
Computers and Geotechnics 164 (2023) 105834

Available online 1 October 2023
0266-352X/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
nc-nd/4.0/).

Symbolic algebra integration of soil elastoplastic models 

Vicente Navarro a,*, Arianna Pucci b, Erik Tengblad a, Francesca Casini b, Laura Asensio a 

a Geoenvironmental Group, Universidad de Castilla-La Mancha, Avda. Camilo José Cela 2, 13071 Ciudad Real, Spain 
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A B S T R A C T   

This work analyses the time integration of elastoplastic models using implementation platforms with symbolic 
algebra capabilities. In such platforms, the variables and state functions involved in solving boundary value 
problems are considered entities continuous in time, thus the time integration of stresses and hardening pa-
rameters is always based on implicit schemes. The latter confers to the computation an accuracy that is inspected 
in this work by analysing the integration of the Clay and Sand Model. Finally, the advantages of using integration 
schemes in which the linearisation of the yield function is imposed to be zero when calculating the plastic 
multiplier are illustrated.   

1. Introduction 

The application of symbolic differentiation techniques (Martins and 
Hwang, 2013) in numerical models allows obtaining a high-quality 
system iteration matrix, which substantially improves the numerical 
performance of the model (Gobbert et al., 2009). Thus, the use of 
implementation platforms that incorporate symbolic algebra capabil-
ities is a promising approach to the advancement of computational 
modelling in geotechnical analysis. On such platforms, as when using 
numerical tools that do not incorporate symbolic algebra, the solution 
for any time is approximated by a discrete number of georeferenced 
functions according to the chosen spatial discretisation strategy. When 
using symbolic algebra, however, these functions are considered entities 
continuous in time. This gives the time integration of the constitutive 
models special characteristics that must be analysed to better under-
stand the implications for the characterisation of the mechanical 
behaviour of the system. This is the aim of this paper. First, the inte-
gration by means of symbolic algebra of a wide family of elastoplastic 
models is analysed. An integration strategy is presented that is based on 
the adaptation of the scheme presented by Halilovič et al. (2009, 2017). 
After that, as an example, the strategy is particularised for the Clay And 
Sand Model (CASM) of (Yu, 1998). To conclude, an inspection exercise is 
presented to illustrate the scope of the proposal. 

2. Integration of elastoplastic models using symbolic algebra 

This work adopts a classical approach to plasticity, defined with the 

yield function, the hardening law and the flow rule. For an internal 
organisation of the soil characterised by the vector of hardening pa-
rameters χ (vectors and tensors are denoted in bold), the mechanical 
behaviour of the soil is elastic if the value of the yield function F is 
negative for the current constitutive stress σ (stress and strain are 
expressed as vectors using Voigt notation) 

F(σ, χ) < 0 (1)  

When F becomes equal to 0, the applied stress reaches the limit with-
stood by the existing organisation. The soil restructures plastically, 
producing an increment of χ defined by the hardening law 

dχ =
∂χ
∂εp

⋅dεp (2)  

where the plastic strain dεp is calculated with the flow rule as a function 
of the plastic multiplier dλ and the plastic vector n 

dεp = dλ⋅n (3)  

n is usually computed as the gradient of the plastic potential Q (equal to 
F in associated plasticity models) 

n =
∂Q
∂σ (4)  

It is further assumed that, with or without plastic behaviour, the elastic 
matrix D enables the constitutive stress increment to be computed as a 
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function of the elastic strain increment dεe 

dσ = D⋅dεe (5)  

In plastic stress paths, Eqs. (2) and (5) must be integrated in time to 
characterise the evolution of the system. To do so, the plastic multiplier 
needs to be known. It is usually obtained by applying the consistency 
condition derived by assuming dF = 0: if F is always null in a plastic path, 
so is dF. Therefore, from Eqs. (2), (3) and (5) it follows that 

dF =
∂F
∂σ ⋅dσ +

∂F
∂χ ⋅dχ = 0→dλ =

1
Hp

∂F
∂σ ⋅D⋅dε (6)  

where the plastic hardening modulus Hp is computed as 

Hp =

(
∂F
∂σ D −

∂F
∂χ

∂χ
∂εp

)

⋅n (7)  

When deriving Eq. (6), the total strain dε was assumed to fulfil the 
following 

dε = dεe + dεp (8)  

It is accepted that the soil experiences only the elastic strain dεe caused 
by changes in the constitutive stress σ and the plastic strain dεp resulting 
from the rearrangement that takes place when F = 0. If other types of 
strains dε* occurred, such as those caused by the microstructure in 
double porosity soils (Gens and Alonso, 1992), Eq. (8) should be written 
as 

dε = dεe + dεp + dε∗ (9)  

If, in addition, any magnitude £ additional to the stress σ were to 
intervene in the definition of the yield function, as, for example, suction 
s in the Barcelona Basic Model (Alonso et al., 1990; Alonso et al., 1999; 
Vaunat et al., 2000), Eq. (6) should be written as 

dλ =
1

Hp

(
∂F
∂σ ⋅D⋅(dε − dε∗) + ∂F

∂x
dx

)

(10)  

Eqs. (2) and (5) can be integrated with this value of the plastic multi-
plier. The magnitudes involved in the equations are a function of the 
variables to be integrated, σ and χ, which, as pointed out in the Intro-
duction, are automatically updated functions thanks to symbolic 
algebra. Therefore, the calculation of stress and hardening parameters is 
a totally implicit problem. Consequently, it can be expected to show the 
accuracy of implicit integration schemes implemented in codes that do 
not incorporate symbolic algebra (Borja and Lee, 1990; Lloret-Cabot and 
Sheng, 2022). 

Even if the implicit structure of Eq. (6) is promising, the expectations 
of good computational performance can be raised when taking into 
account the results obtained when the derivation of the plastic multi-
plier is based on the approximation of F and not of dF (Halilovič et al., 
2009; 2017). Those authors show robust and accurate results without 
iterations, without additional integration substeps and without 
imposing any return mapping algorithm (for more information on this 
type of techniques, see, for example, (Potts and Gens, 1985; Gens and 
Potts, 1988). To do so, the first terms of the Taylor series development of 
F are taken and F = 0 is imposed. Operating analogously to the deri-
vation of Eqs. (6) and (10) it results in 

dλ =
1

Hp

(

F +
∂F
∂σ ⋅D⋅(dε − dε∗) + ∂F

∂s
ds

)

(11)  

The only difference between Eq. (10) and Eq. (11) is the inclusion of F. 
The scheme remains fully implicit. Thus, unlike the explicit formulation 
proposed by Halilovič et al. (2009, 2017), the value of F in Eq. (11) is not 
obtained at the time prior to the computation time but is an updated 
value. In this sense, if Halilovič et al. (2009) label their method as 
“NICE” (Next Increment Corrects Error) because the error potentially 

made in one computational time step is corrected in the next one, the 
formulation proposed here should be called “CICE”, since the symbolic 
algebra makes the potential integration drift to be corrected in the 
Current computational time. Therefore, the computational performance 
of the new proposed CICE will be better than that of NICE, which is 
already satisfactory. 

3. Example of application. Inspection on the scope of the 
method 

To analyse the scope of the method more clearly, saturated cases are 
analysed, with dε* = 0, in which the constitutive stresses σ will be the 
Terzaghi effective stresses. However, in order not to lose generality, a 
non-associated plasticity model is adopted, using the CASM as proposed 
by (Yu, 1998). In CASM, the vector of hardening parameters χ is the 
effective mean preconsolidation stress p0. The hardening law in Eq. (2) is 
written as 

dp0 =
(1 + e) p0

λ − κ
dεV

p (12)  

where dεV
p is the volumetric component of the plastic strain dεp, e is the 

total void ratio (=VV/VS, where VV is the volume of voids and VS is the 
solid mineral volume), and the material parameters λ and κ are, 
respectively, the slope of the virgin compression line and the elastic 
compressibility parameter (Table 1). The yield surface is defined as 

F =

(
q

M p

)n

+
Ln(p/p0)

Ln r
(13)  

where q is the von Mises deviatoric stress, p is the effective mean stress, 
M is the slope of the critical state line (Table 1), n and r are material 
parameters that constrain the shape of the yield surface on the deviatoric 
plane (Table 1). The flow rule is given by dilatancy δ, taken from (Rowe, 
1962) 

δ =
dεV

p

dεS
p
=

9
(

M − q
p

)

9 + 3M − 2M q
p

(14)  

where dεS
p is the plastic deviatoric strain. For the isotropic material 

under consideration, the elastic matrix expressed in terms of the stress 
terms p and q and their conjugate strains dεV

e and dεS
e are derived from 

the elastic matrix D 

D =

[
K 0
0 3G

]

(15)  

Bulk modulus K is computed as 

K =
(1 + e) p

κ
(16)  

and shear modulus G is computed as 

G =
3 (1 − 2 ν)
2 (1 + ν) K (17)  

ν is Poisson’s ratio (Table 1). With Eq. (15), basing the integration of σ 
and p0 on dεS

p instead of dλ, from Eqs. (10), (12), (13) and (14) it follows 

Table 1 
Material parameters used in the simulations.  

Parameter Value Relevant equation 

Λ  0.093 (12) 
Κ  0.025 (12) 
M  0.733 (13) 
ν  0.3 (17) 
r  2.714 (13) 
n  4.5 (13)  
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that 

dεS
p =

1
Hp

(

K
∂F
∂p

dεV + 3G
∂F
∂q

dεS
)

(18)  

The plastic hardening modulus is defined in this case as 

Hp =

(

K
∂F
∂p

−
∂F
∂p0

)

δ+ 3G
∂F
∂q

(19)  

In turn, keeping this definition of Hp, from Eq. (12) it derives that 

dεS
p =

1
Hp

(

F + K
∂F
∂p

dεV + 3G
∂F
∂q

dεS
)

(20)  

dεV
p is calculated with dεS

p and Eq. (14). dp0 is then obtained with Eq. 
(12). 

Four conventional triaxial tests are simulated. In these tests, after an 
isotropic consolidation, an axial loading phase is performed at a con-
stant displacement rate, keeping the cell pressure constant. The tests 
performed on some samples of remoulded Weald Clay (Liquid Limit =
43, Plastic Limit = 18) and presented by (Bishop and Henkel, 1957) are 
analysed. For each triaxial test (Table 2), whether drained (Figs. 1 and 2) 
or undrained (Figs. 3 and 4), two samples were tested: a normally 
consolidated one (overconsolidation ratio, OCR, = 1) and a heavily 
overconsolidated one (OCR = 24). The material parameters in Table 1, 
taken from (Yu, 1998), were used in the models. 

Using Comsol Multiphysics (Comsol AB, 2018) as implementation 
platform, Eqs. (12) to (20) have been introduced in a computational 
module developed from the numerical model of (Navarro et al., 2019). 
The model, based on using the “multiphysics” capability of Comsol 
(Comsol AB, 2018) to make own developments without built-in mod-
ules, was extensively validated with a number of thermo-hydro- 
mechanical-chemical problems related to the behaviour of active soils 
(Navarro et al., 2017; 2022, 2023). The adoption of CICE makes the 
potential integration drift to be corrected in the Current computational 
time, which is the original contribution of this work. 

Therefore, the simulations presented in the paragraphs below are 
based on the resolution of a boundary value problem, not on a Gaussian 
point level analysis. This gives greater scope to the inspection carried 
out, as the validity of the proposed algorithm is evaluated once it has 
been integrated into a finite element module. However, given the ho-
mogeneity of the specimens, initial conditions and boundary conditions 
in the solved problems, this scope has a certain limitation. Confidence in 
the proposed methodology will increase with increasing experience in 
its application to solve mechanical problems in more complex systems. 

Figs. 1 and 2 plot a comparison of the experimental and modelled εz 
(vertical strain) - q and εz - εV (volumetric strain) paths, respectively, for 
a drained test on a normally consolidated and an overconsolidated 
samples. The model results plotted correspond to two formulations, 
which used, respectively, Eq. (18) (that is, Eq. (10)) and Eq. (20) (that is, 
Eq. (11)) as the base for integration. The results of both models (solu-
tions with Eqs. (18) and (20)) are almost identical and overlap in the 
figure. 

For the normally consolidated sample, both models satisfactorily 

reproduce the progressive hardening (Fig. 1) and contraction (Fig. 2) of 
the soil. The good quality of the results obtained with Eq. (18) makes 
that the improvement derived from using Eq. (20) is small. 

To illustrate this fact more clearly, Fig. 5a shows the evolution 
throughout the simulations of the pR / p0 ratio. The reference effective 
mean stress pR represents the value that p0 should have in Eq. (13) for F 
to be zero for each (p, q) stress state. In the elastic regime, the ratio is less 
than 1, and it becomes equal to 1 in the plastic regime. Values greater 
than 1 indicate plastic drift. Fig. 5a shows the excellent values (zero 
drift) obtained with Eq. (20). Also, the values obtained with Eq. (18) 
with pR / p0 nearly equal to 1 are very satisfactory. 

For the drained test on an overconsolidated sample, the comparison 
is similar. Eqs. (18) and (20) reproduce the same peak stress (Fig. 1) and 
the same dilatant behaviour (Fig. 2). In this case, Fig. 5b represents the 
obtained pR / p0 after yield, because its initial value for an over-
consolidation ratio of 24 (Table 2) is very small, which would make the 
scale less clear for comparison. 

Analogous results are obtained for the undrained tests. Eqs. (18) and 
(20) satisfactorily reproduce the water pressure increase (Fig. 3). The 
evolution of the deviatoric stresses in the overconsolidated case is also 
satisfactorily reproduced, while for the normally consolidated sample a 
strain softening after a peak strength is predicted, which is not observed 
in the experimental results. (Yu, 1998) also identified the same differ-
ence when modelling the test, showing that the absence of peak is not 
usual in the experimental undrained behaviour of normally consolidated 
clays. In any case, the difference between experimental and numerical 
behaviour obtained with Eqs. (18) and (20) is not associated with the 
effect of these equations. With both equations, pR / p0 values of nearly 1 
are obtained when starting from initial conditions of both heavy over-
consolidation (Fig. 6b) and normal consolidation (Fig. 6a). However, the 
latter case obtains the worst result with Eq. (18) in relative terms, which 
makes the improvement provided by Eq. (20) substantial. Thus, given 
the low computational cost increase of Eq. (20) with respect to Eq. (18) 
(which computes F), the use of Eq. (20) represents a step forward in the 
implementation of elastoplastic constitutive laws in implementation 
platforms. 

4. Conclusions 

In this work, the Current Increment Corrects Error (CICE) using the 
symbolic algebra to correct the potential integration drift has been 
proposed. The performance of CICE has been evaluated implementing 
the Clay and Sand Model (Yu, 1998) in COMSOL Multiphysics (Comsol 
AB, 2018). The results obtained by deriving the plastic multiplier from 

Table 2 
Description of the modelled tests. Φ and H, diameter and height of the samples, 
respectively; e0, initial void ratio; p0 ini, initial effective mean preconsolidation 
stress; pini, initial effective stress; Δt, test duration. D, drained test; U, undrained 
test; NC, normally consolidated sample (OCR = 1); OC, overconsolidated sample 
(OCR = 24).  

Test ID Φ (mm) H (mm) e0 p0 ini (kPa) p0ni (kPa) Δt (h) 

D-NC 35 70 0.632 207 207 30 
U-NC 6 
D-OC 0.617 828 34.5 23 
U-OC 6  

Fig. 1. Evolution of the axial strain εz and the von Mises stress q in the drained 
tests. In black, normally consolidated sample (OverConsolidation Ratio OCR =
1). In grey, heavily overconsolidated sample (OCR = 24). Markers, experi-
mental data. Lines, model results. 
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the consistency of the increment of the yield function F (i.e. dF = 0) are 
very similar to those obtained when deriving it from imposing the 
consistency of F (i.e. F = 0). However, with practically no increase in 
computational cost, the latter approach makes the plastic drift virtually 
zero, thus making it the recommended integration procedure. 
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Fig. 2. Evolution of the axial strain εz and the volumetric strain εV in the drained tests. In black, normally consolidated sample. In grey, heavily overconsolidated 
sample. Markers, experimental data. Lines, model results. 

Fig. 3. Evolution of the axial strain εz and the water pressure increase ΔPL in the undrained tests. In black, normally consolidated sample. In grey, heavily over-
consolidated sample. Markers, experimental data. Lines, model results. 
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Fig. 4. Evolution of the axial strain εz and the von Mises stress q in the undrained tests. In black, normally consolidated sample. In grey, heavily overconsolidated 
sample. Markers, experimental data. Lines, model results. 

Fig. 5. Evolution of pR / p0 in the drained tests. (a) Normally consolidated sample. (b) Heavily overconsolidated sample.  

Fig. 6. Evolution of pR / p0 in the undrained tests. (a) Normally consolidated sample. (b) Heavily overconsolidated sample.  
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Data availability 

The experimental information used has been obtained from the 
literature and is conveniently referenced and available for researchers to 
use. 
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