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Abstract

This Thesis reviews an extension of the MSSM by the addition of an anoma-

lous abelian vector multiplet and contains some original results concerning the

phenomenology of an anomalous Z ′.

The review part covers an introduction of the MSSM focusing on its main

features, a discussion on the chiral anomalies and how to cancel them in the

Standard Model and by the Green-Schwarz mechanism.

Then, the original results are presented. We build the Lagrangian for the

Minimal Anomalous U(1)′ Extension of the MSSM where the anomalies are can-

celled by the Green-Schwarz mechanism and the addition of Chern-Simons terms,

stressing the main differences between our model and the MSSM. The advan-

tage of this choice over the standard one is that it allows for arbitrary values

of the quantum numbers of the extra U(1). As a first step towards the study

of hadron annihilations producing four leptons in the final state (a clean signal

which might be studied at LHC) we then compute the decays Z ′ → Z0γ and

Z ′ → Z0Z0. We find that the largest values of the decay rate are ∼ 10−4 GeV,

while the expected number of events per year at LHC is at most of the order

of 10. Then we compute the relic density predicted by our model with a new

dark matter candidate, the axino, which is the LSP of the theory. We see that

agreement with experimental data implies the assumption that the NLSP is a

bino-like particle almost degenerate in mass to the axino.





“There are many path to the top of the mountain.

But the view is always the same.”

Asian proverb
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Chapter 1

Introduction

The Standard Model (SM) of particle physics has been confirmed to a great

accuracy in many experiments. Despite the fact that the Higgs particle remains

experimentally elusive, few scientists doubt that there will be major surprises

in this direction. The whole scientific community, however, knows that the SM

needs to be improved. Apart from the experimental discover of a tiny neutrino

mass, there are also several theoretical issues that make physicists believe that

the SM is only an effective manifestation of a more Fundamental Theory.

We know that a new framework must appear at the Planck scale (∼ 1019 GeV)

where a theory of quantum gravity reveals. Since the ratio between this scale and

the electroweak (EW) scale (∼ 100 GeV) is huge, all quantum corrections will

turn out to be many orders of magnitude greater then tree values. This is the

so called hierarchy problem, related to fine-tuning and naturalness. Quantum

corrections are power-law (usually quadratic) divergent which means that the

highest energy physics is most important. More technically, the question is why

the Higgs boson is so much lighter than the Planck scale. Indeed one would expect

that the large quadratically divergent quantum contributions to the square of

the Higgs boson mass would be inevitably make the mass huge, unless there is a

fine-tuned cancellation between the quadratic radiative corrections and the bare

mass.

Besides the hierarchy problem, there some unexplained features in cosmolog-

ical observations. Measurements constraint the quantity of baryon matter, dark

matter and dark energy in the universe revealing that the known particles make

up only a small fraction of the total energy density of the universe. So parti-
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Introduction

cle physics must provide candidates for dark matter (DM) and dark energy and

experiments to check the inherited models.

During the last years many ideas were used to overcome these problems. The

most appealing theory is supersymmetry (SUSY), even if its historical motivation

was to provide fermions in string theory. In 1981 it was proposed the Minimal

Supersymmetric Standard Model (MSSM) i.e. the minimal extension of the SM

which provides supersymmetry. SUSY pairs bosons with fermions, so each SM

particle has a corresponding partner (unfortunately not discovered yet). SUSY

removes the quadratic divergences of the radiative corrections to the Higgs mass.

However, there is no understanding of why the Higgs mass is so small from the

beginning (µ problem). One of the most intriguing feature of the MSSM (and its

extensions) is that it provides DM candidates with relic density compatible with

experimental data. In fact, if R-parity is conserved, the lightest supersymmetric

particle of the MSSM is stable and makes it a good cold dark matter (CDM)

particle.

As cited before, string theory was the framework where SUSY was born.

Moreover it is also the most appealing candidate for a quantum theory of grav-

ity. One of the prediction of string theory is the existence of anomalous U(1)’s.

In standard theories the chiral anomalies are cancelled satisfying that the trace

of the product of the gauge generators is zero. Instead in string theory this is not

always possible, so the U(1)’s are anomalous, but the theory is still consistent

and anomaly free, thanks to the Green-Schwarz (GS) mechanism. These anoma-

lous gauge fields must be massive, otherwise we already discovered them, and the

mass is acquired with the Stückelberg mechanism which was the first attempt

to give a vector mass preserving gauge invariance, but phenomenologically ruled

out in the SM. This procedure involves an axion-like scalar field, which plays also

an important role in the GS mechanism for the anomaly cancellation. D-brane

models contain several anomalous abelian factors living on each stack of branes.

In the presence of these anomalous U(1)’s, the GS couplings with the axions

cancels mixed anomalies1, and the Stückelberg mixing renders the “anomalous”

gauge fields massive. The masses depend non-trivially on the internal volumes

and on other moduli, allowing the physical masses of the anomalous U(1) gauge

bosons to be much smaller than the string scale (even at a few TeV range). An

1Irreducible anomalies are cancelled by the tadpole cancellation.
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Introduction

important role is played by the so-called Generalized Chern-Simons terms (GCS)

which are local gauge non-invariant terms. Indeed, these trilinear gauge bosons

anomalous couplings are responsible for the cancellation of mixed anomalies be-

tween anomalous U(1)′s and non anomalous factors ensuring the consistency of

the theory.

In this Thesis, we are interested in anomaly related Z ′ bosons and we present

the results obtained in [1] and [2]. The theory is non-renormalizable since it has

an energy cut-off related to the Z ′ mass. More precisely, we study an extension

of the MSSM by the addition of an abelian vector multiplet V (0) and we assume

that generically all MSSM particles are charged with respect to the new U(1).

The anomalies are cancelled using the GS mechanism and the GCS terms, so the

anomalous abelian boson becomes massive and behaves like a Z ′.

In approximately one year, the Large Hadron Collider (LHC) at CERN will

start to operate at energies of order of 14 TeV in the center of mass (CM). Apart

from the search for the Higgs boson, it will probably give us some answers about

the parameter space of the physics beyond the SM, the eventual existence of new

particles, such as the Z ′, and their nature.

This Thesis is organized as follows. In Chapter 2 we introduce the MSSM. We

explain its main characteristics, focusing on the Renormalization Group Equa-

tions (RGEs) and the mass spectrum of the theory. In Chapter 3 we discuss

the problem of the 1 loop chiral anomalies in field theory. We show how to

cancel them with the standard procedure and with the GS mechanism, both in

a standard and in a supersymmetric framework. In Chapter 4 we present our

model. We discuss the Lagrangian and the differences between our theory and

the MSSM. In Chapter 5 we analyze some phenomenological consequences of our

model such as the Z ′ anomalous decays and the prediction of the relic density

with a new dark matter candidate. In Chapter 6 we summarize the conclusions

and the results of our work. Finally in the Appendix we give further details of

the computations omitted in the main body of the Thesis.
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Chapter 2

Overview of the MSSM

Supersymmetry is the only possible non trivial unification of internal and space-

time symmetries compatible with quantum field theory. It emerges naturally in

string theory but it can be introduced apart of it. A SUSY transformation turns

a bosonic state into a fermionic state increasing its spin by 1/2, and viceversa.

The single particle states of a supersymmetric theory fall into irreducible rep-

resentations of the SUSY algebra, called supermultiplets which, in turn can be

organized into superfield. Each supermultiplet contains both fermion and boson

states that are superpartners of each other. One may show that no particle of the

SM can be the superpartner of another, so SUSY predicts a list of new particles,

none of which has been discovered yet. In reason of this, superpartners cannot

be mass degenerate and so SUSY must be a broken symmetry. There are several

ways to introduce a breaking of SUSY, however the simplest way is to explicit

break it adding ad hoc mass terms. This is done in the MSSM. The following

treatment of the MSSM is based on the works of Martin [3] and Derendinger [4].

5



Overview of the MSSM

2.1 The superpotential

In a renormalizable supersymmetric field theory, the interactions and masses of

all particles are determined just by their gauge transformation properties and by

the superpotential W . W is an analytic function of the complex chiral superfield

Φ. The gauge quantum numbers and mass dimensions of a chiral superfield are

given by these of its scalar component. In the superfield formulation we write

the superpotential as

W =
1

2
M ijΦiΦj +

1

6
yijkΦiΦjΦk (2.1)

Given the supermultiplet content of the theory, the form of the superpotential is

guided by the requirement of gauge invariance, so only a subset of the parameters

M ij and yijk are allowed to be different from zero. The entries of the mass matrix

M ij can be non zero only for i and j such that the superfield Φi and Φj have gauge

transformation conjugates of each other. Similarly for the Yukawa couplings yijk.

The interactions implied by the superpotential were shown in Fig. 2.1-2.2.

The particle content of the MSSM is given in Table 2.1-2.2. The superpoten-

tial for the MSSM is

WMSSM = yij
u QiU

c
j Hu − yij

d QiD
c
jHd − yij

e LiE
c
jHd + µHuHd (2.2)

where the indices i, j run over the three families. For the complete Langrangian

of the MSSM see Appendix B.1.

All of the gauge indices in eq. (2.2) are suppressed. The “µ term”, as it

is usually called, can be written out as µ(Hu)α(Hd)βεαβ, where εαβ is used to

tie together SU(2)L weak isospin indices α, β = 1, 2 in a gauge-invariant way.

Similarly for the terms QiHu, QiHd and LiHd.

�
i

j k
�

i

j k
�

k l

i j
(a) (b) (c)

Figure 2.1: The dimensionless non-gauge interaction vertices in a supersymmetric

theory: (a) scalar-fermion-fermion Yukawa interaction yijk, (b) the complex conjugate

interaction yijk, and (c) quartic scalar interaction yijny∗kln.
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2.1 The superpotential

�
i

j k
�

i

j k
(a) (b)

�i j �i j �i j

(c) (d) (e)

Figure 2.2: Supersymmetric dimensionful couplings: (a) (scalar)3 interaction vertex

M∗
inyjkn and (b) the conjugate interaction M iny∗jkn, (c) fermion mass term M ij and

(d) conjugate fermion mass term M∗
ij , and (e) scalar squared-mass term M∗

ikM
kj .

Supermultiplet Gauge Representation

Superfield Spin 0 Spin 1/2 SU(3)c SU(2)L U(1)Y

Qi (ũiL d̃iL) (uiL diL) 3 2 1/6

U c
i ũc

i = ũ†iR uc
i = u†iR 3̄ 1 −2/3

Dc
i d̃c

i = d̃†iR dc
i = d†iR 3̄ 1 1/3

Li (ν̃iL ẽiL) (νiL eiL) 1 2 −1/2

Ec
i ẽc

i = ẽ†iR ec
i = e†iR 1 1 1

Hu (h+
u h0

u) (h̃+
u h̃0

u) 1 2 1/2

Hd (h0
d h−d ) (h̃0

d h̃−d ) 1 2 −1/2

Table 2.1: Chiral supermultiplets in the Minimal Supersymmetric Standard Model.

The spin-0 fields are complex scalars, and the spin-1/2 fields are left-handed two-

component Weyl fermions. The index i runs over the three families.

Supermultiplet Gauge Representation

Superfield Spin 1/2 Spin 1 SU(3)c SU(2)L U(1)Y

V3 G̃ or λ(3) G 8 1 0

V2 W̃± W̃ 0 or λ
(2)
i W± W 0 1 3 0

V1 B̃ or λ(1) B 1 1 0

Table 2.2: Gauge supermultiplets in the Minimal Supersymmetric Standard Model.

The 1 means that the field is a singlet i.e. uncharged respect to SU(n) gauge groups.

7
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� � �
(a) (b) (c)

� � �(d) (e) (f)

� � �(g) (h) (i)

Figure 2.3: Supersymmetric gauge interaction vertices.

The µ term in eq. (2.2) is the supersymmetric version of the Higgs boson

mass in the SM. It is unique, since terms H†
uHu or H†

dHd are forbidden in the

superpotential, because it must be analytic in the chiral superfields. We can

also see from the form of eq. (2.2) why both Hu and Hd are needed in order

to give Yukawa couplings, and thus masses, to all of the quarks and leptons.

Since the superpotential must be analytic, for instance the QU cHu Yukawa terms

cannot be replaced by something like QU cH†
d. So we need both Hu and Hd, even

without invoking the argument based on anomaly cancellation (as we will see in

Section 3.2).

Since the top quark, bottom quark and tau lepton are the heaviest fermions in

SM, it is common to use the approximation that only the third (3,3) component

of yu, yd and ye are important

yij
u ≈




0 0 0

0 0 0

0 0 yt


 yij

d ≈




0 0 0

0 0 0

0 0 yb


 yij

τ ≈




0 0 0

0 0 0

0 0 yτ




(2.3)
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2.1 The superpotential

In this limit the MSSM superpotential reads in SU(2)L components

WMSSM ≈ yt(t
cth0

u − tcbh+
u )− yb(b

cth−d − bcbh0
d)− yτ (τ

cντh
−
d − τ cτh0

d)

+µ(h+
u h−d − h0

uh
0
d) (2.4)

where Q3 = (t b), L3 = (ντ τ), hu = (h+
u h0

u), hd = (h0
d h−d ), uc

3 = tc, dc
3 = bc

and ec
3 = τ c. The minus sign inside the parentheses appear because of the use

of εαβ to tie up internal SU(2)L indices. These minus signs were chosen so that

terms proportional to yt, yb and yτ have positive signs when they become the

top, bottom and tau masses.

Since the Yukawa interactions yijk in a general supersymmetric theory must

be completely symmetric under interchange of i, j, k, we know that yu, yd and ye

imply not only Higgs-quark-quark and Higgs-lepton-lepton couplings as in the

SM, but also squark-higgsino-quark and slepton-higgsino-lepton interactions.

There are also scalar quartic interactions with strength proportional to the

square of Yukawa couplings. The existence of all the quark and lepton Yukawa

couplings in the superpotential (2.2) leads also to the following scalar quar-

tic couplings: (squark)4, (slepton)4, (squark)2(slepton)2, (squark)2(Higgs)2 and

(slepton)2(Higgs)2. However, the dimensionless interactions determined by the

superpotential are usually not the most important ones of direct interest for phe-

nomenology. This is because the Yukawa couplings are already known to be very

small, except for those of the third family (top, bottom, tau). Instead, produc-

tion and decay processes for superpartners in the MSSM are typically dominated

by the supersymmetric interactions of gauge-coupling strength. The couplings of

the Standard Model gauge bosons (γ, W±, Z0 and gluons) to the MSSM particles

are determined completely by the gauge invariance of the kinetic terms in the

Lagrangian. The gauginos also couple to (squark, quark) and (slepton, lepton)

and (Higgs, higgsino) pairs as illustrated in the general case in Fig. 2.3. For in-

stance, each of the squark-quark-gluino couplings is given by
√

2g3(q̃ T aqg̃+h.c.)

where T a = λa/2 (a = 1 . . . 8) are the matrix generators for SU(3)C .

The dimensionful couplings in the supersymmetric part of the MSSM La-

grangian are all dependent on µ. From eq. (2.2), we get the higgsino fermion

mass terms

− Lhiggsino mass = µ(h̃+
u h̃−d − h̃0

uh̃
0
d) + h.c. (2.5)

9



Overview of the MSSM

as well as Higgs squared-mass terms in the scalar potential

− Lsusy Higgs mass = |µ|2 (|h0
u|2 + |h+

u |2 + |h0
d|2 + |h−d |2

)
(2.6)

Since eq. (2.6) positive definite, we cannot understand electroweak symmetry

breaking (EWSB) without including a negative supersymmetry-breaking squared-

mass soft term for the Higgs scalars (see Section 2.4.1). Moreover we expect that

µ should be roughly of order 102 or 103 GeV, not so far from the electroweak

scale. But why |µ|2 is so small compared to M2
P? Why should it be roughly of

the same order as m2
soft? The scalar potential of the MSSM seems to depend

on two distinct dimensionful parameters, namely the supersymmetry-preserving

mass µ and the supersymmetry-breaking soft mass terms. The observed value

for the electroweak breaking scale suggests, both of these should be within an

order of magnitude or so of 100 GeV. This puzzle is called “the µ problem”. Sev-

eral different solutions to the µ problem have been proposed, but they all work

in roughly the same way1; the µ term is absent at tree-level before symmetry

breaking, and then it arises from the VEV(s) of some new field(s). These VEVs

are determined by minimizing a potential that depends on soft terms. Thus, the

value of the effective parameter µ is related to supersymmetry breaking. From

the point of view of the MSSM, however, we can just treat µ as an independent

parameter.

Finally, the µ-term and the Yukawa couplings in the superpotential eq. (2.2)

combine to yield (scalar)3 couplings of the form

Lsusy (scalar)3 = µ∗(ũc
i yij

u ũj h0†
d + d̃c

i yij
d d̃j h0†

u + ẽc
i yij

e ẽj h0†
u +

ũc
i yij

u d̃j h−†d + d̃c
i yij

d ũj h+†
u + ẽc

i yij
e ν̃j h+†

u ) + h.c. (2.7)

2.2 Soft supersymmetry breaking

A realistic phenomenological model must contain SUSY breaking. From a theo-

retical point of view we expect that SUSY is an exact symmetry which is spon-

taneously broken. Many models have been proposed but we do not discuss them

because is beyond our scope. From a practical perspective it is sufficient to

parametrize our ignorance introducing extra terms that break explicitly SUSY.

1Some other attractive solutions are proposed in [5]-[7].
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� �i j �i j �
i

j k
(a) (b) (c) (d)

Figure 2.4: Soft supersymmetry-breaking terms: (a) Gaugino mass Ma; (b) non-

analytic scalar squared mass (m2)i
j ; (c) analytic scalar squared mass bij ; and (d)

scalar cubic coupling aijk. For each of the interactions in a,c,d there is another with

all arrows reversed, corresponding to the complex conjugate term in the Lagrangian.

However this breaking should be soft because we do not want to lose the main

properties of a SUSY theory (see Chapter 1 and [3]). As illustrated in [4] the

one loop divergent contributions to the scalar potential are given by

δV =
Λ2

32π2
STrM2 +

1

64π2
STrM4 ln

(M2

Λ2

)
(2.8)

where Λ is the energy cut-off and M is the mass matrix of the theory. As it is

well known a SUSY theory is free of quadratic divergences, in fact STrM2 = 0, so

the soft breaking terms must be such that this property still holds. The possible

soft supersymmetry breaking of a general renormalizable theory are

Lsoft = −
(

1

2
Maλ

aλa +
1

6
aijkφiφjφk +

1

2
bijφiφj

)
+ h.c.− 1

2

(
m2

)i

j
φj†φi (2.9)

They are gaugino masses Ma for each gauge group, scalar squared mass terms

bij and (m2)
i
j and trilinear scalar coupling aijk. There are no mass terms for the

chiral supermultiplet fermions, like −1
2
mijψiψj + h.c., because in general they

are not soft2. The Lagrangian Lsoft breaks SUSY since it involves only scalars

and gauginos and not their respective superpartners. The gaugino masses Ma

are always allowed by gauge symmetry. The (m2)
i
j terms are allowed for i, j

such that φi, φ
j† transform in complex conjugate representations under all gauge

groups. This is obviously true when i = j, so every scalar can acquire mass in

this way. The remaining soft terms are restricted by the symmetries. Because

the aijk and bij have the same form as yijk and M ij, they will be allowed if

and only if there is a corresponding superpotential term in the Lagrangian. The

corresponding Feynman diagrams are given in Fig. 2.4.
2In Section 4.1.2 we will see a case in which is possible to have such a term.
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Overview of the MSSM

Applying what we have shown to the MSSM, we get that

LMSSM
soft = −1

2

3∑
a=1

(
Maλ

(a)λ(a) + h.c.
)−

(
m2

qij
q̃iq̃

†
j + m2

uij
ũc

i ũ
c†
j + m2

dij
d̃c

i d̃
c†
j

+m2
lij

l̃il̃
†
j + m2

eij
ẽc

i ẽ
c†
j + m2

hu
|hu|2 + m2

hd
|hd|2

)

−
(
aij

u q̃iq̃jhu − aij
d q̃id̃jhd − aij

e l̃iẽjhd + bhuhd + h.c.
)

(2.10)

We see soft mass terms for the gluinos λ(3), the winos λ(2) and the bino λ(1).

Then we have the (scalar)3 couplings, which are in one to one correspondence

with the Yukawa couplings of the superpotential and the sleptons and squarks

masses. As usual we suppressed the gauge indices. Finally we have the soft terms

that contributes to the Higgs potential, mhu , mhd
and b.

The above LMSSM
soft introduces many new parameters which are absent in the

ordinary SM. A careful count [8] shows that there are 105 masses, phases and

mixing angles in the MSSM Lagrangian that cannot be rotated away by some

redefinition of the basis of quark and lepton supermultiplets. However there

are experimental flavor mixing and CP violation data which limit this number

[9]. All of these potentially dangerous effects can be avoided assuming that

supersymmetry breaking is “universal”. In particular we can suppose that the

squark and slepton masses are flavor-blind, then

m2
qij
∼ m2

q δij m2
uij
∼ m2

u δij m2
dij
∼ m2

d δij

m2
lij
∼ m2

l δij m2
eij
∼ m2

e δij (2.11)

If so, then all sfermions mixing angles are trivial. Therefore MSSM contribu-

tions to FCNC processes will be very small up to mixing induced by au, ad and

ae. Making the further assumption that these couplings are proportional to the

respective Yukawa coupling,

au = Auyu ad = Adyd ae = Aeye (2.12)

will ensure that only the sfermions of the third family can have large (scalar)3

couplings. Finally, to avoid large CP-violation effects it is usually assumed that

soft terms do not introduce new complex phases. This is automatic for the

Higgses and the sfermions if eq. (2.11) is true. We can also fix the µ and b

parameters to be real, rotating the phase of Hu,d supermultiplets. Assuming also

12



2.3 RGE

that the Ai in eq. (2.12) and the gaugino soft masses are real, then the only

CP-violating phase in the theory will be the ordinary CKM phase of the SM.

The conditions (2.11) and (2.12) reflect the assumption of soft-breaking uni-

versality invoked in the above. These must be taken as boundary conditions on

the running of soft parameters at a very high RG scale Q0. Then we must run

all the Lagrangian parameters down to the EW scale.

2.3 RGE

In this section we list the result for the RGEs in the MSSM. For a method of

computation see for instance [4].

The 1 loop RG equations for the gauge couplings are

β ≡ d

dt
g

a
=

1

16π2
bag

3

a
, (b1, b2, b3) =

{
(41/10, −19/6, −7) SM

(33/5, 1, −3) MSSM
(2.13)

where t = ln(Q/Q0) with Q the RG scale, g
1

=
√

5/3 g1, g
2

= g2 and g
3

= g3.

The normalization of g
1

is chosen to agree with Grand Unification Theories

(GUTs) like SU(5) or SO(10). The quantities αa = g2
a
/4π turn out to have their

reciprocals that run linearly with the RG scale

d

dt
α−1

a = − ba

2π
(2.14)

In Fig. 2.5 is plotted the RG evolution of the α−1
a . Unlike the SM, which has

a very rough unification, MSSM has a very “precise” unification at the scale

MU ∼ 2× 1016 GeV. This can be an accident, but it may also be taken as a hint

toward SUSY GUT or superstring models.

Next we consider the 1 loop RGEs of the parameters in the superpotential.

Considering the third family approximation (2.3) we get the following equations

for the Yukawa couplings

βyt ≡
d

dt
yt =

yt

16π2

[
6y∗t yt + y∗byb − 16

3
g2
3 − 3g2

2 −
13

15
g2
1

]
(2.15)

βyb
≡ d

dt
yb =

yb

16π2

[
6y∗byb + y∗t yt + y∗τyτ − 16

3
g2
3 − 3g2

2 −
7

15
g2
1

]
(2.16)

βyτ ≡
d

dt
yτ =

yτ

16π2

[
4y∗τyτ + 3y∗byb − 3g2

2 −
9

5
g2
1

]
(2.17)
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Figure 2.5: RG evolution of the inverse gauge couplings α−1
a (Q) in the SM (dashed

lines) and the MSSM (solid lines). In the MSSM case, the sparticle mass thresholds are

varied between 250 GeV and 1 TeV, and α3(MZ0) between 0.113 and 0.123. Two-loop

effects are included.

while the RGE for the µ term is

βµ ≡ d

dt
µ =

µ

16π2

[
3y∗t yt + 3y∗byb + y∗τyτ − 3g2

2 −
3

5
g2
1

]
(2.18)

The one-loop RG equations for the three gaugino mass parameters in the

MSSM are determined by the same quantities bMSSM
a that appear in the gauge

coupling RG eqs. (2.13)

βMa ≡
d

dt
Ma =

1

8π2
bag

2
aMa (ba = 33/5, 1, −3) (2.19)

for a = 1, 2, 3. It is easy to check that the three ratios Ma/g
2
a are each constant

(RG scale independent) at 1 loop order. Since the gauge couplings unify at

Q = MU = 2 × 1016 GeV, it is a natural assumption that the gaugino masses

also unify near that scale, with a value m1/2. If so, then it follows that

M1

g2
1

=
M2

g2
2

=
M3

g2
3

=
m1/2

g2
U

(2.20)

at any RG scale, up to small two-loop effects. Here gU is the unified gauge

coupling at Q = MU .

Then we consider the 1-loop RG equations for the soft parameters connected

to the superpotential. Using the third family approximation (2.3) we can write

14



2.3 RGE

at any RG scale

aij
u ≈




0 0 0

0 0 0

0 0 at


 aij

d ≈




0 0 0

0 0 0

0 0 ab


 aij

τ ≈




0 0 0

0 0 0

0 0 aτ


 (2.21)

which defines the running parameters at, ab and aτ . In this approximation the

RGEs for the trilinear soft couplings are

16π2 d

dt
at = at

[
18y∗t yt + y∗byb − 16

3
g2
3 − 3g2

2 −
13

15
g2
1

]
+ 2aby

∗
byt

+yt

[
32

3
g2
3M3 + 6g2

2M2 +
26

15
g2
1M1

]
(2.22)

16π2 d

dt
ab = ab

[
18y∗byb + y∗t yt + y∗τyτ − 16

3
g2
3 − 3g2

2 −
7

15
g2
1

]
+ 2aty

∗
t yb

+2aτy
∗
τyb + yb

[
32

3
g2
3M3 + 6g2

2M2 +
14

15
g2
1M1

]
(2.23)

16π2 d

dt
aτ = aτ

[
12y∗τyτ + 3y∗byb − 3g2

2 −
9

5
g2
1

]
+ 6aby

∗
byτ +

+yτ

[
6g2

2M2 +
18

5
g2
1M1

]
(2.24)

while the RGE for the b parameter is

16π2 d

dt
b = b

[
3y∗t yt + 3y∗byb + y∗τyτ − 3g2

2 −
3

5
g2
1

]

+µ

[
6aty

∗
t + 6aby

∗
b + 2aτy

∗
τ + 6g2

2M2 +
6

5
g2
1M1

]
(2.25)

The β-function for each of these soft parameters is not proportional to the pa-

rameter itself, because couplings which break supersymmetry are not protected

by supersymmetric non-renormalization theorems.

Next let us consider the RG equations for the scalar masses in the MSSM. In

the approximation of eqs. (2.3) and (2.21), the scalar masses satisfy boundary

conditions like eq. (2.11) at an input RG scale, so when renormalized to any

other RG scale, they will stay almost diagonal,

m2
qij
≈




m2
q1

0 0

0 m2
q2

0

0 0 m2
q3


 m2

uij
≈




m2
u1

0 0

0 m2
u2

0

0 0 m2
u3


 . . . (2.26)
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The first and second family sfermions remain very nearly degenerate

m2
q2
≈ m2

q1
m2

u2
≈ m2

u1
. . . (2.27)

but the third-family sfermions have larger Yukawa couplings and so their squared

masses get renormalized differently. The one-loop RGEs for the first and second

family squark and slepton squared masses are

16π2 d

dt
m2

φi
= −

∑
a=1,2,3

8g2
aCa(φi)|Ma|2 +

6

5
Yig

2
1S (2.28)

for each scalar φi, where a runs over the three gauge groups U(1)Y , SU(2)L and

SU(3)C , Ca(φi) are the quadratic Casimir invariants and Ma are the correspond-

ing running gaugino masses. Also,

S ≡ Tr[Yjm
2
φj

] = m2
Hu
−m2

Hd
+ Tr[m2

qij
−m2

lij
− 2m2

uij
+ m2

dij
+ m2

eij
] (2.29)

The right-hand side of eq. (2.28) is negative3, so the scalar squared-mass param-

eters grow as they are RG-evolved from the input scale down to the EW scale.

The scalars masses will obtain large positive contributions at the electroweak

scale, because of the effects of the gaugino masses.

The RG equations for the remaining scalars, Higgs and third family sfermions,

also get contributions from the large Yukawa (yt,b,τ ) and soft (at,b,τ ) couplings.

It is useful to define the following quantities

Xt = 2|yt|2(m2
hu

+ m2
q3

+ m2
u3

) + 2|at|2 (2.30)

Xb = 2|yb|2(m2
hd

+ m2
q3

+ m2
d3

) + 2|ab|2 (2.31)

Xτ = 2|yτ |2(m2
hd

+ m2
l3

+ m2
e3

) + 2|aτ |2 (2.32)

In terms of these quantities, the RGEs for the soft Higgs squared-masses are

16π2 d

dt
m2

hu
= 3Xt − 6g2

2|M2|2 − 6

5
g2
1|M1|2 +

3

5
g2
1S (2.33)

16π2 d

dt
m2

hd
= 3Xb + Xτ − 6g2

2|M2|2 − 6

5
g2
1|M1|2 − 3

5
g2
1S (2.34)

3The contributions proportional to S is zero in mSUGRA models.
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2.4 Mass spectrum

while the RG equations for the third family sfermions mass parameters are

16π2 d

dt
m2

q3
= Xt + Xb − 32

3
g2
3|M3|2 − 6g2

2|M2|2 − 2

15
g2
1|M1|2 +

1

5
g2
1S (2.35)

16π2 d

dt
m2

u3
= 2Xt − 32

3
g2
3|M3|2 − 32

15
g2
1|M1|2 − 4

5
g2
1S (2.36)

16π2 d

dt
m2

d3
= 2Xb − 32

3
g2
3|M3|2 − 8

15
g2
1|M1|2 +

2

5
g2
1S (2.37)

16π2 d

dt
m2

l3
= Xτ − 6g2

2|M2|2 − 6

5
g2
1|M1|2 − 3

5
g2
1S (2.38)

16π2 d

dt
m2

e3
= 2Xτ − 24

5
g2
1|M1|2 +

6

5
g2
1S. (2.39)

An examination of eq. (2.22)-(2.25), (2.28), and (2.33)-(2.39) reveals that if

the gaugino masses M1, M2, and M3 are non-zero at the input scale, then all of

the other soft terms will be generated too. On the other hand, if the gaugino

masses vanished at tree-level, then they would not get any contributions to their

masses at the one-loop order; in that case the gauginos would be extremely light

and the model would not be phenomenologically acceptable.

2.4 Mass spectrum

2.4.1 Electroweak symmetry breaking

In the MSSM, the description of electroweak symmetry breaking is slightly com-

plicated by the fact that there are two complex Higgs doublets hu = (h+
u , h0

u)

and hd = (h0
d, h−d ) rather than just one in the ordinary SM. The classical scalar

potential for the Higgs sector in the MSSM is given by

V = (|µ|2 + m2
hu

)(|h0
u|2 + |h+

u |2) + (|µ|2 + m2
hd

)(|h0
d|2 + |h−d |2)

+ [b (h+
u h−d − h0

uh
0
d) + h.c.]

+
1

8
(g2

2 + g2
1)(|h0

u|2 + |h+
u |2 − |h0

d|2 − |h−d |2)2 +
1

2
g2|h+

u h0†
d + h0

uh
−†
d |2 (2.40)

The terms proportional to |µ|2 come from F -terms while the terms proportional

to g2
1 and g2

2 are the D-term contributions. Finally, the terms proportional to

m2
hu

, m2
hd

and b are coming from the soft breaking Lagrangian (2.10). The full

scalar potential of the theory also includes many terms involving the sparticle

fields which we can ignore here, since they do not get VEVs because they have

large positive squared masses.
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We now have to demand that the minimum of this potential should give a

correct electroweak symmetry breaking SU(2)L×U(1)Y → U(1)EM. It is easy to

see that in the minimum we have h+
u = h−d = 0. This is good, because it means

that at the minimum of the potential electromagnetism remains unbroken, since

the charged components of the Hu,d cannot get VEVs. After setting h+
u = h−d = 0,

we are left to consider the scalar potential

V = (|µ|2 + m2
hu

)|h0
u|2 + (|µ|2 + m2

hd
)|h0

d|2 − (b h0
uh

0
d + h.c.)

+
1

8
(g2

2 + g2
1)(|h0

u|2 − |h0
d|2)2 (2.41)

The only term in this potential that depends on the phases of the fields is the

b-term. Therefore, redefining the phase of hu or hd we can absorb any phase in

b, so we take b to be real and positive. To have a bounded from below potential

and to avoid the possibility to have h0
u = h0

d = 0 in the minimum, the parameters

in the potential must obey the following constraints

2b < 2|µ|2 + m2
hu

+ m2
hd

(2.42)

b2 > (|µ|2 + m2
hu

)(|µ|2 + m2
hd

) (2.43)

Having established the conditions necessary for h0
u and h0

d to get non-zero VEVs,

we can now require that they give a correct EW phenomenology. Let us write

vu/
√

2 = 〈h0
u〉, vd/

√
2 = 〈h0

d〉. (2.44)

These VEVs are related to the known mass of the Z0 boson and the gauge

couplings (see eq. (2.67))

v2
u + v2

d

2
=

v2

2
= 2M2

Z0
/(g2

1 + g2
2) ≈ (174 GeV)2 (2.45)

The ratio of the VEVs is usually written as

tan β ≡ vu/vd. (2.46)

The value of tan β is not fixed by experiments, but it depends on the Lagrangian

parameters of the MSSM in a calculable way. Now we can write down the

conditions for minimizing the potential

m2
hu

+ |µ|2 − b cot β − (M2
Z0

/2) cos(2β) = 0 (2.47)

m2
hd

+ |µ|2 − b tan β + (M2
Z0

/2) cos(2β) = 0 (2.48)
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2.4 Mass spectrum

Using |µ|2, b, m2
hu

and m2
hd

as input parameters, we can solve these two equations

to give the values for β and MZ0

sin(2β) =
2b

m2
hu

+ m2
hd

+ 2|µ|2 (2.49)

M2
Z0

=
|m2

hd
−m2

hu
|√

1− sin2(2β)
−m2

hu
−m2

hd
− 2|µ|2 (2.50)

In the following subsections we will treat the mass spectrum for each particle

sector of the theory at tree level.

2.4.2 Higgs Bosons

The Higgs scalar fields in the MSSM consist of two complex SU(2)L-doublet,

so eight real, scalar degrees of freedom. When the electroweak symmetry is

broken, three of them are the would-be Nambu-Goldstone (NG) bosons G0, G±,

which become the longitudinal modes of the Z0 and W± massive vector bosons.

The remaining five Higgs scalar mass eigenstates consist of two CP-even neutral

scalars h0 and H0, one CP-odd neutral scalar A0, and a charge +1 scalar H+ and

its conjugate charge −1 scalar H−.4 The gauge-eigenstate fields can be expressed

in terms of the mass eigenstate fields as

(
h0

u

h0
d

)
=

1√
2

(
vu

vd

)
+

1√
2
Rα

(
h0

H0

)
+

i√
2
Rβ

(
G0

A0

)
(2.51)

(
h+

u

h−∗d

)
= Rβ

(
G+

H+

)
(2.52)

where the orthogonal rotation matrices

Rα =

(
cos α sin α

− sin α cos α

)
Rβ =

(
sin β cos β

− cos β sin β

)
(2.53)

are chosen to diagonalize quadratic part of the potential

VHiggs mass =
1

2
m2

h0(h0)2 +
1

2
m2

H0(H0)2 +
1

2
m2

G0(G0)2 +
1

2
m2

A0(A0)2

+m2
G±|G+|2 + m2

H±|H+|2 (2.54)

4Here we define G− = G+∗ and H− = H+∗. Also, by convention, h0 is lighter than H0.

19



Overview of the MSSM

The mass eigenvalues are given by

m2
A0 = 2|µ|2 + m2

hu
+ m2

hd
(2.55)

m2
h0,H0 =

1

2

[
m2

A0 + M2
Z0
∓

√(
m2

A0 −M2
Z0

)2
+ 4M2

Z0
m2

A0 sin2(2β)

]
(2.56)

m2
H± = m2

A0 + M2
W = m2

A0 + g2
2

v2

4
(2.57)

m2
G0,G± = 0 (2.58)

The mixing angle α is determined by

sin 2α

sin 2β
= −m2

H0 + m2
h0

m2
H0 −m2

h0

tan 2α

tan 2β
=

m2
A0 + M2

Z0

m2
A0 −M2

Z0

(2.59)

and is traditionally chosen to be negative, so −π/2 < α < 0 (provided mA0 >

MZ0).

The masses of A0, H0 and H± can in principle be arbitrarily large since they

all grow with b/ sin(2β). In contrast, the mass of h0 is bounded above. From

eq. (2.56), one finds at tree-level [10]

mh0 < MZ0| cos(2β)| (2.60)

If this inequality were robust, we would have discovered the lightest Higgs boson

at LEP2. In fact the tree level formula (2.56) is subject to drastic quantum

corrections and it is possible to show that m2
h0 can exceed the LEP bounds.

Assuming that none of the sfermions masses exceed 1 TeV and that all the

couplings in the model remain perturbative up the GUT scale, we get [11]

mh0 . 150 GeV. (2.61)

However the previous bound is weakened if we relax one of the previous assump-

tions.

2.4.3 Vector Bosons

The gauge bosons in the MSSM get masses in the same way of the SM with the

identification v2 = v2
u + v2

d. We recall very briefly the Lagrangian

LVect.Mass = g2
2

v2

8
(A1µA

µ
1 + A2µA

µ
2) +

+
1

2
( Yµ A3µ)

(
g2
1

v2

4
−g1g2

v2

4

−g1g2
v2

4
g2
2

v2

4

)(
Y µ

Aµ
3

)

= M2
W W+

µ W−µ + M2
Z0

Z0µZ
µ
0 (2.62)
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where the eigenstates are (the Weinberg angle θW is defined by tan θW = g1/g2)

W±
µ =

A1µ ∓ iA2µ√
2

(2.63)

Z0µ =
g2A3µ − g1Yµ√

g2
1 + g2

2

= cos θW A3µ − sin θW Yµ (2.64)

Aµ =
g1A3µ + g2Yµ√

g2
1 + g2

2

= sin θW A3µ + cos θW Yµ (2.65)

and their corresponding eigenvalues are

M2
W =

1

4
g2
2v

2 (2.66)

M2
Z0

=
1

4

(
g2
1 + g2

2

)
v2 (2.67)

M2
γ = 0 (2.68)

The corresponding coupling constants are

gW =
g2√
2

(2.69)

gZ0 =
√

g2
1 + g2

2 (2.70)

e =
g1g2√
g2
1 + g2

2

(2.71)

Exactly the same results of SM.

2.4.4 Neutralinos and Charginos

The higgsinos and electroweak gauginos mix with each other because of the effects

of EWSB. The neutral higgsinos (h̃0
u and h̃0

d) and the neutral gauginos (λ(1), λ
(2)
3 )

combine to form four mass eigenstates called neutralinos (Ñi, i = 1 . . . 4). The

charged higgsinos (h̃+
u and h̃−d ) and winos (W̃+ and W̃−) mix to form two mass

eigenstates with charge ±1 called charginos (C̃±
i , i = 1, 2).5 By convention,

these are labelled in ascending order, so that mÑ1
< mÑ2

< mÑ3
< mÑ4

and

mC̃1
< mC̃2

.

With the basis ψ0 = (λ(1), λ(2), h̃0
d, h̃

0
u), the neutralino mass part of the La-

grangian is

Lneutralino mass = −1

2
(ψ0)TMÑψ0 + h.c. (2.72)

5 Other common notations use χ̃0
i or Z̃i for neutralinos, and χ̃±i or W̃±

i for charginos.
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where MÑ is the following matrix

MÑ =




M1 0 −g1vd/2 g1vu/2

. . . M2 g2vd/2 −g2vu/2

. . . . . . 0 −µ

. . . . . . . . . 0




(2.73)

where the lower dots denote the obvious terms under symmetrization. The entries

M1 and M2 are the soft gaugino masses in (2.10), while the entries −µ are the

supersymmetric higgsino mass terms in (2.2). The terms proportional to g1,2 are

the result of Higgs-higgsino-gaugino couplings (see Fig. 2.3 g,h), with the Higgs

replaced by their VEVs.

The parameters M1, M2, and µ in the equations above can have arbitrary

complex phases. A redefinition of the phases of λ(1) and λ(2) permit us to choose

M1 and M2 both real and positive. The phase of µ within that convention is

then really a physical parameter and cannot be rotated away. However, if µ is

not real, then there can be potentially disastrous CP-violating effects in low-

energy physics, so it is usual to assume that µ is real in the same set of phase

conventions that make M1, M2, b, vu and vd real and positive. The sign of µ is

still undetermined by this constraint.

There is a not-unlikely limit in which EWSB is a small perturbation inside

MÑ

MZ0 ¿ |µ±M1|, |µ±M2| (2.74)

In this case the neutralino eigenstates are very nearly a “bino-like” Ñ1 ≈ λ(1), a

“wino-like” Ñ2 ≈ λ(2) and “higgsino-like” Ñ3,4 ≈ (h̃0
u ± h̃0

d)/
√

2, with masses

mÑ1
= M1 −

M2
Z0

s2
W (M1 + µ sin 2β)

µ2 −M2
1

+ . . . (2.75)

mÑ2
= M2 − M2

W (M2 + µ sin 2β)

µ2 −M2
2

+ . . . (2.76)

mÑ3
= |µ|+ M2

Z0
(I − sin 2β)(µ + M1c

2
W + M2s

2
W )

2(µ + M1)(µ + M2)
+ . . . (2.77)

mÑ4
= |µ|+ M2

Z0
(I + sin 2β)(µ−M1c

2
W −M2s

2
W )

2(µ−M1)(µ−M2)
+ . . . (2.78)

where cW and sW are respectively the cosine and sine of the Weinberg angle θW

and I = ±1 is the sign of the µ parameter. The neutralino labels should be
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2.4 Mass spectrum

rearranged depending on the numerical values of the parameters; in particular

the above labelling is a common situation in mSUGRA models.

The chargino spectrum can be treated in a similar way. In the gauge-

eigenstate basis ψ± = (W̃+, h̃+
u , W̃−, h̃−d ), the chargino mass terms are

Lchargino mass = −1

2
(ψ±)TMC̃ψ± + h.c. (2.79)

where, in 2× 2 block form,

MC̃ =

(
0 XT

X 0

)
with X =

(
M2 g2vu

g2vd µ

)
(2.80)

Since these are only 2×2 matrices, it is easy to find the mass eigenvalues

m2
C̃1,2

=
1

2

(|M2|2 + |µ|2 + 2M2
W

)

∓1

2

√
(|M2|2 + |µ|2 + 2M2

W )2 − 4|µM2 −M2
W sin 2β|2 (2.81)

In the limit of eq. (2.74), the charginos consist of a wino-like C̃±
1 and a higgsino-

like C̃±
2 , with masses

mC̃1
= M2 − M2

W (M2 + µ sin 2β)

µ2 −M2
2

+ . . . (2.82)

mC̃2
= |µ|+ M2

W I(µ + M2 sin 2β)

µ2 −M2
2

+ . . . (2.83)

The labelling is given in the same way as the neutralino case. Amusingly, C̃1 is

nearly degenerate with Ñ2 in the approximation shown, but it is not an exact

result. Similarly the higgsino-like fermions Ñ3, Ñ4 and C̃2 have masses close to

|µ|.

2.4.5 Gluinos

The gluino is a color octet fermion, it cannot mix with any other particle in the

MSSM. Because it is not involved in EWSB, the only source of its mass is the

soft parameter M3. In mSUGRA models this soft mass is related to the other

soft gaugino masses, giving the rough prediction

M3 : M2 : M1 ≈ 6 : 2 : 1 (2.84)

near the TeV scale. Then it is reasonable to suppose that the gluino is much

heavier than the lighter neutralinos and charginos.
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2.4.6 Sfermions

A priori, any scalars with the same electric charge, R-parity6, and color quan-

tum numbers can mix with each other. This means that in general, the mass

eigenstates of the squarks and sleptons of the MSSM should be obtained by diag-

onalizing three 6× 6 squared-mass matrices for up-type squarks (ũL, c̃L, t̃L, ũR,

c̃R, t̃R), down-type squarks (d̃L, s̃L, b̃L, d̃R, s̃R, b̃R), and charged sleptons (ẽL, µ̃L,

τ̃L, ẽR, µ̃R, τ̃R), and one 3 × 3 matrix for sneutrinos (ν̃e, ν̃µ, ν̃τ ). However with

the assumptions (2.3), (2.21) and the result (2.27) we have that the first and

second families are almost eigenstates while we can have the previous mixings

only for the third family sfermions. So the masses for the squarks and sleptons

of the first two families are

m2
ũL

= m2
c̃L

= m2
q1

+

(
1

3
g2
1 − g2

2

)
∆v2

8
(2.85)

m2
ũR

= m2
c̃R

= m2
u1
− g2

1

∆v2

6
(2.86)

m2
d̃L

= m2
s̃L

= m2
q1

+

(
1

3
g2
1 + g2

2

)
∆v2

8
(2.87)

m2
d̃R

= m2
s̃R

= m2
d1

+ g2
1

∆v2

12
(2.88)

m2
ν̃e

= m2
ν̃µ

= m2
l1
− (

g2
1 + g2

2

) ∆v2

8
(2.89)

m2
ẽL

= m2
µ̃L

= m2
l1
− (

g2
1 − g2

2

) ∆v2

8
(2.90)

m2
ẽR

= m2
µ̃R

= m2
e1

+ g2
1

∆v2

4
(2.91)

where ∆v2 = v2
u − v2

d = −v2 cos(2β). The first and most important contribution

are the soft masses given in (2.11) while the second (and the third) one comes

from D terms. We can see a degeneracy between the sfermions with the same

charges. Instead the mass matrix for the third family squarks is

Lt̃−b̃ mass = −
(
t̃†L t̃†R b̃†L b̃†R

)



m2
tLtL

m2
tLtR

0 0

m2
tLtR

m2
tRtR

0 m2
tRbR

0 0 m2
bLbL

m2
bLbR

0 m2
tRbR

m2
bLbR

m2
bRbR







t̃L

t̃R

b̃L

b̃R




(2.92)

6See Subsection 2.5.
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where

m2
tLtL

= m2
q3

+

(
1

3
g2
1 − g2

2

)
∆v2

8
+ y2

t

v2
u

2

m2
tRtR

= m2
u3
− g2

1

∆v2

6
+ y2

t

v2
u

2

m2
bLbL

= m2
q3

+

(
1

3
g2
1 + g2

2

)
∆v2

8
+ y2

b

v2
d

2

m2
bRbR

= m2
d3

+ g2
1

∆v2

12
+ y2

b

v2
d

2

m2
tLtR

= µyt
vd√
2

+ at
vu√
2

m2
tRbR

= −yt
vuvd

2

m2
bLbR

= −µyb
vu√
2

+ ab
vd√
2

(2.93)

We can see that the diagonal entries are similar contributions as the first two

families plus the one coming from Yukawa couplings which now are not negligible.

Finally the mass terms for the tau sleptons

Lτ̃ mass = −
(
τ̃ †L τ̃ †R

)

 m2

l3
− (g2

1−g2
2)∆v2

8
+ y2

τ
v2

d

2
−µyτ

vu√
2

+ aτ
vd√
2

−µyτ
vu√

2
+ aτ

vd√
2

m2
e3

+ g2
1

∆v2

4
+ y2

τ
v2

d

2




(
τ̃L

τ̃R

)

(2.94)

and their corresponding sneutrino

m2
ν̃τ

= m2
l3
− (g2

1 + g2
2) ∆v2

8
(2.95)

As in the previous case the diagonal entries for (2.94) have the similar first(second)

family contribution plus the Yukawa correction.

2.5 R parity

The superpotential (2.2) is minimal in the sense that it is sufficient to produce

a phenomenologically viable model. However we can write other terms (gauge-

invariant, renormalizable and analytic in the chiral superfields) which are not

included in the MSSM since they do not respect either baryon number (B) or

total lepton number (L). These terms are

W∆L=1 =
1

2
λijkLiLj ēk + λ′ijkLiQj d̄k + µ′iLiHu (2.96)

W∆B=1 =
1

2
λ′′ijkūid̄j d̄k (2.97)
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where i, j, k runs over the three families. The baryon and lepton number assign-

ment are the usual ones: B = +1/3 for Qi, B = −1/3 for ūi, d̄i and B = 0 for all

others; L = +1 for Li, L = −1 for ēi, and L = 0 for all others. So the terms in

eq. (2.96) violate total lepton number by 1 unit (as well as the individual lepton

flavors) and those in eq. (2.97) violate baryon number by 1 unit.

The possible existence of such terms might seem rather disturbing, since cor-

responding B- and L-violating processes (for example the proton decay) have not

been seen experimentally. One could simply try to postulate B and L conserva-

tion in the MSSM by adding a new symmetry, which has the effect of eliminating

the possibility of B and L violating terms in the renormalizable superpotential,

while allowing the good terms in eq. (2.2). This new symmetry is called “R-

parity” [12] and it is defined as

PR = (−1)3(B−L)+2s (2.98)

where s is the spin of the particle. Therefore particles within the same super-

multiplet do not have the same R-parity7. The R-parity assignment is very

useful for phenomenology because all of the SM particles and the Higgs bosons

have PR = +1, while all of the squarks, sleptons, gauginos, and higgsinos have

PR = −1. The R-parity odd particles are known as “sparticles” (“supersymmet-

ric particles”), and they are distinguished by a tilde (see Tables 2.1 and 2.2).

R-parity conservation implies that there can be no mixing between the PR = −1

and the PR = +1 particles. Furthermore, every interaction vertex in the the-

ory contains an even number of sparticles. This has three extremely important

phenomenological consequences:

i. The lightest PR = −1 particle, called the LSP (“lightest supersymmetric

particle”), must be absolutely stable. If the LSP is electrically neutral, it

interacts only weakly with ordinary matter, and it can be an attractive

candidate [13] for the non-baryonic dark matter.

ii. Each sparticle other than the LSP must decay into a state that contains an

odd number of sparticles.

iii. In collider experiments, sparticles can only be produced in even numbers.

7In general, symmetries with the property that fields within the same supermultiplet have different

transformations are called R symmetries; they do not commute with supersymmetry.
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We define the MSSM to conserve R-parity. This decision seems to be well-

motivated phenomenologically by proton decay constraints, but it might appear

somewhat artificial from a theoretical point of view. One attractive solution

could occur if B−L is a continuous gauge symmetry because it forbids the renor-

malizable terms that violate B and L [14, 15]. However, the U(1)B−L must

be spontaneously broken at some very high energy scale, because there is no

corresponding massless vector boson. Moreover, if it is only broken by scalar

VEVs (or other order parameters) that carry even integer values of 3(B−L),

then PM = (−1)3(B−L) will automatically survive as an exactly conserved dis-

crete remnant subgroup [15]. PM is called “matter-parity” and can be treated

in a similar way as PR. A variety of extensions of the MSSM in which exact

R-parity conservation is guaranteed in just this way have been proposed (see for

example [15, 16]).
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Chapter 3

Anomalies

A theory is anomalous if at the quantum (loop) level a classical symmetry G

of the Lagrangian is no longer conserved. If G is an anomalous global group

the quantum theory remains consistent (for example π0 → γ γ). Instead, if G

is an anomalous gauge group, the quantum theory becomes inconsistent, so the

condition of anomaly cancellation may be used as a constraint on the physical

gauge theories. The first studies on anomalies emerged in trying to understand

the decay rate of the already cited neutral pion, in the form of an anomaly that

violates some global symmetry of the strong interactions. In 1969 the source

of this anomaly was traced by Bell and Jackiw [17] to the violation of chiral

symmetry by the regulator that is needed in order to derive consequences of the

conservation of the neutral axial vector current for one loop Feynman diagrams.

Their result was confirmed and generalized by Adler [18]. After 10 years, Fu-

jikawa [19] showed that the chiral symmetry breaking anomaly enters only in

the measure used to define the path integral over fermion fields. The following

treatment of anomalies is based on Chapter 22 of the book by Weinberg [20] and

Chapter 6 of the book by Cheng and Li [21]. We will discuss the anomalies only

from a Feynman diagram point of view, leaving the Fujikawa argument to the

reader (for a review see also Section 22.2 of [20])
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3.1 Triangular Anomaly

Consider a chiral gauge theory given by a certain number of massless left(right)

Weyl fermions charged under two U(1) gauge fields1 Bµ and Cµ

Lchiral = −1

4
FB

µνF
Bµν − 1

4
FC

µνF
Cµν + i

∑

f

(
f †Lσ̄µDµfL + f †RσµDµfR

)
(3.1)

where fL(R) are the left(right) Weyl fermions in the model, and

Dµ = ∂µ + iQB
fL(R)

Bµ + iQC
fL(R)

Cµ (3.2)

is the covariant derivative. We can express the Lagrangian in terms of the Dirac

spinors Ψf =

(
fL

fR

)
obtaining

Lchiral = −1

4
FB

µνF
Bµν − 1

4
FC

µνF
Cµν +

i
∑

f

Ψ̄fγ
µ
[
∂µ +

i

2
(vB

f − aB
f γ5)Bµ +

i

2
(vC

f − aC
f γ5)Cµ

]
Ψf (3.3)

where the vectorial (V) and axial (A) couplings are given by

vk
f = Qk

fL
+ Qk

fR
(3.4)

ak
f = Qk

fL
−Qk

fR
(3.5)

with k = B,C. For the conventions on the sigma matrices and the properties of

gamma matrices see Appendix A.

We may be interested in computing the one loop amplitude and the corre-

sponding Ward Identities (WIs) for an incoming Cµ and two outgoing Bµ. The

Feynman diagrams involved are depicted in Fig. 3.1. The Feynman rules for the

interacting vertices are given in Appendix C.1. We can split the amplitude in

four contributions: AVV, VAV, VVA and AAA

∆CBB
ρµν = −1

8

∑

f

(
aC

f vB
f vB

f ΓAV V
ρµν (p, q; 0) + vC

f aB
f vB

f ΓV AV
ρµν (p, q; 0) +

vC
f vB

f aB
f ΓV V A

ρµν (p, q; 0) + aC
f aB

f aB
f ΓAAA

ρµν (p, q; 0)
)

(3.6)

1The extension to a larger number of gauge fields and to a non abelian case can be treated in a

similar way.
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�
`− q

`

p +
`

Cρ(p + q)

Bν(q)

Bµ(p)

+ �
`− q

`

p + `

Cρ(p + q)

Bν(q)

Bµ(p)

Figure 3.1: Fermionic triangle diagrams for the amplitude Cρ(p + q) → Bµ(p) Bν(q).

where

ΓAV V
ρµν (p, q; 0) =

∫
d4`

(2π)4
Tr

(
γ5γρ

1

/̀− q/
γν

1

/̀
γµ

1

/̀ + p/

)

+(p ↔ q, µ ↔ ν) (3.7)

ΓV AV
ρµν (p, q; 0) =

∫
d4`

(2π)4
Tr

(
γρ

1

/̀− q/
γν

1

/̀
γ5γµ

1

/̀ + p/

)

+(q ↔ −(p + q), ν ↔ ρ) (3.8)

ΓV V A
ρµν (p, q; 0) =

∫
d4`

(2π)4
Tr

(
γρ

1

/̀− q/
γ5γν

1

/̀
γµ

1

/̀ + p/

)

+(p ↔ −(p + q), µ ↔ ρ) (3.9)

ΓAAA
ρµν (p, q; 0) =

∫
d4`

(2π)4
Tr

(
γ5γρ

1

/̀− q/
γ5γν

1

/̀
γ5γµ

1

/̀ + p/

)

+(p ↔ q, µ ↔ ν) (3.10)

The notation ΓAV V
ρµν means that we have an axial vertex (aC

f ) on the ρ line, a

vectorial vertex (vB
f ) on the µ line and a vectorial vertex (vB

f ) on the ν line.

Analogously for the other Γ’s.

Consider the first contribution. We have

∆CBB
ρµν

∣∣
AV V

= −1

8

∑

f

aC
f vB

f vB
f ΓAV V

ρµν (p, q; 0) = (3.11)

= −1

8

∑

f

aC
f vB

f vB
f

∫
d4`

(2π)4
Tr

(
γ5γρ

1

/̀− q/
γν

1

/̀
γµ

1

/̀ + p/

)
+ (pµ ↔ qν)

The integral ΓAV V
ρµν (p, q; 0) is superficially divergent so it is not uniquely defined

(see Appendix D.1). Eq. 3.11 implies a particular choice for the assignment

of the internal momentum `: the fermion line between the two B lines carries

momentum `. We could have chosen a different assignment of it so that this

fermion line carries ` + a, where a is some arbitrary combination of p and q

a = αp + (α− β)q (3.12)
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The fact that the integral is linearly divergent implies that ΓCBB
ρµν

∣∣
AV V

has an

ambiguity in its definition by an amount

Dρµν(a) = ΓAV V
ρµν (a)− ΓAV V

ρµν =

=

[∫
d4`

(2π)4
Tr

(
γ5γρ

1

/̀− q/ + a/
γν

1

/̀ + a/
γµ

1

/̀ + p/ + a/

)

−
∫

d4`

(2π)4
Tr

(
γ5γρ

1

/̀− q/
γν

1

/̀
γµ

1

/̀ + p/

)]
+ (p ↔ q, µ ↔ ν)

= D(1)
ρµν + D(2)

ρµν (3.13)

Applying the result (D.6), we have

D(1)
ρµν =

∫
d4`

(2π)4
aρ ∂

∂`ρ

Tr

(
γ5γρ

1

/̀− q/
γν

1

/̀
γµ

1

/̀ + p/

)

=
2iπ2

(2π)4
aρ lim

`→∞
`2`ρTr[γ5γρ/̀γν/̀γµ/̀]

1

`6
=

2iπ2

(2π)4
aρ lim

`→∞
`ρ`δ

`2
(−4i)ερδνµ

=
1

(8π)2
εδµνρa

δ (3.14)

where we used

lim
`→∞

`ρ`δ

`2
=

ηρδ

4
(3.15)

Since D
(2)
ρµν is related to D

(1)
ρµν by the exchanges p ↔ q and µ ↔ ν, we have from

eq. (3.12), (3.13) and (3.14)

Dρµν(a) = D(1)
ρµν + D(2)

ρµν = − β

8π2
ερµνδ(p− q)δ (3.16)

Thus the definition of ΓAV V
ρµν has an ambiguity parametrized by

ΓAV V
ρµν (p, q, β; 0) = ΓAV V

ρµν (p, q; 0)− β

8π2
ερµνδ(p− q)δ (3.17)

Now we are going to show what is the relation between the β ambiguity in the

amplitude and the WIs. In quantum field theory, the WIs are identities between

correlation functions that follows from the global or gauged symmetries of the

theory, and which remains valid after renormalization. The WIs are a quantum

version of the classical Noether’s theorem, and any symmetries in a quantum

field theory can lead to an equation of motion for correlation functions. We

can express them using Feynman amplitude in momentum space or by the path

integral formulation. We will usually adopt the first formulation. The WIs for
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−ikµ

(

�V µ(k) 1PI

)
= 0

Figure 3.2: Ward Identity for the massless gauge field V µ. The blob denotes all the

1PI diagrams.

massless gauge fields can be written in the diagrammatic form showed in Fig. 3.2.

We start with the incoming momentum (p + q)ρ. Using eq. (3.17), we have

(p+ q)ρΓAV V
ρµν (p, q, β; 0) = (p+ q)ρΓAV V

ρµν (p, q; 0)− (p+ q)ρ β

8π2
ερµνδ(p− q)δ (3.18)

and we focus on the first contribution

(p + q)ρΓAV V
ρµν (p, q; 0) = D(A)

µν + D(B)
µν (3.19)

where the first term is

D(A)
µν = (p + q)ρ

∫
d4`

(2π)4
Tr

[
γ5γρ

1

/̀− q/
γν

1

/̀
γµ

1

/̀ + p/

]

=

∫
d4`

(2π)4
Tr

[
γ5 (p/ + q/)

1

/̀− q/
γν

1

/̀
γµ

1

/̀ + p/

]

= −
∫

d4`

(2π)4
Tr

{
[γ5(/̀− q/) + (/̀ + p/)γ5]

[
1

/̀− q/
γν

1

/̀
γµ

1

/̀ + p/

]}

= −
∫

d4`

(2π)4
Tr

[
γ5γν/̀γµ(/̀ + p/)

`2(l + p)2
− (/̀− q/)γ5γν/̀γµ

`2(l − q)2

]
(3.20)

while the second one is D
(A)
µν with the exchange (p ↔ q, µ ↔ ν)

D(B)
µν = −

∫
d4`

(2π)4
Tr

[
γ5γµ/̀γν(/̀ + q/)

`2(l + q)2
− (/̀− p/)γ5γµ/̀γν

`2(l − p)2

]
(3.21)

We rearrange the computation grouping the integrals with only a p dependence

or only a q dependence. So

D(A)
µν + D(B)

µν = D(1)
µν + D(2)

µν (3.22)

where

D(1)
µν = −

∫
d4`

(2π)4
Tr

[
γ5γµ/̀γν(/̀ + p/)

`2(l + p)2
− (/̀− p/)γ5γµ/̀γν

`2(l − p)2

]
(3.23)

D(2)
µν = D(1)

µν

∣∣
(p↔q,µ↔ν)

(3.24)
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Using the result (D.6) we get

D(1)
µν = −

∫
d4`

(2π)4
pρ ∂

∂`ρ

Tr

[
γ5γν(/̀− p/)γµ/̀

`2(`− p)2

]

= − 2iπ2

(2π)4
pρ lim

`→∞
`2`ρTr[γ5γν(/̀− p/)γµ/̀]

1

`4
= − 1

8π2
lim
`→∞

`ρ`β

`2
εναµβpρp

α

= − 1

(32π)2
εναµβpβpα = 0 = D(2)

µν (3.25)

In the last line we used eq. (3.15) and the last identity follows simply by the

definition (3.24). Then using eq. (3.18), (3.19), (3.22) and (3.25) we find

(p + q)ρΓAV V
ρµν (p, q, β; 0) =

β

4π2
εµναβpαqβ (3.26)

In a similar way we can compute the WIs for the pµ and qν momenta, obtaining

pµΓAV V
ρµν (p, q, β; 0) = −2 + β

8π2
ενραβqαpβ (3.27)

qνΓAV V
ρµν (p, q, β; 0) = −2 + β

8π2
ερµαβpαqβ (3.28)

A similar analysis can be done for the other VAV, VVA and AAA amplitudes in

eq. (3.8)-(3.10). So the amplitude ∆CBB
ρµν has the following WIs

(p + q)ρ∆CBB
ρµν (β) = −

∑

f

tCBB
f

β

32π2
εµναβpαqβ (3.29)

pµ∆CBB
ρµν (β) =

∑

f

tCBB
f

2 + β

64π2
ενραβqαpβ (3.30)

qν∆CBB
ρµν (β) =

∑

f

tCBB
f

2 + β

64π2
ερµαβpαqβ (3.31)

with

tCBB
f = aC

f vB
f vB

f + 2vC
f vB

f aB
f + aC

f aB
f aB

f

= 4
[
QC

fL

(
QB

fL

)2 −QC
fR

(
QB

fR

)2
]

(3.32)

where we used eq. (3.4) and (3.5). As we can see from eq. (3.29), (3.30) and (3.31),

there is no choice of β that cancels simultaneously all the WIs and preserves

gauge invariance, recovering the result depicted in Fig. 3.2. The same problem

will arise in the computation of the CCC, CCB, and BBB triangles. This is

the “triangular (or chiral) anomaly”. The classical gauge invariance is broken by
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3.2 Anomaly cancellation. SM and MSSM

the triangular fermionic loop making the theory anomalous. Obviously, to have

a physical gauge theory we must cancel this anomaly and the standard (and

simplest) way is to cancel the overall sum of charges in the WIs. In other words

the theory will be anomaly free if the charges satisfy the following constraints

ACCC =
∑

f

[(
QC

fL

)3 − (
QC

fR

)3
]

= 0 (3.33)

ACCB =
∑

f

[(
QC

fL

)2
QB

fL
− (

QC
fR

)2
QB

fR

]
= 0 (3.34)

ACBB =
∑

f

[
QC

fL

(
QB

fL

)2 −QC
fR

(
QB

fR

)2
]

= 0 (3.35)

ABBB =
∑

f

[(
QB

fL

)3 − (
QB

fR

)3
]

= 0 (3.36)

Depending on the symmetries of the problem, there are cases in which there

is a preferential choice for the β parameter. The most common values are (see

eq. (3.29), (3.30) and (3.31):

• β = −2, for which all the anomaly is concentrated in the ρ vertex .

• β = −2/3, for which the anomaly is equally distributed among the three

vertices (to be used when we have three identical external vectors).

The extension to non abelian theories goes in the same way. The overall

charge factor will become

Aijk =
1

2
Tr

[{TL
i , TL

j }TL
k

]− 1

2
Tr

[{TR
i , TR

j }TR
k

]
(3.37)

where Ti,j,k are the generators of the three external gauge fields. In some theories

the condition of anomaly cancellation will fix completely the charge content of

the model. This is the case for the SM (see for instance Section 22.4 of [20]).

3.2 Anomaly cancellation. SM and MSSM

The SM gauge group is SU(3)c × SU(2)L × U(1)Y and its fermionic content is

displayed in Table 3.1

Now we check that Aijk vanishes for all the generators of the SM gauge group.

We need only to consider those combinations of generators for which the product
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SU(3)c SU(2)L U(1)Y

(ui di) 3 2 1/6

uc
i 3̄ 1 −2/3

dc
i 3̄ 1 1/3

(νi ei) 1 2 −1/2

ec
i 1 1 1

Table 3.1: Fermionic charges in the Standard Model. The index i runs over the three

families.

of Ti, Tj and Tk is neutral under SU(3)c×SU(2)L×U(1)Y , since Aijk obviously

vanishes for all the others. We can make invariants out of either zero, two or

three SU(3)c or SU(2)L generators and any number of U(1)Y generators. We

will use the following notation. Yf is the hypercharge and T
(a)
ka

, a = 2, 3; ka =

1, . . . , dimG(a) are the generators of the G(2) = SU(2) and G(3) = SU(3) algebras

respectively. In our notation Tr[T
(a)
j T

(a)
k ] = 1

2
δjk. So we need to check the

following cases

• SU(3)c − SU(3)c − SU(3)c. Here Aijk vanishes because the left-handed

fermions furnish a representation 3+3+ 3̄+ 3̄+1+1+1 of SU(3)c which

is real. In other words, for each quark, the q contribution is cancelled

exactly by the corresponding qc contribution.

• U(1)Y − SU(3)c − SU(3)c. Here the anomaly is

∑

f∈3,3̄

YfTr[T
(3)
k3

T
(3)
k3

] =
1

2

∑

f∈3,3̄

Yf =
3

2

[
2

(
1

6

)
− 2

3
+

1

3

]
= 0 (3.38)

• SU(2)L − SU(2)L − SU(2)L. There is no anomaly here because SU(2)L

only has real or pseudoreal representations.

• U(1)Y − SU(2)L − SU(2)L. There the anomaly is

∑

f∈2

YfTr[T
(2)
k2

T
(2)
k2

] =
1

2

∑

f∈2

Yf =
3

2

[
3

(
1

6

)
− 1

2

]
= 0 (3.39)

• U(1)Y − U(1)Y − U(1)Y . There the anomaly is

∑

f

(Yf )
3 = 3

[
6

(
1

6

)3

+ 3

(
−2

3

)3

+ 3

(
1

3

)3

+ 2

(
−1

2

)3

+ (1)3

]
= 0

(3.40)
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3.3 Anomaly cancellation. Green-Schwarz mechanism

There is one more anomaly that needs to be evaluated. All the fermions interact

also with gravity. We can have anomalies different from zero generated by the

fermionic with an incoming gauge vector a two outgoing gravitons. This anomaly

is proportional to the trace of the gauge generator involved in the diagram. For

SU(3)c and SU(2)L there is no problem because the generator are traceless, so

we need to check only the hypercharge. We have

∑

f

Yf = 3

[
6

(
1

6

)
+ 3

(
−2

3

)
+ 3

(
1

3

)
+ 2

(
−1

2

)
+ 1

]
= 0 (3.41)

so there are no gravitational anomalies in the SM.

The same happens for the MSSM. With respect to the SM now we have two

new fermions that are involved in the anomalies, the higgsinos. As we have just

seen, the SM fermions contribution is zero, so the only relevant contribution

comes from the supersymmetric sector. However h̃u and h̃d have opposite charge

assignment (see Table 2.1) so that the higgsino contribution is zero. The final

result is an anomaly free model.

3.3 Anomaly cancellation. Green-Schwarz mechanism

3.3.1 Introduction

Before introducing the GS mechanism, we give a generalization of the chiral

anomalies in even dimensions d = 2ω. In any even dimensions (and only in

even dimensions) one can define a chirality matrix γ2ω+1 that anticommutes

with all matrices γµ, µ = 0, . . . , 2ω − 1 (compare with eq. (A.6)). One can

then have massless fermions that are chiral, i.e. either left-handed or right-

handed. As in Section 3.1, the anomalies can again be traced to the presence

of the chirality matrix γ2ω+1 (i.e. axial coupling) in the interaction vertices

between fermions and vectors. In 2ω dimensions the traces involving γ2ω+1 will

lead to an εµ1...µ2ω , and again the WIs on the amplitude with k + 1 external

vector, Γρµ1...µk(p1, . . . , pk), must involve this εµ1...µ2ω tensor. Since this ε-tensor

is completely antisymmetric in all its 2ω indices, to get a non vanishing expression

we need at least ω indices µi and ω different independent momenta. Hence the

minimal value for k is ω. It follows that in 2ω dimensions the anomaly first

manifests itself in the loop amplitude Γρµ1...µω with (ω + 1) external vectors.

37



Anomalies

(a) (b) (c)

Figure 3.3: Hexagon string diagrams: planar (a), non orientable (b) and non planar

(c).

In four dimensions this corresponds to the fermionic triangle loop. For further

details and general properties of the anomalies, we remand for instance to [22].

In 1984, M. Green and J. H. Schwarz realized the cancellation of anomalies

in type I superstring theory with the gauge group SO(32). Now we consider

only the effective field theory point of view. For further details and the string

formalism, we remand to the original papers [23]. In ten-dimensional theories

gauge anomalies, mixed anomalies, and gravitational anomalies were expected

to arise from a hexagon loop diagram (ω = 10/2 = 5 then k = 6). The anomaly

cancels because of an extra contribution from a 2-form field, Bµν , which is one of

the new states predicted by string theory (if we can think of a gauge vector Vµ

as column, we can think of Bµν as a matrix). For the special choice of the gauge

group SO(32) or E8×E8, however, the anomaly factorizes and may be cancelled

by a tree diagram. The tree diagram describes the exchange of a virtual B. It is

somewhat counterintuitive to see that a tree diagram cancels a one-loop diagram,

but in reality, both of these diagrams arise as one-loop diagrams in superstring

theory, in which the anomaly cancellation is more transparent. In Fig. 3.3 and

Fig. 3.4 are depicted respectively the diagrams involved in the string theory

mechanism and in the effective field theory mechanism. The diagram (a) and

(b) of Fig. 3.3 are generated by planar open string loops and we can naively say

that they produce the effective fermionic hexagon diagram, while the diagram

(c) is a non planar open string loop. However the latter can also be viewed as

the tree level propagation of a closed string. One of the closed string states is the
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3.3 Anomaly cancellation. Green-Schwarz mechanism

� �B

(a) (b)

Figure 3.4: Feynman diagrams with six external gauge fields, involved in the GS

mechanism in 10-D theories: (a) the hexagon fermionic loop; (b) the tree level diagram

with the 2-form B exchanged.

B field, so we can naively say that this diagram, apart from contributing to the

diagram of Fig. 3.4(a), produces the effective tree level diagram of Fig. 3.4(b).

Let us see how the mechanism works for the SO(32) gauge group. The

low energy effective field theory is N = 1 D = 10 supergravity coupled to

supersymmetric Yang-Mills theory. The bosonic action is given by

S0 = −
∫

d10x e

{
1

2k2
R +

1

k2
ϕ−2∂µϕ∂µϕ +

1

4g2
ϕ−1F a

µνF
µνa +

3k2

2g4
ϕ−2HµνρH

µνρ

}
(3.42)

where g and k are respectively the Yang-Mills and the gravitational coupling, e

is the determinant of the zehnbein em
µ and ϕ is a scalar field. The Yang-Mills

field strength is defined (in the language of forms) by

F =
1

2
Fµνdxµ ∧ dxν = dA + A2 (3.43)

where A2 = A∧A. The field strength H associated with the two-form potential

B = Bµνdxµ ∧ dxν of the supergravity multiplet is defined by

H = dB − ω0
3Y − ω0

3L (3.44)

where ω0
3Y is the Yang-Mills Chern-Simons three-form

ω0
3Y = Tr(AF − 1

3
A3) (3.45)
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and ω0
3L is the Lorentz group Chern-Simons three-form

ω0
3L = Tr(ωR− 1

3
ω3) (3.46)

Here ω = ωµdxµ is the local Lorentz connection and R = dω + ω2 is the Lorentz

curvature two-form. The Chern-Simons forms (3.45) and (3.46) satisfy

dω0
3Y = TrF 2 (3.47)

dω0
3L = TrR2 (3.48)

Under infinitesimal local Yang-Mills transformation (with parameter Λ) and local

Lorentz transformation (with parameter Θ), the fields transform as follows

δA = dΛ + [A, Λ] δF = [F, Λ] (3.49)

δω = dΘ + [ω, Θ] δR = [R, Θ] (3.50)

δB = Tr(AdΛ) + Tr(ω dΘ) δH = 0 (3.51)

Consider the Yang-Mills hexagon anomaly. The analysis of [24] relates the

anomalies to a formal expression in 12 dimensions, namely the gauge invariant

two-form Ω12, where

Ω12 = TrF 6 = 15TrF 2TrF 4 (3.52)

The last equality is true only for the SO(32) gauge group. This can be expressed

as

TrF 2TrF 4 = d(ω0
3Y TrF 4) = d(ω0

7Y TrF 2) (3.53)

where ω0
2n+1Y is defined by

dω0
2n+1Y = TrF n+1 (3.54)

Similarly, applying an infinitesimal gauge transformation, one defines ω1
2nY by

δω0
2n+1Y = −dω1

2nY (3.55)

In the case of Yang-Mills hexagon, the consistent anomaly is

G = A
∫ (

1

3
ω1

2Y TrF 4 +
2

3
ω1

6Y TrF 2

)
(3.56)

where the anomaly factor A can be deduced from [24]. This anomaly can be

cancelled by adding to the effective action

S1 = A
∫ (

BTrF 4 +
2

3
ω0

3Y ω0
7Y

)
(3.57)
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3.3 Anomaly cancellation. Green-Schwarz mechanism

The non trivial Λ transformation of B in eq. (3.51) is the key of the cancellation

G + δΛS1 = 0 (3.58)

The diagram (b) in Fig. 3.4 is built by connecting the BTrF 4 vertex in eq. (3.57)

to the ω0
3Y dB vertex (contained in the H2 term) in eq. (3.42) by a B propagator.

This is the cancellation of the Yang-Mills anomaly for the gauge group SO(32).

The cancellation of the gravitational and mixed anomaly goes in a similar way

and we remand to the original paper [23] for details.

In the following section we will see that something similar happens in four-

dimensional theories. The anomaly, as shown in the previous section, is related

to a triangle loop diagram and it can be cancelled by the contribution of an extra

field, the axion2.

3.3.2 Triangular Anomaly

Let us go back to the Lagrangian (3.1). Let Bµ be anomaly free i.e. eq. (3.36)

holds, but let Cµ be anomalous i.e. ACCC ,ACCB,ACBB 6= 0. We use the GS

mechanism to restore gauge invariance. As stated before, we need to modify the

Lagrangian inserting a new field, the axion φ. So we get

L = Lchiral + Laxion + LGCS (3.59)

Laxion contains the couplings of φ

Laxion =
1

2
(∂µφ + 2b3Cµ)2 (3.60)

−1

4
bCCC
2 φ εµνρσFC

µνF
C
ρσ −

1

4
bCCB
2 φ εµνρσFB

µνF
C
ρσ −

1

4
bCBB
2 φ εµνρσFB

µνF
B
ρσ

The first row is the Stückelberg Lagrangian [26]. The axion is uncharged

under Bµ and Cµ and it transforms as

Cµ → Cµ − ∂µε

φ → φ + 2b3ε (3.61)

so that the Stückelberg Lagrangian is gauge invariant. The reason to have these

terms is to give a mass 2b3 to the gauge vector Cµ without using a proper scalar

2In four dimensions the axion is dual to a 2-form. See for instance [25] for the GS-mechanism with

this duality manifest.
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potential breaking some symmetries . The axion is the third degree of freedom

of the massive Cµ, so it is an unphysical particle, a Goldstone boson. The

second row of terms contains the GS couplings3 (φFF̃ ) which are not gauge

invariant because of the φ transformation. These terms are directly involved in

the anomaly cancellation procedure and their form is dictated by the form of the

WIs for the triangle amplitudes.

LGCS contains the so called Generalized Chern-Simons couplings

LGCS = dCCB εµνρσCµBνF
C
ρσ − dCBB εµνρσCµBνF

B
ρσ (3.62)

which are antisymmetric trilinear interactions of gauge vectors. Also these terms

are not gauge invariant and they will play some role in the GS mechanism.

The cancellation of the anomalies will fix the GS and GCS couplings. In the

following we will show two different approaches to the GS mechanism: using WIs

or using the effective Lagrangian. Obviously we will get the same result.

3.3.3 Ward Identities for massive gauge fields

As stated before, the WIs on a Feynman amplitude reflect the gauge invariance of

a quantum field theory. They can be written in the diagrammatic form showed

in Fig. 3.2. However, it is well known that gauge invariance can be achieved

only with massless vector fields. On the other side we experience the existence

of not only physical massless vectors, with two degrees of freedom, such as the

photon, but also of physical massive vectors, with three degrees of freedom, such

as the Z0. The Proca Lagrangian describes the last one, but it is not gauge

invariant since an explicit mass term for the vector breaks the gauge invariance.

Fortunately, it is well known that we can avoid such a problem with the Higgs

or with the Stückelberg mechanism. We add in a proper way (which depends on

the mechanism used) a scalar field (Goldstone boson) and vector mass terms to

the massless vector Lagrangian. This scalar field will become the third degree of

freedom of the massive vector. However this will become manifest after a unitary

gauge fixing. In this gauge the Goldstone bosons are set equal to zero, we turn

back to the Proca Langrangian and the physical degrees of freedom are manifest.

In this way we can achieve a gauge theory with a massive vector and since we

have the gauge invariance we expect that the WIs hold. But now we have to take

3We use the notation F̃ µν = εµνρσFρσ.
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3.3 Anomaly cancellation. Green-Schwarz mechanism

−ikµ

(

�V µ(k) 1PI

)
+mV

(

�GV (k) 1PI

)
= 0

Figure 3.5: Ward Identity for the massive gauge field V µ. GV is the corresponding

Goldstone boson and mV is the mass of Vµ. The blob denotes all the 1PI diagrams.

−i(p + q)µ

(

�(Z0)µ(p + q)

e−(q)

e+(p)

)
+ MZ0

(

�G0(p + q)

e−(q)

e+(p)

)
= 0

Figure 3.6: Ward Identities for the decay Z0 → e+e−. The first term is the usual one

in WI while the second one is the correction coming from the Goldstone boson G0.

into account that we have a new degree of freedom coming from the Goldstone

boson, which is directly related to the gauge sector. This modifies the WIs,

which get the diagrammatic form showed in Fig. 3.5 [27]. As we can see, now

we have a contribution coming from the Goldstone boson4. To clarify the point

we consider a specific example: the decay Z0 → e+e− in the SM. The Feynman

amplitude of the process is given by (for the Feynman rules see Appendices C.2

and C.3)

Γµ(Z0 → e+e−) = − i

2
gZ0ū(q)γµ

(
vZ0

e − aZ0
e γ5

)
v(p) (3.63)

where ve = −1/2 + 2 sin2 θW , ae = −1/2 and gZ0 =
√

g2
1 + g2

2. The WI for the

process is given in Fig. 3.6. The first term is

− i(p + q)µΓµ(Z0 → e+e−) = −1

2
gZ0 ū(q)(p/ + q/)

(
vZ0

e − aZ0
e γ5

)
v(p)

= +
1

2
gZ0me ū(q)

(
vZ0

e + aZ0
e γ5

)
v(p)

−1

2
gZ0me ū(q)

(
vZ0

e − aZ0
e γ5

)
v(p)

= gZ0meae ū(q)γ5v(p)

= −1

2
me

√
g2
1 + g2

2 ū(q)γ5v(p) (3.64)

4For a brief demonstration see Appendix D.2.
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where me is the electron mass and we used the equation of motion of the spinors

ū(q/−me) = 0 (3.65)

(p/ + me)v = 0 (3.66)

The second term is

MZ0Γ(G0 → e+e−) = MZ0

ye√
2
ū(q)γ5v(p)

=
1

2
v

√
g2
1 + g2

2

me

v
ū(q)γ5v(p)

=
1

2
me

√
g2
1 + g2

2 ū(q)γ5v(p) (3.67)

where we used ye/
√

2 = me/v and eq. (2.67). Summing the eq. (3.64) and (3.67)

we get

− i(p + q)µΓµ(Z0 → e+e−) + MZ0Γ(G0 → e+e−) = 0 (3.68)

in agreement with the result showed in Fig. 3.5.

3.3.4 Ward Identities and Anomaly Cancellation

Let us go back to the anomaly cancellation procedure. We focus on the CBB

anomaly. The WIs (3.29), (3.30) and (3.31) modified because of the presence of

GS and GCS couplings. Using Fig. 3.5, we get the WIs for the CBB amplitude

expressed in diagrammatic form in Fig. 3.7. The Feynman rules for the GS

mechanism are given in Appendix C.1. We denote by (GS)BB
µν the contribution

coming from the GS coupling φFBF̃B in Lagrangian (3.60)

(GS)BB
µν = −2ibCBB

2 εµναβpαqβ (3.69)

and we denote by (GCS)CBB
ρµν the contribution from the GCS coupling CBF̃B in

Lagrangian (3.62)

(GCS)CBB
ρµν = 2dCBBερνµα(p− q)α (3.70)

The WIs in Fig. 3.7 correspond to

(p + q)ρ
(
∆CBB

ρµν (p, q; 0) + (GCS)CBB
ρµν

)
+ 2ib3(GS)BB

µν = 0

pµ
(
∆CBB

ρµν (p, q; 0) + (GCS)CBB
ρµν

)
= 0

qν
(
∆CBB

ρµν (p, q; 0) + (GCS)CBB
ρµν

)
= 0 (3.71)
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(p+ q)ρ

(

�ψCρ(p + q)

Bν(q)

Bµ(p)

+ �C
B

B
)

+2ib3

(

�φ
B

B
)

= 0

pµ

(

�ψC

B

B

+ �C
B

B
)

= 0

qν

(

�ψC

B

B

+ �C
B

B
)

= 0

Figure 3.7: The Ward Identities for the amplitude Cρ(p + q) → Bµ(p) Bν(q) include

the GCS as well as the axionic (GS) couplings. The GS coupling arises from La-

grangian (3.60) while the GCS coupling comes from Lagrangian (3.62). Each depicted

diagram also contains the exchange (µ, p) ↔ (ν, q).

Using eq. (3.29), (3.30) and (3.31), the last two identities imply

(2 + β)
ACBB

16π2
− 2dCBB = 0 ⇒ dCBB =

2 + β

2

ACBB

16π2
(3.72)

and the first identity becomes

−β
ACBB

8π2
+4

2 + β

2

ACBB

16π2
+4bCBB

2 b3 = 0 ⇒ bCBB
2 b3 = −A

CBB

16π2
(3.73)

In the same way5, the cancellation of the remaining anomalies gives

bCCC
2 b3 = −A

CCC

48π2
(3.74)

bCCB
2 b3 = −A

CBB

16π2
dCCB =

β′

4

ACCB

8π2
(3.75)

where we used different shift parameters β′ and β′′ respectively for the new

triangles CCB and CCC. However as stated in the end of Section 3.1 and done
5The momenta of the CCB triangle are so that on the incoming (p+ q)ρ line we have the B vector.
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in eq. (3.74), β′′ must be fixed to β′′ = −2/3 because we have three equal external

vectors. It is worth noting that the GCS coefficients are determined in terms of

the A’s by the WIs, while the b2’s depend only on the free parameter b3, which is

related to the mass of the anomalous U(1). Moreover the GCS couplings depends

on the scheme of the anomaly distribution so they do not contain any physical

information (see Section 3.5). We can always cancel them with a particular choice

of the shift parameters, in fact they are also called GCS counterterms because

they parametrize the arbitrariness of the scheme of the anomaly distribution in

the anomaly cancellation procedure. On the contrary, the GS coupling does not

depend to any shift parameters and so they have some physical relevance as we

will show in the computation of the amplitudes in Section 3.5.

3.3.5 Effective Lagrangian

Now we show the anomaly cancellation using the variation of the effective La-

grangian. As before we focus on the CBB amplitude. The WIs (3.29), (3.30)

and (3.31) induce the following variations on the 1 loop effective Lagrangian. For

Cµ → Cµ − ∂µε
C (3.76)

Bµ → Bµ − ∂µε
B (3.77)

we have

δCLCBB
chiral = εC

β

2

1

32π2
ACBBεµνρσFB

µνF
B
ρσ (3.78)

δBLCBB
chiral = −2εB

2 + β

4

1

32π2
ACBBεµνρσFB

µνF
C
ρσ (3.79)

The requirement of gauge invariance implies

δCLCBB
1loop = δCLCBB

chiral + δCLBB
axion + δCLCBB

GCS = 0 (3.80)

δBLCBB
1loop = δBLCBB

chiral + δBLBB
axion + δBLCBB

GCS = 0 (3.81)

The gauge variations for the axion Lagrangian are

δCLBB
axion = −εC

1

2
bCBB
2 b3 εµνρσFB

µνF
B
ρσ (3.82)

δBLBB
axion = 0 (3.83)
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and for the GCS terms are

δCLCBB
GCS = +dCBBεµνρσ∂µεCBνF

B
ρσ = −εCdCBBεµνρσ∂µ

(
BνF

B
ρσ

)

= −1

2
dCBBεCεµνρσFB

µνF
B
ρσ (3.84)

δBLCBB
GCS = +dCBBεµνρσCµ∂νεBFB

ρσ = −εBdCBBεµνρσ∂ν

(
CµF

B
ρσ

)

= +
1

2
dCBBεBεµνρσFB

µνF
C
ρσ (3.85)

where we used ∂µF
B,C
ρσ = 0. Then eq. (3.81) implies

− 2 + β

2

1

32π2
ACBB +

1

2
dCBB = 0 ⇒ dCBB =

2 + β

32π2
ACBB (3.86)

Substituting this result into eq. (3.80), we get

β

2

1

32π2
ACBB − 1

2
bCBB
2 b3 − 1

2

2 + β

32π2
ACBB = −1

2

2

32π2
ACBB − 1

2
bCBB
2 b3

⇒ bCBB
2 b3 = − 1

16π2
ACBB (3.87)

obtaining the same relations as eq. (3.72) and (3.73).

We showed the anomaly cancellation procedure in two different ways, the

WI method or the effective Lagrangian one. Dependently on what we need to

compute we will choose the most convenient procedure.

3.4 Supersymmetric Green-Schwarz mechanism

In this section we illustrate how to supersymmetrize what we did in the previous

section. The supersymmetric version of eq. (3.60) and (3.62) are (see [25] and

[28])

Laxion =
1

4

(
S + S† + 4b3V

C
)2

∣∣∣
θ2θ̄2

− 1

2

{ [
bCCC
2 S Tr

(
WCWC

)

+bCBB
2 S Tr

(
WBWB

)
+ bCCB

2 S WB WC
]
θ2 + h.c.

}
(3.88)

LGCS = +dCCB
[(

V BDαV C − V CDαV B
)
WC

α + h.c.
]
θ2θ̄2 +

−dCBB
[(

V BDαV C − V CDαV B
)
WB

α + h.c.
]
θ2θ̄2 (3.89)

where the V ’s and the W ’s are the gauge superfields and the corresponding

superfield strength, and S is the Stückelberg multiplet

S = s + i
√

2θψS + θ2FS − iθσµθ̄∂µs +

√
2

2
θ2θ̄σ̄µ∂µψS − 1

4
θ2θ̄22s (3.90)
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which transforms under the U(1)C as

V C → V C + i
(
ΛC − ΛC†)

S → S − 4i b3 ΛC (3.91)

The component fields of S are the complex scalar s = α + iφ, where α is the

saxion and φ is the axion, and the spinorial field ψS which is called axino. To

fix the b’s and d’s parameter we act on the bosonic part as we did in Section 3.3,

since the supersymmetric part will be fixed by supersymmetry, or we act directly

on the superfields. We show the last method for the CBB case. Under the gauge

transformations

V C → V C + i
(
ΛC − ΛC†)

V B → V B + i
(
ΛB − ΛB†) (3.92)

we have

δCLCBB
chiral = −i

β

2

1

32π2
ACBB

[
ΛC Tr

(
WBWB

)]
θ2 + h.c. (3.93)

δBLCBB
chiral = 2i

2 + β

4

1

32π2
ACBB

[
ΛB Tr

(
WBWC

)]
θ2 + h.c (3.94)

δCLBB
axion = 2ibCBB

2 b3

[
ΛC Tr

(
WBWB

)]
θ2 + h.c. (3.95)

δBLBB
axion = 0 (3.96)

δCLCBB
GCS = +

i

2
dCBB

[
ΛC Tr

(
WBWB

)]
θ2 + h.c. (3.97)

δBLCBB
GCS = − i

2
dCBB

[
ΛB Tr

(
WBWC

)]
θ2 + h.c (3.98)

The requirement of gauge invariance will impose the following conditions

δCLCBB
1loop = δCLCBB

chiral + δCLBB
axion + δCLCBB

GCS (3.99)

=

[
−i

β

2

1

32π2
ACBB + 2ibCBB

2 b3 +
i

2
dCBB

] [
ΛC Tr

(
WBWB

)]
θ2 + h.c. = 0

δBLCBB
1loop = δBLCBB

chiral + δBLBB
axion + δBLCBB

GCS (3.100)

=

[
2i

2 + β

4

1

32π2
ACBB − i

2
dCBB

] [
ΛC Tr

(
WBWC

)]
θ2 + h.c. = 0

whose solutions are the eq. (3.72) and (3.73). Analogously for the other anoma-

lies.

In this section we do not give the component fields expansion for eq. (3.88)

and (3.89), leaving it for the details of our model in Section 4.1.1.
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3.5 Computation of the amplitudes

3.5 Computation of the amplitudes

In this section we show how we compute the 1 loop amplitudes6 involving three

external vectors. As usual we focus on the CBB case since the generalization to

the other cases is straightforward.

Before going on we recall the Rosenberg parametrization7 [29]. The ampli-

tudes (3.7), (3.8), (3.9) and (3.10) can be written as

Γρµν(p, q; 0) =

1

π2

(
I1(p, q; 0) ε[p, µ, ν, ρ] + I2(p, q; ) ε[q, µ, ν, ρ] + I3(p, q; 0) ε[p, q, µ, ρ]pν

+I4(p, q; 0) ε[p, q, µ, ρ]qν + I5(p, q; 0) ε[p, q, ν, ρ]pµ + I6(p, q; 0) ε[p, q, ν, ρ]qµ

)

(3.101)

with ε[p, q, ρ, σ] = εµνρσp
µqν and where

I3(p, q; 0) = −
∫ 1

0

dx

∫ 1−x

0

dy
xy

y(1− y)p2 + x(1− x)q2 + 2xy p · q
I4(p, q; 0) =

∫ 1

0

dx

∫ 1−x

0

dy
x(x− 1)

y(1− y)p2 + x(1− x)q2 + 2xy p · q
I5(p, q; 0) = −I4(q, p; 0)

I6(p, q; 0) = −I3(p, q; 0) (3.102)

In terms of the Rosenberg parametrization the β dependence of (3.17) is con-

tained only in I1 and I2 (which are superficially divergent). However, using the

WIs (3.26), (3.27) and (3.28) it is possible to show that they can be expressed

in terms of I3 . . . I6 as

IAV V
1 (p, q, β; 0) = p · q I3(p, q; 0) + q2 I4(p, q; 0) +

2 + β

8
IAV V
2 (p, q, β; 0) = −IAV V

1 (q, p, β; 0) (3.103)

Analogously for the VAV, VVA and AAA triangles.

We can act in the same way for the CBB amplitude. The total fermionic

triangle can be written as

∆CBB
ρµν = −A

CBB

2
Γρµν(p, q; 0) (3.104)

6For a massive fermionic triangle see Appendix D.3.
7For a demonstration of the Rosenberg parametrization see Appendix D.3.
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where Γρµν(p, q; 0) is the parametrization (3.101). Imposing the eq. (3.29), (3.30)

and (3.31) we find that

ICBB
1 (p, q, β; 0) = p · q I3(p, q; 0) + q2 I4(p, q; 0) +

2 + β

8
ICBB
2 (p, q, β; 0) = −ICBB

1 (q, p, β; 0) (3.105)

and the amplitude, as we know, is not uniquely defined. The anomaly cancel-

lation will solve this problem. In the standard case we have ACBB = 0 so the

amplitude is uniquely defined but identically zero. Instead with the GS mecha-

nism, the final amplitude will not be zero. In this case we have

ACBB
ρµν = ∆CBB

ρµν + (GCS)CBB
ρµν = ∆CBB

ρµν + 2dCBBερνµα(p− q)α (3.106)

The GCS terms can be reabsorbed by the following redefinitions

ACBB
ρµν = ∆CBB

ρµν + (GCS)CBB
ρµν = −A

CBB

2
Γ̃ρµν (3.107)

where

Γ̃ρµν =
1

π2

(
Ĩ1ε[p, µ, ν, ρ] + Ĩ2ε[q, µ, ν, ρ] + I3ε[p, q, µ, ρ]pν

+I4ε[p, q, µ, ρ]qν + I5ε[p, q, ν, ρ]pµ + I6(ε[p, q, ν, ρ]qµ
)

(3.108)

with (ACBB

2π2

)
Ĩ1(p, q) =

(ACBB

2π2

)
I1(p, q)− 2dCBB

(ACBB

2π2

)
Ĩ2(p, q) =

(ACBB

2π2

)
I2(p, q) + 2dCBB (3.109)

Using eq. (3.72) and (3.105) we get

Ĩ1(p, q) = p · qI3(p, q) + q2I4(p, q)

Ĩ2(p, q) = −Ĩ1(q, p) (3.110)

that relate Ĩ1 and Ĩ2 to the other Ii’s. So we have removed the β dependence

of the fermionic triangle, thanks to the GCS coupling, and the amplitude is

uniquely defined and it obeys the following WIs

(p + q)ρACBB
ρµν =

ACBB

32π2
εµναβpαqβ = −2ib3(GS)BB

µν

pµACBB
ρµν = 0

qνACBB
ρµν = 0 (3.111)
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Finally the theory is gauge invariant, but in this case the amplitude is different

from zero. This result does not depend on the scheme of the anomaly distribu-

tion.
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Chapter 4

MiAUMSSM. Model building

One of the most attractive scenario for physics beyond the SM is the existence

of additional massive neutral gauge bosons [30]-[38]. They could be one of the

first discoveries at LHC if their mass is in the range of a few TeV. Many different

models have been developed in the past in order to investigate this possibility.

The mass could be acquired in a variety of ways: from Kaluza-Klein modes to

a standard Higgs mechanism or even the Stückelberg mechanism [39, 40]. The

latter is common to low energy effective field theories which appear anomalous.

The anomaly cancellation is achieved by the GS mechanism which ensure the

consistency of these models [41, 42].

In string theory anomalous U(1)’s are very common. D-brane models contain

several abelian factors, living on each stack of branes, and they are typically

anomalous [41]-[62]. In the presence of these anomalous U(1)’s, the Stückelberg

mixing with the axions cancels mixed anomalies, and renders the “anomalous”

gauge fields massive. The masses depend non-trivially on the internal volumes

and on other moduli, allowing the physical masses of the anomalous U(1) gauge

bosons to be much smaller than the string scale (even at a few TeV range).

This chapter is entirely based on [1], where we presented for the first time our

model: the Minimal Anomalous U(1)′ Extension of the MSSM (MiAUMSSM).
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4.1 Preliminaries

We study an extension of the MSSM1 by the addition of an abelian vector multi-

plet V (0). We assume that all the MSSM fields are charged under the additional

vector multiplet V (0), with charges that are given in Table 4.1, where Qi, Li are

the left handed quarks and leptons respectively while U c
i , D

c
i , E

c
i are the right

handed up and down quarks and the electrically charged leptons. The super-

script c stands for charge conjugation. The index i = 1, 2, 3 denotes the three

different families. Hu,d are the two Higgs scalars. In order to gain in flexibility,

SU(3)c SU(2)L U(1)Y U(1)′

Qi 3 2 1/6 QQ

U c
i 3̄ 1 −2/3 QUc

Dc
i 3̄ 1 1/3 QDc

Li 1 2 −1/2 QL

Ec
i 1 1 1 QEc

Hu 1 2 1/2 QHu

Hd 1 2 −1/2 QHd

Table 4.1: Charge assignment.

our model is only string inspired: we do not commit to a specific brane model

and this is why the charges are not fixed, even if the effective cut-off is related

to the mass of the Z ′. Since our model is an extension of the MSSM, the gauge

invariance of the superpotential (2.2), that contains the Yukawa couplings and a

µ-term, put constraints on the above charges

QUc = −QQ −QHu

QDc = −QQ + QHu

QEc = −QL + QHu

QHd
= −QHu (4.1)

Thus, QQ, QL and QHu are free parameters of the model.

The extra vector multiplet generically is anomalous and consistency of the

1Since we do not discuss phenomenological consequences, the treatment of all this section is before

the insertion of the coupling constant using V → 2gV .
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model requires an additional Stückelberg multiplet S with the proper couplings as

well as GCS terms. For the complete Langrangian of the model see Appendix B.2.

4.1.1 Anomalies and GS mechanism

As showed in Section 3.2, the MSSM is anomaly free. All the anomalies that

involve only the SU(3), SU(2) and U(1)Y factors vanish identically. However,

triangles with U(1)′ in the external legs in general are potentially anomalous.

These anomalies are2

U(1)′ − U(1)′ − U(1)′ : A(0) =
∑

f

Q3
f (4.2)

U(1)′ − U(1)Y − U(1)Y : A(1) =
∑

f

QfY
2
f (4.3)

U(1)′ − SU(2)− SU(2) : A(2) =
∑

f

QfTr[T
(2)
k2

T
(2)
k2

] (4.4)

U(1)′ − SU(3)− SU(3) : A(3) =
∑

f

QfTr[T
(3)
k3

T
(3)
k3

] (4.5)

U(1)′ − U(1)′ − U(1)Y : A(4) =
∑

f

Q2
fYf (4.6)

where f runs over the fermions in Table 4.1, Qf is the corresponding U(1)′

charge, Yf is the hypercharge and T
(a)
ka

, a = 2, 3; ka = 1, . . . , dimG(a) are the

generators of the G(2) = SU(2) and G(3) = SU(3) algebras respectively. In our

notation Tr[T
(a)
j T

(a)
k ] = 1

2
δjk. All the remaining anomalies that involve U(1)′s

vanish identically due to group theoretical arguments (see Chapter 22 of [20]).

Using the charge constraints (4.1) we get

A(0) = 3
{

Q3
Hu

+ 3QHuQ
2
L + Q3

L − 3Q2
Hu

(QL + 6QQ)
}

(4.7)

A(1) = −3

2
(3QQ + QL) (4.8)

A(2) =
3

2
(3QQ + QL) (4.9)

A(3) = 0 (4.10)

A(4) = −6QHu (3QQ + QL) (4.11)

2We are working in an effective field theory framework and we ignore throughout the Thesis all the

gravitational effects. In particular, we do not consider the gravitational anomalies which, however,

could be cancelled by the GS mechanism.
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Notice that the mixed anomaly between the anomalous U(1) and the SU(3)

nonabelian factors A(3) vanishes identically.

Many models have been developed in the past where all the anomalies (4.7-

4.11) vanish by constraining the charges Qf (see [30, 31] and references therein).

On the contrary, in this Thesis we assume that the U(1)′ is anomalous, i.e. (4.7)-

(4.11) do not vanish. Consistency of the model is achieved by the GS mechanism

showed in Sections 3.3 and 3.4. The axionic Lagrangian now reads

Laxion =
1

4

(
S + S† + 4b3V

(0)
)2

∣∣∣
θ2θ̄2

−1

2

{[
2∑

a=0

b
(a)
2 S Tr

(
W (a)W (a)

)
+ b

(4)
2 S W (1) W (0)

]

θ2

+ h.c.

}
(4.12)

where the index a = 0, . . . , 3 runs over the U(1)′, U(1)Y , SU(2) and SU(3) gauge

groups respectively. The Stückelberg multiplet is given in (3.90) and transforms

under the U(1)′ as

V (0) → V (0) + i
(
Λ− Λ†

)

S → S − 4i b3 Λ (4.13)

where b3 is a constant. The lowest component of S is a complex scalar field

s = α + iφ. We assume that the real part α gets an expectation value by an

effective potential of stringy or different origin and contributes to the coupling

constants as
1

16g2
aτa

=
1

16g̃2
aτa

− 1

2
b
(a)
2 〈α〉 (4.14)

where ga is the redefined coupling constant and the gauge factors τa take the

values 1, 1, 1/2, 1/2. The first line in (4.12) is the Stückelberg Lagrangian [26]

of the U(1)′ which is gauge invariant and provides the kinetic terms and the

axion-U(1)′ mixing. The second line is not gauge invariant and provides the GS

couplings that participate in the anomaly cancellation procedure. Notice that

in (4.12) the sum over a omits the a = 3 case since there is no mixed anomaly

between the U(1)′ and the SU(3) factors as from eq.(4.10), i.e. b
(3)
2 = 0. The

values of the other constants, b
(a)
2 , are fixed by the anomalies.

At first sight our Lagrangian (see Appendix B.2) may not look like the most

general possible one. In particular, an explicit Fayet-Iliopoulos term ξV (0) could

be added. It is well known that in certain string-inspired models (see, e.g. [63]),

56



4.1 Preliminaries

an one-loop FI term is absent, even if Tr(Q) 6= 0. This is in apparent conflict

with the observation [64] that in field theory a quadratically divergent FI term

is always generated at one loop. The solution to this paradox is that in the

low-energy Lagrangian there should be a counterterm, which compensates pre-

cisely, i.e. both the divergent and the finite part of, the one-loop contribution.

We do not write explicitly this counterterm, since its exact expression is model

and regularization dependent, but we implicitly assume that such a cancellation

occurs. As mentioned before, also the terms responsible for the cancellation of

gravitational anomalies are omitted.

Expanding Laxion in component fields, using the Wess-Zumino gauge and

substituting α by its VEV we get

Laxion =
1

2

(
∂µφ + 2b3V

(0)
µ

)2
+

i

4
ψSσµ∂µψ̄S +

i

4
ψ̄Sσ̄µ∂µψS (4.15)

+
1

2
FSF̄S + 2b3〈α〉D(0) −

√
2b3(ψSλ(0) + h.c.)

−1

4
φ εµνρσ

2∑
a=0

b
(a)
2 Tr

(
F (a)

µν F (a)
ρσ

)− 1

4
b
(4)
2 εµνρσφF (1)

µν F (0)
ρσ

+
1

2
b
(4)
2 〈α〉F (1)

µν F (0)
µν − b

(4)
2 〈α〉D(1)D(0)

−1

2

{
2∑

a=0

b
(a)
2

[
−2φTr

(
λ(a)σµDµλ̄

(a)
)

+
i√
2
Tr

(
λ(a)σµσ̄νF (a)

µν

)
ψS

−FSTr
(
λ(a)λ(a)

)−
√

2ψSTr
(
λ(a)D(a)

)]

+b
(4)
2

[(
−φλ(1)σµ∂µλ̄

(0) + i〈α〉λ(1)σµ∂µλ̄
(0) − 1

2
FSλ(1)λ(0)

− 1√
2
ψSλ(1)D(0) +

i

2
√

2
λ(1)σµσ̄νF (0)

µν ψS

)
+ (0 ↔ 1)

]
+ h.c.

}

where we omit terms which are coming from 〈α〉W (a)W (a), since they are ab-

sorbed in the coupling constant redefinition (4.14). As stressed in the previous

chapter, this mechanism cancels some mixed anomalies and in addition provides

a mass term to the anomalous U(1). Therefore, the anomalous U(1) behaves

almost like the usual Z ′ extensively studied in the past.
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For what concern the GCS terms we have

LGCS = +d4

[(
V (1)DαV (0) − V (0)DαV (1)

)
W (0)

α + h.c.
]
θ2θ̄2 +

−d5

[(
V (1)DαV (0) − V (0)DαV (1)

)
W (1)

α + h.c.
]
θ2θ̄2 +

−d6Tr

[ (
V (2)DαV (0) − V (0)DαV (2)

)
W (2)

α +

+
1

6
V (2)DαV (0)D̄2

([
DαV (2), V (2)

])
+ h.c.

]

θ2θ̄2

(4.16)

and their expression in component fields

LGCS = +d4 εµνρσV (0)
µ V (1)

ν F (0)
ρσ − d5 εµνρσV (0)

µ V (1)
ν F (1)

ρσ

−d6 εµνρσV (0)
µ Tr

[
V (2)

ν F (2)
ρσ − i

3
V (2)

ν

[
V (2)

ρ , V (2)
σ

]]

+d4

(
λ(0)σµλ̄(0)V (1)

µ − λ(0)σµλ̄(1)V (0)
µ + h.c.

)

−d5

(
λ(1)σµλ̄(1)V (0)

µ − λ(1)σµλ̄(0)V (1)
µ + h.c.

)

−d6Tr
[
λ(2)σµλ̄(2)V (0)

µ − λ(2)σµλ̄(0)V (2)
µ + h.c.

]
(4.17)

The constants d4, d5 and d6 are fixed by the cancellation of the mixed anomalies.

The cancellation of anomalies goes in the same way as in Sections 3.3 and 3.4

so we give only the results

b
(1)
2 b3 = − A(1)

128π2
b
(2)
2 b3 = −A

(2)

64π2

b
(0)
2 b3 = − A(0)

384π2
b
(4)
2 b3 = − A(4)

128π2

d4 = − A(4)

384π2
d5 =

A(1)

192π2
d6 =

A(2)

96π2
(4.18)

For simplicity we chose a symmetric distribution for all the anomalies (see the

discussion at the end of Section 3.1). For the anomaly cancellation in the broken

phase we remand to a specific case in Section 5.2.1 and to our paper [1].

Before going on we want to spend other few words on these anomalies. In our

model there are two extra states in the neutral fermionic sector, namely the axino

and the primeino (see Section 4.2.7) which do not contribute to the fermionic

loop. The remaining MSSM fermionic states are a bino, a wino and the two

higgsinos. Both U(1)Y and SU(2) gauginos do not contribute to the fermionic

loop due to group theoretical arguments (see Section 28.1 of [65]). The higgsino

eigenstates do not participate because the h̃u contribution is cancelled by the h̃d
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one. This is due to the fact that each diagram is proportional to an odd product

of charges and the two higgsinos have opposite charges (see Table 4.1 and the

constraints (4.1)). Therefore only SM fermions give the relevant contribution to

the anomalies (4.7)-(4.11).

4.1.2 Soft breaking terms

Since we added new matter content to the MSSM Lagrangian we expect that

new soft breaking terms can be added to the theory. The total soft breaking

Lagrangian can be written as

Lsoft = LMSSM
soft + Lnew

soft (4.19)

where LMSSM
soft is the MSSM soft breaking Lagrangian given in eq. (2.10) and

Lnew
soft = −1

2

(
M0λ

(0)λ(0) + h.c.
)− 1

2

(
MS

2
ψSψS + h.c.

)
(4.20)

where λ(0) is the gaugino of the added U(1)′ and ψS is the axino. We allow a soft

mass term for the axino since it couples only through GS interactions and not

through Yukawa interactions [66]. Notice also that a mass term for the axion φ

is not allowed since it transforms non trivially under the anomalous U(1)′ gauge

transformation (4.13).

4.2 Model setup

In this section we analyze the effects of the additional terms on the rest of the

Lagrangian. From now on we work with the Lagrangian (B.8) after substitution

V (a) → gaV
(a).

4.2.1 Kinetic diagonalization of U(1)’s

As we mentioned before, the Stückelberg multiplet contains a complex scalar field

whose real part gets an expectation value that modifies the coupling constant

(4.14). Therefore, the second line in (4.12) contributes to the kinetic terms for

the gauge fields and the term 〈α〉W (1)W (0) gives a kinetic mixing between the

V (1) and V (0) gauge bosons. We have(
1

4
W (0)W (0) +

1

4
W (1)W (1) +

δ

2
W (1)W (0)

)∣∣∣∣
θ2

(4.21)
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with δ = −4b
(4)
2 g0g1〈α〉. In order to diagonalize the kinetic terms, we use the

matrix (
V (0)

V (1)

)
=

(
Cδ 0

−Sδ 1

)(
VC

VB

)
(4.22)

where Cδ = 1/
√

1− δ2 and Sδ = δCδ. Let us stress that in this case the mixing

is a consequence of the anomaly cancellation procedure. Note that, since b
(4)
2 ∼

b−1
3 ∼ M−1

V (0) (see eq. (4.18)), where MV (0) is the mass of the anomalous U(1)

that we assume to be in the TeV range, this mixing is tiny and can be ignored

for our purposes.

4.2.2 D and F terms

The additional fields give rise also to D and F terms. More precisely, D term

contributions come from: (i) the kinetic terms of chiral multiplets and (ii) the

axionic Lagrangian (4.12), providing

LD =
1

2

3∑
a=0

D
(a)
ka

D
(a)
ka

+
3∑

a=0

gaD
(a)
ka

z†i (T
(a)
ka

)i
jz

j + 4g0b3〈α〉D(0) + δD(1)D(0) +

+2

[
2∑

a=0

g2
a b

(a)
2

√
2ψSTr

(
λ(a)D(a)

)
+ g0g1

b
(4)
2√
2
ψS

(
λ(1)D(0) + λ(0)D(1)

)
+ h.c.

]

(4.23)

where a = 0, 1, 2, 3 denotes, as usual, the gauge group factors, zi are the lowest

components of the i-th chiral multiplet (except the multiplet which contains the

axion) and T
(a)
ka

, ka = 1, . . . , dimG(a), are the generators of the corresponding

gauge groups, G(a). Solving the equations of motion for the D’s and substituting

back we obtain

LDC
= −1

2

{[
Cδg0

∑

f

Qf |zf |2 − Sδg1

∑

f

Yf |zf |2
]

+ Cδ4g0b3〈α〉

+ 2
√

2b
(0)
2 g2

0

[
ψS

(
C2

δ λC

)
+ h.c.

]
+ 2

√
2b

(1)
2 g2

1

[
ψS

(
S2

δ λC − SδλB

)
+ h.c.

]

+
√

2b
(4)
2 g0g1 [ψS (CδλB − 2CδSδλC) + h.c.]

}2

(4.24)
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LDB
= −1

2

{
g1

∑

f

Yf |zf |2 + 2
√

2b
(1)
2 g2

1 [ψS (λB − SδλC) + h.c.] +

+
√

2b
(4)
2 g0g1 [ψSCδλC + h.c.]

}2

(4.25)

LD(2) = −1

2

∑

k

{
g2z

†
i (T

(2)
k )i

jz
j + b

(2)
2 g2

2

[√
2ψSλ

(2)
k + h.c.

]}2

(4.26)

LD(3) = −1

2

∑

k

{
g3z

†
i (T

(3)
k )i

jz
j
}2

(4.27)

Similarly, the F term contributions are

LF =
∑

f∈MSSM

(
F fF †

f −
∂W

∂zf
F f − ∂W †

∂z†f
F †

f

)
(4.28)

+
1

2
FSF †

S +
1

2

{
4FS

[
2∑

a=0

g2
ab

(a)
2 Tr

(
λ(a)λ(a)

)
+ g0g1b

(4)
2 λ(1)λ(0)

]
+ h.c.

}

where the first line is the standard MSSM F term contribution while the second

line contains the new Stückelberg terms. Solving the equation of motion

LFS
= −8

[∑
a

b
(a)
2 g2

aTr
(
λ(a)λ(a)

)
+ g1g0b

(4)
2 λ(1)λ(0)

]

×
[∑

a

b
(a)
2 g2

aTr
(
λ̄(a)λ̄(a)

)
+ g1g0b

(4)
2 λ̄(1)λ̄(0)

]
(4.29)

Eq. (4.29) can also be written in the basis (4.22), but we will not need this term

in the following.

We would like to mention that no D and F terms are coming from the GCS

since they include only vector multiplets in an antisymmetric form. Our results

are in accordance with [62].

4.2.3 Scalar potential

As we have seen in the previous section, the additional F terms (4.29) do not give

any contribution to the scalar potential. The DB, D(2) and D(3) terms (see eq.

(4.25), (4.26) and (4.27)) provide the usual contributions to the MSSM potential.
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The only new contribution comes from the first line of (4.24). Thus the scalar

potential can be written as

V = VMSSM + VDC
(4.30)

VDC
=

1

2

{[
Cδg0

∑

f

Qf |zf |2 − Sδg1

∑

f

Yf |zf |2
]

+ Cδ4g0b3〈α〉
}2

(4.31)

Solving the equations for the minima of the potential

∂V

∂zf

= 0 (4.32)

we get 〈zf〉 = 0 for all the sfermions as in the MSSM case. Inserting back these

VEVs into (4.30) we get the following Higgs scalar potential

Vh =
{
|µ|2 + m2

hu
+ 4g2

0b3〈α〉CδXδ

}(
|h0

u|2 + |h+
u |2

)

+
{
|µ|2 + m2

hd
− 4g2

0b3〈α〉CδXδ

}(
|h0

d|2 + |h−d |2
)

+
{1

2
(g0Xδ)

2 +
1

8
(g2

1 + g2
2)

}(
|h0

u|2 + |h+
u |2 − |h0

d|2 − |h−d |2
)2

+
{

b (h+
u h−d − h0

uh
0
d) + h.c.

}
+

1

2
g2
2|h+

u h0†
d + h0

uh
−†
d |2 (4.33)

which can be brought to the same form of the MSSM potential (see eq. (2.40)),

after the following redefinitions

m2
hu

+ 4g2
0b3〈α〉CδXδ → m̃2

hu

m2
hd
− 4g2

0b3〈α〉CδXδ → m̃2
hd(

(g0Xδ)
2 +

1

4
(g2

1 + g2
2)

)
v2 → M̃2

Z0
(4.34)

where

g0Xδ = Cδg0QHu −
1

2
Sδg1 (4.35)

At the minimum, we recover the MSSM result 〈h+
u 〉 = 〈h−d 〉 = 0 for the Higgs

charged components. Defining as usual 〈h0
i 〉 = vi/

√
2 , v2

u + v2
d = v2 and vu/vd =

tan β we can still write the tree level conditions for the electroweak symmetry

breaking as

b2 >
(|µ|2 + m̃2

hu

) (|µ|2 + m̃2
hd

)
(4.36)

2b < 2|µ|2 + m̃2
hu

+ m̃2
hd

(4.37)

in complete analogy with the MSSM case (using m̃’s).

62



4.2 Model setup

4.2.4 Higgs sector

It is worth noting that in our model there is no axi-Higgs mixing. This is due

to the fact that we do not consider scalar potential terms for the axion (on the

contrary to [42]).

After the electroweak symmetry breaking we have four gauge generators that

are broken, so we have four longitudinal degrees of freedom. One of them is the

axion, while the other three are the usual NG bosons coming from the Higgs

sector.

As it was mentioned above, the potential has the standard MSSM form,

upon the redefinitions (4.34). Since the discussion goes in the same way as

Section 2.4.2, here we give only the main ideas. Higgs scalar fields consist of

eight real scalar degrees of freedom: three of them are the NG bosons G0, G±.

The remaining five Higgs scalar mass eigenstates consist of two CP-even neutral

scalars h0 and H0, one CP-odd neutral scalar A0 and a charge +1 scalar H+ as

well as its charge conjugate H− with charge −1. The gauge-eigenstate fields can

be expressed in terms of the mass eigenstate fields as(
h0

u

h0
d

)
=

1√
2

(
vu

vd

)
+

1√
2
Rα

(
h0

H0

)
+

i√
2
Rβ

(
G0

A0

)
(4.38)

(
h+

u

h−∗d

)
= Rβ

(
G+

H+

)
(4.39)

where the orthogonal rotation matrices Rα, Rβ are the same as in (2.53). Acting

with these matrices on the gauge eigenstate fields we obtain the diagonal mass

terms. Replacing the tilde parameters (4.34) we obtain the masses (compare

with eq. (2.55), (2.56) and (2.57))

m2
A0 = 2|µ|2 + m2

hu
+ m2

hd
(4.40)

m2
h0,H0 =

1

2

{
m2

A0 +

(
(g0Xδ)

2 +
1

4
(g2

1 + g2
2)

)
v2

∓
[(

m2
A0 −

(
(g0Xδ)

2 +
1

4
(g2

1 + g2
2)

)
v2

)2

+4

(
(g0Xδ)

2 +
1

4
(g2

1 + g2
2)

)
v2m2

A0 sin2(2β)

] 1
2

}
(4.41)

m2
H± = m2

A0 + m2
W = m2

A0 + g2
2

v2

4
(4.42)
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and the mixing angles (compare with eq. (2.59))

sin 2α

sin 2β
= −m2

H0 + m2
h0

m2
H0 −m2

h0

tan 2α

tan 2β
=

m2
A0 +

(
(g0Xδ)

2 + 1
4
(g2

1 + g2
2)

)
v2

m2
A0 −

(
(g0Xδ)

2 + 1
4
(g2

1 + g2
2)

)
v2

(4.43)

Notice that only the h0 and H0 masses modified with respect to the MSSM, due

to the additional anomalous U(1)′.

4.2.5 Neutral Vectors

There are two mass-sources for the gauge bosons: (i) the Stückelberg mechanism

and (ii) the Higgs mechanism. In this extension of the MSSM, the mass terms

for the gauge fields are given by

LM =
1

2

(
Cµ Bµ V

(2)
3µ

)
M2




Cµ

Bµ

V
(2)µ
3


 (4.44)

Cµ, Bµ are the spin 1 components of the vector multiplets VC , VB. The gauge

boson mass matrix is

M2 =




M2
C g0g1

v2

2
Xδ − g0g2

v2

2
Xδ

... g2
1

v2

4
−g1g2

v2

4

... ... g2
2

v2

4


 (4.45)

where M2
C = 16g2

0b
2
3C

2
δ + g2

0(v
2)X2

δ and the lower dots denote the obvious terms

under symmetrization. After diagonalization, we obtain the eigenstates

Aµ =
g2Bµ + g1V

(2)
3µ√

g2
1 + g2

2

(4.46)

Z0µ =
g2V

(2)
3µ − g1Bµ√
g2
1 + g2

2

+ g0QHu

√
g2
1 + g2

2v
2

2M2
V (0)

Cµ +O[g3
0,M

−3
V (0) ] (4.47)

Z ′
µ = Cµ +

g0QHuv
2

2M2
V (0)

(
g1Bµ − g2V

(2)
3µ

)
+O[g3

0, M
−3
V (0) ] (4.48)
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and the corresponding masses

M2
γ = 0 (4.49)

M2
Z0

=
1

4

(
g2
1 + g2

2

)
v2 − (QHu)2 (g2

1 + g2
2) g2

0v
4

4M2
V (0)

+O[g3
0,M

−3
V (0) ] (4.50)

M2
Z′ = M2

V (0) + g2
0

[
(QHu)2

(
1 +

g2
1v

2 + g2
2v

2

4M2
V (0)

)
− 〈α〉g3

1A(4)

64π2MV (0)

]
v2 +O[g3

0,M
−3
V (0) ]

(4.51)

where MV (0) = 4b3g0 is the mass parameter for the anomalous U(1) and it is

assumed to be in the TeV range. Due to their complicated form, the eigenstates

and eigenvalues of M2 (4.45) are expressed as power expansions in g0 and 1/MV (0)

keeping only the leading terms. Higher terms are denoted by O[g3
0,M

−3
V (0) ].

The first eigenstate (4.46) corresponds to the photon and it is exact to all

orders. It slightly differs from the usual MSSM expression (2.65) due to the

kinetic mixing between V (0) and V (1).

For the rest of the Thesis, we neglect the kinetic mixing contribution since

they are higher loop effects which go beyond the scope of the Thesis. Then the

rotation matrix from the hypercharge to the photon basis, up to O[g3
0,M

−3
V (0) ] is




Z ′
µ

Z0µ

Aµ


 = Oij




V
(0)
µ

V
(1)
µ

V
(2)
3µ


 (4.52)

=




1 g1
g0QHuv2

2M2

V (0)

−g2
g0QHuv2

2M2

V (0)

g0QHu

√
g2
1+g2

2v2

2M2

V (0)

− g1√
g2
1+g2

2

g2√
g2
1+g2

2

0 g2√
g2
1+g2

2

g1√
g2
1+g2

2







V
(0)
µ

V
(1)
µ

V
(2)
3µ




where i, j = 0, 1, 2.

4.2.6 Sfermions

In general, the contributions to the sfermion masses are coming from (i) the D

and F terms in the superpotential and (ii) the soft-terms. However, in our case,
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the new contribution comes only from the DC terms

V DC
mass =

{(
Cδg0QHu +

1

2
Sδg1

)(
v2

u − v2
d

2

)
+ 4Cδg0b3〈α〉

}
×

{∑

f

(Cδg0Qf − Sδg1Yf ) |yf |2
}

(4.53)

where the yf stand for all possible sfermions.

4.2.7 Neutralinos

With respect to the MSSM, now we have two new fields: ψS and λ(0). Thus, we

have

Lneutralino mass = −1

2
(ψ0)TMÑψ0 + h.c. (4.54)

where

(ψ0)T = (ψS, λC , λB, λ(2), h̃0
d, h̃0

u) (4.55)

The neutralino mass matrix MÑ gets contributions from (i) the MSSM terms,

(ii) the h − h̃ − λ(0) couplings, (iii) the new soft-breaking terms Lnew
soft, (iv) the

Stückelberg action and (v) the D terms. Finally, we obtain the symmetric matrix

MÑ =




MS

2
mSC mSB

2g3
2b

(2)
2√
2

∆v2 0 0

. . . M0C
2
δ + M1S

2
δ −M1Sδ 0 −g0vdXδ g0vuXδ

. . . . . . M1 0 −g1vd

2
g1vu

2

. . . . . . . . . M2
g2vd

2
−g2vu

2

. . . . . . . . . . . . 0 −µ

. . . . . . . . . . . . . . . 0




(4.56)

where M0, M1, M2 and MS are the masses coming from the soft breaking terms

(4.19), and

mSC =
√

2

{
2
(
C2

δ g
2
0b

(0)
2 + S2

δ g
2
1b

(1)
2 − CδSδg0g1b

(4)
2

) (
g0Xδ ∆v2 + CδMV (0)〈α〉)

+
1

2

(
−2Sδg

2
1b

(1)
2 + Cδg0g1b

(4)
2

)
g1 ∆v2 +

Cδ

2
MV (0)

}
(4.57)

mSB =
√

2
{(

Cδg0g1b
(4)
2 − 2Sδg

2
1b

(1)
2

) (
g0Xδ ∆v2 + CδMV (0)〈α〉) + b

(1)
2 g3

1 ∆v2
}
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with ∆v2 = v2
u−v2

d . It is worth noting that the D terms and kinetic mixing terms

are only higher order corrections and they can be neglected in the computations

of the eigenvalues and eigenstates.
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Chapter 5

MiAUMSSM. Phenomenology

In this chapter we discuss some phenomenology consequences of the model showed

in Chapter 4. We focus on the simple but still interesting case QHu = 0. In this

case there is no mixing between the V (0) and the other SM gauge fields therefore

Z ′ = V (0) (see (4.52)). Then the Z ′ couples only to SM fermions and their cor-

responding superpartners. There is no tree level interaction between the Z ′ and

the W ’s or the neutralinos or the charginos since the corresponding couplings

are proportional to QHu . Moreover, as we will see in the following, this simple

choice implies interesting properties of the Z ′ involved in fermionic triangles.

First of all we will study the tree level decays of the Z ′ into fermions and

the anomalous decays into neutral gauge bosons. We will check the anomaly

cancellation in the broken phase and we will also give some prediction about

these processes in LHC.

Then we will pass to the supersymmetric sector. We will consider the case

in which the axino is the LSP and we will check if the prediction for the relic

density is in agreement or not with the current experimental bounds.

This chapter is entirely based on our papers [1] and [2].
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5.1 Tree level decays

First of all we discuss the tree level decays of the Z ′. As suggested in the

introduction, the tree level final states can only be fermions or sfermions. Since

this is a standard part we do not spend much time in details. We remember that

we are in the case QHu = 0.

5.1.1 Fermions

The Lagrangian describing the interaction of the Z ′ with SM fermions is given

by

Lint
Z′ = −1

2
gZ′ Ψ̄f γµ

(
vZ′

f − aZ′
f γ5

)
ΨfZ

′
µ (5.1)

where gZ′ = g0, Ψf is the usual Dirac spinor (see eq. (3.3)) and the vectorial and

axial couplings are defined as

vZ′
f = QZ′

fL
+ QZ′

fR

aZ′
f = QZ′

fL
−QZ′

fR
(5.2)

and listed in Table 5.1.

vZ′
f aZ′

f

νe, νµ, ντ QL QL

e, µ, τ 2QL 0

u, c, t 2QQ 0

d, s, b 2QQ 0

Table 5.1: Couplings of the SM fermions with the Z ′ gauge boson.

The decay rate is given by

Γ(Z ′ → ff̄) = Cf
g2

Z′

48π
MZ′

√
1− 4

m2
f

M2
Z′

[(
vZ′

f

)2

Rf
v +

(
aZ′

f

)2

Rf
a

]
(5.3)

where the colour factor Cf = 1(3) for leptons (quarks) and the kinematic factors

Rf
v = 1 + 2

m2
f

M2
Z′

Rf
a = 1− 4

m2
f

M2
Z′

(5.4)

take into account the fermion mass mf .
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5.1 Tree level decays

5.1.2 Sfermions

The Lagrangian describing the interaction of the Z ′ with sfermions is given by

L̃int
Z′ = − i

2
gZ′

(
vZ′

f ± aZ′
f

)
f̃ †L,R ∂µf̃L,R Z ′

µ (5.5)

where the +(−) is for left (right) handed sfermions respectively and with vZ′
f and

aZ′
f given in eq. (5.2). The decay rate for Z ′ decay to sfermions is calculated to

be

Γ(Z ′ → f̃L,R f̃ †L,R) = Cf
g2

Z′

48π

(
vZ′

f ± aZ′
f

)2

4
MZ′

(
1− 4

m2
f̃L,R

M2
Z′

)3/2

(5.6)

where the colour factor Cf is defined as in the fermion case and mf̃L,R
is the f̃L,R

sfermion mass.

In the case of non-negligible sfermion mixing (such as the top squark) we must

work in the mass eigenstate basis. The decay width is similar to (5.6) with the

appropriate couplings, except that the phase space factor in the case of different

mass decay products is [1− 2(m2
1 + m2

2)/M
2
Z′ + (m2

1 −m2
2)

2/M4
Z′ ]

3/2. For details

see for instance [33].

5.1.3 Numerical results

The tree level decay width for a Z ′, is given by the sum of the decay rates given

in the previous sections

ΓZ′ =
∑

f∈SM

Γ
(
Z ′ → ff̄

)
+

∑

f̃

Γ
(
Z ′ → f̃ f̃ †

)
(5.7)

We focus on the case MZ′ = 1 TeV. The reason will be clear in Section 5.3.

Since we suppose that the LSP has mass of around 500 GeV (see Section 5.4),

the sfermion masses are heavier that MZ′/2, so they cannot be produced by an

on-shell Z ′ decay. We have

ΓZ′ =
∑

f∈SM

Γ
(
Z ′ → ff̄

)

=
∑

f∈SM

Cf
g2

Z′

48π
MZ′

√
1− 4

m2
f

M2
Z′

[(
vZ′

f

)2

Rf
v +

(
aZ′

f

)2

Rf
a

]

∼=
[
119.37 (g0QL)2 + 477.02 (g0QQ)2

]
GeV (5.8)
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Figure 5.1: (a): Tree level decay width for a Z ′ with mass equal to 1 TeV. The darker

shaded regions correspond to larger decay widths. (b): Tree level branching ratio for

Z ′ → e−e+ with mass equal to 1 TeV. The darker shaded regions correspond to larger

values for the branching ratio.

where we used eq. (5.3). Since the Z ′ will be detected at LHC through is decays

into electric charged leptons we give also the branching ratio (BR) for the decay

into an electron-positron pair

BR(Z ′ → e−e+) = Γ(Z ′ → e−e+)/ΓZ′

∼= 26.52 (g0QL)2

119.37 (g0QL)2 + 477.02 (g0QQ)2
(5.9)

The results are plotted in Fig. 5.1 in the form of contour plots in the plane

g0QL, g0QQ. Our choices for g0, QQ, QL and MZ′ are in agreement with the

current experimental bounds [67]. The tree level decay width has elliptic contours

since eq. (5.8) is the equation of an ellipse in the plane g0QL, g0QQ. Concerning

the BR(Z ′ → e−e+) let us observe that if the quarks and the leptons have the

same mass and the same couplings, then the branching ratio will be simply the

inverse of the total number of fermions which is the number of leptons (6) plus

the number of quarks (6) times the color factor (3)

BR(Z ′ → e−e+) =
1

6 + 3× 6
=

1

24
' 0.04 (5.10)

This is the reason why BR(Z ′ → e−e+) has a lot of values less then 5%. In a

region of parameters the most important quantity is the number of the possible

final states.
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5.2 Anomalous Decays

5.2 Anomalous Decays

In this section we compute the amplitudes for the on-shell decays of the Z ′ into

neutral gauge bosons. The SM fermion interaction terms with SM neutral gauge

bosons are

Lint
Z′ = Jµ

Z′Z
′
µ = −1

2
gZ′ Ψ̄f γµ

(
vZ′

f − aZ′
f γ5

)
ΨfZ

′
µ

Lint
Z0

= Jµ
Z0

Z0µ = −1

2
gZ0 Ψ̄f γµ

(
vZ0

f − aZ0
f γ5

)
ΨfZ0µ

Lint
γ = Jµ

γ Aµ = −e qf Ψ̄f γµΨfAµ (5.11)

where qf denote the electric charges, vZ0
f and aZ0

f are the vectorial and axial

couplings with Z0 and vZ′
f and aZ′

f are the vectorial and axial couplings with Z ′,

respectively. They are listed in Table 5.2.

qf vZ0
f aZ0

f vZ′
f aZ′

f

νe, νµ, ντ 0 1/2 1/2 QL QL

e, µ, τ −1 −1/2 + 2 sin2 θW −1/2 2QL 0

u, c, t 2/3 1/2− 4/3 sin2 θW 1/2 2QQ 0

d, s, b −1/3 −1/2 + 2/3 sin2 θW −1/2 2QQ 0

Table 5.2: Couplings of the SM fermions with the neutral gauge bosons.

We remind that, for QHu = 0, the Z ′ is decoupled for the SM neutral gauge

sector, so gZ′ = g0 and the SM coupling constants are given in eq. (2.70) and

(2.71). For the corresponding Feynman rules see Appendices C.2 and C.4.

A priori we could have three possibilities: Z ′ → γ γ, Z ′ → Z0 γ and Z ′ →
Z0 Z0. But the on-shell decay Z ′ → γ γ is prohibited by the Landau-Yang theo-

rem [68], for which we give a brief demonstration in Appendix D.4. This decay is

permitted only if at least one of the two photons is off-shell. Moreover with the

choice QHu = 0, we have that the electric charged fermions have only vectorial

couplings with the Z ′ (see Table 5.2), so the fermionic triangle loop for the decay

Z ′ → γ γ has three vectorial vertices, so the corresponding amplitude is zero

because of the Furry theorem [69]. So in our case, the only possible decays in the

neutral gauge sector (on and off-shell) are Z ′ → Z0 γ and Z ′ → Z0 Z0. However

we remind that we are interested only in on-shell decays.

Since there is no tree level interaction between the Z ′ and neutralinos or
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charginos, no contribution to the fermionic triangles is given by the SUSY sector

so, we get the same results, for what the decays of interest are concerned, of

non-SUSY models.

5.2.1 Anomaly cancellation

Before going on in our computations we check that the anomaly cancellation

still holds in the broken phase. We focus on the process Z ′ → Z0γ since the

extension to the other cases is straightforward. In the broken phase, additional

contributions coming from the NG boson (G0) exchange must be added. The

corresponding WI’s, given in diagrammatic form in Fig. 5.2, are

(p + q)ρ
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
+ iMZ′(GS)Z0γ

µν = 0 (5.12)

pµ
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
+ iMZ0(NG)Z′γ

ρν = 0 (5.13)

qν
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
= 0 (5.14)

where ∆Z′Z0γ
ρµν is the fermionic loop with external Z ′, Z0 and γ, (GCS)Z′Z0γ

ρµν is the

GCS coupling for the vectors cited above, (GS)Z0γ
µν is the GS coupling between

the axion, the Z0 and the photon and (NG)Z′γ
ρν is the fermionic loop with external

Z ′, G0 and γ. The fermionic triangle ∆Z′Z0γ
ρµν is given by

∆Z′Z0γ
ρµν = −1

4
g0gZ0e

∑

f

tZ
′Z0γ

f ΓV AV
ρµν (p, q; mf ) (5.15)

where ΓV AV
ρµν (p, q; mf ) is given by (D.19) and

tZ
′Z0γ

f = vZ′
f aZ0

f qf (5.16)

So we have (compare with eq. (D.40))

(p + q)ρ∆Z′Z0γ
ρµν =

1

4
g0gZ0e

∑

f

tZ
′Z0γ

f

[
1

6π2

]
ε[p, q, µ, ν] (5.17)

pµ∆Z′Z0γ
ρµν =

1

4
g0gZ0e

∑

f

tZ
′Z0γ

f

1

π2

[
1

6
−m2

fI0(p, q; mf )

]
ε[q, p, ν, ρ] (5.18)

qν∆Z′Z0γ
ρµν =

1

4
g0gZ0e

∑

f

tZ
′Z0γ

f

[
1

6π2

]
ε[q, p, ρ, µ] (5.19)

since we choose a symmetric distribution of the anomaly. The integral I0 is given

in eq. (D.42) and ε[p, q, ρ, σ] is defined after (3.101). Using eq. (2.70) and (2.71)
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(p + q)ρ

(

�ψZ ′ρ(p + q)

γν(q)

Z0µ(p)

+ �Z ′

Z0

γ
)

+iMZ′

(

�φ
Z0

γ
)

= 0

pµ

(

�ψZ ′

γ

Z0

+ �Z ′

Z0

γ
)

+iMZ0

(

�ψZ ′

γ

G0

)
= 0

qν

(

�ψZ ′

γ

Z0

+ �Z ′

Z0

γ
)

= 0

Figure 5.2: The Ward identities for the amplitude Z ′ → Z0 γ in the broken phase.

and computing
∑

f tZ
′Z0γ

f we get

(p + q)ρ∆Z′Z0γ
ρµν =

1

8π2
g0g1g2 (3QQ + QL) ε[p, q, µ, ν] (5.20)

pµ∆Z′Z0γ
ρµν =

1

4π2
g0g1g2

[
3QQ + QL

2
−

∑

f

tZ
′Z0γ

f m2
fI0

]
ε[q, p, ν, ρ] (5.21)

qν∆Z′Z0γ
ρµν =

1

8π2
g0g1g2 (3QQ + QL) ε[q, p, ρ, µ] (5.22)

The corresponding GCS coupling is given by the proper combination of the GCS

couplings in the hypercharge basis (see Fig. 5.3a)

(GCS)Z′Z0γ
ρµν =

(
16g0g

2
1R

Z′Z0γ
011 d5 + 8g0g

2
2R

Z′Z0γ
022 d6

)
ε[ρ, ν, µ, p− q] (5.23)

where the rotation factors are

RZ′Z0γ
011 = − g1g2

g2
1 + g2

2

RZ′Z0γ
022 =

g1g2

g2
1 + g2

2

(5.24)
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�Z ′

Z0

γ

= RZ′Z0γ
011

(

�V (0)

V (1)

V (1)

)
+ RZ′Z0γ

022

(

�V (0)

V (2)

V (2)

)
(a)

�φ
Z0

γ

= RZ′Z0γ
011

(

�φ
V (1)

V (1)

)
+ RZ′Z0γ

022

(

�φ
V (2)

V (2)

)
(b)

Figure 5.3: Decomposition of the (GCS)Z
′Z0γ and (GS)Z0γ diagrams in terms of the

diagrams in the hypercharge basis. As usual each depicted diagram also contains the

exchange (µ, p) ↔ (ν, q) The corresponding Feynman rules are given in Appendix C.4.

The rotation factors are given in eq. (5.24).

So we get

(GCS)Z′Z0γ
ρµν =

16g0g1g2

g2
1 + g2

2

(
−g2

1d5 + g2
2

d6

2

)
ε[ρ, ν, µ, p− q]

=
16g0g1g2

192(g2
1 + g2

2)π
2

(−g2
1A(1) + g2

2A(2)
)
ε[ρ, ν, µ, p− q]

=
g0g1g2

8π2
(3QQ + QL) ε[ρ, ν, µ, p− q] (5.25)

where we used eq. (4.18), (4.8) and (4.9). Then using eq. (5.22) we have

qν
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
=

g0g1g2

8π2
(3QQ + QL) (ε[q, p, ρ, µ] + ε[ρ, q, µ, p− q])

=
g0g1g2

8π2
(3QQ + QL) (ε[q, p, ρ, µ] + ε[ρ, q, µ, p])

= 0 (5.26)

and eq. (5.14) is verified. From eq. (5.20) and (5.25) we easily obtain

(p + q)ρ
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
=

3g0g1g2

8π2
(3QQ + QL) ε[p, q, µ, ν] (5.27)

The corresponding GS coupling is given by the proper combination of the GS

couplings in the gauge interaction basis (see Fig. 5.3b)

(GS)Z0γ
µν =

(
8ig2

1R
Z′Z0γ
011 b

(1)
2 − 4ig2

2R
Z′Z0γ
022 b

(2)
2

)
ε[µ, ν, p, q]

=
i

b3

3g1g2

32π2
(3QQ + QL) ε[p, q, µ, ν] (5.28)
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where we used eq. (4.18), (4.8), (4.9) and (5.24). We remember that since QHu =

0, MZ′ = 4g0b3 (see eq. (4.51)). Then using eq. (5.27) we have

(p + q)ρ
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
+ iMZ′(GS)Z0γ

µν =

=
3g1g2

8π2
(3QQ + QL)

(
g0 + iMZ′

i

4b3

)
ε[p, q, µ, ν]

=
3g1g2

8π2
(3QQ + QL)

(
g0 − 4g0b3

4b3

)
ε[p, q, µ, ν]

= 0 (5.29)

and eq. (5.12) is verified. From eq. (5.21) and (5.25) we easily obtain

pµ
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
= − 1

4π2
g0g1g2

∑

f

[
tZ

′Z0γ
f m2

fI0

]
ε[q, p, ν, ρ] (5.30)

Computing the Feynman amplitude for (NG)Z′γ
ρν diagram we find

(NG)Z′γ
ρν = − i

4π2
g0e

[ ∑

e,µ,τ,d,s,b

(
yfd√

2
cos β vZ′

fd
qfd

mfd
I0

)
+

+
∑
u,c,t

(
yfu√

2
sin β vZ′

fu
qfumfuI0

) ]
ε[q, p, ν, ρ]

= − i

4π2
g0

g1g2

1
2

√
g2
1 + g2

2v

[
−

∑

e,µ,τ,d,s,b

(
vZ′

fd

1

2
qfd

m2
fd

I0

)
+

+
∑
u,c,t

(
vZ′

fu

1

2
qfum

2
fu

I0

) ]
ε[q, p, ν, ρ]

= − i

4π2

g0g1g2

MZ0

∑

f

[
vZ′

f aZ0
f qfm

2
fI0

]
ε[q, p, ν, ρ]

= − i

4π2

g0g1g2

MZ0

∑

f

[
tZ

′Z0γ
f m2

fI0

]
ε[q, p, ν, ρ] (5.31)

where we used yfu sin β/
√

2 = mfu/v, −yfd
cos β/

√
2 = mfd

/v, eq. (2.71) and

(4.50) for QHu = 0, the values for aZ0
f given in Table 5.2 and the definition of

tZ
′Z0γ

f given in eq. (5.16). Then summing eq. (5.30) and (5.31) we get

pµ
(
∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

)
+ iMZ0(NG)Z′γ

ρν =

=
1

4π2
g0g1g2

∑

f

[
tZ

′Z0γ
f m2

fI0

](
−1 + iMZ0

−i

MZ0

)
ε[q, p, ν, ρ]

= 0 (5.32)
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+ �Z ′
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Figure 5.4: Diagrams for Z ′ → Z0 γ.

and also eq. (5.13) is verified. So we checked the consistence of the anomaly

cancellation in the broken phase.

5.2.2 Z ′ → Z0 γ

We calculate the decay rate for Z ′ → Z0 γ. We compute all the relevant diagrams

in the Rξ gauge, thus removing the interaction vertex V µ∂µGV that involves

the massive gauge bosons and the Stückelberg or NG boson. Therefore, the

only diagrams that remain are the fermionic loop, the GCS vertex and a not

anomalous remnant contribution (Fig. 5.4). It is possible to show that the last

blob-diagram, that involves several diagrams, is equal to zero. For the interested

reader we give further details in Appendix D.5. The decay rate for the process

is given by

Γ (Z ′ → Z0γ) =
pF

32π2M2
Z′

∫
|AZ′Z0γ|2dΩ (5.33)

where AZ′Z0γ is the total scalar amplitude and pF is the momentum of the out-

going vectors in the CM frame

pF =
MZ′

2

(
1− M2

Z0

M2
Z′

)
(5.34)

The square of the total scalar amplitude is given by

|AZ′Z0γ|2 =
1

3

∑

λ′
ερ1

(λ′)ε
∗ρ2

(λ′)

∑

λ0

εµ1

(λ0)ε
∗µ2

(λ0)

∑

λγ

εν1

(λγ)ε
∗ν2

(λγ) AZ′Z0γ
ρ1µ1ν1

A∗Z′Z0γ
ρ2µ2ν2

(5.35)
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where ε are the polarizations of the gauge bosons, and AZ′Z0γ
ρµν is the Feynman

amplitude of the process. The factor 1/3 comes from the average over the Z ′

helicity states. The polarizations obey to the following completeness relations

∑

λ′
ερ1

(λ′)ε
∗ρ2

(λ′) = −ηρ1ρ2 +
kρ1

(λ′)k
ρ2

(λ′)

M2
Z′

(5.36)

∑

λ0

εµ1

(λ0)ε
∗µ2

(λ0) = −ηµ1µ2 +
kµ1

(λ0)k
µ2

(λ0)

M2
Z0

(5.37)

∑

λγ

εν1

(λγ)ε
∗ν2

(λγ) → −ην1ν2 (5.38)

where (5.38) gives only the relevant part of the sum over helicities. Other terms

are omitted since they give vanishing contributions to the decay. The amplitude

is given by the sum of the fermionic triangle ∆Z′Z0γ
ρµν plus the proper GCS vertex

AZ′Z0γ
ρµν = ∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν (5.39)

where ∆Z′Z0γ
ρµν and (GCS)Z′Z0γ

ρµν are given in eq. (5.15) and (5.25). It is convenient

to express the triangle amplitude by using the Rosenberg parametrization [29]

(see also Appendix D.3)

∆Z′Z0γ
ρµν = − 1

4π2
g0gZ0e

(
A1ε[p, µ, ν, ρ] + A2ε[q, µ, ν, ρ] + A3ε[p, q, µ, ρ]pν

+A4ε[p, q, µ, ρ]qν + A5ε[p, q, ν, ρ]pµ + A6ε[p, q, ν, ρ]qµ

)
(5.40)

where

Ai =
∑

f

tZ
′Z0γ

f Ii for i = 3, . . . , 6 (5.41)

I3, I4, I5 and I6 are finite integrals (their explicit forms are given in (D.25)),

ε[p, q, ρ, σ] is defined after (D.24) and tZ
′Z0γ

f is given in eq. (5.16). A1 and A2

are naively divergent by power counting and so they must be regularized. We

compute them by using the Ward identities. In this way it is possible to express

A1 and A2 in terms of the finite integrals I3, I4, I5 and I6. The GCS term has

the following tensorial structure

dZ′Z0γ
(
ε[p, µ, ν, ρ]− ε[q, µ, ν, ρ]

)
(5.42)

so it can be absorbed by shifting the first two coefficients of the Rosenberg

parametrization for the triangle (see Section 3.5). The resulting amplitude can

79



MiAUMSSM. Phenomenology

be written as

∆Z′Z0γ
ρµν = − 1

4π2
g0gZ0e

(
Ã1ε[p, µ, ν, ρ] + Ã2ε[q, µ, ν, ρ] + A3ε[p, q, µ, ρ]pν

+A4ε[p, q, µ, ρ]qν + A5ε[p, q, ν, ρ]pµ + A6ε[p, q, ν, ρ]qµ

)
(5.43)

The WIs (5.12), (5.13) and (5.14) now read

(p + q)ρAZ′Z0γ
ρµν + iMZ′(GS)Z0γ

µν = 0 (5.44)

pµAZ′Z0γ
ρµν + iMZ0(NG)Z′γ

ρν = 0 (5.45)

qνAZ′Z0γ
ρµν = 0 (5.46)

where MZ′ = 4b3g0 and MZ0 are the Z ′ and Z0 masses respectively. Using the

results of the previous section we obtain

(p + q)ρAZ′Z0γ
ρµν =

1

4π2
g0gZ0e

1

2

∑

f

tZ
′Z0γ

f ε[p, q, µ, ν] (5.47)

pµAZ′Z0γ
ρµν = − 1

4π2
g0gZ0e

∑

f

tZ
′Z0γ

f m2
f I0 ε[q, p, ν, ρ] (5.48)

qνAZ′Z0γ
ρµν = 0 (5.49)

and inserting (5.43) into the above identities we get

Ã1 =
(
q2A4 + p · qA3

)

Ã2 =
(
p2A5 + p · qA6 + (NG)Z′γ

)
(5.50)

with

(NG)Z′γ =
∑

f

tZ
′Z0γ

f m2
fI0 (5.51)

where I0 is the integral given in (D.42). Substituting Ã1, Ã2 from (5.50) into

the amplitude (5.43) and performing all the contractions we finally obtain

|AZ′Z0γ|2 = g2
0g

2
Z0

e2

(
M2

Z′ −M2
Z0

)2 (
M2

Z′ + M2
Z0

)

96M2
Z0

M2
Z′π

4
×

[∑

f

tZ
′Z0γ

f

(
(I3 + I5)M

2
Z0

+ m2
f I0

)]2

(5.52)

80



5.2 Anomalous Decays

5.2.3 Z ′ → Z0 Z0

The computations are similar to the previous case so we point out only the

differences with the other decay. Mutatis mutandis, the decay rate for the process

is given in (5.33) with the proper amplitude and

pF =
MZ′

2

√
1− 4M2

Z0

M2
Z′

(5.53)

The square of the total scalar amplitude is given by

|AZ′Z0Z0|2 =
1

3

∑

λ′
ερ1

(λ′)ε
∗ρ2

(λ′)

∑

λ0

εν1

(λ0)ε
∗ν2

(λ0)

∑

λ0

εµ1

(λ0)ε
∗µ2

(λ0) AZ′Z0Z0
ρ1µ1ν1

A∗Z′Z0Z0
ρ2µ2ν2

(5.54)

where the amplitude AZ′Z0Z0
ρµν is always the sum of the fermionic triangle and the

GCS term. The contribution to the fermionic triangle is

∆Z′Z0Z0
ρµν = −1

8
g0g

2
Z0

[∑

f

(
vZ′

f aZ0
f vZ0

f ΓV AV
ρµν + vZ′

f vZ0
f aZ0

f ΓV V A
ρµν

)
+

∑
n

(
aZ′

n vZ0
n vZ0

n ΓAV V
ρµν + aZ′

n aZ0
n aZ0

n ΓAAA
ρµν

) ]
(5.55)

where n runs over all the neutrinos while the Γρµν ’s are given by (D.18), (D.19),

(D.20), (D.21). Using the fact that for the three neutrino families we have

vZ′
n = aZ′

n and vZ0
n = aZ0

n we write the total amplitude (the sum of the triangles

plus GCS terms) as

AZ′Z0Z0
ρµν = − 1

8π2
g0g

2
Z0

(
Ã1ε[p, µ, ν, ρ] + Ã2ε[q, µ, ν, ρ] + A3ε[p, q, µ, ρ]pν

+A4ε[p, q, µ, ρ]qν + A5ε[p, q, ν, ρ]pµ + A6ε[p, q, ν, ρ]qµ
)

(5.56)

with

Ai = 2
∑

f

tZ
′Z0Z0

f Ii for i = 3, . . . , 6 (5.57)

where

tZ
′Z0Z0

f = ṽZ′
f aZ0

f vZ0
f (5.58)

with ṽZ′
n = 2vZ′

n for neutrinos and ṽZ′
f = vZ′

f for the other fermions. The WIs

now read

(p + q)ρAZ′Z0Z0
ρµν + iMZ′(GS)Z0Z0

µν = 0 (5.59)

pµAZ′Z0Z0
ρµν + iMZ0(NG)Z′Z0

ρν = 0 (5.60)

qνAZ′Z0Z0
ρµν + iMZ0(NG)Z0Z′

µρ = 0 (5.61)
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leading to

(p + q)ρAZ′Z0Z0
ρµν =

1

8π2
g0g

2
Z0

∑

f

tZ
′Z0Z0

f ε[p, q, µ, ν] (5.62)

pµAZ′Z0Z0
ρµν = − 1

8π2
g0g

2
Z0

∑

f

tZ
′Z0Z0

f m2
fI0ε[q, p, ν, ρ] (5.63)

qνAZ′Z0Z0
ρµν = − 1

8π2
g0g

2
Z0

∑

f

tZ
′Z0Z0

f m2
fI0ε[q, p, ρ, µ] (5.64)

From these equations we find the following values for Ã1 and Ã2

Ã1 =
(
q2A4 + p · qA3 − (NG)Z′Z0

)
(5.65)

Ã2 =
(
p2A5 + p · qA6 + (NG)Z′Z0

)
(5.66)

with

(NG)Z′Z0 =
∑

f

tZ
′Z0Z0

f m2
fI0 (5.67)

where I0 is the integral given in (D.42). Substituting back into the amplitude

and performing all the contractions we finally obtain

|AZ′Z0Z0|2 = g2
0g

4
Z0

(
M2

Z′ − 4M2
Z0

)2

192M2
Z0

π4

[∑

f

tZ
′Z0Z0

f

(
2(I3 + I5)M

2
Z0

+ m2
fI0

)]2

(5.68)

5.2.4 Numerical Results

We show some numerical computations for the two decay rates Γ(Z ′ → Z0γ)

and Γ(Z ′ → Z0Z0). They depend on the free parameters of the model, i.e. the

couplings g0QQ, g0QL and the mass of the Z ′, since QHu = 0. We show our

results in Fig. 5.5-5.7 in the form of contour plots in the plane g0QL, g0QQ for

MZ′ = 1, 2 and 4 TeV. Our choices for g0, QQ, QL and MZ′ are in agreement

with the current experimental bounds [67].

The darker shaded regions correspond to larger decay rates. The white region

corresponds to the value 10−6 GeV that can be considered as a rough lower limit

for the detection of the corresponding process. It is worth noting that increasing

MZ′ the mean value of the decay rate of Z ′ → Z0γ grows while the one of

Z ′ → Z0Z0 decreases. We would also like to mention that increasing MZ′ the iso-

decay rate contours in the plot rotate clockwise getting more and more parallel to
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Figure 5.5: MZ′ = 1 TeV.
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Figure 5.6: MZ′ = 2 TeV.
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Figure 5.7: MZ′ = 4 TeV.
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the g0QL-axis. This effect is due to the fact that the contribution of the triangle

diagram with the top quark circulating inside the loop becomes the dominant

contribution for high MZ′ . In this case the decays strongly depend on the top

quark coupling g0QQ while the lepton couplings g0QL become irrelevant. Finally,

we find that the region that gives the largest values (of order of 10−4 GeV) of

the decay Z ′ → Z0 γ is for MZ′ ∼ 4 TeV and for g0QQ ∼ 0.3, g0QL ∼ −0.2.

5.3 LHC prediction

To estimate the number of the decays that can be observed at LHC we shall use

the narrow width approximation,

NZ′→particles = NZ′ BR(Z ′ → particles) (5.69)

where NZ′ is the total number of Z ′ produced and BR(Z ′ → particles) is the

branching ratio of the decay of interest. We remind that we can use such ap-

proximation if (ΓZ′/MZ′)
2 << 1. For our choice of parameters, the maximum

value will be for g0QL = g0QL = 0.3 and MZ′ = 1 TeV, so (ΓZ′/MZ′)
2 ' 3×10−3

and the latter inequality holds.

The total number of Z ′ is NZ′ = σZ′ L t where L = 1034 cm−2s−1 the lumi-

nosity and t =1 year. Finally σZ′ is the Z ′ production cross section [34]

dσZ′

dy
=

4π2x1x2

3M3
Z′

∑
i

[
fqi

(x1)fq̄i
(x2) + fq̄i

(x1)fqi
(x2)

]
Γ(Z ′ → qiq̄i) (5.70)

where fqi,q̄i
are the quark qi (or antiquark q̄i) structure functions in the proton,

and the momentum fractions are

x1,2 = (MZ′/
√

s)e±y (5.71)

The formula (5.70) does not take into account the gluon contribution inside the

proton. The gluons can only contribute with the fermionic loop triangle. There

is no GCS contribution since there is no anomaly (see eq. (4.10)). However the

q q̄ g vertex is vectorial like, as the corresponding vertex with the Z ′ for QHu = 0

(see Table 5.1), so we have a V V V triangle which is zero because of the Furry

theorem [69]. Then, in this case, we do not have any gluon contribution.

We integrate numerically the PDFs using a Mathematica package [70]. In

Fig. 5.8 we show the result for NZ′ at
√

s = 14 TeV. We can see that the number
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Figure 5.8: Number of Z ′ produced at LHC in 1 year for L = 1034cm−2s−1 and
√

s = 14 TeV, in units of (g0QQ)2, in function of the mass of the Z ′.
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Figure 5.9: Number of Z ′ → e−e+ at LHC in 1 year for L = 1034cm−2s−1,
√

s = 14

TeV and MZ′ = 1 TeV.
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Figure 5.10: Number of Z ′ → Z0Z0 at LHC in 1 year for L = 1034cm−2s−1,
√

s = 14

TeV and MZ′ = 1 TeV.
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of the Z ′ produced falls off exponentially with MZ′ , so we shall focus on the

case MZ′ ∼ 1 TeV. As said before, we assume that the LSP has a mass around

500 GeV (see Section 5.4), so that we can ignore sparticles contribution in the

computation of the branching ratios.

In Fig. 5.9, we estimate the number of decays Z ′ → e−e+ for 1 year of

integrated luminosity. We can see that in a wide region of parameter the number

of events is larger then ten thousand. This gives a lot of chance to discover a Z ′

in LHC.

In the case MZ′ = 1 TeV the most favorite anomalous decay is Z ′ → Z0Z0. In

Fig. 5.10, we estimate the number of decays for 1 year of integrated luminosity

which turns out to be NZ′→Z0Z0 ∼ 10 for large values of the couplings g0QL and

g0QQ.

5.4 Axino Dark Matter

Assuming the conservation of R-parity the LSP is a good weak interacting mas-

sive particle (WIMP) dark matter candidate. As in the MSSM the LSP is given

by a linear combination of fields in the neutralino sector. The general form of the

neutralino mass matrix is given in (4.56). This is a six-by-six matrix. From the

point of view of the strength of the interactions the two extra states are not on

the same footing with respect to the standard ones. The axino and the primeino

are in fact extremely weak interacting massive particle (XWIMP). Thus we are

interested in situations in which the extremely weak sector is decoupled from the

standard one and the LSP belongs to this sector. This can be achieved at tree

level with the choice QHu = 0. The neutralino mass matrix MÑ becomes

MÑ =




MS

2

M
V (0)√
2

0 0 0 0

. . . M0 0 0 0 0

. . . . . . M1 0 −g1vd

2
g1vu

2

. . . . . . . . . M2
g2vd

2
−g2vu

2

. . . . . . . . . . . . 0 −µ

. . . . . . . . . . . . . . . 0




(5.72)

where MS, M0, M1, M2 are the soft masses coming from the soft breaking

terms (4.19) while MV (0) is the U(1)′ Stückelberg mass given after eq. (4.51). It
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is worth noting that the D terms and kinetic mixing terms can be neglected in

the tree-level computations of the eigenvalues and eigenstates.

Moreover we make the assumption that M0 À MS,MV (0) and g1,2vu,d ¿ M1,2,

so the eigenstates are nearly pure axino, gauginos and higgsinos. Finally we

suppose that the axino ψS is the LSP with a mass of around 500 GeV while the

bino λ(1) is the NLSP.

The decoupling in the neutralino sector implies also a decoupling in the gauge

bosons sector as showed in the previous sections, since QHu = 0 (see eq. (4.52)).

In the following sections we present the axino relic density computation fol-

lowing the lines of our paper [2]. For a detailed discussion we remand to [71].

5.4.1 Axino Interactions

The axino interactions can be read off from the interaction Lagrangian (4.15).

The relevant term, written in terms of four components Majorana spinors, is

given by

L = i
√

2g2
1b

(1)
2 Λ̄(1)γ5[γ

µ, γν ](∂µV
(1)
ν )ΨS + i

√
2

2
g2
2b

(2)
2 Λ̄

(2)
3 γ5[γ

µ, γν ](∂µV
(2)
3ν )ΨS

(5.73)

where the b
(a)
2 coefficients are given in (4.18). The related interaction vertex is

C[γµ, γν ]ikµ (5.74)

where C is a factor which contains the coupling constants

C =
√

2g2
(a)b

(a)
2 R(θW )f a = 1, 2 (5.75)

where R(θW ) = cos θW , sin θW (θW is the Weinberg angle) while f is the gaugino

coefficient in the mass eigenstate basis. The factor (5.75) contains the parameters

b
(a)
2 which are related to the anomalous U(1) (see eq. (4.18)). Therefore C ¿ g(a)

and the axino interactions will be extremely weak, being suppressed by an order

of magnitude factor with respect to the weak interactions. At tree level there

is only one type of annihilation diagram, represented in Fig. 5.11. We denoted

with p1 and p2 the incoming momenta of the axinos while k1 and k2 are the two

outgoing momenta of the gauge bosons in the final state. We will concentrate

on the case with two photons in the final state. In this case the result for the
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�λ

ΨS(p1)

ΨS(p2)

Aρ(k1)

Aν(k2)

Figure 5.11: Annihilation of two axinos into two gauge vectors via the exchange of a

gaugino.

differential cross section is given by

dσ

dΩ
=

4M2
Sω1

16π2(ω1 + ω2)2(
√

M2
S − E2

2)

2∑
i,j=1

MiM∗
j (5.76)

where ω1 and ω2 are the energies of the two outgoing photons. Each ampli-

tude Mi is proportional to the related coefficient C whose generic form is given

in (5.75). The cross section (5.76), being extremely weak, cannot give a relic

density in the WMAP preferred range. Thus we are forced to consider a scenario

in which coannihilations between the axino and the NLSP became sizable. We

will assume a NLSP, coming from the “usual” MSSM, with a mass comparable to

the axino mass. Without loss of generality the NLSP can be identified with the

bino. The allowed coannihilation processes are those which involve an exchange

of a photon or a Z0 in the intermediate state and with a SM fermion-antifermion

pair, Higgses and W ’s in the final state. The differential cross section in the CM

frame has the following general form

dσ

dΩ
∝ 1

s

pf

pi

|M|2 (5.77)

where s is the usual Mandelstam variable and pf,i is the spatial momentum of the

outgoing (incoming) particles. On dimensional ground |M|2 has at least a linear

dependence on pf and this implies that the dominant contribution comes from

the diagram with the SM fermion-antifermion pair f and f̄ in the final state:

ΨSλ(a) → ff̄ (5.78)

The two possible diagrams associated to this process are sketched in Fig. 5.12.

The resulting differential cross section, computed in the CM frame, is
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�γ/Z0

λ(p2)

ψS(p1)

f(p4)

f(p3)

Figure 5.12: Coannihilation of an axino and a bino into a ff̄ pair via the exchange of

a photon or a Z0.

dσ

dΩ
=

∑

f

Cf

√
(E3 −mf )2

64π2(E1 + E2)2
√

(E2
1 −M2

S)
(M2

γ +M2
Z0

+M∗
γMZ0 +MγM∗

Z0
)

(5.79)

where the sum is extended to all the SM fermions (with mass mf ) while Cf is

a color factor. In Appendix D.7 we give the Feynman amplitude for the decay

into two neutrinos.

5.4.2 Axino Relic Density

In this section we compute the relic density of the axino. The case of the axino

as a cold dark matter candidate has been studied for the first time in [72]. As

we said in the previous section we assumed a LSP which coannihilates with a

NLSP degenerate in mass. Without loss of generality the NLSP is assumed to

be a bino. The relic density can be evaluated solving the Boltzmann equation

for two particle species:

dn

dt
= −3Hn−

2∑
i,j=1

〈σijvij〉(ninj − neq
i neq

j ) (5.80)

where ni denotes the number density per unit of comoving volume of the species

i (i = 1 refers to the LSP while i = 2 refers to the NLSP), n =
∑

i ni, H is the

Hubble constant, σij is the annihilation cross section between a species i and a

species j, vij is the modulus of the relative velocity while neq
i is the equilibrium

number density of the species i. Having computed the number density, the relic

density is simply given by

Ωh2 ∼= ρ

ρc

=
MSn

ρc

(5.81)
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since the two species are nearly degenerate in mass, where ρc is the critical mass

density of the Universe.

We rewrite (5.80) by defining the thermal average of the effective cross section

〈σeffv〉 ≡
2∑

i,j=1

〈σijvij〉n
eq
i

neq

neq
j

neq
(5.82)

obtaining
dn

dt
= −3Hn− 〈σeffv〉(n2 − (neq)2) (5.83)

We parametrize the effective cross section as in [73]:

〈σeffv〉 =
A

n2
eq

(5.84)

by introducing the following quantity

A =
g2
1T

4π4

∫
dpeffp

2
effWeffK1

(√
s

T

)
(5.85)

where

peff =
1

2

√
s− 4M2

S (5.86)

and K1 is the modified Bessel function of the first type while

Weff =
2(s(s− 2M2

1 )σ22 + 2(s− (MS + M1)
2)(s− (MS −M1)

2)σ12)√
s(s− 2M2

S)
(5.87)

Notice that in the above expression we have neglected the term σ11 due to the

suppression factor with respect to the other cross sections. The leading term

in (5.87) is given by the term proportional to the NLSP (a bino in our case)

annihilation cross section σ22. This implies that σ22 must be of the right order of

magnitude to satisfy the upper bound coming from the WMAP data [74]. This

constraints can always be satisfied with a suitable choice of the soft breaking

parameters.

The equilibrium number density is given by

neq =
∑

i

gim
2
i T

2π2
K2

(mi

T

)
(5.88)

where K2 is the modified Bessel function of the second type. In our notation we

have m1 = MS and m2 = M1. Substituting (5.85) and (5.88) into (5.84) we get:

〈σeffv〉(T ) =

∫
dpeffp

2
effWeffK1(

√
s

T
)

M4
ST [

∑
i

gi

g1

m2
i

M2
S
K2(

mi

T
)]2

(5.89)
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In order to solve the Boltzmann equation (5.83) it is convenient to introduce a

new variable Y = n/S where S is the entropy density. The Boltzmann equation

written in terms of this quantity reads

dY

dT
=

1

3H

dS

dT
〈σeffv〉

(
Y 2 − Y 2

eq

)
(5.90)

By introducing the adimensional quantity x = T/MS we can further simplify the

Boltzmann equation

dY

dx
= MS

√
πg∗
45G

〈σeffv〉(Y 2 − Y 2
eq) (5.91)

where we have introduced the number of effective degrees of freedom g∗. It can

be shown that g
1/2
∗ ' 9.

The final result for the relic density is

Ωh2 =
1.07× 109GeV−1

MPl

√
g∗

1

J(xf )
(5.92)

where MPl is the four-dimensional Planck mass while

J(xf ) =

∫ xf

0

dx〈σeffv〉(x) (5.93)

The quantity xf is related to the freeze-out temperature. It turns out that its

value weakly depend on 〈σeffv〉. A numerical computation gives xf ' 1/20 [75].

In the general case the integral in (5.93) can not be solved analytically. Therefore

we solved it numerically by sampling the function 〈σeffv〉(x) at different value

of x.

Our aim is to find regions of the parameter space, determined by QQ, QL and

the coupling constant g0 of the extra U(1), that fulfills the WMAP constraints.

This task can be performed by imposing suitable conditions on the C2. In the

limit in which we can neglect the electroweak symmetry breaking effects since

the soft mass are much heavier than the EW scale and the NLSP is essentially a

bino, which implies f = 1 in (5.75), we have

C2
γ = 2(b

(1)
2 )2g4

1 cos2 θW (5.94)

for the contribution M2
γ in (5.79). From the formula (4.8) of the mixed U(1)′ −

U(1)Y − U(1)Y anomaly and from the eq. (4.18) we have the following relation

b
(1)
2 =

3(3QQ + QL)

128π2b3

(5.95)
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In Section 5.3 we supposed MV (0) ' 1 TeV, then we have b3 ' 1/4g0 TeV and

we finally get
C2

γ

e2
= 0.94× 10−8(3g0QQ + g0QL)2 GeV−2 (5.96)

where e is the electric charge. We get similar expressions for the other three

terms in (5.79). Collecting all these terms we obtain an upper bound on (3g0QQ+

g0QL)2 for which the cross section gives a relic density in the 3σ WMAP range [74]:

0.0913 < Ωh2 < 0.1285 (5.97)

The lower bound is (3g0QQ + g0QL)2 = 0 and in this case we have no coanni-

hilations. In (5.87) the only terms that survives is that proportional to σ22 and

therefore we recover the standard result. The upper bound is

(3g0QQ + g0QL)2 < 16 (5.98)

which is valid for MS ranging from 500 GeV up to 2 TeV and for a mass gap

∆m/m = (M1 − MS)/MS ranging from 1% up to 5%. The bound (5.98) cor-

responds to the perturbative constraints g0QQ < 1 and g0QL < 1. Our result

is in agreement with the XWIMP relic density estimate given in [76] which is

obtained without an actual computation of the coannihilation cross section.
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Chapter 6

Conclusions

In this Thesis, we have reviewed an extension of the MSSM by the addition of an

anomalous abelian vector multiplet and showed some original results concerning

the phenomenology of an anomalous Z ′.

In Chapter 2 we introduced the MSSM and its main properties such as the

gauge coupling unification.

In Chapter 3 we presented the chiral anomalies in quantum field theory and

their cancellation by the standard procedure or by a string inspired mechanism

firstly discovered by Green and Schwarz. Then we discussed the Green-Schwarz

mechanism in a standard and in a supersymmetric framework showing which are

its main features and physical consequences.

In Chapter 4 we introduced our model, the MiAUMSSM. We showed how the

MSSM modified by the addition of an anomalous U(1) gauge field, a Stückelberg

multiplet and Chern-Simons terms. We checked the correct electroweak symme-

try breaking and we found new contributions to the mass matrices for almost all

the particle in the spectrum with tree level or 1-loop intensity.

In Chapter 5 we presented the first phenomenological results of our model for

the choice QHu = 0. We computed the Z ′ production at LHC for variable MZ′ ,

noticing that the number of the Z ′ produced falls off exponentially with its mass,

so the most favoured case is MZ′ ∼ 1 TeV. Then we estimated the number of

leptonic decays and anomalous decays for a Z ′ with MZ′ ∼ 1 TeV for 1 year of

integrated luminosity in LHC. We saw that in a wide region of parameter we have

more than 104 Z ′ → e−e+ decays, while the maximum number of Z ′ → Z0Z0

is of the order of 10. Then we studied a possible dark matter candidate in
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Conclusions

the framework of our model. In the decoupling limit QHu = 0 and under the

assumptions M0 À MS and g1,2vu,d ¿ M1,2 the axino turns out to be the LSP.

Being an XWIMP the axino annihilation cross section is suppressed with respect

to the typical weak interaction cross sections. This implies that in order to

satisfy the WMAP constraints on the relic density we must have a bino-like

NLSP almost degenerate in mass with the axino. We computed the LSP-NLSP

coannihilation cross section and we found that in the parameter space where our

model is perturbative the WMAP constraints are always satisfied. This result

holds for MS ranging from 500 GeV up to 2 TeV and for a mass gap ∆m/m of

few percents.

The eventual discover of extra gauge bosons and dark matter particles are

some of the main issues in today high energy physics. In the next months, the

new colliders and satellite experiments, such as LHC and PAMELA will give us

clues on the fundamental theory underlying the Standard Model.
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Appendix A

Gammology

A.1 Notations and conventions

We use the space-time metric ηµν = diag(+,−,−,−) and the spinorial conven-

tions

ε21 = ε12 = 1 ε12 = ε21 = −1 ε11 = ε11 = ε22 = ε22 = 0 (A.1)

ψα = εαβψβ ψα = εαβψβ ψ̄α̇ = εα̇β̇ψ̄β̇ ψ̄α̇ = εα̇β̇ψ̄β̇ (A.2)

ψχ = ψαχα ψ̄χ̄ = ψ̄α̇χ̄α̇ (A.3)

The Dirac matrices are

γµ =

(
0 σµ

σ̄µ 0

)
where

{
σµ = (1,−~σ)

σ̄µ = (1, ~σ)
(A.4)

and we define

γ5 =

(
−1 0

0 1

)
(A.5)

A.2 Properties of γ matrices and trace theorems

The basic properties of γ matrices are

{γµ, γν} = 2ηµν and {γµ, γ5} = 0 (A.6)
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Gammology

The trace theorems are

Tr1 = 4

Tr (odd number of γ’s matrices) = 0

Tr(γµγν) = 4ηµν (A.7)

Tr(γµγνγργσ) = 4 [ηµνηρσ − ηµρηνσ + ηµσηνρ]

Trγ5 = 0 (A.8)

Tr [γ5 (odd number of γ’s matrices)] = 0

Tr(γ5γ
µγν) = 0

Tr(γ5γ
µγνγργσ) = 4iεµνρσ

Tr(γµγνγργσ . . . ) = Tr(. . . γσγργµγν) (A.9)

where εµνρσ = 1(−1) for µ, ν, ρ, σ an even (odd) permutation of 0,1,2,3; and 0

if two indices are the same.

Other useful results for simplifying trace calculations are (a/ = aµγ
µ)

γµγ
µ = 4

γµa/γ
µ = −2a/

γµa/b/γ
µ = 2a · b

γµa/b/c/γ
µ = −2c/b/a/ (A.10)
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Appendix B

Lagrangians

B.1 MSSM Lagrangian

The Lagrangian of the MSSM contains several terms

LMSSM = LMSSM
Q + LMSSM

L + LMSSM
gauge + LMSSM

H + LMSSM
W + LMSSM

Soft (B.1)

where

LMSSM
Q =

(
Q†

ie
V (3)

eV (2)

e
1
6
V (1)

Qi (B.2)

+ (U c
i )
†e−V (3)

e−
2
3
V (1)

U c
i + (Dc

i )
†e−V (3)

e
1
3
V (1)

Dc
i

)
θ2θ̄2

LMSSM
L =

(
L†ie

V (2)

e−
1
2
V (1)

Li + (Ec
i )
†eV (1)

Ec
i

)
θ2θ̄2

(B.3)

LMSSM
H =

(
H†

ue
V (2)

e
1
2
V (1)

Hu + H†
de

V (2)

e−
1
2
V (1)

Hd

)
θ2θ̄2

(B.4)

LMSSM
gauge =

(
1

8g2
3

Tr
(
W (3)W (3)

)
+

1

8g2
2

Tr
(
W (2)W (2)

)

+
1

16g2
1

Tr
(
W (1)W (1)

))

θ2

+ h.c. (B.5)

LMSSM
W =

(
yij

u QiU
c
j Hu − yij

d QiD
c
jHd − yij

e LiE
c
jHd + µHuHd

)
θ2 + h.c. (B.6)
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LMSSM
soft = −1

2

3∑
a=1

(
Maλ

(a)λ(a) + h.c.
)−

(
m2

qij
q̃iq̃

†
j + m2

uij
ũc

i ũ
c†
j + m2

dij
d̃c

i d̃
c†
j

+m2
lij

l̃il̃
†
j + m2

eij
ẽc

i ẽ
c†
j + m2

hu
|hu|2 + m2

hd
|hd|2

)

−
(
aij

u q̃iq̃jhu − aij
d q̃id̃jhd − aij

e l̃iẽjhd + bhuhd + h.c.
)

(B.7)

Notice that in order to include the coupling constants in the gauge interactions

we need to substitute V → 2gV .

B.2 MiAUMSSM Lagrangian

The Lagrangian of the model contains several terms

L = LQ + LL + Lgauge + LH + LW + Laxion + LGCS + LSoft (B.8)

where

LQ =
(
Q†

ie
V (3)

eV (2)

e
1
6
V (1)

eQQV (0)

Qi (B.9)

+ (U c
i )
†e−V (3)

e−
2
3
V (1)

eQUcV (0)

U c
i + (Dc

i )
†e−V (3)

e
1
3
V (1)

eQDcV (0)

Dc
i

)
θ2θ̄2

LL =
(
L†ie

V (2)

e−
1
2
V (1)

eQLV (0)

Li + (Ec
i )
†eV (1)

eQEcV (0)

Ec
i

)
θ2θ̄2

(B.10)

LH =
(
H†

ue
V (2)

e
1
2
V (1)

eQHuV (0)

Hu + H†
de

V (2)

e−
1
2
V (1)

eQHd
V (0)

Hd

)
θ2θ̄2

(B.11)

Lgauge =

(
1

8g2
3

Tr
(
W (3)W (3)

)
+

1

8g̃2
2

Tr
(
W (2)W (2)

)

+
1

16g̃2
1

Tr
(
W (1)W (1)

)
+

1

16g̃2
0

Tr
(
W (0)W (0)

))

θ2

+ h.c. (B.12)

LW =
(
yij

u QiU
c
j Hu − yij

d QiD
c
jHd − yij

e LiE
c
jHd + µHuHd

)
θ2 + h.c. (B.13)

Laxion =
1

4

(
S + S̄ + 4b3V

(0)
)2

∣∣∣
θ2θ̄2

−1

2

{[
2∑

a=0

b
(a)
2 S Tr

(
W (a)W (a)

)
+ b

(4)
2 S W (1) W (0)

]

θ2

+ h.c.

}
(B.14)
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B.2 MiAUMSSM Lagrangian

LGCS = +d4

[(
V (1)DαV (0) − V (0)DαV (1)

)
W (0)

α + h.c.
]
θ2θ̄2 +

−d5

[(
V (1)DαV (0) − V (0)DαV (1)

)
W (1)

α + h.c.
]
θ2θ̄2 +

−d6Tr

[ (
V (2)DαV (0) − V (0)DαV (2)

)
W (2)

α +

+
1

6
V (2)DαV (0)D̄2

([
DαV (2), V (2)

])
+ h.c.

]

θ2θ̄2

(B.15)

Lsoft = −1

2

3∑
a=0

(
Maλ

(a)λ(a) + h.c.
)− 1

2

(
MS

2
ψSψS + h.c.

)

−
(
m2

qij
q̃iq̃

†
j + m2

uij
ũc

i ũ
c†
j + m2

dij
d̃c

i d̃
c†
j

+m2
lij

l̃il̃
†
j + m2

eij
ẽc

i ẽ
c†
j + m2

hu
|hu|2 + m2

hd
|hd|2

)

−
(
aij

u q̃iq̃jhu − aij
d q̃id̃jhd − aij

e l̃iẽjhd + bhuhd + h.c.
)

(B.16)

where LQ, LL and LH provide the kinetic terms and the gauge interactions of

the matter particles such as (s)quarks, (s)leptons, Higgs(ino)s; Lgauge contains

the kinetic terms for the gauge supermultiplet; LW is the usual MSSM super-

potential; Laxion provides the kinetic term of the Stückelberg multiplet and its

Green-Schwarz interactions used in the anomaly cancellation procedure; LGCS

contains the Generalized Chern Simons interactions giving trilinear gauge boson

couplings needed to complete the anomaly cancellation procedure; finally, LSoft

contains the usual soft breaking terms of the MSSM as well as the new terms for

the primeino and the axino.

Notice that in order to include the coupling constants in the gauge interactions

we need to redefine them as shown in equation (4.14) and to substitute V → 2gV .
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Appendix C

Feynman rules

In this appendix we collect the Feynman rules for the interaction vertices that are

involved in our computations. We give the rules for the C −B model described

in Section 3.1 and some rules for the SM and the MSSM. Moreover the terms

involved in the GS mechanism shown in Section 3.3 and 4.1.1 are included.

The generalization to the other anomalous diagrams is straightforward, so it is

omitted. The solid lines represent fermions and the wiggle lines are gauge fields.

Dashed lines are scalars.

C.1 C −B model

Tree level

fermionic vertex (B):�
Bµ

f f

= − i

2
γµ

(
vB

f − aB
f γ5

)
(C.1)

fermionic vertex (C):�
Cµ

f f

= − i

2
γµ

(
vC

f − aC
f γ5

)
(C.2)

The vectorial couplings vB,C
f and the axial couplings aB,C

f are given in eq. (3.4)

and (3.5).
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Feynman rules

GS mechanism

GS vertex:�←−
↓

−→

φ

Bµ(p) Bν(q)

= −i bCBB εµνρσp
ρqσ (C.3)

GCS vertex:�←−
↓

−→

Cρ (p + q)

Bµ(p) Bν(q)

= 2 dCBB ερνµαpα (C.4)

The GS coupling bCBB and the GCS coupling dCBB are given respectively in

eq. (3.73) and eq. (3.72).

C.2 Electroweak interactions

QED

fermionic vertex:�
Aµ

f f

= −i e qf γµ (C.5)

scalar vertex:�←−
↓

−→

Aµ(p + q)

f̃(p) f̃(q)

= i e qf (p− q)µ (C.6)

The coupling constant e and the charges qf are given respectively in eq. (2.71)

and in Table 5.2.
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C.3 Yukawa’s interactions

Z0 interactions

fermionic vertex:�
Z0µ

f f

= − i

2
gZ0γµ

(
vZ0

f − aZ0
f γ5

)
(C.7)

The coupling constant gZ0 and the vectorial and axial couplings vZ0
f and aZ0

f are

given respectively in eq. (2.70) and in Table 5.2.

W± interactions

fermionic vertex:�
Wµ

l(qu) νl(qd)

= − i

2
gW γµ(1− γ5) (C.8)

Z0 vertex:�←−
↓

−→

Z0ρ(p + q)

Wµ(p) Wν(q)

= i e cot θW

[
ηρµ(2p + q)ν + ηµν(q − p)ρ +

− ηρν(p + 2q)µ

]
(C.9)

where gW and θW are given in Section 2.4.3.

C.3 Yukawa’s interactions

NG-Yukawa vertex:�
G0

f f

=





SM :
yf√

2
γ5

MSSM fu :
yf√

2
sin β γ5

MSSM fd : − yf√
2
cos β γ5

(C.10)

where yf is the Yukawa coupling of the fermion, and β is the angle in eq. (2.46).
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C.4 Z ′ interactions

Tree level

fermionic vertex:�
Z ′

µ

f f

= − i

2
gZ′γµ

(
vZ′

f − aZ′
f γ5

)
(C.11)

The coupling constant gZ′ = g0 for QHu = 0 and the vectorial and axial couplings

vZ′
f and aZ′

f are given in Table 5.2.

GS mechanism

GS vertex:�←−
↓

−→

φ

V
(1)
µ (p) V

(1)
ν (q)

= −4ig2
1 b

(1)
2 εµνρσp

ρqσ (C.12)

GCS vertex:�←−
↓

−→

V
(0)
ρ (p + q)

V
(1)
µ (p) V

(1)
ν (q)

= 16g0g
2
1 d5 ερνµαpα (C.13)

(C.14)

The GS coupling b
(1)
2 and the GCS coupling d5 are given in eq. (4.18).
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Appendix D

More on amplitudes

D.1 Linearly divergent integrals

Consider a shift of integration variable in a one dimensional integral

∆(a) =

∫ ∞

−∞
dx [f(x + a)− f(x)] (D.1)

It can be easily shown that the shift may be illegitimate if the integral is diver-

gent. Too see this, we expand

∆(a) =

∫ ∞

−∞
dx

[
af ′(x) +

a2

2
f ′′(x) + . . .

]

= a[f(∞)− f(−∞)] +
a2

2
[f ′(∞)− f ′(−∞)] + . . . (D.2)

where the primes mean differentiation. When the integral
∫∞
−∞ dxf(x) converges

(or at most diverges logarithmically) we have 0 = f(±∞) = f ′(±∞) = . . .

so ∆(a) = 0. Instead, for a linearly divergent integral, 0 6= f(±∞) and 0 =

f ′(±∞) = . . . so we get

∆(a) = a[f(∞)− f(−∞)] 6= 0 (D.3)

which corresponds to a “surface term ”. The generalization to n dimensions is

straightforward

∆(a) =

∫
dnr [f(r + a)− f(r)]

=

∫
dnr

[
aτ ∂

∂rτ

f(r) +
1

2
aτaσ ∂2

∂rτ∂rσ

f(r) + . . .

]
(D.4)
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More on amplitudes

Applying Gauss’s theorem, all terms but the first vanish upon integrating over

the surface at r →∞
∆(a) = aτ rτ

r
f(r)Sn(r) (D.5)

where Sn(r) is the surface area of the hypersphere with radius r. For the case of

a four-dimensional Minkowski space-time, we have

∆(a) = aτ

∫
d4r∂τf(r) = 2iπ2aτ lim

r→∞
r2rτf(r) (D.6)

D.2 Ward Identities and Goldstones

In this section we give an intuitive demonstration of the WI used in Fig. 3.6. For

a more rigorous and general demonstration we remand to [27].

An external Z0 is created by the Lagrangian term

Lint
Z0

= Jµ
Z0

Z0µ = −1

2
gZ0 Ψ̄e γµ

(
vZ0

f − aZ0
f γ5

)
ΨeZ0µ (D.7)

Therefore we expect the amplitude Γµ (involving an external incoming Z0) to be

given by the matrix element of Jµ
Z0

Γµ(Z0) =

∫
d4x e−ik·x〈f |Jµ

Z0
|i〉 (D.8)

where f (i) represents the final (initial) state. From the equation of motion we

know that

∂µJ
µ
Z0

=
1

2
gZ0 aZ0

e ∂µ

(
Ψ̄eγ

µγ5Ψe

)

= igZ0 aZ0
e meΨ̄eγ5Ψe (D.9)

since, as it is well known, the vectorial current is conserved while the axial one

has the divergence proportional to the fermion mass. We can show that the result

is proportional to the axial Goldstone current coming from the Yukawa coupling

between the Higgs scalar and the electron. In the SM (the extension to MSSM

is straightforward) we give mass to the electron with the Yukawa Lagrangian

Lye = −yeL̄eHeR + h.c. (D.10)

where ye is the Yukawa coupling (taken to be real), eR is the right handed

electron, and the leptonic and Higgs doublets are respectively

Le =

(
νe

eL

)
H =

(
iG+

(h0+v)+iG0
√

2

)
(D.11)
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D.2 Ward Identities and Goldstones

with eL the left handed electron, νe the corresponding neutrino, h0 the real scalar

Higgs field, G0 the real Goldstone scalar of the Z0, G+ the complex Goldstone

scalar of W+ and v the Higgs VEV which we take to be real. So we have

Lye = − ye√
2

[
ēL

(
h0 + v + iG0

)
eR + ēR

(
h0 + v − iG0

)
eL

]
+ . . .

= − ye√
2

[(
h0 + v

)
(ēReL + ēLeR) + iG0 (−ēReL + ēLeR)

]
+ . . .

= − ye√
2

[(
h0 + v

)
Ψ̄eΨe + iG0Ψ̄eγ5Ψe

]
+ . . .

= − ye√
2
vΨ̄eΨe − ye√

2
h0Ψ̄eΨe + J5

G0G0 + . . . (D.12)

where we omitted the terms in G+, since we are not interested on them. The

Dirac spinor Ψe =

(
eL

eR

)
and the Goldstone current is

J5
G0 = −i

ye√
2
Ψ̄eγ5Ψe (D.13)

We can identify the electron mass me = ye√
2
v. Inserting these results into

eq. (D.9), we find

∂µJ
µ
Z0

= igZ0 aZ0
e meΨ̄eγ5Ψe = iMZ0

ye√
2
Ψ̄eγ5Ψe

= −MZ0J
5
G0 (D.14)

where we used the definitions of gZ0 , aZ0
e , MZ0 given after eq. (3.63) and after

eq. (3.67). Applying the result (D.14), we get

0 =

∫
d4x ∂µ

(
eik·x〈f |Jµ

Z0
|i〉)

= ikµ

∫
d4x

(
eik·x〈f |Jµ

Z0
|i〉) +

∫
d4x eik·x∂µ〈f |Jµ

Z0
|i〉

= ikµ

∫
d4x

(
eik·x〈f |Jµ

Z0
|i〉)−MZ0

∫
d4x eik·x〈f |J5

G0|i〉 (D.15)

which implies the WI

− ikµΓµ (Z0) + MZ0Γ
(
G0

)
= 0 (D.16)

where we used eq. (D.8) and

Γ
(
G0

)
=

∫
d4x e−ik·x〈f |J5

G0|i〉 (D.17)

is the amplitude for an external incoming G0 Goldstone boson. This result also

includes the massless vector case which is recovered putting the vector mass equal

to zero.
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More on amplitudes

D.3 Fermionic loop diagram

In this section we give some general properties of the massive fermionic triangle

diagram of Fig. D.1. To make the discussion self-consistent we will repeat some

equations seen in the previous chapters.

Consider a case in which only a single fermion circulates in the loop and each

coupling is either axial (A) or vectorial (V) with charge equal to minus one.

The fermionic triangles containing an odd number of axial couplings, denoted by

AVV , VAV, VVA and AAA are

ΓAV V
ρµν (p, q; mf ) =

∫
d4`

(2π)4
Tr

(
γ5γρ

1

/̀− q/−mf

γν
1

/̀−mf

γµ
1

/̀ + p/−mf

)

+(p ↔ q, µ ↔ ν) (D.18)

ΓV AV
ρµν (p, q; mf ) =

∫
d4`

(2π)4
Tr

(
γρ

1

/̀− q/−mf

γν
1

/̀−mf

γ5γµ
1

/̀ + p/−mf

)

+(q ↔ −(p + q), ν ↔ ρ) (D.19)

ΓV V A
ρµν (p, q; mf ) =

∫
d4`

(2π)4
Tr

(
γρ

1

/̀− q/−mf

γ5γν
1

/̀−mf

γµ
1

/̀ + p/−mf

)

+(p ↔ −(p + q), µ ↔ ρ) (D.20)

ΓAAA
ρµν (p, q; mf ) =

∫
d4`

(2π)4
Tr

(
γ5γρ

1

/̀− q/−mf

γ5γν
1

/̀−mf

γ5γµ
1

/̀ + p/−mf

)

+(p ↔ q, µ ↔ ν) (D.21)

These integrals are superficially divergent (by power counting) and thus there

is an ambiguity in their definition. The internal momentum ` can, in fact, be

arbitrarily shifted (see Section 6.2 of [21])

`σ → `σ + α pσ + (α− β)qσ (D.22)

leading to

ΓAV V
ρµν (p, q, β; mf ) = ΓAV V

ρµν (p, q; mf )− β

8π2
ερµνσ(p− q)σ (D.23)

The amplitudes (D.18),(D.19),(D.20) and (D.21) can be written using the Rosen-

berg parametrization [29] as

Γρµν(p, q; mf ) =

1

π2

(
I1(p, q; mf ) ε[p, µ, ν, ρ] + I2(p, q; mf ) ε[q, µ, ν, ρ] + I3(p, q; mf ) ε[p, q, µ, ρ]pν

+I4(p, q; mf ) ε[p, q, µ, ρ]qν + I5(p, q; mf ) ε[p, q, ν, ρ]pµ + I6(p, q; mf ) ε[p, q, ν, ρ]qµ

)

(D.24)
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�
`− q

`

p + `

(p + q)ρ

qν

pµ

Figure D.1: The anomalous triangle diagram.

with ε[p, q, ρ, σ] = εµνρσp
µqν and where

I3(p, q; mf ) = −
∫ 1

0

dx

∫ 1−x

0

dy
xy

y(1− y)p2 + x(1− x)q2 + 2xy p · q −m2
f

I4(p, q; mf ) =

∫ 1

0

dx

∫ 1−x

0

dy
x(x− 1)

y(1− y)p2 + x(1− x)q2 + 2xy p · q −m2
f

I5(p, q; mf ) = −I4(q, p; mf )

I6(p, q; mf ) = −I3(p, q; mf ) (D.25)

are finite integrals in the Feynman parameters x, y while I1 and I2 contain all

the divergent contribution of the 1 loop integration. We give a demonstration of

the Rosenberg parametrization for the AVV triangle. The extension to the other

triangles is straightforward. Our starting point is eq. (D.18). Lorentz invariance

and momentum conservation imply the following expansion

Γρµν(p, q; mf ) = B1(p, q; mf ) ε[p, µ, ν, ρ] + B2(p, q; mf ) ε[q, µ, ν, ρ] +

B3(p, q; mf ) ε[p, q, µ, ρ]pν + B4(p, q; mf ) ε[p, q, µ, ρ]qν +

B5(p, q; mf ) ε[p, q, ν, ρ]pµ + B6(p, q; mf ) ε[p, q, ν, ρ]qµ +

B7(p, q; mf ) ε[p, q, µ, ν]pρ + B8(p, q; mf ) ε[p, q, µ, ν]qρ (D.26)

where the B’s are functions of the vector momenta p, q and of the fermion mass

mf . Applying the Schouten identity

kρε[α, β, µ, ν] + kαε[β, µ, ν, ρ] + kβε[µ, ν, ρ, α] +

kµε[ν, ρ, α, β] + kνε[ρ, α, β, µ] = 0 (D.27)
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More on amplitudes

on p and q, we get

Γρµν(p, q; mf ) =
[
B1 + p · qB7 + q2B8

]
ε[p, µ, ν, ρ] +

[
B2 − p2B7 − p · qB8

]
ε[q, µ, ν, ρ] +

[B3 + B7] ε[p, q, µ, ρ]pν + [B4 + B8] ε[p, q, µ, ρ]qν +

[B5 −B7] ε[p, q, ν, ρ]pµ + [B6 −B8] ε[p, q, ν, ρ]qµ (D.28)

If we identify

I1 = π2
[
B1 + p · qB7 + q2B8

]

I2 = π2
[
B2 − p2B7 − p · qB8

]

I3 = π2 [B3 + B7]

I4 = π2 [B4 + B8]

I5 = π2 [B5 −B7]

I6 = π2 [B6 −B8] (D.29)

we get the Rosenberg parametrization (D.24).

Now we want to compute the finite part of the parametrization i.e. integrals

I3 . . . I6. Let us go back to eq. (D.18). It is easy to check that the exchanged

contribution has the only the effect of doubling the amplitude. So we get

Γρµν = 2

∫
d4`

(2π)4

Tr [γ5γρ (/̀− q/ + mf ) γν (/̀ + mf ) γµ (/̀ + p/ + mf )][
(`− q)2 −m2

f

] [
`2 −m2

f

] [
(` + p)2 −m2

f

] (D.30)

Introducing the Feynman parameters x, y, z we obtain

Γρµν =

∫
d4`

(2π)4

∫
4Nρµν δ(1− x− y − z) dx dy dz{[

(`− q)2 −m2
f

]
x +

[
(` + p)2 −m2

f

]
y +

[
`2 −m2

f

]
z
}3

= 4

∫
d4`

(2π)4

∫ 1

0

dx

∫ 1−x

0

dy
Nρµν[

`2 + 2y` · p− 2x` · q + yp2 + q2 −m2
f

]3

(D.31)

with

Nρµν = Tr [γ5γρ (/̀− q/ + mf ) γν (/̀ + mf ) γµ (/̀ + p/ + mf )] (D.32)

= Tr [γ5γρ (/̀− q/) γν (/̀) γµ (/̀ + p/)] + m2
fTr [γ5γργνγµ (/̀ + p/− q/)]

The numerator Nρµν has terms with three momenta and terms with one mo-

menta. The latter contribute to I1 and I2 in eq. (D.24). At this point we are
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D.3 Fermionic loop diagram

not interested in an explicit computation of such integrals, so we leave them

indicated as dots in the following computations. Using the change of variable1

` = ˜̀+ k with k = −yp + xq we get

Γρµν = 4

∫
d4 ˜̀

(2π)4

∫ 1

0

dx

∫ 1−x

0

dy
Ñρµν[

˜̀2 −∆
]3 (D.33)

where

∆ = − [
y(1− y)p2 + x(1− x)q2 + 2xyp · q −m2

f

]
(D.34)

and

Ñρµν = Tr
[
γ5γρ

(
˜̀/ + k/− q/

)
γν

(
˜̀/ + k/

)
γµ

(
˜̀/ + k/ + p/

)]
+ . . .

= Tr [γ5γρ (k/− q/) γνk/γµ (k/ + p/)] + . . .

= −2 [x(x− 1)qν − xypν ] q
αpβTr [γ5γργµγαγβ] +

−2 [xyqµ − y(y − 1)qµ] qαpβTr [γ5γργνγαγβ] + . . . (D.35)

where we omitted terms with odd powers of ˜̀ because their contribution is iden-

tically zero since we integrate over all the space a function which is odd in ˜̀.

Then we find

Γρµν = −8

∫ 1

0

dx

∫ 1−x

0

dy

∫
d4 ˜̀

(2π)4

1[
˜̀2 −∆

]3 ×

×
{

[x(x− 1)qν − xypν ] q
αpβTr [γ5γργµγαγβ] +

[xyqµ − y(y − 1)qµ] qαpβTr [γ5γργνγαγβ]
}

+ . . . (D.36)

Having isolated the finite part, we can compute the integral over the momentum

and take the trace over the Dirac matrices. Using the result
∫

d4 ˜̀

(2π)4

1[
˜̀2 −∆

]3 = − i

2

1

(4π)2

1

∆
(D.37)

we obtain

Γρµν =
1

π2

∫ 1

0

dx

∫ 1−x

0

dy

{
[x(x− 1)qν − xypν ] ε[p, q, µ, ρ]

y(1− y)p2 + x(1− x)q2 + 2xyp · q −m2
f

+

[xyqµ − y(y − 1)qµ] ε[p, q, ν, ρ]

y(1− y)p2 + x(1− x)q2 + 2xyp · q −m2
f

}
+ . . . (D.38)

1The change is allowed since we are interested only on the finite part of the integral.
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Comparing with eq. (D.24) we identify

I3(p, q; mf ) = −
∫ 1

0

dx

∫ 1−x

0

dy
xy

y(1− y)p2 + x(1− x)q2 + 2xy p · q −m2
f

I4(p, q; mf ) =

∫ 1

0

dx

∫ 1−x

0

dy
x(x− 1)

y(1− y)p2 + x(1− x)q2 + 2xy p · q −m2
f

I5(p, q; mf ) = −
∫ 1

0

dx

∫ 1−x

0

dy
y(y − 1)

y(1− y)p2 + x(1− x)q2 + 2xy p · q −m2
f

I6(p, q; mf ) =

∫ 1

0

dx

∫ 1−x

0

dy
xy

y(1− y)p2 + x(1− x)q2 + 2xy p · q −m2
f

(D.39)

Is it easy to check that I5(p, q; mf ) = −I4(q, p; mf ) and I6(p, q; mf ) = −I3(p, q; mf ),

reproducing exactly the definitions in eq. (D.25).

In terms of the Rosenberg parametrization the β dependence of (D.23) is

contained only in I1 and I2 (which are superficially divergent). However, using

the WIs,

(p + q)ρΓAV V
ρµν (p, q, β; mf ) =

1

π2

[
β

4
+ m2

fI0(p, q; mf )

]
ε[p, q, µ, ν]

pµΓAV V
ρµν (p, q, β; mf ) = −2 + β

8π2
ε[q, p, ν, ρ]

qνΓAV V
ρµν (p, q, β; mf ) = −2 + β

8π2
ε[q, p, ρ, µ] (D.40)

it is possible to show that they can be expressed in terms of I3 . . . I6 as

IAV V
1 (p, q, β; mf ) = p · q I3(p, q) + q2 I4(p, q) +

2 + β

8
IAV V
2 (p, q, β; mf ) = −IAV V

1 (q, p, β; mf ) (D.41)

where I0 is defined as

I0(p, q; mf ) = −
∫ 1

0

dx

∫ 1−x

0

dy
1

y(1− y)p2 + x(1− x)q2 + 2xy p · q −m2
f

(D.42)

The I0 contribution is only present in a massive fermionic triangle. We encounter

such contribution in theories with chiral massive fermions such as SM, MSSM

and MiAUMSSM. Finally we remark that the I0 contribution in eq. (D.40) is

not β dependent so it is fixed on the axial vertex. The same will happen for the

VAV, VVA and AAA cases.
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D.4 Landau-Yang theorem

D.4 Landau-Yang theorem

The Landau-Yang theorem states that two massless spin-one objects cannot com-

bine to form a spin-one object. From a phenomenological point of view this means

that a Z ′ cannot decay into two on-shell photons. Now we give a partial demon-

stration of this fact using the Rosenberg parametrization (D.24). We put the Z ′

on the ρ leg and the photons on the µ, ν legs. The amplitude of the process is

given by

AZ′γγ
ρµν = − 1

2π2
gZ′e

2
(
Ã1ε[p, µ, ν, ρ] + Ã2ε[q, µ, ν, ρ] + A3ε[p, q, µ, ρ]pν

+A4ε[p, q, µ, ρ]qν + A5ε[p, q, ν, ρ]pµ + A6ε[p, q, ν, ρ]qµ

)
(D.43)

where Ã1 and Ã2 considered the GCS absorption (see Section 3.5), and A3, A4,

A5 and A6 give the finite contribution of the amplitude. The WIs on the photon

lines are

pµAZ′γγ
ρµν (p, q; mf ) = 0 (D.44)

qνAZ′γγ
ρµν (p, q; mf ) = 0 (D.45)

which imply that

Ã1 = p · qA3 + q2A4 = p · qA3 (D.46)

Ã2 = p · qA6 + p2A5 = p · qA6 (D.47)

since the photons are massless. Using this result we get

∣∣∣AZ′γγ
∣∣∣
2

∝
∑

λ′
ερ1

(λ′)ε
∗ρ2

(λ′)

∑

λγ

εν1

(λγ)ε
∗ν2

(λγ)

∑

λγ

εµ1

(λγ)ε
∗µ2

(λγ) AZ′γγ
ρ1µ1ν1

A∗Z′γγ
ρ2µ2ν2

=

∝ M6
Z′ (A3 + A6)

2 (D.48)

where we used the completeness relations

∑

λ′
ερ1

(λ′)ε
∗ρ2

(λ′) = −ηρ1ρ2 +
kρ1

(λ′)k
ρ2

(λ′)

M2
Z′

(D.49)

∑

λγ

εν1

(λγ)ε
∗ν2

(λγ) → −ην1ν2 (D.50)

∑

λγ

εµ1

(λγ)ε
∗µ2

(λγ) → −ηµ1µ2 (D.51)
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Figure D.2: Non Anomalous diagrams for trilinear neutral gauge boson amplitudes.

From eq. (D.25) we have A6 = −A3, so

Γ(Z ′ → γγ) ∝
∣∣∣AZ′γγ

∣∣∣
2

= 0 (D.52)

in agreement with the Landau-Yang theorem.

D.5 Treatment of non anomalous diagrams

In this section we show that the non anomalous diagrams in Fig. 5.4 vanish. The

diagrams we consider, reported in Fig. D.2, have no specific assignment for the

external legs, to keep the discussion as general as possible. All the factors which

are not relevant for our aim are omitted and all the possible leg exchanges are
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D.5 Treatment of non anomalous diagrams

understood. Finally, we use dimensional regularization and the Rξ gauge with

ξ = 1, in such a way that each diagram vanishes separately.

A) The Scalar triangle loop is given by

DA
µνρ(p, q) =

∫
d2ωl

(2π)2ω

(2l + p− q)ρ(2l − q)ν(2l + p)µ

[(l − q)2 −m2] [l2 −m2] [(l + p)2 −m2]
+

+ (p ↔ q, µ ↔ ν)

=

∫
d2ωl

(2π)2ω

(2l + p− q)ρ(2l − q)ν(2l + p)µ

[(l − q)2 −m2] [l2 −m2] [(l + p)2 −m2]

+

∫
d2ωl

(2π)2ω

(2l + q − p)ρ(2l − p)µ(2l + q)ν

[(l − p)2 −m2] [l2 −m2] [(l + q)2 −m2]
(D.53)

Performing the change of variable lµ → −lµ in the second integral, one gets

DA
µνρ(p, q) =

∫
d2ωl

(2π)2ω

(2l + p− q)ρ(2l − q)ν(2l + p)µ

[(l − q)2 −m2] [l2 −m2] [(l + p)2 −m2]

−
∫

d2ωl

(2π)2ω

(2l + p− q)ρ(2l + p)µ(2l − q)ν

[(l − q)2 −m2] [l2 −m2] [(l + p)2 −m2]
= 0 (D.54)

B) The “Scalar bubble loop” is given by

DB
µνρ(p, q) = −2

∫
d2ωl

(2π)2ω

(2l + p + q)ρηµν

[l2 −m2] [(l + p + q)2 −m2]

= −2

∫
d2ωl

(2π)2ω

(l + p + q)ρηµν

[l2 −m2] [(l + p + q)2 −m2]

−2

∫
d2ωl

(2π)2ω

(l)ρηµν

[l2 −m2] [(l + p + q)2 −m2]
(D.55)

Performing the change of variable l → −l− p− q in the second integral one gets

DB
µνρ(p, q) = −2

∫
d2ωl

(2π)2ω

(l + p + q)ρηµν

[l2 −m2] [(l + p + q)2 −m2]

+2

∫
d2ωl

(2π)2ω

(l + p + q)ρηµν

[(l + p + q)2 −m2] [l2 −m2]
= 0 (D.56)

C) Since the ghost interact with neutral vectors only through the third com-

ponent of SU(2), the Ghost triangle loop is proportional to

ε3bcε3cdε3db = −δbdε3db = 0 (D.57)

The other diagrams in Fig. D.2 can also be shown to vanish after manipulations

similar to the ones used in (D.54), (D.56), (D.57).
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D.6 Decay rates. General case

In this section we compute the amplitudes for the decays Z ′ → Z0 γ and Z ′ →
Z0 Z0 in the general case QHu 6= 0, still neglecting the effects coming from the

kinetic mixing. We work in the limit

gavu,d << µ,M0, M1,M2,MS,MV (0) (D.58)

in which mSC ≈ MV (0) , mSB ≈ 0 (see (4.57), (4.22), (4.35)). Hence, (4.56) takes

the same form as in the symmetric phase in which neutralinos and charginos

do not contribute to the anomaly (see Section 4.1.1). In the limit (D.58) an

extension of the SM by an extra U(1) and our SUSY model give the same results

for what the decays of interest are concerned.

The SM fermion interaction terms with the neutral gauge bosons are given

in eq. (5.11) where now

vZ′
f = QZ′

fL
+ QZ′

fR
aZ′

f = QZ′
fL
−QZ′

fR

vZ0
f = QZ0

fL
+ QZ0

fR
aZ0

f = QZ0
fL
−QZ0

fR

qf = QfL
= QfR

(D.59)

The left and right fermions and the Dirac spinors are related using the usual

definition Ψf =

(
fL

fR

)
. The left and right charges are defined in the following

way

gZ′Q
Z′
fL

= g2T3O02 + g1YfL
O01 + g0QfL

(D.60)

gZ′Q
Z′
fR

= g1YfR
O01 + g0QfR

(D.61)

gZ0Q
Z0
fL

= g2T3O12 + g1YfL
O11 + g0QfL

O10 (D.62)

gZ0Q
Z0
fR

= g1YfR
O11 + g0QfR

O10 (D.63)

eQfL
= g2T3O22 + g1YfL

O21 = g1YfR
O21 = eQfR

(D.64)

where Oij is given in (4.52) and T3 is the eigenvalue of T
(2)
3 .
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D.6.1 Z ′ → Z0 γ

The amplitude is given by the sum of the fermionic triangle ∆Z′Z0γ
ρµν plus the

proper GCS vertex

AZ′Z0γ
ρµν = ∆Z′Z0γ

ρµν + (GCS)Z′Z0γ
ρµν

∆Z′Z0γ
ρµν = −1

4
gZ′gZ0e

∑

f

(
vZ′

f aZ0
f qfΓ

V AV
ρµν + aZ′

f vZ0
f qfΓ

AV V
ρµν

)
(D.65)

The resulting amplitude can be written as

AZ′Z0γ
ρµν = − 1

4π2
gZ′gZ0e

(
Ã1ε[p, µ, ν, ρ] + Ã2ε[q, µ, ν, ρ] + A3ε[p, q, µ, ρ]pν

+A4ε[p, q, µ, ρ]qν + A5ε[p, q, ν, ρ]pµ + A6ε[p, q, ν, ρ]qµ
)

(D.66)

with

Ai =
∑

f

tZ
′Z0γ

f Ii for i = 3, . . . , 6 (D.67)

where

tZ
′Z0γ

f =
(
vZ′

f aZ0
f + aZ′

f vZ0
f

)
qf (D.68)

and the integrals Ii given in (D.25). Ã1 and Ã2 are the new coefficients with the

GCS absorbed similarly to (3.109).

The Ward identities in Fig. 3.5 for the amplitude now read

(p + q)ρAZ′Z0γ
ρµν + iMZ′

[
(GS)Z0γ

µν + (NG)Z0γ
µν

]
= 0 (D.69)

pµAZ′Z0γ
ρµν + iMZ0

[
(GS)Z′γ

ρν + (NG)Z′γ
ρν

]
= 0 (D.70)

qνAZ′Z0γ
ρµν = 0 (D.71)

where MZ′ and MZ0 are the Z ′ and Z0 masses respectively. In both (D.69) and

(D.70) we have a (GS) and a (NG) contribution due to the two Goldstone bosons

which are a linear combination of the axion and G0. We use (D.70) and (D.71)

to fix Ã1 and Ã2 while (D.69) is automatically satisfied. Contracting with pµ we

get

pµAZ′Z0γ
ρµν = −

{
8
[
4g0g

2
1 RZ′Z0γ

101 b
(1)
2 b3 + 2g0g

2
2 RZ′Z0γ

202 b
(2)
2 b3 + 2g2

0g1 RZ′Z0γ
001 b

(4)
2 b3

]

+
1

4π2
gZ′gZ0e

∑

f

vZ′
f aZ0

f qf m2
fI0

}
ε[q, p, ν, ρ] (D.72)
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where I0 is the integral given in (D.42). The solution for Ã1 and Ã2 is

Ã1 =
(
q2A4 + p · qA3

)
(D.73)

Ã2 =
(
p2A5 + p · qA6

)
+ (GS)Z′γ + (NG)Z′γ (D.74)

with

(NG)Z′γ =
∑

f

vZ′
f aZ0

f qf m2
fI0 (D.75)

(GS)Z′γ =
64π2g0

gZ′gZ0e

[
2g2

1 RZ′Z0γ
101 b

(1)
2 b3 + g2

2 RZ′Z0γ
202 b

(2)
2 b3 + g0g1 RZ′Z0γ

001 b
(4)
2 b3

]

(D.76)

The rotation factors are

RZ′Z0γ
101 = O01O10O21

RZ′Z0γ
202 = O02O10O22

RZ′Z0γ
001 = O10O21 (D.77)

with Oij given by (4.52). Substituting Ã1, Ã2 into the amplitude (D.66) and

performing all the contractions we finally obtain

|AZ′Z0γ|2 = g2
Z′g

2
Z0

e2

(
M2

Z′ −M2
Z0

)2 (
M2

Z′ + M2
Z0

)

96M2
Z0

M2
Z′π

4
×

[∑

f

tZ
′Z0γ

f (I3 + I5)M
2
Z0

+ (GS)Z′γ + (NG)Z′γ

]2

(D.78)

D.6.2 Z ′ → Z0 Z0

The contribution to the fermionic triangle is

∆Z′Z0Z0
ρµν = −1

8
gZ′g

2
Z0

[∑

f

(
vZ′

f aZ0
f vZ0

f ΓV AV
ρµν + vZ′

f vZ0
f aZ0

f ΓV V A
ρµν +

aZ′
f vZ0

f vZ0
f ΓAV V

ρµν + aZ′
f aZ0

f aZ0
f ΓAAA

ρµν

)]
(D.79)

We write the total amplitude (the sum of the triangles plus GCS terms) as

AZ′Z0Z0
ρµν = − 1

8π2
gZ′g

2
Z0

[
Ã1ε[p, µ, ν, ρ] + Ã2ε[q, µ, ν, ρ] + A3ε[p, q, µ, ρ]pν

+A4ε[p, q, µ, ρ]qν + A5ε[p, q, ν, ρ]pµ + A6ε[p, q, ν, ρ]qµ

]
(D.80)
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with

Ai =
∑

f

tZ
′Z0Z0

f Ii for i = 3, . . . , 6 (D.81)

where

tZ
′Z0Z0

f =
(
aZ′

f vZ0
f vZ0

f + 2vZ′
f aZ0

f vZ0
f + aZ′

f aZ0
f aZ0

f

)
(D.82)

and the integrals Ii are given in (D.25). The Ward identities now read

(p + q)ρAZ′Z0Z0
ρµν + iMZ′

[
(GS)Z0Z0

µν + (NG)Z0Z0
µν

]
= 0 (D.83)

pµAZ′Z0Z0
ρµν + iMZ0

[
(GS)Z′Z0

ρν + (NG)Z′Z0
ρν

]
= 0 (D.84)

qνAZ′Z0Z0
ρµν + iMZ0

[
(GS)Z0Z′

µρ + (NG)Z0Z′
µρ

]
= 0 (D.85)

where MZ′ and MZ0 are the Z ′ and Z0 masses respectively. In (D.83)-(D.85) the

(GS) and (NG) terms are present for the same reason as in the preceding subsec-

tion. We use (D.84) and (D.85) to fix Ã1 and Ã2 while (D.83) is automatically

satisfied. Contracting with pµ and qν we get

pµAZ′Z0Z0
ρµν = −

{
8
[
4g3

0 RZ′Z0Z0
000 b

(0)
2 b3 + 4g0g

2
1 RZ′Z0Z0

101 b
(1)
2 b3+ (D.86)

2g0g
2
2 RZ′Z0Z0

202 b
(2)
2 b3 + 2g2

0g1 RZ′Z0Z0
001 b

(4)
2 b3

]
+

+
1

8π2
gZ′g

2
Z0

∑

f

(
vZ′

f aZ0
f vZ0

f +
1

3
aZ′

f aZ0
f aZ0

f

)
m2

fI0

}
ε[q, p, ν, ρ]

qνAZ′Z0Z0
ρµν = −

{
8
[
4g3

0 RZ′Z0Z0
000 b

(0)
2 b3 + 4g0g

2
1 RZ′Z0Z0

101 b
(1)
2 b3+ (D.87)

2g0g
2
2 RZ′Z0Z0

202 b
(2)
2 b3 + 2g2

0g1 RZ′Z0Z0
001 b

(4)
2 b3

]
+

+
1

8π2
gZ′g

2
Z0

∑

f

(
vZ′

f aZ0
f vZ0

f +
1

3
aZ′

f aZ0
f aZ0

f

)
m2

fI0

}
ε[q, p, ρ, µ]

where I0 is the integral given in (D.42). The solution for Ã1 and Ã2 is

Ã1 =
(
q2A4 + p · qA3

)−
[
(GS)Z′Z0 + (NG)Z′Z0

]
(D.88)

Ã2 =
(
p2A5 + p · qA6

)
+ (GS)Z′Z0 + (NG)Z′Z0 (D.89)
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More on amplitudes

with

(NG)Z′Z0 =
∑

f

(
vZ′

f aZ0
f vZ0

f +
1

3
aZ′

f aZ0
f aZ0

f

)
m2

fI0 (D.90)

(GS)Z′Z0 =
64π2

gZ′g2
Z0

[
4g3

0 RZ′Z0Z0
000 b

(0)
2 b3 + 4g0g

2
1 RZ′Z0Z0

101 b
(1)
2 b3 +

+2g0g
2
2 RZ′Z0Z0

202 b
(2)
2 b3 + 2g2

0g1 RZ′Z0Z0
001 b

(4)
2 b3

]
(D.91)

The rotation factors are

RZ′Z0Z0
000 = O10O10

RZ′Z0Z0
101 = O01O10O11

RZ′Z0Z0
202 = O02O10O12

RZ′Z0Z0
001 = O10O11 + O01O10O10 (D.92)

with Oij given by (4.52). Substituting back into the amplitude and performing

all the contractions we finally obtain

|AZ′Z0Z0|2 = g2
Z′g

4
Z0

(
M2

Z′ − 4M2
Z0

)2

192M2
Z0

π4
×

[∑

f

tZ
′Z0Z0

f (I3 + I5)M
2
Z0

+ (GS)Z′Z0 + (NG)Z′Z0

]2

(D.93)

D.7 Amplitude for ψS λ(1) → νν

In this appendix we give the amplitude for the process ψS λ(1) → νν, which is

the simplest case over all the possible decays ψS λ(1) → ff̄ , since the neutrinos

are massless and are coupled only to the Z0

M = − i

2
CZ0gZ0

kµ

k2 −M2
Z0

v̄Sγ5[γ
µ, γν ]uλ1 ūν1γν(vν − aνγ5)vν2 (D.94)
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D.7 Amplitude for ψS λ(1) → νν

The corresponding square modulus is

|M|2 =
∑

spin λ1

∑

spin ψS

∑
spin ν1

∑
spin ν2

MM∗ (D.95)

= 64C2
Z0

g2
Z0

a2
ν + v2

ν

(k2 −M2
Z0

)2
(pν1 · pν2)×

×
[
(pλ1 · pν1)(pν1 · pS) + (pλ1 · pν2)(pν2 · pS)− (pν1 · pν2)M1MS

]

where pλ1 , pS, pν1 and pν2 are the bino, axino and neutrinos 4-momenta respec-

tively and k2 = s is the momentum of the intermediate Z0. The result (D.95)

is valid only for one family. If we consider all the families the above amplitude

must be multiplied by 3.
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