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Abstract. We study the volume preserving mean curvature flow of a sur-
face immersed in an asymptotically flat 3-manifold modeling an isolated
gravitating system in General Relativity. We show that, if the ambient
manifold has positive ADM-mass and the initial surface is round in a
suitable sense, then the flow exists for all times and converges smoothly
to a stable CMC-surface. This extends to the asymptotically flat setting
a classical result by Huisken-Yau (Invent. Math. 1996) and allows to con-
struct a CMC-foliation of the outer part of the manifold by an alternative
approach to the ones by Nerz (Calc. Var. PDE, 2015) or by Eichmair-
Koerber (J. Diff. Geometry, 2024).
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1. Introduction

In this paper, we study the evolution by mean curvature of closed surfaces in
a smooth Riemannian manifold which is asymptotically flat, according to the
following definition.

Definition 1.1. A complete Riemannian 3-manifold (M, g) is called C2
1
2+δ

-asym

ptotically flat for some δ ∈ (0, 1
2 ] if there exists a compact subset ∅ �= C ⊂ M,

a constant c > 0 and a diffeomorphism �x : M \ C → R
3 \ B1(0) such that

|gαβ − ge
αβ | + |�x| ∣∣∂γ gαβ

∣
∣ + |�x|2 ∣

∣∂γ∂η gαβ

∣
∣ ≤ c|�x|− 1

2 −δ (1.1)
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and in addition the scalar curvature S satisfies |S| ≤ c|�x|−3−δ. Here ge de-
notes the Euclidean metric, and the partial derivatives and the norms are the
Euclidean ones.

Manifolds of this kind have been extensively studied in General Relativity,
since they occur as spacelike time slices of Lorentzian manifolds modeling iso-
lated gravitating systems. A typical example is the well-known Schwarzschild
metric of mass m, given by

ḡS
αβ =

(

1 +
m

2|�x|
)4

ge
αβ , (1.2)

which fulfills the above definition with δ = 1
2 . For a general manifold as in

(1.1) one can define the ADM-mass mADM , see (2.1), which coincides with m
in the Schwarzschild case.

In this paper, we study the volume preserving mean curvature flow (VPM
CF) of closed surfaces immersed in M, namely we consider time-dependent
immersions F : Σ × [0, T ) → M, with Σ a closed 2-surface, which evolve
according to

∂F

∂t
(p, t) = −[H(p, t) − h(t)] ν(p, t). (1.3)

Here H and ν are the mean curvature and the unit normal, while h(t) is the
average of the mean curvature on Σ at time t. If we denote by Σt = F (Σ, t)
the solution at time t, then the volume of the domain enclosed by Σt remains
constant, while the area of Σt decreases with time, with strict monotonicity
unless H is constant. This suggests that, at least for suitable initial data, the
surface should converge to a limiting profile given by a stable constant mean
curvature (CMC) surface. However, this requires a nontrivial analysis in order
to exclude the formation of singularities in finite time due to curvature blowup,
and to show smooth convergence as time goes to infinity. Convergence results
of the flow to a CMC profile in various kinds of ambient manifolds, either
Euclidean or Riemannian, have been obtained by many authors through the
years, we recall for instance [1,3,7,10,16,21]. More recently, the long-time
convergence has also been studied in the case of weak solutions of the flow, see
e.g., [19] and the references therein.

In the context of mathematical relativity, VPMCF was first studied by
Huisken and Yau [18] who proved the following result.

Theorem 1.2. Let (M, g) a C4
2 -asymptotically Schwarzschild 3-manifold, i.e.,

such that

|g − gS | +
4∑

k=1

|�x|k ∣
∣∂k (gαβ − gS

αβ)
∣
∣ ≤ c|�x|−2 (1.4)

where gS is the Schwarzschild metric for some m > 0 and ∂k denotes deriva-
tives of order k. Let Σt be the solution of (1.3) with initial data given by the
Euclidean coordinate sphere Sr(0), for a large enough radius r > 0. Then Σt

exists for all t ∈ [0,∞) and converges smoothly to a strictly stable CMC-surface
Σr

∞ ⊂ M as t → +∞.
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Huisken and Yau then showed that the union of the surfaces Σr
∞ as

r ∈ (r0,+∞) forms a foliation by stable CMC-surfaces of the outer part of M,
which is uniquely determined. Such a foliation is of interest for the physical
model because it defines a canonical system of radial coordinates and allows
for a geometric definition of the center of mass. In the following years, various
authors have introduced other methods to construct the CMC-foliation and
have weakened the hypotheses, as in the papers by Ye [31], Metzger [24] and
Huang [12]. An important reference for our purposes is the work of Nerz [26],
who strengthened the method of [24] and first proved the result under the
general decay assumptions of Definition 1.1, which he then showed to be op-
timal in [27]. We also mention the recent paper by Eichmair-Koerber [9], who
have constructed the CMC-foliation in asymptotically flat spaces of general
dimension and have included a survey of the previous results.

In the papers that followed [18], the authors no longer used a curvature
flow evolution to construct the CMC-surfaces, and employed instead more
classical tools of elliptic theory, such as the implicit function theorem, the
continuity method and Lyapunov-Schmidt reduction. This leads to the nat-
ural question of whether the leaves of the foliation can also be recovered by
the VPMCF under the general assumptions of Definition 1.1. We give an af-
firmative answer in our main result, Theorem 4.14, where we describe a class
of initial data for which the flow has a global solution and converges smoothly
to a stable CMC limit as t → +∞ at an exponential rate. Roughly speaking,
the class is characterized by the smallness of suitable integral norms of H − h

and of
◦
A, where

◦
A is the trace-free part of the second fundamental form, and

by a bound on distance of the barycenter from the Euclidean center. Under
an additional mild symmetry assumption on the metric, we have the following
more explicit statement about the evolution of Euclidean coordinate spheres,
which extends Theorem 1.2 to a much more general class of ambient manifolds.

Theorem 1.3. Let (M, g) be a C2
1
2+δ

-asymptotically flat 3-manifold with mass

mADM > 0, satisfying the C1
1+δ-Regge–Teitelboim conditions in Definition 2.1.

Then the solution of the flow (1.3) starting from a Euclidean coordinate sphere
Sr(0) with large enough r > 0 exists for all times and converges smoothly to a
strictly stable CMC-surface as t → +∞.

The uniqueness result of [26] implies that the limiting CMC-surface of
our flow coincides with a leaf of the foliation constructed there. Therefore
our analysis provides an alternative approach to the existence of the foliation,
which also gives a dynamical stability result for the surfaces under VPMCF.
We remark that, as in [18], our construction requires the hypothesis of positive
mass, which ensures that the CMC leaves are locally area minimizing. If the
mass is negative, there are small perturbations of the leaves with the same
volume and smaller area, which cannot converge to the CMC-surface under the
flow, since this decreases the area. In this case, one expects that the perturbed
surfaces drift away with the flow and do not converge. In contrast, the methods
of [9,26] work for nonzero mass of either sign.
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Our strategy of proof has some common ideas with the one by Huisken
and Yau [18]. As in that paper, we introduce a suitable class of round surfaces,
which are close to Euclidean spheres and are well-centered with respect to
the Euclidean coordinates, see Definition 2.4. The properties of the class are
quantitatively expressed in terms of an approximate radius σ and become
more restrictive as σ → +∞ according to the increasingly Euclidean behavior
of the ambient metric. The main part of the proof consists of showing that, for
suitable initial data, the solution of the flow remains in the roundness class as
long at it exists.

On the other hand, the more general assumptions on the ambient man-
ifold pose interesting new challenges in the analysis of the flow (1.3). For
instance, in the previous work on mean curvature flow in Riemannian man-
ifolds, e.g., [11,15,22], the convergence results depend on an explicit bound
on ∇ Rm, the gradient of the curvature tensor of the ambient manifold. In
fact, this term occurs in the evolution equations for the second fundamental
form of Σt under the flow. For this reason, hypothesis (1.4) in [18] included a
control on the decay of the derivatives of the metric up to fourth order. We are
assuming instead property (1.1), which gives a decay rate on Rm but not on
its derivatives, as it is more natural in the physical model. Therefore we use
an approach to the curvature estimates which is inspired by an idea from [24].
Instead of using the maximum principle to control the curvature quantities,
we consider suitable integral norms, and use integration by parts to transform
the ∇ Rm terms. The integral estimates allow in turn to obtain a pointwise
control on the curvature by using some regularity results from the literature:
in particular, the rigidity estimate for nearly umbilical surfaces by De Lellis
and Müller [8], together with its Lp version by Perez [28], and the bootstrap
for the second fundamental form of nearly CMC-surfaces by Nerz [26]. We ob-
serve that integral estimates have been often used to obtain convergence of the
mean curvature flow, starting from the pioneering paper [14]. Here, however,
we do not need to employ directly a Stampacchia iteration technique to obtain
L∞ estimates, since this step is implicitly contained in Nerz’s estimate, which
uses a (simpler) integral iteration procedure in the elliptic setting.

Another delicate part of our procedure is the estimate of the possible drift
of the barycenter of Σt along the flow, which is essential for the convergence
and, more importantly, to ensure that all parts of Σt remain in a region where
the ambient metric is enough flat to ensure that the previous estimates apply.
In [18, Proposition 3.4], such a bound is obtained by a barrier argument, based
on the properties of the Schwarzschild model and not applicable to our setting.
We analyze instead the behavior of ||H −h||L2(Σt), which controls the speed of
the barycenter, in addition to the deviation of Σt from being CMC. The time
derivative of this norm has a simple expression, see (4.3), which involves the
stability operator L associated with Σt. In particular, the decay of H −h along
the flow is related to the positivity of the operator. The spectral properties of
L have been analyzed in detail in [4,26] in the case of round surfaces which are
CMC, showing in particular that the smallest eigenvalue on functions with zero
mean has the same sign as the ADM-mass of M. Our evolving surfaces Σt, on
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the other hand, are not CMC but only satisfy a smallness assumption on the
oscillation of H. This gives rise to some non-negligible additional terms and
the positivity of L may fail. However, for our purposes, we only need to apply L
to the deformation H −h given by the speed of the flow, and we can show that
in this case the remainder terms admit a better estimate thanks to symmetry
properties. This leads to an exponential decay in L2-norm for the speed of the
flow, see Proposition 4.9, which gives the desired control on the barycenter
if the so-called translational part of H, see Definition 3.5, is enough small at
the initial time. By a careful combination of the curvature estimates and the
barycenter estimates, we finally obtain Theorem 4.13, where we describe a
class of initial data such that the surfaces Σt remains round and well-centered
along the flow. From this, standard arguments imply the global existence of
the flow and the smooth exponential convergence to a CMC limit and lead to
our main Theorem 4.14. It is easy to check that, if the ambient space satisfies
a weak Regge–Teitelboim condition, the Euclidean coordinate spheres satisfy
the requirements of the previous theorems, and this yields Theorem 1.3.

We conclude by describing further related works in the literature. Other
convergence results for constrained mean curvature flows in asymptotically
Schwarzschild manifolds were obtained in [6] and recently in [11]. An interest-
ing modification of the definition by Huisken-Yau of the center of mass has been
given by Cederbaum-Sakovich [4] by considering the so-called space-time mean
curvature (STMC): by using a strategy similar to [26], the authors construct
a constant STMC foliation which allows to treat certain cases, described in
[5], where the center of mass via the CMC-foliation is not well-defined. In this
context, the second author [30] has considered the volume preserving STMC-
flow and has shown that it drives the CMC leaves constructed in the present
paper to a constant STMC limit, providing an alternative construction of the
foliation in the positive energy case. Very recently, Kröncke-Wolff [20] have
used an area preserving null mean curvature flow to construct foliations of
asymptotically Schwarzschildean lightcones by surfaces of constant STMC.

2. Preliminaries

2.1. Definitions and Basic Properties

Throughout the paper, (M, g) will be an asymptotically flat 3-manifold as in
Definition 1.1. We denote, respectively, by Γ

α

βγ the Christoffel symbols, by
∇ the Riemannian connection, by Rm,Ric the Riemann and Ricci curvature
tensors and by S the scalar curvature on (M, g). We call Euclidean coordinate
spheres the surfaces of the form �x−1(SR(0)) for some R > 0; by an abuse of
notation, we denote them simply by SR(0).

The ADM-mass of (M, g), first introduced in [2], is defined as

mADM := lim
R→∞

1
16π

ˆ
SR(0)

(

∂αgαβ − ∂βgαα

)

νβ dμ, (2.1)
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where ν is the unit normal vector and dμ is the measure on SR(0) induced by
g.

We also introduce a weakened form of a symmetry assumption originally
stated by Regge and Teitelboim [29]. We remark that this property will only
be used in Theorem 1.3 and Lemma 3.14, while it is not needed in the other
results of the paper.

Definition 2.1 (C1
1+δ-Regge–Teitelboim conditions). Let (M, g) be a C2

1
2+δ

-asym

ptotically flat manifold. We say that this manifold satisfies the C1
1+δ-Regge–

Teitelboim conditions if there exists c > 0 such that
∣
∣gαβ(x) − gαβ(−x)

∣
∣ + |x|

∣
∣
∣Γ

γ

αβ(x) + Γ
γ

αβ(−x)
∣
∣
∣ ≤ c

|x|1+δ
(2.2)

for every x ∈ M \ C.

In the following, we will consider smooth immersed 2-surfaces ι : Σ ↪→
M \ C. We will always assume that Σ is closed, connected and orientable.
On Σ we can consider the physical metric g := ι∗g and the Euclidean metric
ge := ι∗ge, where ge is induced by the diffeomorphism �x. We will use the apex e
on each geometric quantity when it is computed with respect to the Euclidean
metric, and we write Σe as a short notation for (Σ, ge). We use the latin indices
i, j, k, · · · ∈ {1, 2} to denote the coordinates on Σ, while the coordinates in the
ambient space are indicated with the greek letters α, β, γ, · · · ∈ {1, 2, 3}.

We denote by ∇ the connection on Σ, by S the scalar curvature and by dμ
the volume form. We denote by ν the unit outer normal, by A = {Aij} and by
H, respectively, the second fundamental form and the mean curvature, and by

κi, i ∈ {1, 2} the principal curvatures. In addition, we denote by
◦
A := A− H

2 g
the traceless part of the second fundamental form. We recall the identities

|A|2 = κ2
1 + κ2

2, H2 = (κ1 + κ2)2, |
◦
A|2 = |A|2 − 1

2
H2 =

1
2
(κ1 − κ2)2.

The property of asymptotic flatness allows to estimate the difference between
these quantities and their counterparts computed with respect to the Euclidean
metric. We collect the relevant properties in the following lemma, which can
be proved by standard computations, see e.g., [23, Lemma 1.5], [4, Lemma 11].

Lemma 2.2. Let ι : Σ ↪→ M be a surface immersed in a C2
1
2+δ

-asymptotically
flat 3-manifold M. Then there exists C > 0, only depending on the constant c̄
in (1.1), such that

|g − ge|g ≤ C|�x|− 1
2 −δ, |Γk

ij − (Γe)k
ij | ≤ C|�x|− 3

2 −δ (2.3)

|dμ − dμe| ≤ C|�x|− 1
2 −δdμ, (2.4)

|ν − νe|g ≤ C|�x|− 1
2 −δ, |∇ν − ∇eνe|g ≤ C|�x|− 3

2 −δ, (2.5)

|A − Ae|g ≤ C
(

|�x|− 3
2 −δ + |�x|− 1

2 −δ|Ae|
)

(2.6)

|∇A − ∇eAe|g ≤ C
(

|�x|− 5
2 −δ + |�x|− 1

2 −δ|∇eAe|
)

. (2.7)
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In addition, if |A| ≤ 10|�x|−1, we have

|H − He| ≤ C|�x|− 3
2 −δ, |

◦
A −

◦
Ae|g ≤ C|�x|− 3

2 −δ. (2.8)

We introduce some more notation. We denote the average of the mean
curvature by

h :=
1

|Σ|
ˆ

Σ

H dμ,

where |Σ| =
´
Σ

dμ. In addition, we define the barycenter of Σ as

�zΣ :=
1

|Σ|
ˆ

Σ

ι dμ,

that is, the average of the (Euclidean) position vector with respect to the
physical metric. This definition differs slightly from the one in [4,26], where
the average is taken in the Euclidean metric; however, the two definitions have
the same qualitative properties.

Definition 2.3. Let ι : Σ ↪→ M be a surface immersed in an asymptotically flat
3-manifold M. Then we set

rΣ := min
x∈Σ

|�x(ι(x))|, RΣ := max
x∈Σ

|�x(ι(x))|, σΣ :=

√

|Σ|
4π

.

We call these values Euclidean radius, Euclidean diameter and area radius,
respectively.

As in [4,26] we consider the Sobolev norms on Σ with a radius-dependent
weight as follows

‖f‖W 0,p(Σ) := ‖f‖Lp(Σ), ‖f‖W k+1,p(Σ) := ‖f‖Lp(Σ) + σΣ‖∇f‖W k,p(Σ),

for p ∈ [1,∞] and k ≥ 0 integer. As usual, we use the notation Hk = W k,2.

2.2. Round Surfaces

We now introduce a class of surfaces, which are close to a Euclidean sphere
of radius σ in a quantitative way measured by some parameters. The aim is
to find a class which is invariant under the volume preserving mean curvature
flow for an appropriate choice of the parameters and for large enough radius,
or at least such that the possible deterioration of the parameters along the
flow can be estimated. Other classes of round surfaces, which are related to
the methods used there, have been introduced in [18,24,26]

Definition 2.4 (Round surfaces). Let (M, g) be a C2
1
2+δ

-asymptotically flat man-
ifold and let ι : Σ ↪→ M be a surface.
(i) For a given approximate radius σ > 1, and parameters η,B1, B2 > 0, we
say that ι(Σ) is a round surface in (M, g), and we write ι(Σ) ∈ Wη

σ(B1, B2), if
the following inequalities are satisfied:

|A(t)| <

√

5
2
σ−1, κi(t) >

1
2σ

, (2.9)

7
2
πσ2 < |Σ| ≤ 5πσ2,

3
4

<
rΣ

σ
<

RΣ

σ
≤ 5

4
, (2.10)
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‖
◦
A‖L4(Σ) < B1σ

−1−δ, (2.11)

ησ−4‖H − h‖4
L4(Σ) + ‖∇H‖4

L4(Σ) < B2σ
−8−4δ. (2.12)

(ii) For given σ > 1 and η,B1, B2, Bcen > 0, we say that ι(Σ) is a well-centered
round surface, and we write ι(Σ) ∈ Bη

σ(B1, B2, Bcen) if it satisfies the above
properties and in addition

|�zΣ| < Bcenσ1−δ. (2.13)

At first sight it may look redundant to introduce a further scale parameter
σ, in addition to the ones in Definition 2.3, since condition (2.10) implies that
each of these values controls the others. However, this choice is practical in
the study of the curvature flow evolution, where Σ depends on time. Then the
radii of Definition 2.3 change with time, and it is convenient to describe the
size of the evolving surface in terms of a fixed parameter σ.

Remark 2.5. The decay rates in conditions (2.11)–(2.12) are modeled on the
ones of the Euclidean coordinate spheres. In fact, by Lemma 2.2, it is easy
to check that if B1, B2 are large enough, depending on c̄ in (1.1), then Sr(0)
belongs to Bη

σ(B1, B2, Bcen) for r large enough and r/σ enough close to 1.
Conversely, we will see in Lemma 2.7(iv) that a round surface is close to a
sphere in Euclidean coordinates; in particular, it is embedded and has genus
zero. It is also easy to see that a round surface in our sense also belongs to the
class of asymptotically concentric surfaces defined in [26, Def. 4.3].

On the Notation for the Constants. Throughout the paper, when deriving
estimates on geometric quantities on a surface Σ, we denote by C,C1, C2, . . .
constants which only depend on properties of the ambient manifold, such as
c̄, δ in (1.1) or the mass mADM and by c, c1, c2, . . . constants which in addition
depend on the constants B1, B2, Bcen in the previous definition. We say that a
constant is universal if it is independent on any other parameter of our problem.
As usual, the letters c or C will often denote constants which may change from
one line to the other, but each time depending on the same parameters.

Let us first observe some easy consequences of the properties of a round
surface.

Remark 2.6. (i) Property (2.10) implies that the three radii of Definition 2.3
are comparable among each other and with σ. In particular this property
implies, because of the asymptotic flatness of M in (1.1), the bound on the
Riemann tensor

|Rm| ≤ C(c̄)σ− 5
2 −δ on Σ. (2.14)

(ii) The Michael-Simon inequality in Euclidean space, together with the curva-
ture bound in (2.9) and the error estimates in Lemma 2.2, implies the existence
of a universal Sobolev constant CS > 0 such that

‖ψ‖L2(Σ) ≤ CS

σ
‖ψ‖W 1,1(Σ), ∀ ψ ∈ W 1,1(Σ), (2.15)
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on any round surface Σ with radius σ ≥ σ0 = σ0(c, δ) > 0. From this, the
other Sobolev inequalities can be deduced. In particular (see e.g., Lemma 12
in [4] and the references therein) we have, for every p > 2,

‖ψ‖L∞(Σ) ≤ 2
2(p−1)

p−2 CSσ− 2
p ‖ψ‖W 1,p(Σ), ∀ψ ∈ W 1,p(Σ), (2.16)

and also
‖ψ‖L∞(Σ) ≤ 32C2

Sσ−1‖ψ‖H2(Σ), ∀ψ ∈ H2(Σ). (2.17)

In the next Lemma, similar to [26, Proposition 4.4] and [4, Proposition
1], we collect some properties of round surfaces which follow from the integral
bounds (2.11) and (2.12) by applying the regularity results by De Lellis and
Müller [8] and by Nerz [26].

Lemma 2.7. Let (M, g) be a C2
1
2+δ

-asymptotically flat manifold. Fix any η,B1,

B2 > 0. Then there exists σ0 = σ0(B1, B2, η, c, δ) > 0 such that any surface
(Σ, g) which belongs to Wη

σ(B1, B2) for some σ > σ0 satisfies the following
properties.

(i) There exists a constant c = c(B2, η) > 0 such that

‖H − h‖L∞ ≤ cσ− 3
2 −δ. (2.18)

(ii) There exists c = c(B1, B2, η, c) > 0 such that
∣
∣
∣
∣
h − 2

σΣ

∣
∣
∣
∣
≤ cσ− 3

2 −δ. (2.19)

(iii) There exists a constant B∞ = B∞(B1, B2, η, c, δ) such that ‖
◦
A‖L∞(Σ) ≤

B∞σ− 3
2 −δ.

(iv) There exist constants c = c(B1, B2, η, c, δ), c0 = c0(B1, c, δ), �z0 ∈ R
3,

and a function f : SσΣ(�z0) → R such that

Σe = graph(f), ‖f‖W 2,∞ ≤ cσ
1
2 −δ, |�z0 − �zΣ| ≤ c0σ

1
2 −δ. (2.20)

(v) There exists a constant cp = cp(c, δ) such that

‖H − h‖L4(Σ) ≤ cp‖
◦
A‖L4(Σ) + cpσ−1−δ.

We point out that the interest of part (v) lies in the fact that cp is
independent on the constant B2 which appears in (2.12).

Proof. (i) The estimate follows from property (2.12) and the Sobolev immer-
sion (2.16).

(ii) We first observe that (2.10), (2.11) and (2.12) imply,

‖
◦
A‖L2(Σ) < c1σ

− 1
2 −δ, ‖H − h‖H1(Σ) < c2σ

− 1
2 −δ, (2.21)

where c1 = c1(B1) and c2 = c2(η,B2). Then we recall the estimate by De Lellis
and Müller in [8] for surfaces in Euclidean space, which states that

∥
∥
∥
∥
Ae − 1

σΣe

ge

∥
∥
∥
∥

L2(Σe)

≤ cDM

∥
∥
∥
∥

◦
Ae

∥
∥
∥
∥

L2(Σe)

,
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where cDM > 0 is a universal constant and σΣe is defined by 4πσ2
Σe = |Σe|.

Passing to the physical metric, using Proposition 2.2 and properties (2.9),
(2.10) we deduce

∥
∥
∥
∥
A − 1

σΣ
g

∥
∥
∥
∥

L2(Σ)

≤ cDM

∥
∥
∥
∥

◦
A

∥
∥
∥
∥

L2(Σ)

+ C(c)σ− 1
2 −δ ≤ cσ− 1

2 −δ, (2.22)

for some c = c(B1, c). On the other hand, we have

√
2πσΣ

∣
∣
∣
∣
h − 2

σΣ

∣
∣
∣
∣
=

∥
∥
∥
∥

h

2
g − 1

σΣ
g

∥
∥
∥
∥

L2(Σ)

≤
∥
∥
∥
∥

h

2
g − H

2
g

∥
∥
∥
∥

L2(Σ)

+
∥
∥
∥
∥

H

2
g − A

∥
∥
∥
∥

L2(Σ)

+
∥
∥
∥
∥
A − 1

σΣ
g

∥
∥
∥
∥

L2(Σ)

=
1√
2

‖h − H‖L2(Σ) +
∥
∥
∥
∥

◦
A

∥
∥
∥
∥

L2(Σ)

+
∥
∥
∥
∥
A − 1

σΣ
g

∥
∥
∥
∥

L2(Σ)

.

Taking into account (2.10), (2.21) and (2.22), we obtain (2.19).

(iii) Assumptions (2.11) and (2.12), together with the properties in Remark
2.6, allow to apply the bootstrap regularity for the second fundamental form
by Nerz [26, Proposition 4.1], which give the assertion.

(iv) The result of De Lellis-Müller quoted above [8, Thm. 1.1] also gives the
existence of a conformal parametrization Ψ : SσΣe (�z0) → Σe for a suitable

center �z0 ∈ R
3 such that σ−2

Σe ‖Ψ − Id‖H2(Σe) ≤ C‖
◦

Ae‖L2(Σe) for a universal
constant C. Using (2.21), (2.17), and Lemma 2.2, we find

‖Ψ − Id‖∞ ≤ Cσ‖
◦

Ae‖L2(Σ) ≤ c0σ
1
2 −δ,

for some c0 = c0(c, δ, B1). It follows

|�zΣ − �z0| ≤
 

Σ

|Ψ − Id| dμe + c0σ
1
2 −δ ≤ c0σ

1
2 −δ,

for a possibly different c0 depending on the same values.

In addition, using the L∞ bound on |
◦
A| from part (iii), we can apply [26, Cor.

E.1] which states that Σ can be also written as a graph over the same sphere
SσΣe (�z0), where the graph function f satisfies ‖f‖W 2,∞(SσΣe ) ≤ cσ

1
2 −δ for a

constant c depending on the same parameters as B∞. Using Lemma 2.2 we
see that |σΣ −σΣe | ≤ Cσ

1
2 −δ and that f satisfies an analogous W 2,∞ estimate

when considered as a map on SσΣ(�z0) with the metric g.

(v) The estimate follows from the p > 2 generalization of De Lellis-Müller’s
estimate due to Perez [28, Thm. 1.1], with a remainder term coming from the
Riemannian asymptotically flat metric. �
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3. Spectral Theory

3.1. Mass and the Stability Operator

In this section, we study the spectral properties of the stability operator asso-
ciated to a round surface and collect other auxiliary results that will be needed
in the analysis of the flow afterward.

Unless explicitly stated, in this section we consider closed surfaces Σ
belonging to a roundness class Wη

σ(B1, B2) for fixed parameters η,B1, B2 and
a general large σ. It is tacitly meant that the constants c and σ0 which appear in
the statements only depend on η,B1, B2 and on the constants c̄, δ in Definition
1.1.

We begin by recalling the definition of Hawking mass of a surface.

Definition 3.1. Let (M, g) be a 3-dimensional manifold, and ι : Σ ↪→ M be a
closed surface. The Hawking mass of Σ is defined as

mH(Σ) :=

√

|Σ|
16π

(

1 − 1
16π

ˆ
Σ

H2 dμ

)

. (3.1)

Using the equivalent definition of ADM-mass in terms of the Einstein
tensor [25] and the Gauss-Bonnet theorem one can show that the Hawking
mass of a round surface Σ is asymptotic to the ADM-mass of M for large
radius. More precisely, the results of [26, Appendix A] give the following:

Proposition 3.2. There exist c and σ0 such that, for any Σ ∈ Wη
σ(B1, B2) with

σ ≥ σ0, we have
|mH(Σ) − mADM| ≤ cσ−δ.

We now introduce the stability operator, which occurs as the second
variation of the area functional.

Definition 3.3. Given a surface ι : Σ ↪→ M and f ∈ H2(Σ), the stability operator
associated to Σ, LΣ : H2(Σ) → L2(Σ), is defined as

LΣf := −ΔΣf − (|A|2 + Ric(ν, ν))f,

where ΔΣ is the Laplace–Beltrami operator on Σ. We simply write Δ, L instead
of ΔΣ, LΣ whenever the choice of the surface Σ is not ambiguous.

In [26] and [4] the spectral properties of LΣ are studied under the as-
sumption that Σ is a round surface with constant mean curvature, showing
that LΣ is invertible if mADM �= 0 and positive definite on functions with zero
mean if mADM > 0. Here we generalize this analysis to round surfaces where
we only assume that H has a small oscillation as in (2.12). We will see that
the positivity property of LΣ when mADM > 0 is no longer true, but that the
error terms admit an estimate that will be enough for our purposes.

We first recall some properties of the Laplace–Beltrami operator on a
round sphere Sσ(0) ⊂ R

3 with the Euclidean metric. On a general closed
surface, the eigenvalues of Δ are all positive, except the first one which is zero,
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with eigenspace given by the constant functions. For the Euclidean sphere, the
first nonzero eigenvalue has multiplicity three and is given by

λe
α =

2
σ2

, α = 1, 2, 3.

An orthonormal basis for the eigenspace is given by the normalized coordinate
functions restricted on Sσ(0)

fe
α(x) =

√

3
4πσ4

xα, α = 1, 2, 3.

The remaining eigenvalues satisfy the bound

λe
i ≥ λe

4 =
6
σ2

, ∀ i ≥ 4.

Given a round surface Σ ∈ Wη
σ(B1, B2), we know from Lemma 2.7(iv)

that Σ can be written as a graph over a Euclidean sphere. Similarly to [4], we
can use this map to identify functions on Σ with functions on SσΣ(0). We recall
the statement of Lemma 2 of [4], which measures how much the first eigenvalues
and the corresponding eigenfunctions of the Laplace–Beltrami operator on a
round surface in the physical metric differ from the ones of the approximating
sphere in the Euclidean metric.

Lemma 3.4. There exist c, σ0 > 0 such that, for any Σ ∈ Wη
σ(B1, B2) with

σ ≥ σ0, there is a complete orthonormal system in L2(Σ) consisting of eigen-
functions {fα}∞

α=0 such that

−Δfα = λαfα, with 0 = λ0 < λ1 ≤ λ2 ≤ ...

Moreover, after possibly a rotation in the Euclidean coordinates we have, for
α = 1, 2, 3,

∣
∣
∣
∣
λα − 2

σ2
Σ

∣
∣
∣
∣
≤ cσ− 5

2 −δ, ‖fα − fe
α‖W 2,2(Σ) ≤ cσ− 1

2 −δ,

where fe
α =

√
3

4πσ4
Σ
xα defined on R

3. In addition, for α, β = 1, 2, 3 we have

ˆ
Σ

∣
∣
∣
∣
〈∇fα,∇fβ〉 − 3δαβ

σ2
Σ|Σ| +

fαfβ

σ2
Σ

∣
∣
∣
∣

dμ ≤ cσ− 5
2 −δ. (3.2)

The remaining eigenvalues satisfy

λα >
5

σ2
Σ

, ∀α > 3. (3.3)

We observe that in [4] the above statement is given under the addi-
tional requirement that Σ has constant space-time mean curvature; however,
the proof works in the same way under the assumption that H has a small
oscillation as in (2.18).

As in [4,26], we introduce a spectral decomposition for functions on Σ.
We write 〈u, v〉2 for the L2(Σ) scalar product of functions u, v : Σ → R.
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Definition 3.5. Given a surface Σ ∈ Wη
σ(B1, B2), let {fα}, α = 1, 2, 3, be as in

the previous lemma. For every w ∈ L2(Σ) we define

wt :=
3∑

α=1

〈w, fα〉2fα, wd := w − wt. (3.4)

We call wt the translational part and wd the difference part of w.

To proceed in the analysis of the stability operator L, the next step is to
estimate the contribution of the term containing Ric(ν, ν).

Proposition 3.6. There exist c, σ0 > 0 such that, for any Σ ∈ Wη
σ(B1, B2) with

σ ≥ σ0 we have for every α, β ∈ {1, 2, 3}, with α �= β,
∣
∣
∣
∣

ˆ
Σ

(

Ric(ν, ν) − H2 − h2

4

)

fαfβ dμ

∣
∣
∣
∣
≤ cσ−3−δ,

and for every α ∈ {1, 2, 3}
∣
∣
∣
∣
λα − h2

2
− 6mH(Σ)

σ3
Σ

−
ˆ

Σ

(

Ric(ν, ν) − H2 − h2

4

)

f2
α dμ

∣
∣
∣
∣
≤ cσ−3−δ.

Proof. The proof follows the same strategy as in [26, Lemma 4.5] and [4,
Lemma 3], so we will only highlight the differences due to the fact that our Σ
has not constant mean curvature. We recall that, by Lemma 2.7, we have the
bounds

H −h = O(σ− 3
2 −δ), H2 −h2 = O(σ− 5

2 −δ), ‖
◦
A‖2 = O(σ−3−2δ), (3.5)

where the O(σα) notation means that the quantity is bounded in absolute value
by cσα, with c depending on the usual parameters described at the beginning
of the section.

By an application of the Bochner-Lichnerowicz formula we obtain, as in
formula (41) in [4], the estimate

∣
∣
∣
∣
λ2

αδαβ −
ˆ

Σ

S 〈∇fα,∇fβ〉 dμ

∣
∣
∣
∣
≤ cσ−5−δ.

Using the Gauss equations and the bound in (3.5) on ‖
◦
A‖2, we deduce

∣
∣
∣
∣
λ2

αδαβ −
ˆ

Σ

(

S − 2Ric(ν, ν) +
H2

2

)

〈∇fα,∇fβ〉 dμ

∣
∣
∣
∣
≤ cσ−5−δ.

By writing H2 = h2+(H2−h2) and using the properties of the eigenfunctions,
we find
∣
∣
∣
∣

(

λ2
α − λα

h2

2

)

δαβ −
ˆ

Σ

(

S − 2Ric(ν, ν) +
H2 − h2

2

)

〈∇fα, ∇fβ〉 dμ

∣
∣
∣
∣
≤ cσ−5−δ,

which in view of (2.14), (3.2) and (3.5) implies
∣
∣
∣
∣

(

λ2
α − λα

h2

2

)

δαβ −
ˆ

Σ

(

S − 2Ric(ν, ν) +
H2 − h2

2

) (
3δαβ

σ2
Σ|Σ| − fαfβ

σ2
Σ

)

dμ

∣
∣
∣
∣

≤ cσ−5−δ. (3.6)
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Compared to the proof in [4,26], we have the additional term with H2 − h2.
One part of this contribution can be estimated observing thatˆ

Σ

H2 − h2

2
3δαβ

σ2
Σ|Σ| dμ =

3δαβ

2σ2
Σ|Σ|

ˆ
Σ

(H − h)2dμ = O(σ−5−2δ), (3.7)

since
´

(H2 − h2)dμ =
´

(H − h)2dμ. The term containing (H2 − h2)fαfβ , on
the contrary, cannot be absorbed in the O(σ−5−δ) remainder and will be left
as it is. The remaining terms in (3.6) can be rewritten in the following way
using Gauss-Bonnet theorem and the definition of mH , as shown in [4,26],

(

λ2
α − λα

h2

2

)

δαβ −
ˆ

Σ

(

S − 2Ric(ν, ν)
)

(
3δαβ

σ2
Σ|Σ| − fαfβ

σ2
Σ

)

dμ

=
2

σ2
Σ

(

λα − h2

2

)

δαβ − 12mH(Σ)
σ5

Σ

δαβ − 2
σ2

Σ

ˆ
Σ

Ric(ν, ν)fαfβ dμ + O(σ−5−δ).

(3.8)

Combining formulas (3.6), (3.7), (3.8) and simplifying the factor 2/σ2
Σ we con-

clude
∣
∣
∣
∣

(

λα − h2

2
− 6mH(Σ)

σ3
Σ

)

δαβ −
ˆ

Σ

(

Ric(ν, ν) − H2 − h2

4

)

fαfβ dμ

∣
∣
∣
∣
≤ cσ−3−δ,

which yields the thesis. �
We can now describe the behavior of the bilinear form associated to the

stability operator.

Proposition 3.7. There exist c, σ0 > 0 such that any surface Σ ∈ Wη
σ(B1, B2)

with σ ≥ σ0 satisfies the following: for any u, φ,w ∈ H2(Σ) with u ∈ span{f1,

f2, f3}, ϕ ∈ (span{f0, f1, f2, f3})⊥ and w with zero mean value, we have
∣
∣
∣
∣
〈Lu, u〉2 − 6mH(Σ)

σ3
Σ

‖u‖2
2 +

3h

2

ˆ
Σ

(H − h)u2 dμ

∣
∣
∣
∣
≤ cσ−3−2δ‖u‖2

2, (3.9)

〈Lϕ,ϕ〉2 >
2

σ2
Σ

‖ϕ‖2
2, (3.10)

|〈Lu,w〉2| ≤ cσ− 5
2 −δ‖u‖2‖w‖2. (3.11)

Proof. Let u, v ∈ span{f1, f2, f3}. Using the bilinearity of L and Proposition
3.6 we find

〈Lu, v〉2 =

(
h2

2
+

6mH(Σ)

σ3
Σ

)

〈u, v〉2 −
ˆ

Σ

(

|A|2 +
H2 − h2

4

)

uv dμ

+ O(σ−3−2δ)‖u‖2‖v‖2

=
6mH(Σ)

σ3
Σ

〈u, v〉2 −
ˆ

Σ

(

|
◦
A|2 +

3(H2 − h2)

4

)

uv dμ + O(σ−3−2δ)‖u‖2‖v‖2.

Since by (3.5) we have |
◦
A|2 = O(σ−3−2δ) and H2−h2 = 2h(H−h)+O(σ−3−2δ),

we find

〈Lu, v〉2 =
6mH(Σ)

σ3
Σ

〈u, v〉2− 3h

2

ˆ
Σ

(H−h)uv dμ+O(σ−3−2δ)‖u‖2‖v‖2. (3.12)
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By choosing u = v, we obtain (3.9).
We now recall that, by Proposition 3.2, the Hawking mass mH(Σ) is

bounded uniformly in Σ for σ large. Since ‖H − h‖L∞(Σ) = O(σ− 3
2 −δ), we see

that (3.12) implies
|〈Lu, v〉2| ≤ cσ− 5

2 −δ‖u‖2‖v‖2. (3.13)

Suppose now that ϕ ∈ (span{f0, f1, f2, f3})⊥. Then

〈Lϕ,ϕ〉2 ≥
(

λ4 − sup
Σ

∣
∣|A|2 + Ric(ν, ν)

∣
∣

)ˆ
Σ

ϕ2 dμ,

by the characterization of λ4. We have λ4 > 5
σ2
Σ

by Lemma 3.4 and
∣
∣ |A|2

+Ric(ν, ν)
∣
∣ ≤ 3

σ2
Σ

for σ large by (2.9), (2.10) and (2.14) and so we obtain
(3.10).

To prove the last assertion, we observe that, since w has zero mean
value, we can write w = w1 + w2 with w1 ∈ span{f1, f2, f3} and w2 ∈
(span{f0, f1, f2, f3})⊥. Then we have 〈u,w2〉2 = 〈Δu,w2〉2 = 0, which implies

〈Lu, w2〉2 =

ˆ
Σ

(−|A|2 − Ric(ν, ν)
)

uw2 dμ =

ˆ
Σ

(

−|A|2 − Ric(ν, ν) +
h2

2

)

uw2dμ.

Since |A|2 − h2

2 = |
◦
A|2 + H2−h2

2 , with |
◦
A|2 = O(σ−3−δ) and H2 − h2 =

O(σ− 5
2 −δ), we obtain

|〈Lu,w2〉2| ≤ cσ− 5
2 −δ‖u‖2‖w2‖2.

Combining this with (3.13) with v = w1, we obtain (3.11). �

Remark 3.8. We point out that the last term in the left-hand side in (3.9) is
in general of order O(σ− 5

2 −δ)||u||22 and cannot be absorbed by the term with
the mass which is of order O(σ−3)||u||22. Therefore, even if we are assuming
the positivity of the mass, we cannot expect that the stability operator is
positive definite on the translational eigenspace for the surfaces of our class
Wη

σ(B1, B2).

We conclude this part with an auxiliary estimate.

Lemma 3.9. There exist c, σ0 > 0 such that on any surface Σ ∈ Wη
σ(B1, B2)

with σ ≥ σ0 we have for α = 1, 2, 3
∣
∣
∣
∣

〈

L(H − h),
να

σ

〉

L2(Σ)

∣
∣
∣
∣
≤ cσ−3−2δ (3.14)

where να := g(ν, eα), with {eα}α=1,2,3 the canonical basis in the Euclidean
coordinates.

Proof. Let fe
α, with α = 1, 2, 3, be the Euclidean eigenfunctions of −Δ on the

sphere of radius σΣ which satisfy, according to Lemma 3.4, ‖fα −fe
α‖W 2,2(Σ) ≤

Cσ− 1
2 −δ. Then we have

fe
α =

√

3
4πσ4

Σ

xα =
√

3
√|Σ|ν

e
α,
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where we have set νe
α = ge(νe, eα). Using Lemma 2.2 we find

‖να − νe
α‖H1(Σ) ≤ Cσ‖να − νe

α‖W 1,∞(Σ) ≤ Cσ
1
2 −δ.

Therefore
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

√

|Σ|
3

fα − να

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
H1(Σ)

≤
√

|Σ|
3

‖fα − fe
α‖H1(Σ) + ‖να − νe

α‖H1(Σ) ≤ cσ
1
2 −δ.

(3.15)
Since

∣
∣ |A|2 + Ric(ν, ν)

∣
∣ ≤ cσ−2, by definition of L we have, for any u, v ∈

H1(Σ),

|〈Lu, v〉L2 | ≤ ‖∇u‖L2‖∇v‖L2 + cσ−2‖u‖L2‖v‖L2 ≤ σ−2‖u‖H1‖v‖H1 . (3.16)

Using this, together with (3.15),(3.11) and (2.21), we find

∣
∣〈L(H − h), να〉L2

∣
∣ ≤

∣
∣
∣
∣
∣

〈

L(H − h),

√

|Σ|
3

fα − να

〉

L2

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

〈

L(H − h),

√

|Σ|
3

fα

〉

L2

∣
∣
∣
∣
∣

≤ cσ−2‖H − h‖H1

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

√

|Σ|
3

fα − να

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
H1

+cσ− 5
2

−δ

√

|Σ|
3

‖H − h‖L2

≤ cσ−2−δ,

which implies the assertion. �
3.2. The Translational Part of the Mean Curvature

We analyze now an important property of the translational part of a function
(see Definition 3.5). To explain it heuristically, consider first the case of a
Euclidean round sphere Sσ(0) ⊂ R

3 and take any u ∈ span{fe
1 , fe

2 , fe
3}, i.e.,

u =
∑3

i=1 aαxα for some coefficients aα. Then, the integral of any odd power
of u on Sσ(0) vanishes for symmetry reasons. This allows to obtain a strong
bound on the corresponding integral when we consider a round surface in an
asymptotically flat space. We focus here on the case of a third power, which
is the one that we need in the sequel.

Lemma 3.10. There exist c, σ0 > 0 such that on any surface Σ ∈ Wη
σ(B1, B2)

with σ ≥ σ0 we have, for any u ∈ span{f1, f2, f3},
∣
∣
∣
∣

ˆ
Σ

u3 dμ

∣
∣
∣
∣
≤ cσ− 3

2 −δ||u||3L2(Σ).

Proof. As before, we write Σ as a spherical graph over a Euclidean sphere and
we identify correspondingly functions on Σ and on SσΣ(0). By Lemma 3.4 and
the Sobolev immersion (2.17), we have

||fα − fe
α||L∞(Σ) ≤ Cσ−1||fα − fe

α||H2(Σ) ≤ cσ− 3
2 −δ. (3.17)

If we denote by dμ and dμe, respectively, the Riemannian and Euclidean
measure on Σ, and by dμe

S
the Euclidean measure on SσΣ(0) we have that

dμ − dμe = O(σ− 1
2 −δ)dμ, by Lemma 2.2 and also dμe − dμe

S
= O(σ− 1

2 −δ)dμ,
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by the W 2,∞ bound on the spherical graph function in Lemma 2.7(iv). It
follows that dμ − dμS

e = O(σ− 1
2 −δ)dμ as well. We now define the auxiliary

function

ũ :=
3∑

α=1

〈u, fα〉L2(Σ)f
e
α,

which is a combination of the Euclidean eigenfunctions fe
α with the coeffi-

cients 〈u, fα〉L2(Σ) occurring in the Riemannian decomposition of u. Since
|〈u, fα〉L2(Σ)| ≤ ‖u‖L2(Σ) and ‖fe

α‖L∞(Σ) ≤ cσ−1, we have

‖ũ‖L∞(Σ) ≤ cσ−1‖u‖L2(Σ), ‖ũ‖L2(Σ) ≤ c‖u‖L2(Σ),

|u − ũ| =

∣
∣
∣
∣
∣

3∑

α=1

〈u, fα〉L2(Σ)(fα − fe
α)

∣
∣
∣
∣
∣
≤ ‖u‖L2(Σ)

3∑

α=1

|fα − fe
α|.

By (3.17), we deduce

‖u − ũ‖L∞(Σ) ≤ cσ− 3
2 −δ‖u‖L2(Σ).

Then we can compute
∣
∣
∣
∣

ˆ
Σ

(

u3 − ũ3
)

dμ

∣
∣
∣
∣
≤ 3

2
‖u − ũ‖L∞(Σ)

(

‖u‖2
L2(Σ) + ‖ũ‖2

L2(Σ)

)

≤ cσ− 3
2 −δ‖u‖3

L2(Σ). (3.18)

When considered as a function on SσΣ(0), the function ũ satisfies for
symmetry reasons ˆ

SσΣ

ũ3 dμS

e = 0.

It follows
∣
∣
∣
∣

ˆ
Σ

ũ3 dμ

∣
∣
∣
∣
=

∣
∣
∣
∣
∣

ˆ
Σ

ũ3dμ −
ˆ
SσΣ

ũ3 dμS

e

∣
∣
∣
∣
∣
≤ cσ− 1

2 −δ

ˆ
Σ

|ũ|3dμ

≤ cσ
3
2 −δ‖ũ‖3

L∞(Σ) ≤ cσ− 3
2 −δ‖u‖3

L2(Σ),

which implies the assertion, thanks to (3.18). �

In particular the above estimate can be applied to the translational part
of the mean curvature. Observe that by definition Ht = (H − h)t; we use the
longer expression (H − h)t because it makes more explicit the relation with
the speed of the flow studied in the next section and the property of zero mean
value.

Corollary 3.11. There exist c, σ0 > 0 such that on any surface Σ ∈ Wη
σ(B1, B2)

with σ ≥ σ0 the translational part of the mean curvature satisfies
∣
∣
∣
∣

ˆ
Σ

((H − h)t)3 dμ

∣
∣
∣
∣
≤ cσ−2−2δ‖(H − h)t‖2

L2(Σ)

Proof. By (2.21), we have ‖(H − h)t‖L2 ≤ ‖H − h‖L2 ≤ cσ− 1
2 −δ. Then the

assertion follows from the previous lemma. �
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Remark 3.12. Observe that this result is sharper than the one we would obtain
by simply estimating one factor of (H − h)t with ‖H − h‖L∞(Σ) = O(σ− 3

2 −δ).

The next lemma provides an approximation of ‖(H − h)t‖L2 which will
be useful in the sequel.

Lemma 3.13. There exist c, σ0 > 0 such that on any surface Σ ∈ Wη
σ(B1, B2)

with σ ≥ σ0 we have, for any ε > 0,
∣
∣
∣
∣
∣

4π

3
‖(H − h)t‖2

L2(Σ) −
3∑

α=1

〈

H − h,
να

σΣ

〉2

L2(Σ)

∣
∣
∣
∣
∣

≤ cσ−1−2δ(1 + ε−1)‖H − h‖2
L2(Σ)

+ε‖(H − h)t‖2
L2(Σ).

Proof. We have

4π

3
‖(H − h)t‖2

L2(Σ) −
3∑

α=1

〈

H − h,
να

σΣ

〉2

L2(Σ)

=
3∑

α=1

(

4π

3
〈H − h, fα〉2L2(Σ) −

〈

H − h,
να

σΣ

〉2

L2(Σ)

)

=
3∑

α=1

〈

H − h,

√

4π

3
fα − να

σΣ

〉

L2(Σ)

〈

H − h,

√

4π

3
fα +

να

σΣ

〉

L2(Σ)

.

By (3.15), we have
∣
∣
∣
∣
∣
∣

〈

H − h,

√

4π

3
fα − να

σΣ

〉

L2(Σ)

∣
∣
∣
∣
∣
∣

≤ ‖H − h‖L2(Σ)

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

√

4π

3
fα − να

σΣ

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
L2(Σ)

≤ cσ− 1
2 −δ‖(H − h)‖L2(Σ).

We further observe
〈

H − h,

√

4π

3
fα +

να

σΣ

〉

L2(Σ)

= −
〈

H − h,

√

4π

3
fα − να

σΣ

〉

L2(Σ)

+ 2

√

4π

3
〈H − h, fα〉L2(Σ) ,

which implies, by definition of (H − h)t,
∣
∣
∣
∣
∣
∣

〈

H − h,

√

4π

3
fα +

να

σΣ

〉

L2(Σ)

∣
∣
∣
∣
∣
∣

≤ cσ− 1
2 −δ‖(H − h)‖L2(Σ) + 2

√

4π

3
||(H − h)t||L2(Σ).

Putting together the above inequalities we obtain the assertion. �
We conclude the section by observing that the translational part of the

mean curvature of a coordinate sphere satisfies an improved estimate if our
ambient manifold satisfies the weak Regge–Teitelboim conditions.
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Lemma 3.14. Let (M, g) satisfy the C1
1+δ-Regge–Teitelboim conditions (2.2).

Consider the Euclidean coordinate sphere Σ = Sr(0) for some r > 1. There
exist r0, C > 0 depending only on c̄ in (1.1)–(2.2), such that, if r ≥ r0, then
|(H − h)t|2L2(Σ) ≤ Cσ−2−2δ

Σ .

Proof. In this proof, we denote by σΣ the area radius of the Euclidean sphere
Σ = Sr(0), which is asymptotic to r by Lemma 2.2. A direct computation
shows that conditions (2.2) imply, for any α = 1, 2, 3,

|να(x̄) − να(−x̄)| ≤ Cr−1−δ, |H(x̄) − H(−x̄)| ≤ Cr−2−δ,

where να := g(ν, eα). From this it also follows |H(x̄)να(x̄) + H(−x̄)να(−x̄)| ≤
Cr−2−δ. Since by (2.2) dμ is antipodally symmetric on Σ up to O(r1+δ)dμ, we
deduce

∣
∣
∣
∣
∣

ˆ
Sr(0)

να dμ

∣
∣
∣
∣
∣
≤ Cr1−δ,

∣
∣
∣
∣
∣

ˆ
Sr(0)

Hνα dμ

∣
∣
∣
∣
∣
≤ Cr−δ,

which implies
∣
∣
∣
∣
∣

ˆ
Sr(0)

(H − h)να dμ

∣
∣
∣
∣
∣
≤

∣
∣
∣
∣
∣

ˆ
Sr(0)

Hνα dμ

∣
∣
∣
∣
∣
+ h

∣
∣
∣
∣
∣

ˆ
Sr(0)

να dμ

∣
∣
∣
∣
∣
≤ Cr−δ.

Using again the asymptotic equivalence of r and σΣ, we obtain
〈

H − h,
να

σΣ

〉

L2(Σ)

≤ Cσ−1−δ
Σ .

Since by Lemma 2.2 ‖(H − h)‖L2(Σ) ≤ Cσ
− 1

2 −δ

Σ , we obtain from Lemma 3.13
with ε = 1

4π

3
‖(H − h)t‖2

L2(Σ) ≤ Cσ−2−2δ
Σ + cσ−2−4δ + ‖(H − h)t‖2

L2(Σ).

From the proof of Lemma 3.13 one sees that in the case of a Euclidean coordi-
nate sphere the constant c in the above inequality only depends on c̄ in (1.1),
and this implies the assertion. �

4. Volume Preserving Mean Curvature Flow

4.1. Definition of the Flow and Evolution Equations

Definition 4.1. Let (M, g) be a Riemannian manifold, and let ι : Σ ↪→ M be
a closed hypersurface. A time-dependent family of immersions Ft : Σ ↪→ M,
with t ∈ [0, T ) for some 0 < T ≤ +∞, which satisfies

{
∂
∂tFt(·) = −(H(·, t) − h(t))ν(·, t)
F0 = ι

(4.1)

is called a solution to the volume preserving mean curvature flow, with initial
value ι.
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It is well-known that this flow is parabolic and it has a smooth solution
at least locally in time. In the following, we always assume that the ambient
manifold (M, g) is 3-dimensional and C2

1
2+δ

-asymptotically flat. We write Σt :=
Ft(Σ) to denote the immersed surface at time t, and we call for simplicity Σt

the “solution of the flow” (4.1) without mentioning explicitly the immersions
Ft. We call g(t) the induced metric on Σ at time t, by dμt the corresponding
measure and by A(t) the second fundamental form of Σ at time t. Since in
what follows we will frequently use complicated integral expressions involving
these quantities associated with Σt, we will in such cases abbreviate g(t), dμt,
A(t), etc. simply by g, dμ, A, etc., leaving the dependence on t implicit in the
domain of integration Σt.

We recall the evolution equations satisfied by the main geometric quanti-
ties on Σt. We choose at each fixed time a frame �eα on the ambient manifold M
such that �e1, �e2 are tangent vectors on Σ and �e3 = ν. Then the main geometric
quantities on Σt satisfy the following equations along the flow, see e.g., [17].

Lemma 4.2. Let {Ft}t∈[0,T ) be a solution of the flow (4.1). Then we have the
equations

(i) ∂gij

∂t = −2(H − h)Aij;

(ii) ∂ν
∂t = ∇H;

(iii) ∂
∂t (dμt) = −(H − h)Hdμt;

(iv) ∂
∂tAij = ∇i∇jH + (H − h)

(−AikAk
j + Rmi3j3

)

;

(v) ∂H
∂t = ΔH + (H − h)(|A|2 + Ric(ν, ν)).

Observe that the right-hand side of (v) can also be written as −L(H −h),
where L is the stability operator associated to Σt. As an immediate conse-
quence of the above equations we also have

d
dt

|Σt| = −‖H − h‖2
L2(Σt)

, (4.2)

d
dt

‖H − h‖2
L2(Σt)

= −2〈L(H − h),H − h〉 −
ˆ

Σt

H(H − h)3dμ. (4.3)

We can rewrite the term ∇i∇jH in the right-hand side of (iv) by means
of the Simons identity, as in [24],

ΔAij = ∇i∇jH + HAl
iAlj − |A|2Aij + Al

iRmkjkl + AlkRmlijk

+∇j

(

Riciεν
ε
)

+ ∇l

(

Rmεijlν
ε
)

. (4.4)

In this form of the equality the derivatives of the Ricci and the Riemann tensor
are taken with respect to the connection of Σ, in contrast to the formula used in
[18], where they are taken with respect to the ambient space. This allows to deal
with these terms inside integral quantities by partial integration on Σ. Using
Lemma 4.2 and Simons identity we obtain, by straightforward computations,
the following result.
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Lemma 4.3. Along a solution of the volume preserving mean curvature flow we
have

∂

∂t
|
◦
A|2 = Δ|

◦
A|2 − 2|∇

◦
A|2 +

2h

H
{|A|4 − Htr(A3)} + 2|A|2

(
H − h

H

)

|
◦
A|2

+2(H − h)
◦

AijRmkiljν
kνl − 2

(

Al
iRm

k

jkl + AlkRmlijk

)

Aij (4.5)

−2
(∇j

(

Riciεν
ε
)

+ ∇l

(

Rmεijlν
ε
)) ◦

Aij .

∂

∂t
|∇H|2 = Δ|∇H|2 − 2|∇2H|2 + 2(H − h)Aij∇iH∇jH

+2(|A|2 + Ric(ν, ν))|∇H|2 − 2RicΣ(∇H,∇H) (4.6)

+2(H − h)〈∇|A|2,∇H〉 + 2(H − h)〈∇ (

Ric(ν, ν)
)

,∇H〉,
where RicΣ is the Ricci tensor on Σ and 〈·, ·〉 = 〈·, ·〉g.

4.2. Evolution of Integral Quantities

In this subsection, we study the evolution of the integral quantities which ap-
pear in the definition of round surfaces, with the aim of studying the invariance
of the class along the flow. In our statements we will assume that our evolving
surfaces satisfy properties (2.9) and (2.10); in some of the results, we further
require

‖H − h‖L∞(Σt) ≤ c∞σ− 3
2 −δ,

∥
∥
∥
∥

◦
A(t)

∥
∥
∥
∥

L∞(Σ)

≤ B∞σ− 3
2 −δ, (4.7)

for suitable c∞, B∞. On the other hand, we do not require a priori properties
(2.11) and (2.12). It will be important to keep explicit track of the dependence
of the constants which appear in the estimates: in this way we can later fix the
parameters of our roundness class in order to have invariance under the flow.

We start by estimating the L4 norm of |
◦
A|. For this result, we can replace

hypothesis (4.7) by a milder assumption on |H − h|.

Proposition 4.4. Let Σt be a solution of the flow (4.1) for t ∈ [0, T ] satisfying
properties (2.9) and (2.10) for some σ > 1. Suppose in addition

‖H − h‖L∞(Σt) ≤ 1
20σ

(4.8)

for all t ∈ [0, T ]. Then there exist a constant C = C(c, δ) > 0 and a radius
σ0 = σ0(c, δ) > 0 such that if σ > σ0 then

d
dt

ˆ
Σt

|
◦
A|4 dμ ≤ −2

ˆ
Σt

|
◦
A|2|∇

◦
A|2 dμ − 1

2σ2

ˆ
Σt

|
◦
A|4 dμ + Cσ−6−4δ. (4.9)

As a consequence, if
ˆ

Σ0

|
◦
A|4 dμ < B1σ

−4−4δ for some B1 > 2C, then
ˆ

Σt

|
◦
A|4dμ

< B1σ
−4−4δ for every t ∈ [0, T ].
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Proof. From Equation (4.5), we deduce, using integration by parts

d

dt

ˆ
Σt

|
◦
A|4 dμ =

ˆ
Σt

|
◦
A|4H(h − H) dμ + 2

ˆ
Σt

|
◦
A|2

(
∂

∂t
|
◦
A|2

)

dμ

=

ˆ
Σt

|
◦
A|4H(h − H) dμ − 2

ˆ
Σt

|∇|
◦
A|2|2 dμ − 4

ˆ
Σt

|
◦
A|2|∇

◦
A|2 dμ (4.10)

+4

ˆ
Σt

|
◦
A|2 h

H
(|A|4 − Htr(A3)) dμ + 4

ˆ
Σt

|A|2
(

1 − h

H

)

|
◦
A|4 dμ (4.11)

+4

ˆ
Σt

(H − h)|
◦
A|2

◦
AijRmkiljνkνl dμ − 8

ˆ
Σt

Rm1212|
◦
A|4 dμ (4.12)

−4

ˆ
Σt

(∇j

(

Riciενε
)

+ ∇l

(

Rmεijlν
ε
)) ◦

Aij |
◦
A|2 dμ, (4.13)

where we have used the identity

−2
(

Al
iRmkjkl + AlkRmlijk

)

Aij = −4|
◦
A|2Rm1212,

which follows from the symmetries of the Riemann tensor.
To estimate the above terms, we first observe that (2.9) and (4.8) imply

1
σ

≤ H ≤
√

5
σ

,

∣
∣
∣
∣
1 − h

H

∣
∣
∣
∣
≤ 1

20
, H(h − H) ≤ 1

4σ2
.

In addition, we recall the identity

|A|4 − Htr(A3) = −2κ1κ2|
◦
A|2.

Using again (2.9), we can estimate the positive terms in lines (4.10)-(4.11) as
followsˆ

Σt

|
◦
A|4H(h − H) dμ + 4

ˆ
Σt

|
◦
A|2 h

H
(|A|4 − Htr(A3)) dμ

+4
ˆ

Σt

|A|2
(

1 − h

H

)

|
◦
A|4 dμ

≤
(

1
4

− 19
10

+
1
2

)
1
σ2

ˆ
Σt

|
◦
A|4 dμ ≤ 1

σ2

ˆ
Σt

|
◦
A|4 dμ.

(4.14)

We now consider the contribution of (4.12). Using (2.14) we find, for any
a > 0,

4
ˆ

Σt

(H − h)|
◦
A|2

◦
AijRmkiljν

kνl dμ − 8
ˆ

Σt

Rm1212|
◦
A|4 dμ

≤ C

ˆ
Σt

σ− 7
2 −δ|

◦
A|3 dμ + C

ˆ
Σt

σ− 5
2 −δ|

◦
A|4 dμ

≤ C

ˆ
Σt

(( a

σ2
+ σ− 5

2 −δ
)

|
◦
A|4 +

1
a3

σ−8−4δ

)

dμ,

where we have used Young’s inequality and C denotes as usual a constant
which can change from line to line, but only depends on c̄, δ.
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To estimate the term in (4.13), we use integration by parts and find

−4
ˆ

Σt

(∇j

(

Riciεν
ε
)

+ ∇l

(

Rmεijlν
ε
)) ◦

Aij |
◦
A|2 dμ

= 4
ˆ

Σt

(

Riciεν
ε∇j(

◦
Aij |

◦
A|2) + Rmεijlν

ε∇l(
◦

Aij |
◦
A|2)

)

dμ

≤ C

ˆ
Σt

|Rm||∇
◦
A||

◦
A|2 dμ ≤ C

ˆ
Σt

σ− 5
2 −δ|∇

◦
A||

◦
A|2 dμ

≤ 2
ˆ

Σt

|∇
◦
A|2|

◦
A|2 dμ + Cσ−5−2δ

ˆ
Σt

|
◦
A|2 dμ

≤ 2
ˆ

Σt

|∇
◦
A|2|

◦
A|2 dμ + C

ˆ
Σt

(

aσ−2|
◦
A|4 +

1
a
σ−8−4δ

)

dμ.

The |∇
◦
A|2|

◦
A|2 term can be absorbed by the corresponding negative term

in (4.10). Therefore, by choosing a suitably small and σ large (both depending
only on c̄, δ) we conclude

d
dt

‖
◦
A‖4

L4(Σt)
≤ −2

ˆ
Σt

|
◦
A|2|∇

◦
A|2 dμ − 1

2σ2
‖

◦
A‖4

L4(Σt)
+ Cσ−6−4δ (4.15)

The last claim in our statement follows by a standard ODE comparison argu-
ment. �

We next estimate the rate of change of the volume preserving term h(t)
and of the L4 norm of H − h.

Lemma 4.5. Let Σt be a solution of the flow (4.1) for t ∈ [0, T ], satisfying
properties (2.9), (2.10) and (4.7). Then there exist a constant c = c(c∞, c) > 0
and a universal constant C1 > 0 such that

|ḣ(t)| ≤ cσ−4−2δ, (4.16)

d
dt

ˆ
Σt

(H − h)4 dμ ≤ −12
ˆ

Σt

(H − h)2|∇H|2 dμ

+C1σ
−2

ˆ
Σt

(H − h)4 dμ + cσ− 13
2 −5δ, (4.17)

provided σ ≥ σ0, for a suitable σ0 = σ0(c̄, c∞, B∞).

Proof. Similar to [21, Lemma 14] we compute,

|Σt|ḣ(t) =

ˆ
Σt

∂H

∂t
dμ +

ˆ
Σt

H2(h − H) dμ + h

ˆ
Σt

(H − h)2 dμ

=

ˆ
Σt

(H − h)

(

|
◦
A|2 + Ric(ν, ν)

)

dμ −
ˆ

Σt

(H − h)

(
H2

2
− Hh + h2

)

dμ

=

ˆ
Σt

(H − h)

(

|
◦
A|2 + Ric(ν, ν)

)

dμ − 1

2

ˆ
Σt

(H − h)3 dμ,
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using the property that
ˆ

Σt

(H − h) dμ = 0. By (2.14), we have
∣
∣Ric(ν, ν)

∣
∣ ≤

Cσ− 5
2 −δ where C = C(c). Then we can estimate

|Σt||ḣ(t)| ≤ |Σt|
(

c∞σ− 3
2 −δ(B2

∞σ−3−2δ + Cσ− 5
2 −δ) +

1
2
c3
∞σ− 9

2 −3δ

)

.

After simplifying the |Σt| factor, the lower order term on the right-hand side
is c∞Cσ−4−δ, and the other terms can be included in this one if σ is large de-
pending on B∞, c∞, C. This proves that (4.16) holds for some c only depending
on c∞, c.

We now compute, using Lemma 4.2 and integration by parts,
d
dt

ˆ
Σt

(H − h)4 dμ = −12
ˆ

Σt

(H − h)2|∇H|2 dμ

+4
ˆ

Σt

(H − h)4(|A|2 + Ric(ν, ν)) dμ

−4ḣ

ˆ
Σt

(H − h)3 dμ −
ˆ

Σt

H(H − h)5 dμ.

By (2.9), and (2.14) we deduce that
∣
∣ |A|2 + Ric(ν, ν)

∣
∣ ≤ 3σ−2 if σ is large

enough. In addition,(4.7), (2.10) and (4.16) imply
∣
∣
∣
∣
ḣ

ˆ
Σt

(H − h)3 dμ

∣
∣
∣
∣
≤ c(c∞, c)σ− 13

2 −5δ. (4.18)

From this we obtain the conclusion, also observing that |H(H −h)| ≤ 5σ−2 in
view of (2.9). �

We now analyze the evolution of the L4 norm of |∇H|.
Lemma 4.6. Let Σt be a solution to the volume preserving mean curvature flow
(4.1) for t ∈ [0, T ], which satisfies properties (2.9) and(2.10). Then there exists
a universal constant C2 > 0 and a radius σ0 = σ0(c, δ) such that if σ > σ0

then
d
dt

ˆ
Σt

|∇H|4 dμ ≤ −3
ˆ

Σt

|∇2H||∇H|2 dμ + C2σ
−6

ˆ
Σt

(H − h)4 dμ

+C2σ
−2

ˆ
Σt

|∇H|4 dμ.

Proof. From (4.6) we obtain, after integrating by parts,
d
dt

ˆ
Σt

|∇H|4 dμ =
ˆ

Σt

|∇H|4H(h − H) dμ − 4
ˆ

Σt

∣
∣∇|∇H|2∣∣2 dμ

−4
ˆ

Σt

|∇2H|2|∇H|2 dμ + 4
ˆ

Σt

(H − h)Aij∇iH∇jH|∇H|2 dμ

−4
ˆ

Σt

RicΣ(∇H,∇H)|∇H|2 dμ

−4
ˆ

Σt

(H − h)
(|A|2 + Ric(ν, ν)

) ∇ · (|∇H|2∇H
)

dμ.
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By (2.9), we have that H, |H − h| and |A| are all bounded by Cσ−1. Us-
ing the asymptotic flatness (2.14) we also obtain that |RicΣ| ≤ Cσ−2 and
∣
∣|A|2 + Ric(ν, ν)

∣
∣ ≤ Cσ−2 for σ enough large. Then we have, for ε > 0 arbi-

trary,
d
dt

ˆ
Σt

|∇H|4 dμ ≤ −4
ˆ

Σt

|∇2H|2|∇H|2 dμ + Cσ−2

ˆ
Σt

|∇H|4 dμ

+Cσ−2

ˆ
Σt

|H − h||∇H|2|∇2H| dμ

≤
(ε

2
C − 4

) ˆ
Σt

|∇2H|2|∇H|2 dμ + Cσ−2

ˆ
Σt

|∇H|4 dμ

+
C

2ε
σ−4

ˆ
Σt

|H − h|2|∇H|2 dμ.

The assertion follows choosing ε = 2/C and estimating the last term as follows

σ−4

ˆ
Σt

|H − h|2|∇H|2 dμ ≤ σ−6

ˆ
Σt

(H − h)4 dμ + σ−2

ˆ
Σt

|∇H|4 dμ.

�

We can now estimate the weighted W 1,4-norm of H − h which appears
in condition (2.12). We first prove separately a simple auxiliary inequality.

Lemma 4.7. Let Σ ⊂ M be a closed surface. Then we have, for every ε > 0
and σ > 1,

−σ−4

ˆ
Σ

(H − h)2|∇H|2 dμ ≤ − ε

2σ2

ˆ
Σ

|∇H|4 dμ + ε2

ˆ
Σ

|∇2H|2|∇H|2 dμ.

Proof. Since h is constant, we can write

σ−2

ˆ
Σ

|∇H|4 dμ = σ−2

ˆ
Σ

〈∇(H − h), ∇H〉 |∇H|2 dμ

= −σ−2

ˆ
Σ

(H − h)(ΔH)|∇H|2 dμ − 2σ−2

ˆ
Σ

(H − h)gij∇jHgkl∇i∇kH∇lH dμ

=

√
2 + 2

σ2

ˆ
Σ

|H − h| |∇2H||∇H|2 dμ ≤ 2

ˆ
Σ

(
(H − h)2

εσ4
+ ε|∇2H|2

)

|∇H|2dμ,

which implies the assertion. �

Lemma 4.8. Let Σt be a solution to the volume preserving mean curvature
flow for t ∈ [0, T ], which satisfies properties (2.9), (2.10) and (4.7). Suppose
in addition that (2.11) holds for t ∈ [0, T ] for some B1 > 0. For η > 0, let us
set

aη(t) := ησ−4‖H − h‖4
L4(Σt)

+ ‖∇H‖4
L4(Σt)

.

Then we can find a universal constant ηw > 0, a constant c̃ = c̃(B1, c, δ) and a
radius σ0 = σ0(B∞, B1, c∞, δ, c) > 1 such that, if B2 > c̃ and σ > σ0 we have
the implication

aηw
(0) < B2σ

−8−4δ =⇒ aηw
(t) < B2σ

−8−4δ for every t ∈ [0, T ].
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Proof. From the previous Lemmas, we have that

ȧη(t) ≤ −3

ˆ
Σt

|∇2H||∇H|2 dμ + C2σ−6

ˆ
Σt

(H − h)4 dμ + C2σ−2

ˆ
Σt

|∇H|4 dμ +

−12ησ−4

ˆ
Σt

(H − h)2|∇H|2 dμ + C1ησ−6

ˆ
Σt

(H − h)4 dμ + ηc(c∞, c)σ− 21
2 −5δ

≤ (

12ηε2 − 3
)
ˆ
Σt

|∇2H|2|∇H|2 dμ + (C2 − 6ηε)σ−2

ˆ
Σt

|∇H|4 dμ

+(ηC1 + C2)σ−6

ˆ
Σt

(H − h)4 dμ + ηc(c∞, c)σ− 21
2 −5δ,

with C1, C2 universal constants. If we now choose

η = ηw :=
4
9
C2

2 , ε =
3
4
C2 (4.19)

the inequality becomes

ȧη(t) ≤ −C2σ
−2

ˆ
Σt

|∇H|4 dμ + (ηC1 + C2)σ−6

ˆ
Σt

(H − h)4 dμ

+ηc(c∞, c)σ− 21
2 −5δ

≤ −C2σ
−2aη(t) + C̃

(

σ−6

ˆ
Σt

(H − h)4 dμ + σ−10−4δ

)

,

for another universal constant C̃ > 0, where we have also used that

c(c∞, c)σ− 21
2 −5δ ≤ σ−10−4δ

if σ ≥ σ0 for a suitable σ0(c∞, c̄). Now we use point (v) of Lemma 2.7 together
with (2.11), to obtain that there exists a constant cp = cp(c, δ) > 0 such thatˆ

Σt

(H − h)4 dμ ≤ c4
p

(

‖
◦
A‖4

L4(Σt)
+ σ−4−4δ

)

≤ c4
p(B4

1 + 1)σ−4−4δ,

for σ ≥ σ0 for a suitable σ0 = σ0(B∞). We conclude that

ȧη(t) ≤ −C2σ
−2aη(t) + C̃

(

c4
p(B4

1 + 1) + 1
)

σ−10−4δ

= −C2σ
−2(aη(t) − c̃σ−8−4δ),

for c̃ = c̃(B1, c, δ). The conclusion follows by an ODE comparison argument.

�
From now on, when considering the roundness class Wη

σ(B1, B2), we fix
the parameter η equal to the value ηw given by the previous Lemma, and we
will no longer need to specify the dependence on η of the constants in the
estimates.

4.3. Evolution of the Barycenter and Convergence

An important assumption in the previous results was the comparability be-
tween rΣ and σ in (2.10), in particular the lower bound on rΣ which shows
that Σt stays enough far from the coordinate origin to ensure the desired de-
cay of the ambient curvature. To justify this assumption, we study now the
evolution of the barycenter under the flow. We start by proving an important
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decay estimate on the L2-norm of H − h, which relies on the spectral analysis
of Sect. 3.

Proposition 4.9. Let (M, g) be a C2
1
2+δ

-asymptotically flat manifold
with mADM > 0. Given B1, B2 > 0, there exists σ0 = σ0(B1, B2, c, δ,mADM)
such that, if Σt is a solution to the volume preserving mean curvature flow
(4.1) which satisfies Σt ∈ Wη

σ(B1, B2) for some σ > σ0, then

d
dt

‖H − h‖2
L2(Σt)

≤ −4mADM

σ3
Σt

‖(H − h)t‖2
L2(Σt)

− 2
σ2

Σt

‖(H − h)d‖2
L2(Σt)

.

Proof. Let us consider the stability operator associated to H − h. To avoid
confusion, we point out that in the following formulas the superscript t refers to
the spectral decomposition of H −h from Definition 3.5, while the dependence
on time will not be written explicitly except in the domain of integration. By
writing H − h = (H − h)t + (H − h)d and applying Proposition 3.7, we obtain

〈L(H − h), H − h〉2
≥ 6mH(Σt)

σ3
Σ

‖(H − h)t‖2
2 − 3h

2

ˆ
Σt

(H − h)((H − h)t)2 dμ − cσ−3−2δ‖(H − h)t‖2
2

+
2

σ2
Σ

‖(H − h)d‖2
2 − cσ− 5

2 −δ‖(H − h)t‖2‖(H − h)d‖2

≥ 5mH(Σt)

σ3
Σ

‖(H − h)t‖2
2 − 3h

2

ˆ
Σt

(H − h)((H − h)t)2 dμ +
3

2σ2
Σ

‖(H − h)d‖2
2,

for σ large enough. Here we write for simplicity σΣ instead of σΣt
for the area

rdius of Σt. Since by Proposition 3.2 mH(Σt) ≥ mADM
2 > 0 for σ sufficiently

large, we find by (4.3)

d

dt
‖H − h‖2

2 = −2〈L(H − h), H − h〉2 −
ˆ

Σt

H(H − h)3 dμ

≤ −5mADM

σ3
Σ

‖(H − h)t‖2
2 + 3h

ˆ
Σt

(H − h)((H − h)t)2 dμ

− 3

σ2
Σ

‖(H − h)d‖2
2 − h

ˆ
Σt

(H − h)3 dμ + cσ−3−2δ

ˆ
Σt

(H − h)2 dμ,

where we have used |H −h| ≤ c∞σ− 3
2 −δ from Lemma 2.7(i). We want to show

that the contribution of the H − h integrals can be bounded by the remaining
negative terms. By writing again H − h = (H − h)t + (H − h)d we obtain

3
ˆ

Σt

(H − h)((H − h)t)2 dμ −
ˆ

Σt

(H − h)3 dμ

= 2
ˆ

Σt

((H − h)t)3 dμ −
ˆ

Σt

3(H − h)t((H − h)d)2 dμ −
ˆ

Σt

((H − h)d)3 dμ.

The first integral was considered in Corollary 3.11. The remaining ones can be
estimated as follows

∣
∣
∣
∣

ˆ
Σt

3(H − h)t((H − h)d)2 dμ + ((H − h)d)3 dμ

∣
∣
∣
∣
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≤ ‖3(H − h)t + (H − h)d‖∞
ˆ

Σt

((H − h)d)2 dμ ≤ cσ− 3
2 −δ

ˆ
Σt

((H − h)d)2 dμ

since also ‖(H − h)d‖L∞(Σ) ≡ ‖(H − h) − (H − h)t‖L∞(Σ) = O(σ− 3
2 −δ). Com-

bining this with Corollary 3.11, and using h = O(σ−1) we get
d
dt

‖H − h‖2
2 ≤ cσ−3−2δ‖(H − h)t‖2

2 + cσ− 5
2 −δ‖(H − h)d‖2

2

−5mADM

σ3
Σ

‖(H − h)t‖2
2 − 3

σ2
Σ

‖(H − h)d‖2
2

≤ −4mADM

σ3
Σ

‖(H − h)t‖2
2 − 2

σ2
Σ

‖(H − h)d‖2
2

for σ large enough. �

Remark 4.10. An immediate consequence is that, if σ is sufficiently large, we
have

d
dt

‖H − h‖2
2 ≤ −4mADM

σ3
Σ

‖H − h‖2
2 (4.20)

Let us now define

Π(t) :=

√
√
√
√

3∑

α=1

〈

H − h,
να

σ

〉2

L2(Σt)
.

Since the L2-norm of να

σ is uniformly bounded on a round surface for σ large,
we obtain that Π(t) ≤ C‖H −h‖L2 for some universal constant C. We observe
that, by Lemma 3.13, Π(t) allows to estimate the L2-norm of the translational
part of H − h up to a constant factor. For our purposes it suffices to consider
the statement of the Lemma for ε = 1

∣
∣
∣
∣

4π

3
‖(H − h)t‖2

L2 − σ2

σ2
Σ

Π(t)2
∣
∣
∣
∣
≤ ‖(H − h)t‖2 + cσ−2−4δ,

where we have also used (2.21). Using (2.10) to obtain a rough estimate of
σ/σΣ we deduce that, for any c > 0 we have, for σ large

‖(H − h)t‖L2 ≤ cσ−1−δ =⇒ Π(t) ≤ 3cσ−1−δ (4.21)

and similarly

Π(t) ≤ cσ−1−δ =⇒ ‖(H − h)t‖L2 ≤ cσ−1−δ. (4.22)

We can now start our study of the barycenter of the evolving surface.

Lemma 4.11. Let Σt be a solution of the flow (4.1) which belongs to Wη
σ(B1, B2)

for all t. Then we have
∣
∣
∣
∣

d
dt

�zΣt

∣
∣
∣
∣
≤ Cσ−1‖H − h‖L2 , (4.23)

∣
∣
∣
∣

d
dt

Π(t)
∣
∣
∣
∣
≤ cσ−3−2δ, (4.24)

for a universal constant C and for a suitable c = c(B1, B2), provided σ is large.
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Proof. Let us write for simplicity �z(t) = �zΣt
. A straightforward computation,

see for example [6], shows
d
dt

�z(t) =
1

|Σt|
ˆ

Σt

(h − H) [ν + H (Ft(x) − �z(t))] dμ. (4.25)

By Lemma 2.7(iv), we have

h = 2σ−1
Σ + O(σ− 3

2 −δ), Ft(x) − �z(t) = σΣt
ν + O(σ

1
2 −δ).

which implies H(Ft(x) − �z(t)) = 2ν + O(σ− 1
2 −δ). Then we can estimate

∣
∣
∣
∣

ˆ
Σt

(h − H) [ν + H (Ft(x) − �z(t))] dμ

∣
∣
∣
∣
≤

∣
∣
∣
∣
3
ˆ

Σt

(h − H)ν dμ

∣
∣
∣
∣

+O(σ− 1
2 −δ)

ˆ
Σt

|h − H|dμ

≤ 3σΠ(t) + cσ− 1
2 −δ|Σt| 1

2 ‖H − h‖L2 .

Since |Σt| = O(σ2), we see that (4.25) implies
∣
∣
∣
∣

d
dt

�z(t)
∣
∣
∣
∣
≤ Cσ−1Π(t) + cσ− 3

2 −δ‖H − h‖L2 ,

and the right-hand side is smaller than Cσ−1‖H − h‖L2 for σ large, with C
universal constant, which yields (4.23). To derive (4.24) we first compute, by
using Lemma 4.2,

d

dt

〈

H − h,
να

σ

〉

L2(Σt)
=

1

σ

ˆ
Σt

(−L(H − h))να dμ − 1

σ

ˆ
Σt

ḣνα dμ

+
1

σ

ˆ
Σt

(H − h)〈∇H, eα〉e dμ − 1

σ

ˆ
Σt

(H − h)2Hνα dμ.

Using (2.21), (3.14) and (4.16) we conclude that the right-hand side is
O(σ−3−2δ).

�
The next result, which is similar to Proposition 3.4 in [18], gives a bound

on the possible change of area of the surface along the flow as long as it remains
round.

Lemma 4.12. Given B1, B2, there exist constants c > 0 and σ0 > 1 such that,
if σ > σ0 and Σt is a solution of the flow (4.1) with Σt ∈ Wη

σ(B1, B2) for all
t ∈ [0, T ] then

0 ≤ σΣ0 − σΣt
≤ cσ

1
2 −δ

for every t ∈ [0, T ].

Proof. By the area-decreasing property (4.2) we have σΣ0 ≥ σΣt
, so we only

need to prove the latter inequality. By (2.10), we have rΣt
< σ/2 and so the

Euclidean coordinate sphere Sσ
2
(0) is enclosed by Σt for all t. By definition of

our flow, the compact region between Σt and Sσ
2
(0) has constant volume. We

call this region Ωt. We have, using (1.1),

|Vole(Ωt) − Volg(Ωt)| ≤ Cσ
5
2 −δ.
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On the other hand, we know from Lemma 2.7(iv) that Σt can be written as a
graph over a Euclidean sphere of radius σΣt

with the radial function of order
O(σ

1
2 −δ). It follows

∣
∣
∣
∣
Vole(Ωt) − 4π

3
(σ3

Σt
− r3

0)
∣
∣
∣
∣
≤ cσ

5
2 −δ.

Since Volg(Ωt) is constant, we deduce |σ3
Σt

− σ3
Σ0

| ≤ cσ
5
2 −δ, which implies the

assertion. �
We are now ready to prove that, by an appropriate choice of the parame-

ters of the class Bη
σ(B1, B2, Bcen) of well-centered round surfaces, see Definition

2.4, and under suitable conditions on the initial surface, the solution of the flow
remains inside the class for arbitrary times. Observe that, in order to control
the possible drift of the barycenter, our assumptions on the initial data include
an additional smallness requirement on the L2-norm of the translational part
of the mean curvature.

Theorem 4.13. Let (M, g) be a C2
1
2+δ

-asymptotically flat manifold with mADM >

0. Let B1 be chosen as in Lemma 4.4 and η,B2 be chosen as in Lemma
4.8. Then, for any cin > 0 there exists B = B(cin,mADM) > 0 and σ =
σ(c, δ, B1, B2, B,mADM) > 1 such that the following holds. Let Ft : Σ ↪→ M be
a family of surface immersions which solve the volume preserving mean cur-
vature flow (4.1) for t ∈ [0, T ], and set Σt = Ft(Σ). Suppose that the initial
surface Σ0 = F0(Σ) satisfies, for some σ ≥ σ and Bcen ≥ B:
(i) Σ0 ∈ Bη

σ(B1, B2, Bcen) with σ = σΣ0 ,
(ii) ‖(H − h)t‖L2 ≤ cinσ−1−δ on Σ0.
Then Σt ∈ Bη

σ(B1, B2, 3Bcen) for all t ∈ [0, T ].

Proof. Let η,B1, B2 be fixed as in the statement and let cin > 0 be arbi-
trary. We need to prove that, if Σ0 satisfies (i) and (ii) for suitably large Bcen

and σ, whose size will be specified during the proof, then it also satisfies the
conclusion.

We argue by contradiction and denote by T ′ the first time at which the
conclusion is violated, that is, T ′ ∈ (0, T ] is such that

(Σ, g(t)) ∈ Bη
σ(B1, B2, 3Bcen) for t ∈ [0, T ′),

(Σ, g(t)) /∈ Bη
σ(B1, B2, 3Bcen) for t = T ′. (4.26)

This means that at least one inequality in the definition of Bη
σ(B1, B2, 3Bcen)

becomes an equality at time t = T ′. The theorem will be proved if we can
exclude each of these possibilities.

We first observe that, by Lemma 4.12, we have |σΣt
− σ| ≤ cσ

1
2 −δ for

t ∈ [0, T ′]. In addition, using the spherical graph representation in Lemma 2.7
(iv), we have at any point of ΣT ′ ,

�x = �z0 + (σΣ + f)ν = �z(t) + σν + O(σ
1
2 −δ),

which implies, by (2.13), that

| |�x| − σ| ≤ cσ1−δ
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for some c = c(B1, B2, Bcen, c̄, δ). From this it follows that, if σ is large enough,
the strict inequalities (2.10) hold also at time t = T ′. Then, by parts (i)-(ii)-(iii)
of Lemma 2.7, we deduce that (2.9) holds as well.

Again parts (i) and (iii) of Lemma 2.7 show that assumptions (4.7) and
(4.8) are satisfied. Then we can apply first Lemma 4.4 and then Lemma 4.8
to prove that inequalities (2.11) and (2.12) remain strict at time t = T ′.
We conclude that the only property of Bη

σ(B1, B2, 3Bcen) that can become an
equality at time t = T ′ is the barycenter estimate (2.13), and therefore we
have

|�z(T ′)| = 3Bcenσ1−δ. (4.27)

The rest of the proof will be devoted to exclude this last possibility, and
this will require a longer work. We first observe that, by (4.21) and assumption
(ii), we have

Π(0) ≤ 3cinσ−1−δ. (4.28)

Let us now denote by t∗ the smallest t ∈ [0, T ′] such that one of the
following properties holds:
(a) Π(t) = (3cin + 1)σ−1−δ,
(b) ‖(H − h)d‖2 ≤ ‖(H − h)t‖2,
(c) |�z(t)| = 2Bcenσ1−δ.
Such a t∗ exists, since at least property (c) must hold at some t < T ′ because
of (4.27). We remark that it is possible that t∗ = 0, because property (b), in
contrast with (a) and (c), is compatible with our assumptions on the initial
data.
Claim. If Bcen and σ are large enough, then at time t = t∗ the solution satisfies

�z(t∗) < 2Bcenσ1−δ, (4.29)

‖H − h‖L2(Σt∗ ) ≤ cσ−1−δ, (4.30)
for a suitable c = c(B1, B2, c̄, cin).

If t∗ = 0 the claim is immediate. In fact, in this case the initial surface
satisfies (b) and (4.30) is a consequence of hypothesis (ii) of the theorem, while
(4.29) follows from (i). Therefore we assume that t∗ > 0. By definition of t∗,
we have ‖(H−h)d‖2 > ‖(H−h)t‖2 for t ∈ [0, t∗). Then Proposition 4.9 implies

d
dt

‖H − h‖2
2 ≤ − 2

σ2
Σt

‖(H − h)d‖2
2 ≤ − 1

σ2
Σt

‖(H − h)t‖2
2 − 1

σ2
Σt

‖(H − h)d‖2
2,

for t ∈ [0, t∗]. By (2.10), we have that σ2
Σt

≥ (4/5)σ2. Then we can integrate
the inequality and obtain

‖H − h‖2
L2(Σt)

≤ ‖H − h‖2
L2(Σ0)

e− 4
5σ2 t ≤ cσ−1−2δe− 4

5σ2 t (4.31)

for every t ∈ [0, t∗]. Therefore, by Lemma 4.11,

|�z(t∗)| − |�z(0)| ≤
ˆ t∗

0

cσ−1‖H − h‖L2 dt ≤
ˆ t∗

0

cσ− 3
2 −δe− 2

5σ2 t dt ≤ cσ
1
2 −δ.

So if Bcen > c then |�z(t∗)| < 2Bcenσ
1
2 −δ, proving (4.29). This also shows that

case (c) of the definition of t∗ cannot occur, and that either (a) or (b) must
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hold. We prove (4.30) dividing the two cases. Suppose first that (a) holds.
Then we have, by Lemma 4.11,

σ−1−δ ≤ Π(t∗) − Π(0) ≤
ˆ t∗

0

∣
∣
∣
∣

d
dt

Π(t)
∣
∣
∣
∣

dt ≤ cσ−3−2δt∗,

which implies t∗ ≥ c−1σ2+δ. Substituting in (4.31), we find

‖H − h‖2
L2(Σt)

≤ cσ−1−2δe− σδ

c

so that (4.30) is satisfied if σ is large enough. If instead (b) holds at time
t = t∗, then (4.30) follows directly by using (4.22) to obtain

‖H − h‖L2(Σt∗ ) ≤ 2‖(H − h)t‖L2(Σt∗ ) ≤ 2(3cin + 1)σ−1−δ.

So we have proved our claim that (4.29)-(4.30) hold at at time t = t∗.
To conclude the proof, we study the behavior of the solution for t ∈

[t∗, T ′]. We can estimate σ3
Σ ≤ 2σ3 using (2.10) and deduce from (4.20), (4.30)

‖H − h‖2
L2(Σt)

≤ ‖H − h‖2
L2(Σt∗ )e

− 2m
σ3 (t−t∗) ≤ cσ−2−2δe

− 2m
σ3 (t−t∗)

, t ∈ [t∗, T ′],
(4.32)

where we have written for simplicity m = mADM. Using Lemma 4.11, we then
get

|�z(T ′) − �z(t∗)| ≤
ˆ T ′

t∗

∣
∣
∣
∣

d
dt

�z(t)
∣
∣
∣
∣

dt ≤
ˆ T ′

t∗
cσ−1‖H − h‖2 dt

≤
ˆ T ′

t∗
cσ−2−δe− m

σ3 (t−t∗) dt

≤ cσ−2−δ

(
σ3

m

) (

e− m
σ3 t∗ − e− m

σ3 T ′) ≤ cσ1−δ.

If Bcen > c then |�z(T ′)| ≤ |�z(t∗)| + cσ1−δ < (2Bcen + c)σ1−δ < 3Bcenσ1−δ, in
contradiction with (4.27). This shows that (4.27) cannot happen if Bcen and
σ are large enough, and so it concludes our proof. �

Theorem 4.14. Let (M, g) be a C2
1
2+δ

-asymptotically flat manifold with mADM >

0. For any given cin > 0, let the parameters B1, B2, η, Bcen, σ be chosen as in
Theorem 4.13. Then, for any initial data satisfying hypotheses (i) and (ii)
of that theorem, the solution to the volume preserving mean curvature flow
(4.1) exists for every t ∈ [0,∞), satisfies Σt ∈ Bη

σ(B1, B2, 3Bcen) for every
t ∈ [0,∞) and converges exponentially in C∞ to a strictly stable CMC-surface
Σ∞ ∈ Bη

σ(B1, B2, 3Bcen).

Proof. Let us consider an initial surface Σ0 which satisfies assumptions (i) and
(ii) of Theorem 4.13. By the local existence theory, there exists a solution of
the flow defined on some maximal time interval [0, Tmax). Then, Theorem 4.13
shows that Σt belongs to Bη

σ(B1, B2, 3Bcen) for all t ∈ [0, Tmax). This implies
that Σt is confined in a compact subset of M, and therefore Rm and each of its
derivatives are uniformly bounded on Σt. Since the intrinsic curvature of Σt
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is uniformly bounded by (2.9), well-known estimates based on parabolic regu-
larity, see e.g., [15], show that all derivatives of A are also uniformly bounded.
Then a standard continuation argument implies that Tmax = +∞.

From estimate (4.32) we see that ‖H − h‖L2(Σt) decays exponentially
as t → +∞. Since the derivatives of any order of H are uniformly bounded,
interpolation estimates imply that they also decay exponentially. Then Sobolev
immersion implies that ‖H − h‖L∞(Σt) decays exponentially as well. Since
H −h is the speed of our flow, this shows that the immersions F (·, t) converge
smoothly to a limiting map F∞(·). By standard arguments, see Lemma 8.2 in
[14], one can show that F∞(·) is also a smooth surface immersion and that
there is exponential convergence in C∞ of the curvature. In particular, the
limit surface Σ∞ := F∞(Σ) satisfies H ≡ h. Then Proposition 3.7, or also
Proposition 4.7 in [26], show that the CMC-surface Σ∞ is strictly stable, i.e.,
the stability operator on Σ∞ is positive definite on functions with zero mean.
Finally, the estimates in the proof of Theorem 4.13 for arbitrary T > 0 show
that the requirements in the definition of Bη

σ(B1, B2, 3Bcen) still hold as strict
inequalities on Σ∞. �

We conclude by considering the explicit example of a Euclidean coordi-
nate sphere Sr(0) as initial surface for our flow. To ensure that hypothesis
(ii) of Theorem 4.13 is satisfied, we have to strengthen the assumptions on
our ambient manifold by requiring the C1

1+δ-Regge–Teitelboim conditions in
Definition 2.1. Then Theorem 1.3 stated in the introduction is an immediate
consequence of the previous results.

Proof of Theorem 1.3. By Lemma 2.2, a Euclidean sphere Sr(0) satisfies hy-
pothesis (i) of Theorem 4.13 if r is enough large and, if M satisfies the C1

1+δ-
Regge–Teitelboim conditions, it also satisfies (ii) by Lemma 3.14. The conclu-
sion then follows from Corollary 4.14. �

Remark 4.15. Once the exponential convergence of the flow starting from
spheres of large radius is established, the property that the limiting surfaces
form a CMC-foliation can be obtained by a similar strategy as in the previous
literature, e.g., [12,18,24]. In fact, a classical application of the implicit func-
tion theorem (see for example [13] for a detailed explanation) allows to define
a smooth map F : S2 × (0, h0) → M such that Σh := F (S2, h) is the limit of
the flow starting from a sphere Sr for a suitable r = r(h), and is the locally
unique CMC-surface with H ≡ h. One can then show that these surfaces do
not intersect and form a CMC-foliation of the outer part of M, proceeding as
in the last part of the proof of [26, Theorem 5.1], see also [4, Lemma 9]. A
crucial ingredient in these arguments is the invertibility of the stability oper-
ator on the limiting surfaces Σh, which follows from the spectral analysis in
Sect. 3.

Remark 4.16. We point out that our main convergence result, Theorem 4.14
is independent on the Regge–Teitelboim conditions, which are only needed to
prove that large coordinate spheres satisfy assumption (ii) of Theorem 4.13. In
this way we provide a flow-based approach to the construction of the foliation
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alternative to the one of [26], although under slightly stronger assumptions.
If we instead take as already known the existence of the foliation from [26],
then Theorem 4.14 gives a dynamical stability result for the leaves, with no
need to require Regge–Teitelboim conditions: in fact, we show that any small
perturbation of the CMC-surfaces, satysfying conditions (i)–(ii) of Theorem
4.13, converges under VPMCF back to a leaf of the foliation.

We observe that Regge–Teitelboim conditions (in a stronger form) have
been often used in the previous works on CMC-foliations. In particular, see
[5,9,26], the C2

1+δ version of these conditions is needed to prove the existence
of the geometric center of mass, i.e., the limit of the barycenters limh→0 �zΣh ,
where Σh is the leaf with H ≡ h. This has some analogy with our case where,
roughly speaking, assumption (ii) of Theorem 4.13 is used instead to study the
limit as t → ∞ of �zΣt

, with Σt a solution of VPMCF with fixed scale.
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