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Abstract

This Thesis reviews an extension of the MSSM by the addition of an anoma-
lous abelian vector multiplet and contains some original results concerning the

phenomenology of an anomalous Z’.

The review part covers an introduction of the MSSM focusing on its main
features, a discussion on the chiral anomalies and how to cancel them in the

Standard Model and by the Green-Schwarz mechanism.
Then, the original results are presented. We build the Lagrangian for the

Minimal Anomalous U(1)" Extension of the MSSM where the anomalies are can-
celled by the Green-Schwarz mechanism and the addition of Chern-Simons terms,
stressing the main differences between our model and the MSSM. The advan-
tage of this choice over the standard one is that it allows for arbitrary values
of the quantum numbers of the extra U(1). As a first step towards the study
of hadron annihilations producing four leptons in the final state (a clean signal
which might be studied at LHC) we then compute the decays Z' — Zyy and
7' — ZyZy. We find that the largest values of the decay rate are ~ 107% GeV,
while the expected number of events per year at LHC is at most of the order
of 10. Then we compute the relic density predicted by our model with a new
dark matter candidate, the axino, which is the LSP of the theory. We see that
agreement with experimental data implies the assumption that the NLSP is a

bino-like particle almost degenerate in mass to the axino.






“There are many path to the top of the mountain.
But the view is always the same.”

Asian proverb

Acknowledgements

This Thesis work includes most of the research I have done during my PhD course
at the University of Rome “Tor Vergata”. I wish to thank the Department of
Physics and the Coordinator of the PhD program Prof. Piergiorgio Picozza for
supporting my work. I spent several months of my PhD absent from Tor Vergata,
at DAMTP in Cambridge, both of which I would like to thank for the hospitality
and the resources they made available. I am also grateful to INFN for travelling
support and to Marie Curie Research Training Network “Superstring Theory”
for financial support.

First of all, my gratitude goes to my advisor Prof. Francesco Fucito, who
first introduced and then continued to support me in a fascinating research field.
Many thanks also to Dr. Andrea Lionetto, Prof. Massimo Bianchi, Prof. Yassen
Stanev, Prof. Gianfranco Pradisi and Dr. Pascal Anastasopoulos for their kind
assistance and support in Tor Vergata, to Prof. Michael Green for his hospi-
tality in DAMTP and to Prof. Claudio Coriano for useful collaborations and
discussions.

I am very grateful to all the friends I have been in touch with during these
years. I would like to thank for their friendship: Andrea and Matteo (all started
at the “campetto” and all will finish there). Valentina for her support and help
in my troubles. Alberto, Ilaria and Maria Vittoria for their sustain and their

visits. Elisa, Piero, Francesco and Laura for their support. “La Dottorandi” and



in particular Simona, Francesco G., Giulia, Marine, Flavio, Andrea S., Maurizio
and Andrea M.; a special thanks goes to Francesco S. for several intense Friday
afternoons and his friendship. “The Lost Research Group”: Enrico, Regula and
Alessandra. Paola and her verve. I also wish to thank Roberta, Michele and
Sven for useful discussions and their friendship. I am grateful to UmbroTeam,
Avis Frassati and Darwin College Team for giving me the possibility to play the
best sport ever: basketball. Thanks to all of them, everywhere I was, I felt at
home.

Last but not least. My deepest gratitude and love go to my parents and my
brother for their support, encouragement and care throughout my studies and

travels. Without them, nothing of this would be possible.



Contents

(1 _Introduction|

2 Overview of the MSSM|

2.4 Mass spectrum| . . . . . . ... .o

[2.4.1  Electroweak symmetry breaking| . . . . . . ... .. .. ..
[2.4.2 Higgs Bosons| . . . . .. ... ... .. ... ...

[3__Anomalies

B

B2

[3.3

[3.3.2  Triangular Anomaly| . . . . ... ... ... ... .....

[3.3.3  Ward Identities for massive gauge fields|. . . . . . . . . ..

i

10
13
17
17
19
20
21
23
24
25



CONTENTS

[3.3.4  Ward Identities and Anomaly Cancellation| . . . . . . . .. 44
[3.3.5  Effective Lagrangian| . . . . . ... ... ... ... .... 46

[3.4  Supersymmetric Green-Schwarz mechanism|. . . . . . . . .. ... 47
[3.5  Computation of the amplitudes] . . . . . . .. ... ... ... .. 49
4 1 odel building 53
4.1 Preliminariesl . . . . . . . .. ..o 54
4.1.1 Anomalies and GS mechanisml . . . . . . . ... ... ... 55
[4.1.2  Soft breaking terms| . . . . . ... ..o 59

[4.2  Model setup| . . . . . . . ... 59
4.2.1 Kinetic diagonalization of U(1)’s[. . . . . . ... ... ... 59
422 Dand [ terms . ... oo 60
4.2.3 Scalar potential . . . . . . ... ... oL 61
[4.2.4  Higgssector| . . . . . . . . ... ... ... 63
4.2.5  Neutral Vectorsl . . . . . . . ... ... .. 64
4.2.6  Sfermions . . . . .. ..o 65
427 Neutralinos . . .. .. ... ... ... ... 66

[ MiAUMSSM. Phenomenology| 69
[5.1 Tree level decays| . . . . . .. .. ... ... ... ... 70
bI1 Fermions. . . .. ... ..o 70
b.1.2  Sfermionsl . . .. ... oo 71
O.1.3  Numerical resultsl . . . . . . ... ..o 71

[5.2  Anomalous Decays| . . . . ... ... ... .. o 00 73
[>.2.1 Anomaly cancellation|. . . . . . .. ... ... 74
6.22 Z'—=ZoA ..o 78
b.23 Z'—=ZyZo .. .. 81
.24  Numerical Results] . . .. ... .. ... ... ... 82

.3 LHC prediction . . . . ... ... ... ... ... 84
.4 Axino Dark Matterl . . . . . . ... ..o 86
b.4.1 Axino Interactionsl . . . . . . .. .. ..o 87
[5.4.2  Axino Relic Density| . . . . ... ... ... ... .. ... 89

ii



CONTENTS

6 Conclusions|

(A Gammology|

(B Lagrangians|

(B.1 MSSM Lagrangian|

(8.2 MiAUMSSM Lagrangian|

[C Feynman rules|

[C.I C — B model

(D More on amplitudes|

[D.1  Linearly divergent integrals|

[D.3 Fermionic loop diagraml|

[D.4 Landau-Yang theorem|

[D.5 Treatment of non anomalous diagrams|

[D.6 Decay rates. General case|

D61 7 — Z,

ID62 Z’ — Z() Z()l

[D.7 Amplitude for g \(V) — vt

[References]

iii

93






Chapter 1

Introduction

The Standard Model (SM) of particle physics has been confirmed to a great
accuracy in many experiments. Despite the fact that the Higgs particle remains
experimentally elusive, few scientists doubt that there will be major surprises
in this direction. The whole scientific community, however, knows that the SM
needs to be improved. Apart from the experimental discover of a tiny neutrino
mass, there are also several theoretical issues that make physicists believe that

the SM is only an effective manifestation of a more Fundamental Theory.

We know that a new framework must appear at the Planck scale (~ 10! GeV)
where a theory of quantum gravity reveals. Since the ratio between this scale and
the electroweak (EW) scale (~ 100 GeV) is huge, all quantum corrections will
turn out to be many orders of magnitude greater then tree values. This is the
so called hierarchy problem, related to fine-tuning and naturalness. Quantum
corrections are power-law (usually quadratic) divergent which means that the
highest energy physics is most important. More technically, the question is why
the Higgs boson is so much lighter than the Planck scale. Indeed one would expect
that the large quadratically divergent quantum contributions to the square of
the Higgs boson mass would be inevitably make the mass huge, unless there is a
fine-tuned cancellation between the quadratic radiative corrections and the bare

mass.

Besides the hierarchy problem, there some unexplained features in cosmolog-
ical observations. Measurements constraint the quantity of baryon matter, dark
matter and dark energy in the universe revealing that the known particles make

up only a small fraction of the total energy density of the universe. So parti-
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cle physics must provide candidates for dark matter (DM) and dark energy and

experiments to check the inherited models.

During the last years many ideas were used to overcome these problems. The
most appealing theory is supersymmetry (SUSY), even if its historical motivation
was to provide fermions in string theory. In 1981 it was proposed the Minimal
Supersymmetric Standard Model (MSSM) i.e. the minimal extension of the SM
which provides supersymmetry. SUSY pairs bosons with fermions, so each SM
particle has a corresponding partner (unfortunately not discovered yet). SUSY
removes the quadratic divergences of the radiative corrections to the Higgs mass.
However, there is no understanding of why the Higgs mass is so small from the
beginning (u problem). One of the most intriguing feature of the MSSM (and its
extensions) is that it provides DM candidates with relic density compatible with
experimental data. In fact, if R-parity is conserved, the lightest supersymmetric
particle of the MSSM is stable and makes it a good cold dark matter (CDM)

particle.

As cited before, string theory was the framework where SUSY was born.
Moreover it is also the most appealing candidate for a quantum theory of grav-
ity. One of the prediction of string theory is the existence of anomalous U(1)’s.
In standard theories the chiral anomalies are cancelled satisfying that the trace
of the product of the gauge generators is zero. Instead in string theory this is not
always possible, so the U(1)’s are anomalous, but the theory is still consistent
and anomaly free, thanks to the Green-Schwarz (GS) mechanism. These anoma-
lous gauge fields must be massive, otherwise we already discovered them, and the
mass is acquired with the Stiickelberg mechanism which was the first attempt
to give a vector mass preserving gauge invariance, but phenomenologically ruled
out in the SM. This procedure involves an axion-like scalar field, which plays also
an important role in the GS mechanism for the anomaly cancellation. D-brane
models contain several anomalous abelian factors living on each stack of branes.
In the presence of these anomalous U(1)’s, the GS couplings with the axions
cancels mixed anomalies], and the Stiickelberg mixing renders the “anomalous”
gauge fields massive. The masses depend non-trivially on the internal volumes
and on other moduli, allowing the physical masses of the anomalous U(1) gauge

bosons to be much smaller than the string scale (even at a few TeV range). An

Mrreducible anomalies are cancelled by the tadpole cancellation.
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important role is played by the so-called Generalized Chern-Simons terms (GCS)
which are local gauge non-invariant terms. Indeed, these trilinear gauge bosons
anomalous couplings are responsible for the cancellation of mixed anomalies be-
tween anomalous U(1)’s and non anomalous factors ensuring the consistency of
the theory.

In this Thesis, we are interested in anomaly related Z' bosons and we present
the results obtained in [I] and [2]. The theory is non-renormalizable since it has
an energy cut-off related to the Z’ mass. More precisely, we study an extension
of the MSSM by the addition of an abelian vector multiplet V() and we assume
that generically all MSSM particles are charged with respect to the new U(1).
The anomalies are cancelled using the GS mechanism and the GCS terms, so the

anomalous abelian boson becomes massive and behaves like a 7.

In approximately one year, the Large Hadron Collider (LHC) at CERN will
start to operate at energies of order of 14 TeV in the center of mass (CM). Apart
from the search for the Higgs boson, it will probably give us some answers about
the parameter space of the physics beyond the SM, the eventual existence of new

particles, such as the Z’, and their nature.

This Thesis is organized as follows. In Chapter 2 we introduce the MSSM. We
explain its main characteristics, focusing on the Renormalization Group Equa-
tions (RGEs) and the mass spectrum of the theory. In Chapter Bl we discuss
the problem of the 1 loop chiral anomalies in field theory. We show how to
cancel them with the standard procedure and with the GS mechanism, both in
a standard and in a supersymmetric framework. In Chapter ] we present our
model. We discuss the Lagrangian and the differences between our theory and
the MSSM. In Chapter Bl we analyze some phenomenological consequences of our
model such as the Z’ anomalous decays and the prediction of the relic density
with a new dark matter candidate. In Chapter [6l we summarize the conclusions
and the results of our work. Finally in the Appendix we give further details of

the computations omitted in the main body of the Thesis.






Chapter 2

Overview of the MSSM

Supersymmetry is the only possible non trivial unification of internal and space-
time symmetries compatible with quantum field theory. It emerges naturally in
string theory but it can be introduced apart of it. A SUSY transformation turns
a bosonic state into a fermionic state increasing its spin by 1/2, and viceversa.
The single particle states of a supersymmetric theory fall into irreducible rep-
resentations of the SUSY algebra, called supermultiplets which, in turn can be
organized into superfield. Each supermultiplet contains both fermion and boson
states that are superpartners of each other. One may show that no particle of the
SM can be the superpartner of another, so SUSY predicts a list of new particles,
none of which has been discovered yet. In reason of this, superpartners cannot
be mass degenerate and so SUSY must be a broken symmetry. There are several
ways to introduce a breaking of SUSY, however the simplest way is to explicit
break it adding ad hoc mass terms. This is done in the MSSM. The following
treatment of the MSSM is based on the works of Martin [3] and Derendinger [4].
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2.1 The superpotential

In a renormalizable supersymmetric field theory, the interactions and masses of
all particles are determined just by their gauge transformation properties and by
the superpotential W. W is an analytic function of the complex chiral superfield
®. The gauge quantum numbers and mass dimensions of a chiral superfield are
given by these of its scalar component. In the superfield formulation we write

the superpotential as
1 . 1 ..
W = észq)iq)j + éy”k@@j@k (21)

Given the supermultiplet content of the theory, the form of the superpotential is
guided by the requirement of gauge invariance, so only a subset of the parameters
M% and y*“* are allowed to be different from zero. The entries of the mass matrix
M can be non zero only for i and j such that the superfield ®; and ®; have gauge
transformation conjugates of each other. Similarly for the Yukawa couplings /¥,

The interactions implied by the superpotential were shown in Fig. 2. TH2.2

The particle content of the MSSM is given in Table 2.1H2.2] The superpoten-
tial for the MSSM is

Wussm = 9 QUSH, — yi Q:DSHy — y? LiESHy + iH , Hy (2.2)
where the indices ¢, 7 run over the three families. For the complete Langrangian

of the MSSM see Appendix [B.1l
All of the gauge indices in eq. (22)) are suppressed. The “u term”, as it

is usually called, can be written out as pu(H,)a(Hg)se®?, where €9 is used to
tie together SU(2);, weak isospin indices a, 3 = 1,2 in a gauge-invariant way.
Similarly for the terms Q;H,, Q;Hy and L;H,.

, k l

Y A I NI ol
/\ /\ /(/\‘\
7 () S R © 7

Figure 2.1: The dimensionless non-gauge interaction vertices in a supersymmetric

theory: (a) scalar-fermion-fermion Yukawa interaction y“*, (b) the complex conjugate

interaction y;;,, and (c) quartic scalar interaction yij”y;';ln.
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| ————
(d)

Figure 2.2: Supersymmetric dimensionful couplings: (a) (scalar)® interaction vertex

M;,y*" and (b) the conjugate interaction M i”y}‘kn, (c) fermion mass term M% and

(d) conjugate fermion mass term M}, and (e) scalar squared-mass term M M*.

YR

Supermultiplet Gauge Representation
Superfield | Spin 0 | Spin 1/2 | SU(3). | SU2). | U(1)y
Qi (tir, di) | (wir, diz) | 3 2 1/6
Us W=ap, | uS=uy| 3 1 ~2/3
D§ E=dy | d=dy| 3 1 1/3
L; (Zir, &) | (viL eir) 1 2 —1/2
B =l | es=elp | 1 1 1
H, (hy h3) | (A RS) 1 2 1/2
Hy (W) hy) | (WG hy) | 1 2 | -1/2

Table 2.1: Chiral supermultiplets in the Minimal Supersymmetric Standard Model.
The spin-0 fields are complex scalars, and the spin-1/2 fields are left-handed two-

component Weyl fermions. The index ¢ runs over the three families.

Supermultiplet Gauge Representation
Superfield Spin 1/2 Spinl | SUB3). | SU(2)r | U(1)y
Vs G or \®) G 8 1 0
Vs WEWoor AP [WEWo | 1 3 0
Vi Bor AW B 1 1 0

Table 2.2: Gauge supermultiplets in the Minimal Supersymmetric Standard Model.
The 1 means that the field is a singlet i.e. uncharged respect to SU(n) gauge groups.
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Figure 2.3: Supersymmetric gauge interaction vertices.

The p term in eq. (Z2) is the supersymmetric version of the Higgs boson
mass in the SM. It is unique, since terms H] H, or H;Hd are forbidden in the
superpotential, because it must be analytic in the chiral superfields. We can
also see from the form of eq. (Z2) why both H, and H, are needed in order
to give Yukawa couplings, and thus masses, to all of the quarks and leptons.
Since the superpotential must be analytic, for instance the QU¢H,, Yukawa terms
cannot be replaced by something like QU CHCTZ. So we need both H, and H,, even

without invoking the argument based on anomaly cancellation (as we will see in

Section [3.2).

Since the top quark, bottom quark and tau lepton are the heaviest fermions in
SM, it is common to use the approximation that only the third (3,3) component

of y,, yq and y, are important

00 O 00 00 O
yl~100 0 Yy ~ iz 00 0
00 vy 0 0 w 0 0 y,



2.1 The superpotential

In this limit the MSSM superpotential reads in SU(2); components

Watssa & ye(tthy — t°bhy) — yp(bthy — b°hg) — y-(T°vhy — 7°Thy)
+u(hthy — hohg) (2.4)

where Q3 = (t b), Ly = (vr 7), hy = (hf BY), hg = (BY h3), u§ = t¢, d§ = b°
and e§ = 7°. The minus sign inside the parentheses appear because of the use
of €? to tie up internal SU(2); indices. These minus signs were chosen so that
terms proportional to ¥, ¥, and y, have positive signs when they become the

top, bottom and tau masses.

Since the Yukawa interactions y“* in a general supersymmetric theory must
be completely symmetric under interchange of ¢, j, k, we know that y,, y4 and v,
imply not only Higgs-quark-quark and Higgs-lepton-lepton couplings as in the
SM, but also squark-higgsino-quark and slepton-higgsino-lepton interactions.

There are also scalar quartic interactions with strength proportional to the
square of Yukawa couplings. The existence of all the quark and lepton Yukawa
couplings in the superpotential ([22)) leads also to the following scalar quar-
tic couplings: (squark)?, (slepton)?, (squark)?(slepton)?, (squark)?(Higgs)? and
(slepton)?(Higgs)?. However, the dimensionless interactions determined by the
superpotential are usually not the most important ones of direct interest for phe-
nomenology. This is because the Yukawa couplings are already known to be very
small, except for those of the third family (top, bottom, tau). Instead, produc-
tion and decay processes for superpartners in the MSSM are typically dominated
by the supersymmetric interactions of gauge-coupling strength. The couplings of
the Standard Model gauge bosons (v, W+, Z° and gluons) to the MSSM particles
are determined completely by the gauge invariance of the kinetic terms in the
Lagrangian. The gauginos also couple to (squark, quark) and (slepton, lepton)
and (Higgs, higgsino) pairs as illustrated in the general case in Fig. 23 For in-
stance, each of the squark-quark-gluino couplings is given by \/593((] T*qg+h.c.)
where 7% = \*/2  (a =1...8) are the matrix generators for SU(3)c.

The dimensionful couplings in the supersymmetric part of the MSSM La-
grangian are all dependent on p. From eq. (2.2)), we get the higgsino fermion

mass terms

- Ehiggsino mass — M(h+h; - hghg) + h.c. (25)

u

9
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as well as Higgs squared-mass terms in the scalar potential
- ﬁsusy Higgs mass ‘,u|2 (‘hOP + ‘th’Q + ‘h |2 + ‘h ’ ) (26)

Since eq. (2.6) positive definite, we cannot understand electroweak symmetry
breaking (EWSB) without including a negative supersymmetry-breaking squared-
mass soft term for the Higgs scalars (see Section [Z4.1]). Moreover we expect that
u should be roughly of order 10? or 10> GeV, not so far from the electroweak
scale. But why |u|? is so small compared to M3? Why should it be roughly of
the same order as m2;? The scalar potential of the MSSM seems to depend
on two distinct dimensionful parameters, namely the supersymmetry-preserving
mass i and the supersymmetry-breaking soft mass terms. The observed value
for the electroweak breaking scale suggests, both of these should be within an
order of magnitude or so of 100 GeV. This puzzle is called “the p problem”. Sev-
eral different solutions to the p problem have been proposed, but they all work
in roughly the same wayD; the u term is absent at tree-level before symmetry
breaking, and then it arises from the VEV(s) of some new field(s). These VEVs
are determined by minimizing a potential that depends on soft terms. Thus, the
value of the effective parameter p is related to supersymmetry breaking. From
the point of view of the MSSM, however, we can just treat p as an independent

parameter.

Finally, the p-term and the Yukawa couplings in the superpotential eq. (2.2))

combine to yield (scalar)® couplings of the form

‘Csusy (scalar)3 = M (uc yzj u; hOT dc y;] d h‘OT + ec yéj €j hZOLT +
aCy d; byt Sy A B ey oy b +hee. (2.7)

2.2 Soft supersymmetry breaking

A realistic phenomenological model must contain SUSY breaking. From a theo-
retical point of view we expect that SUSY is an exact symmetry which is spon-
taneously broken. Many models have been proposed but we do not discuss them
because is beyond our scope. From a practical perspective it is sufficient to

parametrize our ignorance introducing extra terms that break explicitly SUSY.

'Some other attractive solutions are proposed in [5]-[7].

10



2.2 Soft supersymmetry breaking

oo (- K- ] - -] Y
(a) (b) (c) (d)

Figure 2.4: Soft supersymmetry-breaking terms: (a) Gaugino mass M,; (b) non-
Q.
7
scalar cubic coupling a’/*. For each of the interactions in a,c,d there is another with

analytic scalar squared mass (m?)%; (c) analytic scalar squared mass b%; and (d)

all arrows reversed, corresponding to the complex conjugate term in the Lagrangian.

However this breaking should be soft because we do not want to lose the main
properties of a SUSY theory (see Chapter [l and [3]). As illustrated in [4] the

one loop divergent contributions to the scalar potential are given by

2 2
A STrM? + ! STrM* In (&) (2.8)

oV =
3272 6472 A2

where A is the energy cut-off and M is the mass matrix of the theory. As it is
well known a SUSY theory is free of quadratic divergences, in fact STrM? = 0, so
the soft breaking terms must be such that this property still holds. The possible

soft supersymmetry breaking of a general renormalizable theory are
1 1 .. 1 .. 1 i
Looi = = <§Mavv + G bin + §b%i¢j> Fhe. =5 (mf); 716 (2.9)

They are gaugino masses M, for each gauge group, scalar squared mass terms
b and (mz); and trilinear scalar coupling a”*. There are no mass terms for the
chiral supermultiplet fermions, like —3m%Y¢;1; 4 h.c., because in general they
are not softZ. The Lagrangian Ly breaks SUSY since it involves only scalars
and gauginos and not their respective superpartners. The gaugino masses M,
are always allowed by gauge symmetry. The (m2)§. terms are allowed for 1, j
such that ¢;, ¢/ transform in complex conjugate representations under all gauge
groups. This is obviously true when ¢ = j, so every scalar can acquire mass in
this way. The remaining soft terms are restricted by the symmetries. Because
the a”* and b have the same form as y“* and M%, they will be allowed if
and only if there is a corresponding superpotential term in the Lagrangian. The

corresponding Feynman diagrams are given in Fig. 241

2In Section I 1.2l we will see a case in which is possible to have such a term.

11
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Applying what we have shown to the MSSM, we get that
13
MSSM a a 2 ~ ~t 2 ~c~ct 2 Jc et
L = -3 E : (Ma)\( In@) 4 h.c.) — (mql_jqiqj + my,, Uity + my, did;

+ml2..l~z-lj- + mgijéfé? +mj, |h|? + mid|hd\2>
- @;’g’qigjhu — aGd;hg — 718 hy + bhahg + h.c.) (2.10)

We see soft mass terms for the gluinos A, the winos A® and the bino A,
Then we have the (scalar)® couplings, which are in one to one correspondence
with the Yukawa couplings of the superpotential and the sleptons and squarks
masses. As usual we suppressed the gauge indices. Finally we have the soft terms

that contributes to the Higgs potential, my,,, m;, and b.

The above L7 introduces many new parameters which are absent in the
ordinary SM. A careful count [8] shows that there are 105 masses, phases and
mixing angles in the MSSM Lagrangian that cannot be rotated away by some
redefinition of the basis of quark and lepton supermultiplets. However there
are experimental flavor mixing and CP violation data which limit this number
[9). All of these potentially dangerous effects can be avoided assuming that
supersymmetry breaking is “universal”. In particular we can suppose that the
squark and slepton masses are flavor-blind, then

m 2

2 2 2 2
~ mq 61‘]‘ m j ~m, 5”‘ mdij ~ My (5,‘]‘

2 ~m? by (2.11)

2
my e

2
i ~ ml 5ij m i
If so, then all sfermions mixing angles are trivial. Therefore MSSM contribu-
tions to FCNC processes will be very small up to mixing induced by a,, ag and
a.. Making the further assumption that these couplings are proportional to the

respective Yukawa coupling,
ay = Ayl ag = Aqya ae = Acle (2'12)

will ensure that only the sfermions of the third family can have large (scalar)?
couplings. Finally, to avoid large CP-violation effects it is usually assumed that
soft terms do not introduce new complex phases. This is automatic for the
Higgses and the sfermions if eq. (2.I1)) is true. We can also fix the p and b

parameters to be real, rotating the phase of H, 4 supermultiplets. Assuming also

12



2.3 RGE

that the A; in eq. (2J2) and the gaugino soft masses are real, then the only
CP-violating phase in the theory will be the ordinary CKM phase of the SM.

The conditions (Z.I1]) and (2.12)) reflect the assumption of soft-breaking uni-
versality invoked in the above. These must be taken as boundary conditions on
the running of soft parameters at a very high RG scale ()y. Then we must run

all the Lagrangian parameters down to the EW scale.

2.3 RGE

In this section we list the result for the RGEs in the MSSM. For a method of

computation see for instance [4].

The 1 loop RG equations for the gauge couplings are

(41/10, —19/6, —7)  SM
(33/5, 1, =3)  MSSM

1
b Qi; (b1,b2,b3) = { (2.13)

d
A= %Qa 16w "

where ¢t = In(Q/Qo) with @ the RG scale, 9, = v/5/3 g1, g, = g2 and g, = gs.
The normalization of g is chosen to agree with Grand Unification Theories
(GUTs) like SU(5) or SO(10). The quantities a, = g2/47r turn out to have their

reciprocals that run linearly with the RG scale
—a, = —— (2.14)

In Fig. is plotted the RG evolution of the a;!. Unlike the SM, which has
a very rough unification, MSSM has a very “precise” unification at the scale
My ~ 2 x 10'® GeV. This can be an accident, but it may also be taken as a hint
toward SUSY GUT or superstring models.

Next we consider the 1 loop RGEs of the parameters in the superpotential.
Considering the third family approximation (Z3]) we get the following equations

for the Yukawa couplings

_ d Y [ * * 16 , s 13,
ﬁm = %yt = W _6% Yt + YpYp — 393 — 395 — 1—591 (2-15)
_ d yb [ * * * 16 2 2 7 2
P =2 = 153 _Gybyb T Yt Yy — 503 — 30 — z91 | (2.16)
d Yr [ s 94
= — = 4yt yp — S 2.1
By = Tor2 |27 +3YYs — 392 — £ i (2.17)
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Figure 2.5: RG evolution of the inverse gauge couplings o, (Q) in the SM (dashed
lines) and the MSSM (solid lines). In the MSSM case, the sparticle mass thresholds are
varied between 250 GeV and 1 TeV, and a3(Mz,) between 0.113 and 0.123. Two-loop

effects are included.

while the RGE for the p term is

d

_ . 2 * * * 2 3 2
Bu = Zim = 165 |30iye + 3us9s + 47y — 305 — 241 (2.18)

The one-loop RG equations for the three gaugino mass parameters in the

MSSM are determined by the same quantities 5Y55M that appear in the gauge
coupling RG eqs. (2.13)

d 1

= —M, = —=b,g>M, = 1, — 1
B, dtMa 87T2baga o (by = 33/5, 1, =3) (2.19)

for a = 1,2,3. It is easy to check that the three ratios M,/g> are each constant
(RG scale independent) at 1 loop order. Since the gauge couplings unify at
Q = My = 2 x 10'6 GeV, it is a natural assumption that the gaugino masses

also unify near that scale, with a value m, /. If so, then it follows that

My My My 220

R

at any RG scale, up to small two-loop effects. Here gy is the unified gauge
coupling at Q) = My.
Then we consider the 1-loop RG equations for the soft parameters connected

to the superpotential. Using the third family approximation (2.3) we can write

14



2.3 RGE

at any RG scale
0 0
0 RS 0

@S

¢
o o o
o o o
)
o o o
o o o
)

t b

which defines the running parameters a;, a, and a,. In this approximation the

RGEs for the trilinear soft couplings are

d ) .16 13 )
16W2Eat = [18% Ye + Uiy — 393 — 395 — 1—59f} + 2apy; ys
32 2%
Y [ggng + 695 M + EQ%Ml} (2.22)
1672 —ap, = ap |18Yiys + Yive + Yiyr — =95 — 395 — — g1 | + 25y
di 3 15
* 32 4 2 14
+2a: Y5y + Yo §g3M3 + 695 Mo + 1—5g1]\/[1 (2.23)

d * * 9 *
167#%@7 = a, {12y7y7 + 3y — 395 — gg%] + 6ayyiy. +

18
+yr [6951\42 + EQ%M1:| (2.24)

while the RGE for the b parameter is

d * * * 3
167T25b = b [3% Yt + 3Yiup + Yiyr — 395 — 59?}

6
+h [6aty2‘ + 6ayyy + 2a-y} + 695 M + gngl] (2.25)

The [-function for each of these soft parameters is not proportional to the pa-
rameter itself, because couplings which break supersymmetry are not protected
by supersymmetric non-renormalization theorems.

Next let us consider the RG equations for the scalar masses in the MSSM. In
the approximation of eqs. (2.3)) and (2:21]), the scalar masses satisfy boundary
conditions like eq. (ZII]) at an input RG scale, so when renormalized to any

other RG scale, they will stay almost diagonal,

mgl 0 0 mil 0 0
ol 0 m o0 el o0 mE, 0 (2.26)
0 0 mgg 0 0 miB
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Overview of the MSSM

The first and second family sfermions remain very nearly degenerate
m. o~ m mi o~ m (2.27)

but the third-family sfermions have larger Yukawa couplings and so their squared
masses get renormalized differently. The one-loop RGEs for the first and second

family squark and slepton squared masses are

6
167r — — ) 8g2Cu(e)|Ma|* + =Yig 29 (2.28)

a=1,2,3

for each scalar ¢;, where a runs over the three gauge groups U(1)y, SU(2), and
SU(3)¢, C,(¢;) are the quadratic Casimir invariants and M, are the correspond-

ing running gaugino masses. Also,
S = Tr[ijij] =mj, —my, + Tr[mgij — mi_j - 2m12”j + mij + mzij] (2.29)

The right-hand side of eq. (2.28) is negativéd, so the scalar squared-mass param-
eters grow as they are RG-evolved from the input scale down to the EW scale.
The scalars masses will obtain large positive contributions at the electroweak
scale, because of the effects of the gaugino masses.

The RG equations for the remaining scalars, Higgs and third family sfermions,
also get contributions from the large Yukawa (y;p.) and soft (atp,) couplings.

It is useful to define the following quantities

X, = 2lyl*(m, +m +m) + 2|a]? (2.30)
X, = 2|yb| (mhd + m L+ md3) + 2|ab|2 (2.31)
X, = 2|yT| (mhd + ml3 + m ) + 2|aT|2 (2.32)

In terms of these quantities, the RGEs for the soft Higgs squared-masses are

,d 6

1672 2mE, = 38X, — G — ZgtlMf? + 915 (2.33)
d 6

167 Emid = 3X,+ X, — 6g3|My|* — 59?|M1|2 - _915 (2.34)

3The contributions proportional to S is zero in mSUGRA models.
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2.4 Mass spectrum

while the RG equations for the third family sfermions mass parameters are

167 %mQ — X+ X, — 2g:?lMgl2 — 6g3| Ma|* — 3gflMll2 + =915 (2.35)
165 T2, = 2X, - 293|M3|2 - 2RI - Sais (2.36)
167r2%m§3 = 2X, — 2g3|M3|2 — —gl|M1|2 + g%S (2.37)
167r2%ml23 = X, — 6g3| Ma|* — —91’M1‘2 - _915 (2.38)
167r2%m§3 = 2X, _ A gl|M1]2 + 6ng (2.39)

An examination of eq. (2.22))-(2.25), (2.28), and (2.33)-(2.39) reveals that if

the gaugino masses My, Ms, and M; are non-zero at the input scale, then all of
the other soft terms will be generated too. On the other hand, if the gaugino
masses vanished at tree-level, then they would not get any contributions to their
masses at the one-loop order; in that case the gauginos would be extremely light

and the model would not be phenomenologically acceptable.

2.4 Mass spectrum

2.4.1 Electroweak symmetry breaking

In the MSSM, the description of electroweak symmetry breaking is slightly com-
plicated by the fact that there are two complex Higgs doublets h, = (h, hY)
and hy = (hY, h7) rather than just one in the ordinary SM. The classical scalar
potential for the Higgs sector in the MSSM is given by

Vo= (|l +mi ) (hal? + (R 1) + ((uf® +mi ) (hal* + g ?)
+[b(hfhy — h2RY) + h.c.]

1 . 1 _
+5(03 + gD (hal® + B 1P — 1hal* = hg*)* + 5@ Ih g + hyhy " (2.40)

The terms proportional to |u|? come from F-terms while the terms proportional
to g7 and g3 are the D-term contributions. Finally, the terms proportional to
m%u, m,%d and b are coming from the soft breaking Lagrangian (ZI10). The full
scalar potential of the theory also includes many terms involving the sparticle
fields which we can ignore here, since they do not get VEVs because they have

large positive squared masses.
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Overview of the MSSM

We now have to demand that the minimum of this potential should give a
correct electroweak symmetry breaking SU(2), x U(1)y — U(1)gy. It is easy to
see that in the minimum we have h} = h; = 0. This is good, because it means
that at the minimum of the potential electromagnetism remains unbroken, since
the charged components of the H, 4 cannot get VEVs. After setting h = h; =0,

we are left to consider the scalar potential

Vo=l +mi )Rl + (pul* +mi,)[hgl* — (bhyhg + hc)

1
+3(95 + ) (hal” = [hal*)” (2.41)

The only term in this potential that depends on the phases of the fields is the
b-term. Therefore, redefining the phase of h, or hy we can absorb any phase in
b, so we take b to be real and positive. To have a bounded from below potential
and to avoid the possibility to have h) = hY = 0 in the minimum, the parameters

in the potential must obey the following constraints

2b < 2uf +mj, +mj, (2.42)
b* > (pl* +my ) (|ul® +m,) (2.43)

Having established the conditions necessary for h2 and hY to get non-zero VEVs,

we can now require that they give a correct EW phenomenology. Let us write
v/ V2 = (h3), va/ V2 = (hg). (2.44)

These VEVs are related to the known mass of the Z; boson and the gauge
couplings (see eq. (2.67)))

2 2 2
v+ v v

u d o 2
— = — =2M,

U= = M2 (g} + g3) ~ (174 GeV)? (2.45)

The ratio of the VEVs is usually written as
tan 5 = v, /vg. (2.46)

The value of tan 3 is not fixed by experiments, but it depends on the Lagrangian
parameters of the MSSM in a calculable way. Now we can write down the

conditions for minimizing the potential

my + |p|* = beot B — (M3, /2) cos(28) = 0 (2.47)
my, 4 |p> — btan 8+ (M3, /2) cos(26) = 0 (2.48)
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2.4 Mass spectrum

Using |u|?, b, m%u and m%d as input parameters, we can solve these two equations

to give the values for # and My,

2b

sin(2 = 2.49

(26) m%u+m%d+2|,u|2 ( )
|m? —m? |

M2 = d “ —m? —m? —2ul? 2.50

Zo 1_ sinz(Qﬁ) R ha |l ( )

In the following subsections we will treat the mass spectrum for each particle

sector of the theory at tree level.

2.4.2 Higgs Bosons

The Higgs scalar fields in the MSSM consist of two complex SU(2)-doublet,
so eight real, scalar degrees of freedom. When the electroweak symmetry is
broken, three of them are the would-be Nambu-Goldstone (NG) bosons G°, G¥,
which become the longitudinal modes of the Z° and W* massive vector bosons.
The remaining five Higgs scalar mass eigenstates consist of two CP-even neutral
scalars hY and H, one CP-odd neutral scalar A°, and a charge 41 scalar H* and
its conjugate charge —1 scalar H~ ¥ The gauge-eigenstate fields can be expressed

in terms of the mass eigenstate fields as
R 1 [ 1 h? i G°
u — )+ —R, +—R 2.51
() - 3n)amlin ) am (%) oo
ht Gt
° = Rpg (2.52)
h;* H*

where the orthogonal rotation matrices

R.— cosa  sina Ry — sinfg  cosf (2.53)
—sina  cosa —cosf3 sinf

are chosen to diagonalize quadratic part of the potential

1 1 1 1
Vitggs mass = 5m3a(R°)? + S (O + Sm2a (GO + Smi(47)?
2| G2+ i | H (254

‘Here we define G~ = G™* and H~ = H**. Also, by convention, h° is lighter than H°.
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Overview of the MSSM

The mass eigenvalues are given by

mio = 2ul* +mjp, +mj, (2.55)
1 2 .
Mio go = 5 [mio + Mz F \/(mio — M2 )" +4M2 m?,sin*(203)| (2.56)
02
mys = mio+ My, =mi + ggZ (2.57)
Mg ge = 0 (2.58)
The mixing angle « is determined by

sin 2« _ _m%lo + m3 tan 2a _ m?o + M%O (2.59)

sin 23 M0 — Mg tan28  m?%, — M3, '

and is traditionally chosen to be negative, so —7/2 < o < 0 (provided m4, >
My,).

The masses of A%, H® and H* can in principle be arbitrarily large since they
all grow with b/sin(23). In contrast, the mass of h" is bounded above. From
eq. (Z50), one finds at tree-level [10]

mpo < Mz,| cos(20)| (2.60)

If this inequality were robust, we would have discovered the lightest Higgs boson
at LEP2. In fact the tree level formula (2.56) is subject to drastic quantum
corrections and it is possible to show that mio can exceed the LEP bounds.
Assuming that none of the sfermions masses exceed 1 TeV and that all the

couplings in the model remain perturbative up the GUT scale, we get [11]
mpo < 150 GeV. (2.61)

However the previous bound is weakened if we relax one of the previous assump-

tions.

2.4.3 Vector Bosons

The gauge bosons in the MSSM get masses in the same way of the SM with the

2

identification v* = v2 + v3. We recall very briefly the Lagrangian

2
(%
‘CVect.Mass = ggg (AluA}IL + A2,uAg) +

1 FL —qpeY yH
+§(YMA3’M) 141)2 121;4 M
—g91927 95 Az

= MyWiIW =+ M3 Zo,Z§ (2.62)
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2.4 Mass spectrum

where the eigenstates are (the Weinberg angle 0y, is defined by tan Oy = g1/g2)

A A
wE = J%%Jﬁ (2.63)
As, — g1y,
ZO;L — wzcosewA?)u—Sinewyu (264)

N

G143, + g2Y),

AM = 5 5 = sin OWAB,u + cos HWY# (265)
VIit+ 93
and their corresponding eigenvalues are
1
Mz, = Zg&ﬂ (2.66)
1
Mz, = (o +g3) 0’ (2.67)
2 _
M 0 (2.68)
The corresponding coupling constants are
92 (2.69)

gw = \/5

9zo = \9i+93 (2.70)

9192
Vi + 93

Exactly the same results of SM.

2.4.4 Neutralinos and Charginos

The higgsinos and electroweak gauginos mix with each other because of the effects
of EWSB. The neutral higgsinos (h? and h3) and the neutral gauginos (A(), A{)
combine to form four mass eigenstates called neutralinos (N;, i = 1...4). The
charged higgsinos (k" and k) and winos (W and W ™) mix to form two mass
eigenstates with charge +1 called charginos ((jf, i = 1,2)B By convention,
these are labelled in ascending order, so that mg < mg, < mg, < mg, and
me, < me,.

With the basis 90 = (A, A® A9 k), the neutralino mass part of the La-
grangian is

1

'Cneutralino mass — _§(¢O)TMN'¢}O + h.c. (272)

5 Other common notations use X or Z; for neutralinos, and 5(?[ or Wii for charginos.
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where M is the following matrix

My 0 —qvg/2  g1v,/2
M= | My govg/2  —gov,/2 (2.73)
cee 0 —
0

where the lower dots denote the obvious terms under symmetrization. The entries
M; and My are the soft gaugino masses in (ZI0), while the entries —u are the
supersymmetric higgsino mass terms in (2.2]). The terms proportional to ¢ o are
the result of Higgs-higgsino-gaugino couplings (see Fig. 23 g,h), with the Higgs
replaced by their VEVs.

The parameters My, My, and p in the equations above can have arbitrary
complex phases. A redefinition of the phases of () and A permit us to choose
M, and M, both real and positive. The phase of p within that convention is
then really a physical parameter and cannot be rotated away. However, if u is
not real, then there can be potentially disastrous CP-violating effects in low-
energy physics, so it is usual to assume that p is real in the same set of phase
conventions that make My, M,, b, v, and v, real and positive. The sign of u is

still undetermined by this constraint.

There is a not-unlikely limit in which EWSB is a small perturbation inside
My

My, < |p+ M, |p+ M) (2.74)

In this case the neutralino eigenstates are very nearly a “bino-like” Ny &~ A1), a
“wino-like” Ny &~ A\® and “higgsino-like” N34 ~ (h0 + h9)/+/2, with masses

M3 siy (M + psin23) n

M‘?V(Mg + psin 25)
M2 (I —sin?2 + Mic%, + Mys?
my, = || + Z! B)(pn 1Cy 257y) (2.77)
2(p + M) (p + Ma)
Ny

2(p — My) (e — My)
where ¢y and sy, are respectively the cosine and sine of the Weinberg angle 6y

and I = 41 is the sign of the p parameter. The neutralino labels should be
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2.4 Mass spectrum

rearranged depending on the numerical values of the parameters; in particular

the above labelling is a common situation in mSUGRA models.

The chargino spectrum can be treated in a similar way. In the gauge-

eigenstate basis v+ = (W, Bi, w-, B;), the chargino mass terms are

1
*Cchargino mass — _§(¢i)TMéd)i + h.c. (279)

where, in 2 x 2 block form,

0 X7 M. u
M, = with X=|[ 2 % (2.80)
X 0 g0

Since these are only 2x2 matrices, it is easy to find the mass eigenvalues
1
2

me,, = 5 (M + |uf* + 25

1 .
:FE\/(|MQ|2 b pl? £ 2M2)? — 4|uMs — M2 sin282 (2.81)

In the limit of eq. (2774), the charginos consist of a wino-like Cf and a higgsino-

like C, with masses

M (M + psin2p)

me = M, ET (2.82)
MEI(p+ Mysin2p3)
me, = |ul+ ="+ Y (2.83)

The labelling is given in the same way as the neutralino case. Amusingly, C; is
nearly degenerate with N, in the approximation shown, but it is not an exact

result. Similarly the higgsino-like fermions N3, Ny and C, have masses close to

|1l

2.4.5 Gluinos

The gluino is a color octet fermion, it cannot mix with any other particle in the
MSSM. Because it is not involved in EWSB, the only source of its mass is the
soft parameter Ms. In mSUGRA models this soft mass is related to the other

soft gaugino masses, giving the rough prediction
My :My:My~6:2:1 (2.84)

near the TeV scale. Then it is reasonable to suppose that the gluino is much

heavier than the lighter neutralinos and charginos.
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2.4.6 Sfermions

A priori, any scalars with the same electric charge, R-parity®, and color quan-
tum numbers can mix with each other. This means that in general, the mass
eigenstates of the squarks and sleptons of the MSSM should be obtained by diag-
onalizing three 6 x 6 squared-mass matrices for up-type squarks (i, ¢z, tr, g,
¢r, tr), down-type squarks (dy,, 31, by, dg, 3r, br), and charged sleptons (¢, fir,
7L, €r, fir, Tr), and one 3 x 3 matrix for sneutrinos (7, 7,, 7;). However with
the assumptions (2.3)), (2.2I) and the result (2.27) we have that the first and
second families are almost eigenstates while we can have the previous mixings
only for the third family sfermions. So the masses for the squarks and sleptons

of the first two families are

ma, =mz, = my + (%g? - 93) A%Q (2.85)
mi, =mZ, = md, - o (2.50)
m?iL =m3, = m + (%g% +g§) ATUZ (2.87)
Mg, =Mz, = Mg + ngl—;)Q (2.88)
mi, =mg = mj — (4} +95) %UQ (2.89)
me, =m, = md (g - gf) o (2.90
mZ, =m5, = m +ngTUQ (2.91)
where Av? = 02 — v2 = —v?cos(283). The first and most important contribution

are the soft masses given in (2.I1]) while the second (and the third) one comes
from D terms. We can see a degeneracy between the sfermions with the same

charges. Instead the mass matrix for the third family squarks is

metL m?LtR 0 0 tr
2 2 2 g
r. - — (7 ot it Miptn Mgty 0 Mgy tr
t—b mass L "R "L "R 2 9 ’6
0 0 mbLbL mbLbR L
2 2 2 7
0 Migbr Moo Mbgbg br
(2.92)

6See Subsection
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2.5 R parity

where

1 Av? v2
m;, =mi, + (ggf — 95) — +y

8 2
Av? v2
2 9 2 2 Uy
mthR_mug_ng_'— t
1 Av? v2
it =i+ (gt + ) - 4R
9 2
v v
ngbR = ng + gff + yz??d

2

Vu
thtR Mytﬂ + at\/§
2 Uy Vg
Mypbr = —Yt 5

Uy Vg
Moy b = _“ybﬁ + ab% (2.93)

We can see that the diagonal entries are similar contributions as the first two
families plus the one coming from Yukawa couplings which now are not negligible.
Finally the mass terms for the tau Sleptons

2 (91 92) 2V =
_ =t = mj +y — WY +aT TL
Loma=— (7 7h) | ™ LT ( )

_ﬂyT\[—FCLT\[ m€3+g1 4 +y TR
(2.94)
and their corresponding sneutrino
2 1 02) A2
m2 —=m2 — (91 +93) Av (2.95)

Vr l3 8
As in the previous case the diagonal entries for (2.94]) have the similar first(second)

family contribution plus the Yukawa correction.

2.5 R parity

The superpotential (Z:2]) is minimal in the sense that it is sufficient to produce
a phenomenologically viable model. However we can write other terms (gauge-
invariant, renormalizable and analytic in the chiral superfields) which are not
included in the MSSM since they do not respect either baryon number (B) or

total lepton number (L). These terms are
1. .. . - .
Wap—1 = 5)\”’“[4[/3-@ + N9 LQ;dy + "L H, (2.96)
1,0 = =
Wape: = §X'Ukaidjdk (2.97)
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where 7, j, k runs over the three families. The baryon and lepton number assign-
ment are the usual ones: B = +1/3 for Q;, B = —1/3 for u;,d; and B = 0 for all
others; L = +1 for L;, L = —1 for ¢;, and L = 0 for all others. So the terms in
eq. (2296]) violate total lepton number by 1 unit (as well as the individual lepton
flavors) and those in eq. (2.97)) violate baryon number by 1 unit.

The possible existence of such terms might seem rather disturbing, since cor-
responding B- and L-violating processes (for example the proton decay) have not
been seen experimentally. One could simply try to postulate B and L conserva-
tion in the MSSM by adding a new symmetry, which has the effect of eliminating
the possibility of B and L violating terms in the renormalizable superpotential,
while allowing the good terms in eq. (22). This new symmetry is called “R-
parity” [12] and it is defined as

PR — (_1)3(B—L)+28 (298)

where s is the spin of the particle. Therefore particles within the same super-
multiplet do not have the same R-parity?. The R-parity assignment is very
useful for phenomenology because all of the SM particles and the Higgs bosons
have Pr = +1, while all of the squarks, sleptons, gauginos, and higgsinos have
Pr = —1. The R-parity odd particles are known as “sparticles” (“supersymmet-
ric particles”), and they are distinguished by a tilde (see Tables 211 and 2.2)).
R-parity conservation implies that there can be no mixing between the P = —1
and the P = +1 particles. Furthermore, every interaction vertex in the the-
ory contains an even number of sparticles. This has three extremely important

phenomenological consequences:

i. The lightest Pr = —1 particle, called the LSP (“lightest supersymmetric
particle” ), must be absolutely stable. If the LSP is electrically neutral, it
interacts only weakly with ordinary matter, and it can be an attractive

candidate [I3] for the non-baryonic dark matter.

ii. Each sparticle other than the LSP must decay into a state that contains an

odd number of sparticles.

iii. In collider experiments, sparticles can only be produced in even numbers.

“In general, symmetries with the property that fields within the same supermultiplet have different

transformations are called R symmetries; they do not commute with supersymmetry.
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2.5 R parity

We define the MSSM to conserve R-parity. This decision seems to be well-
motivated phenomenologically by proton decay constraints, but it might appear
somewhat artificial from a theoretical point of view. One attractive solution
could occur if B—L is a continuous gauge symmetry because it forbids the renor-
malizable terms that violate B and L [I4] [15]. However, the U(1)g_;, must
be spontaneously broken at some very high energy scale, because there is no
corresponding massless vector boson. Moreover, if it is only broken by scalar
VEVs (or other order parameters) that carry even integer values of 3(B—L),
then Py = (—1)3®~1 will automatically survive as an exactly conserved dis-
crete remnant subgroup [15]. Py is called “matter-parity” and can be treated
in a similar way as Pg. A variety of extensions of the MSSM in which exact
R-parity conservation is guaranteed in just this way have been proposed (see for
example [I5] [16]).
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Chapter 3

Anomalies

A theory is anomalous if at the quantum (loop) level a classical symmetry G
of the Lagrangian is no longer conserved. If GG is an anomalous global group
the quantum theory remains consistent (for example 7° — ~+). Instead, if G
is an anomalous gauge group, the quantum theory becomes inconsistent, so the
condition of anomaly cancellation may be used as a constraint on the physical
gauge theories. The first studies on anomalies emerged in trying to understand
the decay rate of the already cited neutral pion, in the form of an anomaly that
violates some global symmetry of the strong interactions. In 1969 the source
of this anomaly was traced by Bell and Jackiw [17] to the violation of chiral
symmetry by the regulator that is needed in order to derive consequences of the
conservation of the neutral axial vector current for one loop Feynman diagrams.
Their result was confirmed and generalized by Adler [I8]. After 10 years, Fu-
jikawa [19] showed that the chiral symmetry breaking anomaly enters only in
the measure used to define the path integral over fermion fields. The following
treatment of anomalies is based on Chapter 22 of the book by Weinberg [20] and
Chapter 6 of the book by Cheng and Li [2T]. We will discuss the anomalies only
from a Feynman diagram point of view, leaving the Fujikawa argument to the

reader (for a review see also Section 22.2 of [20])
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Anomalies

3.1 Triangular Anomaly

Consider a chiral gauge theory given by a certain number of massless left(right)
Weyl fermions charged under two U(1) gauge fields¥ B, and C,

1 1 ) _
[’chiral = _ZFMB;FBMV - 4FMCVFCNV +1 Z (fzo-uDMfL + f}Jr%UuDNfR> (31)
f

where fr(g) are the left(right) Weyl fermions in the model, and

D, = 8, +1iQ5, , B, +1iQ5, , C, (3.2)

is the covariant derivative. We can express the Lagrangian in terms of the Dirac

spinors Wy = Ju obtaining
fr
L _ 1FB FB/J,Z/ 1FC FC,LW
chiral — _Z uv 4w
By [0, + L8 — aBrs)By + (0 — aCr) O] W, (3.3)
1 f’)/ “w Uf a/f'}/5 2 Uf af’}/5 o f .

where the vectorial (V) and axial (A) couplings are given by

vi = Qp +Qj, (3.4)
a’} - QI;L_QI;R (3'5)

with k = B, C. For the conventions on the sigma matrices and the properties of

gamma matrices see Appendix [Al

We may be interested in computing the one loop amplitude and the corre-
sponding Ward Identities (WIs) for an incoming C, and two outgoing B,,. The
Feynman diagrams involved are depicted in Fig. [3.Jl The Feynman rules for the
interacting vertices are given in Appendix [C.Il We can split the amplitude in
four contributions: AVV, VAV, VVA and AAA

AGEE = —2 3 (af of o TALY (. 0s0) + o af o THAY (s0) +
f

U? Uy Gy FX;Z/A(RQ;O) + af af ar Fﬁﬁf(p, q; 0)) (3.6)

!The extension to a larger number of gauge fields and to a non abelian case can be treated in a

similar way.
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3.1 Triangular Anomaly

Figure 3.1: Fermionic triangle diagrams for the amplitude C,(p + q) — B, (p) B.(q).

where

AVV . — ﬁ T 1 1 1
a0 = [ g (o)

+(p = qp o v) (37)
VAV . — d4€ T L 1 L
Lo (0,¢:0) = / (2m)d T <7p£ —g gy +¢)
+g e —(p+q),v e p) (38)
Waa0) = [T (g
prj (p’q,o) — / (27T)4T <%Z—¢%%£%£+Fj)
+(p = —(+q9),1n<p) (3:9)
die LN VSV
a0 = [ (o)
e gt 1) (3.10)

AVV
Fp/w

vectorial vertex (v{) on the p line and a vectorial vertex (vf) on the v line.

The notation means that we have an axial vertex (a§) on the p line, a

Analogously for the other I's.

Consider the first contribution. We have
1

CBB _ C, B, BmAVV 0
APFW ’AVV - _g Zaf Uy Uy pr,l/ (p7Q7O) - (311)
I~ ¢ 5 & / d*e ( 111
=73 v vg | o T (e | T (u o @)
8;f ror (2m)* P£_¢ £u£+¢ 1
The integral TV (p, ¢; 0) is superficially divergent so it is not uniquely defined

(see Appendix [D.1)). Eq. BII implies a particular choice for the assignment
of the internal momentum /¢: the fermion line between the two B lines carries
momentum ¢. We could have chosen a different assignment of it so that this

fermion line carries ¢ + a, where a is some arbitrary combination of p and ¢
a=ap+ (a—p)g (3.12)
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FCBB

ouv |y DS an

The fact that the integral is linearly divergent implies that

ambiguity in its definition by an amount

Dp,uz/(a) — FAVV( ) FAVV_

puv puv

- U (% o (”"’W ¢+¢””zi¢”“z+;+¢)

d*¢ 1 1 1
_/WTI(’yS’ypﬂ_%%/Z’Yuﬂ_i_ﬁ)}+(p<_)QMU<_>V)
= D) + D@ (3.13)

pHY puv

Applying the result (D.6), we have

P = [T (VSVlegﬂ”;Wizf)

2im? 2im? A

_ 2 )
= (2 ) a” l1m VAl Tr[”)/g)”)/pﬂ%/ﬂ’)’uﬂ] Wap elgilo 1B ( 4Z)ep5,w
1
— unwaé (3.14)
where we used pogs 05
n
Zlioo n = T (3.15)

Since Dﬁb),, is related to DS}V by the exchanges p < ¢ and p < v, we have from

eq. BI2), (BI3) and B

s
Dpﬂ,j(a) D( ) + D( ) == _@ep,uyé(p - Q)(; (316)

pHY puv

Thus the definition of I'V"" has an ambiguity parametrized by

3
Fou (p,a,850) = TRLY (9, 4:0) = g5 €pma(p — )’ (3.17)

Now we are going to show what is the relation between the § ambiguity in the
amplitude and the WIs. In quantum field theory, the WIs are identities between
correlation functions that follows from the global or gauged symmetries of the
theory, and which remains valid after renormalization. The WIs are a quantum
version of the classical Noether’s theorem, and any symmetries in a quantum
field theory can lead to an equation of motion for correlation functions. We
can express them using Feynman amplitude in momentum space or by the path

integral formulation. We will usually adopt the first formulation. The WIs for
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3.1 Triangular Anomaly

—ik, ( Vi(k) 1PI ) —0

Figure 3.2: Ward Identity for the massless gauge field V#. The blob denotes all the
1PI diagrams.

massless gauge fields can be written in the diagrammatic form showed in Fig. B.2

We start with the incoming momentum (p + ¢),. Using eq. (317), we have
p
(p+a)'Tpn’ (4 8:0) = (0+ ) ToL" (P, 4:0) = (P +0) g 5€pms(p—a)° (3.18)
and we focus on the first contribution
(p+q)’TorY (p,q;0) = DY + D& (3.19)

where the first term is
0 = o | et
d*¢ 1
= [ oo ]

_ _/ (32; Tr {[%(ﬂ — )+ +P)s) {m%%%ﬁ]}

_ [ s ) (= s
N / (2m)* B { (1 +p)? 2(1— q)? } (3.20)

while the second one is Dfﬁ) with the exchange (p < ¢, u < v)

DB _ _/ (d“ﬂ - [75%%%(% +4) —ﬁ)%wﬁ%} (3.21)

e 2m)4 2(l+q)? 2(l —p)?

We rearrange the computation grouping the integrals with only a p dependence

or only a ¢ dependence. So
D@ + D =Dl + DO (3.22)

where

D — _ / e . [%%ﬂ%(ﬂ+¢) (= Dnd (3.23)

- (2m)* (1 + p)? (1 - p)?
2 _ 1
D’("’) - D/(“’) | (p—rq.pnev) (3.24)
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Using the result (D.6) we get
Do — _/ d4£ p 0 e, {'75’71/([ _Zé)'qu

- (2m)* (% (¢ —p)?
2im? 1 1 e
- (2ﬂ)4pp li,m L, Tr[ysy (f — Wj)%ﬂ]gj = _@}Lm 72 —5 EvaupPpb”
1
= ~ Gy € p* = 0= D) (3.25)

In the last line we used eq. (B.I5) and the last identity follows simply by the

definition ([3.24]). Then using eq. (B.18), (3.19), (3.22)) and (B.25]) we find

B
(p+a)Ton) (0.4, 53;0) = ~—€wasp™d’ (3.26)

A2
In a similar way we can compute the WIs for the p* and ¢ momenta, obtaining

2+ 0

PTo (0.:0.5:0) = == upsg"D (3.27)
y 248
¢Ton’ (0:0:3:0) = == €puapp”a’ (3.28)

A similar analysis can be done for the other VAV, VVA and AAA amplitudes in
eq. (B:8)-@.I0). So the amplitude ACE? has the following W1ls

puv
(p+ )’ ApL"(0) = —ZtCBB 2.7 €wasD”q" (3.29)
AfﬁB(ﬁ) = t?BB 264—[ ? €papq”D’ (3.30)
VASMBVB(ﬁ) - t?BB 262_ ? €puapP” q° (3.31)
f
with
97 = oo+ 2o 4o ol o

2 2
= 4 [Q?L (QJL?L) - QJC:R (Q?R) ] (3.32)
where we used eq. (34]) and (3.5). As we can see from eq. (3:29)), (3:30) and (3.31)),

there is no choice of § that cancels simultaneously all the WIs and preserves
gauge invariance, recovering the result depicted in Fig. B2l The same problem
will arise in the computation of the CCC, CCB, and BBB triangles. This is

the “triangular (or chiral) anomaly”. The classical gauge invariance is broken by
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3.2 Anomaly cancellation. SM and MSSM

the triangular fermionic loop making the theory anomalous. Obviously, to have
a physical gauge theory we must cancel this anomaly and the standard (and
simplest) way is to cancel the overall sum of charges in the WIs. In other words

the theory will be anomaly free if the charges satisfy the following constraints

AcCe — ;<Q?L)3—(Q?R)3} =0 (3.33)
ACCE ;XQS&)Z Qf — (05,)" Q5] =0 (3.34)
ATPE ;:@?L (Q4)" - @5, (@4)"] =0 (3.35)
APEE ;j@if—@ﬁ)g} =0 (3.36)

Depending on the symmetries of the problem, there are cases in which there

is a preferential choice for the § parameter. The most common values are (see

eq. 329), B.30) and B.31):
e 3 = —2/ for which all the anomaly is concentrated in the p vertex .

e 5 = —2/3, for which the anomaly is equally distributed among the three

vertices (to be used when we have three identical external vectors).

The extension to non abelian theories goes in the same way. The overall

charge factor will become
. 1 1
A = S g iy e e oy (3.37)

where T ; , are the generators of the three external gauge fields. In some theories
the condition of anomaly cancellation will fix completely the charge content of
the model. This is the case for the SM (see for instance Section 22.4 of [20]).

3.2 Anomaly cancellation. SM and MSSM

The SM gauge group is SU(3). x SU(2), x U(1)y and its fermionic content is
displayed in Table B.1]

Now we check that 4% vanishes for all the generators of the SM gauge group.

We need only to consider those combinations of generators for which the product
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SU@). | su@), [ Uy

(u; dy) 3 2 1/6

ué 3 1 -2/3
d 3 1 1/3

(vi ei) 1 2 -1/2
es 1 1 1

Table 3.1: Fermionic charges in the Standard Model. The index ¢ runs over the three

families.

of T;, T; and T}, is neutral under SU(3). x SU(2);, x U(1)y, since A“* obviously

vanishes for all the others. We can make invariants out of either zero, two or

three SU(3). or SU(2);, generators and any number of U(1)y generators. We

will use the following notation. Y7 is the hypercharge and T,E:), a=2,3; k=

1,...

,dimG® are the generators of the G® = SU(2) and G® = SU(3) algebras

respectively. In our notation Tr[Tj(a)T,ga)] = 20j5. So we need to check the

following cases

SU(3), — SU(3). — SU(3),. Here A“* vanishes because the left-handed
fermions furnish a representation 3+3+3+3+1+1+1 of SU(3), which
is real. In other words, for each quark, the ¢ contribution is cancelled

exactly by the corresponding ¢¢ contribution.

U(l)y — SU(3). — SU(3).. Here the anomaly is
3)m3); 1 3 1 2 1]
Z_ V(T T = 5 Z Yy =2 [2 <6) —3+3]=0 (33
f€3,3 f€3.,3
SU(2)p, — SU(2);, — SU(2). There is no anomaly here because SU(2)y,

only has real or pseudoreal representations.
U(l)y = SU(2), — SU(2);. There the anomaly is
@@y _ 1 _3 gLy L
> VT T) = 5 > V= 5 [3 (6) —5| =0 (3.39)
fez fe2
U(l)y —U(1l)y —U(1)y. There the anomaly is

> (v)P=3 [6 (é)3+3 (—§)3+3 (%)3+2 (—%)3+(1)3

f
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3.3 Anomaly cancellation. Green-Schwarz mechanism

There is one more anomaly that needs to be evaluated. All the fermions interact
also with gravity. We can have anomalies different from zero generated by the
fermionic with an incoming gauge vector a two outgoing gravitons. This anomaly
is proportional to the trace of the gauge generator involved in the diagram. For
SU(3). and SU(2),, there is no problem because the generator are traceless, so

we need to check only the hypercharge. We have

S () o(Y s ()oY 0 on

so there are no gravitational anomalies in the SM.

The same happens for the MSSM. With respect to the SM now we have two
new fermions that are involved in the anomalies, the higgsinos. As we have just
seen, the SM fermions contribution is zero, so the only relevant contribution
comes from the supersymmetric sector. However h, and hy have opposite charge
assignment (see Table 2.1]) so that the higgsino contribution is zero. The final

result is an anomaly free model.

3.3 Anomaly cancellation. Green-Schwarz mechanism

3.3.1 Introduction

Before introducing the GS mechanism, we give a generalization of the chiral
anomalies in even dimensions d = 2w. In any even dimensions (and only in
even dimensions) one can define a chirality matrix 7,41 that anticommutes
with all matrices v,, p = 0,...,2w — 1 (compare with eq. ([A.6)). One can
then have massless fermions that are chiral, i.e. either left-handed or right-
handed. As in Section [3.Il the anomalies can again be traced to the presence
of the chirality matrix ~9,.; (i.e. axial coupling) in the interaction vertices
between fermions and vectors. In 2w dimensions the traces involving 7o, 1 will
lead to an e*1#2« and again the WIs on the amplitude with k£ + 1 external
vector, I'PP1#%(py ... pg), must involve this e/1#2« tensor. Since this e-tensor
is completely antisymmetric in all its 2w indices, to get a non vanishing expression
we need at least w indices u; and w different independent momenta. Hence the
minimal value for %k is w. It follows that in 2w dimensions the anomaly first

manifests itself in the loop amplitude I'?#1#« with (w + 1) external vectors.
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(a) (b) (c)

Figure 3.3: Hexagon string diagrams: planar (a), non orientable (b) and non planar

(c).

In four dimensions this corresponds to the fermionic triangle loop. For further

details and general properties of the anomalies, we remand for instance to [22].

In 1984, M. Green and J. H. Schwarz realized the cancellation of anomalies
in type I superstring theory with the gauge group SO(32). Now we consider
only the effective field theory point of view. For further details and the string
formalism, we remand to the original papers [23]. In ten-dimensional theories
gauge anomalies, mixed anomalies, and gravitational anomalies were expected
to arise from a hexagon loop diagram (w = 10/2 = 5 then k = 6). The anomaly

cancels because of an extra contribution from a 2-form field, B,,, which is one of

2
the new states predicted by string theory (if we can think of a gauge vector V,
as column, we can think of B, as a matrix). For the special choice of the gauge
group SO(32) or Eg x Eg, however, the anomaly factorizes and may be cancelled
by a tree diagram. The tree diagram describes the exchange of a virtual B. It is
somewhat counterintuitive to see that a tree diagram cancels a one-loop diagram,
but in reality, both of these diagrams arise as one-loop diagrams in superstring
theory, in which the anomaly cancellation is more transparent. In Fig. and
Fig. B.4l are depicted respectively the diagrams involved in the string theory
mechanism and in the effective field theory mechanism. The diagram (a) and
(b) of Fig. B3 are generated by planar open string loops and we can naively say
that they produce the effective fermionic hexagon diagram, while the diagram
(c) is a non planar open string loop. However the latter can also be viewed as

the tree level propagation of a closed string. One of the closed string states is the

38



3.3 Anomaly cancellation. Green-Schwarz mechanism

(a) (b)

Figure 3.4: Feynman diagrams with six external gauge fields, involved in the GS
mechanism in 10-D theories: (a) the hexagon fermionic loop; (b) the tree level diagram

with the 2-form B exchanged.

B field, so we can naively say that this diagram, apart from contributing to the

diagram of Fig. B.4(a), produces the effective tree level diagram of Fig. B.4|(b).

Let us see how the mechanism works for the SO(32) gauge group. The
low energy effective field theory is N = 1 D = 10 supergravity coupled to

supersymmetric Yang-Mills theory. The bosonic action is given by

1 1
_ 10 -2
Sy = _/d we{2k2R+k2¢ Dupdto +

1 —1 pa ppva 3k2 —2 urp
4—92@ F;u/F =+ 2_!]490 H/“,pH (342)

where g and k are respectively the Yang-Mills and the gravitational coupling, e
is the determinant of the zehnbein €} and ¢ is a scalar field. The Yang-Mills
field strength is defined (in the language of forms) by

1
F = §FWda:“ Adr’ = dA + A (3.43)

where A2 = A A A. The field strength H associated with the two-form potential
B = B,,dx* A dxz” of the supergravity multiplet is defined by

H =dB — wy —wi, (3.44)
where w9y is the Yang-Mills Chern-Simons three-form
1
wly = Tr(AF — §A3) (3.45)
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and wj; is the Lorentz group Chern-Simons three-form
1

wy, = Tr(wR — gwg) (3.46)

Here w = w,dx* is the local Lorentz connection and R = dw + w? is the Lorentz
curvature two-form. The Chern-Simons forms (3.45]) and (3.40]) satisfy

dwyy = TrF? (3.47)
dwy, = TrR? (3.48)

Under infinitesimal local Yang-Mills transformation (with parameter A) and local

Lorentz transformation (with parameter ©), the fields transform as follows

A = dA + [A A OF = [F, A] (3.49)
dw = dO + |w, O] dR = [R, 0] (3.50)
0B = Tr(AdA) + Tr(w dO) OH =0 (3.51)

Consider the Yang-Mills hexagon anomaly. The analysis of [24] relates the
anomalies to a formal expression in 12 dimensions, namely the gauge invariant
two-form €215, where

Qup = TrF® = 15Tr F2Tr B (3.52)

The last equality is true only for the SO(32) gauge group. This can be expressed
as
TrF*TrF* = d(wd, TrF?) = d(wdy, TrEF?) (3.53)

where w3, 1y is defined by
dwy,, .1y = TrF™ ! (3.54)
Similarly, applying an infinitesimal gauge transformation, one defines wj - by
5W8n+1y = —dwy,y (3.55)
In the case of Yang-Mills hexagon, the consistent anomaly is
G:A/(%@ﬂﬂ+;@ﬁﬁ) (3.56)

where the anomaly factor A can be deduced from [24]. This anomaly can be

cancelled by adding to the effective action
2
&:A/Gnmugﬁw%) (3.57)
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3.3 Anomaly cancellation. Green-Schwarz mechanism

The non trivial A transformation of B in eq. (8.5]]) is the key of the cancellation
G+0r51 =0 (3.58)

The diagram (b) in Fig. B4lis built by connecting the BTrF* vertex in eq. (3.57))
to the w9y -dB vertex (contained in the H? term) in eq. (8.42)) by a B propagator.
This is the cancellation of the Yang-Mills anomaly for the gauge group SO(32).
The cancellation of the gravitational and mixed anomaly goes in a similar way
and we remand to the original paper [23] for details.
In the following section we will see that something similar happens in four-
dimensional theories. The anomaly, as shown in the previous section, is related

to a triangle loop diagram and it can be cancelled by the contribution of an extra
field, the azionZ.

3.3.2 Triangular Anomaly

Let us go back to the Lagrangian (3.I]). Let B, be anomaly free i.e. eq. (3.30)
holds, but let C,, be anomalous i.e. A“CC ACE ABB £ (. We use the GS
mechanism to restore gauge invariance. As stated before, we need to modify the

Lagrangian inserting a new field, the axion ¢. So we get
L= Echiral + »Caxion + ['GCS (359)

Laxion contains the couplings of ¢

1
Losion = 5 (0u0 +265C,)° (3.60)
1 1 1
__bgCC(b GuupaFC FC . —bgCB(ﬁGMVpUFB FC . _bgBB(b E,uupoFﬁFpB;

4

pvs po 4 uvs po 4

The first row is the Stiickelberg Lagrangian [26]. The axion is uncharged

under B, and C}, and it transforms as
C, — C,—0€
¢ — ¢+ 2bse (3.61)

so that the Stiickelberg Lagrangian is gauge invariant. The reason to have these

terms is to give a mass 2bs to the gauge vector C), without using a proper scalar

2In four dimensions the axion is dual to a 2-form. See for instance [25] for the GS-mechanism with

this duality manifest.
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potential breaking some symmetries . The axion is the third degree of freedom
of the massive C}, so it is an unphysical particle, a Goldstone boson. The
second row of terms contains the GS coupling® (¢F F ) which are not gauge
invariant because of the ¢ transformation. These terms are directly involved in
the anomaly cancellation procedure and their form is dictated by the form of the

WIs for the triangle amplitudes.

Lgcs contains the so called Generalized Chern-Simons couplings
Lacs = d°°P ¢ C, B, F\, — d“PP " C,B,F" (3.62)

which are antisymmetric trilinear interactions of gauge vectors. Also these terms

are not gauge invariant and they will play some role in the GS mechanism.

The cancellation of the anomalies will fix the GS and GCS couplings. In the
following we will show two different approaches to the GS mechanism: using WIs

or using the effective Lagrangian. Obviously we will get the same result.

3.3.3 Ward Identities for massive gauge fields

As stated before, the WIs on a Feynman amplitude reflect the gauge invariance of
a quantum field theory. They can be written in the diagrammatic form showed
in Fig. B2 However, it is well known that gauge invariance can be achieved
only with massless vector fields. On the other side we experience the existence
of not only physical massless vectors, with two degrees of freedom, such as the
photon, but also of physical massive vectors, with three degrees of freedom, such
as the Zy. The Proca Lagrangian describes the last one, but it is not gauge
invariant since an explicit mass term for the vector breaks the gauge invariance.
Fortunately, it is well known that we can avoid such a problem with the Higgs
or with the Stiickelberg mechanism. We add in a proper way (which depends on
the mechanism used) a scalar field (Goldstone boson) and vector mass terms to
the massless vector Lagrangian. This scalar field will become the third degree of
freedom of the massive vector. However this will become manifest after a unitary
gauge fixing. In this gauge the Goldstone bosons are set equal to zero, we turn
back to the Proca Langrangian and the physical degrees of freedom are manifest.
In this way we can achieve a gauge theory with a massive vector and since we

have the gauge invariance we expect that the WIs hold. But now we have to take

3We use the notation F*¥ = " Foo.
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3.3 Anomaly cancellation. Green-Schwarz mechanism

—ikk ( VA (k) 1PI ) +my <Gv(k) ------ 1PI ) =0

Figure 3.5: Ward Identity for the massive gauge field V#. Gy is the corresponding
Goldstone boson and my is the mass of V},. The blob denotes all the 1PI diagrams.

—i(p +¢)* ((Zo)u(erCJ) ) + My, (Go(p+q) -==- ) =

Figure 3.6: Ward Identities for the decay Zy — eTe™. The first term is the usual one

in WI while the second one is the correction coming from the Goldstone boson Gj.

into account that we have a new degree of freedom coming from the Goldstone
boson, which is directly related to the gauge sector. This modifies the WIs,
which get the diagrammatic form showed in Fig. [27]. As we can see, now
we have a contribution coming from the Goldstone boson. To clarify the point
we consider a specific example: the decay Zy — eTe™ in the SM. The Feynman

amplitude of the process is given by (for the Feynman rules see Appendices

and [C.3))

_ 1 _
Tu(Zo = ¢'e”) = =5 92,(a) (vZ° = aZo5) v(p) (3.63)

where v, = —1/2 + 2sin? Oy, a. = —1/2 and gz, = \/g? + g3. The WI for the
process is given in Fig. 3.6l The first term is

ot 0V TulZy — ) = — 2 ala)(F + i) (07 — a20) v(p)
= ggmme1(a) (o7 + i) vlp)
1

—592077% u(q) (UeZO - anO’Ys)) v(p)

= Gz,Me0e fa(Q)ﬁ)/S/U(p)

= —%me\/g% + g5 u(q)y5v(p) (3.64)

4For a brief demonstration see Appendix [D.21
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where m, is the electron mass and we used the equation of motion of the spinors

u(d —m.) = 0 (3.65)
(p+me)v = 0 (3.66)

The second term is

Mz T(Gy — ete™) = Mzo%ﬁ(q)’yg,v(p)

1 Me _
= vy 9 + 93 TU(Q)%U(P)
1
= M \/ 93 + 95 u(q)vsv(p) (3.67)

where we used y./v2 = m, /v and eq. ([Z67). Summing the eq. (3.64) and (3.67)

we get
—i(p+q)'TW(Zy — €7 e”) + Mz I(Gy — eTe™) =0 (3.68)

in agreement with the result showed in Fig. 3.5

3.3.4 Ward Identities and Anomaly Cancellation

Let us go back to the anomaly cancellation procedure. We focus on the C BB
anomaly. The WIs (8.29)), (830) and (B.31]) modified because of the presence of
GS and GCS couplings. Using Fig. B we get the WIs for the C BB amplitude
expressed in diagrammatic form in Fig. 37 The Feynman rules for the GS
mechanism are given in Appendix [CIl We denote by (GS)2E the contribution

%
coming from the GS coupling ¢FPF? in Lagrangian (3.60)

(GS)2) = —2ib5 P eapp™q” (3.69)

and we denote by (GCS)SBE the contribution from the GCS coupling C BF® in

pHv
Lagrangian (3.62))
(GCS)SBP = 2d“PP e, 0 (p — q)° (3.70)

puv

The WIs in Fig. 3.7 correspond to

0+ )" (AGE (0.4:0) + (GCS)GE7 ) + 2iby(GS)EF = 0

pHY puv

P (ASEP (p, 4 0) + (GCS)GE7) = 0

puv puv

q”(ACBB(p,q;O)+(GCS)CBB> — 0 (371)

puv puv
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3.3 Anomaly cancellation. Green-Schwarz mechanism

B.(q) B
(p+q)* (Cp(p%-Q)"Q + o--< >+2ib3<¢ _—— ):o
Bu(p) B B
B B
p”( 0*412 + Cw{: >=o
B B
B B
q”< C‘Q: + CA“{: >_0
B B

Figure 3.7: The Ward Identities for the amplitude C,(p + ¢) — Bu(p) B,(q) include

the GCS as well as the axionic (GS) couplings. The GS coupling arises from La-
grangian (3.60)) while the GCS coupling comes from Lagrangian (3.62]). Each depicted

diagram also contains the exchange (i, p) < (v,q).

Using eq. (3.29), (3.30) and (B.37]), the last two identities imply

ACBB 9 ‘|‘ﬁ ACBB
2 —2d“PP =0 d°PP = == 3.72
(2+5) T - 2 16m2 (3.72)
and the first identity becomes
ACBB 2+ ﬁ ACBB ACBB
_ 4 4pCBBp, — CBBp _ _ ‘
In the same way2, the cancellation of the remaining anomalies gives
Acco
bgccbg — —M (374)
CBB 1 ACCB
bS§Bb, = A cos _ A (3.75)
1672 4 8n?

where we used different shift parameters 3 and (3" respectively for the new
triangles CC'B and CCC. However as stated in the end of Section 3.1l and done

5The momenta of the CC B triangle are so that on the incoming (p+ ¢q), line we have the B vector.
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in eq. (374), 5” must be fixed to 5”7 = —2/3 because we have three equal external
vectors. It is worth noting that the GCS coefficients are determined in terms of
the A’s by the W1Is, while the by’s depend only on the free parameter b3, which is
related to the mass of the anomalous U(1). Moreover the GCS couplings depends
on the scheme of the anomaly distribution so they do not contain any physical
information (see Section[3.H). We can always cancel them with a particular choice
of the shift parameters, in fact they are also called GCS counterterms because
they parametrize the arbitrariness of the scheme of the anomaly distribution in
the anomaly cancellation procedure. On the contrary, the GS coupling does not
depend to any shift parameters and so they have some physical relevance as we

will show in the computation of the amplitudes in Section

3.3.5 Effective Lagrangian

Now we show the anomaly cancellation using the variation of the effective La-
grangian. As before we focus on the CBB amplitude. The WIs (3.29), (3.30)
and (B.37]) induce the following variations on the 1 loop effective Lagrangian. For

C, — C,— 0, (3.76)
B, — B,—0," (3.77)
we have
) £CBB _ ﬁ 1 ACBB uupaFB FB (3 78)
C*~chiral — 2 397 2 urvs po :
2+3 1 oo
OpLama = —2ep— g5 ATPATELED (3.79)

The requirement of gauge invariance implies

ScLinl = ScLRh +0c Lol +0cLEEE = (3.80)
SpLGEE = 5pLSE8 + 6pLB8  +opLEEE =0 (3.81)

The gauge variations for the axion Lagrangian are

6cLBB = bCBBb ”””"Fﬁ,Ff, (3.82)
6pLBE =0 (3.83)
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and for the GCS terms are

ScLGey = +d9PPer?9,ecB,F2 = —ecd®PPe7° 0, (B, FL)

1
— ——(9BBe,eveo B pB (3.84)

2 nv— po

SpLSEE = 1dOPBvCL0,epFE = —epd®BBe?d), (C,F5)

1 vpo
= +5d PP epe M FLE, (3.85)

where we used 0, F £,C = 0. Then eq. (B.81]) implies
2406 1 copp 1 cBB cog 2+ 0 cBB
_ S | ~d =0 = d =——A 3.86
2 3272 + 2 3272 ( )
Substituting this result into eq. (3.80), we get
B 1 css Ll.cons 12+ 0 cpp 1 2 g l,ceB
g~ _ _pgBBp, TP - - — _pSEBy,
5322 272 3 9 30n2 > 3o 272 8

1
= bgBBbg = —WACBB (387)

obtaining the same relations as eq. ([B.72) and (B.73)).
We showed the anomaly cancellation procedure in two different ways, the
WI method or the effective Lagrangian one. Dependently on what we need to

compute we will choose the most convenient procedure.

3.4 Supersymmetric Green-Schwarz mechanism

In this section we illustrate how to supersymmetrize what we did in the previous
section. The supersymmetric version of eq. (B.60) and ([B:62) are (see [25] and
[28])
1
)
+HGBBS Te (WPWP) + 058 WP We),, + h.c.} (3.88)
Loos = +d“P[(VIDVE —VEDVI)WE + hec]pp +
—d“PP [(VEDVE —VEDVPY WD + h.c]

Laxion = i (S+5T+ 4b3VC)2( { [b59CS Tr (WEWE)

(3.89)

6202

where the V’s and the W’s are the gauge superfields and the corresponding
superfield strength, and S is the Stiickelberg multiplet

_ _ 1 .
S = 5 +iV200s + 0*Fs — i00"80,5 + ge%ﬂauws - 0°0°0s (3.90)

47



Anomalies

which transforms under the U(1)¢ as
Ve — Vi (A9 - A
S — S —4ibg A° (3.91)
The component fields of S are the complex scalar s = a + i¢, where « is the
saxion and ¢ is the axion, and the spinorial field v which is called azino. To
fix the b’s and d’s parameter we act on the bosonic part as we did in Section [3.3]
since the supersymmetric part will be fixed by supersymmetry, or we act directly

on the superfields. We show the last method for the C'BB case. Under the gauge

transformations

Ve — VO (A9 = A°T)

VP — VP i (AP - APT) (3.92)
we have
1
OcLia = g 5z AT NS T (WEWE)] L+ hee (3.93)
SpLCBE — ;2T b1 oss [AP Tr (WPW)],, +he  (3.94)
chiral 4 327T2 02
S Lol = 2ib5PPbs [AC Tr (WPWP)],, + hec. (3.95)
6pLBE =0 (3.96)
dcLids = +; ! jons [AC T (WEWE)], + hec. (3.97)
SpL&os = —idCBB [AP Tr (WPWY)],, + h.c (3.98)
The requirement of gauge invariance will impose the following conditions
0cLijoop = ScLirm T 0cLaion + 00 LGS (3.99)
1
= [ A 4 207 207 (A T (W) 4 =0
0Ly = 0BLGRE + 65LEN, + 65LEES (3.100)
2 1
{2@ Zﬁ 5o 2.ACBB dCBB] [AC Tr (VVBVVC)}Q2 +hec =0

whose solutions are the eq. (372)) and (B.73]). Analogously for the other anoma-

lies.

In this section we do not give the component fields expansion for eq. (B3.88)
and (B.89)), leaving it for the details of our model in Section [L.T.11
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3.5 Computation of the amplitudes

3.5 Computation of the amplitudes

In this section we show how we compute the 1 loop amplitudes® involving three
external vectors. As usual we focus on the C'BB case since the generalization to

the other cases is straightforward.

Before going on we recall the Rosenberg parametrization [29]. The ampli-

tudes (37), (B.8), (3.9) and (BI0) can be written as

Lo (p,q;0) =

1
— (Il(p, ¢;0) €[p, p, v, p] + L(p, ¢; ) €lq, p, v, p] + I3(p, ¢: 0) €[p, ¢, 11, plpy

+14(p, ¢;0) €[p, q, 11, plav + I5(p, ¢; 0) €[p, q, v, plp, + Is(p, ¢; 0) €[p, q, v, p]q#)

(3.101)
with €[p, q, p, o] = €up00"q" and where
Ty
I3(p,q;0) = d
+(p.:0) / x/ )P +a(l— )¢ + 2y p- g
z(z —1)
I4(p,q;0) = d
£, 6:0) / x/ Y)p? +x(1 —x)g® + 2eyp - g
Is(p,¢;0) = —IL(g,p;0
Is(p,q;0) = —Is(p,q;O) (3.102)

In terms of the Rosenberg parametrization the § dependence of (B.17) is con-
tained only in I; and I, (which are superficially divergent). However, using the
Wis (3:20), (3:27) and (B:28) it is possible to show that they can be expressed

in terms of I5... I as

240
IMV(p,q,6;0) = p-ql(p,q;0)+ ¢ L(p,q0) + —

LYY(p,q,0;,0) = —1{""(q,p,;0) (3.103)

Analogously for the VAV, VVA and AAA triangles.
We can act in the same way for the C BB amplitude. The total fermionic
triangle can be written as

P ACBB
N’ = =5 Low(p. ¢:0) (3.104)

SFor a massive fermionic triangle see Appendix [D.3)
"For a demonstration of the Rosenberg parametrization see Appendix [D.3]
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where I, (p, ¢; 0) is the parametrization (3.101). Imposing the eq. (8:29), (3:30)
and (B.31)) we find that

2+ 3
I988(p,q,3;0) = p-ql3(p,q;0) + ¢* Li(p, ¢;0) + —~

I5%5(p,q,5;0) = —I7"P(q,p, 3;0) (3.105)

and the amplitude, as we know, is not uniquely defined. The anomaly cancel-
lation will solve this problem. In the standard case we have A“BE = 0 so the
amplitude is uniquely defined but identically zero. Instead with the GS mecha-

nism, the final amplitude will not be zero. In this case we have

ACBB _ ACBB + (GCS)CBB _ ACBB + 2dCBB€qua<p _ q)a (3106)

puv puv puv puv

The GCS terms can be reabsorbed by the following redefinitions

ACBB _
ACDE = ACTP 4+ (GCS)S 0P = — 5 Lo (3.107)
where
Lo = %(fle[nu,v, p)+ Lyelq, v, p) + Lselp, q, p, plp”
+1aelp, q, p, plg” + Iselp, q, v, plp" + Is(elp, g, v, p]CJ“) (3.108)
with

CB

ACBB N BB
( 53 ) 1(pg) = ( 52 >Il(p;Q)_2d
ACBB N .ACB
( T ) [2(]7, q) - ( 272
Using eq. (B.72) and ([B.103]) we get

Li(p.q) = p-als(p,q) + ¢ Lu(p.q)

Ss!

D

oy

) L(p,) + 248 (3.109)

that relate I~1 and _fg to the other I;’s. So we have removed the [ dependence
of the fermionic triangle, thanks to the GCS coupling, and the amplitude is
uniquely defined and it obeys the following WIs

ACBB

(p + q>pAguB;B = quaﬁpaqﬁ = —22()3((}8)5,/3
AL = 0
AP = 0 (3.111)
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Finally the theory is gauge invariant, but in this case the amplitude is different
from zero. This result does not depend on the scheme of the anomaly distribu-

tion.
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Chapter 4

MiAUMSSM. Model building

One of the most attractive scenario for physics beyond the SM is the existence
of additional massive neutral gauge bosons [30]-[38]. They could be one of the
first discoveries at LHC if their mass is in the range of a few TeV. Many different
models have been developed in the past in order to investigate this possibility.
The mass could be acquired in a variety of ways: from Kaluza-Klein modes to
a standard Higgs mechanism or even the Stiickelberg mechanism [39, [40]. The
latter is common to low energy effective field theories which appear anomalous.
The anomaly cancellation is achieved by the GS mechanism which ensure the
consistency of these models [41], 42].

In string theory anomalous U(1)’s are very common. D-brane models contain
several abelian factors, living on each stack of branes, and they are typically
anomalous [41]-[62]. In the presence of these anomalous U(1)’s, the Stiickelberg
mixing with the axions cancels mixed anomalies, and renders the “anomalous”
gauge fields massive. The masses depend non-trivially on the internal volumes
and on other moduli, allowing the physical masses of the anomalous U(1) gauge
bosons to be much smaller than the string scale (even at a few TeV range).

This chapter is entirely based on [1], where we presented for the first time our
model: the Minimal Anomalous U(1)" Extension of the MSSM (MiAUMSSM).
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4.1 Preliminaries

We study an extension of the MSSMI by the addition of an abelian vector multi-
plet V(©_ We assume that all the MSSM fields are charged under the additional
vector multiplet V(?), with charges that are given in Table .1, where Q;, L; are
the left handed quarks and leptons respectively while Uf, DY, E are the right
handed up and down quarks and the electrically charged leptons. The super-
script ¢ stands for charge conjugation. The index i = 1, 2,3 denotes the three

different families. H,, 4 are the two Higgs scalars. In order to gain in flexibility,

SU@3)e | SU2)L | U(L)y | U@)
Qi 3 2 1/6 Qq
Uf 3 1 -2/3 | Que
D¢ 3 1 1/3 Qpe
L; 1 2 -1/2 | Qg
E¢ 1 1 1 Qpe
H, 1 2 1/2 QH,
Hy 1 2 -1/2 | Qu,

Table 4.1: Charge assignment.

our model is only string inspired: we do not commit to a specific brane model
and this is why the charges are not fixed, even if the effective cut-off is related
to the mass of the Z’. Since our model is an extension of the MSSM, the gauge
invariance of the superpotential (2.2)), that contains the Yukawa couplings and a

pu-term, put constraints on the above charges

Que = —Qq¢—CQn,
@pe = —Qq+ Qun,
Qpe = —QL+n,
Qu, = —Qn, (4.1)

Thus, Qg, @1 and Qg, are free parameters of the model.

The extra vector multiplet generically is anomalous and consistency of the

!Since we do not discuss phenomenological consequences, the treatment of all this section is before

the insertion of the coupling constant using V' — 2gV.
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4.1 Preliminaries

model requires an additional Stiickelberg multiplet S with the proper couplings as

well as GCS terms. For the complete Langrangian of the model see Appendix[B.2]

4.1.1 Anomalies and GS mechanism

As showed in Section [3.2] the MSSM is anomaly free. All the anomalies that
involve only the SU(3), SU(2) and U(1)y factors vanish identically. However,
triangles with U(1)" in the external legs in general are potentially anomalous.

These anomalies ard?

Uy -u@ -uv@ay - AD=>"@} (4.2)
U -y U@y = AV = Xf: QY7 (4.3)
UQ) —SU@2)—SU©2) :  A® = zf: Q[T T (4.4)
UQ) —SU@B)—SU@B) : A® = i Q[T TN (4.5)

Ul —U) —Ul)y : AW= é@fyf (4.6)
!

where f runs over the fermions in Table B @ is the corresponding U(1)
charge, Yy is the hypercharge and Tk(:), a =23k, =1,... ,dimG@ are the
generators of the G = SU(2) and G® = SU(3) algebras respectively. In our
notation Tr[Tj(a)Tk(a)] = $0;. All the remaining anomalies that involve U(1)'s
vanish identically due to group theoretical arguments (see Chapter 22 of [20]).
Using the charge constraints (@.1]) we get

A0 = 3 {Qh +3Qm,Q +QL-3Q%, (Qu+6Qg) ) (47)
3

AD = =2 (3Q0 + Q1) (4.8)
AP = 2300+ Q1) (1.9
A® = 0 (4.10)
AD = —6Qu, (300 + Q1) (411)

#We are working in an effective field theory framework and we ignore throughout the Thesis all the
gravitational effects. In particular, we do not consider the gravitational anomalies which, however,

could be cancelled by the GS mechanism.
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Notice that the mixed anomaly between the anomalous U(1) and the SU(3)
nonabelian factors A®) vanishes identically.

Many models have been developed in the past where all the anomalies (AL.7+
[A.TT) vanish by constraining the charges Qs (see [30), 31] and references therein).
On the contrary, in this Thesis we assume that the U(1)" is anomalous, i.e. ([.7])-
(#11)) do not vanish. Consistency of the model is achieved by the GS mechanism
showed in Sections B3 and B4l The axionic Lagrangian now reads

6262

Loion = = 7 (5454 1bgV ()

B

where the index a = 0, ..., 3 runs over the U(1)’, U(1)y, SU(2) and SU(3) gauge
groups respectively. The Stiickelberg multiplet is given in (890) and transforms
under the U(1)" as

2
> oS T (WEOw @) 4+ p5)s wh o

a=0

+ h.c.} (4.12)

o _ V(O)—l—i(A—AT)
S — S—4ibs A (4.13)

where b3 is a constant. The lowest component of S is a complex scalar field
s = a + i¢. We assume that the real part a gets an expectation value by an
effective potential of stringy or different origin and contributes to the coupling
constants as

16glgTa N 16ggra N %bga)<o‘> (4.14)
where g, is the redefined coupling constant and the gauge factors 7, take the
values 1,1,1/2,1/2. The first line in (£.I2)) is the Stiickelberg Lagrangian [26]

of the U(1)" which is gauge invariant and provides the kinetic terms and the

axion-U (1)’ mixing. The second line is not gauge invariant and provides the GS
couplings that participate in the anomaly cancellation procedure. Notice that
in (AI2) the sum over a omits the a = 3 case since there is no mixed anomaly
between the U(1)" and the SU(3) factors as from eq.(£I0), i.e. b§3> = 0. The
values of the other constants, bga), are fixed by the anomalies.

At first sight our Lagrangian (see Appendix [B.2)) may not look like the most
general possible one. In particular, an explicit Fayet-Iliopoulos term £V (© could

be added. It is well known that in certain string-inspired models (see, e.g. [63]),
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an one-loop FI term is absent, even if Tr(Q) # 0. This is in apparent conflict
with the observation [64] that in field theory a quadratically divergent FI term
is always generated at one loop. The solution to this paradox is that in the
low-energy Lagrangian there should be a counterterm, which compensates pre-
cisely, i.e. both the divergent and the finite part of, the one-loop contribution.
We do not write explicitly this counterterm, since its exact expression is model
and regularization dependent, but we implicitly assume that such a cancellation
occurs. As mentioned before, also the terms responsible for the cancellation of
gravitational anomalies are omitted.

Expanding L.yon in component fields, using the Wess-Zumino gauge and

substituting « by its VEV we get

1 7 _ 7 —
£axion 5 ( ,ugb + 2b3 ) + ZwSaua;ﬂvbS + Z¢S§M8M¢S (415)
1 -
5 FsFs + 2b3(a) D — /203 (ps A + h.c.)

1 vpo a 1(4) vpo 0
_Z b P Zb Tr MVF()) 4b2 up¢ F()

o b(4)(a>F( VPO — {9 (a) DM D©)

py oy

V2
—FsTr (AOX@) = V2ugTr (X D) |

2 .
e famesniny s gnoner

% l <—¢A<l>a“aﬂ°> +i{a) AV g A — %FSA(”)\(O)

. .
—E%A(”D(O) + QZWA( 05" F! 1/13) + (0 1) ] + h.c.}

where we omit terms which are coming from (o)W @ W@ since they are ab-
sorbed in the coupling constant redefinition (4.I4]). As stressed in the previous
chapter, this mechanism cancels some mixed anomalies and in addition provides
a mass term to the anomalous U(1). Therefore, the anomalous U(1) behaves

almost like the usual Z’ extensively studied in the past.
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For what concern the GCS terms we have

Locs = +dy [(VIDVO —vODVOYWO 4 he],,,, +
—ds [(VID VO —vODVOYWD 4 hel,,. +

—dgTr| (VO DV — O Doy @)y w2 4

+év(2)D°‘V(O)D2 ([DVP, V) + h.c.] (4.16)
0262

and their expression in component fields

Locs = +dy e“l’p"Vu(O)V(l)Fp(g) — d euvpavj0)v(1)pp(;)

v v

g VO Ty |[VOFR) Ly@ [y, V(Z)]}

v 14 3 P g
+dy (A AOV D — \O XDV O 4 p e
—d5 AV XDV O — \Ogr Oy 4 p e

—deTr NP gAYV — \ClgrXOVE) 4 py e ] (4.17)

The constants dy, ds and dg are fixed by the cancellation of the mixed anomalies.

The cancellation of anomalies goes in the same way as in Sections and [3.4]

so we give only the results

A A@)

b5by = — 2 — by = —

278 12872 278 6472

A A

0y = ——— b5y = —Z—

2 78 38472 2 78 12872

A@) A A@)
dy— -2 de = 2 de = 4.18
4 38472 > 19272 67 9672 (4.18)

For simplicity we chose a symmetric distribution for all the anomalies (see the
discussion at the end of Section [3.1]). For the anomaly cancellation in the broken
phase we remand to a specific case in Section 5.2.T] and to our paper [I].

Before going on we want to spend other few words on these anomalies. In our
model there are two extra states in the neutral fermionic sector, namely the axino
and the primeino (see Section .27) which do not contribute to the fermionic
loop. The remaining MSSM fermionic states are a bino, a wino and the two
higgsinos. Both U(1)y and SU(2) gauginos do not contribute to the fermionic
loop due to group theoretical arguments (see Section 28.1 of [65]). The higgsino

eigenstates do not participate because the h., contribution is cancelled by the ha
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one. This is due to the fact that each diagram is proportional to an odd product
of charges and the two higgsinos have opposite charges (see Table ] and the

constraints (4.1])). Therefore only SM fermions give the relevant contribution to

the anomalies (L.7)-(Z11]).

4.1.2 Soft breaking terms

Since we added new matter content to the MSSM Lagrangian we expect that
new soft breaking terms can be added to the theory. The total soft breaking

Lagrangian can be written as

Loope = Lonz?™ + L2, (4.19)
where E%%SM is the MSSM soft breaking Lagrangian given in eq. (2.10) and
1 1 /M
=7 (MoAONO + he) — 3 (gwszps + h.c.> (4.20)

where () is the gaugino of the added U(1)" and g is the axino. We allow a soft
mass term for the axino since it couples only through GS interactions and not
through Yukawa interactions [66]. Notice also that a mass term for the axion ¢

is not allowed since it transforms non trivially under the anomalous U(1)" gauge
transformation (4.13).

4.2 Model setup

In this section we analyze the effects of the additional terms on the rest of the
Lagrangian. From now on we work with the Lagrangian (B.g)) after substitution
Vi - g, V@,

4.2.1 Kinetic diagonalization of U(1)’s

As we mentioned before, the Stiickelberg multiplet contains a complex scalar field
whose real part gets an expectation value that modifies the coupling constant
(#14). Therefore, the second line in (AI2]) contributes to the kinetic terms for
the gauge fields and the term (o)W MWW gives a kinetic mixing between the
V) and V© gauge bosons. We have

(iW(O)W(O) + iW(l)W(l) + gW(l)W(O)) (4.21)

92
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with § = —4654) gog1{a). In order to diagonalize the kinetic terms, we use the

vON G 0 Ve (422)
v ]\ =85 1 Vs '

where Cs = 1/v/1 — 2 and S5 = Cs. Let us stress that in this case the mixing
is a consequence of the anomaly cancellation procedure. Note that, since bé‘” ~

by' ~ M (see eq. ([EIR)), where My is the mass of the anomalous U(1)

that we assume to be in the TeV range, this mixing is tiny and can be ignored

matrix

for our purposes.

4.2.2 D and F terms

The additional fields give rise also to D and F terms. More precisely, D term
contributions come from: (i) the kinetic terms of chiral multiplets and (ii) the

axionic Lagrangian (A.I2]), providing

3 3
1 a a a a)\q 1
Lo=5> DD+ 3 gu DI, + 4gobs(a) DO + 5DV DO 4
a=0 a=0

2 (4)
a b
+2 E 9a bg )\/E@Z)STI" (/\(G)D(a)) + 9091%1/)5 (/\(I)D(O) + )\(O)D(l)) + h.c.
a=0

(4.23)

where a = 0,1, 2, 3 denotes, as usual, the gauge group factors, z; are the lowest
components of the i-th chiral multiplet (except the multiplet which contains the
axion) and T,EZ), ke = 1,... ,dimG(“), are the generators of the corresponding
gauge groups, G(®. Solving the equations of motion for the D’s and substituting

back we obtain

+ 05490()3 <C¥>

1
Lo =—3 { [Cago D Qslzrl” = Sag > Yilzl?
! f
+2V265) g3 [1hs (C3AG) + hec] +2v2b5) g3 [1hs (SEAe — SsAp) + h.c]

2
+ V265 gogn [1hs (CsAp — 2C5SsAe) + h.c.] } (4.24)
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1
Lo, = —§{g1 > Vylz? 4+ 2v265 g% [1hs (A — SsAc) + hoc] +
f
2

+ \/§bg4)g0g1 [wng)\C + hC] } (425)
1 2
]_ 2

Low = —3 Z { g3 ( } (4.27)

k

Similarly, the F' term contributions are
oW oWt
_ fpt f_ T
Lp= E <F Fj 8sz 82} Ff) (4.28)

fEMSSM
+ h.c.}

where the first line is the standard MSSM F' term contribution while the second

1 1
“FoFL 4+ — L 4F
+2 s 5+2{ s

2
> g2 Te (AN@) + gogibs) ADA©)
a=0

line contains the new Stiickelberg terms. Solving the equation of motion

Lp, = -8 [Zb g2Tr (N@A@) 4 glgobg4u<1w0>]

[Z b5 g2 Tr (A@A@) 1 gy gl A )\(Ol (4.29)

Eq. (29) can also be written in the basis (£22)), but we will not need this term

in the following.

We would like to mention that no D and F' terms are coming from the GCS
since they include only vector multiplets in an antisymmetric form. Our results

are in accordance with [62].

4.2.3 Scalar potential

As we have seen in the previous section, the additional F' terms ([€29]) do not give

any contribution to the scalar potential. The Dg, D® and D® terms (see eq.
(4219, (E£26) and ([E21)) provide the usual contributions to the MSSM potential.
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The only new contribution comes from the first line of (£.24]). Thus the scalar

potential can be written as

V= Vussm + Vb, (4.30)
1
Voo = 3 { Csg0 Y Qslzsl> = Ssgn > Vilzyl?
7 7

Solving the equations for the minima of the potential

o _
8zf N

+ 05490173(()()} (431)

0 (4.32)

we get (z¢) = 0 for all the sfermions as in the MSSM case. Inserting back these
VEVs into (@30 we get the following Higgs scalar potential

Vi = {1+ md, + 4g30s(a) o | (RSP + 0t 12)
{4+ 2, = 435 ()Cs X | (IR + 1 ?)

1 1 9\ 2

+{5 (90X5) + 592+ g3) J (W12 + s 2 = |nG? — g ?)
1 _

+{b (h*h; — RORO) + h.c.} + Sodliny + ning (4.33)

which can be brought to the same form of the MSSM potential (see eq. (2.40)),

after the following redefinitions

my +4g5bs()CsXs — iy,

mid—4g§bg<a>CgX5 — m,%d

1 ~
(wxof + j@+ ) — a2, (434

where .
90Xs = Cs90Qun, — 55591 (4.35)
At the minimum, we recover the MSSM result (h}) = (h;) = 0 for the Higgs

charged components. Defining as usual (h?) = v;/v/2 , v2 4+ 02 = v and v, /vy =
tan 0 we can still write the tree level conditions for the electroweak symmetry

breaking as

v* > (Il +mi,) (1ul” +m3,) (4.36)
2b < 2[uf + i, +mp, (4.37)

in complete analogy with the MSSM case (using m’s).
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4.2.4 Higgs sector

It is worth noting that in our model there is no axi-Higgs mixing. This is due
to the fact that we do not consider scalar potential terms for the axion (on the

contrary to [42]).

After the electroweak symmetry breaking we have four gauge generators that
are broken, so we have four longitudinal degrees of freedom. One of them is the
axion, while the other three are the usual NG bosons coming from the Higgs
sector.

As it was mentioned above, the potential has the standard MSSM form,
upon the redefinitions (A34]). Since the discussion goes in the same way as
Section 2.4.2] here we give only the main ideas. Higgs scalar fields consist of
eight real scalar degrees of freedom: three of them are the NG bosons G°, G*.
The remaining five Higgs scalar mass eigenstates consist of two CP-even neutral
scalars h? and H°, one CP-odd neutral scalar A° and a charge +1 scalar H* as
well as its charge conjugate H~ with charge —1. The gauge-eigenstate fields can

be expressed in terms of the mass eigenstate fields as

he ) 1 [ v b h° K G°
e\ G*
() - »(5)

where the orthogonal rotation matrices R,, Rs are the same as in (2.53). Acting
with these matrices on the gauge eigenstate fields we obtain the diagonal mass

terms. Replacing the tilde parameters (4.34) we obtain the masses (compare

with eq. (Z553), (Z50) and ([Z.57))

mho = 2lp* +mj, +mj, (4.40)
1 1
mio,Ho = §{m’240 + <(90X6>2 + Z(g% + g%)) v?

¥ G@—(%Xf+5ﬁ+£0ﬁf

i (507 + b4 ) i) } (141

2
v
whe = oty =+ 7 (142
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and the mixing angles (compare with eq. (2.59]))

sin 2cv _ M0 + Mo

sin 23 M3 — M3

tan 2« _ m?%o + ((90X5)2 + i(g% + 9%)) v’ (4.43)
tan 23 m?o — ((90Xs5)? + (g3 + g3)) v?

Notice that only the h° and H® masses modified with respect to the MSSM, due

to the additional anomalous U(1)".

4.2.5 Neutral Vectors

There are two mass-sources for the gauge bosons: (i) the Stiickelberg mechanism
and (ii) the Higgs mechanism. In this extension of the MSSM, the mass terms

for the gauge fields are given by

(0L

(Cu By Vi) M2 | v (4.44)
V(Z)H
3

Ly =

DN | —

Cy, B, are the spin 1 components of the vector multiplets V¢, V. The gauge

boson mass matrix is

MZ g% Xs  — gog2% X;
U2 U2
M? = e —919271 (4.45)
U2
95T

where M2 = 16g303C% + ¢2(v?) X? and the lower dots denote the obvious terms

under symmetrization. After diagonalization, we obtain the eigenstates

B, + gy
A, = P9 (4.46)

Vi + 95

@
ve _ B /2 L 22
9275 — 910 VAR 0 L0l M| (447)

ZO = —F—+ gOQHu
8 Vi +95 2M o) e
/ gOQHuU2 (2) 3 _3
Z;L = CM + W (ngu - 92‘/3;1 > + 0[907 Mv(o)] (448)
v (0)
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and the corresponding masses

M? = 0 (4.49)
1 g% + ¢2) g2v* B
M, = @)t - (Qup BN o vt (4.50)
4 AM?. o)
2,2 2,2 3 4(4)
2 2 2 2 giv” + gav ()g7 A 2 3 /-3
Mz = Mo+ {(QHU) (1 * 4Mx2/<o> ) - 6472 M/ (o) v+ Olgo, My
(4.51)
where My ) = 4bsgo is the mass parameter for the anomalous U(1) and it is

assumed to be in the TeV range. Due to their complicated form, the eigenstates
and eigenvalues of M? (45]) are expressed as power expansions in gy and 1/My )
keeping only the leading terms. Higher terms are denoted by O[g;, M‘;(go)]

The first eigenstate (440 corresponds to the photon and it is exact to all
orders. It slightly differs from the usual MSSM expression (2.65) due to the
kinetic mixing between V() and V1),

For the rest of the Thesis, we neglect the kinetic mixing contribution since
they are higher loop effects which go beyond the scope of the Thesis. Then the
rotation matrix from the hypercharge to the photon basis, up to Olgg, M‘;(SO)] is

0
Z v,
Zow | = Oy | VY (4.52)
2
A, v
'1)2 ’l)2
! GGEs e o

2
v (0) v(0)

\/ Q%+95U2 g1 g2 V(l)
o

- gOQH NGy -
v2M ) N V2 +93 @
0 g2 g1 V

3

where 7,7 = 0,1, 2.

4.2.6 Sfermions

In general, the contributions to the sfermion masses are coming from (i) the D

and F terms in the superpotential and (ii) the soft-terms. However, in our case,
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the new contribution comes only from the D¢ terms

D 1 vZ — 3
Vmags - C§90QHu + 55691 9 + 40590()3 <Oé> X

{ S (Conos — Ssan) |yf|2} (453)

f

where the y; stand for all possible sfermions.

4.2.7 Neutralinos

With respect to the MSSM, now we have two new fields: ¢g and A©. Thus, we

have
1
Lheutralino mass = _§(¢O)TMN¢O + h.c. (4.54)
where

W)" = (s, Ac, Ap, AP, b, hY) (4.55)

The neutralino mass matrix Mg gets contributions from (i) the MSSM terms,
(ii) the h — h — A couplings, (iii) the new soft-breaking terms L5355, (iv) the

Stiickelberg action and (v) the D terms. Finally, we obtain the symmetric matrix

(2)
% msc msp 292b Av? 0 0
MyC% + M,S? — M, S;s O —govaXs GoUu X5
Myg=| '~ o M 0 —4 e
]W2 922%1 _%
0 —p
0
(4.56)

where My, My, My and Mg are the masses coming from the soft breaking terms

(E.19), and
msc = \/_{ <O gabs) + Sigpvs) — 05559091b§4>> (90X5 Av* + Cs My ) ()

C
+ ( 255g2b" + C'(;goglb(;)) g1 Av? + —5MV<O)} (4.57)

2

N | —

msg = V2 { (C(;goglbg") — 2559%6&”) (g0X5 Av? + Cs My 0 (a>) + bgl)gf’ AUQ}

66



4.2 Model setup

with Av? = v2—v3 . It is worth noting that the D terms and kinetic mixing terms
are only higher order corrections and they can be neglected in the computations

of the eigenvalues and eigenstates.
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Chapter 5

MiAUMSSM. Phenomenology

In this chapter we discuss some phenomenology consequences of the model showed
in Chapter @l We focus on the simple but still interesting case Qp, = 0. In this
case there is no mixing between the V() and the other SM gauge fields therefore
7' =V (see (@52)). Then the Z’ couples only to SM fermions and their cor-
responding superpartners. There is no tree level interaction between the Z’' and
the W’s or the neutralinos or the charginos since the corresponding couplings
are proportional to Q. Moreover, as we will see in the following, this simple
choice implies interesting properties of the Z’ involved in fermionic triangles.

First of all we will study the tree level decays of the Z’ into fermions and
the anomalous decays into neutral gauge bosons. We will check the anomaly
cancellation in the broken phase and we will also give some prediction about
these processes in LHC.

Then we will pass to the supersymmetric sector. We will consider the case
in which the axino is the LSP and we will check if the prediction for the relic

density is in agreement or not with the current experimental bounds.

This chapter is entirely based on our papers [I] and [2].
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5.1 Tree level decays

First of all we discuss the tree level decays of the Z’. As suggested in the
introduction, the tree level final states can only be fermions or sfermions. Since
this is a standard part we do not spend much time in details. We remember that

we are in the case Qp, = 0.

5.1.1 Fermions

The Lagrangian describing the interaction of the Z’ with SM fermions is given
by |

L7 = —5 97 Wyt (Uf —af 75) U7, (5.1)
where gz = go, U is the usual Dirac spinor (see eq. (3.3])) and the vectorial and

axial couplings are defined as
7z 7 7
v = QfL + QfR
7z 7 7'
aj = Qp —Qp, (5.2)

and listed in Table [5.11

z'! z'
Yy 19

Ve, Yy, Vr | QL | QL
e, [y, T 2Q1,
u, ¢, t 2Qg | O
d,s, b |2Qg | 0O

Table 5.1: Couplings of the SM fermions with the Z’ gauge boson.

The decay rate is given by

2

_ 2 m N 2 A 2
D7 f]) = Cr 2 [1 - 1L [(vf) R+ (o) Rﬁ} (5.3)
Z/

where the colour factor Cy = 1(3) for leptons (quarks) and the kinematic factors

m
Rl = 1421
v + M%/
2
m
Rl = 1—4—1 5.4
a M%/ ( )

take into account the fermion mass my.
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5.1.2 Sfermions

The Lagrangian describing the interaction of the Z’ with sfermions is given by
~in 1 / / ~ ~
Z/t = —égZ/ <U? + CLJ% ) fz,R a#f[”R ZL (55)

where the +(—) is for left (right) handed sfermions respectively and with v?/ and
a?/ given in eq. (B.2)). The decay rate for Z’ decay to sfermions is calculated to
be

2 Z' Z"\2 m2 3/2
r 3 9z (Uf + ay ) fL,Rr
T(Z' = furflp) =C; My [1-4 (5.6)
ot 487 4 M2,

where the colour factor C is defined as in the fermion case and my,  is the fLr
sfermion mass.

In the case of non-negligible sfermion mixing (such as the top squark) we must
work in the mass eigenstate basis. The decay width is similar to (5.6]) with the
appropriate couplings, except that the phase space factor in the case of different
mass decay products is [1 — 2(m? +m3)/M2, + (m? —m32)%/M3%,]%/%. For details

see for instance [33].

5.1.3 Numerical results

The tree level decay width for a Z’, is given by the sum of the decay rates given
in the previous sections
T, — ZF(Z’Hff)%—ZF(Z’—WFfT) (5.7)
fesm 7
We focus on the case Mz = 1 TeV. The reason will be clear in Section [5.3]
Since we suppose that the LSP has mass of around 500 GeV (see Section [£.4]),

the sfermion masses are heavier that Mz /2, so they cannot be produced by an
on-shell Z" decay. We have

Ty = > T(Z —ff)

fesSMm
2 2
_ 9z A 2N pr (7
= Y CrigMay1- 45 {(vf) R+ (af' ) R
fesm
>~ [119.37 (9oQL)* + 477.02 (90Qq)?] GeV (5.8)
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Z see’ (M =1 TeV)

Figure 5.1: (a): Tree level decay width for a Z’ with mass equal to 1 TeV. The darker
shaded regions correspond to larger decay widths. (b): Tree level branching ratio for
7' — e~ e’ with mass equal to 1 TeV. The darker shaded regions correspond to larger

values for the branching ratio.

where we used eq. (5.3). Since the Z’ will be detected at LHC through is decays
into electric charged leptons we give also the branching ratio (BR) for the decay

into an electron-positron pair

BR(Z' —eet) = T(Z —ee")/Ty
26.52 (gOQL)2

- 119.37 (goQr)? + 477.02 (90Qq)? (59)

The results are plotted in Fig. 5.1] in the form of contour plots in the plane

90Qr, 90Q¢. Our choices for gy, Qq, @ and My are in agreement with the

current experimental bounds [67]. The tree level decay width has elliptic contours

since eq. (0.8)) is the equation of an ellipse in the plane go@r, go@Qq. Concerning

the BR(Z" — e~e™) let us observe that if the quarks and the leptons have the

same mass and the same couplings, then the branching ratio will be simply the

inverse of the total number of fermions which is the number of leptons (6) plus
the number of quarks (6) times the color factor (3)
A 1 1

BR(Z' —e7et) = rryeriab v 0.04 (5.10)

This is the reason why BR(Z" — e~e™) has a lot of values less then 5%. In a

region of parameters the most important quantity is the number of the possible

final states.
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5.2 Anomalous Decays

5.2 Anomalous Decays

In this section we compute the amplitudes for the on-shell decays of the Z’ into
neutral gauge bosons. The SM fermion interaction terms with SM neutral gauge

bosons are
. 1 - / /
Ly = J4z, = —5 97 Wy H (v? —af 75> U7,

) 1 _
EZZnOt = JZOZOM = —5 gZ() \I/f ’)/M (U?O — a?o%) \DfZOu

Efynt = J,/;Au = —€Qf\I’f ")/'M\I’fAM (511)

where ¢y denote the electric charges, U?O and a?o are the vectorial and axial
couplings with Z, and v? " and a?/ are the vectorial and axial couplings with Z’,
respectively. They are listed in Table [5.21

a5 vf° af | vf | af
Ve, Uy, Vr 0 1/2 1/2 | Qr | QL
e, T —1 | —1/2+42sin?60y | —1/2 | 2Q1

u, c, t 2/3 | 1/2—4/3sin?0y, | 1/2 | 2Qq
d,s, b | —1/3 | —1/2+2/3sin?0y | —1/2 | 2Qq

Table 5.2: Couplings of the SM fermions with the neutral gauge bosons.

We remind that, for Qy, = 0, the Z’ is decoupled for the SM neutral gauge
sector, so gz = go and the SM coupling constants are given in eq. (Z.70) and
@.71)). For the corresponding Feynman rules see Appendices and

A priori we could have three possibilities: 72" — ~v~, 2/ — Zy~v and Z/ —
Zy Zy. But the on-shell decay Z’ — v~ is prohibited by the Landau-Yang theo-
rem [68], for which we give a brief demonstration in Appendix[D.4l This decay is
permitted only if at least one of the two photons is off-shell. Moreover with the
choice g, = 0, we have that the electric charged fermions have only vectorial
couplings with the Z’ (see Table[5.2]), so the fermionic triangle loop for the decay
7' — ~~ has three vectorial vertices, so the corresponding amplitude is zero
because of the Furry theorem [69]. So in our case, the only possible decays in the
neutral gauge sector (on and off-shell) are Z/ — Zy~v and Z' — Z, Z,. However

we remind that we are interested only in on-shell decays.

Since there is no tree level interaction between the Z’ and neutralinos or
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charginos, no contribution to the fermionic triangles is given by the SUSY sector
so, we get the same results, for what the decays of interest are concerned, of
non-SUSY models.

5.2.1 Anomaly cancellation

Before going on in our computations we check that the anomaly cancellation
still holds in the broken phase. We focus on the process Z' — Zyy since the
extension to the other cases is straightforward. In the broken phase, additional
contributions coming from the NG boson (G°) exchange must be added. The

corresponding WI'’s, given in diagrammatic form in Fig. [5.2] are

(p+q)” (AfjﬂﬂGCS)f;fW)+1MZ,(GS)ZW - 0 (5.12)
P (AL (GOS)ZET) +iMgy(NGYZY = 0 (5.13)
(ApZMfOMF(GCS)f;fOV) — 0 (5.14)

where Afuff” is the fermionic loop with external Z’, Z, and 7, (GCS)fuf‘W is the

GCS coupling for the vectors cited above, (GS)ZW is the GS coupling between
the axion, the Z; and the photon and (NG) is the fermionic loop with external

0 27
Z', G° and . The fermionic triangle A7 707 is given by
AJIT = ——gogzert? s (0 gimy) (5.15)
where TV 2V (p, ¢;my) is given by (D.19) and
t?lzm = vf a?oqf (5.16)
So we have (compare with eq. (D.40))
1
(p+q)rAZZ7 = J9092,¢ th Zo [ } e[p, g, p, V] (5.17)
1 gz 1
AT = 19097 Zt = l— — mffo(p,q,mf)} elg,p,v.p] (5.18)

”Afjw = 90920 th Zo7 l } elq, p, p, 1] (5.19)

since we choose a symmetric distribution of the anomaly. The integral I is given

in eq. (D.42)) and €[p, ¢, p, o] is defined after (B.I0T). Using eq. 2.70) and (27T
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7 Y

(p+49)” Z’p+q *Q:{ +Z'~“< >+¢MZ/<¢--- >=0
Zou(p

Zo 2o

Y g
Z’Q + Z/-.< )Jrz'MZO(Z' v ):0
A\ Zo -
v Y
A -‘412 + 7 m{ =
Zo Zo

Figure 5.2: The Ward identities for the amplitude Z’ — Zj~ in the broken phase.

and computing » thp,Z(” we get

1
(p+ )pAf,fw = 32909192 (3Qq + Q) €lp, q, p, V] (5.20)
/ 1 3 +
MAf,fm = %919 QQ 2 th mefJO] elg,p,v,p] (5.21)
» 1
AT = g2 909192 (3Qq + Q1) ela, p, p, 4] (5.22)

The corresponding GCS coupling is given by the proper combination of the GCS
couplings in the hypercharge basis (see Fig. [B.3h)

(GCS)ZEO“’ = (169091R011 ds + 89092R022Z 7dﬁ) elp,v, i, p —q] (5.23)

where the rotation factors are

' 9192
RZ ZO’Y — _
on 91 + 93
' 9192
RZJo 5.24
022 g% _'_gg ( )
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ol 1748 V(2
z = Ré’fM(v(O) >+ Ré’f“(v@ ) (a)
Z 174%) V@
5 v v
e G G E S AP I
Zy 1748 V(2

Figure 5.3: Decomposition of the (GCS)Z'%07 and (GS)%07 diagrams in terms of the
diagrams in the hypercharge basis. As usual each depicted diagram also contains the
exchange (u,p) < (v, q) The corresponding Feynman rules are given in Appendix[C.4l
The rotation factors are given in eq. (5.24)).

So we get

/ 16 d
o9z = I (gt 2% ) v~

A E
. 16909192 2 4(1) 2 4(2)
- 192(9% + 93)7‘_2 ( glA +92A )6[p7 v, i, p Q]
gogig
087';22 <3QQ +QL>€U)7 v, i, p — q] (525)
where we used eq. (£I8)), (4.8) and (£9]). Then using eq. (.22) we have
v ! ! 9og19
¢ (M52 +(GO9)ZE) = D (300 +Qu) (elg. pop. ] + elp, . 0 — )
9og19
%;2 2 (3Qq + Q1) (elg, p. p, 1] + €lp, 4. 1. )
-0 (5.26)

and eq. (5.14) is verified. From eq. (5:20) and (5.25) we easily obtain

! ! 3
(0 +0)" (ALA7 +(GOS)LE) = R0 (300 + Q1) elp, g, v] - (5.27)

puv {72

The corresponding GS coupling is given by the proper combination of the GS

couplings in the gauge interaction basis (see Fig. [£.3b)

(GS)Z = (SigtRATY — digiREZYY) e, v.p.q
1 3019
= 5 32,2 Qe+ Qu)elpa 0] (5.28)
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where we used eq. (4I8)), ([48)), (£9) and (524). We remember that since Qp, =
0, Mz = 4gobs (see eq. (A5I))). Then using eq. (527) we have

(p+ ) (AZZY + (GOS)LE0) +iMp (GS) =

prv pHv
3 . i

- 9192 (3QQ + QL) (go + ZMZ’4_b3) €[p7 q, U, V]
3 4qgob

- 9192 (?)Q + QL) (gO - ZZ3S> €[p7 q, 1, V]

= 0 (5.29)

and eq. (B.12) is verified. From eq. (5.21]) and (5.28]) we easily obtain

/ 1 /
(Afﬂfow + (GCS)?HfW) = = %0919 Z [t? Zon?IO} elg,p,v,p] (5.30)
!

Computing the Feynman amplitude for (NG)pZ;“’ diagram we find

Yy
Z (\/% cosﬁvqufdmfdlo>

€7M7T7d7s7b

Yfu
—|—Z ( / Slnﬁvf qumfuIO)le[q7p7V7p]

u,c,t

/ 1
(NG)Z} = —Rgoe

‘ 9192 ( 21 )
N g0 n Vs, 5dfaMy Io) +

T |, gt

1
py (“iyfumfuf()) €lg, p, v, p]
u,c,t

i 909192 /

T4 My, Z[“?a?)quff%} €lg, p, v, p]
f

_ i Jog192 |:Z’Z0fy 9 ]
- ty iyl | ela, p v, 5.31

47T2Mzzf:f 71o| ela,p, v, p) (5.31)

where we used yy, sin 3/v2 = mfu/v —ys, €08 B/V2 = my, /v, eq. (ETI) a
#EX0) for Qy, = 0, the values for a ° given in Table and the definition of

t? o7 given in eq. (5.10). Then summing eq. (B.30) and (B.31]) we get

P (AZZY 4+ (GOS)LZ7) + iz, (NG)ZT =

pHV puv

1 P i
= —909192 [t I'm [o} <—1 + 1My, ) €lg,p, v, p|
471'2 ; f f 0 MZ@

—0 (5.32)
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7" (q)
Z'"(p+q) =

u

Z
v
~< ‘\'< L7 %ot An.
Zo

Figure 5.4: Diagrams for Z' — Z .

and also eq. (BI3]) is verified. So we checked the consistence of the anomaly

cancellation in the broken phase.

5.2.2 7' — Zy

We calculate the decay rate for Z/ — Z; v. We compute all the relevant diagrams
in the Re gauge, thus removing the interaction vertex V*9,Gy that involves
the massive gauge bosons and the Stiickelberg or NG boson. Therefore, the
only diagrams that remain are the fermionic loop, the GCS vertex and a not
anomalous remnant contribution (Fig. [5.4)). It is possible to show that the last
blob-diagram, that involves several diagrams, is equal to zero. For the interested
reader we give further details in Appendix [D.5l The decay rate for the process
is given by

(7' — Zyy) = / |AZ %07 24Q) (5.33)

327 2M %,
where A%'%07 is the total scalar amplitude and pg is the momentum of the out-

going vectors in the CM frame

MZ/ M%
- —— 5.34
PE=9 < M2, (5:34)

The square of the total scalar amplitude is given by

/ 1
Z'Zov |2 * * v *1 Z'Z, x 7' Z,
| A2 = §§ :6&)6(5/2) 5610)5(502) €Onom Apn sy (5:35)
N 0 Ay
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7' Zovy
puv

amplitude of the process. The factor 1/3 comes from the average over the Z’

where € are the polarizations of the gauge bosons, and A is the Feynman

helicity states. The polarizations obey to the following completeness relations

ko)
Sty = 530
N z
kul() kHZO
6'1“ e*pg — _nu1u2+M (537)
A0 €00 2
ZAO (A9 €A) M3,
Goepny — - (5:38)
Ay

where (5.38) gives only the relevant part of the sum over helicities. Other terms
are omitted since they give vanishing contributions to the decay. The amplitude

is given by the sum of the fermionic triangle Afl;fm plus the proper GCS vertex

AZZn = AT 4 (GCS)Z 20 (5.39)

pHY puv pHY

where A% %07 and (GCS)Z %07 are given in eq. (5.15) and (5.25). It is convenient

puv puv
to express the triangle amplitude by using the Rosenberg parametrization [29]

(see also Appendix [D.3))

/ 1
Af,ufm/ = _4_71_2909Z06<A16[p7 v, p} + AQE[Q: v, p] + A3€[pa q, K, p]pV
+A4€[pa Q7 11'7 P]QV + A5ELP> q: V’ p}pu + A6€[p7 qv V’ p]Qu) (540)
where

A=Y 177 fori=3,....6 (5.41)
f

I3, I, I5 and Ig are finite integrals (their explicit forms are given in (D.25)),
elp, q, p, o] is defined after (D.24]) and t?/z(” is given in eq. (.I6). A; and A,
are naively divergent by power counting and so they must be regularized. We
compute them by using the Ward identities. In this way it is possible to express
A; and A, in terms of the finite integrals I3, Iy, I5 and Ig. The GCS term has

the following tensorial structure

d?' %o (6[1?, 1, v, p| — €lq, v, ,0]) (5.42)

so it can be absorbed by shifting the first two coefficients of the Rosenberg

parametrization for the triangle (see Section B.H). The resulting amplitude can
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be written as

, 1 _ _
AT = —4—7T2909206(A16[p,u7 v, p| + Aselq, p, v, p| + Aselp, q, 11, plpy

+A4€[p7 q, K, p]qv + A5€[p7 q,V, P]pu + A(;G[p, q,V, p]QM) (543)

The WIs (5.12), (513) and (5.14) now read

(p+ @) AL LY +iM 7 (GS)ZY = 0 (5.44)
PrAZZT 4 My (NG)ZT = 0 (5.45)
¢’ A% = 0 (5.46)

where My = 4bsgy and My, are the Z' and Z; masses respectively. Using the

results of the previous section we obtain

1 1

(p+ 0 ALT" = S 5g0gz0e5 ) 7 7 elp.q. V] (5.47)
f
’ 1 !
PALIT = pamene YA b g pvel (549
7
¢ AT = 0 (5.49)

and inserting (5.43)) into the above identities we get

A = (q2A4 +]9'qu)

Ay = (pPAs+p-qds + (NG)YT) (5.50)
with
(NG)ZT =3 #7707 mil, (5.51)
f

where I, is the integral given in (0.42). Substituting A;, A, from (E50) into
the amplitude (B.43]) and performing all the contractions we finally obtain

2 (M%’ — M%O)Q (M%, + Mgo) %

|AZ’Z07|2
96M§OM%,7T4

= 9097%°
2
[Z tﬁ/Zo’Y(([g + ]5)M%0 + mfe I())] (552)
f
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5.2.3 7' — ZO Z()

The computations are similar to the previous case so we point out only the
differences with the other decay. Mutatis mutandis, the decay rate for the process

is given in (£.33)) with the proper amplitude and

My 4M?
pr=\ 1= (5.53)

Z/

The square of the total scalar amplitude is given by
4 ]- * v *U * *
|AZ ZOZO|2 - g 6&’) (//\)’2) 6()1\0)5()\3) 5?;0) (fg AflffuzloApzzuzZvOzZO (5~54)
Y A0 A0
7' Zo 2o

where the amplitude A is always the sum of the fermionic triangle and the

puv
GCS term. The contribution to the fermionic triangle is

/ 1
7' 202, 2 7' 7 VAV VVA
Ay’ = —ggogzo [§ : (Uf CLfovfo Lo —ij vf afo Lo > +
f

(5.55)

Z'. Zo. Zo PAVV z' Zo Zo AAA
g (a vy vy Fp/w +a;, Fp/w)

n
where n runs over all the neutrinos while the T',,,’s are given by (D.I8), (D.19),
(D.20), (D.2I)). Using the fact that for the three neutrino families we have

vZ = a? and v = a% we write the total amplitude (the sum of the triangles

plus GCS terms) as

/ 1 ~ -~ ,
Ag,ufozo = _@QOQ%O <A1€[p7,u7 v, p] +A2€[QJ,U’7 v, p] +A3€[p7Q7M7 p]p

+Aselp, q, i1, plq” + Aselp, q, v, plp" + Agelp, q, v, p]f]“) (5.56)

with
A =23 2% fori=3,...,6 (5.57)
where
t7%0% = i afﬂvfo (5.58)
with 97 = 207" for neutrinos and vf = vf for the other fermions. The WIs
now read
p+q)P AZ %% M, (GS ZOZO =0 5.59
puv
prAZ LD zMZO(NG)pZ;ZO =0 (5.60)
¢’ AZ %% 4 iMy (NG)Z = 0 (5.61)
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leading to
(p+ P A" = QQOQZOZtZ “%0elp, q, p, V] (5.62)
“Afufoz" = & 290920 th ZOZOmfloe q,p,V, Pl (5.63)
FALER = 0, th Wbt loclg,popl (5.64)

From these equations we find the following values for A; and A,

A = <q2A4 +p-qAz — (NG>Z/ZO> (5.65)
A, — <p2A5 +p-qAe+ (NG)Z’ZO) (5.66)

with
(NG)Z'% = th w70 m3 1, (5.67)

where I is the integral given in (IIm]) Substituting back into the amplitude

and performing all the contractions we finally obtain

2
’ M2/ 4M2 /
s i, W VB [0 s i) 9
Zo

5.2.4 Numerical Results

We show some numerical computations for the two decay rates I'(Z" — Zyy)
and I'(Z" — ZyZy). They depend on the free parameters of the model, i.e. the
couplings ¢oQqg, go@r and the mass of the Z', since Qy, = 0. We show our
results in Fig. in the form of contour plots in the plane goQr, go@¢q for
My = 1,2 and 4 TeV. Our choices for gy, Qg, @1 and My are in agreement
with the current experimental bounds [67].

The darker shaded regions correspond to larger decay rates. The white region
corresponds to the value 107% GeV that can be considered as a rough lower limit
for the detection of the corresponding process. It is worth noting that increasing
My the mean value of the decay rate of Z/ — Zyy grows while the one of
7' — ZyZy decreases. We would also like to mention that increasing M the iso-

decay rate contours in the plot rotate clockwise getting more and more parallel to
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Figure 5.7: Mz =4 TeV.
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the goQr-axis. This effect is due to the fact that the contribution of the triangle
diagram with the top quark circulating inside the loop becomes the dominant
contribution for high M. In this case the decays strongly depend on the top
quark coupling go()¢ while the lepton couplings go()r, become irrelevant. Finally,
we find that the region that gives the largest values (of order of 107* GeV) of
the decay Z' — Zyy is for My ~ 4 TeV and for goQq ~ 0.3, goQr ~ —0.2.

5.3 LHC prediction

To estimate the number of the decays that can be observed at LHC we shall use

the narrow width approximation,
Nz particles = Nzw BR(Z' — particles) (5.69)

where Ny is the total number of Z’ produced and BR(Z' — particles) is the
branching ratio of the decay of interest. We remind that we can use such ap-
proximation if (I'z//Myz/)? << 1. For our choice of parameters, the maximum
value will be for go@Qr = go@Qr, = 0.3 and My =1 TeV, so (FZ//MZ/)2 ~3x1073
and the latter inequality holds.

The total number of Z’ is Ny = o4 Lt where £ = 10** cm™2s7! the lumi-
nosity and ¢ =1 year. Finally o is the Z’ production cross section [34]

dO’Z/ o 471'21'1$2
dy — 3M3,

Z [fqz'(xl)ftii (552) + fqi(xl)fqi ($2)}F(Z/ - %qz) (570)

where f,, ;. are the quark ¢; (or antiquark ¢;) structure functions in the proton,

and the momentum fractions are

T1o = (Mg /\/5)e*Y (5.71)

The formula (5.70) does not take into account the gluon contribution inside the
proton. The gluons can only contribute with the fermionic loop triangle. There
is no GCS contribution since there is no anomaly (see eq. (£I0)). However the
q q g vertex is vectorial like, as the corresponding vertex with the Z’ for Qy, =0
(see Table (1), so we have a VVV triangle which is zero because of the Furry
theorem [69]. Then, in this case, we do not have any gluon contribution.

We integrate numerically the PDFs using a Mathematica package [70]. In
Fig. 5.8 we show the result for Nz at /s = 14 TeV. We can see that the number
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Figure 5.8: Number of Z’ produced at LHC in 1 year for £ = 103%*em™2s~! and
Vs =14 TeV, in units of (goQg)?, in function of the mass of the Z’.
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Figure 5.9: Number of Z’ — e~et at LHC in 1 year for £ = 103*ecm 2571, /s = 14
TeV and Mz =1 TeV.
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Figure 5.10: Number of Z’' — ZyZy at LHC in 1 year for £ = 103em 2571, /s = 14
TeV and Mz =1 TeV.
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of the Z’ produced falls off exponentially with M/, so we shall focus on the
case My ~ 1 TeV. As said before, we assume that the LSP has a mass around
500 GeV (see Section [5.4]), so that we can ignore sparticles contribution in the

computation of the branching ratios.

In Fig. 9 we estimate the number of decays Z' — e e™ for 1 year of
integrated luminosity. We can see that in a wide region of parameter the number

of events is larger then ten thousand. This gives a lot of chance to discover a Z’
in LHC.

In the case Mz = 1 TeV the most favorite anomalous decay is 2 — ZyZj. In
Fig. 510, we estimate the number of decays for 1 year of integrated luminosity

which turns out to be Nz _, 7,7, ~ 10 for large values of the couplings go@Q); and

QOQQ-

5.4 Axino Dark Matter

Assuming the conservation of R-parity the LSP is a good weak interacting mas-
sive particle (WIMP) dark matter candidate. As in the MSSM the LSP is given
by a linear combination of fields in the neutralino sector. The general form of the
neutralino mass matrix is given in (£56). This is a six-by-six matrix. From the
point of view of the strength of the interactions the two extra states are not on
the same footing with respect to the standard ones. The axino and the primeino
are in fact extremely weak interacting massive particle (XWIMP). Thus we are
interested in situations in which the extremely weak sector is decoupled from the
standard one and the LSP belongs to this sector. This can be achieved at tree

level with the choice Q g, = 0. The neutralino mass matrix Mg becomes

Ms My
5o 000 0 0
My 0 O 0 0
N e . M, 922vd _922vu .
0 —n
0

where Mg, My, M, M; are the soft masses coming from the soft breaking
terms (£19) while M) is the U(1)" Stiickelberg mass given after eq. (A51]). It
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5.4 Axino Dark Matter

is worth noting that the D terms and kinetic mixing terms can be neglected in
the tree-level computations of the eigenvalues and eigenstates.

Moreover we make the assumption that My > Mg, M) and g1 2vy.q0 <K M 2,
so the eigenstates are nearly pure axino, gauginos and higgsinos. Finally we
suppose that the axino g is the LSP with a mass of around 500 GeV while the
bino A is the NLSP.

The decoupling in the neutralino sector implies also a decoupling in the gauge
bosons sector as showed in the previous sections, since Qp, = 0 (see eq. (£52)).
In the following sections we present the axino relic density computation fol-

lowing the lines of our paper [2]. For a detailed discussion we remand to [71].

5.4.1 Axino Interactions

The axino interactions can be read off from the interaction Lagrangian (Z.I7).
The relevant term, written in terms of four components Majorana spinors, is
given by
: 1)1 v V2 5010 v 2
£ = iv2gity Ry [ )9,V Us + g gibe A sl 1) (0uVa ) W
(5.73)

where the b;a) coefficients are given in (4.I8). The related interaction vertex is
Clv*, 7" )ik, (5.74)
where C' is a factor which contains the coupling constants
C = V232, 0" R(Ow)f a=1,2 (5.75)

where R(0w ) = cos Oy, sinfy (0w is the Weinberg angle) while f is the gaugino
coefficient in the mass eigenstate basis. The factor (B.75]) contains the parameters
b which are related to the anomalous U (1) (see eq. (#I8)). Therefore C' < g(q
and the axino interactions will be extremely weak, being suppressed by an order
of magnitude factor with respect to the weak interactions. At tree level there
is only one type of annihilation diagram, represented in Fig. 511l We denoted
with p; and ps the incoming momenta of the axinos while k; and ks are the two
outgoing momenta of the gauge bosons in the final state. We will concentrate

on the case with two photons in the final state. In this case the result for the
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Vs (p2) A (ka)

Vs(p1) AP (k1)

Figure 5.11: Annihilation of two axinos into two gauge vectors via the exchange of a

gaugino.

differential cross section is given by

do 4MZEw, 2 .

0 T M) 2 M o
where w; and wy are the energies of the two outgoing photons. Each ampli-
tude M, is proportional to the related coefficient C' whose generic form is given
in (B.78). The cross section (B.76), being extremely weak, cannot give a relic
density in the WMAP preferred range. Thus we are forced to consider a scenario
in which coannihilations between the axino and the NLSP became sizable. We
will assume a NLSP, coming from the “usual” MSSM, with a mass comparable to
the axino mass. Without loss of generality the NLSP can be identified with the
bino. The allowed coannihilation processes are those which involve an exchange
of a photon or a Z; in the intermediate state and with a SM fermion-antifermion
pair, Higgses and WW’s in the final state. The differential cross section in the CM
frame has the following general form

j—g x §%|M|Q (5.77)
where s is the usual Mandelstam variable and py; is the spatial momentum of the
outgoing (incoming) particles. On dimensional ground |M|? has at least a linear
dependence on py and this implies that the dominant contribution comes from

the diagram with the SM fermion-antifermion pair f and f in the final state:
T\ - fF (5.78)

The two possible diagrams associated to this process are sketched in Fig. b.12]

The resulting differential cross section, computed in the CM frame, is
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Vs(p1) f(p3)

v/ Zo

A(p2) f(pa)

Figure 5.12: Coannihilation of an axino and a bino into a ff pair via the exchange of

a photon or a Zj.

d by — 2
ao Zcf ( 3 mf)2 :
dQ I 647T2(E1 + E2)2 (El — MS)

(M2 + M3 + MMz, + M M)

(5.79)
where the sum is extended to all the SM fermions (with mass my) while C/ is
a color factor. In Appendix we give the Feynman amplitude for the decay

into two neutrinos.

5.4.2 Axino Relic Density

In this section we compute the relic density of the axino. The case of the axino
as a cold dark matter candidate has been studied for the first time in [72]. As
we said in the previous section we assumed a LSP which coannihilates with a
NLSP degenerate in mass. Without loss of generality the NLSP is assumed to
be a bino. The relic density can be evaluated solving the Boltzmann equation
for two particle species:
dn 2
— = —3Hn — Z (0ijvi5)(niny — ng'n?) (5.80)

dt v
ij=1

where n; denotes the number density per unit of comoving volume of the species
i (¢ =1 refers to the LSP while ¢ = 2 refers to the NLSP), n = >, n;, H is the
Hubble constant, o;; is the annihilation cross section between a species ¢ and a
species j, v;; is the modulus of the relative velocity while n;? is the equilibrium
number density of the species i. Having computed the number density, the relic
density is simply given by

_ Mgn

O~ P~ (5.81)
pe e
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since the two species are nearly degenerate in mass, where p, is the critical mass

density of the Universe.

We rewrite (5.80) by defining the thermal average of the effective cross section

2 n?q n?q
(oerrv) = Z(C’z‘jviﬁn—zqniq (5.82)
ij=1
obtaining
dn 2 eq)2
i —3Hn — (0cffv)(n”° — (n)?) (5.83)
We parametrize the effective cross section as in [73]:
A
<O'6ff'U> == (584)
n?,

by introducing the following quantity

2
_ ng 2 \/g
A= At /dpeffpeffwefle (T) (5.85)

1 7
Peff = 5 S — 4M§ (586)
and K is the modified Bessel function of the first type while
2(8(8 — 2M12)0'22 + 2(8 — (MS -+ M1)2)(8 — (MS — M1)2)0'12)
s(s —2M2)

Notice that in the above expression we have neglected the term oy; due to the

where

Weps = (5.87)

suppression factor with respect to the other cross sections. The leading term
in (5.87) is given by the term proportional to the NLSP (a bino in our case)
annihilation cross section o99. This implies that g9 must be of the right order of
magnitude to satisfy the upper bound coming from the WMAP data [74]. This
constraints can always be satisfied with a suitable choice of the soft breaking

parameters.

The equilibrium number density is given by

im; T i
Neg = 3 I g, (ﬁ> (5.88)

272 T

where K, is the modified Bessel function of the second type. In our notation we
have m; = Mg and my = M;. Substituting (5.85) and (5.88) into (5.84) we get:

J dpegp2p W K OF)

MATIY, 55 Ka(3)P

i g1 M2

(gero)(T) (5.89)
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In order to solve the Boltzmann equation (5.83)) it is convenient to introduce a
new variable Y = n/S where S is the entropy density. The Boltzmann equation
written in terms of this quantity reads
ay 1 dS
dT ~ 3HdT
By introducing the adimensional quantity x = T /Mg we can further simplify the

dy TG 2 2
— = Mg,/ Y -Y 91
dfﬂ S 45G<0_€ffv>( eq) (5 9 )

where we have introduced the number of effective degrees of freedom g,. It can
be shown that gi/Q ~9,

(0egso) (Y? — Y2) (5.90)

Boltzmann equation

The final result for the relic density is

1.07 x 10°GeV~—" 1
T Mpg ()
where Mp; is the four-dimensional Planck mass while

Hap) = [ detougpo)ia) (5.99)

The quantity x; is related to the freeze-out temperature. It turns out that its

Qh?

(5.92)

value weakly depend on (o.ffv). A numerical computation gives x¢ ~ 1/20 [75].
In the general case the integral in (5.93]) can not be solved analytically. Therefore
we solved it numerically by sampling the function (o.srv)(x) at different value
of x.

Our aim is to find regions of the parameter space, determined by ()¢, @1 and
the coupling constant gy of the extra U(1), that fulfills the WMAP constraints.
This task can be performed by imposing suitable conditions on the C2. In the
limit in which we can neglect the electroweak symmetry breaking effects since
the soft mass are much heavier than the EW scale and the NLSP is essentially a
bino, which implies f =1 in (5.70), we have

C? = 2(()51))2giL cos? Oy (5.94)

for the contribution M2 in (5.79). From the formula ([#S) of the mixed U(1)" —
U(1l)y — U(1)y anomaly and from the eq. (4.18) we have the following relation

1) _ 3(3Qq + Q1)

b .
2 12872b; (5.95)
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In Section B3] we supposed My ) ~ 1 TeV, then we have by ~ 1/4g, TeV and
we finally get

2
— = 094 x 107 (83g0Qq + 90Q1)* GeV 2 (5.96)

where e is the electric charge. We get similar expressions for the other three
terms in (5.79). Collecting all these terms we obtain an upper bound on (3goQq+
goQr)? for which the cross section gives a relic density in the 30 WMAP range [74]:

0.0913 < QA% < 0.1285 (5.97)

The lower bound is (3goQg + go@r)* = 0 and in this case we have no coanni-
hilations. In (5.87)) the only terms that survives is that proportional to 9 and

therefore we recover the standard result. The upper bound is

(390Qq + 90Q1)? < 16 (5.98)

which is valid for Mg ranging from 500 GeV up to 2 TeV and for a mass gap
Am/m = (My; — Mg)/Ms ranging from 1% up to 5%. The bound (£.98) cor-
responds to the perturbative constraints goQQg < 1 and go@r < 1. Our result
is in agreement with the XWIMP relic density estimate given in [76] which is

obtained without an actual computation of the coannihilation cross section.
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Chapter 6

Conclusions

In this Thesis, we have reviewed an extension of the MSSM by the addition of an
anomalous abelian vector multiplet and showed some original results concerning

the phenomenology of an anomalous Z’.

In Chapter 2] we introduced the MSSM and its main properties such as the
gauge coupling unification.

In Chapter Bl we presented the chiral anomalies in quantum field theory and
their cancellation by the standard procedure or by a string inspired mechanism
firstly discovered by Green and Schwarz. Then we discussed the Green-Schwarz
mechanism in a standard and in a supersymmetric framework showing which are
its main features and physical consequences.

In Chapter M we introduced our model, the MiAUMSSM. We showed how the
MSSM modified by the addition of an anomalous U (1) gauge field, a Stiickelberg
multiplet and Chern-Simons terms. We checked the correct electroweak symme-
try breaking and we found new contributions to the mass matrices for almost all
the particle in the spectrum with tree level or 1-loop intensity.

In Chapter [5 we presented the first phenomenological results of our model for
the choice Qp, = 0. We computed the Z’' production at LHC for variable My,
noticing that the number of the Z’ produced falls off exponentially with its mass,
so the most favoured case is Mz ~ 1 TeV. Then we estimated the number of
leptonic decays and anomalous decays for a Z' with Mz ~ 1 TeV for 1 year of
integrated luminosity in LHC. We saw that in a wide region of parameter we have
more than 10* Z' — e~ et decays, while the maximum number of 7/ — Z,Z,

is of the order of 10. Then we studied a possible dark matter candidate in
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the framework of our model. In the decoupling limit )y, = 0 and under the
assumptions My > Mg and g; 20,4 < M2 the axino turns out to be the LSP.
Being an XWIMP the axino annihilation cross section is suppressed with respect
to the typical weak interaction cross sections. This implies that in order to
satisfy the WMAP constraints on the relic density we must have a bino-like
NLSP almost degenerate in mass with the axino. We computed the LSP-NLSP
coannihilation cross section and we found that in the parameter space where our
model is perturbative the WMAP constraints are always satisfied. This result
holds for Mg ranging from 500 GeV up to 2 TeV and for a mass gap Am/m of
few percents.

The eventual discover of extra gauge bosons and dark matter particles are
some of the main issues in today high energy physics. In the next months, the
new colliders and satellite experiments, such as LHC and PAMELA will give us
clues on the fundamental theory underlying the Standard Model.
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Appendix A

Gammology

A.1 Notations and conventions

We use the space-time metric 7, = diag(+, —, —, —) and the spinorial conven-
tions
€91 = 612 =1 €12 = 621 =-1 €11 = 611 = €99 = 622 =0 (Al)
Y=y da=eapt? 0T =Ty s = e50” (A.2)
UX =Y Na  OX = PaX” (A.3)
The Dirac matrices are
0 ot vo= (1,—-¢
= 7 where ? (1, _}U) (A.4)
a* 0 ot = (1,0)
and we define
-1 0
= A5
s ( 0 1 ) (A.5)
A.2 Properties of 7 matrices and trace theorems
The basic properties of v matrices are
(=20 and {15} =0 (A.6)
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The trace theorems are

Trl =4

Tr (odd number of 4’s matrices) = 0

Tr(y"") = 4™ (A7)
Tr(y*y"v*7) = 4 [0 = 00" + 00|
Trys =0 (A.8)

Tr [y5 (odd number of v’s matrices)] = 0

Tr(957"7") = 0

Tr(ys7"v"77) = 4ie??

Tr(y 9"y ) = Te(c A7) (A.9)

where e"?? = 1(—1) for pu, v, p, o an even (odd) permutation of 0,1,2,3; and 0

if two indices are the same.

Other useful results for simplifying trace calculations are (¢ = a,7")

Wt =4
Mgy = =24
Tudpy* = 2a-b
b = =24 (A.10)
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Appendix B
Lagrangians

B.1 MSSM Lagrangian

The Lagrangian of the MSSM contains several terms

EMSSM — EgSSM _+_L1%4SSM +£MSSM +£§\{4SSM +£%SSM +£§4()?ZS‘M (Bl)

gauge

where
@) y@ 1y

EgSSM = (Qjev eV esV Qs (B.2)

) e B 4 (D)l el D)

626
Ly — (e L+ Byt EE) (B.3)
cussM (HJ;@V(Q)G%V(I)HU+H2€V(2)€7%V(1)Hd) . (B.4)

620

gauge 2

893 89%
1
16g3

LMSSM (iTr(W@W(?’))JriTr (WEW®)

+ —Tr (W<1>W<1>)) + h.c. (B.5)

02
MM _ (yQUSH, — y;jQiDJC-Hd — Yy L ESHy + uHqu)GQ + h.c. (B.6)
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3
1 a)y(a o o ~c~C e ¢
E%}ZSM = 3 Z (Ma)\( IN@ 4 h.c.) — (mijqiq; + 77112”],1%-1,%T + mijdidjT

B+ m2 st + i |hf? +m hal?)

- (df@@hu — ¥ Gdhg — aTE;hy + bhahg + h.c.) (B.7)

Notice that in order to include the coupling constants in the gauge interactions

we need to substitute V' — 2gV.

B.2 MiAUMSSM Lagrangian

The Lagrangian of the model contains several terms

L=Ly+ L+ Lyguge + L + Lw + Laxion + Lacs + Lsoft (B.8)

where
,CQ == (Q;%V(g)ev(?)eéV(UeQQV(O)QZ‘ (B.9)
+ (U)fe VP e iV eQuev@ e 4 (Doyte VP eaV eQoev® DC)
(A A KA (A 62§2
Ly = <L36V<2)e_%v(l)eQLV(o>Li+(Ef)TeV“)eQECVm)Ef) . (B.10)
020
Ly — (Hlevu)e%v(necz};uvm)[{u+Hjlev<2>6_%v<1>6QHdv<o>Hd> By
6260
1 @rre) L L @ 11r(2)
Loguge = | z=5Tr (WEWY) 4+ —Tr (WEW®R)
893 873
1 1
+ —Tr (WOWD) + — T (WO O ) + h.c. B.12
o2 1 ( )+ oz T ( ), (B12)

Lw = (y/QiUH, —y]Q:DSHy — y? LiEs Hy + pnH,Hy) , + h.c.  (B.13)

‘Caxion

+ h.c.}(B.M)
02
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B.2 MiAUMSSM Lagrangian

Locs = +di [(VOIDVO —vODyvOYywO 4 e, +
—d5 [(VODVO —vODvIOYy Wl 4 e, +

«

—dgTr { (VDO —yOpey@) e

1 _
+6V(2)D“V(O)D2([DQV(Z),V@)})+h.c.1 ~ (B.15)
0262
: 1 (M
_ () (s
Loost > (MADN 4+ hc.) 2( : ¢S¢S+h.c.)

Il
o

a

[\

E

2

(mq quJer @Ch ct+md dchT
+ml llT—l—m ec CT+mh I |2+mhd]hd] )

- (aifdidjhu — a;] Gid;ha — ali&;hy + bhyha + h.c.) (B.16)

where Lg, £, and Ly provide the kinetic terms and the gauge interactions of
the matter particles such as (s)quarks, (s)leptons, Higgs(ino)s; Lgquge contains
the kinetic terms for the gauge supermultiplet; Ly is the usual MSSM super-
potential; L.y on provides the kinetic term of the Stiickelberg multiplet and its
Green-Schwarz interactions used in the anomaly cancellation procedure; Lgcs
contains the Generalized Chern Simons interactions giving trilinear gauge boson
couplings needed to complete the anomaly cancellation procedure; finally, Lg,
contains the usual soft breaking terms of the MSSM as well as the new terms for

the primeino and the axino.

Notice that in order to include the coupling constants in the gauge interactions

we need to redefine them as shown in equation (£14)) and to substitute V' — 2¢V.
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Appendix C

Feynman rules

In this appendix we collect the Feynman rules for the interaction vertices that are
involved in our computations. We give the rules for the C' — B model described
in Section B.I] and some rules for the SM and the MSSM. Moreover the terms
involved in the GS mechanism shown in Section and A.1.1] are included.
The generalization to the other anomalous diagrams is straightforward, so it is
omitted. The solid lines represent fermions and the wiggle lines are gauge fields.

Dashed lines are scalars.

C.1 (C — B model

Tree level B,
fermionic vertex (B): = —%% (Uf - af%) (C.1)
S S
Cu
fermionic vertex (C): = —%% (U? - a?%) (C.2)
f S

The vectorial couplings U}B’C and the axial couplings a?’c are given in eq. (B.4)

and (B.0).
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Feynman rules

GS mechanism ¢
'l
GS vertex: : = —ib“PBe,, 00" (C.3)
Bu(p> < e BV(Q)
C, (p+9q)
GCS vertex: ! — 2(¢9BB €pppal” (C4)
Bu(p> < e BV(Q)

The GS coupling b“2E and the GCS coupling d°P8 are given respectively in

eq. (373) and eq. (B.72).

C.2 Electroweak interactions

QED A,
fermionic vertex: = —ieqr, (C.5)
S S
Au(p +4q)
scalar vertex: /if = deqr(p—q), (C.6)
T T @

The coupling constant e and the charges gy are given respectively in eq. (2.71])
and in Table (.21
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C.3 Yukawa’s interactions

Zy interactions

fermionic vertex: =

f f

The coupling constant gz, and the vectorial and axial couplings v?o and a?o are

given respectively in eq. (Z70) and in Table

W= interactions

W,
fermionic vertex: = —%gw Yu(1 =) (C.8)
l(Qu) Vl(qd)
ZOp(p + Q)
| .
Z, vertex: = ie cot Ow [Npu(2p + @)y + N (g — p)p +
Wau(p) < W, (q) — (P + QQ)u] (C.9)

where gy and 6y are given in Section [2.4.3]

C.3 Yukawa’s interactions

GO

SM : \y/—fi%
MSSM f, : z"/—%sinﬁ% (C.10)
MSSM f;: —\% cos (3 7s

NG-Yukawa vertex:

f f

where y; is the Yukawa coupling of the fermion, and [ is the angle in eq. (2.44]).
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Feynman rules

C.4 7' interactions

Tree level

fermionic vertex: = _%92’% (vf/ - af/%) (C.11)

f f

The coupling constant gz = go for @, = 0 and the vectorial and axial couplings
v# and a? are given in Table

GS mechanism

o
]
GS vertex: i ! — _4ig>pV Pq° C.12
. g1 99 E,uupcrp q ( . )
v ~
Vi (p) Vi (q)
v, (p+q)
GCS vertex: l = 16909; d5 €pvpad” (C.13)
v ~
Vi (p) Vi (q) o

The GS coupling b;l) and the GCS coupling ds are given in eq. (4.I8]).
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Appendix D

More on amplitudes

D.1 Linearly divergent integrals

Consider a shift of integration variable in a one dimensional integral

o0

Aa) = / dr [f(z +a) — f(2) (D.1)

o0

It can be easily shown that the shift may be illegitimate if the integral is diver-

gent. Too see this, we expand

Ala) = /Oo da {af'(xw%zf"(xw...

e}

a

= a[f(o0) = f(=00)] + Z[f(00) = f/(=o0)] + ... (D.2)

where the primes mean differentiation. When the integral ffooo dx f(x) converges
(or at most diverges logarithmically) we have 0 = f(d+oo) = f'(£o0) = ...
so A(a) = 0. Instead, for a linearly divergent integral, 0 # f(do00) and 0 =
fl(£o0) = ... so we get

Aa) = a[f(o0) = f(=00)] #0 (D.3)

which corresponds to a “surface term 7. The generalization to n dimensions is

straightforward
A@) = [driser+a) - 1)

9 1 o
_ / iy {aT Gl (1) + 50 S ) (D.4)
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More on amplitudes

Applying Gauss’s theorem, all terms but the first vanish upon integrating over

the surface at r — oo
T

Afa) = a77f(7“)5n(7’) (D.5)

where S,(r) is the surface area of the hypersphere with radius . For the case of

a four-dimensional Minkowski space-time, we have

rT—00

Afa) = aT/d4T8Tf(T) = 2in*a” lim r?r, f(r) (D.6)

D.2 Ward Identities and Goldstones

In this section we give an intuitive demonstration of the WI used in Fig. 3.6l For

a more rigorous and general demonstration we remand to [27].

An external Zj is created by the Lagrangian term
. 1 _
L5 = JpZon = =5 920 Ve (v — afoys) Vel (D.7)

Therefore we expect the amplitude I', (involving an external incoming Zj) to be

given by the matrix element of Jj_

Dz = [ dtae 710 (D.5)

where f (i) represents the final (initial) state. From the equation of motion we
know that
1 _
aﬂ‘]go = 5 9z, anOau (\1167“75‘116)

= igz, a?m. V.5V, (D.9)
since, as it is well known, the vectorial current is conserved while the axial one
has the divergence proportional to the fermion mass. We can show that the result
is proportional to the axial Goldstone current coming from the Yukawa coupling
between the Higgs scalar and the electron. In the SM (the extension to MSSM

is straightforward) we give mass to the electron with the Yukawa Lagrangian
L, =—y.L.Heg+ h.c. (D.10)

where y, is the Yukawa coupling (taken to be real), eg is the right handed

electron, and the leptonic and Higgs doublets are respectively

Ve 1GT
Le = H = (h0+v)+iG0 (Dll)
€r, T

106



D.2 Ward Identities and Goldstones

with ey, the left handed electron, v, the corresponding neutrino, hg the real scalar
Higgs field, G° the real Goldstone scalar of the Z;, G the complex Goldstone
scalar of W and v the Higgs VEV which we take to be real. So we have

L, = _\gj%[eL(hO+U+iGO>eR+eR(hO+U—iGO)eL}+...
B _\Z% [(ho + U) (erer, + érer) + iG° (—eger, + éLeR)} o
_Ye

= 5 [(A° 4+ 0) U0, + GO0 450, ] ...

= —Yeyg,w, - y—;hoqfe\pe + J50G (D.12)

V2 V2

where we omitted the terms in G, since we are not interested on them. The

e
Dirac spinor ¥, = ( L ) and the Goldstone current is

€R
oo = —i 050, (D.13)
V2
We can identify the electron mass m, = \%v. Inserting these results into

eq. (0.9), we find
: T . Ye =
aﬂ‘]go = 19z, anOme\Ije 5‘116 = ZA]\IZO E‘Ije’}%\pe
= Mg, Jeo (D.14)

where we used the definitions of gz, aZ0, Mz, given after eq. (3.63) and after
eq. (B.67). Applying the result (D.14]), we get

0 = /d%@u (eik'x(f|Jgo|i>)
= iku/d‘lx (e (f]J%, 1)) —l—/d%eik'xa#(fugo\i)
ik, / d'e (M (f1 T2 1i)) — My, / diz R (F 58 (D.15)
which implies the WI
— ik, I" (Zy) + Mg (G°) =0 (D.16)
where we used eq. (D.8) and
I'(G%) = /d‘lxe“”(fugom (D.17)

is the amplitude for an external incoming G° Goldstone boson. This result also
includes the massless vector case which is recovered putting the vector mass equal

to zero.
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More on amplitudes

D.3 Fermionic loop diagram

In this section we give some general properties of the massive fermionic triangle
diagram of Fig. [D.Il To make the discussion self-consistent we will repeat some
equations seen in the previous chapters.

Consider a case in which only a single fermion circulates in the loop and each
coupling is either axial (A) or vectorial (V) with charge equal to minus one.

The fermionic triangles containing an odd number of axial couplings, denoted by
AVV | VAV, VVA and AAA are

TAY (. gimy) = /ﬁf[}( 1 1 1 )
puv p,q;myg - (271-)4 757/)% — g — mf,yui - mfryuﬁ +¢ —my
+(p = q,p = v) (D.18)

TVAY (p, ¢:m ) = /ﬂTr( ! ! : )
puv b,g;my) = (271')4 P)/pﬂ — ¢ — mffyyl - mfﬁ)%ﬁy“ﬂ +¢ —my
(D

+(q = —(p+q), V<—>,0) 19)

P (prai1) = /(dl; o (fo d—m; °"7 —1mf%¢+,¢1— my
+(p = —(p+q), = p) (D.20)

AAA . _ d4€ 1 1 1
Cow (- Gimg) = /WTF (%%ﬂ g =y P mf)
+(p e g e v) (D.21)

These integrals are superficially divergent (by power counting) and thus there
is an ambiguity in their definition. The internal momentum ¢ can, in fact, be
arbitrarily shifted (see Section 6.2 of [21])

ly — Uy +ap, + (a— B)gs (D.22)
leading to
p o
o (p.q, Bymy) =T00Y (p,q;my) — 3 omo(p = d) (D.23)

The amplitudes (D.18)),([D.19),([D.20) and (D.21]) can be written using the Rosen-

berg parametrization [29] as
Fp;u/(p> q; mf) =
1
P(Il(p,q; my) €[p, u, v, p| + Ix(p, ¢; my) €lq, 1, v, p| + I3(p, ¢ my) €[p, q, 1, plps

+14(p, ¢;my) €[p, 4, 1, plaw + Is(p, s my) €lp, q, v, plp, + Ls(p, ¢;my) €[p, q, v, p]qu)
(D.24)
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D.3 Fermionic loop diagram

Figure D.1: The anomalous triangle diagram.

with €[p, q, p, 0] = €p00"q" and where

1—x Ty
3(p, @ my) / / y y(1 —y)p? +2(1 —x)¢® + 2xyp - q — mj
l-z z(r —1)
Lp,gsmyg) = | do
4(p, ¢;my) / / y(1 —y)p? + (1 —x)¢? + 2xyp - q — mj
Is(p,g;my) = —la(q,p;my)
Is(p,gsmy) = —I3(p,qsmy) (D.25)

are finite integrals in the Feynman parameters x,y while I; and I, contain all
the divergent contribution of the 1 loop integration. We give a demonstration of
the Rosenberg parametrization for the AVV triangle. The extension to the other
triangles is straightforward. Our starting point is eq. (D.I8]). Lorentz invariance

and momentum conservation imply the following expansion

Lo (D, ¢;mp) = Bi(p, q;my) €lp, i1, v, p] + Ba(p, ¢;my) €lgq, 1, v, p] +
Bs(p, q¢;my) €[p, g, i1, plpv + Ba(p, ¢;my) €[p, ¢, 1, plgw +
Bs(p, q;my) €[, ¢, v, plpu + Bo(p, ¢ my) €[p, ¢, v, pla,, +
Br(p,q;my) €lp, g, vIp, + Bs(p, ¢;my) €[p, g, p1, Vg,  (D.26)

where the B’s are functions of the vector momenta p, ¢ and of the fermion mass

my. Applying the Schouten identity

pe[a7/67l’b7yj|—"_k;aEI:/@’/'L’V’p]—"_kﬁE[u?V’p’a]—"_
ktelv, p, o, B] + EVe[p, o, B, u] = 0 (D.27)

109



More on amplitudes

on p and ¢, we get

T (py g3 my) = [Bi +p - qBr + ¢*Bs] €lp, 1, v, p] +
[By — p°Br — p - qBs] €lq, p, v, p] +
[Bs + B €[p, g, i1, plpy + [Ba + Bs] €[p, ¢, 1, plg, +
[Bs — Br] e[, q,v, plpy + [Bs — Bs] €lp, q,v,plg, ~ (D.28)
If we identify

I = 7 [Bi+p-qB;+ ¢ Bs]

[ ]
I, = =" [By+ Bs]
Iy = 7n%[Bs— By
Is = 7 [Bs— By (D.29)

we get the Rosenberg parametrization (D.24)).

Now we want to compute the finite part of the parametrization i.e. integrals
I3...Is. Let us go back to eq. (D.I])). It is easy to check that the exchanged
contribution has the only the effect of doubling the amplitude. So we get

_ d'l Tr sy, (f —d +myg) v (L +mp) v (f + ¥ +my)]
Lo = 2/ (21 ) [(5 —q)?— m?] [EQ _ mﬂ [(4 +p)? — m;] (D.30)

Introducing the Feynman parameters x,y, 2 we obtain

d*/ ANp 6(1 —x —y — 2) dr dy dz
Lo = 4 3
/(QW) /{[(E—q)Z—mfc]an[(E—l—p)?—mﬂy—l—[ﬁ—mﬂ z}

= 4/ dit /ldm/l_mdy Now -
(2m)* Jo 0 [62+2y€-p—2.’E£-q—|—ypz+qQ—mﬂ‘3

(D.31)

with

o = Ty, (f —d +mp) v (£ +mg) v, (f + 9 +my)] (D.32)
= Tr[vs7, (f —d) v () v (£ + )] + 5T sy, (L + 9 — 4)]

The numerator N,,, has terms with three momenta and terms with one mo-
menta. The latter contribute to I; and I in eq. (D.24). At this point we are
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D.3 Fermionic loop diagram

not interested in an explicit computation of such integrals, so we leave them
indicated as dots in the following computations. Using the change of variabld?
0 =0+ k with k = —yp + zq we get

Lo = / il / da / WT (D.33)

A=— [y(l —y)p* + 2l —2)¢* +22yp - q — m?] (D.34)

where

and

>,
[

o = T, (F+#—d) o (F+#) (P +H+9)] +
= Trlysn, (F =) whn (K +9)] +
= —2[z(r — Vg, — zyp.) ¢*p T (157, V0 78) +
~2[zyq, — y(y — Dau P Tr 157, 7a78) + -+ (D.35)
where we omitted terms with odd powers of ¢ because their contribution is iden-

tically zero since we integrate over all the space a function which is odd in /.
Then we find

a4 1
pNV:—S/d:v/ dy/ ]3><

><{ [2(z — Vg, — 2yp.] ¢*P°Tr [v57,7Ya V5] +

[rya, — y(y — Da ¢*p"Tr [v57,%7a7) } +... (D.36)
Having isolated the finite part, we can compute the integral over the momentum
and take the trace over the Dirac matrices. Using the result

O

we obtain

1—a
.T(IL’— 1) _xypy] [p;q”u7p]
L, = dx/ dy T
Lou / {yl—y)p—i— (1 —2)¢*+2xyp - ¢ — m}
[2yqu — y(y — Dg,] €lp, ¢, v, ] o (D.38)
y(1 = y)p? + x(1 - 2)¢* + 2zyp - ¢ — m3

!The change is allowed since we are interested only on the finite part of the integral.
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More on amplitudes

Comparing with eq. (D.24)) we identify

,q;m x
s(paimy) y(1 —y)p? +x(1—x)q2+2xyp-q—mfc
11—z
—1
y(l—y p+m(1—m)q +2zyp-q—m;
yly —1)
Is(p,q;m dx
(p.gmy) / / y)p* + (1l —2)¢* + 22y p- g — M7
LY
,q;m dx D.39
olp. 45 my) / / y)p® + (1 — )q2+2xyp-q—m§c( )

Is it easy to check that I5(p, ¢;ms) = —I14(q, p; my) and Is(p, ¢;mys) = —I5(p, ¢;my),
reproducing exactly the definitions in eq. ([D.23]).
In terms of the Rosenberg parametrization the [ dependence of (D.23)) is

contained only in I; and I, (which are superficially divergent). However, using
the Wls,

11
(p+Q)pF§/l]//V(p7Q7/87mf) = 71_2 4 +mf[0(paQamf) e[pv(J’luﬂ V]
2+ 0
urflx/v(p’q’ﬂ’mf) = = {72 €[Q7payap]
, 243
¢’To (p.q,Bimy) = — 7 ela, p, p, 1] (D.40)

it is possible to show that they can be expressed in terms of I3... I as

240
LY (g, Bimy) = prals(p.g) + & Lup.0) + ——
LYVp,q,Bimyg) = —I"V(q,p, Bimy) (D.41)
where I is defined as
oy =~ [Lac [ 1
g m x
(p,g:my) y)p* + (1 —x)¢? + 2xyp - q — m}

(D.42)
The Iy contribution is only present in a massive fermionic triangle. We encounter
such contribution in theories with chiral massive fermions such as SM, MSSM
and MiAUMSSM. Finally we remark that the Iy contribution in eq. (D.4Q) is
not 8 dependent so it is fixed on the axial vertex. The same will happen for the
VAV, VVA and AAA cases.
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D.4 Landau-Yang theorem

D.4 Landau-Yang theorem

The Landau-Yang theorem states that two massless spin-one objects cannot com-
bine to form a spin-one object. From a phenomenological point of view this means
that a Z’ cannot decay into two on-shell photons. Now we give a partial demon-
stration of this fact using the Rosenberg parametrization (D.24)). We put the Z’
on the p leg and the photons on the u,v legs. The amplitude of the process is
given by

AP = —%ng'eQ (fhe[p, 1, v, p] + Aselg, p1, v, p] + Aselp, q, i, plpy

+A4€[p7 q, K, p]ql/ + A5E[p7 q,V, p]pu + A66[p7 q,V, P]%) (D43)

where A; and A, considered the GCS absorption (see Section BH), and Az, Ay,
As and Ag give the finite contribution of the amplitude. The WIs on the photon

lines are

p“Af;ZV(p, ¢my) = 0 (D.44)
q”AZLZ”(p, ¢gmy) = 0 (D.45)
which imply that
A = pgAs+PAi=pqhy (D.46)
Ay = p-qAs+p’As =p-qAs (D.47)

since the photons are massless. Using this result we get

2

! * v % * A xZ'
’A T 5&)5(5/2) 6()1\7)60\3) ZG/&)E(&?) A it Apapone =
N Ay Ay
where we used the completeness relations
kpl km
* M) (V)
2oy = 1"+ p (D.49)
2\ zZ!
Yoty — -1 (D.50)
A"{
Do eds = g (D.51)
Ay
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More on amplitudes
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Figure D.2: Non Anomalous diagrams for trilinear neutral gauge boson amplitudes.

From eq. (D.25]) we have Ag = —Aj3, so

2
['(Z' — y7) ‘AZ W‘

—0 (D.52)

in agreement with the Landau-Yang theorem.

D.5 Treatment of non anomalous diagrams

In this section we show that the non anomalous diagrams in Fig. (.4l vanish. The
diagrams we consider, reported in Fig. [D.2] have no specific assignment for the
external legs, to keep the discussion as general as possible. All the factors which

are not relevant for our aim are omitted and all the possible leg exchanges are
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D.5 Treatment of non anomalous diagrams

understood. Finally, we use dimensional regularization and the R, gauge with

¢ =1, in such a way that each diagram vanishes separately.

A) The Scalar triangle loop is given by

4 B d>] (2l+p—q),(2l —q), (2l + p),
D) = [ G o e a0 5]
+(peqpev)
_ / Pl (2 +p—q),(2l — ) (2L + p),
@ 0= 0 — w2 (B — 2] [(1 + p)? — ]
/ d*1 (2l +q —p),(2l — p)u (2L + q),
2% 0= ) — w2 [ —m?] (L + a2 — 2]

(D.53)

Performing the change of variable [, — —[, in the second integral, one gets

N _ Rl (2l+p—q),(2l —q), (2l +p),
D) = (2m) (1 = a)? = m? 2 = m? [(1 + p)? =

_/ d*1 (2l +p — )2l +p)u(2l — q), =0 (D.54)
(2m)> [(1 = q)* = m?] [I2 = m?] [(l + p)* — m”] ‘
B) The “Scalar bubble loop” is given by
d*1 (2l +p+q)m
DB _ 9 v
;wp(p7 Q) / (27‘()2“’ [lz . mQ] [(l +p + q)z _ m?]
_ _2/ d*1 (l +p+ Q)pn;w
(2m)2 (12 = m?] [(1 + p+ ¢)* — m?]
d*l ()pn,
—9 PRy D.
e = e B
Performing the change of variable | — —] — p — ¢ in the second integral one gets
d*1 (l+p+qm
DB _ 9 Ml
oo (P: 1) / (2m)2 [12 = m?] [(l + p + q)* — m?]
d>1 (I+p+q)m
2 bRy =0 (D.56
Sk e e RO

C) Since the ghost interact with neutral vectors only through the third com-
ponent of SU(2), the Ghost triangle loop is proportional to

€36c€3cd€3db = —Opd€3ap = 0 (D.57)

The other diagrams in Fig. [D.2] can also be shown to vanish after manipulations

similar to the ones used in (D.54)), (D.56), (D.57).
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D.6 Decay rates. General case

In this section we compute the amplitudes for the decays 2/ — Zy~ and 72/ —
Zy Zy in the general case Qp, # 0, still neglecting the effects coming from the

kinetic mixing. We work in the limit

GaVu,a << pt, Mo, My, My, Mg, My o) (D.58)

in which mge ~ My ), msp ~ 0 (see (L57), (£.22), (A353)). Hence, (L56]) takes

the same form as in the symmetric phase in which neutralinos and charginos
do not contribute to the anomaly (see Section EI.1]). In the limit (D.58) an
extension of the SM by an extra U(1) and our SUSY model give the same results

for what the decays of interest are concerned.

The SM fermion interaction terms with the neutral gauge bosons are given

in eq. (GI1]) where now

Vi A A z' A VA
vy =QF, +QF, ay = QF, —QF,

Z Z Z Z Z Z
vp' = Qp + @, ay’ = Qp —

a5 = Qp, = Qry (D.59)

The left and right fermions and the Dirac spinors are related using the usual
fr

definition ¥y =
R

) . The left and right charges are defined in the following

way

92Q%, = 91500 + 15,001 + 90Q, (D.60)
92Q% = ¢1Y1,00 + 90Qsn (D.61)
gZOQ?E = ¢215012 + 1Yy, O11 + goQy, Oro (D.62)
gZOQ?; = 1Y, 01 + 90Q £, O10 ( )

eQp, = 921302 + 91V, On = 91V, 00 = €Qypy (D.64)

where O;; is given in (£52) and T3 is the eigenvalue of TP,
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D.6 Decay rates. General case

D.6.1 7 —Zy~y

The amplitude is given by the sum of the fermionic triangle Afﬁ‘” plus the

proper GCS vertex

AZ,ZOW _ AZ’Z@«{_’_(GCS)Z’ZOW

puv prv puv
! 1 ! Z ! Z
Afﬂf” = —Zgzzgzoe Z (v? afoqfl“;/;l‘,v + a? vfoqfl“;‘lx,v) (D.65)
f
The resulting amplitude can be written as
/ 1 ~ ~ y
Agﬂg(w = _4_7_‘_29Z’9Z0€ (A1€[p, v, p] + AQE[qa v, p] + A3€[p7 q, K, p]p

+A4elp, q, 1, plq” + Aselp, q, v, plp" + Agelp, q, v, p]é]“) (D.66)

with
A= "t771 fori=3,...,6 (D.67)
f

where
t?lzm = <vf/a?" + a?lvf‘)) qr (D.68)

and the integrals I; given in (.25). A; and A, are the new coefficients with the
GCS absorbed similarly to (3.109).

The Ward identities in Fig. for the amplitude now read

(p+ q)PAZZT + My [(GS)Z7 + (NG)'] = 0 (D.69)
PALEN 4 iMy, [(GS)E) + (NG)ZT| = 0 (D.70)
¢’ AZZT = 0 (D.71)

where My and My, are the Z’ and Z; masses respectively. In both (D.69) and
(D.70) we have a (GS) and a (NG) contribution due to the two Goldstone bosons
which are a linear combination of the axion and G°. We use (D.70) and (D.71])
to fix A; and A, while (D.69) is automatically satisfied. Contracting with p* we
get

puv

p”AZ’Zov — _{8 [4909% Rlzollz‘” bél)bg + 29092 RQZ(;QZ” ng)bg + 2g§g1 R(?O’IZO” bgl)bg]

1 /
+ HQngzoe;U? afoqy mfvfo} ela, p, v, pl (D.72)
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More on amplitudes

where I is the integral given in ([.42). The solution for A; and A, is

A = (PAs+p-qAs) (D.73)
Ay = (p*As5+p-qAs) + (GS) + (NG)Z (D.74)
with
(NG = va a?oqf m3 1o (D.75)
!
/ 6472
(@)1 = 2 (262 REDY Wby + 3 REZ™ Ubs + gogy Rl 15,
92'9z,€
(D.76)

The rotation factors are

Rlz(;zw = 001010021

R2Z0,Z07 = 002010022

Ryp? = 0100n (D.77)
with O;; given by (£52). Substituting Ay, A, into the amplitude (D.66) and

performing all the contractions we finally obtain

2 (M%, B M%0)2 (M%’ + M%O)

2 2
97:/9z,€ X

’AZ’ZO'yP
96M%0M§,7r4

[Z 77 (I + I ) M3, + (GS)?7 + (NG)Z™ (D.78)

D.6.2 7 — Z() Z(]

The contribution to the fermionic triangle is

/ 1
VAVAYA _ 2 VAW A VAV Z' Zo Z VVA
Apuuo [ — _ggz,gzol E (Uf anU OFPNV —|—7)f ’Ufoa OFPHV +

f

Z', Zo, Zo pAVV 7' Zo . Zo PAAA
ay Uy Vs Fpul/ Tay agag Fpul/ )

(D.79)

We write the total amplitude (the sum of the triangles plus GCS terms) as

/ 1 ~ -
AZ 0% = —— g7, | Avelp, 1, v, p] + Aselq, p v, p] + Aselp, ¢, 1, plpy
s
+A4€[p7 q, U, p]qy + A5€[p7 q,V, p]pu + Aﬁe[py q,V, p]QM] (DSO)
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D.6 Decay rates. General case

with
A = Z t?/Z()ZOIi fori=3,...,6 (D.81)
f
where
t?/ZOZO _ (a?/UfZOUfZ‘O + 21)?/@?07}?0 + a?’a?oaio) (D82)

and the integrals I; are given in (D.28). The Ward identities now read

(p+ @) AZED% + My [(GS)Z% + (NG)A%] = 0 (D.83)
PALBS 1My, [(GS)Z% + (NGO)ZP| = 0 (D84)
QALD LMy, [(GAY + (NGAZ] = 0 (D85)

where Mz and My, are the Z' and Z, masses respectively. In (D.83)-(D.85) the
(GS) and (NG) terms are present for the same reason as in the preceding subsec-
tion. We use (D.84) and (D.87) to fix A; and A, while (D.83) is automatically
satisfied. Contracting with p* and ¢” we get

ALz — —{8 [493 REGE% bbs + 4gog? REgZo% b5 bs+ (D.86)
2000 RE% W20y + 2080n Ryt 15bs) +
L 2 7' Zo . Zy 1 VA 2[
+ 87T2nggZOZ vy ay vyt + 3af Qg g | Mglo €lg,p, v, p]
!
¢ AL = —{8 495 REE 0by + dgogt REL% b byt (D.87)

20093 Ras% b by + 2g2g1 Rigro? b?‘)bg} +
1 , 1 .,
+ @92'9%0 Z (vf afovfzo + ga? afoafo) mfclo} elq, p, p, 1]
f

where I, is the integral given in (0.42)). The solution for A; and A, is
A = (@At p-ads) = [(GS)7% 4 (NG 2] (D.88)
Ay = (p*As+p-qAs) + (GS)Z% + (NG)Z' % (D.89)
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More on amplitudes

with
! ! 1 !
(NG)Z 20— Z (vf a?ovfo + ga? afoa?‘)) mfclo (D.90)
f
7' Zo 647> 3 pZ'ZoZo 1.(0) 2 pZ'Z0Z0 1.(1)
(GS) = P 4gy Ryoo ™ by bz + 4gogy Ripi°”° by 'bs +
/ Zo
+2gog§ RQZ(;QZ()ZO b;Q)bg —|— 29391 Rg(;lz()ZO bgl)bg (Dgl)
The rotation factors are
Rgo,oZOZO = 010019
Rlzo’lzozo = 001010011
RzzOIQZOZO = 002010012
Rg(;lzozo = 010011+001010010 (D.92)

with O;; given by ([A52). Substituting back into the amplitude and performing

all the contractions we finally obtain

(M2, — 4MZ,)*

AZ’ZOZO 2
| | 192MZ,

_ 2 4
- gZ’gZO

D7 AR Iy 4 I5) M, + (GS)77 4 (NG)#
f
(D.93)

D.7 Amplitude for g\ — vv

In this appendix we give the amplitude for the process g \() — v, which is
the simplest case over all the possible decays g A" — ff, since the neutrinos

are massless and are coupled only to the Z,

7 k , Y _
M = _§CZ09Z0 mUSWB [7M> Y ]u/\1 ulll’yll(vl/ - aV’YS)Uuz (D94)
Zo
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D.7 Amplitude for ¥\ — vu

The corresponding square modulus is

MP = > > Y Y MM (D.95)

spin A1 spin ¥g spin v; spin vg
2 2
a, + Uy

= 6403092(,{2_—]\@)2(1%1 D) X
0

< (a1 ) (0 PS) + (3, D) (Pus - ) = (i - Do) M1 M|

where p),, ps, P, and p,, are the bino, axino and neutrinos 4-momenta respec-
tively and k? = s is the momentum of the intermediate Zy. The result (D.93)
is valid only for one family. If we consider all the families the above amplitude

must be multiplied by 3.
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