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Conditional expectations, traces, angles between spaces and
Representations of the Hecke algebras

Florin Radulescu*

Abstract: In this paper we extend the results in [Ra] on the representation of
the Hecke algebra, determined by the matrix coefficients of a projective, unitary
representation, in the discrete series of representations of the ambient group, to
a more general, vector valued case. This method is used to analyze the traces
of the Hecke operators.

We construct representations of the Hecke algebra of a group G, relative
to an almost normal subgroup I, into the von Neumann algebra of the group
G, tensor matrices. The representations we obtain are a lifting of the Hecke
operators to this larger algebra. By summing up the coefficients of the terms in
the representation one obtains the classical Hecke operators.

These representations were used in the scalar case in [Ra], to find an al-
ternative representation of the Hecke operators on Maass forms, and hence to
reformulate the Ramanujan Petersson conjectures as a problem on the angle
(see e.g. A. Connes’s paper [Co] on the generalization of CKM matrix) be-
tween two subalgebras of the von Neumann algebra of the group G: the image
of the representation of the Hecke algebra and the algebra of the almost normal
subgroup.
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1 Introduction

Let GG be a countable discrete group and I' C G be an almost subgroup. Assume 7 is a
unitary representation of GG into the unitary group of a separable Hilbert space H and assume
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that 7| is a multiple of the left regular representation A of I' on I?(T"). For simplicity,
throughout the paper we assume that the groups I' and GG have infinite conjugacy classes,
and hence it follows that the associated von Neumann algebras are factors, and thus have
a unique trace denoted by 7. The Murray von Neumann theory of dimension (see e.g.
[Ta], [GHJ]) associates to the representation 7 of the group I', a continuous dimension
number ¢ = dimyy»H = dimpH € (0,00]. Here, by 7(I')” we denote, as customary
in von Neumann algebras, the von Neumann algebra generated by 7(I') C B(H). In the
paper [Ra] we treated the case dimpH = 1. (We are deeply indebted to H. Moscovici for
suggesting to investigate the general case of arbitrary dimension). If ¢ is an integer or co on
infinity, the hypothesis on the representation of GG corresponds to the existence of a Hilbert
subspace L C H, such that H = [?>(T') ® L, and 7|p = Ar ® Idp.

To this data we associate a representation .S of the algebra of Hecke operators into the
reduced von Neumann algebra of the right regular representation of G, R(G); (IMvN]). (If
t is an integer, the algebra R(G); is R(G) ® B(K), where K is any Hilbert space of finite
dimension dimc K = t), otherwise R(G); = p(R(G) ® B(L))p, where p is a projection in
R(I") ® B(L) of trace 7(p) = t, and L is an arbitrary infinite dimensional Hilbert space. In
the case dimc L = oo, the representation takes values into the formal ring of infinite series
in G with coefficients in B(L).

Let Hy = C(I" \ G/T) be the C - algebra of double cosets of I" in G. Let H be the
reduced von Neumann - Hecke algebra of I' C G, acting on [?(T'/G). Recall that this the
the weak operator topology closure of Hy, viewed as a subalgebra of B(I2(T'/Q)), (see
[BC]).

We generalize the results in [Ra], by proving that also in this more general case, the
angle (see Theorem 3.2) between the algebra S(H) C R(G); and the algebra R(I"), deter-
mines the Ramanujan - Petersson behavior of the representation ¥ of the (algebraic) Hecke
algebra Ho = C(I' \ G/T) (the C - algebra of double cosets) on 7(I")’ C B(H). The rep-
resentation W is simply the action of the Hecke algebra on I' invariant elements in B(H).
The space of the I'- invariant elements is exactly the algebra 7(I")’. Here G acts on B(H)
by Adn(g), g € G and w(T")’ is the commutant algebra. By the Murray von Neumann
dimension theory the commutant algebra is isomorphic to R(G);.

As proved in [Ra] an essential ingredient to prove that the representations of the Hecke
algebra may be used to construct Hecke operators on 7(I")" (which is then equivalent to
the problem of determining the action of Hecke operators on Maass forms), is the fact that
the representation of the Hecke algebra may be extended naturally to an operator system
containing the Hecke algebra (conform Definition 2.1).

If ' = PSLy(Z), G = PGL9(Z1), 7 is the restriction to G of a representation (which
P
could also be projective) in the discrete series of PG Lo(IR). Then, through Berezin symbol

map (Cf. [Be]), one recaptures from the representation W the classical Hecke operators on
Maass forms.
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The explanation of the fact that we are able to recapture the action of classical Hecke
operators on I invariant vectors is as follows: Starting with the representation S of the
Hecke algebra into p(R(G) ® B(L))p one defines the densely defined, *-algebra morphism,
€ = e®1d from R(G) ® B(L) into B(L) by letting € be the character of R(G) (that is
e(Xoagpg) = 3 ag).

If S(Hp) is contained in the domain of (¢ ® Id), then £ 0 S is a representation of .S onto
B(L) (in fact (p)L). Identifying e(p)L with the I'-invariant vectors in the representation
m, we obtain in this way the representation of the classical operators Hecke operators on
I'-invariant vectors.

In particular applying the above construction to the representation m ® 7 acting on
H ® H, one obtains (as it was also explained in [Ra]) the classical Hecke operators on the
Hilbert space of T" - invariant vectors in H ® H. This latest Hilbert space is canonically
identified to the Hilbert space L?((I"), 7) associated to the von Neumann algebra {7 (I")}’.

We use the following construction of the Hilbert space of the associated I' - invariant
vectors. We assume the representation 7, denoted in the following by 7, acts on the Hilbert
space Hy. To define a Hilbert space of I - invariant vectors we use a “’scale for I'-invariant
vectors” (as it is done in the Petersson scalar product).

Thus, we assume that Hy is contained in a larger Hilbert space H, and we assume that
there exists a representation 7 of G into the unitary group of H, such that 7 invariates Hy,
and such that

7(9)|m, = mo(g), g € G.

We assume L. C H, is a subspace (which will be the scale mentioned above) such that
7lr & Ar ® Idy, (thus H = [?(T') ® L). We define the Hilbert space of I'-invariant vectors
(as in the Petersson scalar product) by letting H} = H{ (m, L) be the subspace of densely
defined forms, on Hy, such that (v, v) HE = (Prv,v) is finite (that is such that the densely
defined map on H associating to a vector w in the domain the value (Prv, w) = (v, Prw)
extends to a continuous form on H).

Then £ o S is the classical Hecke operator representation on H{ (, L) (see Section 3).
We obtain in this way another representation of the Hecke operators on I' invariant vectors
associated to the action of I' on Hy. The Hecke operators are represented as operators acting
on a subspace of L. These representation can be used then to analyze the traces of the Hecke
operators.

Finally, in the last section we determine a precise formula for the absolute value of
the matrix coefficients of the 13-th element 713 in the discrete series of P.SLo(R), when
restricted to G = PG Lo (Z[%])

This proves that this coefficients are absolutely summable on cosets of I' = P.SLy(Z)
(a fact that is needed to prove that the map ¢ defined above is densely defined).
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2 The representation of the Hecke algebra

In this section, we introduce a representation of the Hecke algebra g associated to an
almost normal subgroup I of a discrete group G. This representation of the Hecke algebra
is canonically associated to a projective, unitary representation 7 of the larger group G.

Let 7 : G — B(H) be a projective, unitary representation of the group G into the
unitary operators on the Hilbert space H. We assume that 7|p is multiple representation
of the left regular representation of the group I' (which, as was observed in [Ra]) implies
that the associated Hecke algebra of double cosets Hy = C(I' \ G/I) is unimodular, i.e.
[[:T,]=[:T,-1],withTy, =olo !t NT,forall o € G.

In addition throught this section we assume that there exists a Hilbert subspace L of H
such that L is generating, and I' - wandering for H (that is yL is orthogonal to L for all y in
'\ {e}, and the closure of the linear span Sp(wLeJr ~L) is equal to H). Here by e we denote

the identity element of the group G.

Then H is identified to the Hilbert space I2(T") ® L, and L is identified to {¢} ® L, and
the representation 7 is identified to the left regular representation Ar of I' on 12(T"), tensor
the identity of L.

In the sequel we denote the right regular representation of I' (respectively GG) by pr
(respectively pg) on [2(T) (respectively [2(G')). When no confusion is possible we simply

e

denote this by p. By R(G) ® B(L) we denote the algebra of formal series
2 P(9) © Ay

geG
with coefficients A, € B(L), g € G, that have the additional property that for every
1,12 € L, the coefficient

(22 plg) @ Ag)(be @ 11), 0 ® l2)
geG

defined by
> p(9)(Agly, l2)

geG
is an element of R((G), the von Neumann algebra of right, bounded convolutors on [2(G).
With the above definitions, we consider the following linear operator system (see [Pi]
for the definition of an operator system):

Definition 2.1. By KCj/Cy we denote the tensor product C(G \T') @ C(I' \ G). Here Ho =
Ho

C(I' \ T'/G) is the Hecke algebra of double cosets and H, is embedded both in K =
C(G\T") and Ky = C(I'/G), simply by writing a double coset as a sum of right, respectively
left, cosets (see e. g. [BC]).

There is an obviously * operation on /C§/Co (whence the notation). Then Ky = C(I'/G),
and K = C(G \ T') are canonically identified as subspaces of [Cj5/Cy. We have a canonical
bilinear map from K x Ko onto K§/KCo. This bilinear map, when restricted to the double
cosets in the Hecke algebra H, becomes the Hecke algebra multiplication.
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As observed in ([Ra]), the operator system KjKq is isomorphic to the linear span of
cosets:

C{o1To3|01,02 € G} = C{(01T o] Voa|or, 02 € G},

where the bilinear operation maps (01", I'o2) into o11'09, for all 1, 02 € G.
There is an obviously completion of this system, which is still a % operator system,
which we denote as K*/C. This operator system is, by definition, I2(G/T) @ I>(T' \ G),
H

where H is the reduced von Neumann algebra of the Hecke algebra, that is the weak closure
of Ho acting on I2(T" \ G) (respectively on [2(G/I") by right multiplication).

A priori, there is no canonical Hilbert space structure on K*K. Using the construction
in this paper, we define at the end of the paper, a canonical Hilbert structure on /CIC* that is
compatible with the action of H. Thus we construct a scalar product on cosets

<FO’1 ® o9, T'o3 ® U4F>
that depends only on oy Toy, oy To5. By cyclically rotating the variables, the scalar
product corresponds to a bilinear form on K*/C. (Note that in [Ra] we also constructed a
scalar product, with positive values on the generators, such that the corresponding bilinear
form is again positive definite).

With the above definitions we have the following.

Proposition 2.2. LetI' C G, m, H, L and KjKo as above. Then there exists a canonical
representation
S Kiko — R(G) @ B(L)

that is a * morphism in the sense that S(k1)*S(ke) = S(kika) where kiko is viewed as
an element of KjKo, for all ki,ky € Ko. In this assertion, we implicitly require that the
elements S(k7) = S(k1)*, S(k2) may be multiplied in R(G@(L),for all k1, ko € K.

By restricting to Ho, we obtain a representation of the Hecke algebra. When L is of
finite dimension, this representation may be extended to K*K (and hence to H). Let Py, be
the the projection from H onto L.

The formula for S is

S(A) =) p(07") @ Pr(0)Py
fcA

where A is any of the cosets 011", T'og or 01T'09 = [01T][T'o2], foro1, 09 € G.

Proof. In the summation, with A as in the statement, we have to take p(@‘l), for§ ¢ A,
since the right regular representation has the property that p(a)p(b) = p(ba), for a,b €
R(G).
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The multiplicativity of the map S follows from the fact that

> Pur(1y) Pum(y'02) Py = Ppm(616) PL.
yel’

This formula is a consequence of the fact that > 7(y)Prm(y)~! = Id (this is also
valid for projective representations). This is indeed the coefficient of p(6163) in a product
S(@lr)S(ng) for all 91, 0, € G.

The fact that the matrix coefficients of S belong indeed to R(G), is observed as follows.
Fix ll, ZQ in L.

Then
Y e w(0)n, 1) = p((yo) ) (m(y)m(o)l, l2) =
0cl'o ’YEF
=Y oo (v ) (m(o)h, (v )la)
vel’

(since 7(7y)ly are orthogonal).

The fact that S may be extended by linearity and continuity to X*K in the case that L
is finite dimensional is proved as follows: in this case the matrix entries wy, ;, = (l1, -)l2,
l1,lo € L, are, when composed with S, the matrix entries of a representation of Hg, into
R(G@(L), which is however trace preserving, and thus extendable by continuity to H.
In particular, if L is finite dimensional, then for all o € G, we have that S(I'c), S(oT")
belong to R(G) ® B(L). 1

Remark 2.3. We define formally

Erry(A) =) w(y)An(y)7",

el

for A in B(H). If the above sum is so convergent, then this sum represents the conditional
expectation onto 7 (T")’.

Moreover if A € C;(H) (i.e. A is a trace class operator), then the sum from the state-
ment is simply the restriction of the state tr(A-) to w(I")’. Here the linear functional tr is
the trace on the trace class operators C; (H).

In particular if APy, belongs to C1(H) (or even Co(H)) then E -y (APL) is clearly

equalto > p(y 1) @ Prr(y)APy.
vyel
In particular, the preceding formula for

Zp o)1) @ Prr(o)m(v)Pr
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might be interpreted as p(o 1) Exry (7(0) PL).

Let ¢ be the densely defined character on R(G) defined as the sum of coefficients. Then

o —

we define = ¢ ® Id on R(G) ® B(L) (here € is densely defined) with values in B(L) by

the formula
e plg @A) =D A,
g

Forz =) p(g9) ® Ag € R(G@(L), the condition for x to be in the domain of € is that
the sum ) | A, be so-convergent.

g
Then o S, if S(Hy) C Dom &, is a representation of H into B(L).

Remark 2.4. Assume that (X, ) is an infinite measure space and H = L?(X,v) and
assume that G acts by measure preserving transformation on X. Let F' be a fundamental
domain for the action I' on X (implicitly we assume here that the action of G is so that
such a domain exists). Let 7 = TKoop be the Koopman representation (see [Ke]) of G on
L?(X,v) . Let o be any element of G. Let xr be the characteristic function of F', viewed
as a projection in B(L?(X,v)). Then

S(Tol) = Z p(01) & XFTKoop(0)XF, 0 € G.
0el'ol

Then we have that
g(S(FO'F)) = Z XFWKoop(Q)XFv ocecd.

This is exactly the classical Hecke operator associated to the double coset I'oT" that is acting
on the space L?(F, v) associated to the fundamental domain.

Remark 2.5. In the previous more general setting of Remark 2.3, we identify the I'- wan-
dering subspace L of H, with a subspace of I invariant vectors in H (here by I - invariant
vectors we understand densely defined, I" - invariant functionals on H).

Thus to every vector [ € L, we associate the I - invariant vector » | 7(+)[. Then clearly
~yel

E(S(PoT))l = E(S(PaT))(PL > _w(D) = > Prr(d)l,1€ L,

yel ocl'ol’

This is the further equal to

P m(o)m(si) (2 m()1)

vyel
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B

and this is exactly the action of the classical Hecke operator associated to the double coset

ol on ) 7(y)l (whichis Y m(os;) > w(y)l = > w(y)(>_7w(owv;)l)). Here s;,v;; are
yel’ yel’ vj
cosets representatives so that I'cl' = Us;ol' = Ul'ow;). In particular we obtain an exten-

sion from classical Hecke operators, which are a representation of H to a representation of
K Ko.

One example, in which € o S is well defined, is the case of a tensor product of two
representations of the type of those considered above.

Proposition 2.6. Let 7;, G,T', L;, H;,i = 1,2 be as above and let 7 : G — U(H;, ® H>)
be the diagonal representation. We identify Hy ® Hy with Co(Hy, Hs), the Schatten von
Neumann class of operators from H into Ho. In this identification, the representation T is
the adjoint representation, mapping X € Co(Hy, Hy) into mo(v) X1 (y71).

For simplicity we assume that T" has infinite conjugacy non-trivial classes, so that its
associated von Neumann algebra has a unique trace T.

Then the w(T) - invariant vectors in Co(Hy, Hy) are identified with the L? - space of
I" - intertwiners of the representations my,mo. We denote the space of I'-intertwiners by
Intp (71, 7). If Hi = Ha,m = w2 then this space is simply the commutant algebra
7 () C B(Hy). The L? - space associated to the space of intertwiners is canonically
determined by the trace on the von Neumann factor w1 (T').

In general the L? - space of Intp(my, o), denoted by L*(Intr(my,m2), T), is obtained
by first fixing one of the two spaces, which ever has greater equal Murray von Neumann
dimension. Assume, for example,that this space is H,. Then the L? - norm of X is
Ty (1) (X*X)1/2

The classical Hecke operator on 1" invariant vectors associated to the representation 7
is then the extension to the L? space of intertwiners, of the operator ¥(T'oT") defined by the
following construction: for o € G, assuming that the disjoint decomposition of the coset
Iol is U;s;0T, we let

U(Tol)(X) = Zﬁg(sia)Xm(a_ls;l), X € Intp(my, m2).

This is obviously a bounded operator. We identify Intr (w1, o) with R(T') ® B(Lq, L2)
and we identify the associated Hilbert space L*(Inty (71, m2),7) with 12(T) @ B(L1, L»).
Let S; : Hy — R(G) ® B(L;), for i = 1,2, be the representation of the Hecke alge-
bra associated with the representations 1, mo constructed in Proposition 2.2. Let S be
the representation of the Hecke algebra H, given by Proposition 2.2, associated to the
representation .

Then, for every double coset T'oT, the operator £(S(I'oTl")) is equal to V(T'oT"). In
particular, the construction in Proposition 2.2 for the representation T, yields the classical
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Hecke operators on Intp (Hy, H2). Moreover, we have the following formula for ¥(T'oT):

W(IoT)(X) = Epomi 1 (Sa(ToT) X S (TaT)),

for all
X e Intr(’iﬁ,ﬂg) = R(F) &® B(Ll,LQ).

Here £ R((F))g ]_]33 ((LLll’LLQ)) is the canonical conditional expectation.

Proof. We identify H; with [2(T') ® L;. Then we have that
Hi®@Hy=PT)®2(T)® L1 ® Lo,

and hence, a possible I" wandering subspace for H; ® Hs is [?(I') ® L1 ® Ls. This space
is identified with L?(Intp(H;, Ha), 7) as follows:

Fix [;, m; vectors in L;, 7 = 1,2. Fix 4, v in I'. Let e be the identity element of the
group I'. Consider the following 1-dimensional operators:

Ag=(e®11,)(7a®l2), By = (e @ my, ) (7 ® ma).

Let
A= Zm )Agma(y B Zm )Boma(7y

Then
T(AB*) = Tr(ABy).

We obtain that

The matrix coefficients are

3" Tr(ma(0) [(e ® 1, )0 @ 1) T (0) " (e @ ma, )y @ ma)*) =

felol’
= Y Tr([(m(0) (e ®@h), )m2(0)(1a @ 12)] [{e @ ma, ) (9 @ m2)]*) =
Ocl'ol’
= Z (6 €®l1) Ya @ l2)(m2(0) (e @ m1)(7p @ ma)).
oel'ol’

But this are exactly the matrix coefficients of £(.5)(I'cT") where S is the representation
of H associated to the representation 7; ® 72 on the vectors in the I' - wandering subspace

PT)®L1® Ly 2Ce®1(T) ® L1 ® Lo,
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corresponding to the vectors e ® v, ® {1 ® l2 and e ® v, ® m1 ® M.

To verify the formula for the conditional expectation, note that it is sufficient to check
that we get the same values for the matrix entries, when evaluated at elements A, B as
above.

The trace on R(I") ® B(L1) is Tr(ry ® trp(r,). Thus we have to compute for A, B €
R(I') @ B(Ly, L),

R(G)®B(L1,L "
e B (Enryems i) (S2(ToT) AS1 (ToT) B*)) =
= TR(F)®B(L1)(SQ(FO’F)ASl(FO'F)B*) =

=7(( Y p(67") ® Prma(61)PL)(Ry, ® (I, )la)
01€l’ol’

(> p(z") @ PLmi(B2)PL)R 1 @ (ma,-)ms) =
Oxel’ol’

= > Te((Pema(64)Pr)((lh, )la) Py (82) Prlma, -ymg) =
61,020l
91’)/(192’)/;1:6

(as 02 = 107 '70)

= Y (Prma(8)Prly, ma)(Pumi(Yaby ') Prly, ma) =
0el’'ol’

= ) (ma(0)l2, ma) (w1 (va 01y, la,ma)
fclol

which is exactly the previous formula. J

3 The case on non-integer Murray and von Neumann dimension

In this section we extend the results in the previous section to the case of non-integer Murray
von Neumann dimension. We assume that there exists a representation (7o, I', G, Hp) as in
the previous section, but we do not assume that there exists a splitting Hy = [*(T') ® Ly.

Instead we assume that there exists a representation (7, G) on a larger Hilbert space H,
containing Hg, which has a splitting H = [?(T') ® L, with w|r = Ar ® Idy, and such that
if p: H — H, is the canonical orthogonal projection, then 7(G) commutes with p and
70(9) = 7(9)|m,- Also we assume pP, is trace class. Denote by S : Ho — R(G@(L)
the representation of 4 constructed in the previous section.
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We will prove that p also commutes with .S, and that the correspondence

Lol = pS(Tol)p, 0 € G

~

extends to a representation of Hy into p(R(I') ® B(L))p = mo(I")’, with the required
properties. Note that this representation of X* takes values into p(R(I") ® B(L)).

Lemma 3.1. Let 7, G, H, L as above, and let the subspace Hy = pH, where p is a projec-
tion such that [p,m(g)] = 0, for all g in G. Let mo(g) = 7(9)|m,, 9 € G. We assume also
that pPy, is trace class Pr.

Then p commutes with S(T'ol), for o in G. The explicit expression for p is

Z p(7) ® Prmo(v )P = E(ry(ryy (PPL) = Ery(ry (pPLp).

In this case, since pPy, is trace class, the above expression belongs to R(I') @ B(L).
Then
pS(To) = Y p(0~") ® Prmo(0)PL € p(R(G) @ B(L)),
0cl'o

and
pS(ToT) = S(ToT)p= > p(6~") ® PLmo(6)Pr.
fclol

Hence S,(I'oT") = pS(I'ol')p = pS(I'ol’) determines a representation S, of Ho, while
I'oc — pS(T'o) determines a representation o K*K with

S(D)pSToa) = Y p(07") @ Prmo(6)Py.

fco1log

Proof. The expression for p follows from the statement of Proposition 2.2 in Section 2.
Then all the statements are a consequence of the formula

ZPLTI'Q VPpw(v~10) P, = Prmo(0) Py

Indeed, for example, when doing

=Y p(r Y @ Pemo()Po)( Y p(07h) © Pur(9)PL) =

~yel’ 0clo
= > p0;")® Y Prmo(y)PLr(0)P =
01€lo ocl'o

v0=01
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- Z ®ZPL7T0 PLTI"'}/ 91)

f1elo ~er
= > 67" @ Prmo(61) Py
0,1€lo

To check that S,(I'cT") = pS(I'oT")p is indeed a representation of # we have to verify
that it implements the Hecke operators U, on 7 (T")’.

Here Viror is described as the transformation mapping
X' — Y n(sio)X'n(0s;) ", for X’ in 7o(T')’, where T'oT' = Us;oT is a double coset.
As we mention above, extending by continuity ¥p,r to the L? - space we obtain the com-
position of £ with the Hecke operators for H ® H.

Here 7o (I") is isomorphic (as p belongs to R(I") ® B(L)) to

pmo(T)'p = p(R(T") ® B(L))p.

We have

Theorem 3.2. Let 7, 7, p be as above. Let S, : Ho — p(R(G) ® B(L))p be the represen-
tation constructed in the previous proposition. Then we have

Ep((R(( ))glf((LL)))) (Sp(Tol) X Sp(I'oT)) = \II[FJF](X)7

for all X in p(R(T)® B(L))p, o €G.

Proof. Let Py, be the orthogonal projection onto L. Let ¢ € G and assume that ['ol' =
UI'os;, a disjoint union. Then

\IJ[FJF} (X) = Z?To(asi)_l)(’ﬂo(asi).

An element X’ in 7o (T")" has the following representation in R(G) ® B(L)

Y p(v ) @ Prmo(v) X' Py

We compute first the product

Z [p(@l_l) & PL7T0((91)PL] [p(’}’il) & PL7T0(’Y>X/PL] [,0(92_1) ® PL7T0(02>)PL] .

601,02€lol
yer
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But this is equal to

doop0 e Y Prmo(61)Prmo(v) X Prmo(6) P

0e(Tol)?2 01,02€lol’, vl
01~09=0

In the second sum we necessary have 6; = 66, 17_1. Hence the above sum becomes

Y op ® Y PLmo(06; ") X' PLmo(62) P (%)

0e(Tol)2 O2cl'ol

We use the decomposition ['ocT' = Ul'gs;.
Then the sum of terms for a fixed os; corresponds to

ZPLWo(H)Wo(USZ) Lo (7) X' Prmo(y)mo(0si)
vyel’

which since [X’, mo(7y)], and again since > mo(y) Prmo(7y) ~! = p, the above sum is equal

Y
to

Ppmo(0)mo(08:) ™ X m0(0Si) P = Prmo(0)¥rer)(X') Pr.
Thus
Sp(ToT)X'Sy(ToT) = > p(67") ® Prmo(0)¥(X')Py.
9c(ToT)2
Note that by (I'oT")? we simply understand the set of double cosets contained in the set

I'ol'ol’, with no multiplicities (since in the sum after 8, every 6 appears only once).
Now an easy argument of the same type as above shows that for X' Y € mo(T")’

AB=(Y" p(0™")® PLmo(0)Y' PO p(v™) ® Prmo(7)X'PL) =
0col’ yel

= > p(67") ® Prmo(61)Y' X' Py
61€0T

thus the product A B has zero trace, and thus the two sums corresponding to the two factors
in the product A B above are orthogonal.

Hence n bl
Bl aenn (> p(07h) @ Pumo(0)¥(X')Pr) =
0e(T'ol)?
—ZP ®PL7T0( )\I/(X/)PL
vel

which is exactly ¥(X"). 1
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We observe that the representation of H obtained by this method, in the case when
dim ) Ho an integer, is the same as the one obtained in the previous section.

We prove the following lemma of abstract character. It will be used to prove that the
representation .S, is the same as the representation we constructed in ([Ra]). This technique
can also be used to evaluate traces of Hecke operators as we explain bellow.

Lemma 3.3. Let M be a type 11, factor with trace T and let M=Mge B(H) be the
associated type 11, factor with trace T' = 7 ® Tr. Let N be the subfactor M & I of //\/lv,
and let p be a finite projection in M.
Assume that En(p) is invertible (which, as we will observe, automatically implies
T(p) =1
Then the map
d:pMp > M

defined by
®(pmp) = Ex(p) Y*Ex(pmp)Ex(p) Y2, pmp € pMp

is an algebra isomorphism.

Proof. We consider the Jones basic construction algebra M, = (Mv ,en) associated to
N C M ® 1, with trace T.

Then e commutes with /V and the map x € N — ey is as isomorphism.

Then, by using this isomorphism, the statement is equivalent to prove the fact that the
map ®en on pMp, associating:

pmp — (enpen) Y 2enp(pmp)enp(enpen) V2,

is an isomorphism.

Letv = (eNpeN)]_Vl/
Since e ypey is invertible, v is an isometry from p onto ey . (Since T(e ~) = 1 we necessary
have that T'(p) = T'(p) = 1).

Hence ®ey = Adw : p]\7p — eNMeN = Ney and hence ® is an algebra isomor-
phism. I

2p be the partial isometry from the polar decomposition of enp.

Remark 3.4. If Ex(p) is not an invertible element, then we assume that there exist pos-
itive scalars \;, with > \; = 1, and unitaries u; € M identified with u; ® 1 such that

— ~ =1 —
u; By (p)uf is invertible. We then the replace M = 169 M where each com-
Yo Aiui En(p)uf ble. We then the replace M by
n

ponent has weight /\3/ 2 and consider the embedding M ® 1 C ]\7 , through the maps
m®1l— @ umu ® 1.
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=1 ~
Then the conditional expectation of p = e p € M is ) NulEn(p)u; and hence is
n

invertible. Hence we can still apply the previous lemma to this representation.

We consider first the one dimensional (in the sense of the Murray and von Neumann
dimension theory). In this case dimryHo = 1. If 5 is a cyclic trace vector, then we
can choose a subspace Ly = Cn and hence the projection Pr,, (introduced in the proof of
Theorem 3.2 will be (), -)n and hence the map S : H — R(G) ® C(n, -)n is

STol) = Y p(0) ® Prymo(0)Pr, =
fel'ol’

= Y p(0) ® (x(0)n,n)Pp,.

9cTol
Identifying CPr,, with C, we get exactly the representation in [Ra].

Proposition 3.5. We use the notations from the previous proposition. Let N = R(T") ® 1
and let ( = En(p)~Y/2. Since

p= p(y")® Prymo(v)Pr,

we obtain the equalities:

Zp YTr(Prmo(v)),

vyerl

Er)en (SpTol)) = Y p(0)Tx(Ppmo(0)).
fel'ol’

If En(p) is invertible, then the map on H, obtained by mapping [I'oT] into S,(I'ol),
constructed in this section, is unitarily equivalent, by Lemma 3.3, to the representation
determined by the correspondence:

[CoT] — ¢12 > p(0)Tr(Prmo(0))¢ 2, o € G, (%)
gel'ol’

If Errye1(p) is not invertible, by [BH] we may find g1, ..., gn € I and positive scalars
i, Z =1, such that

Z)\ p(9:) ® 1)Egryz () (p(g:) "' @ 1)

is invertible, and use the Remark 3.4, to obtain a representation of the algebra H.
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Proof. This follows from the previous two results.

Remark 3.6. The representation () in the previous statement is exactly the map corre-
sponding to [['oT'] — >~ p(0)(mw(0)n,n) where 7 is a cyclic trace vector.
0el'ol

In the general case, assume that,

PipPL =Y (G, )G,

1/2

where (; is an orthogonal basis. Let @ = \;"“(;, which is an orthonronal system. Then

ﬁE: 695;651{§0 =:j§0

is an unit vector. Let 7 = @ 7 acting diagonally on .F~I0.
Then

(m(0)n,n) = Tr(Prmo(0)) = Tr(pPrpm(0)).

Proof. In this case 7 is not necessary a I' - wandering vector, but 7jp = m(¢)~"/?7isaT -
wandering vector. Because 7 is a multiple of T, it follows that Sp7(v)7 is invariant under

7(g), g € G. Thus, the coefficients of the representation of Hy — B(Hj) associated to 7,
as in Section 2, are

Lol = Y p(0)(F (7). 7o) € R(G).
0el’'ol’

But this sum is exactly

¢ Z p(0)Tr(Prmo(0))¢"Y% € R(G), o €G.
0cl'ol’

In the case n > 1, dim,yHo = n, we consider only the case H = L3(X,u), L =
L2(F, ).
Here (X, i) is an infinite measure space. Assume that G acts on X by measure pre-
serving transformations and F' is a fundamental domain for I" in X.
We divide F' into n equal parts. We assume that v;1, the isometry from the polar de-
composition of x g, px r, 1s invertible.
Then 7(T")’ is isomorphic to R(T') ® M,,(C) ® L?(F}) and a given element X' in 7(T")’
is represented as
> (v @ (xmvnmo (V) X vjixr )i
vyel
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while

Sp(FaF) = Z p(e_l) X (XFl'Uliﬂ'O(e)UleFl)ij, oed.
0el'ol’

Applying the previous lemma, and assuming that Er gz, c)(p) is invertible, we get
that thus representation of 7 is unitary equivalent to the representation Sy mapping [['oT]

into Y p(8)® Tr(xrviimo(@)vjixr ), foro € G.
oel'ol
Hence ¢(So(T'oT"))is > (Tr(vjiv1m0(6)))i;-
oel'ol
Thus the trace of the Hecke operators is the trace of the matrix

(Tr((vj101) Y 70(6)))is

This is similar to the formula in [Za]. We remark that for n = 13, # = w3, the 13-th
element in the discrete series of PSLy(R) on Hy3, G = PGLQ(R[%]), I' = PSLy(Z), the
trace of the Hecke operator on T - invariant” vectors in H3 results to be

> Trm@xr) = / 1—29 ) dle(2)

fel'ol’ 9€FUF

(see also next section for another interpretation).

4 The relation to classical Hecke operators

In this section we determine the relation between the action of the Hecke operators on I'
invariant vectors and the representation of the Hecke operators constructed in the previous
section. This is done in the absence of a splitting space for the given representation (cor-
responding to Hilbert space tensorial splitting of the type Hy = I2(I') ® Lo). Instead we
will perform this construction, in the presence of a splitting for a larger representation of G,
that contains the given representation as a super-representation. We prove that the represen-
tations and traces of Hecke operators are obtained by applying the (unbounded) character
e : R(G) — C (the sum of coefficients) to the representations of the Hecke algebra con-
structed in the previous two sections.

Let Hy C H be Hilbert space, m : G — U(H) a representation invariating H and let
o = 7| H-

Denote by p the projection onto Hy. We assume that L is a I' - wandering, generating
subspace of H, thus H = [2(T") ® L, with L identified with e ® L, and 7 = A\r ® Idy.

We use L as a scale to measure the I' - invariant ("unbounded’) vectors in H (this is
exactly the Petersson scalar product). By P;, we denote the orthogonal projection onto the
space L.
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Definition 4.1. Let HOF be the space of densely defined, I' - invariant, with I" - invariant
domain, functionals on Hy. Let HJ (L, 7) be the linear subspace consisting of vectors v €
H}', such that the vector Ppv (defined by (Prv,w) = (v, PLw)y for w € Dom(v)), is a
bounded linear form on Hy. Thus, H{ (L, ) will consist of vectors v such that (Prv,v) g <
00.

Noted that, in this case, Hg (m, L) is a Hilbert space with scalar product

(v1,02) g1 () = (Pro1,v2) 1, 01,02 € H (7, L).

Remark 4.2. If the vector vg in H, g has the property that there exists we € Hy such that

vy = Y mo(y)ws (in the sense of pointwise convergence on a dense subset, which is
yel’
fulfilled, for example, if w9 is a I' - wandering vector), then

<U17U2>H(1;(TF,L) - <PLvla ZT{'("}Q)U}Q>H =
Y2

= () m(r2)Pros,va)m = Y _(w(ya)pm(y v, we) i = (v1, wa)mr-
We consider the following linear map ®, defined on L, onto HOF (m, L), defined by the
formula:
o) = mo(l=p>_w(M).
Y
It is well defined as ) ()l defines densely defined I - invariant functionals on H.

Proposition 4.3. Assume that the space HOF (m, L) is finite dimensional and assume that
Prpis atrace class operator. Let € be the restriction to p(R(G)® B(L))p of the unbounded
character € ® 1d, which is the unbounded character on R(G) @ B(L), obtained by summa-
tion over G, of the operator coefficients belonging to B(L). Here S, is the representation
constructed in Section 3.

Let

A(ToT) = Y Prmo(6)Pr, 0 €G.
ocl'ol
Then
A(loT) = €(Sp(T'oT)), 0 € G.

Moreover, the map
ol — A(ToT), o € G,

extends by linearity to a representation of the Hecke algebra. In addition A(T') = &(p) is a
projection, and A(T'ol’) = €(p) A(T'ol)e(p).
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Moreover A(T') = ®*®, and hence A(T) is a finite dimensional projection. In addition,
iff]g(L, ) is the image of ® in H} (L, ), then ® intertwines the action of the Hecke op-
erators Ty, (DoT') on HY (L, ) with the representation [['oT] — A(ToT) into B(2(p)L).

In particular

Te(Try (CoT) e y) = D Tr(Prmo(9) Pr)
fcl'ol’

(which is the formula used in Zagier’s paper ([Za]) on the Eichler Selberg trace formula).

Proof. Clearly forly,lo € L
(®(lh) Zﬂo 7 ll,zﬂo )i2) HF(L7r)

This, as we observed in the preceding remark, is equal to

ZTI‘O ll,l2 Z<PL7TO(7)PL11J2>~

Y

Thus &*® = > Prmo(y)Pr, but by our assumption the image of ® is finite dimen-

5
sional, thus the sum above is weakly convergent. The sane argument works for the similar
sums defining A(T'oT).

The intertwining formula for ® is a consequence of the fact that the action of the Hecke

operator Ty, (I'oI') on a vector of the form v = ) mo(y)wis Ty, (T'el)v = > mo(0)w
0el'ol
]

Remark 4.4. Note that in the case of a representation g coming from a unitary represen-
tation Ty on Hy of a larger group G which contains G as a dense subgroup, and such that
the representation (projective) 7 is in the discrete series of GG, we have that

card F
dr

Tr(Prp) = dimg,ryHo =

(while as observed in the previous proposition

dlIIl((:HO (L,m) ZTI“ Prmo(y)) )-
~yel
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Proof. This is essentially the formula proven in [GHJ]. For completeness we reprove it here.
The Plancherel dimension formula gives that for Ay a trace class operator in C1(Hp),
we have

[ mlo)Avma(g)dg = detr(Ao)p
G
Because of the arguments in [GHJ], we have that

dim o)y Ho = Tr(Prp) = Tr(PrpPr) = Tr(pPpLp).

But then

d=pTr(pPp) = / To(g)pPipmo(g) tdg =
G

= [ 7o) e PLpmo() ola) ' d.

But Y 7o (y)pPrpmo(y) ™! = p and hence the integral is further equal to
vyel

/ mo(g)pmo(g)~1dg = p (covol(T)).

G/r

Remark 4.5. In the sum Y Tr(mo(0)Pr), if we divide into the conjugacy equivalence
pel'ol’
orbits T'oT"/ ~ of the action of I" on I'o T, we get

Z ZTr(WO(Q)WO(’V)PLWO('Y)_l)'

0eT'oT /~ ~ET

The term, for 6 € G,
> Tr(mo(6)mo(v) Prmo(y ™))

vyel

is a conjugacy invariant, equal to the coefficient, by which the conjugacy class of ¢ enters
in the Plancherel formula for 7. In fact, in the case of G = PG'L2(R), by using the Berezin

([Be]) symbol 7(6)(Z,n) of the unitary 7(6), this sum is equal to

> [ w0 2)in:

VEFWF
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which is further equal to

/{@(Z 2)dvo (= / : —zez §(8,2))tdvo(n),

H H

(this is the coefficient that shows up in Zagier’s formula in [Za]).

5 Realization of the Hecke operators as values of a matrix val-
ued scalar product

In this section we prove that our construction provides a realization of the Hecke operators
as values of a matrix valued scalar product on the operators system KoK described in
Section 2, Definition 2.1.

Recall that jKy = C(G/T) @ C(I' \ G). We define a scalar product on KoK =
Ho

C(G\T)®I%T \ G) with values in the algebra of Hecke operators. The scalar product is
compatible with the H module structure on KjKo.

Definition 5.1. Assume that my, G, Hj is a representation of GG as in the previous section.
We make the additional assumption that Hy splits as I2(T") ® Lo, where the Hilbert space
Ly is finite dimensional, and such that 7o|r is unitarily equivalent to Apr ® Idp,,.

Let Sy : KiKo 2 Ho — R(G) ® B(Lo) be the representation of the Hecke algebra and
of the larger operator system ;Ko constructed in Section 2.

We will say that 7 is “tamed” if the range of Sy(KC;5/Co) is contained in the domain of
the algebra homeomorphism

ER® IdB(Lo) : R(G) ® B(Lg) — B(Lo)

In particular this implies that the matrix coefficients of

Sqrspo = Z p(07Y) @ Pp,mo(0) Py,

Oco1log

are in [' (01T, B(L)), for 01,09 € G.

Consider the densely defined linear operator Z on R(G) with values into {pg/r(G)}”,
defined by Z(Y agpy) = 3 agpar(g), where pgr : G — B(I*(G/T)) is the right
regular representation of G into 1?(G/T).

Clearly our hypothesis implies that the domain of Z contains the range of S.
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Let£: {pgr(G)}" — C be the densely defined character given by the formula

2O agpeyr(9)) = ag€C.

Then the range of 7 o S is contained in the domain of € o Idg(z,), and we have the the
following commutative diagram

Z®Id
Kiko =% R(@)®B(Lo)  —" {pgr(@)} @ B(L)

N L e®ldpr, €
B(Lo)

Thus we obtain a representation Ty = (eoId B(Lo)) ©:S which extends the representation
of Hecke operators from Hg to KjKo. The image of the representation 7j consists of
operators acting on the space of vectors in Lg. This latest space is canonically identified to
I" - invariant vectors in Hy.

The main reason for introducing the additional map Z in the above diagram, is because,
to compute values of T on o11'cy we do a sum over 01109 which corresponds to a matrix
element in the factorization through {p¢/r(G)}".

In fact

(e @ 1dp(1))(S(01Ta2)) = > Prymo(6)Pr,.
Ocoilog

Indeed this follows from the fact that for X = »_ aypq/r(g), where a, are complex

coefficients, L' (G), we have

(Z(X)orT, 0oy = Y aq

geO’2FO’;1

and henceif X = > agpg/r(g) then (Xo1T',00l") = > ag.

9604FU?)_1 gEU4F03_1002F01_1

Proposition 5.2. There exists a B(Lg) valued, scalar product on
KoKy =12(G\T) @ 2"\ G),

with the following properties

1) <PO’1 ® o1, T'os ® UgF) = To(Ulr)T(FO'Q) = To(FUI)*TQ(FO'Q), 01,09 € G. In
particular if we take a disjoint reunion of cosets of the form o11',1'cy whose reunion is a
double coset, we get the the Hecke operator corresponding to the double coset.

2)(To1 ®@o9l',T'og @ 041") depends only on osl'oy Noyloy, forall 01, 09,03,04 € G.
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Equivalently by cyclically rotating the variables we obtain a bilinear form < -,- > on
KiKo = (T \ G) @ 12(G/T), defined by the formula
H

< [o3]] 7? [Coi], [04]'] @ [Tog] > = (T'o1 ® 021", T'oz ® o4).
0 0

An equivalent form to describe this property of the scalar product is the property that
for every r € Hoy, we have

(F'o1 @ [(02)7],To3 @ 04I') = (I'oy ® 02", T'og @ [(041")1])

forall 01,09,03,04 € G.
3) The support properties are preserved by the scalar product: For all 01,09,03,04 €
G ifF(flU;lF N F0§104T is void, or if o31'c; N o409 is void, then the scalar product

(o ® 0oI', T'og @ o4I),

vanishes.

Proof. With the previous notations, let 50 be the composition Zo.Sy which is a multiplicative
map form KKy into B(Ly).
By the multiplicativity property we understand the fact that

So(k7)So(k2) = So(k1)*So(kz) = So(kiks)

for all k1, ko 6~IC.
Note that Sy(k) belongs to {p/r(G)}” which, by the results in [BC], [Tz], is the
commutant in B(1?(G \ I')) of the Hecke algebra H,., acting from the right on [?(G \ T).
For h, k vectors in [?(G/T") we let

Wnk : BI(G/T) @ B(Lo)) = B(Lo)

be the functional (-, h)k ® Idp(r).-
For simplicity for h, k in [*(G/T") we denote wp, (A) = (Ah, k). Note that this is an
element in B(Lg). N
Then, (S(I'oy1)osl’, S(T'os)o4l'), with the above notation, is an element in B(Ly).
Moreover because S is a representation of KCj Ko, this is further equal to

(g(aglfal)aﬂ‘, o4T).
By the previous remark, this is equal to

> Pp,m0(0) Py, .

9605 1FO‘1 Nosl'oy 1
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We define then the scalar product by the formula
<F01 ® o9, T'o3 ® o4I' = <§0(F01)[02_1F], go(FU?)_l)(U4F)>.

This formula also proves the positive definiteness of the scalar product.
This is consequently equal to

Z Pr,m0(0)Pr,. ()

fcoslo1Noylos

This proves property (2).
Property (1) now follows from the fact that

<FO‘1 ® o1, T'og ®O’2F>

is equal, by formula () to

> Prym(0)Pr,

0co1log

which by the previous diagram is
To(O'lr)To(FO'Q) = To(Fgl)*To(FO'Q)

for all 01,09 € G.
|

Remark 5.3. The operators Ty (o11")Ty(I'o2) are not classical Hecke operators 7j acting on
Lo, but for all 0 € G, we have, by the multiplicativity of the representation Tp : KjKo —
B(Ly), that for all 01,09 € G, T'o1T" = Us;o1T the following equality:

> To(sionT)Tp(Toz) = To(TorT) Ty (Toz),

holds true.

6 An explicit formula for the absolute value of the matrix co-
efficients of 73, the 13-th element in the discrete series of
PSLsy(R)

In this section we find an explicit formula for the absolute value of the matrix coefficients
t13 of my3, the 13-th element in the discrete series of PSLs(R), evaluated on a specific
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choice of I' - wandering vector. In particular, this proves that, for this representation, we
may arrange so that the elements 77T, constructed in the previous section, which a priori
belong to I2(T'oT) N L(G), also belong to the domain of ¢.

In fact, we prove that the coefficients |t13(0)|%, 6 € G, are of the form po(6F N F),
where F' is a fundamental domain for the action of I, in the upper half plane H. Here, the
choice of the fundamental domain corresponds to a choice of the I' - wandering vector in
Hj3, which is unique up to a unitary in {m13(I")}’ = R(T") = L(T")). Recall that yq is the
canonical PSLy(R) - invariant measure on the upper-half plane H.

First, we note the properties of the positive definite function we are identifying:

Proposition 6.1. Let I' C G be a discrete group and let m be a representation of G, on a
Hilbert space H, such that m|p is unitarily equivalent to the left regular representation of T’
(Thus H = 1?(T")) and there exists 1) in H such that (y)n is orthogonal to 1) for all v # e
and Sp{m(y)nly € 't = H.

Let t(0) = (m(0)n,n), 0 € G. Then t(0) is a positive definite function on G.

In the setting introduced in Section 2, t(0) is Tr(n(0)p,), where p,, is the projection
onto the I-dimensional space generated by . Then t has the following properties:

1) t(y) = 0y v € T, where e is the identity element of G and 0 is the Kronecker
symbol.

2) t is a positive definite function on G.

3) Y Jtvg)? = 1.
yel’

In addition t'°V = >~ t(0)p(0) is a representation of H into R(G) (this was proved
fel'ol’

in Section 2).
Note that if w extends to a larger, continuous group G which contains G, then property
(3) holds on G also.

Proof. The only fact that wasn’t observed in Section 2 is property (3). But this follows
from the fact that 7(g)n belongs to S,{7(v)n|y € I'} and because mw(y)n, v € T, is an
orthonormal basis.

|

Remark 6.2. In the previous setting, if ¢o(g) = [t(g)|? > 0, g € G then g has exactly the
behavior of a state of the form p(gF N F), g € G, where G acts on a measure space (X, ),
by measure preserving transformations, and F' is a fundamental domain in X for the action
of I'. Then, the properties (1), (3) correspond to the fact that F' is a fundamental domain for
the action of group I" on X (and because of the implicit condition that G(F) = T'(F)).
Note that the vector 7 is not unique, in fact all others vectors with similar properties to
7, are of the form un where w is a unitary in {7(T")}” = R(T"). Thus the other equivalent
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forms of the representation of the Hecke algebra # given by I'ocT' — t'T are of the form
Lol — u*t'°Tu, o € G for a unitaries u in U(R(T)).

In the rest of the section G = PG Ly (Z[%]), with p a prime number (or G = PG L2(Q)),

[ = PSLy(Z) and G = PSLy(R). The representation 7 will be the 13-th element in the
discrete series of PSL(2,R) (a projective, unitary representation). The representation 713
acts on the Bargman Hilbert space Hi3 (see [Be], [Ra] for definitions). Recall Hi3 =
H?(H, (Im 2)'3~2dzdz). By po we denote the standard G invariant measure on H.

We identify Hi3 ® H13 with Co(Hy3). A typical element of Co(Hi3) is the Toeplitz
operator 7'}, which in the sequel we denote by T simply, where f is a function of compact
support in H.

Recall that by (Be]), there exists a bounded operator B > 0, the Berezin’s transform

operator, with zero kernel, commuting with 7(g), g € G. Moreover, B is a function of the
2

(Im 2)~2 such that

invariant Laplacian 5
z

TI"(TfT;) = <B_1f7 g)LQ(H,,u,o)7 fa g & L2(H7 ,UO)'
Here we are identifying the vector 7 (or rather) n ® 77 in Hy3 ® H13 such that
LO)]? = (T3 @T13)n @7, @7),0 € G.

In the identification Hi3 ® H 3 with Co(H;3) (the Schatten von Neumann ideal of square
summable operators on H;3) the representation 713 becomes Admy3 on Co(Hi3), and n @7
becomes the projection p, onto Cr). Then

[t(0)* = Trx(py(Admi3(6)) (py)).

while
t(0) = Tr(m3(0)py), 0 € G.

Let C13 be the closed selfdual cone in Co(H13) generated by projections pe, ¢ € His,
(that is Cy3 is the cone of positive elements). Then C;3 is invariated by the representation
Ad7‘(’13 .

Remark 6.3. Because of the above formula for the scalar product in Co(Hi3) of two
Toeplitz operators, we have that we have a canonical unitary U between L?(H, j), and
C2(Hi3), mapping functions f in L?(H, yg) into the Toeplitz operator T5-1,2 - Moreover
the unitary U intertwines the corresponding representations of PSL(2, R) and hence the
selfdual closed cone C;3 corresponds to the positive functions in L2(H, yq).
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Proof. Indeed since [m13(g), B] = 0 this is the only selfdual cone invariated by Admi3(g),
g€ qG.
|

Proposition 6.4. Let F' be a fundamental domain for the action of I' on H. Let fo =
BY2xp. Then T, is of the form p,,, where 1 is a I'-wandering vector in H3.

In particular the positive definite functions g, introduced in Remark 6.2, are of the
form

vo(g) = no(F NgF), g € PSLy(R).

Proof. Indeed
TT(WIS(V)Tf07Tl3(7)_1Tf0) = Tr(TBl/QXwFTBl/ZXF) -

= (B7'B"x,p, B ?xp) =0
fory e I'\ {e}.

Moreover

Z (M) Tpom( ZTB V2xypo

~el ~el

which is a multiple of the identity operator.
Thus Tr(7Y,) computes the trace either on {m3(I")}” and on {m3(I")}’. Consequently
it since Ty, is positive (by the previous remark), it follows that the operators

ms(NTpms(y) ™', v €T,

have orthogonal ranges. Since we have the Murray von Neumann dimension dimr H13 is
equal to 1, it follows that the operator Tr(T,) is of the form p,,, where n a I'-wandering
and cyclic vector in Hi3s.

|

We make the following conjecture. If, in general, G is a semi-simple Lie group, and I"
a lattice in G, let K¢ r be the convex set of continuous positive definite functions ¢ on G
with the following the properties

1) ¢(g) > 0, for all g in G and ¢ is positive definite,

2) Y er¢(vg) = Lallgin G,

3) ¢(y) = 0y,e, fory € T

We conjecture that the extremal points of Ext K¢ r, are the positive definite functions
of the form ¢r(g) = pa(gF N F), where F' is a fundamental domain for the action of I" on
G and (i is the left Haar measure on GG, normalized so that ug(F') = 1.
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If G admits a unitary (projective) discrete series representation 7 on a Hilbert space H
such that 7|1 is unitarily equivalent to the left regular representation of I, then we conjecture
that Ext K¢ r coincides with the positive definite function of the form

g = ln(g)n,mP g €G,
where the vectors 7 run over vectors in H that are trace vectors for 7(I").

Corollary 6.5. In the previous context, we have that for all 0 € G, the following equalities
hold true

wo(0) = [t(0)]* = Tr(Ty,mi3(0) Ty, mi3(0) ") =

= (B B2 xp, BV Xor) 12 (11.4y) = Ho(0F N F).

Also
t(@) = tI‘(7T13((9)TBl/2XF), 0eG.

We conjecture that T'g: N is the element ¢~/ 2Tx e —1/2 where ( is the square root of
the positive definite function on I" defined by the formula v — Tr(mi3(7)xF),y € I (this
is the element Ep(;)g1(p) from Proposition 3.5). By ¢ ~1/2 we mean, in fact, the operator
m13(C~1/?), the image of ¢ ~1/2 through, the representation ;3.

Corollary 6.6. With the above notations, if F is a fundamental domain for T and ¢y(0) =
po(OFNF),0 € G, then ¢ defines a positive definite function 1y on K§Ko, by the formula

1/}0(0'1F,F0'2) = Z,U,()(O'yyO'QFﬂ F) = ,u(](O'lFO'QFﬂF),O'l,O'Q € dG.
~yel'

Here, being positive definite, means that for all k1, ko, ..., k, € Kq the matrix

(Yo(k], Kj))ij=12,..n

is positive definite. Since |y, is the character corresponding to the identity on Ho, it
follows that 1) is a positive extension of this character to KiK.

Note that 1y(o11',T'o9) may be interpreted as the matrix coefficient of the representa-
tion of o1 on L*(H, j1) computed at the T equivariant vectors X ,rr and xrr = xu. Here
XF is a cyclic vector for the representation of G on L*(H, uo). Hence ¢o contains all the
information about the representation of the group G, including the action on I invariant
vectors.

Proof. Proof because of Proposition 6.5, we have, with the notations from ([Ra]), that for
all 01,09 € G,

Yol Toz) = 30 JH(O)? = (@ Teoy (T2,

0co1lo2
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Since 7 is the trace on the group algebra of G, this is further equal to

T(tal_chn tagl Too ) )

This implies the positivity of g

Note that there exists a construction of Merel [Me] (we are indebted to Alex Popa for
bringing to our attention this paper), of a finitely supported element X in C(I'g,,I'), such
that I'o,I" — X extends to a representation of the Hecke algebra (p is a prime number).

Unfortunately, for the element X constructed in the paper ([Me]), the property that
the representation of the Hecke algebra may be extended to Xj/KCo does not hold true. The
extension property is, as proved in ([Ra]), the main ingredient that allows to represent Hecke
operators on Maass forms, by using the above representation of the Hecke algebra (see also
the construction in Theorem 3.2).

The following lemma gives a characterization of the elements X in [*(T'o,I') N £L(G),
that generate a representation of K*/C into £(G), coming from a representation 7 of G,
which has the property that 7|1 is unitarily equivalent to the left regular representation of T'.

Proposition 6.7. Let X be a selfadjoint element in 1*(To,I"). Let x1 be the radial element
1
in the group algebra of Fp+1 (the free group with ]% generators) (thus x, = >, w,
2 w

where w runs over words of length n, n € N). Let 7, be the trace on L(F bt ).

(1) Then, the correspondence (I'o,I")" — X™ extends to a representation of the Hecke
algebra if and only if T () (X™) = Tp(XT)-

(2) Let X, be the projection of X" onto ZQ(FO'pnF). Let ngpe s (respectively X sopel )
for s € G, e € N, be the projection of X, onto 1?(Dopes) (respectively 1?(sopel)).

Then, the element X is associated to a representation m of G on a Hilbert space H
(with dimrH = 1) as in Section 2 (or [Ra]), if and only if (X1,)* = (Xor), 0 € G
and [o11'[T'o2] = Xo,1 X106y, 01,02 € G extends to a representation of KC§KCo. Being a
representation of KiKo means that X, v Xtro, = X5 Ty, Where X4 1o, is the projection
onto 12(011'02) of Xo,1 X0, 0F 0f X197 XToy- (Equivalently this means that X, 1o, is
the projection onto I*(01T02) of Y X, where | [Dopel'] covers o1Ta; this should hold
true for all 01,09 € G). <t <t

If these conditions are verified, there V(a) = Eﬁég) (XaX), a € L(T') defines a rep-
resentation of the Hecke algebra into the algebra consisting of completely positive maps on
L(T).

(3) The condition in (2) is verified if the following weaker condition holds true

XF01FXF02 = § XFO'lTjO’Q
Tj
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where I'o11' is the disjoint union of I'c1r;j. This property should be verified for all o1, 0.
Thus to verify condition (2) it is sufficient to verify that X (and X,,, n > 1) act on Sp{ X, |
o € G} exactly as Lol acts on I2(T'/G).

Remark 1. The condition (2) automatically implies that (X1, )* X1, is equal to X,rs,
where only component in I is 7, and thus 7, ((Xrs)* X1o) is 1, thus HXFC,H% £©) = 1.

Proof. To prove (1) observe that the fact that 7,y (X™) = 7(x7), for all n € N, is equiva-
lent to the fact X™ decomposes as a linear space of { X, | k£ < n} exactly as x}' decomposes
as a linear space of {xx | k < n} (i.e. with the same coefficients).

Hence X, — X, is a * isomorphism but this implies that I'o,nI' — X, is a * isomor-
phism, which because of orthogonality extends to the weak closure of the algebras involved.

To prove (2), we only have to prove the converse (since the direct implication was
proved in [Ra], and reproved in Section 2). If condition (2) is verified, then one defines a
representation 7 of G on [?(T") simply by defining 7r(c)1 (where 1 is the identity of the group
I, viewed as an element in [2(T)) to be o(¢!')*. This then, by requiring that 7|p = Ar,
defines the entire representation 7.

The fact that (3) implies (2) is a simple consequence of supports computations. In-
deed, if we take 01,09 € G then if I'o I = Us;o11 (as a disjoint union), then the cosets
(s;o1)T'oy are disjoint and their union is the union of the cosets in [I'o1'|[T'o9].

|
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