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Abstract

This paper discusses an application of dual algebra to the analysis of human knee joint stiffness matrix. According to the
proposed methodology, the general stiffness matrix characterizing the elasticity properties of the knee ligaments is
reduced to a dual diagonal stiffness matrix. For this purpose, the similarity transform was extended to the field of dual
numbers. The theoretical framework proposed seems particularly useful when comparing stiffness matrices obtained
from different experimental setup and within different Cartesian coordinate systems.
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Introduction

From a biomechanical point of view, the knee joint is
an elasto-kinematic structure. It means that the rela-
tive motion between the bones is influenced not only
by the contact shapes but also by the soft tissues con-
tribution. For this reason, the actual screw movement
of the joint is dependent from the elastic compliance.
In the human knee joint, the main contribution to the
stability and to the stiffness properties is due to the
presence of the ligaments.

Starting from the physical and mechanical charac-
terization of these structure,'* each ligament is mod-
eled by means of a line spring or a series of line
springs. The tibia and the femur are considered rigid
bodies.

In the last 10 years, literature has recorded several
investigations on the knee joint elasticity, and an
exhaustive review is outside the scope of this paper.

More recent contributions on knee biomechanics
are due to Abdel-Nasser et al.> They modeled the
ligament structures by means of the absolute nodal
coordinate formulation (ANCF). The near incom-
pressibility of the ligaments was considered by intro-
ducing a Neo-Hookean strain energy function.

Guess* proposed a multibody dynamics model
where the ligaments were represented with non-
linear spring-damper elements with insertions and
zero-load lengths derived from experimental measure-
ments. The menisci elasticity was represented by 6 x 6
stiffness matrices. The model was validated also using
data gathered from a loaded cadaver knee.

In vitro measurements based on cadaver experi-
ments are altered by many factors such as the absence

of muscles interaction. For this reason, modern tech-
niques focus on in vivo validation. McFaull and
Lamontagne® proposed an experimental procedure
to obtain the in vivo passive elastic moment on a
knee joint and an equation to estimate the mean angu-
lar damping coefficient.

Recently, an in vivo-validated 3D knee dynamic
model has been proposed by Akbar et al.° An equiva-
lent stiffness was introduced to simplify a Kelvin
viscoelastic model of the cartilage. Ligaments were
modeled as bundle of nonlinear tensile springs. The
muscles were modeled as strings with a prescribed
tension.

Using static radiography and dynamic fluoroscopy,
Saevarsson et al.” measured knee kinematics after
total knee arthroplasty. Great behavior differences
were detected in static and dynamic kinematics of
the knee joint.

For a given mechanical system, in the Cartesian
Space, the stiffness properties can be represented by
a symmetric 6 x 6 matrix. First, Ball® and then
Dimentberg’ used the screw theory for the analysis
of rigid body motion and the computation of the stiff-
ness matrix associated to a rigid body suspended by
linear springs connected in parallel.
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In a thoughtful contribution on modeling of elastic-
ally suspended bodies, Fasse'® represented the strain
potential energy by a quadratic function of dual qua-
ternion displacement. Viscous constitutive equations
expressed in terms of dual numbers were also
introduced.

Because of the arbitrariness of the reference frame
adopted in the analysis, the results of different works
are not directly comparable. From this consideration,
there is the necessity of adopting analytical approaches,
based on a normalized form of the stiffness matrix, to
obtain frame-independent stiffness properties.'”

A starting point of these analytical approaches is
represented by the concept of center of stiffness pro-
posed by Loncaric'"!? to decouple the stiffness asso-
ciated with the translational and rotational motions.

The Principle of Transference of dual algebra
allows an extension of this concept to the dual
space. By associating a dual vector to each line
spring of the system, a 3 x 3 symmetric dual matrix
stiffness is obtained. Subsequently, by computing its
dual eigenvalues and dual eigenvectors,'? it is possible
to evaluate a normalized form of the stiffness dual
matrix which decouples maximally the translational
stiffness from the rotational one.'

In this investigation, a normalized form of the
human knee joint stiffness matrix is presented. The
matrix components are expressed within the framework
of Clifford dual algebra. The model is linear and valid
for small motions about equilibrium configurations.

In particular, within the hypotheses of linear elas-
ticity and small displacements, an attempt is made to
analyze the dual stiffness matrix of the human knee
joint. Our methodology has been applied to the stiff-
ness models of Crowninshield et al.? and Abdel-
Rahaman and Hefzy.'

The authors are aware that a linear elastic model
cannot faithfully represent the complex behavior of
the knee ligaments. This is also witnessed by the
experimental evidence and by the nonlinear functions

proposed to represent the elasticity of a knee joint
that undergoes large rotations.

However, under small displacements about equilib-
rium configurations, the constant stiffness approxima-
tion is considered feasible for a preliminary analysis.

The computation of the dual stiffness matrix has
been implemented using Ch programming language.'>'®

The stiffness matrix

A linear elastic system can be modeled as a rigid body
connected to the ground by springs arranged in par-
allel. In such a system, the stiffness matrix [K] is a
linear map which relates wrench and twist. Such
linear map is defined as follows

{dw} = [K]{dq} (1

where {dW}s,; is the infinitesimal change in load
(wrench) while {dg}, , is the infinitesimal displace-
ment (twist). The stiffness matrix [K] is a 6 x 6 sym-
metric matrix that can be partitioned as follows

& K‘} )

[K] = [KT K,

In this partition, the blocks [K;] and [K,] are 3 x 3
symmetric matrices; generally [K;] is defined the trans-
lational stiffness matrix while [K,] is the rotational
stiffness matrix. The 3 x 3 coupling stiffness matrix
[K.] is a non-symmetric. Each subscripted quantity
is origin dependent; besides, considering an elastic
system in a loaded configuration, the stiffness matrix
results to be asymmetric.!”

Linear and torsional springs

Consider the system represented in Figure 1, showing
a rigid body suspended by linear springs connected in
parallel.

X

Figure |. Rigid body suspended by line springs.
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When the system is in an unloaded configuration,
the springs are not stretched. The stiffness associated
with the ith spring is

[Ki] = ki Si{Si}" (3)
where k; is the scalar spring stiffness

{si}

15 = { {04;} x

ATpany —
{s,»}}’ - 4

denotes the unit line vector, with {s;} unit vector, in
the direction of the ith spring line of action.

The stiffness matrix of the whole spring system,
characterized by 7 linear springs connected in parallel,
can be computed as follows

n n
(K] =) [K]=)_ kiSHS}" (5)
i=1 i=1
Similarly, the stiffness matrix for a rigid body
attached to torsional springs of stiffness k;
(i=1,2,...,n)is expressed by

Z” Z” [0] [0]
- ki Si S,‘ T: k,-
. 1 R [ 0] [{siHs"] i|

i=1

(6)

The center of stiffness

The elements of the stiffness matrix depend on the
choice of coordinate frame. Loncaric'"!'? has shown
that it is possible to distinguish a particular and suit-
able coordinate frame which led us to define the center
of stiffness.

Let us consider a symmetric stiffness matrix [K]
expressed by

& K‘} )

[K]:[KT Kr

where the diagonal blocks, [K,] and [K,], are 3 x 3
symmetric ones while the off-diagonal blocks are
non-symmetric. If tr[K;] is not an eigenvalue of [K/],
then [K.], the coupling stiffness matrix is symmetric at
an unique point known as center of stiffness.'""'? In
particular, assuming the origin of the coordinate
frame in this point the maximum decoupling between
translational and rotational stiffness is achieved.

Let us denote, respectively, by [R] and {p} the cosine
direction matrix and displacement vector which define
the position of a new Cartesian reference frame.

Introduce the 6 x 6 adjoint matrix [adjH]

®)

R] [pPIIR
[ade]:[[ 1l ]}

[0] [R]

where [R] is an orthonormal 3 x 3 matrix and [p] and

the skew-symmetric matrix associated to vector {p}.
In the new Cartesian reference frame, with the

origin in the center of stiffness, the stiffness matrix is

[K'] = [adjH]" [K][adjH] ©)

The location of the center of stiffness can be computed
from (9) by requiring that the coupling stiffness
matrix, [K.] be symmetric. In particular, assuming
the stiffness matrix [K] defined by the following
relation

Tk ki kiz ki ks ke

(K] = - (10)

through a linear displacement p and an appropriate
rotation R of the Cartesian reference frame, we can
obtain the following form of the matrix

[k ki ks ke 00007
kiy Ky Ky 0 kys 0
K= S b | O
14 44 45 46
0 ks 0 kis ks K
L O 0 Kk ki Ksg ko

The diagonal form of the stiffness dual
matrix

The Principle of Transference’ allows the extension of
this algorithm to the dual space. Given a mechanical
system composed of a rigid body connected to the
ground by springs in parallel, the dual stiffness
matrix can be computed. Through an appropriate
transform, this stiffness can be expressed in a diagonal
form in order to decouple the different stiffness
modes. In the following sections, the main steps of
the proposed algorithm are presented.

Characterization of the system geometry

The first step is represented by the characterization of
the system geometry such as the insertion points of the
springs on the rigid body and to the ground (or on
another rigid body assumed to be the fixed element of
the system). Once the insertion points have been fixed, a
properdual vector {¥;} can beassociated toeach spring of
the system. The dual vector is in the form

i} = {vi} + e({043} x {vi}) (12)
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where the vector {OA;} joins the origin of the coord-
inate frame to the insertion point of the ith spring to
the ground.

Computation of the stiffness dual matrix

The stiffness [I?,] associated to each spring is
expressed by

| &] = kito " (13)

where k; represents the stiffness of the ith linear
spring. Therefore, considering a system composed of
two rigid bodies, connected by #n linear springs in par-
allel, the dual stiffness matrix of the entire system can
be computed as follows

[£] = 2o [&] =2 (ktiatia”) (14
i=1

n
i=1

The stiffness matrix is a 6 x 6 symmetric one, whereas
the dual stiffness matrix is a 3 x 3 symmetric
expressed by

[K] = [K] + ¢[K”] (15)

where [K] and [K°] are the real and dual parts,
respectively.

Computation of the eigenvalues and the eigenvec-
tors of the stiffness dual matrix
After the dual stiffness matrix has been evaluated, its
dual eigenvalues Xi = A+ eA° and the associated dual
eigenvectors {&;} = {e;} + e{e?} are computed by
means of the following equation

[1%]{@[} — e (16)

After separating the real and the dual parts, from (16)
one obtains

[K — Al}{e} = {0}

[K—il) —{e) e | _ [ 1K)
RO | B e B

where the normalization condition {&}7{¢} = 1 holds.

Once the eigenvalues % and the eigenvectors {é}
have been computed, we obtain the orthogonal eigen-
vector matrix [E]

I
(2] = e @ @ (1)
I

A

required to diagonalize the dual stiffness matrix [K].

By applying the dual similarity transform, one
obtains

%]~ [ [4][4 w
where [K'] is a diagonal 3 x 3 with the following
structure

ki 0 0
[K]=]0 & o (20)
0 ks

Computation of motion parameters from the dual
transformation matrix

The dual matrix [£] characterizes the rigid displace-
ment of the Cartesian reference frame into a new pos-
ition. Within this new Cartesian reference frame, the
dual spring stiffness is diagonal. From (18), the dual
Euler parameters { &) ¢, & ¢ } of this motion are
obtained.

Dual angleAé and screw axis, located by the unit
dual vector h, of the finite helical motion can be
expressed as functions of dual Euler parameters

6=2cos' & 1)
.6 A6 L4
hy=——%, hy=—% h=— 22)
sinQ sinQ sinQ
2 2 2

Numerical examples

The methodology herein discussed has been applied to
the knee elastic models of Abdel-Raham and Hefzy'
and Crowninshield et al.?

The insertion sites are obtained in the Cartesian
reference systems shown in Figure 2.

The computation of the dual stiffness matrix, and
its following handling, in these examples have been
implemented using the Ch programming language, a
programming language developed by Cheng,'¢!%1?
making use of the linear dual algebra routines devel-
oped by Pennestri et al.'>?%-%!

Model of Abdel-Raham and Hefzy

The theory presented in the previous sections has been
applied to compute the stiffness dual matrix asso-
ciated to the knee joint.

A CAD model of the knee joint and its ligaments is
shown in Figure 3. In particular, the model proposed
by Abdel-Raham and Hefzy' was considered.

The model of knee joint considered is the model
proposed by Abdel-Raham and Hefzy. The tibia and
the femur are modeled as two rigid bodies; the femur
is assumed to be the fixed element while the tibia is the
moving one.
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Figure 2. Cartesian reference systems in Abdel-Raham and
Hefzy.

muscles

bones
menisci

ligaments ~ ‘

Figure 3. CAD model view of a knee joint.

The cartilage deformation is assumed to be relative
small compared with joint motions. Besides, friction
forces are neglected because of the low coefficient of
friction of the articular surfaces. In such a model, the
resistance to motion is essentially due to the ligaments
structures. The ligaments are modeled with 12 spring
elements, representing the ligaments and the capsular
tissue posterior to the knee joint; in particular, the

fiber bundles of anterior cruciate ligament (ACL) is
represented by two elements and the other two elem-
ents represent the posterior cruciate ligament (PCL).
The medial collateral ligament (MCL) is modeled as
three elements while the lateral collateral ligament
(LCL) is represented by one elastic element. Finally,
four elements represent the fiber bundles of the pos-
terior part of the capsule (CAP). These elements are
represented in Figure 4.

The insertion sites of the ligaments on the femur
and the tibia are assumed according with the data
available in literature and reported in Table 1.

It is necessary to observe that in this model, the
wrapping of the ligaments on the bone structures in
not considered. Hence, the ligaments are represented
as line elements extending from the femur surface to
the tibial one.

Although the force-clongation relationship of the
ligaments results to be non-linear globally, we can
assume that near the equilibrium position this rela-
tionship can be assumed linear. The values of the stiff-
ness coefficients of the spring elements used to model
the different ligamentous structures were assumed
according to the data available in literature. For com-
pleteness, the numerical stiffness data according to
Abdel-Rahaman and Hefzy model' have been sum-
marized in Tables 1 and 2, respectively. In the cited
bibliographical reference, the ligaments are con-
sidered as a neo-Hookean material. Since our analysis
is limited to small displacements, it has been assumed
that the strain is less than 0.03. Within this limit, a
linear relationship between applied stress and strain is
reported by Abdel-Rahaman and Hefzy.

Applying the algorithm presented in the previous
section, we are able to compute the stiffness dual
matrix [K] which is defined as

22,788 —14.239 —13.968
[K]=| —14.239 38.165 —20.954
—13.968 —20.954 652.097

372.388  —293.373  —10700.940

+e| —293373  158.161  1460.566
—10700.940  1460.566  —530.549
(23)

The computation of eigenvalues * and eigenvectors
{é} led us to the following results

X1 = 13.481 + £(545.937)
* = 46.470 + £(—716.340)
X3 = 653.100 + £(170.403)

—0.852 2.339
eiy=14-052%V+1 2920
~0.036 ~13.130



412

Proc IMechE Part K: | Multi-body Dynamics 227(4)

3\

AC : Anterior Cruciate " : Posterior Cruciate Post. Cap. : Posterior MC : Medial Collateral
Ligaments Ligaments Capsule Ligaments
Ligaments

LC : Lateral Collateral
Ligament

Figure 4. Line vectors associated to the ligamentous structures — model of Abdel-Raham and Hefzy.

Table I. Local attachment coordinates and material properties of the ligamentous structures of the Abdel-Rahaman and Hefzy

model.

Femoral attachments Tibial attachments Material properties

Xe(mm)  Ye(mm)  Zc(mm) X, (mm) Y, (mm) Z (mm) K, (""“—m)
ACL anterior fibers 725 —15.6 21.25 -7.0 5.0 211.25 22.5
ACL posterior fibers 725 203 19.55 2.0 2.0 212.25 26.3
PCL anterior fibers —475 —11.2 14.05 5.0 -30.0 206.25 31.3
PCL posterior fibers —475 —-232 15.65 -5.0 -30.0 206.25 19.3
MCL anterior fibers —34.75 —1.0 26.25 —-20.0 4.0 171.25 10.0
MCL posterior fibers —34.75 -8.0 24.25 —35.0 -30.0 199.25 5.0
MCL deep fibers —34.75 -5.0 21.25 —35.0 0.0 199.25 5.0
LCL 3525 —15.0 21.25 45.0 —-25.0 176.25 10.0
Posterior capsule, medial —24.75 —38.0 6.25 —25.0 —25.0 181.25 12.0
Posterior capsule, lateral 25.25 —35.5 8.25 25.0 —25.0 181.25 12.0
Posterior capsule, obl. poplit. ligament 2525 355 825 —-25.0 —-25.0 181.25 3.0
Posterior capsule, arcuate. poplit. ligament —24.75  —38.0 6.25 25.0 —-25.0 181.25 3.0

The points of attachment coordinates of the ligaments in the Crowninshield et al. model® (see Figure 5) are reported in the Table 2. The ligament
stiffness are those reported by Hefzy and Abdel-Rahaman.

{62} =

{es) =

—0.522 —3.117 Applying the similarity transformation (19) one
0.852 ¢ + {1 —1.679 obtains

0.017 —11.386 13.481 0 0

—0.021 —17.023 [k«] _ 0 46.470 0

—0.034 ¢ + 1 2.769 0 0  653.099

0.100 —0.271
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Table 2. Local attachment coordinates of the ligamentous structures according to Crowninshield et al. model.

Attachment sites

Femoral Tibial Material properties
Ligaments Abbreviation  X¢(mm) Yy (mm)  Ze(mm) X, (mm) Y, (mm) Z (mm) K (n']\'—m)

Lateral Collateral LC 35 10 25 45 25 =35 10.0
Post. Med. Collateral MCP —35 8 30 —20 8 —50 5.0
Ant. Med. Collateral MCA =35 -7 30 -20 -7 —40 10.0
Med. Coll. Oblique MCO —35 3 30 -35 30 —10 5.0
Deep Med. Coll. DMC =35 27 -35 0 —-10 5.0
Ant. Post. Cruciate APC -5 -3 20 -5 25 -5 31.3
Post. Post. Cruc. PPC -5 17 20 5 25 -5 19.3
Ant. Fib. Ant. Cruc. AAC 7 8 25 -7 -5 0 225
Post. Fib. Ant. Cruc. PAC 5 4 25 0 -2 0 26.3
Lat. Post. Cap. LPC 25 25 30 25 25 -30 12.0
Med. Post. Cap. MPC -25 25 30 —25 25 -30 12.0
Post. Cap. Oblique PCO 25 25 30 —25 25 -30 3.0
Post. Cap. Oblique PCO -25 25 30 25 25 -30 3.0

—545.937 0 0 modeled by four elements. The posterior capsular

+e 0 716.399 0 4) structure is modleed })y four element.s..These elements

0 0 170,397 are represented in Figure 5. The original paper does

From the matrix [13], we can compute the dual Euler
parameters. In particular, we obtain the following
results

8y = 0.707 + £(0.069)
&1 = 0.018 + &(—5.007)
&, = 0.005 4 &(—1.377)

&3 = 0.0003 + £(0.0698) (25)

while the dual angle 6 and the screw axes [i; } can be
written as follows

6 =1.571 +&(—0.194) (26)
0.0255 + £(~7.0776)
{/3} = 1 0.0072 + &(—1.9465) 27)

0.0004 + £(0.0988)

Model of Crowninshield et al.

The second model of knee joint considered in this
work is the model proposed by Crowninshield
et al.% also in this model, the tibia and the femur
are considered as two rigid bodies, but now is the
tibia the fixed element, while the femur is considered
to be free. The stiffness of the knee joint is due essen-
tially to the ligamentous structures. The ligaments are
modeled as 13 spring elements. In particular, the ACL
is made up of two elements, as the PCL. The LCL is
represented by one fiber while the medial one is

not report the ligament stiffness. For this reason, the
stiffness adopted in our computations are the same of
those reported in Ref. 1, as summarized in Table 2.

The coordinates of the tibial and femural insertion
sites of the ligaments are determined by the examin-
ation of anatomical specimens and represent an aver-
age of values obtained from seven different subjects.
These coordinate values are reported in Table 2.

The values of the stiffness coefficients of the spring
elements used to model the different ligamentous
structure were assumed according to the data avail-
able in literature.

Applying the algorithm just presented in the previ-
ous section, we are able to compute the stiffness dual
matrix [K] which is defined as

51.201  27.766  —8.950
27.766  103.713 —58.162
—8.950 —58.162 579.207
—1407.359 —2216.934 5579.926
—2216.934  465.663  1878.596
5579.926 1878.596  941.696

(28)

[£] =

The computation of eigenvalues * and eigenvectors
{e} led us to the following results

X1 = 38.803 + £(—388.135)
Xy = 586.497 + £(—217.364)

X3 = 108.820 + £(555.499) (29)
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LC : Lateral Collateral
Ligament

)

Fost. Cap.: Posterior MC : Medial Collateral
Capsule Ligaments
Ligaments

Figure 5. Schematic representation of the ligaments by line vectors — model of Crowninshield.

0.909 10.586
(er1=1-0415 4 +1 23.536
—0.029 ~5.2013
—0.0229 11.132
(&1=1 —0.121 $ +1 4.449
0.992 0.798
0.416 —22.529
{65)=10902 ¢ +{ 11.443 (30)
0.119 ~7.928

Applying the similarity transformation

N AT AT A
<= 2] [%][2] aD
where [E] is the dual matrix whose columns are rep-
resented by the eigenvectors just computed, we obtain
the diagonal form of the stiffness dual matrix as
follows
38.803 0 0
[K] =| 0 58497 0
0 0 108.820
388.135 0 0
+ € 0 217.364 0 (32)
0 0 —555.499

A

From the matrix [R], we can compute the dual Euler
parameters; in particular, we obtain the following
results

&y = 0.691 + £(1.286)

&1 =0.033 + &(—3.915)

&, =0.161 + &(—6.573)

&y = —0.142 + £(4.755) (33)

while the dual angle 6 and the screw axes {i;} can be
written as follows

6 =1.617 4 &(—3.557) (34)

[} =

0.045 + £(—5.335)
0.223 + £(—8.710) (35)
—0.197 + £(6.241)

Conclusions

Given two bodies connected by means of linear
springs, the proposed methodology allows the defin-
ition of a dual diagonal stiffness matrix. This
approach provides a theoretical framework for com-
paring the numerical stiffness obtained by adopting
different human knee models. In fact, the results are
decoupled from the Cartesian coordinate system
adopted for expressing the stiffness matrix. The use-
fulness of this framework is self evident when the stiff-
ness matrix follows from different experimental
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measurement setup. In fact, one can compare different
knee stiffness linear models in a framework independ-
ent from the Cartesian reference system.

Another element of novelty of this paper is the
application of the algorithm for the similarity trans-
form of a dual stiffness matrix. The application
focused on two linearly elastic models known in lit-
erature. The models compared have ligaments with
the same stiffness but different points of attachment.
Hence, the elastic forces will have different lines of
actions. This explains the difference of results. The
order of magnitude of the estimated dual stiffness
values is somewhat similar.

The validity of our results is limited to small dis-
placements in the neighborhood of an equilibrium
configuration. In fact, the experimental evidence dem-
onstrates that, for large rotation angles, the stiffness is
not linear anymore and more complex constitutive
equations are required.
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