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A reduced model for droplet dynamics with interfacial viscosity
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We propose an extension of the phenomenological Maffettone-Minale (MM) model (P.L. Maf-
fettone and M. Minale, J. Non-Newton. Fluid Mech. T8, 227-241 (1998)) to describe the time-
dependent deformation of a droplet with interfacial viscosity in a shear flow. The droplet, char-
acterised by surface tension o, is spherical at rest with radius R and deforms into an ellipsoidal
shape under a shear flow of rate GG, described by a symmetric second-order morphological tensor S.
In addition to surface tension, the extended MM (EMM) model incorporates interfacial shear and
dilatational viscosities, ps and g4, through the corresponding Boussinesq numbers Bqg = ps/pR
and Bqq = pa/pR, where p is the bulk viscosity. A central goal of this work is to quantify the
parameter range over which the EMM model provides a realistic description of droplet deformation,
as a function of the capillary number Ca = pRG/o and the Boussinesq numbers. To this end, model
predictions are systematically compared with fully resolved numerical simulations.

I. INTRODUCTION

Understanding droplet deformation in hydrodynamic
flows has been a central topic in rheology for nearly a
century. In 1934, G. I. Taylor addressed this problem in
the small-deformation limit [1], analysing the response of
a droplet without interfacial viscosity of radius R, sur-
face tension o, and viscosity ratio A to an external shear
flow of intensity G in a fluid of viscosity p (see Fig.1).
Droplet deformation is characterised by the dimension-
less capillary number

uRG

Ca= 10 (1)
which measures the balance between viscous stresses and
surface-tension forces. Taylor’s perturbative analysis,
valid for Ca <« 1, laid the foundation for subsequent
theoretical developments, later refined and extended in
numerous studies [2-6]. Droplet dynamics is a complex
multiscale problem and in many instances it is desirable
to possess a simpler phenomenological description via re-
duced models. Maffettone and Minale (MM) [7] proposed
an equation for the evolution of a droplet without interfa-
cial viscosity in which the shape of the droplet is assumed
to be ellipsoidal at all times, described via a second-order
tensor S. The evolution dynamics for S reads:

ds
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where 2 = %(Vuf VuT) and E = %(Vu+VuT)
represent the asymmetric and symmetric velocity gra-
dient tensors respectively, being u the fluid velocity, I
the unity tensor and g (S) a nonlinear function of the S
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tensor invariants (see Ref. [7] for details). Eq. (2) is for-
mulated in a general tensorial form and can be applied to
different flow configurations by specifying E and Q. In
the present work, we restrict our analysis to simple shear
flow. From the tensor S(t), the eigenvalues associated
with the length of the three principal axes of the droplet
can be extracted [7, 8]. The deformation parameter is
then computed using the two principal axes lying in the
shear plane, denoted by L(t) and B(t), with L > B (see
Fig. 1), according to

_ L(t) - B(?)
D)= L+ B0 (3)

One of the key strengths of the MM framework is that,
in addition to predicting the full time evolution of the
deformation, it also provides an explicit analytical ex-
pression for the stationary deformation [7]. This result
follows directly from the structure of Eq. (2) and is there-
fore independent of the specific functional forms of f; o,
provided they are constant during the dynamics. The
steady-state deformation for the simple-shear flow case
is given by [7]:

V72 + Ca? — /£ + Ca® — f3Ca?
Ds = .
fQCa

(4)

Concerning the coefficients f; 2, they must be selected
according to the physics of the specific system under con-
sideration. In the original formulation, Maffettone and
Minale [7] focused on clean droplets (i.e., without inter-
facial viscosity). To determine the appropriate values of
f1,2 for this case, they calibrated the model against the
small-deformation framework formalised by Rallison [9],
thus ensuring that the stationary deformation predicted
by the MM equation reproduces the classical Taylor re-
sult [1]. The model parameters ffj\;M)()\) depend only on
the viscosity ratio A and are given by:
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FIG. 1. Shear plane section of a droplet with viscous interface
deforming due to a simple shear flow with intensity G. The
drop with radius at rest R, surface tension ¢ and inner vis-
cosity Ap is immersed in a fluid with viscosity . The shear
interfacial viscosity ps weights the in-plane interface friction,
while the dilatational interfacial viscosity pgq weights the fric-
tion in the normal direction of # (green arrows). The drop
shape is described via a second-order tensor S(t), while L(t)
and B(t) represent the major and minor axes in the shear
plane.

Since its introduction, the MM model has become a cor-
nerstone in the theoretical description of droplet defor-
mation in flow, largely thanks to its ability to reproduce
experimental observations across a wide range of condi-
tions [6, 7, 10-13]. Over the years, several extensions
have broadened its scope, including: formulations for the
complex rheology of non-Newtonian fluids [14], adapta-
tions for confined geometries [10, 11], variants capturing
tank-treading dynamics in soft suspensions [15, 16], gen-
eralizations valid at finite capillary numbers [17]. The
MM framework has also been employed to interpret and
validate fully resolved numerical simulations of droplets
in homogeneous and isotropic turbulence [8, 18]. An ex-
tensive overview of these and other reduced approaches
for droplet dynamics is available in Ref. [19].

Beyond surface tension effects, interfacial dynamics is
often enriched by further complexities [20] that modify
the balance of stresses between the bulk fluids. Among
these, adsorption and desorption of surfactants can in-
duce a dynamic surface tension and generate surface lay-
ers with non-negligible interfacial viscosity [21]. Interfa-
cial viscosity introduces extra friction between the inter-
face and the surrounding fluids, strongly influencing the
deformation and relaxation of soft particles such as vesi-
cles, capsules, and red blood cells [22-27]. Its role has
also been demonstrated in drop breakup and capillary
instabilities [28-33], film stability [34], and coalescence
phenomena [35, 36]. Evidence of the effects of viscous
interfaces motivates the inclusion of interfacial viscosity

within reduced-order models of droplet dynamics. In this
letter, we pursue this goal by a extending the MM model
to account for viscous interfaces. For a clean droplet, the
dimensionless surface stress tensor, T'5), regulating the
force balance across the droplet interface, receives contri-
bution only from the surface tension, T®) = (1/Ca)P,
where P = I — nvn is the tangential projection operator
built from the unit normal # to the interface [36, 37].
This stress term acts to minimize the local curvature of
the interface. When the interface is viscous, an additional
tangential stress appears, accounting for the resistance to
shear and dilatational motion. We account for both shear
and dilatational interfacial viscosities (s and piq, respec-
tively): ps quantifies viscous dissipation associated with
tangential (shear) surface flows, while pq quantifies dis-
sipation associated with area changes (surface dilatation
and compression). They become important when the in-
terface is coated by surfactants, polymers, or proteins, in
which case surface viscous stresses can compete with cap-
illarity and significantly affect droplet deformation dy-
namics and breakup thresholds [21, 28-33]. The effects
of both interfacial viscosities are introduced through the
dimensionless Boussinesq numbers. Nondimensionalizing
them with pR ensures a consistent comparison between
surface and bulk dissipative effects!:

Hs Hd
Bq, = — , Bqy=—. 6
For a Newtonian interface, the extra stress contribution

due to the viscous interface is provided by the Boussi-
nesq-Scriven law [38, 39]:

1
T® = | &+ (Bag — Ba,) (VY - u¥)| P +2Bq, DY,
(7)

where V) = P .V denotes the surface gradient op-
erator, and u(®) the surface velocity field. The sym-
metric surface rate—of-deformation tensor reads D) =
[P (VEOu®) + (vE®)) - P] and characterizes
the in-plane surface deformation rate. Such a stress ten-
sor has been incorporated in previous analytical stud-
ies of droplet-shape evolution based on perturbative ap-
proaches [36, 37, 40]. In particular, Barthes-Biesel and
Sgaier [40] considered the specific case Bq, = Bqy, while
Narsimhan [36] extended the analysis to the more general
condition Bqg # Bqy. The latter work can be regarded
as the natural counterpart of Rallison’s calculation [9], in
which the same perturbative framework was applied to a
clean interface. In direct analogy with the original MM
model where Rallison’s results were used to determine

the coefficients fl(f\;M)(/\) for a clean droplet (see Eq. (5)),

we consider the calculations of Narsimhan [36]? to derive

1 Unlike bulk viscosity, interfacial viscosities have dimensions of
momentum per unit length (Pa m s).
2 With reference to Appendix D in [36], fi = —ap and f2 = ag.
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FIG. 2. EMM model parameters 1/f1(EMM) (a) and fz(EMM)
(b) as functions of Bqg and Bqq (see Eq. (8)). The thick red
and blue curves highlight the two boundary sections of the
surface corresponding to Bqy = 0 and Bggq = 0, respectively.

generalized expressions for the model coefficients. These
expressions constitute the natural extension of Eq. (5) to
the case of droplets with interfacial viscosity and lead to
the extended forms:

4 1 16(2Bq, B
1(EMM)()\7qu7Bqd): 0N+ ~)-f— 6(2Bqy + 3Bqq) ,
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with the common denominator given by:

(8)

f (A, Bqg,Bay) = 32Bq Bay + 4Bq, (13X + 12)+

9
+2Bqq(23X +32) + (2A + 3)(19A + 16) . ©)
MM model coefficients for a clean droplet fl(f\gM)()\) are
readily retrieved by imposing Bq, = Bqy = 0 in Eq. (8).
Values of 1/f1(EMM) 3 and féEMM) as functions of Bq, and
Bqq are reported in Fig. 2. The coefficients fl(gMM) can
therefore be directly inserted into Eq. (4) to compute
the stationary deformation Dg. In Fig. 3 we report a
representative plot of Dg as a function of Bq, and Baqy
for Ca=0.1 and A =1.
The EMM model depends on four main parameters: the
viscosity ratio A, the capillary number Ca, and the two
interfacial viscosity coefficients Bq, and Bqy. Since the
parameter space is already large and our focus is on the

3 Note that, in Eq. (2), 7o/f1 plays the role of a characteristic
deformation time [7].
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FIG. 3. Stationary deformation Ds predicted by Eq. (4) as

(EMM)
1

a function of Bqy and Bqq, evaluated with fi = and

fo= fQ(EMM) as given in Eq.(8), for Ca=0.1 and A = 1.

roles of Ca, Bq,, and Bqy, we fix A = 1. Within this set-
ting, a key question is how far the EMM model remains
quantitatively accurate beyond its nominal perturbative
regime. Indeed, the EMM model is formulated under the
assumption of small deformations, i.e., Ca < 1, while
the parameters A, Bqg, and Bq, are typically of order
unity [36]. To assess this question, one can compare the
predictions of the EMM model against reference data ob-
tained from numerical simulations that do not rely on the
small-deformation assumption. Our aim is to delineate
the range of Ca, Bqg, and Bqy over which the EMM
model provides a reliable description of droplet deforma-
tion dynamics.

II. NUMERICAL METHODS

To obtain reference data for droplet deformation, we per-
form fully resolved numerical simulations (FRS) using
the immersed boundary-lattice Boltzmann method [41].
This hybrid numerical technique enables a detailed de-
scription of the coupled dynamics between the inner
and outer fluids and the deformable droplet interface.
The fluid motion is solved through the lattice Boltz-
mann method [41, 42], while the interface is represented
by a triangulated surface mesh that interacts with the
surrounding fluid through the immersed boundary forc-
ing [41, 43]. The numerical setup and implementation
closely follow the procedure described in Ref. [25] (Sec.
3.1), which has been validated across a broad range of
setups [17, 18, 25-27, 44-47]. For all the simulations,
the fluid domain is a cubic box of size L, = L, = L, =
128 LU (lattice units). A droplet of radius R = 20 LU is
initialized at the box centre and its interface is discretised
with a triangular mesh made of 20480 triangles. Periodic
boundary conditions are applied along the x and z direc-
tions, while along y we impose no-slip walls via bounce-
back [41]. The shear flow is generated consistently with
these boundary conditions. In the EMM model, on the
other hand, the droplet shape is represented by a sym-
metric second-order tensor S, whose evolution is gov-
erned by Eq. (2), with the inclusion of the interfacial vis-
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FIG. 4. Time evolution of the deformation D(t) for a drop in shear flow (see Eq. (3) and Fig. 1) at Ca = 0.1 and X = 1,

for different interfacial viscosities expressed by the Boussinesq numbers (see Eq. (6)).

Time is made dimensionless using the

characteristic droplet time 7, = puR/o. Fully resolved simulations (FRS) results are shown with symbols, while predictions
from the numerical integration of Eq. (2) with f1 and f2 given by Eq. (8) (EMM) are reported as lines. Outer horizontal ticks
mark the steady deformation Ds from Eq. (4). (a) Bqg = 0, Bqq = 0,5,25,50; (b) Bqg, = Bqq = 0,5,25,50; (c) Bqg = 0,
Bq, = 0,5,25,50. Note that (b) is shown over a longer time interval than (a) and (c) to capture the slower transient in that

case.

(EMM)

cosity effects through the coefficients f; ;" (see Eq. (8)).
Unlike the FRS, the EMM model does not require solv-
ing the full hydrodynamic field and is instead integrated
directly from the local flow gradients using standard ex-
plicit Runge-Kutta method [17]. In both cases, we mea-
sure the two main axes of the drop shape in the shear
plane, namely L(t) and B(t) (see Fig. 1), by retrieving
them from the eigenvalues of the inertia tensor. In the
EMM model, this tensor coincides with S (see Eq. (2)); in
the FRS, the inertia tensor is computed directly from the
instantaneous coordinates of the triangular-mesh nodes
discretising the interface, and its eigenvalues provide L(t)
and B(t) [17, 25]. We then compute the deformation D(t)
via Eq. (3). To quantify the discrepancy between the
deformation obtained from FRS (Dggrs(t)) and that pre-
dicted by the EMM (Dgmm(t)), we introduce the mean
| Dprs(t) — Devm(?)]

1 /

(€)1 =
which provides a single, global measure of the model’s
accuracy. The averaging interval T is selected to in-
clude both the transient and the stationary regimes of
the deformation dynamics, so that the computation of
(e)r weights the two phases in a balanced and compara-
ble manner.

dt,  (10)

III. RESULTS AND DISCUSSIONS

We analyze the time-dependent deformation extracted
from the model given in Eq. (2) with f; o given in Eq. (8)
and we compare results with FRS. The Boussinesq num-
bers affect the time-dependent droplet deformation caus-
ing deviations from the clean droplet case. This opens
up for a wide variety of deformation scenarios depending
on the values of Ca, Bq, and Bqy (we remind that the

viscosity ratio is fixed, A = 1). In Fig. 4, we report re-
sults for the time evolution of the deformation parameter
D(t) (see Eq. (3)) for Ca = 0.1. Time is made dimen-
sionless on the x-axis via the characteristic droplet time
T = pR/o. Similarly to previous works [25, 36, 48, 49],
we analyzed three representative cases: droplet with zero
shear interfacial viscosity and non-zero dilatational in-
terfacial viscosity (Bqy, = 0 and Bqy > 0, panel (a));
droplet with both interfacial viscosities of equal magni-
tude (Bq, = Bgy > 0, panel (b)); droplet with zero di-
latational interfacial viscosity and non-zero shear interfa-
cial viscosity (Bqq = 0 and Bq, > 0, panel (c)). Data for
a clean droplet (Bq, = Bqy = 0) are also reported for all
cases (gray lines and gray markers). Panels (b—c) show
that increasing the interfacial viscosity leads to a reduc-
tion in the steady-state deformation, whereas panel (a)
displays the opposite trend, with a slight increase of de-
formation as viscosity grows. Both behaviours are con-
sistent with previous observations [25, 48-50], which re-
ported similar trends depending on the relative magni-
tude of the shear and dilatational interfacial viscosities.
This difference originates from the structure of the vis-
cous stress tensor T (see Eq. (7)). When Bq, = 0,
only the surface-divergence term V) -4 contribution
remains active, enhancing the deformation [48]. When
Bq, = Baqy, such a term vanishes, leading to a monotonic
decrease in deformation with viscosity. Finally, when
Bqy = 0, the surface-divergence term couples with the
rate-of-deformation tensor D), producing a behaviour
that reflects the combined influence of the two terms.
The EMM produces a steady-state deformation Dg that
matches very well the FRS results and the values pre-
dicted by Eq. (4) (horizontal ticks outside the plotting
area). Additional comments on the behaviour of the
steady-state deformation given in Eq. (4) for different
choices of the Boussinesq numbers are in order. We first
note that, if Ca/f; < 1 and Cafs/f1 < 1, Eq. (4) can
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FIG. 5. Mean relative error ()7 (see Eq. (10)) between FRS and EMM predictions for the deformation D(¢), shown across the

(Bqg, Bag)-plane for different capillary numbers Ca.

be Taylor expanded, yielding the linear approximation
Dg = Cafy/(2f1) [7]. With reference to Fig. 4, panels (a)

and (c), we observe that in both cases fl(zMM) ~ O(1) (see
Fig. 2), so that Eq. (4) is well represented by the linear

approximation. More in details, 1/ fl(EMM) assumes com-

parable values in the two configurations (approximately
1/f1(EMM) ~ 2.7), while fQ(EMM) differs significantly: for
Bqy = 0 one finds fQEMM) ~ 1, whereas for Bqy = 0,

fQEMM) ~ 0.4. As a consequence, the ratio fQ(EMM)/fl(EMM)

is smaller in the case Bqy = 0, which directly explains
why the steady-state deformation Dg is reduced when
Bqgy = 0 compared to the case Bq, = 0 (see Fig. 2, panel
(b)). By contrast, in Fig. 4, panel (b), (i.e., Bq, = Bqq)
the condition Ca/ fl(EMM) < 1 is no longer satisfied (see
Fig.2, panel (a)). As a consequence, the deformation can
no longer be obtained by the linear approximation and
the full nonlinear expression in Eq. (4) must be retained.
In summary, the range of Ca over which the linear re-
sponse theory (i.e., linearity in Ca) remains valid depends
on the values of Bq, and Bq4: in the equiviscous case
(Bq, = Bqy), this range is significantly narrower than in
strongly asymmetric viscosity configurations, where ei-
ther Bgg or Bqy dominates.

Beyond the steady-state deformation, the EMM model
reproduces well also the transient dynamics. Remark-
ably, for Bq, = Bqy (Fig. 4, panel (b)), the EMM cap-
tures not only the overall increase in the characteristic de-
formation time, but also the transition from a monotonic
relaxation to an oscillatory response (consistent with the
observations in Ref. [36]) whose frequency increases with
the interfacial viscosity. Moreover, results in Fig. 4 in-
dicate that interfacial viscosity produces larger deforma-
tion times when Bq, = Bqy, while in the other cases
(Bq, = 0 or Bqq = 0) interfacial viscosity does not al-
ter significanlty the otherwise clean droplet deformation
time. This can be understood by looking once again at
Fig. 2, panel (a), that shows the quantity l/fl(EMM), which
sets the intrinsic deformation time of the droplet within

the EMM framework [7]. According to Eq. (2), larger val-
ues of 1/ f; correspond to longer transient dynamics and
slower approach to the stationary deformation. Fig. 2,
panel (a), reveals that when either Bq, or Bqy is small,
the deformation time remains close to the clean-droplet
value. Only when both interfacial viscosities become ap-

preciable, 1/ ffEMM) increases sharply. This behaviour
originates from the nonlinear coupling term in the de-
nominator of Eq. (8): the relaxation rate deviates sig-
nificantly from its clean-droplet value only when shear
and dilatational viscosities act simultaneously. A droplet
with predominantly shear viscosity or predominantly di-
latational viscosity behaves almost like a clean droplet in
terms of deformation time, whereas a droplet with com-
parable values of both viscosities experiences a dramatic
slow-down.

Finally, we aim to determine the region of the
(Ca, Bqg, Bqy) parameter space in which the EMM model
remains quantitatively reliable. We performed a system-
atic error analysis based on the deformation evolution
D(t) obtained from FRS and that predicted by the EMM
model. For every FRS dataset, the instantaneous rela-
tive error was evaluated and then averaged over time to
obtain the mean relative error (e)r (see Eq. (10)). The
exploration of the Boussinesq-number space was carried
out comprehensively: for every value of Ca, we performed
roughly 36 simulations covering a broad set of (Bqy, Bay)
combinations. This extends previous studies where the
analysis was restricted to the special cases (Bq, = Bqy,
Baqg =0, or Bg, = 0) [25, 45], enabling a more complete
assessment of the EMM model across its full parameters
space. Fig. 5 reports (e)r as a function of Bq, and Bqy,
for different choices of Ca. As a preliminary remark,
we note that the error maps are generally not symmet-
ric with respect to the diagonal Bq, = Bqy: exchanging
Bq, and Bq, does not yield the same error. This asym-
metry is consistent with the analytical structure of the

coefficients fl(gMM) (see Eq. (8) and Fig. 2). The result-
ing colormaps reveal that, in general, at small interfacial



viscosities (Bqgy, Bqq < 1), the EMM model reproduces
FRS data with excellent fidelity, with errors typically be-
low a few percent. For relatively small capillary numbers
(Ca < 0.2), as either Bqg or Bqy grows, the error in-
creases: however, the degradation is modest along the
diagonal Bq, = Bqq for intermediate values of Boussi-
nesq numbers, consistently with the excellent agreement
observed in Fig. 4, panel (b). In contrast, strongly asym-
metric viscosity configurations (where either Bq, or Bqy
dominates), lead to noticeably larger discrepancies. In-
creasing the capillary number Ca pushes the model closer
to its limits. At Ca = 0.3 and 0.5, a sharper growth of
the error appears, especially when both viscosities are
large. This behaviour is expected: large deformations
amplify nonlinear couplings in the interfacial stress that
the EMM model, derived in the small-deformation limit,
can only approximate. Overall, Fig. 5 provides a quanti-
tative map of the domain of validity of the EMM model,
highlighting the regions where deviations grow and FRS
become indispensable. Note that, at Ca = 0.5, breakup
occurs for small values of Bgg (the corresponding region
is shown in grey). Although the FRS does not resolve
topological changes, the onset of breakup is still captured
in practice as a loss of numerical stability at large defor-
mations [18]. This behaviour is fully consistent with the
physical mechanism discussed above: when Bq, = 0, the
surface-divergence term in the interfacial stress remains
active and enhances the deformation, making the droplet
more susceptible to breakup. As Bq increases, this con-
tribution is progressively damped, leading to a stabilizing
effect.

IV. CONCLUSIONS AND PERSPECTIVES

We have studied a reduced model to investigate the dy-
namics of a droplet with interfacial viscosity in shear flow.
The model extends the Maffettone—Minale (MM) frame-
work [7] (Eq.(2)) by supplementing surface-tension ef-
fects with interfacial viscosity, under the assumption of
Newtonian interfaces [38, 39]. The resulting extended
MM (EMM) model provides a simple phenomenologi-
cal description of time-dependent droplet deformation
while retaining a clear connection with classical small-
deformation theories [36, 37, 40, 51] and allowing an inde-
pendent control of shear and dilatational interfacial vis-
cosities through the corresponding Boussinesq numbers
Bq, and Bqy.

A systematic comparison with fully resolved simulations
(FRS), performed using an immersed boundary-lattice
Boltzmann approach [18, 25, 49], delineates the regimes
in which the EMM model remains quantitatively accu-
rate. The comparison highlights how the stationary de-
formation Dg and the range of capillary numbers Ca over
which the linear response theory applies depend sensi-
tively on the interfacial viscosities. While for strongly
asymmetric viscosity configurations the linear relation
between Dg and Ca persists over a relatively broad inter-

val of Ca, this range is significantly reduced in the equiv-
iscous case Bq, = Bqg, where nonlinear effects become
relevant already at moderate deformations. The analy-
sis of the time-dependent deformation D(t) further shows
that interfacial viscosity strongly affects the transient dy-
namics: shear and dilatational viscosities slow down the
deformation process in a nonlinear and coupled manner,
with the most pronounced effect occurring when the two
viscosities are comparable. This behaviour is quantita-
tively captured by the characteristic deformation time,
To/ fl(EMM), which is directly controlled by the coefficient

fl(EMM), and increases sharply only when both Bqg and

Bqy are appreciable. The error maps in Fig. 5 further
provide a global view of the model’s domain of validity
in the (Ca,Bqg, Bqq) space. For moderate deformations
(small to intermediate Ca) and in the equiviscous case
Bq, = Bqy, the EMM model reproduces FRS results with
errors of only a few percent. Larger discrepancies arise
for strongly asymmetric interfacial viscosities or at larger
Ca, consistent with the small-deformation assumptions
underlying the model and the absence of higher-order
nonlinear interfacial effects. Overall, these results show
that the EMM model constitutes a robust and computa-
tionally inexpensive tool for predicting droplet deforma-
tion with interfacial viscosity.

While the present study focuses on a simple shear flow,
the EMM framework can be naturally extended to other
flow configurations and to regimes of larger deformation,
including the prediction of the critical capillary number
for breakup, Ca., [7]. Although quantitative accuracy
cannot be expected at large Ca, the availability of analyt-
ical expressions for Cac, in terms of f; 2 makes it possible
to assess deviations from established results [48, 52]. Fol-
lowing Ref. [17], one could also determine modified coef-
ficients f1 2, calibrated for finite-Ca conditions. Another
promising direction concerns the link between interfacial
viscosity and surfactant-laden interfaces. Surface viscous
stresses are often associated with the presence of sur-
factant monolayers [28-31], suggesting that the EMM
framework could be used to extend earlier studies [12]
and infer droplet deformation statistics in complex flows
(as in Ref. [8, 18]) with surfactants. This would require
coupling the flow dynamics to surfactant transport and
to an equation of state relating surface concentration to
interfacial viscosities [28, 53]. Since surfactants also ex-
hibit intrinsic interfacial dynamics [20, 54-58], an open
question is to what extent the MM framework can be
further generalized to incorporate such surface hetero-
geneities while retaining a reduced description.
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