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1 Introduction

Purpose of the present paper is the study of probability measures on coun-
table! products of measurable spaces. We will discuss two problems: 1)
equivalence of measures on product spaces; classification? of measures on
such spaces.

Accordingly, the work is divided into two parts.

Definition 1 A family of (probability) measure (Vi )reny on the product of
k

measurable spaces [ (S, B;) will be called a “cylindrical measure” on the pro-
i=1

duct space [ (S, B;) if there exists a single measure on the product [ (%, B;)

=1 =1
which extends each of the Wy, ’s.

The measure will be called measure “induced” by the cylindrical measure
(Vr)ken- A necessary condition for (W) to be a cylindrical measure is that
the equality

Vi1 (Ey 5 By Qugr) = Wi(Ey . By) s B €B; (1<i<k)

be satisfied.

We recall that two measures m and m’ on a measurable space (X, B)
are said to be “B-equivalent” (m ~ m’) if for every E € B, m(E) = 0 is
equivalent to m/(E) = 0. m is called “B-absolutely continuous” with respect
to m’, (m < m') if m'(F) = 0 implies m(E) = 0. m and m’ are said to
be “orthogonal” (m L m') if there are two disjoint sets B, B’ such that
m(B) =m/(B’) = 1.

When the o—algebra with respect to which equivalence (resp. absolute
continuity) is considered will be evident from the context we will omit it in
the notation.

LAll the results still hold without this hypothesis, which is done to keep evident the
analogy with states of uniformly hyperfinite algebras (cfr. [6], [10]).

k

2For example (Wy)en are always cylindrical measures when Wy, = [] m; (m;, a mea-
i=1

sure on (£2;;8;)) or when (£;, B;) = (2, B) for every ¢ € N and the ¥},’s are the measures

induced by a Markov chain (this follows from Ionesco Tulcea’s theorem; (cfr. [5], pg. 162).
Or, finally, because of Kolmogorov’s extension theorem, when the (€2;;B;) are standard
Borel space (cfr. [5], pg. 83).



For two probability measures, m, m’ on (X;B) their “Hellinger integral”
is defined as:

dm dm/
p(m,m’):/vdm-dm’:/ — dn
where n is an arbitrary measure which dominates m and m’ (m < n;m’ < n),
and Z—’Z is the Radon—Nikodym derivative of m with respect to n. This having
been set, the “problem of the equivalence” is set out as follows: “When
o
do two cylindrical measures on the product [](£2;; B;) induce two measures
i=1

equivalent with respect to the o—algebra B = [] B;7”.
i=1
If (Uy)ren and (V) )ren are cylindrical measures it is clear that the con-

dition Wy ~ W} for every k € N is necessary for the equivlaence of the
induced measures. Thus the problem of the equivalence can be reformulated
as follows.

“If (Uy) and (W},) are cylindrical measures such that W, ~ W) when are
the induced measures equivalent?”.

In the case of product measures, this problem has been completely solved
by Kakutani [2] who proved that if m,, and m!/ are probability measures on

(Qy, By,) such that m ~ m! for every n, then the product measurs: [] m;
i=1
and [[ m} are orthogonal if and only if ] p(m;;m;) = 0 and equivalent if
i=1 i=1

and only if [] p(m;;m}) > 0.
i=1

2 Asymptotic independence

Given a cylindrical measure (Ug)keny on the product [](€; B;) we set, for
i=1
keNand!l >k
Ui (B -5 B) = Wi Qs By B)

Furthermore, we denote:

l l

(Q; B) = H(Qz,Bz) i (Qugs Bry) = H (2; B:)

1=1 i=k+1



Then (Ql; l’;’l) is naturally identified with (Qk X QkJ; By x Bk:l) (k <1).
Uy Uy i (B B) € B— Ui(Ey; .5 By) - V(B - -3 BY)

is, thus, a measure on (QI;BZ), for every £ <[, and one has ¥; < W - W,
so that it makes sense to speak of d@i‘if)kl the Radon-Nykodim derivative of
U; with respect to Uy, - Wy 7

o0

Lemma 1 If (V) and (V},) are cylindrical measures on [](4;B;) the fol-
i=1
lowing formula holds, for k € N; k <1

p(Wi; ) — p(Wp; W) = p(Wr; W) - [p(Wrs ) — 1] + (0 - 1))

where

dV, A’
T (U ) = : L 1| /dU, - U, , - dV .V
H¥s 1) /(zl AWy - Wy dV -V, ] \/ Rk

= p(U; V) — p(Vy - Wy s U - U y)

Proof. From [2] Lemma 2, one has:

p(Wi W) — p(W W) = p(Wi; W) - [p(Wi; W) — 1] +
+ (W 97) = p(Wy - W3 Wy - W)

Furthermore
p(Wi W) — p(Wy - W W) - 0y ) =

— / N TR / VA U AT W
] )

dV¥, av;
= . — 1| -4 /dVy - Wy, - dY, -V
/Ql \/d\I}k Wy AT ] \/ ke Wiy kT ¥kl

Remarks: 1) If the sequence (p(Wy; W}.)) converges to zero, then lim Je (Vs 0)) =

k<l
0.
2) If lim Je(¥p; ¥)) = 0, then the sequence (p(¥y; W))) tends to a limit
k<l
a > 0 if and only if gim P(Vr; ¥y,) = 1. Conversely, if the second equality

k<l



holds, the first equality is a necessary and sufficient condition in order that
the sequence (p(Wy; ¥})) converges.

If (X, B) is a measurable space it is known that o(m,m’) = —lg p(m,m’)
is a symmetric function on the set of all probability measures on (X, B),
such that o(m;m’) = 0 if and only if m = m/. In general ¢ is not a distance,
but the following lemma shows that a weak form of the triangular inequality
holds (properly: ¢ induces a uniform structure).

Lemma 2 Let (X, B) be a measurable space and m;; (£ = 1,2,3) probability
measures on (X,B). Then:

|p(m1, ma0 — p(ma,ms)| < \/2(1 — p(my,mg))

Proof. Let v be a measure dominating m;; (i = 1,2, 3), then

| ( ) _ ( >| </ dm1 de B dmg dm3
p L, Mo plma, M3 )| > ; dv dv dv dv
9 1/2
< / 1/ _dm1 — 4/ % dv
- P% dv dv

= V2(1 - p(my, ms))

Definition 2 The cylindrical measure (Vy) on the product space [](Q4; B;)
i=1
1s said to be “asymptotically independent” if

lim p(W; Wy - W) =1

k<l

From Lemma (2) it follows thata if (¥,) and (¥}) are both asymptotically

independent, then lim J,(¥;; U/) = 0. In fact one has, from Lemma (1)
k<l

| Je(U3s O < p(Wy; 0)) — p(03; U - Uy ) |+
+ (W W - Wry) — p(Wy - Wpgs U - T )|

< \/2(1 —p(V; U - Uy y)) + \/2(1 — p(W; W, - V)




Lemma 3 The following conditions are equivalent:

7
lim L 1 dUy, -y =0 1
k;;‘f a, d\Ifk : wk,l k ¢k,l ( )

The cylindrical measure (Vi) is asymptotically independent (2)

dv,
lim [ |0 1)dW, Wy, =0 3)
ke Ja, AV - Wiy

dv,
lim/ ‘ ‘d‘lfk V=0 (4)
L o, \/ dwy, - ‘I’kz

Proof. Obviouslu [A1l] — [A12]. If p(U;; ¥y - Uy,) tends to 1, from the

inequality
1 ( A, ) " AV,
AWy - Yy AWy - Wy

one deduces

dv,
1] ATy Ty <2321 - p(Uy T, -
/Qz d‘IJk/\Ifk,l ' k kLS \/ P( I ¥k k,l)
so (2) — (3).
Since, clearly (3) ) it will be sufficient to prove [A14] — (1). Let

dy,
lim / ‘ 1‘d\11k . \I/k,l =0
e Jay \/ dVy, - Wy

Let us consider the sequence

[ IF For — 1dTy - Wy,
)

av,
AR

where fi; = — 1. Let us introduce the sets:

El::l ={m €  : fei(w) >0} 5 By, = Q — Ekl



And let us consider separately the two addenda of the sum:

dv,
d\I/k . \I/kJ

—1 d\qufk7l:/+’|d\I/k\Ifk7l+/ ‘|d\Ifk\I/k7l
E kol

kel

On Ej, by construction fi; > 0, so

/+ V14 feg—1d¥y - ¥y, < /+ NIRRT
E E

But if fi; < 0, then necessarily —1 < f; < 0, except for a set of null
(\I’k . \Ifhl)fmeasure. So if Fk:l = {Il < El;,l : ka = —1}, Gk,l = El;l — Fl;,h
one has

/ |1 — 1_’fk,l’|d\1jk'\l’k,l§/ \/ | fraldVy - Wy + Wy - Wy (Fy )
Kl Gr,1

Summing up the last two inequalities, one finds

dW¥,;
1| d¥y - U / ’ 1‘d\If -0
B Wil < Ql\/de Uy £ Wiy

so (3) — (1) and this ends the proof.
The preceding Lemma justifies the following definition:

d\I/l
dvy -0y,

Definition 3 Let v be a real number such that 1 <t < co. We shall say
that the cylindrical measure (Vy) is LT (U - Wy,) asymptotically independent
of

t

AW
lim [ |———— — 1| d¥, -V, =0
v Jog 1AWk - Wy

When no confusion can arise we shall simply write L'-asymptotically
independent.
L*>—asymptotic independence is called “uniform asymptotic independen-

ce”. Lemma (3) can be stated: asymptotic independence is equivalent to
L'-asymptotic independence (resp. L'/?).



Definition 4 A cylindrical measure (V) on the product [ (€, B;) will be
i=1
said to be “strongly L™ —asymptotically independent” if

dv,
lim sup
0 .
k—><olo wkEQk Qk,l

d\Ifk . \Ijk,l
Fort =1, we shall say that (V) is strongly asymptotically independent.

t

(Or, Dry) — 1| dWy (@) =0

Lemma 4 Let (V) and (V) be two cylindrical measure on [ (€%, B;) such
i=1
that ¥ ~ V), and klim p(Wy; W) = a > 0. Suppose the following condition
— 00

18 satisfied:
[i1] The measures (Vy,), (V}) are strongly asymptotically independent.
Then:

. av;, av;
lim
k—oo a d\lfk d‘l’l

k<l

Ldw, =1 (5)

Proof. The cylindrical measures (Vy); (V},) are asymptotically independent,
so from Lemma (1), (2) and from the hypothesis it follows that lim P(Wri; W) =

k<l
1. Therefore, because of the equality:

[av, AW, ! 4V,
AV, = p(Vyp; U+ / : L. —1
/Ql a, V= PR Ve [ \/ vy, \/ AV, Wy, AUy, -y,

the thesis is equivalent to the assertion that the second addendum of the
right member of the equality tend to zero. From Fubini-Tonelli’s theorem,
this addendum can be expressed as

v, dv, ]
dy, -, dPy - Uy,
Let us first consider the integral: fQ Jaw;.
Writing the term under square root in the form 1+ f;;, with an argument

similar to that used in Lemma (3) one finds
v’ dv, /
. — 1] ad¥;, < \/ - dV,
/Qk \/d‘l’k W AV Uy " o, il 0%

d\Ika

— AV,
Qk 1 d\:[l;g N "

* d‘ljﬁc,l /




So one sees that, after easy manipulations, the initial integral is majorized

by
/ d\DkJ
Qz dlp;c,l

v, v,
N —1]d¥y - ©
AUy, - Uy, : \/’d\l/k Uy ‘ T

From the hypothesis and Lemma (1.4), the first addendum goes to zero for
k — o00; k < [. Concerning the second, we observe that, applying repeatedly
Cauchy inequality, it can be majorized by

av, "
]kl d\I/k / —L . d\ljk,l
{/Qk (@) g Ak - Wiy

d
@) - [ |t
k:,l( k) Qk,l d\pk'\pk,l

In hypothesis [1], given € > 0, ak(e) can be found such that, for I > k > k()

v’
v, W,

1| - dW, - W)+

where

((DM‘«Dk,l) — 1’ . d\Ifkyl

sup I (@y) <€
&kEQk

Therefore also the second integral tends to zero for k — oo; k < e, and this
proves the thesis.

It is known (cfr. [12]), that condition (5) is equivalent to ¥ < W. Thus,
from Lemma (4), and [1], pg. 181, one deduces:

Theorem 1 Two cylindrical measures (Vi) and (V),) on the product [ (2; B;),
i=1
strongly asymptotically independent and such that Wy ~ U for every k € N,
are either orthogonal or equivalent according to the klim p(W); W), is equal
— 00

or bigger than zero.

Definition 5 Two cylindrical measures (Vy), (W}.) on the product [ (€%; B;)
i=1
are said to be “weakly equivalent” if ]}Lr?o p(Vr; W) =1

k<l

10



In the case of product measures “weak equivalence” coincides with the
equivalence relation between Cy—sequences introduced in (??) and from Ka-
kutani’s theorem it follows that two weakly equivalent product measures are
either equivalent or there exists a finite subset of indices such that the finite
product measures relative to this set are orthognal and the infinite product
measures on the complement of this set are equivalent.

It can also be proved that weak equivalence is a measure theoretical ge-
neralization of Power’s condition of “quasi—equivalence” of two factor states
on a uniformly hyperfinite algebra (cfr. [6]). In case of asymptotically inde-
pendent cylindrical measures, the property kh_)nglo p(Vy; ) > 0 and thus, in

particular the equivalence of the induced measures implies weak equivalence.

Proposition 1 Let (V) and (V}) be two weakly equivalent cylindrical mea-
sures on the product [[(2; B;), such that Uy ~ W, Vk € N, and the se-
i=1

quences (%%) and (%—ﬁ) are almost everywhere bounded. Then the induced
k

measures are equivalent.

Proof. From Lemma (1) and [4] pg. 172, weak equivalence implies

k<l

From the equality:

A A A
Sk = (s W +/ ,
/Ql av, \ aw, Y= Pk Vi) a, \/ v,
and the fact that
/ d\I/k;,l d\If; d\Ijl 1
o, \[ AV, d¥y, - W, d¥y - Uy,

it follows that, in our hypothesis the relatain (5), holds and the thesis follows
by simmetry and the remark after Lemma 4.

av, av, -
: — 1| dV;- ¥
\/ AV, - U, dUy, - Uy S

11



3 Semi-Stationary Measures

Let (92,B) be a measure space. Set (Q,B) = [[4(Q,B) (the product of
N-replicas of (Q, B). The cylindrical measure (¥;) on (€, B) is said to be
“stationary” if Wy, = U,y for every, k, [ € N, k <, (cfr. [5] pg. 214). That
is, in the notations of (§ 1), a cylindrical measure (Uy) is stationary when

‘I’l(Q; o3 8 By ~-El) = ‘I’l—k(Ekﬂ; e ;El)
forevery B, € B, k+1 <1 <.

Theorem 2 Two stationary, weakly equivalent cylindrical measures coinci-
de.
Two stationary cylindrical measures such that: gim Je(¥;¥7) = 0 are

k<l
either orthogonal or coincident.

Proof. The first assertion is obvious. Let (U) and (V}) now be sati-
sfying the condition of the theorem. If the two measures are not orthogonal
klim p(Vr; ¥y) > 0 and, from Lemma (1) their weak equivalence follows.

— 00

Thus if the two cylindrical measures are stationary the first part of the
theorem proves their coincidence, and this concludes the proof. In particular
the condition of theorem II is always satisfied when the two measures are
asymptotically independent (cfr. remark after Lemma (2)), and in this case
the thesis is a well known property of stationary, strongly mixing measures.

Definition 6 The cylindrical mesure (V) on the product is said to be “semi—
stationary” if Wi pr1 = V1. This, in the notation of 1) is equivalent to:

Vi1 (255 Egga) = Wi (Egya)

Every Markov chain with a stationary distribution induces a semi—stationary
cylindrical measure which s not, in general, stationary, unless the initial
Markov chain is homogeneous.

Corollary (2.3). If two semi-stationary cylindrical measures (V) and
(W) are weakly equivalent then ¢; = U).

12



4 An Application

Let Q = {s1,...,s,} be a set containing n points. P(2) = B the family
of parts of €Q; (P(k Jren @ sequence of n—dimensional stochastic matrices,
ta = (ay,... an) a stochastic vector. Tt is well known (cfr. [11]) that the
Markov chain {(P)); a} induces on the product (Q, 5’) a cylindrical measure
(V) defined by the equalities

1 k—1
qjk(&h? ce e SJk) = aJltfll),Jz . 'tgk—la)t]k

SJZ.EQ; (1§Z§k’), P(k):(t;k}); keN
In all the paragraph, with the term “Markov—chain” we shall always denote

a finite Markov chain with discrete time, and such that: tgk} > 0;ay; > 0.

Lemma 5 Let {(Pu));a} be a Markov chain. The cylindrical measure indu-
ced by it on the product (Q, B) is semi-stationary if and only if ‘aPyy = ‘a;
for every k.

Proof. The sufficiency of the conditions is clear. Conversely, suppose
(V) semi-stationary. Then:

Uy B) = > > antl, =0i(By) = ay,

Jo€E> J1EQ Jo€Es

from the arbitrariness of s it follows that ‘aPy) = ‘a. Suppose ‘aPy) =
for 1 < h<k-—1, then

1 k
BB = 3 (ST et )

Jk+1€Ek+1 JkEQ J1€Q

= U(Epp) = ) ay,,

Jr+1€EK11

the arbitrariness of Ej;;, and the inductive hypothesis yield ‘aPy) = ‘a
which ends the proof.
In particular we have the well known fact:

13



Lemma 6 A Markov chain {(Py)); a} induces a stationary cylindrical mea-
sure on the product (0, B) if and only if

taPyy = ‘a; VkeN (6)
P(k):P; VkeN (7)

(i.e., a Markov chain induces a stationary cylindrical measure if and only
if it is an homogeneous Markov chain with an invariant distribution in the
usual sense (cfr. [11]).

Both lemmata extend “verbatim” to the case of a continuous state space.

Lemma 7 The cylindrical measure induced by the Markov chain {(Pu,);a}
15 asymptotically indpeendent if and only if

. k
Jm ) — [faQuls| - [[aQu)i = 0

where Quy = Pay - ... - Puy, and ['\aQy], denotes the j—th component of
taQ(k).

Proof. Let (V) be the cylindrical measure induced by {(FP);a}. Then:

_ E 1) (-1)
\Ijk,l(sJkHv R 8Jl> - aJltJ17J2 g

J1ye, JLEQ
Thus: dq,‘Z"I’\Iljkl (s1,...,5), has the expression
(k)
V(k) _ /ka7Jk+1
1 k T
> aJl’Yt(Il),JQ co %(fk),JkH taQay] .

J1...JeQ

From Lemma (1.4) and the preceding equality the condition of asymptotic
independence can be written, in this case

k
g

faQuly

lim . \Ifk—l,k(é’z’) : ‘I’kz,kzﬂ(SJ) =0

k—o00
1,JEQ

which is equivalent to:
. k
lim 7% = [aQqu| - ['aQu): = 0

14



and this concludes the proof.
Corollary (3.4). The cylindrical measure induced by the Markov chain
{(Pu)); a} is semi-stationary and asymptotically independent if and only if
lim%(f,):a‘]; 1<, J<n

k—o0

Proof. Immediate from Lemma (5) and (7).

Proposition 2 Let {(Py);a} be a Markov chain on. Then the following
assertions are equivalent:

[t1] The cylindrical measure induced by {(Pgy);a} on the product (2, B), is
asymptotically independent and stationary.

[t2] 71(]3) =ay; (1 <i,J <n), for every k.

[t3] The measure induced by {(Py));a} on the product (Q,B) coincides with
the product mesure [y a-

Proof. Obviously [t3] — [t1], thus it will be sufficient to prove [t1] — [t2]
— [t3]. For Lemma (6), [t1] implies Py = P.
Therefore the condition of Corollary (3.4) becomes ;5 = ay: (1 <i,J <
n) which is [t2].
k
Finally, if (¥} ) is the measure induced by { P, a}, [t2] implies p (\I/k; IT ta)
1
1, which is [t3] and the proof is completed.

From Proposition (2) one deduces a characterization of the family of mu-
tually orthogonal measures built by Kakutani [2]; Section 10). They are
exactly those measures which arise from stationary, asymptotically indepen-
dent, two—dimensional Markov chains. Consider, for example, the particular
case when 2 = {0,1}; B = P(Q) = the family of the parts of ; 0 < v < 1;
0 < a < 1. Define

P=<1_7 ! ); ta:( = ); Py = P*
« l-« a+vy a+p

The Markov chain {Py);a} satisfies the conditions of Lemmata (5) and
(7?), therefore the cylindrical measure (¥%) induced by it on (€, B) is
semi-stationary and asymptotically independent. Denote U®# the measure
induced by (07,

From Lemma (1.1) and Corollary (2.3) it follows that Jim p(W\?) wiPa)y

can be > 0 only if aLw = Biﬂ. Thus the family ¥*# 0 < v < 1; 0 < a < 1;

15



contains a two parameter family of mutually orthogonal measures. From
Lemma (?7?), the product measures Hf\]a correspond to the case WA1=F;
Pyy = P. Thus Yeb | WAL= for B = QLJDB

With this class of measures one can built a two parameter family of
mutually orthogonal factor states of “Markov type” on uniformly hyperfinite
algebras, which reduce to the states considered by Powers in [6] when one
takes v =1 — a.

16
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