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Abstract

We prove that any probability measure on R, with moments of all orders,
is the vacuum distribution, in an appropriate interacting Fock space, of the
field operator plus (in the non symmetric case) a function of the number
operator. A corollary of this is that all the momenta of such a measure are
expressible in terms of the Jacobi parameters, associated to its orthogonal
polynomials, by means of diagrams involving only non crossing pair parti-
tions (and singletons, in the non symmetric case). This means that, with our
construction, the combinatorics of the momenta of any probability measure
(with all moments) is reduced to that of a generalized Gaussian. This phe-
nomenon we call Gaussianization. Finally we define, in terms of the Jacobi
parameters, a new convolution among probability measures which we call
universal because any probability measure (with all moments) is infinitely
divisible with respect to this convolution. All these results are extended to
the case of many (in fact infinitely many) variables.

1 Introduction

The notion of interacting Fock space emerged from the stochastic limit of
QED [AcLu92| and was axiomatized in [AcLuVo97]. The zero space-time
dimensional case corresponds to a non linear deformation of the usual (Bo-
son, Fermion or g-deformed) one mode Fock spaces. On the other hand, in
[BoWy97] have introduced a new convolution among probability measures on
R, with all moments, generalizing the free convolution and based on Szégo’s
theorem which associates a continuous fraction to any such a measure.

By combining the two techniques it is possible to construct a canonical
isomorphism between the L?-space associated to any symmetric probability
measure on R with all moments and an appropriate one-mode interacting
Fock space, in which the number vectors correspond to the orthogonal poly-
nomials for this measure and the the field operator to the position operator.
All the one mode interacting Fock spaces are shown to arise in this way.

Moreover, by adding a function of the number operator to the field op-
erator one obtains a symmetric operator whose momenta, with respect to
the vacuum vector, coincide with the momenta of a non necessarily symmet-
ric probability measure on R with all moments. All such measures can be
obtained with this construction.

The construction can be extended to the multidimensional (even infinite



dimensional) case and provides a new natural technique to deal with orthog-
onal polynomials.

These results strongly support the conjecture that the interacting Fock
space provides a natural frame to deal with non Gaussian measures, i.e. with
interacting fields.

2 Preliminaries on one mode interacting Fock
spaces

An interacting Fock space is a Hilbert space associated to an arbitrary (real
or complex) pre-Hilbert space K through a procedure, motivated by the
stochastic limit of quantum electrodynamics, and which is a generalization
of the known second quantizations functors (free, g-deformations, ...). In
the present paper we shall only consider the case in which K is the com-
plex numbers which, in physical language, corresponds to a one mode field
(equivalently a field with a 1-particle space of zero space-time dimensions).
For the general case we refer to [AcLuVo97].

Definition 1 Let K be a one-dimensional complex Hilbert space. Then, for
each n € N also K, := Q" is 1-dimensional, and we identify it to the
multiples of a non-normalized vector denoted a™®. With this identification,
a pre-scalar products (-|-), can only have the form

(zlw)y == Az, w) Zw ; z,w e C (1)

where the X\, are positive numbers. The one mode interacting Fock space
I'(C; (\y)) is the Hilbert space obtained by completing the orthogonal sum
D, {K, (:|")n} where the scalar product (-|-),, is given by (1) and the sequence
(A\n) satisfies the following condition

A=0=Ay=0 ; VN >n (2)
Under this condition, the creator
at atd — TP

is well defined and, with the convenction that 0/0 = 0, the annihilator a is
given by the rule:

An
a:atVe )\—Hcﬁ”q) (3)



which is equivalent to the commutation relation

aat = )\;\V;l (4)

where the number operator N is defined in the usual way:
Nz ®...0x,) =n(r1 ®... 0 x,) ; neN (5)

and the right hand side of (4) is uniquely defined by the spectral theorem The
algebraic relation (5), together with the condition

ad =0 (6)

uniquely characterizes the interacting Fock space structure. The resulting
Hilbert space is finite dimensional if and only if A, = 0 for some n.

3 Preliminaries on orthogonal polynomials:
one variable

The following theorem is well known [SzE3§]

Theorem 1 Let i be a probability measure on R with finite moments of all
orders. There exists two sequences of real numbers c,, € R, w, > 0, such
that, denoting {P,} the sequence of orthogonal polynomials associated to p,
normalized so that Py =0, Py =1, Py(z) = x — a1, the following relations
hold for each n € N:

(T — any1) Po(z) = Poyi () + wnPoa () (7)

/Pn(x)Pm(x)du(x) = OpmWiWs . . . Wy (8)

Moreover i is symmetric if and only if o, = 0 for each n and p is supported
in a finite number of points if and only if w, = 0 for some n.

Proof. A standard induction procedure.
Remark. The sequences (w,) (o), defined by the previous theorem,
shall be called the Jacobi parameters (or sequences) associated to f.



4 Gaussianization in one variable: symmetric
measures

Theorem 2 Let p1 be a symmetric probability measure on R with all mo-
ments and let (P,) be the associated sequence of orthogonal polynomialys
in L*(R,pn). Then there exists a unique one mode interacting Fock space
['(C; (M\n)) and a unitary isomorphism

U:T(C; (M) = L*(R, ) (9)
with the following properties:
Ud =1 (10)
UatU*P, = P, (11)
U™ +a)U"=Q (12)

where Q is multiplication by x in L*(R, pn). Conversely, given a one mode
interacting Fock space the vacuum distribution p of any self-adjoint extension
of at + a is such that the interacting Fock space, associated to p with the
construction of the first part of the theorem s the original one.

Proof. Let (w,) be the Jacobi sequence associated to p and suppose first
that
wp >0 Vn (13)

Define the sequence (\,) by

An
M=1  ; wp= A“ (14)

Then there exists a one mode interacting Fock space characterized by the

condition

+ o )\N+1

aa = WN+1 =
AN

The map
a™® € T(C, (\,)) = P, € L*(R, i)

preserves orthogonality by construction and since

||a+n<bH2 _ <a+(n—1)¢|aa+a+(n—1)q))n_l _



= cun||a+(”_1)<l>||2 =L =Wy Whel .. W = Ay
it preserves norms. Therefore it has a unique unitary extension U. Now let
t € R and consider, for any ¥ € I'(C; (),,)) and for any n € N:
(T|(a* + ta)a™®) = (V]|at" D) + t(V]aatat " V) =

= <U‘117Pn+1>L2(]R,u) +twn<U\I],Pn_1>L2(R7M) (15)

For t = 0, this gives (??). For t = 1, by the Szégo induction relation (?7) for
the orthogonal polynomials the right hand side of (15) becomes

<U\IJ, xPn>L2(R,,u) = (\If]U*a:Ua+"q>)

which is equivalent to (4).

It remains to be discussed the case when )\, is zero starting from some n.
If there exists an n such that w, = 0, then P,(z) = 0 p a.e. and therefore
by (3.1) also P,.1(z) = 0, u—a.e. Therefore, by induction all P, are zero,
for K > 0. Thus L*(R, ) is finite dimensional and this can only be if x has
support in a finite set of points.

5 Gaussianization in one variable: arbitrary
measures

In this section we extend to the non symmetric case a result of [AcLuVo97]
for the calculation of vacuum momenta of the field operator in a interacting
Fock space. This allows, given an arbitrary probability measure p with all
moments, to express its moments through its Jacobi parameters w,, a,.

Let H be a real Hilbert space. For w, and «, as above, we introduce
the interacting Fock space F(H) = @H®" with creation and annihilation
operators a(f),a™(f) (f € H) characterized by the relations

A (flm®..Qu,=fR11®...Q,, x;€H
a(f)a*(9) = wn4i(f. 9)
a(f)2 =0

It is easy to verify that the axioms of the interacting Fock spaces are fulfilled
and, for each natural integer n, the scalar product on the n-th particle space
is uniquely defined by the above relations and one has

||ZE1 ®...Q $n||i = )‘onlHQ s ||xn||2
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where A\, = w,, ...wowi. Then the operator ay, where the number operator
N is defined by (2.5), is uniquely defined by the spectral theorem and one
has

an(Z1® ... Qx,) =ap(Tt1 ® ... @ x,)
With these notations the following theorem holds:

Theorem 3 The operator

T.(f) = a(f) +a™(f) +an

is symmetric, and for any natural integer n and f; € H (j=1,...,n)
(T(A)T(f2) - T(f)Qf2) = (16)
= Z <fk?17fl1>"'<fl€7n7flm>tﬂ(,l9)

where ¥ is non—crossing partition of the set {1,2,...,n}, with blocks |B;| < 2,
j=1,...k and
Bl == {k’l, ll}, e ,Bm == {km, lm}

while |Bj| =1 for j > m+ 1. The function t,(¥) has the following form:

(@) = J] wdo(By) J] alds(Br))

B;ed B €9
|Bj|=2 |By|=1

where dy(B;) denote the depth of the block Bj in the partition ¥ defined, as
in [AcLuVo97], by

dlg(Bj) I:| {/{5 : Bj C B, € 19} |
and | - | denotes cardinality.

Proof. The proof is just verification of the formula (1).

As a corollary we get the following interesting formula, relating the Jacobi
parameter of a measure p with its moments.

Corollary (2). If p is a probability measure on R with all moments, then



Theorem 4 Let i be a probability measure on R with all moments, let (P,)
be the associated sequence of orthogonal polynomialys in L*(R, u) and let
(wn), (ay) be the Jacobi parameters of . Then there exists a unique one
mode interacting Fock space I'(C; (\,)) and a unitary isomorphism

U :T(C; (M) = L*(R, o)

with the following properties:
Ud=1

UG+U*Pn: n+1
Ulat +a+an)U* =Q

where Q) is multiplication by x, N is the number operator defined in (2.5)
and ay s defined by the spectral theorem.

Conversely given a one mode interacting Fock space the vacuum distri-
bution p of any self-adjoint extension of a* + a is such that the interacting
Fock space associated to p is the original one.

Proof. The proof is similar to the one of Theorem just using the induction
relation (?7) for non symmetric measures.

6 Universal convolution of probability mea-
sures

The results of the previous sections suggest a natural notion of convolution
among arbitrary probability measures with all moments.
Let p1, ps be probability measures on R with all moments. Let, for
=0,1land n=0,1,2..., (PT(Lk)) be the orthogonal polynomials associated
to i and aﬁf“) € R, w,(f) > 0 be the corresponding Jacobi parameters. Then

we know that
(2 — o) B = PO, + W FD,
and vice versa, each sequence agk) € R, w§k) > 0 give a unique state on the
s—algebra Cl[z| of polynomials in one real variable.
Definition 2 The universal convolution of iy and s is the unique state p :=

w1 X pa, on Clz], whose Jacobi parameters oy, (i), wn(p) are characterized
by:

an(p) = a® () + al? (o)

9



wn(p) = Wi (1) + Wl (1)

Theorem 5 The universal convolution has the following properties:

(1) associativity (2) commutativity (3) positivity, i.e.: if p1, po are probability
measure, then p1 X py state on Clz]. (4) For a dilation Dyu(E) = p(A'E),
E C R borel subset, X\ > 0, we have

Dx(p1 X p2) = (Dapr) X (Dapiz)

(5) For each symmetric measure pi, and N = 1,2, ...

1 1 1
S =|(D—= X | D—= X ...X | D— =
v = (D7) x (D) x-oox (P7gn) =
If 6,—denote the point mass of x € R, then (0,) X p = 8, * p1 where * is the
classical convolution.

Hence Sy(p) = p, therefore in the central limit theorem each measure can
appears and each measure is infinitely divisible for this convolution.

/Pfdu = Wiy ...Wy,
Therefore for each measure p
w (D) = Nwn (1)
an(Dap) = Ao (1)

when for the measure g
(. — an(p)Pn = Poy1 + wn(p) Pry

Therefore w, (Sy (1)) = N-w, (D\/LN (,u)) = wy(p) since o, (i) = 0, therefore

Sn(p) = . The other properties are easy to check.

7 2-dfile

8 Orthogonal polynomials in 2 variables

Let p be a probability measure on R? with all moments and let Py, denote
the associated orthogonal polynomials. Then the following theorem holds:

10



Proposition 1 Under the above assumptions there exists sequences oz,(f)l eR,

w,(;% >0, i=1,2 such that:

1P = Pryry + Oél(il)Pk,l + W](il)Pk—l,l (17)
ToPyy = Py + %%)Pk,z + Wl(jl)Pk,l—l (18)

Moreover

/Plf,zdlﬁ = w(Vk,) (19)

where g is any geodesic path from (0,0) to (k,l) on the lattice Z & Z and if

Vei = (91,925 -+ Ge-1) (20)
then
K+l
W) = [ Jw(gy) (21)
j=1
where
w(g;) = wgft) , =12 (s,t)=g192-..9; (22)

as a vector on Z & Z and € depends on the geodesic path. Finally p is

symmetric if and only if all the coefficients oz,(cl,l), oz,(jl) are zero.

Proof. The result is known but we give a quantum proof of it. We begin to
apply the Gram-Schmidt orthogonalization in L*(R?, i) to the monomials
{225} and we normalize the orthogonal polynomials so that the highest
coefficient is equal 1. Since the P ; are independent

1Py = Peg1y + E i P
i+j <kt

we claim that, if i+j < k+{—1, then ; ; = 0. This follows from orthogonality
property of P, ;. To get formula (2) we use the relation (1) and induction

/Pk2+1,l - /Pk+1,l($1Pk,l - O‘i(iz)Pk,z - wzgz)Pk—u)dM =

= /lek+1,lPk,ld,U = /(Pk+2,l + Oé;(cllupkﬂ,l + W](ﬁ{gl’lpk,l)Pk,l =

11



k+1
1 .
= Wi(cJZu / sz,zd/i = Hwé?)

J=1

Now we prove that p is symmetric if and only if all the coefficients 04]2171) , a,(jl)

are zero.
Now denote a; (j = 1,2) the creation operators

+ _ . + _ .
aq Pk,l = Pk+1,l ;o Qg Pk,l = Pk,l—H ;g =12

One easily sees that these are well defined and have densely defined adjoints
aj (j =1,2), called annihilation operators. Moreover

af,a}) = [amas] =0, a#8
and, denoting ® the constant function 1, one has
afka;"q) = Pin
Introducing the number operators Ny, Ny, defined by
N1 Py = kP, , NoPyy i=nkFy,
one easily verifies the relations
a1 ®=ay®=0
Suppose first that p is a symmetric measure. Then one easily sees that
G1Pk,l = W/Sl)Pk—l,l
CZQPk,z = w;(jl)Pk,lq
From this one deduces
a0 = wj(\?l)’Nz : a=1,2

w](\}) Not1
§ o NN g (23)
N1,N2

in fact
TP = . P _ P
109 g1 = 15k 1+1 = Wy 1 Fke—-10+1

12



Wkl 1) +
= (—) Wi 1 Pr_1141 = az a1 Py
wkl

Similarly
2
+ wJ(V1)+LN2 +
asa1 = T a; as (24)
N1,N2

in fact

(2) w (2)
+p e [ Wrr 2
agay Pyy = asPy1y = wiiy  Pryii-1 = @ | Wk P11
w
el

Moreover
+ _ M+ _
ay a1 Py = wyjay Pe11 = wy ) Pe-1111

+ _ (2Kl 4 _ @2
aj agPy = Wi @ Pryim1 = wiy Pev1i—1

But taking the adjoint of (2) we obtain

+ _ (D) (1) +
a2Gy = le,Ng—i-/le,Ngal as

from this we deduce the cohomological relation

(2) (2)
wN1,N2+1 o wN1+1,N2 (25>
(1) B (2)
le,NQ le,Nz

Now denote @; the multiplication by the j—th coordinate in L*(R?, p)

Q;f(x1,x2) ==z f(x1,22) ; J=12

From the induction relation we deduce

Qj =a +a
But, since the position operators commute ([@Q1, Q2] = 0) one should also
have
aias + arad = a3 a; + azay (26)

and the commutativity condition (5) is equivalent to

ajas — afa; = asal — ajas

13



equivalently, because of (2), (77)

(2) (1)

w w
+ + _ UNi+1,Ny 4 Ni,No+1 4
ay G — Q9 Qo = TQIGQ—TQQCH
N1,N2 YNy N,

but this is equivalent to

@) O
N1 +1,N: N1.Na+1
L 1 ) afay = [ 22 1 | af
0 o
N1,N2 N17N2

Now, because of the cohomological relation, the operators in parentheses are
equal, so, if they where not zero one should have

ajas = aja

which is evidently false. But this means that wﬁl) ~, depends only on Ny and

w](\}l) n, only on Nj. Therefore the relations () become

1Py m = Prgim + W;il)Pk—l,m
x2Pk,m - Pk,m+1 + wy(g)Pk,mfl
with
Po,o =1, Pl,o(l’17$2) =T, P0,1($1>332) = T2
Lemma 1 For a symmetric probability measure u(z1,z2) on R? one has
k m
1 2
[ P =T TLet” (27)
j=1 =1

Proof. A simple induction argument.

9 Multivariate Gaussianization

Theorem 6 Let P(R?) be the set of symmetric probability measures on R?
with finite moments of all orders. Let P, ,(x1,22) be the orthogonal polyno-
mials in L*(R%, ). Then there exist two interacting Fock spaces T'y, Ty and
a unitary isomorphism

U:H: =T, @0y — L*(R", u)

14



such that, denoting Q; the multiplication by the j—th coordinate in L*(R?, 1)
and denoting ai, ay (resp. ag, as) the creator and annihilator on Ty (resp.
['y) one has

UQU=0af ®1+a;,®1

UQU =1®ag +1® ay

Proof . According to Theorem (x.), the inductive relations for the orthogonal
polynomials in L*(R?, i) are

xlpk,n = Pk+1,n + w](cl)Pk—l,n (28>

xQPk,n = Pk,n—i—l + W(Q)Pk,n—l (29>

n

Consider two 1-mode interacting Fock space 'y, I'y corresponding to the
(1) (2) . .
sequences (wr, '), (wn ) respectively. Then defining

rj=a ta;; j=1,2

the sequence a"aj™ satisfies
1) k-
xlaii_ka;n — ai&-k-}-la;-n + )\’(c )ail-k lag
I_Qaii-kaé&-n _ ai}-ka;-n—i-l + AgZ)ai&—ka;-n—H

la*ad"®|? = [laf*®,]| - a3 ol = wi . iV 0@ LW

— [ Pufentas)

From this the statement easily follows.

Remark. The extension to the multidimensional case (and non sym-
metric) is now clear: one simply considers the incomplete countable tensor
product of a sequence of interacting Fock spaces defined by the analogue of
the relations (1), (2). The details shall be discussed elsewhere.
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