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We obtain a solution of quantum stochastic differential equation with squeezing noises
(covariance is not a diagonal matrix) as weak coupling limit of a Hamiltonian system with
a non gauge invariant quasi-free state.

§ 0. Introduction

The notion of squeezing noise has been introduced by Gardiner and Collet [9].
A squeezing noise is a quantum Brownian motion whose covariance has a nontrivial
off-diagonal part. Physically this corresponds to the fact that the rate of creation
(resp. of annihilation) of pairs of noise quanta in non zero. By taking Bogolubov
transformations of standard quantum Brownian motions, it is easy to produce
mathematical examples of squeezing noises. However this mathematical construction
does not give insight into the physical meaning of the parameters defining the
Bogolubov transformations. In [10] it was proved that the imaginary part of the
off-diagonal terms of the covariance of the noise is related to a nonlinearity of the
quantum Langevin equation and in the note [11] this fact was used to propose
a simple experiment to distinguish between squeezing and non squeezing noise.

However, it is well known that, in the conditions of the weak coupling limit, the
quantum Brownian motions are good approximations to the electromagnetic field
and the quantum stochastic differential equations are limiting cases of the
Schrodinger equation in interaction representation [17, [2], [3]. In view of this fact it
would be desirable to express the coefficients of the noise, and in particular the
squeezing coefficients, as functions of some quantities defining the original
Hamiltonian model. The solution of this problem is the main goal of the present
paper. Starting with a system coupled with the interaction (0.7) to an electromagnetic
field in a non gauge invariant state, we deduce, in the weak coupling limit,
a quantum stochastic differential equation driven by a squeezing Brownian motion
whose coefficients are explicitly determined (cf. equation (6.6) below and the
corresponding expressions (6.2), (6.3), (6.4), (6.5) for the coefficients).

* On leave of absence from Beijing Normal University.
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First of all let us formulate the problem precisely.

In [0], [1], [2], [3], and [4], a new approach to the weak coupling limit has been
proposed, leading to the explicit determination not only of the limiting reduced
dynamics but of the whole limiting process.

In the present paper, the notations and the model will be the same as in [1], but
we shall start from a squeezing (i.e. non gauge invariant) Hamiltonian reservoir and
we shall prove that the limiting process is driven by a squeezing noise.

Let H,, H, be complex Hilbert spaces; Q a real linear operator on H,; W(H,)
the Weyl-algebra on H,, ¢, a mean zero quasi-free state on W (H,), with covariance
Q, that is :

@o(W(f)) = exp (—3Re(f, Of)), feH,.

Let {H,, my, ®,} be the GNS triple of (W(H,), ¢,); denote m, (W (.)) by W, (.) and
let Ay(f), 4g (f), fe H, be the associated annihilation and creation operators. Let
Hp be the free Hamiltonian of the reservoir, Hg the free Hamiltonian of the system
and

H®:=H @ 1+1 Q@ Hy+ AV (0.1)
with

1
Ve _ ;(D ® 42 (9)-D* ® 4,(9)),

Hg = dI'(—H) (0.2)

the total Hamiltonian of the composite system. H is a self-adjoint operator on
H,, S? = e is a unitary group, D is a bounded operator on H,, and we assume
that '

Ade ™s(D)y = e D ¢, = 0 0.3)
(rotating wave approximation). Put
UD (1) = e =il (0.4
One has
d_ . 1 A
o UM = ?J.V(t) UR (), (0.5)
where
HO:=H;® 1+1Q Hy, ' (0.6)

1 . .
—2(D®@e ™ 43 (SPg)—D* ® ¢ 4y(7g))

V(t) — e—itH(O) VeitH(°) —

o . ©.7)

It
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and
S, =e @80 teR.

Moreover, we assume that
0S,=580. (0.8)

As in [1] suppose that there exists a non-zero subspace K < Dom (Q) (in all the
examples it will be a dense subspace) such that

[IKf1, 80 ,)ldt < 0, V[, feK. (0.9)

This condition implies that the sesquilinear form

fu.for K=(f1lf3):= f(fp S.Q1,> dt (0.10)

defines a pre-scalar product on K. We shall also denote by K the associated Hilbert

space, i.e. the completion of the quotient of K by the zero norm elements with respect

to the scalar product (0.13). The scalar product on K will also be denoted (.|.).
In [1] and [2] we have proved that, for Q > 1 positive, the limits

Ty/22 T2/A2
/llim {lu® WQ(), j S.f1 du) Dy, UP /i) ® WQ(,i f S.f> du) ®,>  (0.11a)
) S1/A2 $2/22
and
Ty(a2
lim {4 ® WQ(A [ S.fi du) &
A-oe S51/42
T2/A% .
UPt/AHXQDHUP/AD)T v ® W, (/1 f S.f> du) @, (0.11b)
$2/22

exist and are equal to
U@ Wigols, ra®/1)¥1ee U ® Wigoltis, 11 ®f) Pregy, (0.122)

U® Wigols.tn® /1) P10, UDKX @ NUM v ® Wi g0 iss 1 ®S2) Pieo)s
(0.12b)

respectively, where, {H gg, Y100, Wigo(ts.m ®f)} is the Brownian motion on
L?(R, dt; K). Moreover, from [1] and [2], we know that U (¢) satisfies the quantum
stochastic differential -equation

U()=1+ [(D®dA{go(s, g9)—D* ®dA;gq(s, 9)—
0

—(Q79lQ79)-D"D®1ds—(QglQ ), DD* ® 1ds)) U(s).  (0.13)

In the present paper we shall study the limits (0.11a) for Q real linear and are given
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by the expression (0.12a), (0.12b) respectively but now U (¢) is the solution of the

stochastic differential equation with squeezing noise.
In the sequel, we shall need the following results proved in [1].

LeMMA (0.1). For each ge Dom (Q) and for any — o0 < 8§ < T < + o0, the integral
T
{8 gdt 0.14)
S
is well defined and belongs to Dom(Q), moreover,
T T
Q(S,gdt = [QS,gdt. (0.15)
S S

LemMA (0.2). For each pair f, ge K satisfying (0.11) and for any S,, T,, S,, T, €R
(S;<T;,j=1,2), one has

Ti/a2 T2/A2
lim <2‘ _’. Sufdu’ A j Su gdu> = <X[51,T1]’ XS, T2]> 5 <f, Stg> dta (016)
A=o  g5ya2 S2/A2 R

where, the scalar product of the characteristic functions is defined in L? (R) and the limit
is uniform for S;, T\, S,, T, in a bounded set of R.

LeEMMA (0.3). For each neN, f,, ..., f,eK,S,, Ty, ..., S,, T,eR, x{, ..., x,€R,
the limit

T1/A2 Tn/d?

lim (@, Wo(x, 4 f S.f1 du)... WQ(x,,}, j S, f.du) Dy 0.17)
A—o S1/A2 Sn/A2
exists uniformly for x,, ..., X, S¢, ..., Sy, Ty, ..., T, in a bounded set of R.

In the paper, we would like to write -

V,(0:=i(D® A5 (S,9)~D" ® 4,(S,9)

= %(D ® BQ (Sig)+iD® BQ (S9)—-D" ® BQ (Sig)+iD* ® B, (Stg))

= J(D=D")® B, (Sig) +i(D+D") ® Bo(S)

i .
5 L D.®B,(549), 0.18)
£€{0, 1}

where

_p+ : _1-
s={D DY, if ge=1; 0.19)

i(D+D7"), if ¢=0.
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So, one can get the following

o) t/A2 ty th-1
UD /2 =1+ Y (—iy A" | de, [de,... | de,
n=1 4] 0] o]
Ly i £ (n
Z (5> Dem...Dw,)®BQ(l“1’S,g)...BQ(l”S,g). (0.20)
ee{D, 1}

For simplicity, in the following, we shall denote W,,, By, 4, Aé’ by W,B, A, A",
respectively.
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§1. The collective terms and the negligible terms
As in [1], we begin to investigate the collective terms and the negligible terms.
LemMa (1.1). For each neN, f, ', 9., ..., 9,€ H,
W)@y, Blgy)-.-Blg ) W(S) Pp)
= (W) Do, W) B> P51y -eer 83 brzs ovos tyra)s (11

where

sii=s;(f.f" g)):= %Re(@,& QU =+ LS'=f, Qgp)+Im{f+1", g5, (12)

=19 gi) = %Re((gj, Qgi> + <Ggs» Qg0) +ilm<g;, g,» (1.3)
and P, is a polynomial defined by:
P, =1, (1.4)
[n/2]
Pn(sly"'a Sn; tl,Z:'“, tn—l,n)= Z Z
m=02<qg1<...<qgm<n
m
L H Lph,qh. sa' (15)
L<prs oo PaSnl{pali-sl =m h=1 ae{l, ..., m}\{py, g}i= 1
{pi-in{ai-i =0 py<ab=1...m

Moreover, the polynomials P, satisfy the following recursion relation.

Pn+1(51, RS Sm Sn+1; tl,2: ey tn,n+1)= Sn+1Pn(Sly ey Sn; t1,29 ey tn—l,n)+
n

0
+ gpn(sl,..., Sps t1,27"'atn—1,n)-tj,n+1' (1.6)
i=1%%j
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Remark: Lemma (1.1) is an improvement of Lemma (3.2) of [6] in the sense that,
while in [6] only the recursion relation (1.6) was proved, here we derive the explicit
form of polynomials P,.

Proof: The results are proved by induction on n. The lemma is obviously true for
n =0, 1. Suppose now that (1.6) holds for n =0, 1, ..., k, then we have

(W(f)®g, B(gy)..- Bgr+ ) W(f) P

d C
= KW () Py, B(gy)--. Blgi) W(igs1 +f) Bor e 0], g

zd/lRW(f Dy, W(igi+1+f) Py S e im g S .

Pk(S1 (4)s s 8 (A); £y 25 s tk—l,k)]/l=0’ (1.7

where t;, is same as in (1.3) and

s;(4):= Re(<gpQ(f +Agxe1 =D+ S+ A1 =1, Qg,>)+1m<f+igk+1+f g;-

(1.8)
Thus,

5 = b (19)

Moreover,

LW () 0, W1 17) 0> Y,
< o (= 3ReGavers =1, QUats 71 )
xp(—itmGigee, £ —im<—1, dane+9)|_
= W) 20 W) 033 | — §Relarer, QU=+ (/=1 e}

+iIm<{f’', ger1) +Im{f, gk+1>):] = (W (f) Py, W(f )P Sk+1- (1.10)

Usmg (1.9), (1.10) to compute the derivative in (1.7), we get (1.6). Now, we prove (1.5).
Notice that (1.4), (1.6) define a unique polynomial P,. In fact, if PV, P{? satisfy
(1.4), (1.6), then, P,:= PV —PP satisfies (1.6) with P, =0, therefore for each
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nz=1, P, =0. Now we show that the right-hand side of (1.5) satisfies (1.4) and (1.6).
In the following, we shall denote the right-hand side of (1.5) by Q,. Clearly, @, = 1,
and for n even (= 2k),

n a [n/2] m
Os Z Z H tph,qh‘ Saz.tj.n+1
ji=1 im=02€ g1 <...<gmEnl<p,...ppSs,p<qh=1 ae{l, ..., B\ duli=1
1P auii=1] =2m
[n/2]-1
m=0 2Sq1<...<gmEnl<p,...p.Sn,p<qicil, .nl\{p, air-y

{ows guii=1 = 2m

l_[ Lpnear” H Se'lin+1s (1.11)

k=1 aef{l, ... n\({py, )= 0]}

where 0 < m < [n/2]—1 in the right-hand side of (1.11) is due to the fact that if
m = [n/2] then the polynomial in the left-hand side of (1.11) has only variables ¢; ;, so
the derivative for s; is zero. Put g+, = n+1, pysy =, then the left-hand side of
(1.11) is equal to

[n/2]-1 m+1

2 ) I tha 11 Sa

m=0 2<q1<...<gm<gm+1=n+11<p,...,Pp Pmsr SH+1,p<qh=1 aell, ..., n+ U\{p,, quinti

Hpw a2l =2(m+1)
(1.12)

Put m' = m+1, then, 1 € m’ < [1/2] = [2k/2] = k = [(2k+1)/2] = [(n+ 1)/2], thus
the left-hand side of (1.11) is equal

[(n+1)/2] m’
2 Z H Lpnan’ n s, (1.13)
m=1 2<q <. <Gup=nt+lli<p,. . pw<n+l,p<qh=1 ae{l, ... it TN\{py gu}i=y
1{Pas qh};n"; 1f=2m'
For n odd,
n a n/2]1 m
L 5, ) S e I st
J=1¥jim=02sS g1 <...<gmSnl<p,...p,sn,p<gh=1 aell, ., mNPh, Guloy
{Pus Gaty=1] = 2m
[(n—1)/2}
m=0 28q;1<...<gmSnl<p, .., p, < p<qjeil, ., n]\{py, qu}i=1

KPss du}i=1l =2m
m

H Lonan” n Sy timer-  (1.14)
h=1 aeil, . n\{pu guii =2 ()
PUt dm+1 = n+1a Pm+1 Z:j’ m’ = m+1’ then 1 < m, < [(n—l)//2]+1 = [(n+1)/2],
so, the left-hand side of (1.14) is equal to

8 — Reports 29.2
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K+ 1)/2] m’
x ) ) n Conign H S, (1.15)
m=1 2<q<...<q »=n+11Sp, ., ppsSn+lp<qh=1 ee{l, ..., n+11\{py, @)=

Hpw, ‘Ih};a"; il =2m

Hence, for each n > 1, (1.13) is equal to the left-hand side of (1.11), i.e. foreachn > 1,

"9
Qn+1_2'a—S_Qn.tj,n+1
i=195;
[(n+1)/2] ‘ m :
= X 2 2 I tona I1 Sx—
m=0 2fKg1<...<gms€n+1il<p,...p,<n+tl,p,<q,h=1 ae{l, .., n+ 10\ (P, du}P= 1
1{Pn qu}¥= 1l = 2m
[(n+1)/2] m
- X X 2 I1 tona I1 s (116)
m=1 2€<q1<...<gm=n+11<p,,...,p,<n+l,p<qh=1 aef{l, ..., n+1\{p), qi}i=1

[y duti=1l = 2m
Notice that in the first term, m starts at 0 and g,, < n+ 1, while in the second, m starts

at 1 and ¢, =n+1. Thus (1.16) is equal to
[n+1)2)

[T s+ X 2 2
aefl, ..., n+1} m=1 2€¢,<..<g,$nl<p,;,...,p,<n,p,<q,
1{Pss @a}i=s) = 2m

l_I Lppoan Sn+t” H s,.  (L.17)

h=1 ae{l, ..\ {Pw du}i=1

If n is even, then [(n+1)/2] = [n/2]. If n is odd, then since g, < n, p, < gy,
therefore
KL oo n+ 1\{py, gutii=11 =2 2 - (L13)
and hence,
m<im+1-2)=4m—1)=[n/2]. (1.19)
Thus, in both cases, (1.17) is
Swr1°Qn
and this ends the proof.

In the following, we shall rewrite P, ({s;}}< 1, {tjx}1 <j<k<n) as the sum of two
terms:

P,({s;}1=1, {tinhi <j<nsn) = L(M+II1,(n) (1.20)
with
" (n/2] m
Ig(n):: Z Z H lgn—1,0n" H Sy (1.21)
m=0 2<¢ <..<g,<n h=1 ae{l, ..., s\{qp @—1}0=1

{@—UF=1n{qi=1 =0
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and
in/2} '
H,my= 3 > Y l_[ Lonan” I1 5, (1.22)
M=02<g <. <GS AP 10 Par G B =1 xe{l, ..., B\{gy, pyJi-s
where, ZEP i b g TDEANS the sum for all 1 < p,, ..., p,, < n, such that p, # p, for

h#k, p,,<q,,,h—1 ,m, and for some h=1,...,m, q,—p, = 2.
For each neN, ¢ = (8(1), ..., 6(n)e{0, 1}", ge K, denote

98,9 =g,
and replace f, f' in (1.2), respectively, with

/22 T'132
A§ S,fdu, A | S,f du. (1.23)
/a2 5ja2

So, for each j, k,

tj,k = t;’,k
=3Re((8,,""g, 8, 0i*Pg) +<8,,i*Vyg, S, 0rVgd)+ilm<S,, g, S, FWg)  (1.24),

and

T[22 T/A?

s;i=s44) = —Re((S,Jl”’)g, | S,0f du—4 [ S,0fdud>+

S'/a2 S/A?
T'jA2 T/A2

+<A § S, fldu—A § S, fdu,S, QiVg))+

S'1A2 §/A2
1132 T/A2
+Im{A | S, f'du+Ai [ S, fdu, S, i*9>. (1.25)
S'/a? §/A?
The expressions obtained from (1.21) and (1.22) with these substitutions will be
denoted by I7;5 and 1175, respectively. Finally, for each neN, ¢ {0, 1}", we define

t/A2 (51

Ln, A)=2" { dt, [de,.. jdt,, ", (1.26)
0 o
t/A2 t n,

5n, )= 4" | dtljdtz...jdz,,u;:a. - (1.27)
4] 0 ]

§2. The limit of the collective terms and of the negligible terms
In the section, we shall investigate the limit of Ij(n, A) and of IT;(n, A) as 1 -0.
THEOREM (2.1). For each geK, neN, ¢€{0, 1}", _
lim II(n, 2) = 0. (2.1
-0
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Proof: Foreachm=0,1,..,[n/2],2<q, <...<g,<n, 1<p;,...,pp<n—1,
one has
Inf2]

J
I (n, Al < ), > Y
m=02<q,<...<gu <N (P1,q5: s P> dw)
t ta -2 (lq,fl‘ln,)/;*z fq, .
fdego.o fodty oy f dr, fdtg ...
0 0 —t, /2 0
Iq,,-2 qu— 1 ‘tp,,,)//;v2 Lgm -1t
§ dtg—y... §  drg [dty ... ( de,
0 —t, /4 0 0
|1
H I:E(Kis(ph)g’ Stq.. ng(qh)g>|+ |<Qla(pn)g’ S’qhit(q,')g>|)+ '<i8(Ph)g’ Slqhiﬁ(qh)gx]
h=1

i .
[— § du(<g, S.fO1+Kg, SufO) | du(<g, S, Qf D+
2t oo A a1 L2 o0 2

+1Kg, S, @1+ KQ*®g, S, f+ K@iy, SJ)I)]- (2.2)

From the proof of Lemma (4.2) in [1] one knows that there exists a constant C,,
such that

[n/2]

L, A< Y ) Y o

m=02<q,<...<q, <1 ), q1s s Por d)

tg-2 (t -1 —1p)/32 2 2

t @ m—2
fdeg... [ dig—y [ dtg fdtgq.. f dtg ...
0 0 0

Y _'tp./)*z

(tgm-1—tp WA 2

qm fn1 m
dty,, | dtg,e1-.. | dt, [T [5(<EPg, S, QP g)] + -
0 0

—tp /A2 h=1

+ |<Qie(p;.)gs St‘,n is(qh)g>‘)+ i<i£(ph)g’ St.,,,i£<qh)g>l] . (23)

By the definition of Z;,, ey W know that there exists at least one
1> 41> - Fme Ym

h=1,...,m, such that q,—p,>2 For this h one has t, ;—t, <0 almost
everywhere, so, applying Lemma (4.2) of [1], we deduce that

lim |II% (n, 3)| = 0.
A0

THEOREM (2.2). For each neN, ¢€{0, 1}",
[n/2)

lim I5(n, A) = ) >

A-0 m=0 2<gq,<..<g,<n,
{a— 1= 1 n{gli-1=0
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§ dt,...dt,, ...dt, ...dt,

0t <. €, €...€, ... s <t

m

: .
1"[ I:E Re((i‘ ap— 1~)g| Qismh)g)_ + (Qis(’”" ”glia(“")g)_)«}-ilm (ie(‘"'_ l)g‘it:(q;.)g)_:l.

h=1

}l:[ l:% Re((*“g|Qf") xis, 71 (t) — @910 f) xs, 1 (t) +
aef{l, ... A\{gu ay—1}7=1
+ (1109 g) 15 71 (t)— (f1QF9g) yps, 11 () ~
~Im(i“"’g|f)- s, 1 (t) — Im (FP g1 f) - s, (ta):l- (2.4)

Proof: Since these are the type I terms, it follows that for each m =0, 1, ...
..., [n/2] and for each 2 < ¢, < ... < g,, € n, one has g,— | = p,. Therefore with the
same change of variables as used in the proof of (5.10) in [1], one gets

{n/2]

L, )= ) >

m=0 2g¢4,<..<q,<n
(g5 0 {anr-1 =9

;2
Al g

t Ly -2 [¢]
faty... § dtg-y | dtg, § dig .y
0 0 g sfd2

Q

Ly 2 ’-“zrqm+tqm 1

[¢] tn-1
Cfdty,y f dtg, | dtgen.. | dt,
? 0

0 tam— 1/ 4 0

1 N
I [ERe«iW“g, 5., QF gy + QI Ty, S, Fg)) +

h=1

+ilm <is(q;. - l)g, St%ie(qh)g>].

(T —t)/42 (T—t)/2?

i
1 [‘Re(«m’g, [ 8.0 du—(r®g, [ S,0f>du+
2 (S —1)4° (§—r)a?
ae{l,...opdagy, - 117 : !

(T"—1,)/2* (T—t,)/A%

+ (S QF¥gydu— | <8, f, Qg du)+

(81, (S—1)/2

(T —1,)/A? (T—r1)/2?
+1m( j (S, 1, gy du— j S, 1, i““’g)du)} (2.5)

(S'— 1,22 (S—1,)it

Letting A—0 in (2.5), one gets (2.4).
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§3. The uniform estimate

In the section, we shall obtain the uniform estimate of I%(n, ) and II%(n, 1) by
adapting our case to the corresponding arguments of [1].

THEOREM (3.1). For each g,f,f'€K,S,T,S, T eR,Q>1, there exists
a constant C, such that for each neN, ¢€{0, 1} and t > 0,
(t v 1y
(n/21!

Proof: Notice that in (2.5), foreach h =1, ..., m, since t,, € [ —t4,-1/A, 0], one
has 0 < A% t,, +14,—1 < tg—1- So, the following estimate will be obtained easily from (2.5)

3.1)

[I5(n, Al < C1

[n/2]
LeA< Y, X
m=0 2<q,<...<q,<n
(=1 {gpli=1 =9

t Lg-2 [ 2708 tgm—2 Lgm1
faty... [ dig -y §dig oy [ dtg o | dty 4y
0 0 0 0 0
251 0 0
L ode, | odtg,.. | dt,
0 — — 0 .

[T [ Re(KKg, 8., g>|+KQr® Vg, St g>)+ Kg, St,gdl]-CL ", (3.2)

K=1
where
Cuuim} [ (K. 5,001+ Ka S0+
110G, S+ 108, S f 'S+ KQig, Suf Y+ (Qig, S, f'>)du+
+ T (g Suf Y1+ 1Kg Suf D) du. (3.3)
Put

0
Ci2:= C1,1\/ I?)a)l(}z j (<9, S i+

+1Kg, 8,0 Vgd1+ KQr? g, S, g))du 34
then one has
[n/2} o
e A<y X R Y

m=0 32gq <..<q,<n
{ap— <10 {aff-1 =9
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tn/2] (t v 1)y n. (tvi1y
<ot
<2 G )'< ) TR

C11= 2C1‘2+1

Taking

(3.1) is proved.

THEOREM (3.2). For each g,f,f'€eK,S, T, S, T eR, Q=1, there
a constant C, such that for each neN, ¢e{0, 1}" and t > 0,

t v 1)
[n/31!

[ (n, ) < C4
Proof: Put

Cia:= _I du(Kg, 5,011+ Kg, 5,01+ Kg, SO+ Kg, Su 1+
+ Sup (€Q¥¢g, 8,151+ KQi*g, S, /).

Using (5.28) and (5.29) in [1], one obtains

[n/2] ,
AR Z Z )
m=02<¢q <...<q, <P, 4y, Pps 4,) 0ESY,
t
ATt j dt, H F( o ““ 1>C" 2m
4] h=1 .
where
Flu):= max g, S,0i®g){+(g, S, g)I.
ee{0, 1}
Thus

[n/3] [n/2]

(HZ(n,l)l<(g+ > ) ¥ )

m=[n/3]+1 2<¢,<...<q,<nl<p,<..<p,<n—1oeS°
! 1 n\ [n/3]!
J2m dr d[ F an qh 1 Cn 2m\_n, e 4
£ T j ,,Ul ( 37 \m/) [2n/3]1 2
[n/2}

+ ) )3 P )

m=[n/3]+12<¢q,<...<q,<nl<p,<..<p,<n—1geS°
p 1
)‘—ij'dtl j‘ dt 1‘[ F( an ‘lh )Cn Zm
(0] h=1

where
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(3.5)

(3.6)

exists

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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0
Cazi=CanV sup | [Kg. S, Qo)+

+1<g, S, Q¢ gy +Kg, S,9>(1du.
Using the proof of the Lemma (5.3) in [1], one gets easily (3.7).

§4. The weak coupling limit

In the section we shall obtain the explicit form of the limit (0.11a).

THEOREM (4.1). For each g,f,f' €K, u,veH,, DeB(H,) and
V,=i(D®A* (¢)—D" ® A(9))

the limit
T/42 T/A2
lim cu @ W(A | S,fdu)@y, UP (/A v @ W(A | S,f du)d,)
A0 S22 S'/A2 .
exists and is equal to
0 1 T [m/2]
DD §;<“, D,y Do) 2, 2
n=0¢ee{0,1}" m=0 2<q,<...<q,<n,
{qu}?: 1O =1 =9
| dty...dt,,...dt,, ...dt,
06, <. <1, €. Sl ... <1, St

2

h=1

[1 B Re((@glQf") s, 71ty — (FP91Q 1) xis. 1 (1) +
-

xe{l, ..., n\{gy, ¢y~ 1}K-

+ (f'1QE9g) xis, v (t)— (f10F @ 9) - s, 1 (8)) —
—Im (@ g| ) 15, 11 (L) = Im(FD gl f) xsr, 71 (ta):l

W (xs, RN ¥100 Wls, 1 ®fV¥igo)-

(3.12)

4.1)

m 11
H [_Re((iE(qh—1)g|Qi£(qh)g)_ + (QiE(Qh-l)gliS(Qh)g)_)+l‘Im(l'C(qh_l)gliE(Qh)g)_].

4.2)

Proof: Expanding U™ (t/4?) according to the iterated series (0.20) one finds

o T/A? T[22
lim u@ Wi | S,fdu)®y, UP/iB @ W (L | S,f du)®y)
A0 §/A2 S'/A2

TiA2 «© 1

= hm <u®W(i j Sufdu)¢Q, Z Z ?Ds(l).‘.De(")®

il S/A? n=0zef0,1)n
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t/A2 121 tn—1 T'/A2
(e fde,... | dt,BES,q)...BES, g)v@ W [ S,fdu)dyy. (4.3)
0 0 0 S’/22
Because of the uniform estimate we can exchange the limit and the series, so we
obtain
o 1
Z Z ?<u, Dﬁ(l)"'DE(n) U>
n=0¢ee{0,1}"

t/A2 ty

th-1
Iim A" j dt1 j'dtz... j 'dtn(If,(n, /1)+IIf,(n, A".))
A=>0 ¢ 0 0

T/A2 T'/A2
W | S, faudy, W(i | S,fdu)d,). (4.4)
S/A2 S'jA2

Applying Lemma (2.1) and Lemma (2.2) to (4.4), we complete the proof.

§5. The properties of the weak coupling limit

Our goal is now to identify the limit (4.2), obtained in the previous section, with
the matrix element (0.12a). To this end we shall deduce, in this section, an ordinary
differential equation satisfied by this limit (cf. Theorem (5.1)). In the following section
we shall identify this equation with the weak form of a quantum stochastic
differential equation. By Theorems (4.1) and (3.1), one knows that (4.2) is continuous
in u,ve H,, so, for each u, ve H,, there exists a G(t})e H,, such that

0 1 [n/2]
W, GOy =) 50t Doy Doy 09 )3 )
n=0¢ee{0,1}" m=0 254, <...<q,<n,
a—t=inlai-1=9
| dt,...dt,,...dt, ...dt,
0, <. €1, ..., ..., <t

e I . R L et 1) 1
n [ERe((l“‘”‘ “g|Ql ((Ih)g)_+(Ql €13 l)gll(Qh)g)_)+lIm(l (an l)gll(qh)g)'].

I1 [% Re((*™glQf") nis., 71 (t)— (@910 f) xis, 1 (1) +

aell, . mi\ gy o= 1}0=1

+ (1089 g) ws, m(t)— (S1QFD g) - ys, 1 (8,)) —
—Im(E®g| ) xs. 1y (t)—Im (@ g| ) ise. 11 (ta):l

Whs,n®@fNPi1e0 Wltis, @ P1e0)- 5.1

That is
TIA2
Cu, G(t)y = lim (u @ W(A j' Sufdu)CDQ,
A0

S/32
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UP (/20 ®@ W (4 T'j/"l S, [/ du) ). (5.2)

§'/A2
Clearly,

TiA2 T'/a2

GO =lm w@®W(L [ S,/du)do, 0@ W (2 [ S.f'du)@o>

S/a2 S’/A2

=U@W (s, n® P10 VO W (s, m®f) V100> (5.3)
Denote the right-hand side of (5.2) by

Y. G, (- (5.4)

Foreachn=1, 2, ..., split G,(t) into two 'parts according to q; = 2 and g, > 2 and
denote them by G,(1,t) and G,(2, t), respectively. Thus for each neN we have

1 [n/21

Gn(l, t) = 2 L <u, Dn(l)' . 'Ds(n) U> z Z
eef{0, 1) m=12<q,<q2<.4.<qmsn
{gy—1}0= 1 {alr=1 =0
§ dty...dt,,..di,,...dt,
0<t, <. Sy, .. St .. €1 <
" 11
H [ERe((iE(‘“‘—l)ngia(q")g)#+ (Qie(qh—1)g|ie(qh)g)_)+ilm(is(qn—1)g‘ie(qn)g)_].
h=1

I B Re((*g1Q.1) i, () — (D91 Q1) s, () +
1

aefl, .., o\ {g, gy —1

+ (f'1QEDg) x5, 71 (t) — (f10F®9) x5, 1 (8) —

—Im(#@g| ) x5, 11 (L) —Im(EP Gl f ) xis. 11 (ta)jl

Whs. 1@ Pig0 Ws. 1 ®f ) Piw0) (5.5)
and
1 (/2]
Gn(za t)= Z ?<u’ De(l)-'-Ds(n)v> Z Z
£e{0, 1} m=0 2<gq <...<q,<n,
{qfil}:':l"‘{qh};-zl =9
| dt,dt,...dt,, ... dt,, ...dt,

0Kt <oty <oty €. 0 S ST

m

) .
H I:E Re((i‘(q"_l)g|Qi£(q")g)_ + (Qis(qn—l)glis(qh)g)_)+i1m (is(qh—l)g”a(qh)g)_].
1

h=
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[é Re((F9g|Qf") 115, m1(t)— @ glQSf) - xis, 11 (t) +

ae{l, ... s\ {gy q— 111

+ (f10iF@g) xs', v (t)— (F1Qi @ g) xis, 11 (1) —

—~Im(®g| ) ys, 1 (t) —ImE@gl ) use. 19 (ta)‘J

s, n®NY1e0 Wts. 11 ®f ) Pisor- (5.6)
Moreover, for each neN,
d 1 [n/2}
d—Gn(lat)z Z ?Qh D.1y...Dymyv) z Z
t £e{0,1}" m=13=4 <q,<...<q,<n,
{qh‘l}'h"ﬂ” {Qh}'n"=1 =0
] diy...dt,,...dt, ...dt,

<...€5 <t

0<t, ... <1, $...<1,

42

1 i -
[zRe ((*VglQr@g)_ + (QrPg|i®g)_)+ilm (ie‘“gli“z’g)_]'

m 1 ‘
. H [5Re((iE(Qh_l)g'Qiﬁ(Qh)g)_+ (Qia(qh—l)glis(qh)g)_)+ilm(is(qr1)gli£(qh)g)_].

h=1

11 B Re((#®g10f") xis. 71 (t)— @ g1Qf) 1is. 1 (t) +

ae{l, ..., n]\{g,, ¢ —1}F=1

+ (199 x5, 71 (t) — (F1QE @ g) - s, 1 (8) —
—Im(i*g| ) xis, 11 (t) —Im(Fg| f') - wgs, 11 (ta)]

W (s n®) Pieg Wlks.m1®f) Pie)- (5.7)
Denoting ' =n—2,8e{0, 1}", & (h):=eh+2),m =m—1,gy = qur, h=1,....m,
and 1, = t,,,, h =1, ..., n', the vector (¢5, ..., t,) takes the form (¢}, ..., t,/) and the
sum

£e{0, 1}7
becomes the sum

ee{0, 1}2 ¢’€{0, 1}

Moreover, n’ and n have the same parity and [n/2]—1 =[n'/2], 0 <m < n'. Thus

d 1 1
d—th(l, t) = Z Z Z

an’
ee{0, 1}2 &' €{0, 1} 2 m=0 244, <. <qws<n,
{g— 10 {gli= =9
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{u, Ds(1)De(2)'Ds'(l)---De'(n')U>

f dry...dty...dty,, ...dz,

Oty ... Sty <. Sty S S St

[ERe((l WglQirPg)_ + (QiFM gl g)_ ) +ilm(i*Vgli ‘z’g)_]-

m

1 b — PR Ty pr e (= 't
. 1‘[ [ERe((ie (gh l)nglE (qn)g)_+(le (gh l)gll‘ (‘lh)g)_)+llm(l£ (qh.l)gliﬂ (qn)g)_:l.

h=1

. IT I:iRe((l @G {f) as, T ) — (& @g1Qf) us, m(t)+
ae{l, ..., ”N\{gi gh— 111,

+ (f1QiEF P g) uyse, 7 (ta) — (f19F®g) 15,1 (t:z))_

—Im (ial (“)g|f) XIS, 1 (t)—1Im (is’ m9|f’) “ XS, T (tfx)}

Wus.n ®f)¥is0 W (s 1 Qf)¥i00- (5.8)
Therefore, there exists a constant Cj, such that
d (tv 1)
—G (1 <Cl— ' 9
7610 < = (59)

and moreover,

d 1 ) )
4y 5 G0 = Y [ERe((f‘”gIQl“z’g)-+
n=2

ee{0,1}2

+ (Qia‘”gli‘“z’g)_)ﬂLiIM(i““gli‘:‘z’g)_}<D3<2) D;yu, G())

1 -
= [ERe((ngg)_ + (Qgig)—)+i1m(ylg)_]<—(D+D+)(D+D+)u, GO+

1 -
+ [ERe((ngig)_ + i(leg)_)+iRe(qu)_]'i<(D+ —D)(D+D")u, G)>+
1 -
+ [iRe(—i(ngg)_ + (Qig|g)-)—l'Re(glg)i'i<(D+D+)(D+ —D)u, G(1)) +

1 [
+ [ERe(—i(ngig)—+ i(Qiglg)—)HIm(glg)w]' (DT =D)(D* =D)u, G()>. (5.10)

On the other hand, for each neN,

1 (n/2]
Gn(za t) = Z _<u’ Ds(l)"-Da(n)v> Z Z

2"
eef{0, 17 m=0 2<q <...<q,<n,

(== {gulh-1 =0
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jdt, BRe (*g10.1): 115,220~ (F91Q) s t2) +
0
+ (10 P g) xisr. 71 () — (f1QF P g) xis. 1y (h))—

—Im( Vgl ) ys, T](tx)—lm(is(l)mf')'X[S'.T'](H)]

] dt,...dt, ...dt,, ...dt,

01, <., <... <,

I
N
-~
A

m

1
n |:§Re((i5(‘1h‘l)g,Qif(Qh)g)_ + (QiE(qh—l)glismh)g)_)+i1m(is(qh—l)glia(qn)g)_:l.

h=1

I1 i |:% Re((#™g10f") 1s, rolt) — (F 1O f) ais. (8 +

ae {2, ..., n\{

+ (10 g) tsr, 11 (t) — (F1QF @ 9) - 15,7 () —
—Im (@l f) xs, (1) — Re (gl ) s, 11 (ta)]

Whs,n®NP1re0 Wls. 1@V V109> (5.11)
Denoting again n' =n—1, ty=t,,4, h=1,..,7, ¢h=¢q,+1,h=1,...,m and
¢ef{0, 1}, e(h):=¢eh+1), h=1,..,n, the vector (¢,,...,t,) takes the form
(t1, ..., tw); the sum ) 5 <4 <. <4 <o becOmes the sum ) ;<4 <. <4 < and sum
Yec0.1n becomes the sum  Y.c0.1)" Qecio.yr- Moreover, for m odd,
[7/2] = [(n—1)/2] = [#'/2]; for n even, since 2 < gq,, so m < [(n—1)/2], that is
m < [n'/2]. Therefore, we obtain

/2]

1 1
Gn(2, t) = = Z Z e <u, DE'DE'“).. .DE(,,')U> Z Z
2 2
£{0, 1} ¢'€{0, 1}7 m=0 2<q,<...<qg,<n,

@ U= o giii= =0

fdtl [% Re((i*91Q 1) s, () — (Cg1Qf) wis, m(t )+
0
+ (f'1Qi*g) s, 7t ) — (f109) " 115, 1 (11)) —
“"Im(isglf)'X[S,T](tx)_lm(igmf,)'X[S’,T’](tx)]

f dey...dt,,...dt, ...dt,

Oty <. <, <€ <0 St <Y

n [ERe((ie (q“_l)gl_Qie (qa)g)_ + (Qie (qa-lglie(qﬁ)g)_)_‘_”m(ie (qa—l)glia (qn>g)_:|.

h=1
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i -2’ (a ’ ’ -’ {a '
T [ERe((l @101 us, 1t — P gIQf) - xps, 1 (t) +
aefl, ..., "N\ g gh—1}7=1

+ (f10F “g)- xst, T (t) — (f10 @g) xgs, 11 (t)) —

—Im (isl(a)g,f)'Xs, r1{ty)—Im (ie'(a)glf’)'X{S', T (t;):l

Ws,n®N¥i00 Wlts.11®f) ¥ieor- (5.12)
Thus
2y G,2,0= ) [d [%Re((isg|Qf’)'X[S',T'](t1)_’ (#g10f) us, )+
n=1 £€{0,1} 0

+ (191 9) 1is, 11 (t)— (f1Qi°9) x5, 1 (h))"
—Im(i*gl f)" xs. T](ll)_Im(isglf’)'X[S',T’](ti)] (D, u, G(t,)

s {BRe (612 1157160 = @1QF) 115, (1) +
0
+ (f'109) xis', 1 (t)— (f109) 1. r(ty)—

—Im(glf)'X[s,n(tl)"lm(glf')'X[S',T'](H)]'i<(D+ +D)u, G(t,)>+

+|:%Re(—i(g|Qf')'X[S',T'](t1)+i(g!Qf)'X[s,r](tl)‘*‘
+ (f'1Qig) - 1s', 7 (t)— (f1Qig)- xis, 11{ty)) +
+Re(g| f) xs, 1 (11)+Re(g|f')'X[s',r'1(t1):| {(D" —D)u, G(h))}- (5.14)

Moreover, we have the following

THEOREM (5.1). For each u, veHo DeB(H,) satzsfymg .1, g,f.f €k, S,
T,S, T'eR,

4<u, G@)y =

= 4<u, GO+ [dt, {BRE(ngQHilm(ng)_]<—(D+D+)(D+D+)u, G+
0

+ BRe((ngig)_ + i(leg)-)+iRe(glg)_]'i<D+ —D)(D+D%)u, G(t,)>+
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+ BRe(—i(ngg)~ + (Qiglg)w)—iRe(glg).]'i<(D+D*)(D+ —Dyu, G(t,)>+
+ BRe(ingigHum(gm)_]-<(D+—D)(D+-D)u, G(t,)

+2[';: Re((@1Qf) xis, m(t)— @G1Qf) xs,m (1) +
+ (f'199) s, 1 (t) — (f1Q9) 115,11 (¢4)) —

—Im(glf)'X[s,n(tl)—lm(glf’)')c[s',m(tl):l'i<(D+ +D)u, G(1,)) +

#2| SRe(W101) .11 () H0101) st 4
+ (f'10ig) xis', 71 (t1) — (f1Qig) - x5, 7 (t1)) +
+Re(gl ) xis.m(t)+Relgl f) s T'](tl)] {(D* —D)u, G(t1)>}. (5.15)

Proof: It is clear that there exists a constant C such that for each neN,
v 1)y
[(n—2)/2]"
Combining (5.4), (5.5), (5.6), (5.10), (5.14) and (5.16), one gets (5.15) immediately.

|G, (1, DI+ 1G, (2, i+ <cr (5.16)

d
—G,(1
dt n( ’t)

§6. The quantum stochastic differential equation

In the section, we shall research the relation between the weak coupling limit and
the solution of some quantum stochastic differential equation.
First of all, by expanding the operator products in (5.15), we write it in the form

{u, G(O)) = {u, GO)>+
+%Idt1 (<Du, Gt Fy(t)+ {(—=D"u, G(t,)) F_ (tl))+
0
+4(K=DDu, G(t))F_ _+{(—D"Du, Gt ))F+ -+

+<{=DD"u, G(t))) F_ +<(=D*D*u, GU)>F, .), (6.1)

where we introduced the notations

; :
F_ _:= ERe(ngg)Jr ilm(glg)- + %Re((inggh + (91Qig)_)—Re(glg)- +
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+3Re(9100) + ¢1Qi).) +Re(glg) — 5 Re(ig|Qig)—ilm(glo)_
= % [Re ((91Q9)— (ig]Qig)) + iRe((ig| Q9) + (91Qig))]. (6.2)
Fr. -t = 3 RelglQg)+ilm(glg)- — 1 Re((ig|Qa).. + 61030+ Rl +

i |
+ 5 Re((ig1Qg)_ + (91Qig) )+ Re(glg)_+ 5 Re ig| Qig) +ilm(glg) -

1

= E[Re((ngg)Jr (ig|Qig))+iRe((ig| Qg) - + (g1Qig), — (ig]Q9), — (91Qig)-) +4(glg)-]

1
= E[Re ((9109)+ (ig] Qig))+2(g]g) +
+iRe((ig|Qg) - + (9|Qig) . +4Im(glg)_ — (ig|Qg). — (9|Qig)_)], (6.3)

: .
F- +:=3Re(g|Qg)+ilm(glg)- + %Re((inggh + (91Qig)_)—Re(glg)- —

i 1
- %Re((ingg)_ + (91Qig) ) —Re(glg)_ + §Re(ig|Qig)+iIm(g|g)_

1
=3 [Re((91Q9)+ (ig|Qig))—iRe((ig| Qg)- + (91Qig).. — (ig| Qg). — (91Qig) -)—4(gl9). ]

1
= ~[Re((91Q9)+ (ig]Qig))—2(glg)—

2
—iRe((ig|Qg)- + (91Qig) . +4Im(glg), — (ig|Q9) . — (91Qig)_)], (6.4)

1 .
Fy,+:=5Re(g|0g)+ilm(glg)- ~ 5 Re(ig1Qg). + (91Qig) )~ Re(gig)- -
~ L Re((ig1Q9)-+ (910ig).)~ Re(glg) . ~ 5 Re(ig|Qig)—ilm(glg)-

! s .
=5 [Re((91Q9)— (ig] Qig) —iRe((ig| Q9) + (41Qig))]. (6.5)
Now, let us consider the quantum stochastic differential equation

u@) = 1+§(D®dA+(s, g)—D" ®dA(s, g)—
]
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—4(F_ ,DD* ®1+F, D'D®1+F_ _D*D*®1+F, ,DD® Dds)U(s) (66
on Hy® I'(I2(R)® (K; () with
Alt, 9):= A(Y0.0 ® 9)-

From [5], we know that the g.s.d.e. (6.6) has a unique solution which is given by
the iterated series, that is, if we put

Ug(t):=1, 6.7)
Un+1(t):= 5(D ®dA+(S, g)_D+ ®dA(S, g)'—
0

—4(F_ .DD* ®1+F, D*D®1+F_ _D*D*®1+F, ,DD® 1)ds)Un(s) (68)
then
U= > U, t20. (6.9)
n=0

LEMMA (6.1). For each neN,

th-1

i | Y Dynyer Doy @ dA V(2. dA™ (1),  (6.10)

0 e€{0,1,2}"

~
iy

U,(0=

O ey
(=R el

where
D,:= —-D*, D;:=D,
D,i=~4(F_ .DD*®@1+F, _D*D®1+F_ _D*D*®1+F, ,DD®1), (6.11)
A%(s):=A(s,g), A'(s):=A%(s,g9), A%*(s):=s. (6.12)

The proof is the same as the proof of Lemma (4.1) in [3].
In order to prove the unitarity of the solution of the q.s.d.e. (6.6), we begin by
establishing the Ito table for a non gauge invariant quantum Brownian motion.

LemMmA (6.2). For each geK,
dA(t, g)dA(t, g) = &[Re((ig]Qig)— (91Q9))—iRe((ig| QN+ (91 Qig))} dt  (6.13)
and
dA™ (t, g)dA™ (¢, g) = 1[Re((ig|Qig)— (91Qg)) +iRe((ig|Qg)+ (9| Qig)] dt.  (6.14)
Proof: By (1.5), for each g,f,f €K, &, & e L*(R),
WERS)Pioo, dA(t, g)dA, ) W(E' ® ) Prg o>
= W(ERS) D10, d(B(t, ig)—iB(t, g))d(B(t, ig)—iB(t, ) W (€ @) D1 go)
=iWERNPigo, W ®f)P1a0>

9 — Reports 29.2



250 L. ACCARDI and Y. G. LU

[Re <X[t,t+dt] ®ig,(1® Q)X[t,:+dz] ® ig)+ilm <X[m+aq ®ig, Xit, ¢ +di) Rigy—

- %Re(<X[t.t+dt] ®ig, (1 @ O Xit,e+an ® 90 + Apr,e+an @ ¢, (1 @ Q) Xpr, 1 4.4 ® ig0) +
+Im Y0400 @ 19, Aptt+an ® 90—
- %Re«xluﬁdﬂ ®ig, 1 @ xpr.e+a1 @ 9>+ Hprt+an ® 9, (1 ® Q) Xpr.1+an ® i9)) +
+Im e+ a0 @ G, Aiei+a0 ® ig) —
—Re Y1 +a0 ® 9, (1 ® Q) X140 ® 9 +ilm e +an ® 9, Apro+an @ g>]

=3 W(ElRSN)Pr1ao W BS)Proo
[Re ((ig]Qig)— (a1 Qg)) —iRe((ig| Qg) + (4Qig)] de. (6.15)
So, one gets (6.13). Since _
dA(t, g)dA(t, g) = dA™ (t, g)dA™ (t, g)
(6.14) follows from (6.13).
LEMMA (6.3). For each geK,
dA* (t, g)dA(t, g) = 1[Re((ig|Qig)+ (91Q9))—2(glg)] dt. (6.16)
Proof: By (1.5), for each g, f,f €K, ¢, &'eL*(R),
(W) Prog, dA™ (t, 9)dA(t, g W (' ®f) P10¢)
=3 (W RS P1go, d(B(t, ig)+iB(t, 9))d(B(t, ig)—iB(t, ) W( ®f) P1g0>
=3(WERSNPigg, W RS)P1gg>

I:Re<X[t.:+dt1 ®ig, (1 ® Q) Xr.e+an ® igD +iIm Yyt 4an @ igs App,1+an D ig) —

- %Re (it +an ® 19, (1 @ Q) X, e4an ® 9D+ it +an ® 9> (1 ® Q) Apr,e4a0 @ 190) +
+Im (L1 4an ® 095 Xpt1+an @ 90 +
+ —;—Re((x[,,,ﬂ,,] ®ig, 1 ® D xiri+an ® 9>+ Kptt+an ® 9> (1 @ Q) Xpeye4an @ ig))—
—Im gy, va0 ® G5 Apoi+an ® ig) +
+Re pp,1+an ® 9, (1 ® Q) X440 @ 9> +iIm {Hye,e+an B 95 Npet+an @ 9>:|

=3 W(ERS)Pige W' RS )Prag
[Re ((ig] Qig) + (91Qg))—2(g1g)] dt. (6.17)
So, one gets (6.16).
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LeEMMA (6.4). For each geK,

dA(t, g)dA™ (1, g) = }[Re((ig]Qig) + (91Qg)) +2(g19)] dt. (6.18)
Proof: By (1.5), for each g,f,f €K, &, &el*(R),
WERS)Prog, dA(t, g)dAT (t, W (' ®f) P10
=3 (WERS)Pygqg, d(B(t, ig)—iB(t, 9)d(B(t, ig)+iB(t, ) W (' ®f) P1e0>
=W ®f)Pigo WE' Rf)Pr1so>

r
LRe e +an @ ig, (1 ® Q) e+ an ® ig>+ilm e, o440 ® 19, Xy i+an ® ig> +

i . R
+ ”Z‘Re (<X[r.t+dt] ®ig,(1R®Q) KLt t +dr) ®g>+ <X[t,t+dt] ®g,(1®Q9) Ait.t+df) ® lg>)~
—Im <X[r,t+dt] ® ig, Xit, e +dt) ®g>—

i . .
- §R3(<X[t.t+dt] ®ig, 1 ® D i+an ® 9D+ ityr+an ® g5 (1 ® Q) Xpr, 1400 ® ig)) +
+Im e +an ® G5 X, +an D ig) +

+Re Y400 ® 9, 1®Q) Xt e +an @ D +HIM Y4 ® G, Aty 4a @ g>:|

=3 WERS)Pigo WIE®f)Pr1s0) :
[Re ((ig]Qig)+ (91Q9))+2(gg)] dt. (6.19)
So, one gets (6.18).

Using the Lemma (6.2), Lemma (6.3) and Lemmas (6.4) to (6.2)(6.5), one obtains

1F_, _dt = }[Re((g|Qg)— (ig|Qig))+iRe((ig| Q9)+ (g|Qig))] dt
= —1dA(t, 9)dA(t, g), (6.20)

1F. _dt=%[Re((g]Q9)+ (ig|Qig))+2(glg) +
+iRe((ig]Qg) - + (91Qig) . +4Im(glg)- — (ig|Qg), — (g|Qig)_)] at

=1dA(t, g)dA™ (t, g)+i§ Re((iglQg)- + (91Qig) . +4Im(glg) ., — (ig| Qg)., — (9| Qig) ) dt,
(6.21)

tF_ .dt=%[Re((91Q9)+ (ig| Qig))—2(gl9)—
—iRe((igQg) - + (91Qig) . +4Im(glg)- — (ig|Qg).. — (91Qig)_)]dt

=31dA*(t,9)dA(t,9)— i3 Re((ig|Qg) - + (91Qig) . +4Im(g|g) . — (ig|Qg) . —(g]Qig)_)dL,
(6.22)

3F . .dt =}[Re((g|Qg)— (ig|Qig)) —iRe((ig| Qg) + (9| Qig))]dt = —3dA™ (t,ydA ™ (t, g).
(6.23)
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Now let us denote
L:=$§Re((ig|Qg)_ + (91Qig) . +4Im(glg) - — (ig|Qg) . — (91Qig) ) D*D—
— 8 Re((iglQg)- + (91Qig), +4Im(glg), — (ig]Qg). — (g|Qig)_)DD*,  (6.24)

01,1:= 3 [Re((g1Q9)+ (ig]Qig))+2(9l9)], (6.25)
02.2:= % [Re((g1Qg)+ (ig| Qig)) —2(glg)] (6.26)
d2,1:= ¥[Re((91Q9)— (ig|Qig)) —iRe((ig| Q9)+ (91Qig))], (6.27)
01,2:= ;[Re((91Q9)— (ig| Qig)) + iRe ((ig| Q9) + (91 Qig))], (6.28)

then, L is a self-adjoint operator and the g.s.d.e. (6.6) can be written in the followin
form: -

U@ = 1+f{(1 ®dA™ (s, ), 1 ® dA(s, g))(_'lzf‘)é 1>+

1 D®1 + 0'1’1 0'1,2 D®1 .
+[§<—D+®l) <0_2’1 62,2>(—D+®1>+1L]dS}U(S) (6.29)

with L given by (6.24) and g;, (j, k =1, 2) by (6.25)-(6.28). Moreover,

01,1 01,2 . dA(t’ g)dA+ (ts g) dA(t’ g)dA (ta g)
( )dt - (dA+ (t, 9)dA™ (¢, g) dA” (t,9)dA(L, g))' 630

From this one easily deduces that

G2,1 03,2

LEMMA (6.5). The solution of q.s.d.e. (6.6) is a unitary process.

THEOREM (6.6). For each g,f,f €K,u,veH,, DeB(H,) satisfying (0.3), S,
T,8, T'eR, t =0 and Q a real linear operator on H,, the weak coupling limit

T/22 /32
lim (u@ W(A [ S,fdu)®y, UP (/A 0@ W(A | S,f du)dy>
A0 S/A2 ’ 572

exists and is equal to
U@ Wsn®NY100 U@ Wigs, rm®fI¥100; (6.31)
where U(t) is the unique solution of g.s.d.e. (6.6) on Hy® I'(L*(R) ® (K; (*])))-
Proof: For each u,veH,, f,f €K, S,vT, S, T"eR, put
u, F@:=<u, Ws,n®fN ¥iee UV Wks, 1 ®@f I ¥ieer, (632
then
u, FO)):=<u@ Wrs,n®N 100 VO Wls. m®f ) ¥100>

T/A2 T/A2

= lim @ W(A | S.fdu)¥y v @ W(i [ S.fdu)dy> = u, GO)) (633)

A0 S/A2 S'/a2
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and
{u, F(t)) = {u, F(O))%—iidt1 [Fi -{—D*"Du, F(t,)>+
+F_ ,{(—DD*u, F(t))+F_ _{—DDu, F(t,))+F, ,{(—D*D*u, F(t,)>]+

+ Du@ W (15,11 ®f) P1gg [1®dAY (5, YU () v @ W (s, 71 @ f) P10 0) +
0

t
+ (DU W(s,n®fN P18 [1®dA(s, ) U(s)v @ W (ts. 71 ®f ) P100)-
0

(6.34)
Put

Fi@):=Du@W(sn®fN)¥ieo [1QdA* (s, pU ) v @ Wixs.m®f)P180)
0

(6.35)
then one has

Fi®)= ) Du®@ W(s,n®f)¥1s0
n=0

j 1®dA™ (5, 9) U, (s)v ® Ws. 1 ®f)¥100), (6.36)
0

where U,(t), t =2 0 is defined by (6.7) and (6.8). Thus by Lemma (6.1) one has

=] t s sy Sn—-1
Fig=Y 3 Jff..{
n=0¢e{0,1,2}"00 0 0

Du@W(s. n®f)¥19g> Doty Doy ®
dA*V(sy, g)...dA ™ (s,, g)dA" (5, ) v @ W (s, 71 ®f ) ¥ 180D

¢

= Z Z <Du, De(l)-"DE(n) U>

=0¢ee(0,1,2}"

S1 Sn—~1

j <W(X[S,T] ®NY, ®Q0>

V] 0

|
0
das D (s,, g)...dA" (s, 9)dA™ (s, 9) W (ts. 1 ®f ) Pregd.  (637)

Now, in order to apply Lemma (1.1), we express the creation and annihilation
operators A°(s, g) in terms of the-field operators, denoted by B(s, g). Thus (6.37)
becomes

Oty =
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@

> Y (Du,Deyy...Dymv

n=0¢e(0,1,2}"

s Sn-1

.”‘ I Was.n®N Y100
00 0

O ey =

PL,(¢, dB)}(dB(s, ig)+idB(s, 9)) W (tis. 11 ®f) ¥100)> (6.38)
where
PL, (e, dB):= dA*V (s, g)...dA*™ (s, 9)

is a polynomial in d4, dA"* and so in dB.
Now notice that the expression PL,(¢, dB)-(dB(s, ig)+idB(s, g)) is a sum of
products of the form

dB(s,, i*'Mg)...dB(s,, f™g)dB(s, F"*Vg) (6.39)

with the intervals ds;, ds pairwise disjoint. Thus if we apply to the matrix element of
d . .

each of these terms the recurrence relation (1.6), the term with the E—derlvatlve will

' disappear because it will be a sum of polynomials each of which is multiplied by
some variable of the form

tj,n+1 = <X[s,,s,-+ds,] ® g, X[s,s+ds] ® g> = <X[si,s,+ds,], X[s,s+ds]>. “9”2 = 0 (640)
This means that, in our case, we can apply, instead of (1.6) the much simpler relation
Pn+1 =Sn+1Pn (641)

with s, being either
%Re ((9101") uis', v1(8) — (g1 Q f) xs, m(8) + (f'1Qig) xys, 71 (8) — (f 1Qig) x5, 11 (S)) +

+Im(f'|ig) xgs', 71 (s) + Im (flig) s,y (s)  (6.422)

or

éRe ((gl Of ) us. 1)~ 912 f) s,y (s)+ (199 x5, 1) — (f1Q9) x5, 11 (S)) +

+Im(f'19) s, 71 () +Im(f1g) xis. 1y (). (6.42b)

Resumming P,, corresponding to the different products in the form (6.39), we obtain
the same matrix element of PL,(g, dB) (without the additional factor dB(s, ig)+
+idB(s, g)). Summing up, we have proved the identity

s Sn-1

If f W (s, 1 ®f) Y190, PL, (¢, dB)
00 0

O ey =
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‘2L(dB (s, ig)+idB(s, 9))' W(X[S', T Rf) ¥, ®Q>

j j Wts,n®NY¥i1e0 PL"(e, dB)'W(X[S’,T']®fI)T1®Q>~
0

0

= ‘}i ds ;

o 0

. {[é Re((iglQf Y xis'. 71 (5)— (91Qf) 1is. 1 (8) + (f'1Qig) x5, 71 (5)— (S 1Qig) xis, 1y (s)+
+Im(f"|ig) xis, 71 (8) + Im{f lig) x5, 13 (S)] +

+i l:'lz' Re((@1Qf) 1. t10)— @IQ N xs. 11O+ (f199) 2115, 71(9) — (f129) 115,11 () +

+Im(f'19) x5, 71 () +Im(f19) is. 1 (S)]}- (6.43)

Using this identity in (6.38), we find

Fi()=3%[ds<Du®@W(s,n®f)¥100 Uls) v ® W(ns.mm®@f P10
0
{[% Re ((ingf’) X[s',vr'] ()= (g1Q) s, () + (f'1Qig) 1is, 71 () — (f1Qig) xis, 1 (S))+

+Im(f'lig) xis, 71 (8) + Im (f1ig) yis. 13 (S)] +

+i B Re(@12f) 115, 71()— @1Q.1) tis, 1y (5) + (f'1Q9) g, 71 (8) — (£ 1Q9) 115,11 () +
+Im(f'19) s, 71 () +Im(f19) xis, 11 (S)]}
=3 {ds<Du, Fo)
. {[—; Re((iglQf") tis', 71(8)— (g1Q.1) Xis. 11 (5)+ (f'1Qig) Xis', 71 () — (f1Qig) xs,  (5) + -
+Im(f')ig) xis'. 11 (;) +Im(fig) xis. 1y (S)] +
i [—;- Re((910/") xis 7109 — @10 s, () + ('1Q9) tist, 71 (5) — (1Q9) x5, 1y () +

+Im(f'9) tis, 718} + Im{f1g) xi5. 1) (S)]} =4[ds{Du, F(s)> F,(s). (644)
o _
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Similarly, one can get
t
(—D*'u®@W (s, n®f) ¥120 _f 1®@dAG, QU v @ W ks 7 ®f )V P1g0>
0

1
-2

ds{—D%u, F(s))-F_(s). (6.45)

O ey =

Hence, (6.34) becomes
W F(0) = G, FO-+ 4 ds(F .- (=D Du, Fo +
+F_ . (—DD*u, F(s))+F_ _{—DDu, F(s))+F, + {(—D*D*u, F(s)>]+
+4]ds <D, FODF 0+ <=D*u, FOHF_ (] (6.46)
Therefore, {u, F(1)) = <u,‘G(t)>, t = 0 and this ends the proof.
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