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Abstract
We propose a multi-state quantile regression model that admits a cure-fraction for each possible transition, so 
that individuals may not experience that event. A discrete latent variable allows us to take into account 
unobserved heterogeneity. The model is estimated in a Bayesian framework, without specifying the 
number of latent classes. A simple strategy to scale inference to big data is discussed. We are motivated 
by an original application to jail recidivism in the U.S. between 2020 and 2023. We find that 20% of the 
subjects have high cumulative hazard of recidivism; with little association to covariates such as age, 
gender, crime, and ethnicity. A latent group has been shown to accumulate up to two detentions per year 
of freedom and represents about 10% of the population.
Keywords: cumulative hazard, Dirichlet process prior, unobserved heterogeneity

Received: January 24, 2025. Revised: August 7, 2025. Accepted: August 25, 2025 
© The Royal Statistical Society 2025. 
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https:// 
creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, 
provided the original work is properly cited.

1 Introduction
Research on incarceration has traditionally focused on prisons, but the scale of admissions to jails 
is significantly much higher. In the U.S., prisons are generally under the jurisdiction of the state or 
federal government, where convicted offenders often serve sentences longer than 1 year. Jails in
stead are local facilities where individuals are held while awaiting trial, or serving shorter senten
ces. In our data, observed jail detentions are very short (an application of our model indicates that 
the median duration for jail detention is 3 weeks, 75% of jail detentions last less than 2 months, 
and 90% less than six). Even if most jail detentions are short, there is a very high lifetime risk of 
recidivism in general, and at least one detention will be experienced by a surprisingly high propor
tion of the U.S. population (Western et al., 2021). Jail detention spells have been found to adverse
ly affect court outcomes, earnings, and family life (Western et al., 2021). It is also true that 
earnings affect detention, which is then an issue of economic inequality: according to Sawyer 
and Wagner (2022), 67% of individuals are in jail awaiting trial because they have insufficient 
wealth to support the payment of a bail.

The correctional role of jails is unclear. Recidivism, defined as a new period of detention after 
release, is a key end point for evaluating the effectiveness of social policies, programs, and ini
tiatives (e.g. employment and/or education actions), and the deterrent effect of the sentences 
themselves (Beaudry et al., 2021; Golder et al., 2005; Lange et al., 2011). Results in the literature 
are not scarce, but they are mostly focused on prisons, and their endpoint is usually just risk of 
occurrence (as opposed to time to occurrence, or equivalently its cumulative hazard). Many re
sults are based on not very recent and/or local data. Several studies suggest that jail/prison stays 
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may have complex effects on recidivism. For example, analysing data from Florida, Mears et al. 
(2016) found that recidivism initially even increases with longer sentences, it decreases shortly 
after, and the association vanishes over time. Durose et al. (2014) reported that 67.8% of 
404,638 prisoners released in 2005 in 30 states were arrested within 3 years of release, and 
76.6% were arrested within 5 years of release. Among prisoners released in 2005 in 23 states 
49.7% had a parole, probation violation, or arrest for a new offense in 3 years; and 55.1%

had a parole, probation violation, or arrest in 5 years. Western et al. (2021) focus on 
New York jails, finding a strong association of risk of jail recidivism with race, and, as men
tioned above, generally very high rates.

Our aim is to enrich the literature with a comprehensive analysis of the recent U.S. jailed popu
lation. Data were provided by the NYU Public Safety Lab’s Jail Data Initiative (https:// 
jaildatainitiative.org), which collects individual-level jail data from over a thousand sources 
throughout the U.S. Our dataset includes 686,319 observations, encompassing 550,994 individ
uals who have been incarcerated at least once in the period 2020–2023, or were already in jail at 
the beginning of 2020. To our knowledge, this is the first study to focus on post-release freedom 
duration in addition to the likelihood of occurrence of a new detention; and it is currently the study 
using the most recent and largest individual-based data set.

In order to analyse our data we make a contribution to the extant literature on multi-state 
models (see Meira-Machado et al., 2009 for a review). Indeed in our data individuals occupy 
one of two states: in detention, or free; none of which is absorbing. There are therefore two pos
sible transitions: freedom to jail, and jail to freedom. Our framework will be based on quantile 
regression (Koenker & Bassett, 1978). Quantile regression methods for multi-state models can 
be found in Beyersmann and Schumacher (2008) and Farcomeni and Geraci (2020). The litera
ture on quantile regression for time-to-event data is very rich, and multi-state models encompass 
recurrent event (Sun et al., 2016), competing risk (Peng & Fine, 2009; Qu et al., 2023), and semi- 
competing risk (Hsieh & Wang, 2018; Li & Peng, 2011) models. Our methodological contribu
tion is three fold. First of all, we introduce a cure fraction (Peng & Yu, 2021) in the multi-state 
quantile regression model. This implies that a subset of the subjects are not expected to ever ex
perience the transition of interest. In our context, it will be used to significantly improve good
ness of fit in the face of a low event rate (Jackson et al., 2022). The use of a cure fraction in multi- 
state models has been introduced in Conlon et al. (2014) in the classical framework, and we will 
discuss it here for the first time in the quantile regression one. Our second contribution involves 
the introduction of a discrete latent variable to capture unobserved heterogeneity, and cluster 
subjects. We will propose an infinite mixture model, thereby not having to specify in advance 
the support of the latent variable. This assumption leads to a nonparametric Bayesian approach, 
specifically, to specification of a Dirichlet process prior for the mixing distribution. Our third 
contribution will be the development and implementation of a slice sampling approach for 
the resulting Dirichlet process mixture (Escobar & West, 1995; MacEachern & Müller, 
1998), and of a batched Markov Chain Monte Carlo (MCMC) strategy that can be used for large 
data sets (like the one that motivates our work).

The rest of the article is as follows: in the next section, we introduce the latent class multi-state 
quantile regression model with a cured fraction. In Section 3, we describe the Bayesian inferential 
procedure. The scalable MCMC strategy is described in Section 3.3. A simulation study is reported 
in Section 4, and the analysis of our motivating example is reported in Section 5. Conclusions are 
given in Section 6. R codes are available as online supplementary material.

2 Multi-state quantile regression with unobserved heterogeneity and a 
cured fraction
2.1 Background on multi-state quantile regression
Consider a stochastic process St, for t ≥ 0, that evolves in continuous time and discrete state-space 
{1, . . . , s}, where s ≥ 2. Under mild assumptions (made explicit below) it is possible to characterize 
the stochastic process St in terms of its first hitting times. Assume that the state m is not an absorb
ing state. Let Tm = inf {t ≥ 0 : St ≠ m, S0 = m} be the random variable representing the time of 
the first jump from state m. Additionally, let Yj denote the sequence of states visited by the 
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continuous-time Markov chain (regardless of dwelling times), with Y0 as the initial state. Under 
Markov homogeneity assumptions, the stochastic process is entirely determined by

Fmj(t) = Pr(Tm ≤ t, Y1 = j |Y0 = m) = Pr(Tmj ≤ t), t > 0 (1) 

where Tmj is the time taken to transition from state m to state j, m = 1, . . . , s, and j ≠ m. 
Farcomeni and Geraci (2020) propose a quantile regression model for multi-state data. They de
fined the variable T∗mj as T∗mj = Tmj if the transition is to state j, and T∗mj = ∞ if the transition is to 
some other state. When the follow-up is closed in state m, there is an independent censoring time 
Cm, where Cm = ∞ if a transition occurs. By defining the p × 1 vector of predictors 
X = (X1, X2, . . . , Xp)′, the conditional τ-quantile function can be defined as

Qmj(τ |X) = inf {t : Pr(T∗mj ≤ t, Y1 = j |X, Y0 = m) ≥ τ}. (2) 

The function Qmj(τ |X) is the left inverse of the conditional cumulative distribution function 
(CDF) Pr (T∗mj ≤ t, Y1 = j |X, Y0 = m). To explicitly describe the relationship between Qmj(τ |X) 
and X for a given τ, one can specify a transformation model of the form

Qmj(τ |X) = gmj{β(mj)
0 (τ) + X′βmj(τ)}, (3) 

where gmj(·) represents a known monotone link function, β(mj)
0 (τ) denotes a quantile-specific inter

cept, and βmj(τ) = (β(mj)
1 (τ), β(mj)

2 (τ), . . . , β(mj)
p (τ))′ a vector of quantile-specific regression coefficients. 

The kth element of βmj(τ) can be understood as the variation in the τth quantile of T∗mj, considering 
the scale of gmj(·), when Xk increases by one unit while keeping all other predictors constant.

The use of a link function gmj(·) is in parallel with classical formulations for generalized linear 
models. In this context, a link function is mostly required to take care of the support of the re
sponse variable (Bottai et al., 2010) and to make the linearity assumption more credible. See 
also Mu and He (2007) and Geraci and Jones (2015). Since we are modelling times, which are 
bounded from below, a logarithmic link function seems to be the most natural, but any monotone 
function mapping R+ to R is suitable.

2.2 Cured fraction in multi-state quantile regression
Inspired by the approach of Conlon et al. (2014), who introduced a multi-state Markov model with 
an incorporated cured fraction to jointly model recurrence and death in colon cancer, we now de
scribe a multi-state quantile regression model with a cured fraction. The unobserved cured status 
identifies individuals who are bound not to experience the transition of interest. A latent indicator 
will allow us to distinguish between individuals who are recurrent, and individuals who instead re
main within the state for an infinite time. Through the specification of an appropriate generalized 
linear model we can assess the effect of covariates on the probability of being cured towards the tran
sition of interest.

From a practical point of view, our data exclusively includes individuals who have been in jail at 
least once. The cure indicator for the transition from freedom to jail will differentiate between re
curring subjects—those who after being released will eventually return to jail—and subjects who 
will not experience a new entrance into jail. However, this event will be difficult to interpret, as it 
will inevitably include both subjects who will remain in the ‘freedom’ state, and subjects who will 
enter a prison (instead of a jail) in the future. The advantage of the cure fraction in our example will 
reside mostly in a considerably better fit.

Let us consider a generic multi-state model with discrete state-space {1, . . . , s} where s ≥ 2, as 
defined in Section 2. In order to relax the common assumption that all subjects must eventually 
experience the event (e.g. that there exist an event time for each subject, which is only possibly cen
sored), let us introduce a variable R(mj), with R(mj) = 1 if the subject is cured for the transitions from 
the state m to state j, and 0 otherwise; such that, for all t ≥ 0,

Pr (Tmj ≤ t |R(mj) = 1) = 0. (4) 
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In words, a fraction of the population is allowed to never experience the transition from state m to 
state j. On the other hand, whenever the latent variable R(mj) = 0 individuals will experience the 
event (even if the exact event time is not observed due to censoring). In practical terms, the binary 
latent variable R(mj) identifies two sub-populations within our sample. We model

P(R(mj) = 1 |Z) = ηmj γ(mj)
0 + Z′γmj

􏼐 􏼑
, (5) 

where Z represents a vector of covariates, ηmj(·) is a link function for binary regression models, γ(mj)
0 is 

an intercept, and γmj is a parameter vector explaining the effect of Z on the probability of being cured.
This latent structure allows us to model the individual-specific probability of being cured with 

respect to the transition from state m to state j, denoted by P(R(mj) = 1 ∣ Z). If an individual is 
cured, that is, if R(mj) = 1, the probability of experiencing the transition is zero. This formulation 
is commonly used to relax the standard assumption that all individuals will eventually experience 
the event, as typically imposed in classical Cox models. The conditional probability being zero is 
essential to properly define the subgroup of cured individuals (also referred to as long-term survi
vors). If the conditional probability were instead strictly positive, the model would correspond to a 
standard latent class framework, where individuals differ in their unobserved risk levels (e.g. me
dian time-to-event) but are still all susceptible to the event. This structure is in fact incorporated in 
our Dirichlet Process Mixtures (DPM)-based approach, which allows for heterogeneous 
time-to-event distributions among the non-cured individuals. In summary, our model accommo
dates both zero and non-zero conditional probabilities, and explicitly modelling a cured compo
nent with a point mass at infinity proves crucial for improving model fit and interpretability.

We can derive

Pr (Tmj ≤ t, R(mj) |Z) =
􏽘1

a=0

Pr(Tmj ≤ t |R(mj) = a)Pr(R(mj) = a |Z)

= Pr(Tmj ≤ t |R(mj) = 0)Pr(R(mj) = 0 |Z).

(6) 

The conditional quantile function (2) can then be expressed as

Qmj(τ |X) = inf {t : Pr(T∗mj ≤ t, Y1 = j |R(mj) = 0, X, Y0 = m) ≥ τ}, (7) 

with τ ∈ (0, 1); where we still parameterize the expression above as a function of covariates as in (3).
Note that since the model is conditional on the covariates there can be overlap between X and Z. In 

fact, in our analysis, we will specify the same covariates for the cure fraction and for the duration models.

2.3 Latent class multi-state quantile regression
The model discussed in the previous section assumes that all heterogeneity is captured by the co
variate vectors X and Z. In our context, this is not credible, as several important determinants of 
spell length and probability of (lack of) recidivism are not observed, possibly not even measurable. 
We therefore allow for the possibility of unobserved heterogeneity in the model by including a dis
crete latent variable K. This is convenient for two reasons. First of all, a discrete latent variable can 
adapt to almost any distribution for the resulting random effect, therefore not requiring the use of 
specific parametric assumptions (e.g. that random intercepts are Gaussian). Secondly, a by- 
product of the model is a classification of trajectories into homogeneous classes, which can allow 
us to identify interpretable sub-populations of subjects.

Formally, we let Pr (K = k) = wk, with wk > 0 and 
􏽐

w wk = 1, for the discrete latent variable; 
and modify the model equations as

Pr(R(mj) = 1 |Z, K = k) = ηmj γ(mj)
0k + Z′γmj

􏼐 􏼑

Qmj(τ |X, K = k) = gmj{β(mj)
0k (τ) + X′βmj(τ)},

⎧
⎨

⎩
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where

Qmj(τ |X, k) = inf {t : Pr(T∗mj ≤ t, Y1 = j |R(mj) = 0, X, Y0 = m, k) ≥ τ}, (8) 

In words, intercepts are now subject-specific. Subjects belonging to the same latent class share a 
common value for the intercept, which can be interpreted as a common propensity to transition 
from state m to state j, or to stay in state m indefinitely, conditionally on the covariates. It should 
be noted that it would be straightforward to relax the assumption that the regression coefficients 
βmj and γmj are independent of K, but at the price of an explosion in the number of parameters. The 
improved fit would also definitely come at the price of interpretability of the parameter estimates.

2.4 Cumulative hazard
Classical multi-state models involve the estimation of a hazard function, and consequently, the cu
mulative hazard H(t). The latter is a direct estimate of the number of events that are expected at 
each time interval. A limitation of classical methods is that they are not applicable in big data con
texts, as is the case of our motivating data set.

Given that we are interested in jail recidivism, an estimate of cumulative hazard is important in 
our application, as H(t) corresponds to the expected number of transitions in the interval (0, t). 
Here, we describe how to obtain it from our model estimates. First of all, recall that

Ĥ(t) = ∫ t
0 −

∂ log (Ŝ(v))
∂v

dv, (9) 

where Ŝ(v) is a short-hand notation for any (conditional) survival function of transition times.
In our case, we will be able to estimate conditional cumulative hazard functions, possibly also 

conditionally on the discrete latent variable, depending on which estimated survival function is 
plugged into (9).

As an example, consider Qmj(τ |X, k) as defined in (8), which corresponds to the τ quantile of the 
time to transition from state m to state j, conditional on R(mj) = 0, latent state k, covariate config
uration X.

Our modelling approach gives only point estimates for quantile, and hence survival, functions. 
Thus, we need to estimate our model on a grid of different quantiles if we wish to invert the quan
tile function to obtain (9). To fix the ideas, assume that we estimate Qmj(τ |X, k) at 
τ1 < τ2 < · · · < τB. In our application, we used B = 100 equally spaced values, which is feasible giv
en that (batched) MCMC sampling is relatively fast and can proceed in parallel.

The estimated quantile function is then inverted to obtain a survival function evaluated at B time 
points. One can in fact compute

Ŝmj(t |X, k) = inf {τ : Q̂mj(τ |X, k) ≤ t} 

and plug it in (9) to obtain Ĥmj(t |X, k).
In (9), the first derivative of log (Ŝmj(t |X, k)) is simply approximated by the first differences in 

the logarithm of the survival function.
A similar approach is used to obtain the cumulative hazard after marginalization with respect to R(mj).

3 Inference
In the frequentist framework, quantile regression estimates are obtained as any solution to a mini
mization problem based on the quantile check function ρτ(u) = u(τ − 1(u ≤ 0), with 1(·) denoting 
the indicator function. Yu and Moyeed (2001) show that minimization of the loss function is 
equivalent to the maximization of a working likelihood function based on the asymmetric 
Laplace distribution (ALD):

f (t | β, σ, τ, X) =
τ(1 − τ)

σ
exp −(τ − 1(t ≤ X′β))(t − X′β)σ−1􏼈 􏼉

. (10) 
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This paves the way for a likelihood-based Bayesian approach, facilitating the implementation of 
MCMC methods.

3.1 Bayesian inference for multi-state quantile regression with a cured fraction
We first introduce the inferential approach for the case without latent classes (i.e. with K having a 
single support point). Assume to have a sample of N subjects. For i = 1, . . . , N, let t(mj)

i = 
(t(mj)

i1 , . . . , t(mj)
ini

) denote the set of observed transition times between the states m and j for the ith 
subject, with ni representing the total number of transitions from m to j observed for the individual 
i. Let T(mj) = (t(mj)

1 , . . . , t(mj)
N ) be the set containing all the observed transition times from m to j 

across the N observed individuals. Let c(mj)
il = 1 if the lth observation of the ith individual is cen

sored, and c(mj)
il = 0 if the observation is uncensored. For each unit we have observed covariates 

X(mj)
i = (X(mj)

i1 , . . . , X(mj)
ini

) and Z(mj)
i . We can write the likelihood of the model as:

L(βmj, σmj, γmj) =
􏽙N

i=1

Pr R(mj)
i = 0 |Z(mj)

i , γmj

􏼐 􏼑􏽙ni

l=1

f t(mj)
il , c(mj)

il | βmj, σmj, X(mj)
il

􏼐 􏼑
􏼠 􏼡

, (11) 

which in practice is obtained by multiplying, for each observed statistical unit, the probability of 
being cured by the product of the pdfs of the transition times. An explicit expression is obtained as

f (ti, ci | βmj, σmj, γmj, Xi, Zi)

=
􏽙

i : ni=1

1 − ηmj Z(mj)′

i γmj

􏼐 􏼑􏼐 􏼑
f t(mj)

i1 | βmj, σmj, τ, X(mj)
i1

􏼐 􏼑􏽨 􏽩 1−c(mj)
i1

( 􏼁􏼨

ηmj Z(mj)′

i γmj

􏼐 􏼑
+ 1 − ηmj Z(mj)′

i γmj

􏼐 􏼑􏼐 􏼑
1 − F t(mj)

i1 | βmj, σmj, τ, X(mj)
i1

􏼐 􏼑􏼐 􏼑􏽨 􏽩c(i1)
mj

􏼛

􏽙

i : ni>1

1 − ηmj Z(mj)′

i γmj

􏼐 􏼑􏼐 􏼑􏽙ni

l=1

f t(mj)
il | βmj, σmj, τ, X(mj)

il

􏼐 􏼑 1−c(mj)
il

( 􏼁􏼨

1 − F t(mj)
il | βmj, σmj, τ, X(mj)

il

􏼐 􏼑􏼐 􏼑c(mj)
il

􏼛

,

(12) 

where f (·) denotes the ALD density defined in (10), and F(·) denotes its CDF

F(t | β, σ, τ, X) = ∫ f (t |X, β, τ) dt

= 1(t > X′β) − (1(t > X′β) − τ) exp (1(t ≤ X′β) − τ)(t − X′β)σ−1􏼈 􏼉
.

(13) 

As customary in the Bayesian literature, prior distributions should summarize available informa
tion if possible. Here, we make a simple suggestion for a reasonable default prior scheme. We use a 
prior independence assumption to specify a different distribution separately for each parameter. 
Since the scale parameters σmj must be positive, we set as prior a Gamma distribution, centred 
on the unity, with large variance. For the regression parameter vectors βmj and γmj, we specify zero- 
centred Gaussian distributions.

By applying Bayes theorem, the posterior density can be written as

π(βmj, σmj, γmj |T
(mj), X, Z, c(mj)) ∝ J(βmj, σmj, γmj |T

(mj), X, Z, c(mj))

= π(βmj)π(σmj)π(γmj)
􏽙N

i=1

f (ti | c(mj), βmj, σmj, γmj, Xi, Zi).
(14) 
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In order to approximate the posterior, we use an MCMC approach. Our MCMC scheme is fast as 
the observed likelihood can be computed explicitly, without the need for augmentation (i.e. sam
pling the latent cure indicator).

We sample from the posterior distribution by using a random walk Metropolis algorithm with a 
multivariate Gaussian proposal density. Adaptive schemes ensure proper exploration of param
eter space, and promote rapid convergence of MCMC (Rosenthal, 2011). At each iteration we 
sample (β∗mj, σ∗mj, γ∗mj) from N ((β(h)

mj , log (σ(h)
mj ), γ(h)

mj ), Σ), where (β(h)
mj , log (σ(h)

mj ), γ(h)
mj ) is the vector of 

last accepted values and Σ represents the covariance matrix of the proposal. The proposal is ac
cepted with probability:

min 1,
J(β∗mj, log (σ∗mj), γ∗mj |T

(mj), X, Z, c(mj))

J(β(h)
mj , log (σ(h)

mj ), γ(h)
mj |T

(mj), X, Z, c(mj))

􏼠 􏼡

, (15) 

with J(·) corresponding to the numerator of the posterior distribution as in the right hand side of 
(14). We implement the MCMC algorithm for a sufficiently large number of iterations; and we 
assess convergence by examining trace and autocorrelation function plots.

Although the Asymmetric Laplace (AL) distribution is adopted as a working likelihood, credible 
intervals derived directly from MCMC samples may be unreliable, since the AL does not represent 
the true data-generating process. To mitigate this, Yang et al. (2016) introduces a variance correc
tion that ensures asymptotically valid inference. Let Σ̂ denote the MCMC estimate of the covari
ance matrix for the parameters. The corrected covariance matrix is obtained as

τ(1 − τ)
σ̂

Σ̂
􏽘

i

X(mj)
i X(mj)′

i Σ̂.

It shall be noted that Yang et al. (2016) use a fixed σ, while in our work we estimate σ. The cor
rection is still seen to be useful, as testified by the simulation reported below.

3.2 Dirichlet process mixtures of multi-state quantile regression models
We now focus on the infinite mixture of quantile regression models defined in Section 2.3, that is, 
to the case where the latent variable K has more than one support point. The estimation proced
ure relies on a relatively complex algorithm, structured into two main phases, as commonly em
ployed in Bayesian nonparametric mixture models. First, the random partition is updated via 
slice sampling (Kalli et al., 2011; Walker, 2007), as detailed in Section 3.2.1. This step deter
mines the number of mixture components and samples the weights wk. Then, the model param
eters are updated through the random walk Metropolis algorithm, as described in detail in the 
previous subsection for the multi-state quantile regression with cured fraction. The parameters 
modulated by the latent variable, namely the intercepts β(mj)

0k and γ(mj)
0k , are updated conditionally 

on the clustering structure.
In order to simplify the notation, we will not explicitly specify the transition mj when it is clear 

from the context. The density of the kth mixture component can be obtained by distinguishing be
tween two cases: if ni = 1, then we have:

f (ti, ci |K=k, θ, X, Z, c)= 1−Pr R(mj) =1|γ(mj)
0k , γmj,Z

(mj)
i

􏼐 􏼑􏼐 􏼑􏽮

f ti |β(mj)
0k , βmj, σmj,X

(mj)
i

􏼐 􏼑􏽯 1−c(mj)
i1

( 􏼁

Pr R(mj) =1|γ(mj)
0k , γmj,Z

(mj)
i

􏼐 􏼑􏽮

+ 1−Pr R(mj) =1 |γ(mj)
0k , γmj,Z

(mj)
i

􏼐 􏼑􏼐 􏼑
1−F t(mj)

i |β
(mj)
0k , βmj, σmj,X

(mj)
i

􏼐 􏼑􏼐 􏼑􏽯c(mj)
i1

,

(16) 
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where θ is a short notation for model parameters. If ni > 1, we have:

f (ti, ci |K= k, θ, X, Z, c) = 1− Pr R(mj) =1 |γ0k, γmj, Z(mj)
i

􏼐 􏼑􏼐 􏼑

􏽙ni

l=1

f til |β0k, βmj, σmj, X(mj)
il

􏼐 􏼑 1−c(mj)
il

( 􏼁

1− F til |β0k, βmj, σmj, X(mj)
il

􏼐 􏼑􏼐 􏼑c(mj)
il

􏼨 􏼩

,

(17) 

where, clearly,

f (t | β0k, β, σ, τ, X) =
τ(1 − τ)

σ
exp −(τ − 1(t ≤ (β0k + X′β)))(t − (β0k + X′β))σ−1

􏼈 􏼉

and

Pr R(mj) = 1 | γ0k, γ, Z
( 􏼁

= η γ0k + Z′γ
( 􏼁

.

By specifying the Dirichlet process with centring measure G0 and scaling parameter M > 0 as prior on 
the mixing distribution, we get a Dirichlet process mixture. DPM is a class of statistical models suitable 
for clustering and density estimation. Dirichlet process mixtures provide a way to model the uncertainty 
about the number of components, automatically determining the appropriate number of clusters.

In this formulation, we have a regression equation structure with intercepts dependent on a dis
crete latent variable; thus, the prior setting for the parameters independent of the latent classes is 
the same as defined in Section 3.1, while the latent intercepts, i.e. αk = (β0k, γ0k), will be assumed to 
arise from a bivariate Gaussian prior centred at zero. Therefore, we fix G0 = N2(0, νI2), with I2 

denoting a diagonal matrix.
This approach does not require a prior specification for the support of the latent variable K, not 

even an upper bound, and can be represented as

f (ti, ci | θ, X, Z) =
􏽘∞

k=0

wkf (ti, ci |K = k, θ, X, Z), (18) 

where wk ≥ 0 are mixture weights such that 
􏽐∞

k=0 wk = 1. We may also further rewrite the model 
(18) in a hierarchical form:

ti | αk ∼ind pαk

αk |G ∼ind G
G ∼ DP(MG0).

(19) 

For discussions on how to handle the posterior, see, for example, Wade and Ghahramani (2018)
and Lavigne and Liverani (2024), and references therein. The relationship between wk and G(·) 
will be made clear in the next subsection.

3.2.1 Slice sampling
Walker (2007) and Kalli et al. (2011) proposed a slice sampling scheme for DPM. This approach ef
ficiently samples the weights of the components by defining slices based on the current weights, facili
tating the exploration of the parameter space while ensuring that the samples accurately represent the 
underlying distribution. Specifically, this procedure involves the introduction of uniform auxiliary 
variables, which render the mixture model conditionally finite. Let us consider the model defined in 
(18) and construct the mixing measure G using the stick-breaking representation, that is

G(·) =
􏽘∞

k=0

wkδαk
(·), (20) 
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where wk = vk
􏽑k−1

j=1 (1 − vj), with vk ∼ Be(1, M) independently, δαk
(·) denotes the Dirac measure 

giving mass 1 at αk and 0 elsewhere, and αk ∼ G0 independently. Let w and α represent the se
quences of wk and αk, respectively. Using this representation, we can explicitly express the 
DPM model as:

f (ti, ci | θ, Xi, Zi) =
􏽘∞

k=0

wkf (ti, ci |K = k, θ, Xi, Zi).

However, since this is still an infinite sum, it poses challenges for computation and posterior 
simulation. To address this, we introduce latent variables ui, transforming the infinite sum 
into a finite one:

f (ti, ci, ui | θ, Xi, Zi) =
􏽘∞

k=0

1(ui < wk)f (ti, ci |K = k, θ, Xi, Zi).

By integrating over ui, we recover the original expression.
This sum involves only a finite number of terms, as we now outline. Define Cw(u) = {k |u < wk}. 

In practice, we need to consider k up to k∗ = min {k |ui > 1 −
􏽐k

j=1 wj}, because for all k > k∗, 
wk < 1 −

􏽐k∗
j=1 wj < ui. Therefore, the sum is finite.

Consider now di, with f (di = k |ui, w) ∝ 1(ui < wk), which is uniform over Cw(ui). The joint 
density becomes:

f (ti, ci, ui, di | θ, Xi, Zi) = 1(ui < wdi
)f (ti, ci |K = k, θ, Xi, Zi).

By integrating over di and then over ui, we recover the previous expressions. This formulation al
lows for straightforward implementation of a Gibbs sampler for posterior simulation. In the aug
mented model, the joint distribution is:

f (ti, ci, ui, di | θ, Xi, Zi) =
􏽙N

i=1

1(ui < wdi
)f (ti, ci |K = k, θ, Xi, Zi).

We can construct a Gibbs sampler that updates wk, αk, ui, and di by sampling from their full con
ditional posterior distributions. Since wk = vk

􏽑k−1
j=1 (1 − vj), with vk ∼ Be(1, M), we define Ak = 

{i ∣ di = k} and Bk = {i ∣ di > k}. Then,

f (vk | d) = Be(1 + |Ak|, M + |Bk|), (21) 

subject to the condition that ui < wdi
. Similarly,

f (αk | θ, T, X, Z, c, d) ∝ G0(αk)
􏽙

i∈Ak

f (ti, ci |K = k, θ, Xi, Zi), (22) 

where αk = (β0k, γ0k) is updated, using a Metropolis step, only if Ak is non-empty. For empty in
dices, αk can be sampled from the prior G0. Then, we update the posterior distributions of θ = 
(β, γ, σ) with another Metropolis step sampling from

f (θ | α, T, X, Z, c, d) ∝ f (θ)
􏽙N

i=1

f (ti, ci |K = di, θ, Xi, Zi). (23) 

Finally, the full conditional for f (ui ∣ di, w) = Unif(0, wdi
), while di, conditionally on u, is a dis

crete uniform distribution on the set Cw(u).
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3.3 Dealing with big data: partial batch MCMC
The proposed method scales well up to about two hundred thousand events. For larger sample 
sizes, it might become excessively computationally intensive. In our sample, we have about seven 
hundred thousand transitions for slightly more than half a million individuals.

In order to address this issue, we derive a batch MCMC scheme (Wu et al., 2022). To our knowl
edge, the partial approach we propose is novel and, as we now argue and illustrate, simple and 
effective. We propose to use the entire data set at the clustering phase and mixture weights update 
of the MCMC sampler; while we use subsamples to update the posterior distributions of the kernel 
parameters. Specifically, we obtain a partition of the data in Ω > 1 blocks. At each iteration, we use 
only one of the blocks to update the kernel parameters. After Ω iterations, an epoch ends, and a 
new partition is generated. We repeat until the desired number of MCMC iterations. Batching 
speeds up each individual MCMC update, at the cost of increased variability in the sampled pa
rameters. However, random sampling guarantees that the first posterior moment is approximated 
correctly. The second posterior moment can be easily corrected through a straightforward appli
cation of the Bernstein-von Mises theorem. In fact, as the number of observations in each batch 
increases, it can be shown that the posterior variance of each parameter is approximately Ω times 
the posterior variance that would be obtained if the entire sample were used in each MCMC iter
ation. This is illustrated in a brief simulation study below, where we check the validity of this 
proposal.

4 Simulation study
In this section, we describe a simulation study. We first focus on a model that does only involve a 
cured fraction, then we allow for different support points for the latent variable. Finally, we em
pirically verify the effectiveness of the proposed batch sampling scheme and covariance correction.

4.1 Multi-state quantile regression with a cured fraction
The aim of this first simulation study is to show that, even in the absence of latent classes, when 
sub-populations of cured individuals exist with respect to a specific transition, the estimates ob
tained using the model proposed by Farcomeni and Geraci (2020) are less precise than those 
from a Bayesian model with a cured fraction. To this end, we simulate a multi-state process for 
a generic transition. We allow for two sample sizes, N = 1,000 and N = 10,000. Two continuous 
covariates are generated independently from U( − 1, 1) and N (0, 1). The regression parameters 
for transition times are fixed as β0 = 0.2, β1 = 0.3, and β2 = −0.2. For the cured fraction, we use 
a probit link and only the first covariate, and fix γ0 = 0.2 and γ1 = 0.6. As in our proposed mod
elling scheme, we parameterize the latent variable Ri through a probit transform of the linear pre
dictor based on the γ parameters. Whenever Ri = 0, we sample log holding times from a Gaussian 
random variable with expected value corresponding to the linear predictor based on β parameters, 
and unit variance. An independent censoring time is also simulated. The censoring time is drawn 
from a Uniform distribution over the interval (0, 100): if it occurs before the event time, the ob
servation is treated as censored and the corresponding transition is not recorded.

After we generate the data, we estimate our Bayesian multi-state quantile regression with cured 
fraction, and classical multi-state quantile regression (without a cured fraction). We estimate each 
model at quantile levels τ = (0.25, 0.5, 0.75). We replicate data generation and estimation 100 
times. Once the estimates are obtained, we evaluate the performance in terms of root mean 
squared error (RMSE) for parameter estimates, and in terms of relative root mean squared error 
(RRMSE), that is RMSE divided by the true value, for predicted quantiles.

In Tables 1 and 2, we compare the results obtained with the implementation of the proposed 
Bayesian MSM with (MSQR-CF) and without (MSQR) a cured fraction.

As expected, MSQR seems to be biased in these scenarios. and the bias does not decrease with 
the sample size. This is related to the fact that cured individuals have (censored) large times, there
fore misspecification affects estimates at τ = 0.75 much more than at τ = 0.25. However, the 
MSQR model shows a larger MSE than MSQR-CF nonetheless also at τ = 0.25. The same happens 
if one varies the true data generating distribution (not shown for reasons of space). While the 
RMSE for parameter estimates is in general rather large, it can be expected to decrease 
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substantially at larger sample sizes (like in our real data example). Furthermore, the RRMSE for 
the predicted conditional quantiles is more than acceptable.

4.2 Latent class multi-state quantile regression with cured fraction
In this second simulation framework, we also introduce unobserved heterogeneity across individuals. 
The aim of this study is to show that the Dirichlet process mixture of multi-state quantile regression 
model with cured fraction is well suited to handle such scenarios, outperforming the other models con
sidered. We simulate data from a latent class model. Once again we let N = 1,000 or N = 10,000. We 
fix the covariate parameters for transition times as β1 = 0.7 and β2 = −0.45. For the cure fraction, we 
use a probit link with γ1 = 0.3. We allow for two latent classes, where β01 = log (10), β02 = log (2), 
γ01 = 0.4, and γ02 = −0.4. We generate data by assigning each individual to a latent class with equal 
probability. Conditioned on the assigned group, we proceed as in the previous subsection.

We evaluate the efficacy of the latent class model in comparison to the marginal model proposed 
by us, and, as before, multi-state quantile regression without a cure fraction. Each model is esti
mated across quantile levels τ = (0.25, 0.5, 0.75). Results are in Tables 3 and 4.

Table 1. Simulation study

MSQR-CF MSQR

β0 β1 β2 γ0 γ1 β0 β1 β2

τ = 0.25

N = 1,000 0.020 0.139 0.098 0.059 0.062 0.097 0.102 0.077

N = 10,000 0.009 0.139 0.097 0.031 0.022 0.087 0.099 0.077

τ = 0.50

N = 1,000 0.044 0.060 0.034 0.056 0.061 0.343 0.218 0.101

N = 10,000 0.019 0.022 0.011 0.020 0.019 0.315 0.173 0.085

τ = 0.75

N = 1,000 0.102 0.338 0.188 0.054 0.062 1.864 1.410 0.745

N = 10,000 0.065 0.299 0.185 0.018 0.018 1.600 1.190 0.615

Note. Root mean squared error (RMSE) of the posterior means across 100 samples for Bayesian multi-state quantile 
regression with cured fraction (MSQR-CF) and multi-state quantile regression (MSQR); at different quantiles τ and 
sample sizes N.

Table 2. Simulation study

MSQR-CF MSQR

τ = 0.25

N = 1,000 0.0253 1.3967

N = 10,000 0.0247 1.3837

τ = 0.50

N = 1,000 0.0235 1.3786

N = 10,000 0.0234 1.3663

τ = 0.75

N = 1,000 0.0458 1.3347

N = 10,000 0.0449 1.3239

Note. Relative Root Mean Squared Error (RRMSE) of estimated conditional quantiles across 100 samples for Bayesian 
multi-state quantile regression with cured fraction (MSQR-CF), and multi-state quantile regression (MSQR); at different 
quantiles τ and sample sizes N.
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Even in a default prior setting the DPM-MSQR-CF model seems to be able to capture unob
served heterogeneity successfully, and avoid bias in the regression coefficients not modulated by 
the mixture. This is in contrast to other models, which all lead to higher RMSE values in all cases. 
Therefore, it is worth noting that the proposed model consistently outperforms the benchmark 
models across all configurations. The relatively higher RMSE values observed in some cases are 
primarily due to the limited information available in small-sample settings. As the sample size in
creases, the estimates become significantly more accurate and stable. When examining the relative 
root mean squared error of the predicted quantiles, see Table 4, the proposed models show excel
lent predictive performance even with N = 1,000, which further improves with larger sample sizes. 
The model by Farcomeni and Geraci (2020), on the other hand, fails as it does not account for the 
cured fraction, tending to overestimate the coefficients and produce inaccurate predictions.

4.3 An evaluation of the variance correction
We evaluated the empirical coverage of the credible intervals for parameters β1 and β2, which per
tain to the AL component of the likelihood, and for γ1, the parameter of the cure rate model, using 

Table 4. Simulation study

DPM-MSQR-CF MSQR-CF MSQR

τ = 0.25

N = 1,000 0.067168 0.065548 1.383605

N = 10,000 0.059675 0.062344 1.354225

τ = 0.50

N = 1,000 0.113985 0.119150 1.315509

N = 10,000 0.108583 0.113383 1.289967

τ = 0.75

N = 1,000 0.222629 0.234933 1.173807

N = 10,000 0.218935 0.229457 1.155595

Note. Relative root mean squared error (RRMSE) of estimated conditional quantiles across 100 samples for a Dirichlet 
process mixture of MSQR-CF (DPM-MSQR-CF), Bayesian multi-state quantile regression with cured fraction 
(MSQR-CF), and multi-state quantile regression (MSQR); at different quantiles τ and sample sizes N.

Table 3. Simulation study

DPM-MSQR-CF MSQR-CF MSQR

β1 β2 γ1 β1 β2 γ1 β1 β2

τ = 0.25

N = 1,000 0.205 0.071 0.077 0.200 0.055 0.100 0.352 0.114

N = 10,000 0.071 0.045 0.055 0.084 0.000 0.084 0.197 0.089

τ = 0.50

N = 1,000 0.607 0.298 0.071 0.810 0.408 0.095 1.587 0.785

N = 10,000 0.444 0.241 0.045 0.695 0.393 0.077 1.338 0.769

τ = 0.75

N = 1,000 1.393 0.718 0.071 1.918 1.087 0.089 4.573 2.247

N = 10,000 0.982 0.571 0.045 1.705 1.038 0.071 3.862 2.254

Note. Root mean squared error (RMSE) of the posterior means across 100 samples for a Dirichlet process mixture of 
MSQR-CF (DPM-MSQR-CF), Bayesian multi-state quantile regression with cured fraction (MSQR-CF), and multi-state 
quantile regression (MSQR); at different quantiles τ and sample sizes N.
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the result of the simulation study. We compute credible intervals for both the naive unadjusted 
estimator and the corrected one. The results are in Table 5. Uncorrected estimates have adequate 
0.95 coverage rate when N = 1,000, but a marked deterioration is observed at N = 10,000. In par
ticular, γ1 consistently exhibits perfect coverage regardless of the sample size. This highlights that 
as N increases, the credible intervals for parameters linked to the AL component become increas
ingly less reliable from a frequentist perspective. On the other hand, the Yang et al. (2016) cor
rected estimator has a perfect coverage, regardless of the sample size.

However, it is important to highlight here that empirical coverage of credibility intervals de
pends on the prior choice. Bayesian credible intervals do not necessarily have frequentist proper
ties, unless specific choices (e.g. matching priors) are made. In this light, it is not the actual values in 
Table 5 that matter, but the fact that with the correction the coverage substantially improves due 
to the validity of the corrected covariance estimates.

A possibly better evidence that Yang et al. (2016) correction is effective in our context can be 
obtained by comparing the distance (for instance, in terms of Frobenius norm) between the esti
mated and true asymptotic covariance matrices. Bernstein von Mises theorem (BvM) allows us 
to approximate the true posterior covariance as (1/N)I(θ0)−1, where I(θ0) is the observed informa
tion matrix evaluated at the true parameter value θ0. We then compute the Frobenius distance be
tween the true approximate asymptotic covariance matrix and the estimate covariance matrices, 
with and without correction. Table 6 shows that the correction proposed by Yang et al. (2016)
consistently yields estimates that are closer to the true covariance matrix at each quantile level 
and sample size.

4.3.1 Partial batch MCMC
In order to numerically test the effectiveness of the proposed method for speeding up estimation 
with big data, we show a brief comparative study of standard and batched methods. We generated 
100 samples of N = 50,000 observations in the same setting as the previous subsection; imple
menting both the standard MCMC estimator for DPM-MSQR-CF (i.e. when Ω = 1) and the par
tial batch MCMC, with Ω = 5 and Ω = 10 blocks.

Table 7 shows that even with this sample size, the posterior mean and (corrected) posterior 
standard deviation are correctly approximated. The posterior mean is approximated better than 
the standard deviation, as expected. The approximation is better with Ω = 5 than with Ω = 10, 

Table 5. Empirical 0.95 coverage rates for γ1, β1, and β2 across 100 samples in Dirichlet process mixture of MSQR-CF 
(DPM-MSQR-CF)

τ β1 β2 γ1

MCMC estimates

N = 1,000 0.25 0.99 0.96 1.00

0.50 0.98 0.65 1.00

0.75 0.98 0.81 1.00

N = 10,000 0.25 0.95 0.84 1.00

0.50 0.97 0.33 1.00

0.75 0.97 0.68 1.00

Yang et al. (2016) estimates

N = 1,000 0.25 1.00 1.00 1.00

0.50 1.00 1.00 1.00

0.75 1.00 1.00 1.00

N = 10,000 0.25 1.00 1.00 1.00

0.50 1.00 1.00 1.00

0.75 1.00 1.00 1.00
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as could also be expected, due to the fact that smaller batches are used when Ω = 10. Indeed, with a 
batch of only 5,000 observations, posterior consistency might not be close; which is why some ra
tios are not very close to the unity. If anything, the batched method seems to slightly overestimate 
variability, which is better than the reverse.

We speculate, also in light of further comparisons that we have done with simplified models and 
larger sample sizes, that with real big data the ratios would be much closer to the unity. Note that, 
in our application, the sample size is more than ten times the one of the samples simulated in this 
section.

Finally, it is worth highlighting the substantial computational cost advantage achieved through 
the implementation of partial batching. On a single dataset, we observed that in a standard com
putational setup, 100 iterations required about 125 s for the classical MCMC estimator for 
DPM-MSQR-CF, 65 s for the partial MCMC with Ω = 5 and 11 s for the partial batch MCMC 
with Ω = 10.

Table 6. Frobenius distance between the adjusted and unadjusted estimated covariance matrix of parameter 
estimates the true one

N τ Yang et al. (2016) MCMC

1,000 0.25 0.002 0.092

0.50 0.050 0.418

0.75 0.688 2.204

10,000 0.25 0.001 0.035

0.50 0.035 0.272

0.75 0.586 1.735

Note. Results are the median over 100 replicates.

Table 7. Simulation study

β1 β2 γ1

τ = 0.25

Ω = 5 M1 1.057 1.004 1.015

Ω = 5 M2 0.944 0.924 1.081

Ω = 10 M1 1.004 1.012 1.040

Ω = 10 M2 0.918 0.863 1.133

τ = 0.50

Ω = 5 M1 0.985 0.976 1.022

Ω = 5 M2 0.883 0.897 0.960

Ω = 10 M1 0.985 0.959 1.017

Ω = 10 M2 0.765 0.881 0.961

τ = 0.75

Ω = 5 M1 0.994 0.937 1.002

Ω = 5 M2 0.923 0.846 0.856

Ω = 10 M1 0.944 0.875 1.016

Ω = 10 M2 0.844 0.739 0.822

Note. Geometric mean over 100 samples of the ratios between the posterior moments for standard MCMC and the 
(corrected) posterior moments for partial batch MCMC. M1 indicates the posterior mean, M2 the posterior standard 
deviation. The sample size is fixed as N = 50,000.

1710                                                                                                                             Barone and Farcomeni
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/article/189/3/1697/8253917 by guest on 17 July 2026



5 Analysis of the jail dataset
We implemented the proposed model on a sample of N = 550,994 individuals who were in jail at 
least once across the U.S. in the period 2020–2023, or were already in jail at the beginning of 
follow-up; for a total of 

􏽐
ni = 686,319 observations. For each spell, we do not have information 

on the expected duration (i.e. the judgment). We model the transition from freedom to jail, with 
time expressed in years. For individuals who were not in jail at the beginning of follow-up, we dis
card the first observed freedom spell so that all subjects in our sample have at least one documented 
detention. About 85% of the individuals are censored for their last freedom spell (that is, they are 
outside of jail at the end of follow-up). More than 16% of the individuals have more than one de
tention spell during follow-up; of these, about 20% have three spells, 5% have four, and 3% have 
five or more. Restricting to the events, freedom spells are usually rather short; with a median of 
about 6 months, third quartile of about 1 year, and last decile of about 19 months.

The covariates that will be used to model both the conditional time to transition and the prob
ability of cure are reported in Table 8; together with some descriptive statistics. These are in line 
with the descriptives reported in Western et al. (2021), with some interesting differences. In fact, 
data from Western et al. (2021) are restricted to New York City and the years 2008 to 2017. Our 
nation-wide and slightly more recent data report an about 10% smaller proportion of males, and a 
much larger proportion of whites. This is in line with a trend of gender gap reduction for jail de
tention over time, and a huge spatial heterogeneity for race. In fact, if we restrict our data to 
New York, we obtain about 60% African-American, which is in line with Western et al. 
(2021). The covariates of the crime category refer to the reason for the previous arrest; more 
than one reason is possible, even if a unique category is recorded for more than 91% of arrests, 
8% have two reasons, and only 0.5% have three or four.

We model the logarithm of the transition times to ensure that the linear combination of the co
variates falls within the support of the variable; and to make the assumption that the centring 
measure G0 is a bivariate Gaussian more credible. Transition times (conditionally on R(mj)

i = 0) 
are modelled at quantiles τ = 0.25, 0.5, 0.75.

For ease of interpretation, we further constrain our proposed model in two respects. First, we 
select a common number of latent states at different quantiles. To do so, we used the DPM sam
pling at τ = 0.5. A more formal alternative would have been to combine the log-likelihoods at all 

Table 8. Jail data

Code Variable Statistic

X1 Gender 77.5% males

X2 Age at first detention 35.62 ± 11.53

X3 Violent crimes 66%

X4 Sexual crimes 5.7%

X5 Property Crimes 26.1%

Drug Crimes 11.1%

X6 African American 29.6%

X7 Asian/Pacific 1.7%

X8 Indigenous 0.9%

X9 Other POC 11.1%

White 56.7%

X10 No. of arrests post 2019 1.18 ± 0.37

X11 Latest detention duration 0.03 ± 1.95

Note. Covariates used in the analysis, with their code when included in the model, and summary statistics. For X10 and 
X11 we report the geometric mean ± the standard deviation for the log variable. ‘Other POC’ indicates ‘other people of 
colour’ beyond African Americans.

J R Stat Soc Series A: Statistics in Society, 2026, Vol. 189, No. 3                                                        1711
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssa/article/189/3/1697/8253917 by guest on 17 July 2026



quantiles, but we have seen that it would likely not have led to different results, and it would have 
involved larger computational times and, therefore, smaller number of iterations for the sampler. 
Secondly, we constrain the latent indicators and parameters for the cure rate model to be equal at 
different quantiles. We thus have a common probability of occurrence for recidivism, regardless of 
the quantile of interest for transition times; and each subject belongs to the same latent state at 
different quantiles (clearly, state-specific parameters are still quantile dependent). This is useful 
for interpretation and not very restrictive. In the unconstrained case, as could be expected, the pos
terior means of these parameters were actually close to each other.

We have fit models with (DPM-MSQR-CF) and without (DPM-MSQR) a cure fraction. 
Posterior distributions are estimated using batch MCMC, with Ω = 50 blocks. The prior setting 
for both quantile regression and cure rate model parameters follows the approach introduced in 
Section 3. We compare DPM-MSQR-CF with DPM-MSQR in terms of the Widely Applicable 
Information Criterion (WAIC, Watanabe, 2013), in the definition of Gelman et al. (2014); re
ported in Table 9. It can be seen that the inclusion of a cure fraction provides a substantially better 
fit. This further motivates our contribution; and it is a rather common phenomenon, in our experi
ence, when the event rate is relatively low. As already stated, we should be wary of interpreting 
‘cured’ individuals as ‘rehabilitated’. It is indeed true that the model provides an estimate of the 
proportion of individuals that might not experience a new detention, but this proportion includes 
both individuals who will not commit other crimes (or, at least, not be suspected of any) and in
dividuals who will enter a prison (possibly even more than once).

Posterior summaries for the manifest distribution of our proposed model are reported in 
Table 10, and in Table 11 we show the results related to the latent intercepts and weights. 

Table 9. Jail data

WAIC

DPM-MSQR −7,232.934

DPM-MSQR-CF −7,325.079

Note. WAIC calculated on the Dirichlet Process Mixture multi-state quantile regression model with and without a cured 
fraction.

Table 10. Jail data

Time to transition

β1 β2 β3 β4 β5 β6 β7 β8 β9 β10 β11

τ = 0.25

E( · |X) −0.062 0.003 −0.092 0.571 −0.452 −0.078 −0.473 −0.026 0.030 −0.384 −0.117

SD( · |X) 0.023 0.028 0.086 0.105 0.129 0.007 0.126 0.106 0.015 0.133 0.108

τ = 0.50

E( · |X) −0.029 −0.000 0.039 0.170 −0.398 0.352 0.130 −0.010 −0.526 −0.161 −0.100

SD( · |X) 0.069 0.028 0.015 0.041 0.035 0.053 0.020 0.120 0.080 0.055 0.053

τ = 0.75

E( · |X) 0.024 −0.024 −0.452 0.604 −0.345 0.363 −0.182 0.358 −0.404 0.250 0.140

SD( · |X) 0.331 0.040 0.274 0.224 0.278 0.299 0.041 0.055 0.082 0.318 0.024

Cure 
model

γ1 γ2 γ3 γ4 γ5 γ6 γ7 γ8 γ9 γ10 γ11

E( · |Z) −0.217 0.009 −0.087 −0.011 −0.173 0.052 0.181 −0.145 −0.331 −0.188 −0.030

SD( · |X) 1.891 0.207 2.389 2.363 2.195 1.817 0.937 1.146 2.166 2.337 0.827

Note. Posterior means and standard deviations for the DPM-MSQR-CF at τ = 0.25, τ = 0.50, τ = 0.75.
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There is clear evidence of unobserved heterogeneity, as could be expected, with the model estimat
ing three well-separated latent classes.

The majority of individuals are assigned to the first group (79.7%), with baseline non-cured in
dividuals returning to jail in a median time of exp (0.741) ≈ 2.1 years, within an interval of approxi
mately 1.28 years to 4.54 years (first and third quartile, respectively). In contrast, 13% of individuals 
belong to the second group, with recurrence times for baseline individuals ranging from 6 months to 
2 years (first and third quartile, respectively) and a median time to recurrence of approximately 8.5 
msonths. Lastly, the third group, consisting of 7.2% of individuals, has the shortest recurrence time, 
ranging from 2.4 to 10 months, with a median time to recurrence of 3 months.

Men appear to have slightly shorter recurrence times in the first quartile (6%) and median (3%) 
than females. Age at first detention appears to have almost no association with the time outcome. 
There is some association of recurrence times with the type of crime and race. Compared to base
line (drug crimes), recidivist sexual offenders (β4) tend to stay free for the longest time in all quan
tiles. This result could be associated with policies for sex offenders, which have received 
considerable attention, especially in recent years (Schmucker & Lösel, 2017). Focusing on β5, it 
can be seen that inmates charged with property crimes, controlling for other variables, have short
er recurrence times in all quantiles.

The association of recurrence time with ethnicity is more complex. There does not seem to be 
much difference among races at τ = 0.25, i.e. race does not matter much for people at high risk 
of short-term recidivism; with possibly just the exception of Asian Americans (β7), who have 
slightly shorter recurrence times. At the median and third quartile, African Americans (β5) have 
longer recurrence times; while other POC (β9) have shorter recurrence times. Finally, indigenous 
individuals (β8) appear to have differential (slightly longer) recurrence times compared to white 
individuals only in the third quartile.

Our last, possibly the main, result of interest involves the expected number of arrests over time, 
reported in Figure 1. The results are stratified by latent class and certain values of the covariates for 
comparison.

Cumulative hazard functions are very well separated when stratifying by latent class. 
Unobserved heterogeneity clearly plays the most important role, with only a minor difference in 
cumulative hazard brought about by the covariates. While for one group, to which about 80% 

Table 11. Jail data

Time to transition

τ = 0.25 k = 1 k = 2 k = 3

E(β0 |X) 0.245 −0.668 −1.617

SD(β0 |X) 0.023 0.022 0.028

τ = 0.50

E(β0 |X) 0.741 −0.375 −1.371

SD(β0 |X) 0.011 0.013 0.020

τ = 0.75

E(β0 |X) 1.514 0.729 −0.188

SD(β0 |X) 0.018 0.018 0.026

Cure model

E(γ0 |X) 1.471 −1.234 0.393

SD(γ0 |X) 0.009 0.058 0.090

Mixture weights

E(w |X) 0.797 0.130 0.072

SD(w |X) 0.012 0.013 0.014

Note. Posterior means and standard deviations for the intercepts and mixture weights of the DPM-MSQR-CF model, at 
τ = 0.25, τ = 0.50, τ = 0.75.
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of the subjects are assigned, jail recurrence is unlikely within the first 2 years; the other two groups 
accumulate more than one detention per year of freedom. One group has an initial high risk, with 
about 1.75 detentions in the first year of freedom, which then decreases in magnitude to reach 
about 2 detentions within the first 2 years of freedom. Another latent class is associated with a 
low risk in the first year (about 0.25 detentions in the first year of freedom), which then increases 
to reach more than one new detention within the first 2 years of freedom.

As an additional benchmark, Table 12 reports the estimated coefficients from the multi-state 
quantile regression model without cured fraction proposed by Farcomeni and Geraci (2020). 
Since the WAIC is a Bayesian criterion that requires a fully probabilistic specification, it cannot 
be computed for this frequentist model. Nevertheless, the substantial discrepancies observed in 
the estimated coefficients further highlight the capacity of our approach to account for unobserved 
heterogeneity, thereby enabling more robust inference. For instance, consider inmates charged with 
sexual offenses: in our model, the estimated coefficient β4 is consistently positive across all quantiles, 
whereas in this case it is markedly smaller and nearly null at the median. Similarly, for inmates 
charged with property crimes, our model estimates a negative value for all the considered τ levels, 
while in the benchmark model a positive coefficient is found at the upper quartile (β̂5 = 0.149), sug
gesting potential misclassification when latent heterogeneity is not explicitly modelled.

6 Conclusions
We proposed a Dirichlet process mixture of multi-state quantile regression models incorporating a 
cure fraction. Our model is a quantile counterpart to Conlon et al. (2014); with the addition of 
unobserved heterogeneity. It also extends directly Farcomeni and Geraci (2020) in several direc
tions. As briefly mentioned above, there are advantages in using a quantile regression approach 
to multi-state modelling, prominently interpretability and computational convenience. We have 
specified a latent class model in which individuals do not change the assigned class over time. 
Dynamic latent variable models would be much more cumbersome, and are left for further 
work (see e.g. Barone et al., 2024 for an example for recurrent event models).

Figure 1. Jail data. Cumulative hazard function conditional to observed clusters and certain covariates.
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Our multi-state framework encompasses several scenarios, including recurrent event, compet
ing, and semi-competing risk data.

A Bayesian approach is used, accounting for unobserved heterogeneity without specifying the 
number of latent classes in advance. A simple batching strategy is used to scale the MCMC proced
ure for big data, as we work with more than half a million individuals. Even after batching, approxi
mately nine hours are needed to obtain a sample from the posterior for a fixed quantile. Using 40 
CPUs in parallel, model fitting took approximately 1 day for obtaining samples at the pre-specified 
grid of quantiles. One the other hand, classical methodologies for multi-state modelling, both with 
and without a cure fraction, would be computationally intractable for our application.

Similarly, frequentist inference for the proposed model might be feasible, but a little more compu
tationally intensive and less stable than the Bayesian one we have adopted. A clear advantage of the 
Bayesian approach, beyond the possibility to incorporate prior knowledge, is the fact that we can ef
fectively specify an infinite mixture model; without having to select the number of latent classes.

We have shown that, as often happens with complex time-to-event data with low event rates, a 
cure-rate model is advantageous over one that assumes that all individuals will eventually experi
ence the event. See also Jackson et al. (2022) on this point. In our motivating application, as some
times happens, the cure fraction is mostly used to improve the goodness of fit. It would be 
cumbersome indeed to evaluate the role of cured individuals: individuals that are not expected 
to reenter jail might indeed enter a prison, an information that is not present in our data. 
However, there are several other application domains (e.g. breast cancer) with direct interpretabil
ity of the cure fraction.

Our model was applied to the study of transitions from freedom to jail in the period 2020–2023 
in the U.S., on a sample of individuals who have previously experienced detention; thus updating 
the literature on jail recidivism in the U.S. In addition, to our knowledge, many studies on jail re
cidivism are limited to local (e.g. state) data.

The estimated cumulative hazard is one of the key by-products of our procedure and should be 
interpreted with caution. In fact, it does not take into account the distribution of any other tran
sition, including the one back to the entry state. This is common to any cumulative hazard estimate 
in the multi-state context, but it is worth underlining. In this sense, an expected number of two 
events per year shall be interpreted as two events per year of freedom, or per year plus jail or prison 
time for each detention. We believe that not counting the time spent in jail before any further de
tention makes the figure more clearly interpretable. Anyway, estimates for the cumulative number 
of events could readily be adjusted.

We have found a relatively low cumulative hazard for 80% of the population under study, but a 
high risk for the remaining 20%; with short-term recurrence and up to two detentions per year of 

Table 12. Estimates and standard errors for the parameters of the MSQR model of Farcomeni and Geraci (2020) at 
τ = 0.25, 0.50, and 0.75

Time to 
transition

β0 β1 β2 β3 β4 β5 β6 β7 β8 β9 β10 β11

τ = 0.25

Estimate 0.038 −0.105 0.002 −0.064 0.149 −0.163 0.095 −0.036 −0.256 −0.006 −0.311 0.083

Standard 
error

0.102 0.022 0.001 0.033 0.051 0.052 0.029 0.104 0.089 0.028 0.084 0.022

τ = 0.50

Estimate 0.729 −0.040 0.002 0.016 0.013 −0.109 −0.007 −0.164 0.078 −0.102 −0.254 −0.113

Standard 
error

0.067 0.025 0.001 0.054 0.066 0.066 0.017 0.092 0.193 0.025 0.066 0.022

τ = 0.75

Estimate 0.877 0.027 0.000 0.225 0.159 0.149 −0.038 −0.405 −0.617 −0.224 −0.195 −0.195

Standard 
error

0.108 0.076 0.001 0.083 0.108 0.074 0.050 0.282 0.294 0.094 0.024 0.088
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freedom. Time-to-transition between freedom and a new jail spell was estimated as very low at the 
first quartile. Little association was found with the extant covariates. It should be mentioned that 
latent clustering does not seem also to be associated, and hence possibly explained, by the available 
covariates (results not shown). Notably, the covariates are on the other hand very heterogeneous 
across space, especially race and type of crime. The main conclusion is that for about one fifth of 
the population experiencing detention at least once, jail recurrence is a persistent event, with very 
short free time between spells. A characterization of this population can not be easily achieved 
with the extant covariates. If recidivism is used to measure the correctional effectiveness of prisons 
and jails, the evidence suggests that jails—and the programs and initiatives targeting individuals 
with jail experience—perform even worse than prisons.
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