Y 2 + g1AY 2 − a3χ2 + g1Y 3χ2 . (4.30)

Comparing this expression with the definition of F(2) in the democratic formulation of type
IIA supergravity, i.e.

F(2) = dC(1) − F(0)B(2) , (4.31)

we can read off, in the SO(3) truncation and substituting F(0) with the modified field strength
F̄(0) given in (4.25),

f2 = a2 − a3χ2 + g1Y 3χ2 . (4.32)
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The remaining terms in order to get the full modified field strength (4.30) should then
necessarily come from the non-Abelian brane action.

The relevant terms in the WZ action are

µD6

∫
WV(D6)

Tr
{

P
[
Ĉ(7) + iλιY ιY

(
Ĉ(7) ∧ B̂(2)

)
+ iλ2ιY ιY Ĉ(7) ∧ F

− λ2

2 (ιY ιY )2
(
Ĉ(7) ∧ B̂(2) ∧ B̂(2)

)
+ O(λ3)

]}
.

(4.33)

To evaluate the first term in (4.33) we write the pullback of the R-R field as

P
[
Ĉ(7)

]
µ0µ1µ2µ3abc

= Ĉµ0µ1µ2µ3abc + λDaY iĈµ0µ1µ2µ3ibc

+ λ2

2 DaY iDbY
jĈµ0µ1µ2µ3ijc + . . . ,

(4.34)

where the dots stand for both higher order terms in λ and pieces that cannot contribute to
the scalar potential. The expansion of the hatted fields around yi = 0 gives

Ĉµ0µ1µ2µ3abc = Cµ0µ1µ2µ3abc + λY i∂iCµ0µ1µ2µ3abc + λ2

2 Y iY j∂i∂jĈµ0µ1µ2µ3abc + . . .

= Cµ0µ1µ2µ3abc − λY iω k
ai Cµ0µ1µ2µ3kbc + λ2

2 Y iY jω k
ai ω l

bj Ĉµ0µ1µ2µ3klc + . . . ,

(4.35)
Ĉµ0µ1µ2µ3ibc = Cµ0µ1µ2µ3ibc + λY j∂jCµ0µ1µ2µ3ibc + . . .

= Cµ0µ1µ2µ3ibc − λY jω a
ij Cµ0µ1µ2µ3abc − λY jω k

bj Cµ0µ1µ2µ3ikc + . . . .
(4.36)

Using the expression (4.22) for the covariant derivative of the Y fields, the pullback (4.34)
is left with the following contributions

P
[
Ĉ(7)

]
µ0µ1µ2µ3abc

= Cµ0µ1µ2µ3abc − λY Iiω k
ai Cµ0µ1µ2µ3kbctI

+ λ2

2 Y IiY I′jω k
ai ω l

bj Ĉµ0µ1µ2µ3klc︸ ︷︷ ︸
c1Y 2

tItI′ + λ
(
ω i

ja Y Ij − g I
JK A J

a Y Ki)Cµ0µ1µ2µ3ibctI

− λ2 Y I′k(ω i
ja Y Ij − g I

JK A J
a Y Ki︸ ︷︷ ︸

c1Y 2 , g1AY 2

)(
ω a

ik Cµ0µ1µ2µ3abc + ω l
bk Cµ0µ1µ2µ3ilc

)
tItI′

+ λ2

2
(
ω i

ka Y Ik − g I
JK A J

a Y Ki)(ω j
lb Y I′l − g I′

J ′K′ A J ′
b Y K′j)︸ ︷︷ ︸

c1Y 2 , g1AY 2

Cµ0µ1µ2µ3ijctItI′ .

(4.37)

Here we have written under any of the relevant terms the associated contribution to the
modified field strength after we consider the SO(3) truncation. The terms where only one of
the generators tI appear can always be neglected since they vanish once the trace in (4.15)
is performed.
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Let us now consider the second term in (4.33):

iλιY ιY

(
Ĉ(7) ∧ B̂(2)

)
µ0µ1µ2µ3abc

= −iλ[Y i, Y j ]
(
Ĉµ0µ1µ2µ3abcB̂ij + Ĉµ0µ1µ2µ3ibcB̂aj + Ĉµ0µ1µ2µ3ijcB̂ab

)
= λ g I

JK Y JiY Kj
(
λY I′k

(
Ĉµ0µ1µ2µ3abcHijk + Ĉµ0µ1µ2µ3ijcHabk

)
tI′

+
(
Cµ0µ1µ2µ3ibc − λY I′kω d

ik Cµ0µ1µ2µ3dbctI′ − λY I′kω l
bk Cµ0µ1µ2µ3ilctI′

)
B̂aj

)
tI ,

(4.38)

where in the last passage we have substituted the expansion for the hatted field Ĉ taken
from (4.36) and also expanded the 2-form B̂(2). Since we want to retain only contributions
up to order λ2, we can neglect any further expansion of the hatted fields, while the only
relevant effect of the pullback is in the term

P
[
Cµ0µ1µ2µ3ibcBaj

]
= Cµ0µ1µ2µ3ibcBaj + 2λDbY

kCµ0µ1µ2µ3ikcBaj + λDaY kCµ0µ1µ2µ3ibcBkj .

(4.39)
We can single out the following contribution to (J (D6)

(3) )
abk

λ2g I
JK Y JiY KjY I′kω l

bk Cµ0µ1µ2µ3ilcB̂ajtItI′ , (4.40)

that matches the covariant derivative of the term proportional to g1Y 3χ2 expected in the
modified F̄(2).

From the third term in (4.33) we get:

P
[
iλ2ιY ιY Ĉ(7) ∧ F

]
µ0µ1µ2µ3abc

= λ2 g I
JK Y JiY KjCµ0µ1µ2µ3ijcFI′

ab tItI′ + O(λ3) , (4.41)

which cannot be interpreted as bringing a modification to the field strength, while the last
one gives no contribution at all since the interior product should be applied to a 11-form.

Modified F(4). In order to find the modified F̄(4), we can start again from the expression
of the field strength in the democratic formulation of type IIA (A.6). However, some
modifications are needed. Our setup, indeed, differs from the one of [32] in that we are
considering the presence of topological fluxes. As explained in detail in [33], this implies a
modification of the Chern-Simons terms of IIA supergravity, basically because fluxes prevent
boundary terms from vanishing when an integration by parts is performed. The general
solution for the field strengths F(p) in presence of fluxes is then [22]

F = dC + H(3) ∧ C + F flux ∧ e−B(2) , (4.42)

where bold symbols F , C, F flux denote respectively formal sums of all the field strengths,
the RR fields and the constant flux contributions to the field strengths (for any field strength
F(p) on the l.h.s. we have to consider only the terms with the appropriate degree in the
above expansion on the r.h.s. ).

In this case, this means that F(4) (before the contributions coming from the open string
sector) can be written as

F(4) = dC(3) − F flux
(2) ∧ B(2) + 1

2F flux
(0) B(2) ∧ B(2) + F flux

(4) . (4.43)
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In our setup, namely the orientifold projection and the SO(3) truncation, the only non-
vanishing components of the field strength are

F(4) = 1
4!Faibj ea ∧ ei ∧ eb ∧ ej = 1

4! f4 εabc εijk δck ea ∧ ei ∧ eb ∧ ej . (4.44)

If we consider the following expressions(
dC(3)

)
aibj

= −ω c
ab Ccij − ω c

ij Ccab + 2ω k
aj Ckib, (4.45)(

F(2) ∧ B(2) −
1
2F(0)B(2) ∧ B(2)

)
aibj

= 2FaiBbj − F(0)BaiBbj , (4.46)

and compare them with (4.44), taking into account also the fact that we have already obtained
the full expression for the modified field strengths F̄(2) and F̄(0), we obtain

f4 = a1+c̄1χ1−b1χ−2c1χ1−2(a2+c1Y 2+g1AY 2−a3χ2+g1Y 3χ2)χ2−(a3−g1Y 3)χ2
2. (4.47)

On the other hand, the modified field strength F̃(4) that we expect from the scalar potential
in the 4-dimensional gauged supergravity theory suggests that the scalar f4 is replaced by

f̃4 = a1 − b1χ − 2c1χ1 + c̄1χ1 − 2a2χ2 − 2c1Y 2χ2 − 2g1AY 2χ2

+ a3χ2
2 − g1Y 3χ2

2 − g0Y − g1A2Y − c0Y 2

2 − 1
2AY (2c1 + c̄1) .

(4.48)

The missing terms in f4, namely

∆f4 = f̃4 − f4 = −g0Y − g1A2Y − c0Y 2

2 − 1
2AY (2c1 + c̄1) , (4.49)

should then come out from the WZ action. In order to find them, or equivalently to find
the modified Bianchi identity for the field strength F(4), we have to look at the couplings
in the Wess-Zumino action that involve the C(5) field:

µD6

∫
WV(D6)

Tr
{

P
[
Ĉ(5) ∧ B̂(2) + iλ

2 ιY ιY

(
Ĉ(5) ∧ B̂(2) ∧ B̂(2)

)
+ λ Ĉ(5) ∧ F

+ iλ2ιY ιY

(
Ĉ(5) ∧ B̂(2)

)
∧ F + O(λ3)

]}
,

(4.50)

aiming at isolating a current J
(D6)
(5) appearing in∫

10
C(5) ∧ J

(D6)
(5) . (4.51)

The fluxes obtained from dimensional reduction of F(4) that survive the orientifold
projection are F(4) = 1

4!Faibjea ∧ ei ∧ eb ∧ ej , then

dF(4) = − 1
4!
(
Fmibjω m

an + Fambjω m
in + Faimjω m

bn + Faibmω m
jn

)
en ∧ ea ∧ ei ∧ eb ∧ ej

= − 1
4!
(
Fcibjω c

ad + Fakbjω k
id + Faicjω c

bd + Faibkω k
jd

)
ed ∧ ea ∧ ei ∧ eb ∧ ej .

(4.52)
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Hence, we look for components of the current of type (J (D6)
(5) )

abcij
, which should be coupled

with a (C(5))µ0µ1µ2µ3k
field.

The first term in (4.50) can be rewritten as

P
[
Ĉ(5) ∧ B̂(2)

]
µ0µ1µ2µ3abc

= Ĉµ0µ1µ2µ3aB̂bc + λDaY iĈµ0µ1µ2µ3iB̂bc + λDbY
iĈµ0µ1µ2µ3aB̂ic

+ λ2DaY iDbY
jĈµ0µ1µ2µ3iB̂jc + λ2DaY iDbY

jĈµ0µ1µ2µ3cB̂ij + . . .

= λY iCµ0µ1µ2µ3aHbci − λ2Y iY jω k
ai Cµ0µ1µ2µ3kHbcj︸ ︷︷ ︸

c0Y 2

−λ2(DaY i)Y jCµ0µ1µ2µ3iHbcj︸ ︷︷ ︸
c0Y 2

+ λDbY
iCµ0µ1µ2µ3aBic −λ2(DbY

i)Y jω k
aj Cµ0µ1µ2µ3kBic︸ ︷︷ ︸

g1AY 2χ2

+ λ2DaY iDbY
jCµ0µ1µ2µ3iBjc︸ ︷︷ ︸

g1AY 2χ2 , c1Y 2χ2

.

(4.53)

With the same procedure, we get from the second contribution to (4.50)

P
[
iλιY ιY

(
Ĉ(5) ∧ B̂(2) ∧ B̂(2)

)]
µ0µ1µ2µ3abc

= P
[
− iλ[Y i, Y j ]

(
Ĉµ0µ1µ2µ3aB̂bcB̂ij + Ĉµ0µ1µ2µ3aB̂biB̂jc + Ĉµ0µ1µ2µ3iB̂jaB̂bc

)]
= P

[
− iλ[Y i, Y j ]

(
Cµ0µ1µ2µ3aBbiBjc − λY kω l

ak Cµ0µ1µ2µ3lBbiBjc

+ λY kCµ0µ1µ2µ3iBjaHbck

)]
= λ g I

JK Y JiY Kj
(
Cµ0µ1µ2µ3aBbiBjc + λDaY kCµ0µ1µ2µ3kBbiBjc︸ ︷︷ ︸

g1Y 3χ2
2

+ λ2Y I′k
(
− ω l

ak Cµ0µ1µ2µ3lBbiBjc︸ ︷︷ ︸
g1Y 3χ2

2

+Cµ0µ1µ2µ3iBjaHbck

)
tI′

)
tI .

(4.54)

From the third term in (4.50) we can obtain

P
[
λ Ĉ(5) ∧ F

]
µ0µ1µ2µ3abc

= λĈµ0µ1µ2µ3aFbc + λ2DaY iĈµ0µ1µ2µ3iFbc

= λCµ0µ1µ2µ3aFbc − λ2Y iω j
ai Cµ0µ1µ2µ3jFbc + λ2DaY iCµ0µ1µ2µ3iFbc

= λCµ0µ1µ2µ3aFbc − 2λ2Y iω j
ai Cµ0µ1µ2µ3jFbc − λ2g I

JK AJ
a Y KitICµ0µ1µ2µ3iFbc .

(4.55)

In components, the full expression of the non-abelian field strength (B.6) is

Fab = FI
ab tI =

(
FI

ab
(flux) + g I

JK AJ
aAK

b + ω c
[ab] A

I
c

)
tI . (4.56)

Using this result, we can isolate in the previous formula the contributions containing at least
a metric flux, and then contributing to our modified Bianchi identity:

− 2λ2ω j
ai Cµ0µ1µ2µ3j

(
Y IiFI′

bc

(flux)︸ ︷︷ ︸
g0Y

+ Y Iig I′
J ′K′ AJ ′

b AK′
c︸ ︷︷ ︸

g1Y A2

)
tItI′

− 2λ2Cµ0µ1µ2µ3j ω j
ai ω d

bc Y IiAI′
d︸ ︷︷ ︸

c̄1Y A , c1Y A

tItI′ + λ2Cµ0µ1µ2µ3iω
d

bc g I
JK AJ

a Y KiAI′
d︸ ︷︷ ︸

g1Y A2

tItI′ .
(4.57)
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The last term in (4.50) is already of order λ2, then we can neglect both the expansion
of the fields and the pullback:

P
[
iλ2ιY ιY

(
Ĉ(5) ∧ B̂(2)

)
∧ F

]
µ0µ1µ2µ3abc

= λ2 gI
JK Y JiY KjCµ0µ1µ2µ3iBjaFbctI + O(λ3) ,

(4.58)

then it is expected that it gives no contribution to the modified Bianchi identity.

Modified F(6). According to the formula (4.42) for the R-R field strengths of type IIA
supergravity, the full expression for F(6) is

F(6) = dC(5) +H(3)∧C(3)−F flux
(4) ∧B(2) + 1

2F flux
(2) ∧B(2)∧B(2)−

1
3!F

flux
(0) B(2)∧B(2)∧B(2) +F flux

(6) .

(4.59)
In the SO(3) truncation, the field strength has the form

F(6) = 1
6!Faibjck ea ∧ ei ∧ eb ∧ ej ∧ ec ∧ ek = 1

6! f6 εabc εijk ea ∧ ei ∧ eb ∧ ej ∧ ec ∧ ek . (4.60)

In order to derive the expression for the scalar f6, we can write in components(
H(3) ∧ C(3)

)
aibjck

= HijkCabc + 3HabkCijc (4.61)(
F(4) ∧ B(2) −

1
2F(2) ∧ B(2) ∧ B(2) + 1

3!F(0)B(2) ∧ B(2) ∧ B(2)
)

aibjck

= 3FaibjBck − 6
2FaiBbjBck + 6

3!F(0)BaiBbjBck ,
(4.62)

so that we get

f6 = a0 − b0χ + 3c0χ1 − 3χ2f̃4 − 3χ2
2f̃2 − χ3

2F̃(0) , (4.63)

where we have to consider the previous results for the modified field strengths of rank p < 6.
After these replacements, we can compare f6 with the modified field strength computed
from the gauged supergravity potential

f̃6 = a0 − b0χ + 3c0χ1 − 3a1χ2 + 3g0Y χ2 + 3
2c0Y 2χ2 + 3b1χχ2 + 6c1χ1χ2 − 3c̄1χ1χ2

+ 3a2χ2
2 + 3c1Y 2χ2

2 − a3χ3
2 + g1Y 3χ3

2 + 3Ag0 + g1A3 + 3
2A

2(c̄1 + 2g1Y χ2)

+ 3
2AY (c0 + χ2(2c1 + c̄1 + 2g1Y χ2)) .

(4.64)

Hence, the terms that we should be able to read off from the non-abelian brane action
correspond to

∆f6 = f̃6 − f6 = 3
2 c̄1A2 + 3Ag0 + A3g1 + 3

2c0AY . (4.65)

The contributions to the WZ action that we can analyze concerning F̃(6) are

µD6

∫
WV(D6)

Tr
{

P
[1

2 Ĉ(3) ∧ B̂(2) ∧ B̂(2) + iλ

3! ιY ιY

(
Ĉ(3) ∧ B̂(2) ∧ B̂(2) ∧ B̂(2)

)
+ λ Ĉ(3) ∧ B̂(2) ∧ F + iλ2ιY ιY

(
Ĉ(3) ∧ B̂(2) ∧ B̂(2)

)
∧ F

+ λ2

2 Ĉ(3) ∧ F ∧ F + O(λ3)
]}

.

(4.66)
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Let us focus on the last contribution. Writing it in components, we can select a term of the form(
Ĉ(3) ∧ F ∧ F

)
µ0µ1µ2µ3abc

= Ĉµ0µ1µ2Fµ3aFbc = Ĉµ0µ1µ2

(
∂µ3Aa

)
Fbc + . . . . (4.67)

After an integration by parts, it gives back in the WZ action a contribution ∂µ3Ĉµ0µ1µ2AaFbc,
that we can interpret as a coupling of the derivative of C(3) with the modified field strength
F̃(6). Using the expression (4.56) for the non-abelian field strength, we get

∂µ3Ĉµ0µ1µ2

(
AI

aFI′
bc

(flux)︸ ︷︷ ︸
g0A

−AI
ag I′

J ′K′ AJ ′
b AK′

c︸ ︷︷ ︸
g1A3

+AI
aω d

bc AI′
d︸ ︷︷ ︸

c̄1A2

)
tItI′ . (4.68)

With a similar procedure, starting from the third term in (4.66), we can derive from(
Ĉ(3) ∧ B̂(2) ∧ F

)
µ0µ1µ2µ3abc

= Ĉµ0µ1µ2Fµ3aB̂bc = Ĉµ0µ1µ2

(
∂µ3Aa

)
B̂bc + . . . (4.69)

a coupling ∂µ3Ĉµ0µ1µ2AaB̂bc that finally gives, if we replace the expansion for the hatted
field B̂(2),

∂µ3Ĉµ0µ1µ2λ
(
AI

aY I′iHbci︸ ︷︷ ︸
c0AY

)
tItI′ . (4.70)

4.4 Reduction of the DBI action

The DBI action (4.14) is responsible for contributions to the scalar potential in 4 dimensions.
We expand the metric and the B-field around the position yIi = λY Ii (static gauge), at first
order in λ. Furthermore, we only keep the fluxes with non-contracted legs in the worldvolume
directions of the D6-brane. We obtain:

Ĝab = ρσ2δab, Ĝai = 0, Ĝij = ρσ−2δij , (4.71)
B̂ab = λc0 εabkY k, B̂ai = χ2δai, B̂ij = 0. (4.72)

According to the definition (B.5), one can compute the fields

Êab = ρσ2δab + λc0εabkY k, Êai = −Êia = χ2δai, Êij = ρσ−2δij . (4.73)

Due to the definition (B.4), we obtain that

Qi
j = δi

j + λAi
j ,

with
Ai

j = ρσ−2g1εIJ
LY IiY J

j tL.

The antisymmetry property of εIJ
L leads to Ai

i = 0, hence

√
detQi

j = 1 − λ2

2
(Ai

jAj
i

2
)

+ · · · = 1 + λ2

2 ρ2σ−4g1
2Y 2

N∑
I=1

tI
2 + . . . . (4.74)

In the last step, the definitions (3.20) and (3.21) have been used.
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In order to find the contribution of (B.3) to the DBI action, let us employ (B.8) to compute

P [Êab] = Êab + λDaY kÊkb + λDbY
kÊak + λ2

2 DaY iDbY
jÊij . (4.75)

In particular, by using the expressions (4.73) and the definition (B.9), one obtains

DaY kÊkb = −χ2δkb

(
c1εam

kY m − g1εIJ
KAa

IY JktK

)
,

DbY
kÊak = χ2δak

(
c1εbm

kY m − g1εIJ
KAb

IY JktK

)
,

DaY iDbY
jÊij = ρσ−2(c1εam

iY m − g1εIJ
KAa

IY JitK

)(
c1εbl

jY l − g1εMN
LAb

M Y NjtL

)
δij .

Accordingly, (4.75) can be recast in

P [Êab] = ρσ2δab + λÊ
(1)
ab + λ2Ê

(2)
ab , (4.76)

with

Ê
(1)
ab = c0εabkY k + 2χ2

(
c1εabmY m − g1εIJ

KA[b|
IY J

|a]tK

)
,

Ê
(2)
ab = 1

2DaY iDbY
jÊij .

Moreover,
(Q−1)i

j = δi
j − λAi

j + λ2(Ai
lA

l
j) + . . . .

This enters the matrix MMN defined in (B.3), along with

P [Êai] = Êai + λDaY kÊki = χ2δai + λÊ
(1)
ai ,

P [Êjb] = Êjb + λDbY
kÊjk = −χ2δjb + λÊ

(1)
bj .

where we make use of

Ê
(1)
ai = ρσ−2(c1εiamY m − g1εIJ

LAa
IY JitL

)
. (4.77)

We can then calculate

P [Êai(Q−1 − δ)ijÊjb] = ρσ−2[λχ2
2δaiA

ijδjb + λ2(2χ2Ê
(1)
[a|iA

ijδj|b] − χ2
2Ai

lA
ljδaiδjb

)]
+ . . .

By also writing Fab as in (4.56)

Fab =
(
g0 + c̄1A + g1A2)εab

ItI , (4.78)

one can compute the matrix MMN . The relevant terms for the potential, up to second
order in λ, will be

Mµν = τ−2gµν + . . . ,

Mab = ρσ2δab + λM(1)
ab + λ2M(2)

ab + . . . ,

with

M(1)
ab = Ê

(1)
ab + ρσ−2χ2

2δaiA
ijδjb + Fab,

M(2)
ab = Ê

(2)
ab + 2χ2Ê

(1)
[a|iA

ijδj|b] − χ2
2Ai

lA
ljδaiδjb.

– 23 –



J
H
E
P
0
3
(
2
0
2
5
)
1
5
9

Furthermore, since M(1)
ab is antisymmetric in (a, b),

√
detMMN =

√
−g(4)τ−4ρ3/2σ3

(
1 + λ2

2 ρ−1σ−2M(2)a
a − λ2

4 ρ−2σ−4M(1)a
bM(1)b

a

)
+ . . . .

(4.79)
The calculation of the DBI action for each D6-brane finally requires to insert (4.4), (4.74)
and (4.79) in (4.14) and to exploit the condition (B.7) on the gauge generators

[tI , tJ ] = −igIJ
KtK , Tr[tI , tJ ] = δIJ . (4.80)

The setup under study also contains an orientifold plane O6−, whose DBI and WZ actions
are given by (4.16) and (4.17). The contribution of O6-planes in the DBI reduction only
appears at the zeroth order in λ and can be obtained by using (4.2) and (4.4) in (4.16). Both
considering the latter and the contribution of the D6-branes (4.14), the DBI potential reads

VDBI = V
(0)

DBI + λ2V
(2)

DBI + . . . . (4.81)

In particular, both D6-branes and O6-orientifold planes give rise to

V
(0)

DBI = σ3τ−3(ND6TD6 + TO6
)
. (4.82)

This can be rewritten on grounds of the tadpole cancellation condition. Indeed, the modified
Bianchi identity (A.11) in presence of D6/O6 sources reads

dF(2) − H(3) ∧ F(0) = Q6volM(a)
3

, (4.83)

with on the right hand side an effective current density Q6 and the volume of the submanifold
of the three compact directions along the worldvolume of the D6-brane. In particular,

Q6 = 1
2π

(
ND6µD6 + NO6µO6

)
. (4.84)

Working, for simplicity, in the instance such that

TD6 = µD6 = 2π, TO6− = µO6− = −4π, (4.85)

and making the corresponding fluxes explicit, (4.83) reads

a3b0 − 3a2b1 = (ND6 − 2NO6−
)

(4.86)

hence
V

(0)
DBI = σ3τ−3(F̃(0)b̃0 − 3f̃2c1

)
. (4.87)

The zeroth order in λ of the potential arising from the gauged supergravity is fully recovered
by using in (4.87) the WZ-modified fluxes (4.25), (4.30) and the modified metric flux

b̃0 = b0 − 3b1χ2. (4.88)

This arises from the definition H(3) = dB(2) and corresponds to all terms in the potential
scaling as τ−2ρ−3σ6 (also see (4.10) and table 3). Let us notice that b1 and c1 fluxes do
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not get corrections by the WZ and DBI actions, as the potential has no other terms with
the same scaling as those in the (4.8) and quadratic in these fluxes. This is why in (4.87)
the flux c1 is not modified.

At further order in λ instead, only D6-branes can give rise to non-trivial terms in the
DBI action. Due to (4.79) and (4.74), one finds that

V
(2)

DBI = σ3

τ3 Tr
[1

2ρ−1σ−2M(2)a
a − 1

4ρ−2σ−4M(1)a
bM(1)b

a − 1
4Ai

jAj
i

]
, (4.89)

with the trace meant on the gauge generators as in (B.7).
If we consider all terms arising from reduction of the DBI action (4.81) up to the second

order in λ and we add them to the bulk action VBulk (4.13) with all the field strengths replaced
with the modified ones, we get the full potential of our theory, which perfectly matches with the
scalar potential (3.9) coming from the 4D gauged supergravity description, once we consider
the proper dictionary between scalar degrees of freedom in the SO(3) truncation (2.13), (2.14).

5 Analysis of vacuum solutions

Vacuum solutions are found by imposing the extremality condition of the potential (3.9) with
respect to the scalar fields of the theory (collectively named here as Σ)

∂ΣV (Σ)|Σ0 = 0, (5.1)

where Σ0 represents the corresponding vacuum expectation values. We work in the flux
picture [23], namely we fix one point (or a subset) in the scalar manifold and then we look
for the (real) flux values that minimize the potential. These critical points also need to
satisfy the quadratic constraints (3.18) arising from the consistency of the gauged supergravity
formulation. The set of polynomials associated to equations (5.1) and (3.18), always quadratic
in the fluxes, generate a polynomial ideal I, which can be studied with the aid of algebraic
geometry techniques, as in [23, 34, 35]. In particular, we exploit the Gianni-Trager-Zacharias
(GTZ) algorithm [36] to identify the decomposition of I into primary ideals Ji

I = J1 ∩ · · · ∩ Jn,

whose existence is ensured by the Lasker-Noether theorem. This task has been accomplished
by making use of the Singular software [37]. If we denote with Z(I) the set of common
zeros of polynomials in the ideal I, which is the same as the set of zeros of the generating
polynomials, we always have

Z
( n⋂

i=1
Ji

)
=

n⋃
i=1

Z(Ji).

Therefore we can find the real roots of the ideal I by finding independently those of its
primary ideals Ji, or equivalently of the associated primes

√
Ji.
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Solution a0 a1 a2 a3 b0 b1 c0 c1 = c̄1 g0 g1

A λ 0 0 s1

√
5 + 3

√
13

14 λ 0 −11 +
√

65
14 λ 0 −λ s2

5
√

10 +
√

26
14 λ 0

B λ 0 0 s1

√
5 − 3

√
13

14 λ 0 −11 +
√

65
14 λ 0 −λ s2

5
√

10 −
√

26
14 λ 0

Table 5. The two families of solutions in the origin depending on two signs s1, s2.

5.1 Solutions in the origin

To begin with, we look for vacuum solutions restricting to the origin of the scalar manifold,
i.e., setting to zero both the open and the closed string scalars.

This is just a starting point, because the approach of going to the origin is not completely
general in our case: we cannot perform arbitrary transformations from the duality group
that simultaneously rotate the embedding tensor and the point in the scalar manifold, since
a generic rotation would not leave invariant the set of flux components that we have chosen
to turn on.

Looking at the expression of the scalar potential in the origin, we can see that, among
the open string fluxes, it does not depend on the structure constants of the Yang-Mills
gauge group g K

IJ , then the only possibility to find new vacua that solve the quadratic
constraint (3.23) is to have a non-vanishing field strength FI

ab . Critical points of this kind
are actually found: the only possible solutions are 8 1-dimensional extrema, which can be
grouped into two families of four 1-parameter solutions each, differing only in the choice
of two signs s1, s2 = ±1, as shown in table 5.

The values of the scalar potential for these solutions are

V0(A) = −
3
(
61 + 3

√
65
)

1568 λ2, V0(B) =
3
(
− 61 + 3

√
65
)

1568 λ2. (5.2)

One may ask now what is the amount of supersymmetry preserved at any of the critical
points. To this purpose, we can introduce the gravitini mass matrix A ij

1 and the fermionic
shift matrix A ij

2 , defined as

A ij
1 = εαβ (Vα

)∗V M
[kl] V [ik]

N V [jl]
P f NP

βM ,

A ij
2 = εαβ VαV M

[kl] V [ik]
N V [jl]

P f NP
βM .

(5.3)

Here the complexified SL(2,R) vielbein Vα is written as

Vα = eϕ/2(χ + ie−ϕ, 1
)

(5.4)

and it is such that Mαβ = Vα
(
Vβ

)∗, while the complexified vielbein V [ij]
M is built from

the SO(6, 6 + N) vielbein rotated to Cartesian coordinates V̊ M
M by taking its timelike

components V̊ m
M and using the SO(6) ’t Hooft symbols to turn the SO(6) index into a couple

of antisymmetric SU(4) indices. A ij
1 and A ij

2 satisfy the following Killing spinor equations [16]

A ij
1 qj =

√
−3V qi , qjA ji

2 = 0 . (5.5)

In the case of our SO(3) truncation, the diagonalized gravitini mass matrix takes the form

A1 = diag(κ1, κ2, κ2, κ2) , (5.6)
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N = 1 N = 3 N = 4
a0 = 3a2 − 3b1 + 6c1 − 3c̄1

a3 = 3a1 − b0 − 3c0

a0 = −a2 + b1 − 2c1 − 3c̄1

a3 = −a1 − b0 + c0

a0 = −3c̄1, a1 = c0

a2 = b1 − 2c1, a3 = b0

Table 6. Constraints on flux configurations so that they admit solutions preserving some supersym-
metry at the origin.

Solution a0 a1 a2 a3 b0 b1 c0 c1 = c̄1 g1

1(s1)
3
√

10
2 λ s1

√
6

2 −
√

10
6 λ s1

5
√

6
6 λ −s1

√
6

3 λ
√

10
3 λ s1

√
6

3
√

10λ g1

Table 7. N = 1 vacuum solutions at the origin (s1 = ±1).

due to the splitting of the SU(4) with respect to the action of SO(3), so that the possible
amounts of supersymmetry preserved are N = 4, N = 3, N = 1 or N = 0 depending on
whether the absolute values of κ1 and κ2 coincide with

√
−3V .

Alternatively, the preserved supersymmetry can be investigated by finding the number of
null eigenvalues of the fermionic shift matrix Aij

2 . In table 6 we show the necessary conditions
on the fluxes for the solutions in the origin to preserve different amounts of supersymmetry.

According to the spinor equations (5.5), or equivalently to the conditions in table 6, all
the solutions in families A and B are non-supersymmetric. Indeed, requiring a non-trivial
vacuum in the origin which partially preserves supersymmetry gives us back 2 solutions
with residual N = 1 having vanishing g0 and free value for g1, which are the immediate
generalization of the solutions already appearing in [23, 29] (named as family 1 with choice
of the sign s2 = +1 and arbitrary s1), that we report in table 7 for completeness.

In order to understand the stability properties of each solution, it is not enough to
determine the masses of the SO(3)-invariant scalar fields from second-order derivatives of
the scalar potential. Indeed, a critical point could be made unstable by fluctuations of any
of the N = 4 scalars, including those ones that are set to zero by the truncation. The
computation of the full mass spectra for any of the solutions can be performed adopting the
formulation of [38]. Stability of an AdS4 solutions is established if all the mass eigenvalues
satisfy the B. F. bound given by

m2 ≥ −3
4 . (5.7)

In the case of solutions of type A and B, the masses do not depend on the signs s1, s2
and for both families the lowest eigenvalue does not satisfy the B.F. bound, then all these
critical points are not stable. Further details about the complete set of normalized masses
can be found in the appendix C.

5.2 Out of the origin

Moving out of the origin of the moduli space, in particular allowing the open string scalars
to have a non-vanishing value, we find 16 new critical points of the potential, all placed away
from the origin only along the A direction. As in the previous case, they can be arranged
into families of 4 solutions depending on two signs s1, s2.
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Solution a0 a1 a2 a3 b0 b1 c0 c1 , c̄1 g0 g1

1
(
s2

3
2 − 1

2A
2
)
λ s1

1
2

√
3
5λ −s2

λ

6 s1
1
2

√
5
3λ −s1s2

λ√
15

λ

3 s1s2
λ√
15

λ 0 − λ

A

2
(
s2

5
3 − 1

2A
2
)
λ 0 0 s1

√
5

3 λ 0 λ

3 0 λ 0 − λ

A
3

(
s2 −

1
2A

2
)
λ −s1

λ√
3

s2
λ

3 s1
λ√
3

s1s2
λ√
3

λ

3 −s1s2
λ√
3

λ 0 − λ

A
4

(
s2
√

5 − 1
2A

2
)
λ 0 0 s1λ 0 λ 0 λ 0 − λ

A

Table 8. The four families of solutions depending on two signs s1, s2.

As shown in table 8, the values of the fluxes for these solutions can be expressed in terms
of two parameters, one of them being precisely the value of the scalar field A. Indeed, they
can all be interpreted as a generalization of the 1-dimensional solutions discussed in [23]
and [29] in a closed string scenario. Those solutions can be restored if we take the limit
A → 0, with the condition that λ

A remains constant: in this way, the A2 correction to the
flux a0 disappears and the flux g K

IJ becomes independent of the closed string sector. In
other words, we come back to a solution in the origin, with an open string flux g K

IJ that,
even if not vanishing, does never contribute to the scalar potential, as already explained.

The vacuum energy densities associated to these solutions are

V0(1) = −λ2

10 , V0(2) = −5λ2

48 , V0(3) = −λ2

12 , V0(4) = −3λ2

16 , (5.8)

which coincide, up to a proper rescaling of the parameter λ employed, with the values for
the old solutions in the closed string sector.

Looking for further new solutions possibly out of the origin, we focused in particular on
the possibility of vacua with no Roman’s mass, namely a3 = 0. However, this investigation
led us to the conclusion that - besides vacua with all open string fluxes vanishing - the only
such vacua are Minkowski vacua in the origin with fluxes

b1 = a2 , a0 = a1 = a3 = b0 = c0 = c1 = c̄1 = 0 , g0 = 0 , (5.9)

for any value of the flux g1. Taking into account the fact that g1 is not coupled to the
other fluxes and does not contribute to the scalar potential, these vacua correspond to a
1-dimensional subset of the 2-dimensional critical points described in [23] in a purely closed
string setting, dual to GKP ones [39].

As far as residual supersymmetry is concerned, solving the eigenvalues equation of A ij
1 ,

we find that only the solutions of family 1 with s2 = + preserve N = 1 supersymmetry,
having κ1 =

√
−3V , while the remaining ones are non-supersymmetric. We can have a double

check of this result by diagonalizing the fermionic shift matrix A ij
2 : only one zero eigenvalue

appears in the case of solutions of family 1 with s2 = +, while all the other solutions give
a matrix A ij

2 with non-vanishing eigenvalues.
In order to understand the stability properties of each solution, we would like to compute

the associated mass spectra for the complete set of scalar fields. To this purpose, we can
still follow the procedure developed in [38], but only after properly rotating the embedding
tensor. Since the procedure is only valid at the origin, we have to find the rotation that
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brings a generic point of the moduli space with non-vanishing A back to the origin and apply
the inverse rotation to the embedding tensor indices.

Tables 9 and 10 collect the results obtained for the normalized masses. In each table,
we colour the multiplicities associated to the masses coming from the open string sector; in
particular, the masses that are common to any choice of the signs are shown in blue, while
the values that depend on the sign s2 are highlighted in red.

We can deduce that the stable extrema of the scalar potential, i.e. the solutions where
tachyons are not present or satisfy the B.F. bound m2 ≥ −3

4 , are

• solutions of family 1 for any choice of the signs;

• solutions of family 3 for any choice of the signs;

• solutions of family 4 only for s2 = +.

In the remaining cases, there is a tachyon exceeding the B.F. bound, which is highlighted
in gray in tables 9 and 10.

The geometry of our families of solutions is determined by the values assumed by the
metric fluxes. In the cases of table 8, the metric fluxes do not depend on any of the open
string parameters, meaning that the introduction of dynamical open strings does not affect
the vacuum geometries, which should remain unchanged with respect to those of the pure
closed string case, studied in [23]. In particular, the N = 1 family of vacuum solutions
is analyzed in [40] and in [22], where it is shown that it corresponds to compactifications
on AdS4 ×M6, with the internal manifold M6 having the topology of (S3 × S3)/Z2

3. As
a coset, it is realized as

M6 = SU(2) × SU(2) × SU(2)
SU(2) . (5.10)

As for the other families of vacua, in [23, 41] it is shown that they can be rewritten as different
critical points of the same scalar potential, having the fluxes of the supersymmetric solution,
then their geometry is again described by (5.10).

5.3 The case N = 6 at the origin

We have also explored the case N = 6 at the origin and have found some solutions beyond
the ones that can be trivially extended from the configurations found for N = 3.

Having N = 6 allows us to consider, at least, 2 nonvanishing values for the structure
constants (modulo their antisymmetric components). This way, we can solve the quadratic
constraint (3.22) by considering gauge fluxes FI

ab along the orthogonal components for which
the structure constant are nonzero.

By splitting the indices I as I = {I ′, I ′′} (I ′, I ′′ = 1, 2, 3) and for consistency with the
SO(3) truncation, we consider the following fluxes:

FI′
ab = εabcδ

cI′
g0 , gI′J ′K

′ = εI′J ′L′δL′K′
g1 , (5.11)

FI′′
ab = εabcδ

cI′′
g′0 , gI′′J ′′K

′′ = εI′′J ′′L′′δL′′K′′
g′1 , (5.12)

which correspond to GYM = SO(3) × SO(3).
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1 , s2 = +1

−2
3 1 + 1

0 10 + 4
1
3
(
4 −

√
6
)

1
1
18

(
89 − 5

√
145 −

√
606 − 30

√
145

)
5

11
6 3

1
3
(
4 +

√
6
)

1
1
18

(
89 − 5

√
145 +

√
606 − 30

√
145

)
5

29
9 3

1
9
(
47 −

√
159

)
1

1
6
(
43 −

√
94
)

5
1
18

(
89 + 5

√
145 −

√
606 + 30

√
145

)
5

1
9
(
47 +

√
159

)
1

1
6
(
43 +

√
94
)

5
1
18

(
89 + 5

√
145 +

√
606 + 30

√
145

)
5

2 , s2 = +1

−4
5 1

−2
5 1

0 10 + 4
4
5 5

1
15
(
77 − 5

√
145

)
5

2 1 + 3
2
15
(
31 −

√
145

)
5

46
15 3
16
5 1
64
15 1

2
15
(
31 +

√
145

)
5

6 5
20
3 1

1
15
(
77 + 5

√
145

)
5

3 , s2 = +1

0 11 + 4 + 1
2 2

1
3
(
19 −

√
145

)
10

3 3
14
3 3
20
3 2
9 5 + 5

1
3
(
19 +

√
145

)
10

4 , s2 = +1
4
3
(
2 −

√
5
)

5
0 16 + 4
2
3 3
4
3 6
2 4 + 5

2
3
(
1 +

√
5
)

1
8
3 5
6 6
20
3 1

Table 9. Normalized masses for the four families of solutions with the sign s2 = +1. Tachyons are
highlighted with a gray background. The multiplicities associated to the masses coming from the open
string sector are coloured (blue for masses that are common to any choice of the signs, red for those
depending on s2).
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1 , s2 = −1

−2
3 1

0 10 + 4
1
3
(
4 −

√
6
)

1
1
18

(
89 − 5

√
145 −

√
606 − 30

√
145

)
5

5
6 5

1
3
(
4 +

√
6
)

1
1
18

(
89 − 5

√
145 +

√
606 − 30

√
145

)
5

5
2 3
29
9 3
10
3 1

1
9
(
47 −

√
159

)
1

1
18

(
89 + 5

√
145 −

√
606 + 30

√
145

)
5

1
9
(
47 +

√
159

)
1

15
2 5

1
18

(
89 + 5

√
145 +

√
606 + 30

√
145

)
5

2 , s2 = −1

−4
5 1 + 1

−2
5 1

0 10 + 4
1
15
(
77 − 5

√
145

)
5

2 1 + 3
2
15
(
31 −

√
145

)
5

46
15 3
64
15 1

2
15
(
31 +

√
145

)
5

6 5
20
3 1
44
5 5

1
15
(
77 + 5

√
145

)
5

3 , s2 = −1

0 11 + 4
1 5
2 2

1
3
(
19 −

√
145

)
10

3 3
4 1
14
3 3
20
3 2
9 5

1
3
(
19 +

√
145

)
10

4 , s2 = −1

2
3
(
1 −

√
5
)

1

0 16 + 4
2
3 3
4
3 6
2 4 + 5
8
3 5

4
3
(
2 +

√
5
)

5
6 6
20
3 1

Table 10. Normalized masses for the four families of solutions with the sign s2 = −1. Tachyons are
highlighted with a gray background. The multiplicities associated to the masses coming from the open
string sector are coloured (blue for masses that are common to any choice of the signs, red for those
depending on s2).
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Solutions a0 a3 b1 c1 = c̄1 g1 g′1 g0 g′0

1(s1,s2)
√

65−11
4 λ s1

√
13−

√
5

2 λ λ −
√

65−11
4 λ g1 0 0 s2

3
√

5−
√

13
2
√

2 λ

2(s1,s2)
√

65+11
4 λ s1

√
13+

√
5

2 λ λ −
√

65+11
4 λ g1 0 0 s2

3
√

5+
√

13
2
√

2 λ

1′
(s1,s2)

√
65−11

4 λ s1
√

13−
√

5
2 λ λ −

√
65−11

4 λ 0 g′1 s2
3
√

5−
√

13
2
√

2 λ 0
2′

(s1,s2)
√

65+11
4 λ s1

√
13+

√
5

2 λ λ −
√

65+11
4 λ 0 g′1 s2

3
√

5+
√

13
2
√

2 λ 0

Table 11. Case N = 6. The 1-parameter families of vacuum solutions at the origin with si = ±1.
The coupling constants g1 & g′

1 remain arbitrary and decoupled from the dynamics.

Upon focusing on non-Minkowskian vacua and imposing the coexistence of both fluxes
FI

ab and gIJ
K via the constraints

g0 g′1 ̸= 0 or g1 g′0 ̸= 0 , (5.13)

we obtain a set of 1-parameter solutions, which are shown in table 11.
The value of the potential at the origin for each family of solutions is:

V (1(s1,s2)) = V (1′
(s1,s2)) = − 3

32
(
9 −

√
65
)

λ2 < 0 , (5.14)

V (2(s1,s2)) = V (2′
(s1,s2)) = − 3

32
(
9 +

√
65
)

λ2 < 0 , (5.15)

thus yielding AdS solutions in all cases. However, the minimum of the mass spectrum for
1(s1,s2) and 1′

(s1,s2) is m2 = −0, 9997, and for 2(s1,s2) and 2′
(s1,s2) is m2 = −1.3150. So, none

of them satisfy the B.F. bound, and therefore these solutions are unstable.

6 Flux quantization and perturbative control

It is well-known that 10D supergravity is a good low-energy effective description for strings
in the limit where both the higher-loop expansion governed by the string coupling gs and
the higher-derivative expansion governed by α′ are under control. In practice, this means
adopting a compactification setup where the internal volume is large w.r.t. the string scale
and eΦ is small.

Now, within the 4D supergravity description, if we restrict to the metric and the scalars,
the action may be cast in the following form

S4D =
∫

d4x
√
−g4

(
M2

Pl
2

(
R4 −

1
2KAB ∂ϕA∂ϕB

)
− M4

Pl V (ϕ)
)

+ . . . , (6.1)

where KAB is the metric on the scalar manifold and MPl is the 4D Planck scale. Note
that, when expressing things in this way all the fields and embedding tensor deformations
appearing in the 4D action are dimensionless. This means that, in order to make our 10D/4D
dictionary dimensionally correct, we need to reinsert the right powers of (2πℓs) everywhere
in our reduction Ansatz. This will read

ds2
10 = τ−2ds2

4 + (2πℓs)2 ρ
(
σ2ds2

3,a + σ−2ds2
3,i

)
, (6.2)
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Fluxes H(3) F(p) ω FI

Ω weights Ω2 Ω2+p Ω0 Ω4

Table 12. The scaling weights of all the fluxes that appear as ingredients in our massive type IIA
compactification setup.

where ρ, τ and σ are dimensionless. In particular, ρ measures the internal volume in string
units. In these units, the integrated fluxes need to be quantized according to∮

C3

H(3) ∈ (2πℓs)2 Z ,

∮
Cp

F(p) ∈ (2πℓs)p−1 Z , ωmn
p ∈ (2πℓs)−1 Z . (6.3)

In this way, the objects appearing in our dictionary in table 4 are directly to be identified
with the integers appearing above. For what concerns the open string flux, this obeys∮

C2

F ∈ 2πZ . (6.4)

The vacua presented here are all at ρ = 1 and with unquantized fluxes. However, we
will show in this section that, we can act with a 4D rescaling that transforms both the
scalars and the fluxes into a configuration with physically desirable features. The rescaling
we need is a combination

R+
Ω ≡ R+

trombone × R+
ρ × R+

τ , (6.5)

where the trombone R+ rescales the whole 4D Lagrangian leaving the EOM’s invariant.

ρ ∼ Ω2 , τ ∼ Ω6 , σ ∼ Ω0 , (6.6)

where Ω ∈ R+ will be chosen to be parametrically large. Note that we do not want σ to scale
non-trivially in Ω, as it appears in the 10D metric both with positive and negative powers,
hence we would necessarily have some internal cycle dropping below the string scale when Ω
is chosen large. In table 12 we display the scaling behavior of all the fluxes considered in
our solutions. It may be worth mentioning that all the flux numbers that grow large in the
large Ω regime become insensitive to the flux quantization conditions.

We can now show an explicit way to realize quantization of the fluxes, at least for the
families of solutions in table 8. We start from the family 2. Using the scalings in table 12,
the choice of parameters

λ = 6 m n, Ω2 =
√

5 p, A = − 6 n

5 p2 , (6.7)

with m, n, p ∈ Z, guarantees that all fluxes are integer numbers:

a0 = 250 m n p4 − 108 m n3 , a3 = 10 m n p , b1 = 2 m n , c1 = 6 m n , g1 = m . (6.8)

Among the quantized fluxes of (6.8), only the ones associated with Ramond-Ramond
field strengths (a0, a3) depend on the integer p and would then grow large in a large Ω
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Solution e−ϕ χ e−φ1 χ1 e−φ2 χ2

1
√

3 · 52/3

4 · 21/3 −51/6

21/3 − 3 χ1
√

3 · 52/3

4 · 21/3 χ1
√

3 · 51/3

2 · 22/3
1

2 · 22/3 · 51/6

2 1 0 1 0 1 0
3

√
3 · 51/6

2 · 21/3 51/6 · 22/3 − 3 χ1
√

3 · 51/6

2 · 21/3 χ1
√

3
22/3 · 51/6

1
22/3 · 51/6

4
√

5 −3χ1
√

5
3 χ1 1 0

Table 13. Values of the closed string scalars corresponding to the four families of AdS solutions in
table 8 if the fluxes are fixed to the values of solution 2.

Scales gs
V ol6

(2πℓs)6
|Λ|

M4
Pl

ℓKK
ℓAdS

Ω weights Ω−3 Ω6 Ω−14 Ω0

Table 14. The scaling weights of the physical scales in these compactifications. It is apparent that
the string coupling is parametrically small and the internal volume is large in a regime where Ω ≫ 1.
However, this cannot be combined with scale separation, as the KK scale is of the same order as the
AdS scale.

limit. The remaining ones, which correspond to the structure constants of the internal group
manifold (metric fluxes b1, c1) and of the Yang-Mills group (g1) respectively, do not scale
with p. As a consequence, they can be kept of O(1), e.g. by choosing m = n = 1.

In principle, we should follow an analogous quantization procedure for the solutions in
families 1, 3, 4, which have been obtained by looking for solutions with all the closed string
scalars in the origin. However, fixing the scalar fields and varying the fluxes is perfectly
equivalent to rotating the scalar fields while leaving the fluxes unchanged. Then, we can
look for a rescaling of the closed string scalars in the SO(3) truncation (the three dilatons
ϕ, φ1, φ2 and the three axions χ, χ1, χ2), namely a trasformation belonging to the global
symmetry group SL(2,R) × SO(2, 2), that gives back our solutions if we start from the fluxes
of solution 2. The procedure is similar to the one adopted for the closed string case in [41],
where all the AdS solutions already studied in [23] are recovered as critical points of the same
scalar potential, having the fluxes fixed to the values of the N = 1 supersymmetric solution
in the origin. The results of this computation are shown in table 13.

The physical scales controlling the reliability of our setup are analyzed in table 14,
in terms of their parametric behavior in Ω. As it may be seen in the table, all our AdS
vacuum solutions presented in this work appear to be reliable, whether or not they preserve
supersymmetry. In particular, using the prescription (6.7), we recover a small string coupling
limit (gs ∼ p−3/2) and large volume ( V ol6

(2πℓs)6 ∼ p3) when p is large. However, these solutions
cannot be regarded as proper 4D vacua, in the sense that they fail to realize scale separation.
As noted in [42], this is generically expected in 10D solutions with non-zero internal curvature.

What about higher-derivative corrections? Since the coupling of open strings to the
closed string sector in the DBI action appears as a finite α′ effect, one might be worried
about higher-order corrections. The NLO corrections in the DBI contributions to the scalar
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potential come at O(λ4), and are of degree four in the fluxes. A typical term of such a form is

g4
1Tr (tItI)A8ρ−4τ−3σ−5 ∼ Ω−18 , (6.9)

which is indeed subleading w.r.t. the Ω−14 scaling of the LO potential terms as read off
from table 14. We checked that the complete set of corrections to the DBI potential at this
order only contains terms that scale as Ω−18.

When it comes to higher-derivative corrections to the bulk action, we do not expect
anything before O(α′3), and these contain, e.g. the (R(10))4 term. A correction to the potential
arising from this higher-curvature contribution would scale like

√
g6 ρ3τ−4

(
ρ−1R6

)4
e−2Φ ∼ Ω−20 , (6.10)

which is even more suppressed in the large Ω regime. Finally, string loop corrections will
be suppressed by extra powers of gs ∼ Ω−3.

The fact that we can obtain physically reliable solutions in the large Ω limit, which
coincides with a large volume, large fluxes limit, is particularly important also to justify our
smeared ansatz (2.5) for the metric. Indeed, having well-trusted solutions in a large fluxes
limit could be a good starting point to perform a construction similar to the one applied
in [43] to the smeared solutions of [33]. The aim would be to construct an exact solution for
the 10D fields, in which the O6 plane is localized, as a power expansion controlled by the
inverse of our Ω parameter. The smeared solution should be the lowest-order approximation
of such localized solution.

Two general comments are due before concluding. The former one concerns the stability
issue for the non-supersymmetric AdS vacua presented here. They appear to be perturbatively
stable at least in our setup, i.e. considering the modes that survive the truncation we are
adopting. Nonetheless, one might expect perturbative instabilities of the degrees of freedom
beyond our truncation or even a non-perturbative mechanism that destabilizes the solutions,
in line with the AdS swampland conjecture stated in [44]. However, the concrete construction
of a viable decay channel still remains to be investigated.

The latter issue is to do with our way of understanding the AdS/CFT correspondence, even
in a supersymmetric setup. Generically, we think of it as a holographic duality between the
closed string setup that engineers a supergravity AdS vacuum and the corresponding strongly
coupled CFT describing the open strings living on the worldvolume of the branes. In our case,
the very AdS vacuum relies on a (semiclassical) coupling between closed strings and the open
strings living on the worldvolume of the spacetime filling sources supporting the solution. This
extra complication would require a rethinking of the holographic correspondence in presence
of such brane sources. At present, we cannot yet argue that these vacua admit a CFT dual.
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A A democratic formulation for massive IIA supergravity

Type IIA supergravity with Roman’s mass [45] admits a democratic formulation [32]. The
bosonic sector thereof contains the usual NS-NS fields {G, B(2), Φ}, whereas the R-R degrees
of freedom are doubled {C2p+1}p=0,1,2,3,4. The following pseudoaction can be used as a
mnemonic to obtain the equations of motion in the boson part:

S = 1
2κ2

10

∫
d10x

√
−G

e−2Φ
(
R + 4(∂Φ)2 − 1

12 |H(3)|2
)
− 1

4

5∑
p=0

|F(2p)|2

(2p)!

 (A.1)

The field strengths appearing in the pseudoaction (A.1) are given by

H(3) = dB2 , H(7) = dB6 +
3∑

p=0
(−1)kC(7−2p) ∧

(
F(2p) + F0 ∧

Bp
(2)
p!

)
, (A.2)

F = dC + dB ∧ C + F(0) e−B . (A.3)

Making the formal sums in (A.3) explicit, we can write the field strengths of the R-R
fields as

F0 = m, (A.4)
F(2) = dC(1) − F(0)B(2), (A.5)

F(4) = dC(3) + H(3) ∧ C(1) + F(0)
B2

(2)
2! , (A.6)

F(6) = dC(5) + H(3) ∧ C(3) − F(0)
B3

(2)
3! , (A.7)

F(8) = dC(7) + H(3) ∧ C(5) + F(0)
B4

(2)
4! , (A.8)

F(10) = dC(9) + H(3) ∧ C(7) − F(0)
B5

(2)
5! . (A.9)

In particular, Roman’s mass contribution is encoded in (A.4), with constant m.
Because of their definitions, the field strengths naturally satisfy the modified Bianchi

identities

dH(3) = 0, dH(7) −
1
2

4∑
p=0

F(2p) ∧ ⋆F(2p+2) = 0, (A.10)

dF(0) = 0, dF(2) − H(3) ∧ F(0) = 0, (A.11)
dF(4) − H(3) ∧ F(2) = 0, dF(6) − H(3) ∧ F(4) = 0, (A.12)
dF(8) − H(3) ∧ F(6) = 0, dF(10) = 0. (A.13)

The pseudoaction needs to be supplemented by the following duality relations

F(0) = ⋆F(10) , F(2) = − ⋆ F(8) , F(4) = ⋆F(6) , H(7) = e−2Φ ⋆ H(3) . (A.14)
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This way, the original number of degrees of freedom in the R-R sector is restored. More-
over, (A.14) maps the modified Bianchi identities to the equations of motion for the form
fields in the NS-NS and the R-R sector:

d
(
e2Φ ⋆ H(7)

)
= 0, d

(
e−2Φ ⋆ H(3)

)
− 1

2

4∑
p=0

F(2p) ∧ ⋆F(2p+2) = 0, (A.15)

d ⋆ F(10) = 0, d ⋆ F(8) + H(3) ∧ ⋆F(10) = 0, (A.16)
d ⋆ F(6) + H(3) ∧ ⋆F(8) = 0, d ⋆ F(4) + H(3) ∧ ⋆F(6) = 0, (A.17)
d ⋆ F(2) + H(3) ∧ ⋆F(4) = 0, d ⋆ F(0) = 0. (A.18)

such that the R-R sector can be written as

d ⋆ F(2p) + H(3) ∧ ⋆F(2p+2) = 0 (A.19)

The equations of motions for the dilaton, instead, read

∇M∇M Φ −∇M Φ∇M Φ + 1
4R− 1

8 × 3! |H(3)|2 = 0, (A.20)

whereas those for the metric are

e−2Φ(RMN + 2∇M∇N Φ − 1
4HMP QHN

P Q)− 1
2(F 2

(2))MN − 1
2 × 3!(F

2
(4))MN +

+ 1
4GMN

(
|F0|2 + 1

2! |F(2)|2 + 1
4! |F(4)|2

)
. (A.21)

B Review of the Dp-branes effective action (bosonic part)

As already anticipated in (4.14), (4.15), the effective action of a stack of D6-branes can
be decomposed in two pieces

SDBI
Dp = −TDp

∫
WV(Dp)

dp+1x Tr
(

e−Φ̂
√
− det(MMN ) det

(
Qi

j

) )
, (B.1)

SWZ
Dp = µDp

∫
WV(Dp)

Tr
{

P
[
eiλιY ιY

(
Ĉ ∧ eB̂(2)

)
∧ eλF

]}
. (B.2)

In this appendix we report the key information about these actions, following the notation
of [31]. The matrices MMN and Qi

j appearing in the DBI action are

MMN = P
[
ÊMN + ÊMi(Q−1 − δ)ijÊjN

]
+ λFMN , (B.3)

Qi
j = δi

j + iλ[Y i, Y k]Êkj , (B.4)

where
ÊMN = ĝMN + B̂MN . (B.5)

In the expression of the WZ term, C is meant to be a poliform containing the sum of all
the C(p) fields, ιY stands for the interior product by a vector Y i and F is the field-strength
of the gauge field A living on the brane

F = dA + iA ∧A . (B.6)

– 37 –



J
H
E
P
0
3
(
2
0
2
5
)
1
5
9

In the above formulas the convention for the 10-dimensional coordinates xM is that they are
split in worldvolume coordinates xM (which include spacetime coordinates xµ and internal
coordinates xa) and transverse coordinates yi. The position of the non-Abelian D6-branes
is then encoded in yi = λY IitI , with

[tI , tJ ] = −igIJ
KtK , Tr[tI , tJ ] = δIJ . (B.7)

The symbol P[. . .] denotes the pullback of the bulk fields over the worldvolume of the
D6-branes. As an example, the pullback of ÊMN is

P[ÊMN ] = ÊMN + λDM Y iÊiN + λDN Y iÊMi + λ2DM Y iDN Y jÊij . (B.8)

Here the covariant derivative is defined as

DM Y i ≡ ∂M Y i − i[AM , Y i] . (B.9)

All the hatted fields are meant to be the fields evaluated at the position of the D6-branes
with a Taylor expansion around yi = 0:

Φ̂(xM , yi) =
∞∑

k=0

λk

k! Y i1 · · ·Y ik∂i1 · · · ∂ik
Φ(xM , yi)

∣∣∣
yi=0

. (B.10)

C Normalized masses for the solutions in the origin

In this section we describe in detail the results of the computation of the normalized masses
for the families A and B of solutions found in the origin of the scalar manifold with N = 3.
The following table 15 shows the eigenvalues of the normalized mass matrices with the
corresponding multiplicities; where the analytic value cannot be obtained explicitly from the
Mathematica program, we report its numerical approximation.

The values that are only provided numerically in table 15 can be however expressed
as the roots of three polynomials:

P1 = 4566016 + 10548720 x − 287910 x2 − 4337091 x3 + 1686420 x4 − 238140 x5

+ 11664 x6 ,

P2 = − 11239424 + 972288 x + 14286096 x2 − 10426914 x3 + 2802519 x4 − 311040 x5

+ 11664 x6 ,

P3 = 7702016 + 15221568 x − 6194124 x2 − 12736413 x3 + 6248988 x4 − 952560 x5

+ 46656 x6 .

(C.1)

In table 16 we specify, for any of the masses that are given numerically in table 15, which
polynomial among the three in (C.1) it is a root of, showing the roots in increasing order.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.
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A

m2
1 ≈ −0, 999727 1

m2
2 ≈ −0, 715694 5

m2
3 ≈ −0, 592392 5

0 13
5
2 −

√
65
6 3

m2
4 ≈ 1, 44514 5

m2
5 ≈ 1, 86103 5

2 1
1
24
(
77 − 3

√
65
)

3
1
24
(
65 +

√
65
)

1
1
24
(
41 + 9

√
65
)

1
m2

6 ≈ 5, 29015 1
m2

7 ≈ 5, 66038 5
20
3 1

m2
8 ≈ 6, 81315 5

m2
9 ≈ 7, 59755 1

B

1
24
(
41 − 9

√
65
)

1
m2

10 ≈ −0, 688753 5
m2

11 ≈ −0, 481668 1
0 13
2 1

m2
12 ≈ 2, 15924 5

1
24
(
65 −

√
65
)

1
1
6
(
15 +

√
65
)

3
m2

13 ≈ 3, 8825 5
1
24
(
77 + 3

√
65
)

3
m2

14 ≈ 4, 24021 1
m2

15 ≈ 4, 77015 1
m2

16 ≈ 5, 35396 5
20
3 1

m2
17 ≈ 9, 23833 5

m2
18 ≈ 12, 6664 5

Table 15. Normalized masses for the families A and B of solutions, for any choice of the signs s1
and s2.

P1

m2
1 1st root

m2
11 2nd root

m2
14 3rd root

m2
15 4th root

m2
6 5th root

m2
9 6th root

P2

m2
2 1st root

m2
5 2nd root

m2
12 3rd root

m2
13 4th root

m2
8 5th root

m2
18 6th root

P3

m2
10 1st root

m2
3 2nd root

m2
4 3rd root

m2
16 4th root

m2
7 5th root

m2
17 6th root

Table 16. Correspondence between normalized masses of the families A and B of solutions and the
roots of the polynomials in (C.1).
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