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The notion of quantum process with continuous trajectories is defined in terms of
mutual quadratic variations and it is proved that for classical stochastic processes,
this notion of continuity of trajectories coincides with the usual one. Our main
result is that any continuous trajectory difference martingale M which is a
Grassmann measure with scalar non-atomic brackets is isomorphic to a Fermion
white noise (mean zero Fermi—Gaussian family) whose covariance coincides with
the brackets of M. This is a fermion version of the Levy representation theorem for
classical Brownian motion.  © 1992 Academic Press, Inc.

1. INTRODUCTION

According to M. Emery and P. A. Meyer [12], “One of the great
theorems of probability theory is Levy’s result that any martingale (X,)
such that X,=0 and

dlX, X)=dt

has the same law as Brownian motion....” In this note we prove a Fermion
generalization of this Levy theorem. In fact our result generalizes Levy’s
theorem also in another direction, namely we do not require the index set
of our process to be a subset of the real line, but we allow it to be an
arbitrary measurable space. This gives in particular, a Levy theorem for
fields—a result which seems to be new even in classical probability. The
natural tool for this generalization is the quantum probabilistic extension
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of the theory of mutual quadratic variations (or square brackets) proposed
in [8]. The possibility of a quantum Levy theorem was conjectured by one
of us during the 1984 Heidelberg Conference on Quantum Probability and
some basic ideas of the proof (in the Boson and cyclic-separating case) are
described in [2]. In [9] a supersymmetric quantum Levy theorem is
proved in the context of the quantum independent increment processes. In
{31 a Boson-Fermion theorem of Levy type is proved. In the latter paper,
in order to bypass the problem posed by the non-existence (at that time)
of a stochastic calculus for general quantum semimartingales, the problem
was studied in the context of the so-called “Levy fields” whose classical
analogue are the exponential semi-martingales associated to the initially
given Levy martingale via the solution of a stochastic differential equation.
Currently such a general quantum stochastic integration theory has been
developed and this has allowed us to prove the Levy theorem in its original
formulation (i.e., directly in terms of a single quantum martingale) and also
in the Boson case [6]. All the above mentioned results make essential use
of the fourth moments condition introduced in the present paper. Here we
prove that, in the classical case and in the conditions of the above
mentioned papers, this four moment condition is in fact equivalent to the
continuity of the trajectories. From a quantum probabilistic point of view,
the most serious limitation of all these theorems (including the present one)
is the assumption that the increments of the martingale commute with the
past (or its equivalent in the multidimensional case). This assumption
restricts the discussion to a narrow class of quantum noises. On the other
hand the above mentioned quantum Levy theorems from one side and the
recently proved quantum invariance principles [4, 5] from the other side,
prove that, within the class of quantum noises which

(i) have increments commuting with the past
(ii) have continuous trajectories (cf. Section 5),

(iii) have brackets of constant scalar type (cf. Section 6 for this
notion),

both in the Boson and the Fermion case, one has only four canonical
forms. In the Boson case two are classical stochastic processes (the real and
the complex Brownian motion) and the other two are quantum processes
(the Fock Brownian motion and the one parameter family of the universal
invariant Brownian motions).

In Section 2 we introduce our notations. Section 3 shows the connection
between Grassman measures and Clifford algebras. Section 4 contains the
proof of the Fermion Levy theorem. In Section 5 the relations between
square brackets, oblique brackets, and fourth moments conditions are
discussed. In Section 6 a natural action of the complex symplectic group of
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order two (and more generally of the current group on R associated to it)
on the stochastic processes is introduced and the four canonical forms
mentioned above are deduced as invariants of this action.

2. NOTATIONS

Throughout this paper ./ will denote a topological x-algebra (always
with unit, by definition); (7, ) a measurable space; and F, &7 a sub-
family of 7, closed under finite unions, intersections, and relative
complements. For an «/-valued measure M on 9, we write

M =M, M,=M*, 2.1)
where M* is the .«/-valued measure M on J, defined by
M*(I)= M(I)*, Ie 7. (2.2)

Often we shall also write M, instead of M(I).
If M, N are two «/-valued measures on 7, their mutual quadratic
variation—or bracket— is defined by

[[M. NI = lim 3 ML) N(L). (23)

where [[M, N]] is defined if the limit (2.3) exists in the topology of =7 for
each /e J,.

As in [8] we use the double square brackets notation in order to prevent
confusion with commutators.

For each e 9, #(I) denotes the family of all the finite partitions () of
1. Since 2(1) is an increasing net for the partial order induced by the usual
refinement relation among partitions, if X, is a family of elements of &/
indexed by 2(I), the expression

limX, =X (2.4)

P

has a natural meaning. With this definition of brackets it is clear that, if the
brackets [[M, N]] of two «/-valued measures M, N exist, they are
necessarily an .o/-valued measure on ;. As explained in [8], one can
adopt a weaker notion of convergence in the definition of brackets. In that
case, however, the fact that for two general measures M, N, their bracket
is still a measure does not follow from the definition and should be
assumed. The symbol {-, -} will denote the anticommutator

{a,b}=ab+ba, abest (2.5)



134 ACCARDI AND QUAEGEBEUR

and for an arbitrary operator X e &/ we shall use the notations
Xe=Xife=1 Xe=X*ife=2 (2.6)

and
1 1
ReX=3(X+X*); ImX=_(X-X*) (2.7)

As in [9] we use the double square bracket notation [[ ]] in order to
prevent confusion with commutators.

The multiples of the identity in o/ will be called scalar operators.

By a real pre-Hilbert space we mean a real vector space endowed with
a, possibly complex valued and possibly degenerate, scalar product. Given
a real pre-Hilbert space H, a Clifford algebra over H is a pair {# C} where
% is a x-algebra and

C:feH->C(f)=Cie¥ (2.8)
is a real linear map satisfying

Cf)*=C(f), VfeH (29)
C(f)-C(g)+C(g)-C(f)=:{C(f), C(g)} =2{f, &>, [ geH (210)

Moreover the set {C(f): fe H} is a set of algebraic generators of .

Notice that (2.9) and (2.10) imply that a necessary condition for the
existence of a Clifford algebra on a real pre-Hilbert space H is that the
scalar product on H is real valued. This condition is also sufficient. More
precisely, given such an H there exists a, unique up to isomorphism,
Clifford algebra over H, denoted {#(H) C} such that if {¢' C’'} is any
other Clifford algebra over H, then the map

C(f)eb(H)— C'(f)e®’ (2.11)

extends to an homomorphism of ¥(H) onto %'. The pair {¢(H) C} is
called the Clifford algebra over H and it can be shown that on it there
exists a unique C*-norm. The completion of €(H) under this norm (still
denoted %(H) when no confusion can arise) is called the Clifford
C*-algebra and if {¢' C'} is a pair such that: (i) ¢’ is a C*-algebra;
(ii) C": H— %’ is a map satisfying (2.8), (2.9) and such that the algebra
spanned by the C'(f) (fe H) is dense in ¥’ then the map (2.11) extends to
an homomorphism of C*-algebras. These properties will be referred to as
the universal property of the Clifford algebra (resp. C*-algebra).

Now let H be a real pre-Hilbert space with a complex structure defined
by an operator i: H — H satisfying i’= —1 and with a complex valued
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scalar product (in Section 3) we shall see that to every difference martin-
gale with a scalar conditional variance one can canonically associate such
a space).

By a real structure on H we mean a real pre-Hilbert subspace Hoc H
such that:

(i) The restriction of the scalar product of H on H is real valued.
(ii) Hy+iH,=H.

If H is a complex Hilbert space and H, defines a real structure on H and
if the scalar product on H is sesquilinear, then Hy,niH,= {0} because of
(i) and, for the same reason, H, is orthogonal to the space iH, for the
pre-scalar product on H given by the real part of the initial scalar product
on H if and only if H is a complex Hilbert space.

If H is a pre-Hilbert space as above then on the real Hilbert space (with
real valued scalar product) { H, Re{ --- >} the Clifford algebra {4(H), C}
is well defined. Moreover, for each real structure H, on H we can define
the operators

a(fo) = C(fo) +iCifo);  a™(fo)=C(fo) —iClify)  (2.12a)
alifo) = a™ (fo) = C(fo) — iC(ifo) (2.12b)

(fo€ Hy) and extend the maps a? (-) by real linearity. The resulting maps
a*(-): H— €(H) satisfy the Canonical Anticommutation Relations (CAR)

{a(f),a"(8)}=2{f,g> Vf,ge HXH,®iH,. (213)

The operators C(f) are called the Segal fields and are intrinsically defined;
the operators a*(f) are called the creation and annihilation operators,
respectively, and depend on the choice of a real structure H, on the Hilbert
space H. Given such a structure the algebra ¥(H) can be identified, by the
real linearity of C, with the complex polynomial algebra in the non-
commuting variables a®(f,) with f,e H,. This remark will be used in the
proof of Theorem (4.4). For more informations on Clifford algebras and
their role in quantum field theory, we refer to [13, 14].

Now we introduce the notion of Gaussian state and, even if our main
result concerns exclusively the Fermion-Gaussian states, we give this
definition in full generality.

DEerFiNITION (2.1). Let H be a set, o/ a =-algebra, and ¢ a state on .
A self-adjoint family of operators B= {b(f): fe H} = o/, indexed by H, is
called a mean zero Gaussian family with respect to ¢ if the following
identities hold:

@(b(f1)--b(f,))=0 (2.14)
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if n is odd and
e(b(f1)- - bf2))= _ Y 8y s dan) - 0U(B(S;) - B(S3,))

Jtaes 20

'go(b(fhnq)'b(szn))’ (2-15)

where the sum is taken over all the (j,,.., j,,) from 1 to 2n such that
J1<Jjsjamo1<Jjs and j,<ji< .-+ <j,,_, and where, for each natural
integer n, (j;, .., Jo,) 18 a permutation over » symbols and

. N for each n and each (j,, ..., j3,)
el o Jan) = {sgn(jl, wes Jon) for each n and each (j,, ..., j2,)-
In the former case, we speak of a Boson—Gaussian family, in the latter
case a Fermion—Gaussian family. In particular, if the polynomial algebra
generated by the b(f) (fe H) (or its closure in a topology for which ¢ is
continuous) coincides with </ then ¢ is called a mean zero Gaussian state
on .

The real bilinear form on H

@(b(f)-b(g))=:4(/. &)

is called the covariance (or correlation function or two-point function) of
the state ¢. A Fermi—Gaussian ¢ state with covariance given by

q(f, g)=@(b(f)-b(g))=Rel [, g) +ilm{f, Qg, (2.16)

where Q is a bounded self-adjoint real linear operator on H satisfying

lel<1 (2.17)

is called a regular Fermi—Gaussian state on H. Since in this paper we shall
deal only with regular Fermi—Gaussian states we shall call them simply
Gaussian.

A simple consequence of (2.14), (2.15) is that if H is a real vector space,
then if {b(f): fe H} < o/ is a Gaussian family with respect to a state ¢ on
&/ and the map f+> b(f) is real linear, then:

(i) The restriction of ¢ on the polynomial algebra generated by
the b(f) (fe H) is completely determined by the correlation function

@(b(f)-b(g))
(ii) If {D(f):fe H} <« is another family with the property that
each D(f) is a linear combination of the operators b(g), then also
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{D(f): fe H} is a mean zero Gaussian family with respect to the same
state and with the same covariance (cf. the following definition).

In particular if {¢(H) C} is the Clifford algebra over a real pre-Hilbert
space H, a gauge invariant mean zero Gaussian state ¢ on %(H) with
covariance @ is a state ¢ on ¥(H) such that the family {C(f): fe H} is a
mean zero Fermi—-Gaussian family with respect to ¢ with covariance Q. It
is known that for every real linear self-adjoint Q on H satisfying (2.17)
there exists a gauge invariant mean zero Gaussian state ¢ on 4¥(H) with
covariance Q.

The following theorem is not essential for what follows, but we include
it since the fact that the Gaussian states are intrinsically related to the
canonical commutation and anticommutation relations has some interest
of its own. This relation has been deduced by Giri and von Waldenfels
[13] and von Waldenfels [19] in connection with the quantum central
limit theorems. The proof given here is direct and exploits only the
Gaussianity of the state.

THEOREM (2.2). In the notations of Definition (2.1) denote, for a, be o/,
Jfor any natural integer n, and j,, ..., j, <n natural integers,

ab — ba, if €,(Jiseju)=1

: o A 2.18
ab+ba5 !f 8”(]1""7 jn)=sgn(j15"‘3 ]n) ( )

[a, b].= {
and let {#,n, D} be the GNS representation of the polynomial *-algebra
P (B) generated by the set B. Then for any pair b,, by€ B one has

[n(by), n(b2)], = (b1, by) F q(b2, by), (2.19)

where on the right hand side of (2.19), the sign — holds in the Boson case,
the sign + in the Fermion case.

Proof. Let g be the covariance of the Gaussian state. We have to show
that for each peN and for each b, .., b,,, &', b” € B (with some of the b/s
possibly equal among themselves), one has

@by e b (BB, by e by,)
ZO'(b’, b//) (P(bl « e 'bj'bj+1 P 'pr)’ (220)
where o(b’, b”) is defined by

@([8', b"1.)=q(b', b") —q(b", by =1 6(¥', B"). (2.21)

580/110/1-10
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To this goal, notice that the left hand side of the expression (2.20) is equal
to

@by -+ bybi e e byys)
= > e(Sy, o Sp1)qlbs) - -qlbs,. )

(S1,Sp+1)€ 9’2p+2,2
Sh¢(]+1]+2) =1.,p+1

+ X ES, b S,) albs,)

“qlbs)- -+ -qb',b")-qlbg,, ) -+ -qlbg,) (2.22)
while
(P(C1' 'Cj+1'cj. 'C2p+2)
= z 8(Sh"- p+1) q(csl)’ "](Cs,,ﬂ)
(St Sp41)EPy 422
S’h?é(j+11+2)h 1.,p+1

+ Y Sy, b b, S,)

(S1,.5Sp) € P2p,2

“qlbs,) -+ -qlbg)- -+ (b, b')-qlbs, ). -+ -qlbs,). (223)

Now notice that the first terms in the right hand sides of (2.22) and (2.23)
are equal because in both cases the pairs (#', j), (4", j+ 1) can appear in
the sum if and only if both 4’ and A" are less or equal than j— 1, hence A’
and 4" can be exchanged giving rise to another term which is still in the
sum. In the Boson case this term will have the same sign as the previous
one. In the Fermion case, since the permutation differs by the previous one
only for one exchange, the two terms will appear with opposite signs. In
particular, in the Fermion case,

B(S1s oS3y B b, S 1y s S3p) = —&(S1 s Sy B B, oty Syt s Sap).
(2.24)

In both case we can suppose (up to the exchange of b” with 4') that for all
permutations

(S5 85 Sih 15 0 S2p)
one has

&(S 1y s Sjp By B, S 1 s S3p) =8(S1s s Sjy Syy 15 e Sap)-

g £
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This implies that

@by o b [B, D], by - by,)
= Z (S, S,)-qlbs) - - 'q(bs,)'
(81, Sp) e P2
“La(b', b")F q(b", b)) -q(bs;,,) - -+ -qlbs,) (2.25)

and this proves (2.20).

3. GRASSMANN MEASURES AND CLIFFORD ALGEBRAS

Heuristically a Grassmann measure on 7, is an operator valued measure
on J, with the property that operators associated to disjoint sets anti-
commute. In this section we show that the algebra spanned by the range
of a Grassmann measure with a scalar quadratic variation is canonically
isomorphic to the Clifford algebra over a pre-Hilbert space uniquely
determined by the brackets of the measure.

DEerINITION (3.1). A measure M: 7, — A is called a Grassmann measure
if, in the notation (2.6)

{M(I1,), M*(1,)} =0; Ve, e,=1,2; V1, I,e Jy; such that I, n I, = 0.
3.1)

LEMMA (3.2). Let M be a Grassman measure. Then the brackets
[[M, M]] and [[M*, M*]] exist and for each IS T one has

M(1)?=3{M,;, M,} = [[M, M]1(]) (32)
M*(I)?=3{M¥ M}}=[[M* M*]](). (33)
Moreover, if either of the brackets
[[M, M*]]  or  [[M* M]] (34)
exists, then the other one exists and for each IS T one has
{M*(D), M(I)} = [[M* M11(D) + [[M, M*]](1). (3.5)

Proof. Let IS T and let I, .., I, be a partition of 7 by elements of 7.
Then using (3.1) one finds

{M*(D, M(D} = Y. M*(L) M(I;)+ 3. M(I}) M*(I))
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Hence if either of the brackets (3.4) exists, the other one exists too and
(3.5) holds. The identities (3.2), (3.3) follow by a similar argument since
X?=(1/2){x, x}.

COROLLARY (3.3). If M is a Grassman measure on I, such that one of
the brackets (3.4) exists then for each I, J < 7,

{MF(D), M;(N)} =M} MU D)+ [[M}*, M]11UnJ). (36)
From now on we shall use the notation
[[MF, M]]l=0, iLj=1,2 (3.7)
so that
[[M* M]]=0.;  [[M, M*]]=0x;
[[M* M*]]=0,,; [[M, M]]=0,,.

Thus, by definition o ;: 7, > .« is a finitely additive measure and with this
notation,

(MX(I), M,(J)} =2 Re a,(InJ). (3.8)

The matrix (a,;), whose coefficients are .«7-valued measures, will be denoted
6. For Je 7, define the (field) measures

1

Blxs) =75 [M(J) + M*(J)] (39)
1

Blix,) == IM(J) - M*(])]. (3.10)

A more precise notation for B(y,), B(ix,) would have been respectively
B(J), B;(J). Our choice is aimed at evidentiating the interpretation of these
measures as field operators on the real pre-Hilbert space of complex valued
step functions on T (cf. Corollary (3.5)).

For each step function f: T — C of the form

f=% fixys  f,€C Ledy;  je F—a finite set (3.11)

jeF
we define the field operator B(f) by real linearity, i.e.,

B(f)=3 (Re f}) B(x;)+ ¥, (Im f}) B(ix,). (3.12)

JjeF jeF
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An elementary computation using (3.8) shows that, in the notations (3.7),
for each I, Je 7, one has

{B(xs), Bx))} =3 Y o;,(InJ) (3.13)
jeF
{B(x,), Blix,)} =Im g ,(InJ) (3.14)

{Blix,), Blix,)} =3(0,1 + 0)(InJ)—Re6,,(InJ). (3.15)
Whence one deduces that if £, g are given by

=Y iy g=Y gy (3.16)

JjeF JjeF

then B(f) and B(g) satisfy the anti-commutation relations

{B(f). B(g)}= X (Refi,Im f,)

keF

.<%(011+0—22)k+Re(012)k Im(c ;) >.<Re gk)

Im{o,)x $(o+02)—Re(o)x Im g,

=% 3 (f—k,fk)-<%(a“+022)k (012)k )l(gk)’ (3.17)

keF (21)k 36+ o0k x

where we used the notation

(Uij)kzaij(lk)- (3.18)
Introducing for the right hand side of (3.17) the shorthand notation

2(/18)s (3.19)

we obtain in conclusion

{B(f), B(g)} =2(f1g).- (3.20)

In particular (3.17) implies that for all f of the form (3.11), (f|f), is a
positive operator.

Now suppose that M has scalar brackets, meaning by this that the
brackets o; defined by (3.7) are scalar measures (here and in the following
we shall identify the elements of C with the scalar multiples of the identity
in o).
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Then the vector space of all the complex valued functions on of the form
(3.11), endowed with the (possibly degenerate) scalar product defined by
(3.17), is a real pre-Hilbert space which we shall denote Hy(c). We shall
also denote Hy(o) as the algebraic quotient of Hy(o) by the subspace of
zero norm elements and {%,(o), C} the Clifford algebra over Hy(s). In
particular, the same symbol will denote a function of the form (3.11) and
its class modulo the zero norm elements. The completion of Hy(a), denoted
H(o), can be identified to the classes of complex functions fon (7, ) such
that

1 -
(f1€), =5 | (). f0)

'<%(d°'11(t)+d0'22(t)) (do,)(1) )(f(t)

— . (3.21
(o)D) Hdon(0) +doss(t)) f(t))<oo (3:21)

The scalar product in H(o) will be still denoted (-|-), and the norm will
be denoted ||-||,. In the following we shall denote .4, as the x-algebra
spanned by the range of M. It is clear that .#, coincides with the complex
algebra spanned by the B(f) (fe Hy(6)).

THEOREM (3.4). If the Grassman measure M has scalar brackets and if
the algebra o/ has no self-adjoint nilpotent elements, then the map

b(f)eb,— B(f)e #,,  feHyo) (3.22)

extends to a x-isomorphism of 6, with .
Proof. The map (3.22) is well defined because if || f|, =0 then
0=|f1>=5{B(f), BU\}=B(f)ed

hence B(f)=0 since ./ has no self-adjoint nilpotents. By the universal
property of the Clifford algebra this map extends to an isomorphism of ¢
onto .#,.

COROLLARY (3.5). Let of be a C*-algebra, then the norm closure of .4,
in of is isomorphic to the Clifford C*-algebra over H(o).

Proof. 1f (f,) is a sequence in Hy(o) converging to f€ H(o) then, since

1B(fon) = BUEZ = IB(for ~ fuI = 1S — full2
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it follows that B(f,) converges in norm to an element of ./ which we
denote B(f). If B(g) is another such an element, then by continuity
{B(f), B(g)} =(f|g),. Whence the thesis follows from the universality of
the Clifford C*-algebra.

4, THE FERMION LEvY THEOREM

In this section we show that if an «/-valued Grassman measure M on
J,, beyond having scalar brackets, is also a difference martingale for a
projective family of conditional expectations, then the restriction on the
algebra #,, generated by the range of M, of any state ¢ on </, compatible
with these conditional expectations, induces on €(H,(0)) = .#, a Gaussian
state whose covariance is uniquely determined by o.

We shall assume that, for each 7€ .7, there exists a set I? = T, called the
past of I such that

InI"=0
IST=I1"27J"

DErFINITION (4.0). A (finite or infinite) sequence (I,) of elements of 7, is
called time ordered if

J
j<k={) I,cI%.
h=1

Remark (1). The example we have in mind with this definition is
T=R,; 7,={(51]:0<s<t<o0}, and if I= (s, ¢] then I? = [0, s]. This
choice gives the usual time ordering. Our motivation for the greater
generality has been the attempt to apply our results to a relativistic context.
However, in this attempt we met serious difficulties in finding a “past
function” well behaved with respect to partitions. '

In this paper by a conditional expectation we shall mean a map
E: o — o satisfying

E*=E. (4.1)

Notice that the condition E(1)=1 is not required. We shall assume that,
for each I'e 7, there exists a conditional expectation

Ep:of > o (4.2)

which is continuous in the topology of ./ and satisfies the following
conditions:
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(i) (Projectivity) For each I, J€ 7, such that IcJ
E, En=E,-E,=E,. (4.3)
(ii) For every e J, and for every pair of polynomials P;,, Q,, in the
non-commuting variables
(M(J)M(J,)*: Ty, J,c 17} (4.4a)
one has
E(Pyp-a-Qp)y=Pp-Ep(a) Q. Yae o. (4.4b)
This condition implies in particular that the polynomial algebra in the

variables (4.4a) is contained in the fixed points of F;,. From now on we
shall fix a family {E,,: e 7} of conditional expectations on ./

DEerFINITION (4.1).  An (E,;)-difference martingale, or simply a difference
martingale is a measure M: J;— < such that for each /e J, one has

E (M (1))=0, i=1,2 (4.5)

Notice that, in view of (4.3), this implies that for each I, J € 4, satisfying
J< I one has

E, . (M.(J))=0, i=1,2. (4.6)

LeMMa (4.2). Let M:J,— o/ be an (E)-difference martingale such

that the bracket [[M, M]] exists. Then for each I I,,1,€J, such that
1,,1I,= 1 one has

EII’(Mi+(11)'Mj(12)) =E([[M}, Mf]](ll n1,))
=Ep(o;(I;n 1)) (i, j=1,2). (4.7)

Proof. Let I, I,, I, be as in the formulation of the lemma. Remark that,
forinl,=

Ep(M7(1,)-M;(1,))=0. (4.8)
In fact since I, < I one has I? = I%, and therefore, since also I, < 14 one has

E (M) -M;(LL))=E ;o E (M (1,)-M;(1,))
= EIP(EI’I’(Mi+ (1)) - Mj(I2)) =0.
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Now let J=1,=1, and let {J,, .., J,} be a partition of J. Then by (4.8)

k
E (M (J) 'Mj(J))=E1P< Y M (Jh)'M;‘(Jh)>

h—1

and by the continuity of E,, we conclude
E,(MP(J)-M;(J)=E,([[M], M;]1(])). (4.9)

In conclusion, for 7, I, as in the theorem one has, using (4.8) and (4.9),

E,M7(I,-M(I))=E,(MI(I,nL)M,(I,n1,))
=E,([[M],M]1,n1])).
In particular, if M has scalar brackets then, in the notation (3.7) one has
E, (M) M(L)=[[M", M11UI,n1,)=0,(I,n1,).

Now notice that on the real pre-Hilbert space Hy(s) the multiplication
by i defines a natural complex structure and that the space H, ,.(a) of the
real valued step functions is such that the restriction of the scalar product
of Hy(o) on H, ,.(0) is real valued and one has the natural decomposition

HO(O-) = HO,re(G) @ iHO,re(U)

hence the creation and annihilation operators a*(f), with fin H, can be
defined as in (2.12) and ¥(Hy(o)) can be identified to the polynomial
algebra in the noncommuting variables a*(y,) with Ie 7.

In the following we shall assume that .o/ has no self-adjoint nilpotents;
we shall denote u: € - M4, = &/ as the isomorphism defined in
Theorem (3.4).

Using the identification of ¥(H,(a)) with the polynomial aigebra in the
noncommuting variables a*(y;) with e ;, and additivity, we can further
assume that ¥(H,(o)) is spanned by the products of the form

a’(xy) - -a% ()

with (in the notation (2.6)) neN, j,,..,j,=1,2, and [,, .., I, € 7, and
where for any pair j,k=1,..,n, the sets I, I, are either disjoint or
coincident. Finally, by repeated use of the CAR, we can suppose that
%(Hy(0)) is spanned by the products of the form

a(Xll)(hl) -a”* (Xl,)(kl) cor 'a(Xl,,)(k") : a+(X1,,)(k") (4.10)

with 7., .., I, € 7, mutually disjoint.
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THEOREM (4.3). Let (E,,) (I€J,) be a projective family of conditional
expectations with the properties described at the beginning of this section and
let M be an (E,,)-difference martingale which is a Grassmann measure with
scalar non-atomic brackets (o,;)(-) (i, j=1,2). Let ¢ be any state on A,
compatible with the family (E,,) of conditional expectations, and let ¢, be
the Gaussian state on {%(Hy(c)), C} with mean zero and covariance
uniquely determined by

(pa(a(i)+(XI)'a(j)(x.l))zaij(]m‘])’ [,JE%, i)j=1’ 2 (411)

Assume moreover that €(Hy(c)) is spanned by the products of the form
(4.10) with the additional condition that the sets I, .. 1,€ 7, are time
ordered in the sense of Definition (4.0). Then

P,=@QcU (4.12)

Remark (1). The thesis of the theorem can be rephrased by saying that
the family {M(I), M(I)*:Ie J,} is a mean zero Fermi-Gaussian family
with respect to the state ¢ with covariance given by the identity operator
(in the space Hy(o)).

Proof. Since u(a(y;))= M(I) for each e F;, by our assumptions it will
be sufficient to prove the identity
‘Pa(a()fll)hl 'a+(X11)k“ 'a(X/,,)k"'a+(X1,,)k")
=@M (I - ML)~ - -M*Y(L)"-M(1,)*)  (413)

forall neN, .., j, and

mutually disjoint and time ordered, and for all h,, k,, ..., h,, k, =0, 1 such
that &;+k,>1. To this goal let us first consider the right hand side of
(4.14). Since the I, are time ordered, the compatibility of ¢ with the E
implies that this is equal to "

@M (L) - M) - ML, )"
M, )t Ep [M (1) M(1,)])
and this is zero if h,+k,=1 since M is a difference martingale, while if
h,+k,=2 it is equal to
QMUY MI) - e ML) ML, ) - a4(,) (4.14)
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because of Lemma (4.2) and the assumption that ¢ is scalar. By iteration
of this argument we see that the right hand side of (4.14) is zero if for some
Jj=1,..,none has h;+k;=1 and it is equal to

only)- - cop(l,) (4.15)

if h;+k;=2 for all j=1,..,n. Now let us consider the left hand side of
(4.14). Because of Gaussianity this is equal to zero if

Y b+ Yk (4.16)

is odd. If the sum (4.16) is equal to 2p then the left hand side of (4.14) has
the form

(pa(a(srl)(lel) e a(ﬁrzp)(xlrzp)) (417)

with ¢, =1,2 and r,, ..., r,, varying in the set 1, .., n and corresponding to
those of the indices h,, k4, ..., h,,, k,, which are not equal to zero. Because
of (2.14), (4.17) has the form

Z Sgn(il’ jl 5 s ipa ]p) (pa(a(sri)(

1aJ15 s Bps Jp)

9@ (x, )-d P (g, ) (4.18)
‘ p

(&r;)
X1, y-a ™ (Xl,, ))
i A

where (i, j;;..;i,, j,) is a permutation of the indices 1, ..., 2p such that
I <ip< o <y iy <Jjo,oa=1,.,p.

Because of the assumption (4.11), (4.18) is equal to

L (e, Vs, ) (& oxr, )
Z sgn(ll’jla'", Iy, Jp) qDa(a ! tea v

(i, 15 ips Jp)

)
0, (@ (1, ) - a7 (14, ) (4.19)

where ¢* denotes the conjugate index of ¢ (ie, e* =2 ife=1, et =1 if
£=2). But the I, are either disjoint or coincident and the only case of
coincidence can occur in correspondence of a pair a*(x,)-a(y,) whose
@-expectation value is ¢,(7,) because of (4.10) and (4.11). Thus, if for
some jo€{l,..,n} one has h;+k;=1, then among the intersections
I,,n I, there will always be an empty one and (4.19) will be zero. If this is
not the case then p=n (ry,..,ry,)=(1,1,2,2,..,nn) and in the sum
(4.19) the only surviving term corresponds to the identity permutation
which gives the expression (4.15). Thus the theorem is proved.
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5. CONTINUITY OF THE TRAJECTORIES

In this section we clarify the role played by the continuity of the trajec-
tories in the proof of the Fermi-Levy theorem. Throughout this section, we
shall suppose that the multiplication and the involution are continuous in
the topology of /. The discussion which follows is valid for any two
o/ -valued measures X, Y, or T, and assumes neither any commutation
relation between the values of these measures on disjoint intervals nor any
martingale type property of them.

We shall keep the notations and assumptions of the previous sections,
with the exception that in this and the following section we shall deal only
with the case in which the index set T is a sub-interval of R with the Borel
g-algebra, 7, is the family of bounded sub-intervals of T of the form (s, ¢],
and the past function is defined by

(5,1]€ T (=00, 51 T=(s, t]". (5.1)

Instead of E, ,;» we shall use the notation E ;. Hence, particularizing to
the present situation the notions introduced at the beginning of Section 4,
we see that the family (E,;) of conditional expectations is projective, i.e.,

sSt=Eq-Eq=E;, (5.2)
and, if P, d,; are any two polynomials in the non-commutative variables
{X(a,b), Y(a',b'),a<b,a <b,b, b <teT}

then for any &/

Et](P:]‘a‘Qz])=P:]'Ez](a)'Qz]~ (53)

Moreover each E,; is a continuous map from .o to /. If Z(s, 1) is a finite
partition of the interval (s, ¢] in subintervals, we denote |#(s, t)| as the
maximum length of the intervals 7e (s, ¢). Throughout this section the
symbols X and Y will denote two .o/-valued finitely additive measures
on T.

DerINITION (5.1). If the limit

lim 3 E,(X(a, b)-Y(a, b)) (54)

20120 (4 pe?(sn)

exists in ./, then we denote it by

KX, YD(s, 1) (5.5)



A FERMION LEVY THEOREM 149

and call it the obligue (or Watanabe) brackets of X and Y (as opposed to
the square (or Meyer) brackets given by (2.3)). Notice that this notion
depends on the choice of the projective family (E,;). Sometimes, to under-
line this dependence we will use the notations

KX, YDwy (1) or KX, YD, (s 1),

where ¢ is any state on &/ compatible with the family of conditional
expectations (E,).

DEerINITION (5.2). An operator ae .o/ is called of initial type with
respect to the family of conditional expectations (E,;) if for each te T

E(a)=a (5.6)

PROPOSITIONS (5.3). Suppose that X, Y exists. Then:

(i) Themap (s,t]1< T X, Y» (s, t) is a finitely additive measure.
(ii) If also [[X, Y]] exists, then for each (s, t]1<= T, one has

Eq([LX, Y11 (s, 1)) =E (KX, Y ) (5, 1)). (5.7)
(iii) If both [[X, Y]] and X, Y) exist and are of initial type, then
[[X, Y]]1=KX, Y. (5.8)

(iv) If X and Y are (E,q)-difference martingales then
Eq(X(s, 1) Y(s, 1)) = Eq(KX, Y (s, 1)) (59)
Proof. All the properties follow easily from the definition.

LEMMA (5.4). For any pair of o/-valued measures X, Y with the property
that both brackets [[X, Y]] and X, Y exists in o/ and moreover, for
each (s, t]1 < T, the quantity E_(X(s, t)- Y(s, t}) is of initial type one has, for
any interval (s, t]< T,

Eq(ILX, Y11 (5 11— KX, YD (s, 111%)
= lim E, 3

12(s,.01 -~ 0 (4,14 11€ P(s,0)

-[LE, (1dX(t;) - dY(1))|*) — |E 1 (dX (1)) -dY(2))I*])  (5.10)

(in the sense that the limit on the right hand side exists and is equal to the
left hand side).
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Y (E, (dX(1))-dY (1))

U

Proof. Let P(s,t)={t,< ---<t,} be any partition of (s,¢] and
consider the difference
2
ES][ZdX(tjde(tj) ] (5.11)

Since multiplication, E; and * are continuous in the topology of &/, it
follows that the expression (5.11) tends to

Eq(II[X, Y11 (5 11— &KX, Y ) (s, 1)7) (5.12)
as |#2(s, 1)) = 0. On the other hand
2
ES](Z(dX(tj)-dY(tj)) >

=Y E4(|(dX(t;) - dY(2,)|?)

+2Re Y, Eq(I(dX(1)* -dY(r)" -dX(1,) - dY (1))

i<t

=Y E,(1(dX(1))-dY(1;))]?)

+2Re Y Eq(dX(1)" -dY(1)* -E,,,][IdX(tk)dX(tj)-dY(tj)Iz])

<t
2>

+E, ( Y E,;[dX(1))-dY(1))]
—2Re ¥ E, ([dX(1)-dY(1)1* - E,; [dX(1,)-dY(1)]).  (5.13)

Using the scalar type assumption for the third term and (5.13), for the first
one, (5.13) becomes

Eq Y [E,5(1dX(1) - dY(1)]?) 1dX (1) - dY(1)]%]
Y. E,y [dX(1)-dY(1)]

o )

—2Re ) E4([dX(t,)-dY(1)1" - E,;[dX(1)-dY(1,)])

4t

=E. 3 [E (1dX(1)-dY(t)1*) = (E 3 (dX (1) - dY())*]  (5.14)

and from this (5.10) immediately follows.
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Recall that a family % of states on .o/ is called separating if for each
ae o

o(la>)=0 VYoeHHea=0.

COROLLARY (5.5). Let X, Y be finitely additive s -valued measures such
that both brackets [[X, Y]], KX, Y» exist in of. Suppose that there exists
a separating family % of states on of with the following properties:

(1) For each @ € % there exists a projective family (E, )= (E7) of
conditional expectations such that E y(X(s, t)- Y(s, t)) is of initial type for
any (s,t]<T.

(it) For each ¢ € % and for each (s, t]1< T one has

lim Y |E(dX(1)-dY(1))>=0,

12 DI=0 41 Te2(s0)

(iit) For each ¢ € % the bracket KX, Y, is independent on .

Then the following statements are equivalent:

LLX, Y]]=KX, YD (5.15)

and

lim Y e(ldX(t) dY(1)?) =0. (5.16)

1P =0 (4 1 TePs,0)

Proof. Applying Lemma (5.4) to each family (E7}) (pe %) and using
the compatibility of ¢ with E¥,, we see that (5.16) is equivalent to

e(I[LX, YT) (5, 1) = KX, Y) (s, 1)|%)=0 (5.17)

for each pe.% and (s,r]=T. The statement then follows since % is
separating.

Remark (1). The calculations in Section (5.1) of [5] show that the
choices

X(s, 1) = A(xrs.1)s Y(s, )=A"(X(er7)

(all the terms are referred to as the Fock space over L?(R,)) provide a
simple example of a situation in which all the conditions (i), (ii), (iii) are
satisfied. By adding an initial space one can construct new examples from
this one. A simple case in which condition (ii) of Corollary (5.5) is verified
occurs when there exists a real valued non-atomic measure v; on 7,
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bounded on bounded intervals and a locally v, -integrable .«/-valued
function F satisfying, for each (s, t] = T,

|Eq(X(s, 1) - Y(s, 1)]> < F(s) - v(s, 1)

Examples in which this condition is satisfied are easily constructed by
considering polynomials in the 4 and A™ processes in the Fock or
universal invariant representation of the CCR over L*(R ).

In order to prove that, in the case of classical stochastic processes,
the conditions in Corollary (5.5) are equivalent to the continuity of the
trajectories, let us consider the case in which & =L*(Q, #, P) with
the topology of convergence P-almost everywhere (for some probability
space (2, %,P)) and X=Y= a real valued semimartingale such that
« X, X» exists. In this case

E (dX(1)2) = d&X, X ) (1) + o(dt) (5.18)

hence the limit in condition (ii) of Corollary (5.5) is the sum of the squares
of the jumps of X, X» in (s, ¢]. Condition (ii) of Corollary (5.5) thus
means, in this case, that X, X is non-atomic, i.e., continuous. On the
other hand, taking for ¢ the dP-integral which is clearly separating for .,
condition (5.15), ie,,

[[X, X]]=&X, XD P—ae. (5.19)

is surely equivalent to the continuity of the trajectories of X if X, X is
continuous, because it is a general fact that the sum of the jumps of [ X, X]
in (s,t] is equal to the sum of the squares of the jumps of X in (s, 7]
(cf. [1, (44.1), p.234] or [2, (31.13), p. 114]).

In general the relation between [X, X] and & X, X)) is the following
(cf. [1] or [2]): X, X» is the only predictable process Y such that
[X, X] — Y 1s a martingale.

If X is complex valued, by considering separately the real and the
imaginary part we arrive at the conclusion that (using the notation (2.6))
if the brackets [[X*, X2]] {X*, X*2%» (¢=1,2) exist, then X has
continuous trajectories if and only if the measures € X*, X*)» are non-
atomic (i.e., the Meyer brackets are continuous and the equality

[[X X2]]= &KX X2, e,8=12 (5.20)

holds. Furthermore, if X is a continuous trajectory semimartingale, then
the brackets [[ X, X]] exist and are continuous. This equivalence naturally
suggests the following definition:
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DEFINITION (5.6). An ./-valued process such that the brackets
[[X X2]] X, X2)» (g,=1,2) exist is said to have continuous
trajectories if the of-valued measures {X*, X are non-atomic and the
equalities (5.20) hold.

Remark (1). The continuity of ¢ X*®, X* is a necessary hypothesis.
The martingale

w0 if r<1
" |+1 if =1, with probability 1/2

and constant if =1 is clearly discontinuous, but

0 if r<1
1 if t>=1.

[[M, M1](0, 1) = KM, M (O, t)={

REMARK (2). Notice that, in the conditions of Corollary (5.5) and with
X=7Y or Y=X*, condition (5.16), which is a condition on the fourth
mixed moments of X and X* becomes equivalent to the continuity of the
trajectories of X in the sense of Definition (5.6), at least in the case in which
the measures € Y*, Y are scalar valued (which is the case considered in

[2,3]).

6. RANDOM TIME CHANGES AND CANONICAL FORMS

In this section .« will denote a topological *-algebra and T an interval
in R. An «/-valued measure M on T satisfying

M(s,)eC.-1, (s, 01T
will be called a scalar measure. An o/-valued function f on T satisfying
flneC-1,, teT

will be called a scalar function. A step function on of is an ./-valued
function which is piecewise constant, continuous from the left, and assumes
finitely many values on every bounded interval. Now let us recall from [6]
the notion of associative Ito algebra.

DEFINITION (6.1). An [to algebra over & is a complex linear space .# of
o/-valued finitely additive measures on 7T such that:

(i) For each pair of measures M, Ne.#, the mutual quadratic
variation [[M, N]] of M and N exists and belongs to #.

(i) The map (M, N)e # x . [[M, N]] is associative.

580/110/1-1t
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(iii) The set .# is self-adjoint, ie., for each Me #, the o/-valued
measure on T

M*(s, t) = M(s, t)* (6.1)
also belongs to .#.
(iv) For each M, Ne .# one has

[[M, N1T*=[[N* M*]]. (62)

In this section # will denote a fixed associative Ito algebra whose
elements will be called the integrators or the stochastic differentials and F
will denote a topological x-algebra of measurable o¢-valued functions on T,
whose elements will be called the integrands. We assume that & contains
a dense sub-algebra of step functions, denoted &, and we shall use the
same symbol * for the involutions in &/, in .#, and in #.

DEFINITION (6.2). A stochastic integration over {F &} with respect to
£ is a structure of # — x-bimodule on .# with right and left actions
denoted respectively,

(fM)eF xIr>M-fes (6.3a)
(fM)eFxF>foMes (6.3b)

subject to the following conditions:

() If
f(t)=§:f(t,-) X g.1€S
is a step function, then
(fo M)(s, t)=§:f(t,-)-M(t,-, i) (6.4a)
(Mo f)s, t)=§M(t,-, v 1) S(1) (6.4b)
(ii) For each Me.#, the maps

feFiofoM, feFeoM-of

are continuous.
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Notice that, by the definition of a bimodule [10], for all f, ge & and
M e #, the following properties hold:

(foM)og=fo(Mog) (6.5a)
(A-1,)oM=Mo(A-1,)=i-M. (6.5b)

Notice that, by the definition of an .# — »-bimodule the right and left action
of # on .# must be compatible with the multiplication and the involution
in .#, ie.,, one must have

[[foM,Negll=/-[[M N1]-g (6.6)
(fo M)*=M*of*. (6.7)

Sometimes we use the notations

(foM)s, 0= faM;  (Mof)s,0)=[ dMf

Following the terminology introduced in [2] we introduce the

DErFINITION (6.3). A stochastic integration over # with respect to £ is
said to satisfy a p-communication relation if for all M in .#, there exists a
*-automorphism

P F > F
such that

Pu=1g (6.8)
where 1, denotes the identity map on & and
acM=Mo-p,(a) Vae F. (6.9)

From now on we assume that it is given a stochastic integration over &
with respect to S which satisfies a p-commutation relation.

DErFINITION (6.4). Let M e # and let the pair (B, B*) be obtained from
the pair (M, M*) via the transformation

B=Moa*+M*ob (6.10)
B*=b*oM+acM*=Mop(b)* + M*op(b) (6.11)
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which we write in matrix form

(6.12)

(B, B*)=(M,M*)O<a* p(b)*)

b pla)

with a, be # and p = p,,. If the transformation (6.12) is invertible, then we
say that the pair (B, B*) has been obtained from the pair (M, M*) by a
random time change with coefficients a, be .

Notice that, if @ and b are constant scalars, the associated random time
change is an invertible linear map in the linear space spanned by M and
M* which commutes with the natural involution in this space. If M is an
annihilation operator, such a map (more precisely, the one obtained by it
normalizing to one the determinant) is called, in the physical literature, a
Bogoliubov transformation.

To every pair (M, M*) we associate its bracket matrix

[[(A:;k) . M*)ﬂ - <[[[[AJ{4T,A7]]]] [[[[A:;’AZ{:]]]]) (6.13)

For brevity, in the following, the right hand side of (6.13) will be denoted

a=a(M)=<”“ ”‘2). (6.14)
0y On

Notice that, if the pair (B, B*) is related to (M, M*) by the random time
change (6.12), then the corresponding bracket matrices are related by

([[B*, B1] [[B% B*]]>
(CB,B]] [[B B*]]

o A B G F G R TAE
p(b) pla) 0y 0xn) \b pla)

DEFINITION (6.5). We say that M € .# has brackets of scalar type if there
exists a random time change which transforms the pair (M, M*) into a
new pair (B, B*) whose bracket matrix (6.5) is a 2 x 2-matrix (necessarily

of positive type) with coefficients in the complex valued measures on 7. If
moreover the coefficients o, (j=1, 2) of ¢ have the form

o(s, )=0a)-v(s, 1), i,j=1,2, (6.16)

where (ag.) =0° is a complex valued 2 x 2 matrix (of positive) type and v
is a positive real valued measure, then we say that M has brackets of
constant scalar type. If M € # has brackets of constant scalar type then we
can assume, up to a random time change, that its bracket matrix has the
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form (6.16), where (¢7)=0° is a constant complex valued matrix. The

random time changes with coefficients in C, identified to a subalgebra of #
will then be in one-to-one correspondence with the complex 2 x 2 matrices

of the form
a b
6.17
(b a) (6.17)

|al* —1b]* #0,

with

i.e., with the elements of R x Sp(2, C) where Sp(2, C) denotes the complex
symplectic group of order 2. Correspondingly, the matrix ¢° associated to
(M, M*) will vary under the action

o g*.o-g, geRx Sp(2, C). (6.18)

The orbits of the 2 x 2 complex matrices under the action (6.18) are easily
classified by the following lemma. This provides a complete list of the
canonical forms of the bracket matrices of those pairs (M, M*) of
&/-valued measures with brackets of constant scalar type (and therefore of
their equivalence classes modulo random time changes).

LEMMA (6:6). The orbits of the action (6.18) of Rx Sp(2, C) on the
non-zero 2 x 2 complex positive semi-definite matrices, are the following:

(1) The orbit, denoted C, of the matrix

(i i) (6.19)

(i) For each A in [0, 1], the orbit, denoted O, of the matrix

1+4 0 6.20
(0" 02) 20

Moreover for A#1', O; and O are disjoint and o= (g, ;) belongs to the
orbit C if and only if

500, +0,.)=l0y,] (6.21)

while it belongs to the orbit O, (A€ [0, 1]), if and only if
loy a2l #3(01 1 +02,) (6.22)
A=13(0,,—0,,) (6.23)

(up to orbit equivalence one can always assume that ¢, | >0, ,).
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Proof. For o as above and any real number ¢, one has
et 0 (‘71,1 01,2> e 0
0 e %) \o,, 01, 0 7

o R
=< I ) (624)

G3.€ G2

Thus, up to equivalence, we can assume that o, , is real. In this case the
matrix (¢, ;) can be written in the form

)

with «, §, 7 given respectively by
a=3(0,1+022), B=loal,  v=3(011—02,) (6.26)
and satisfying
o=y = 2 (6.27)

From the explicit form of (a, b) " g(a, b) one immediately verifies that a
matrix of the form (6.25) is equivalent to a diagonal matrix if and only if
there exist two complex numbers a, b such that

la|— |b]2 £0 (6.28)
0= f(a® + b?) + 2aab = f(a+ b)> + 2(a — B) ab. (6.29)

If a=pf+#0, then (6.29) contradicts (6.28) and ¢ cannot be equal to any
diagonal (nonzero) matrix. The case « = =0 is excluded by (6.27) and by
the assumption that o #0. Moreover, because of (6.27), the condition o = f8
implies that y =0, hence in this case ¢ is a multiple of the matrix (6.19).

If o # B, then Egs. (6.28), (6.29) can always be solved in q, b. Therefore,
in this case the matrix (6.25) is equivalent to a diagonal matrix which, up
to equivalence, can always be written in the form (6.20). Conversely, under
the action of R x Sp(2, C), a matrix of the form (6.20) is transformed into
a matrix of the form (6.25) with « and f arbitrary (satisfying (6.27)) and
y=A. Thus the number A completely characterizes the orbit. Again using
(6.26), condition (6.23) follows. Finally the positivity of (6.20) implies that
|A] €1 and this ends the proof.

Finally, let us see how the scalar product (3.21), the commutators (3.17),
and the correlation functions ¢(B,- B,) look like in the various canonical
forms.
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To this goal let us denote ( ---) as the usual scalar product on
L?*(R, dt; C)= L*(R). In case of the orbit C, ie., for ¢ of the form (6.19),
we find

{B;, B,} =2(Re f,Re g)
¢(Bs-B;)=<(Re f,Re g).

In the case of the orbits O, (0< 1< 1), i.e, of the form (6.20), one finds

{Bf’ Bg} =Rel/f, g>
@(B; B,)=3[Re{ f, g) +iAIm<{f, g)>].

The four canonical forms listed in the Introduction correspond to the
orbits C, Oy, O, and O; with 0 <i< 1.
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