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Abstract We show that the Feinsilver-Kocik-Schott (FKS) kernel for the Schrédinger alge-
bra is not positive definite. We show how the FKS Schrodinger kernel can be reduced to a
positive definite one through a restriction of the defining parameters of the exponential vectors.
We define the Fock space associated with the reduced FKS Schrodinger kernel. We compute
the characteristic functions of quantum random variables naturally associated with the FKS
Schrodinger kernel and expressed in terms of the renormalized higher powers of white noise (or
RHPWN) Lie algebra generators.

1. THE SCHRODINGER AND RHPWN ALGEBRAS

The quantum white noise functionals b} (creation density) and b, (annihilation density) satisfy
the Boson commutation relations

(1.1) (b1, b1 = 6(t — s) 5 [b], 1] = [bi, 0] = 0

where t, s € R and ¢ is the Dirac delta function, as well as the duality relation

(1.2) (bs)" = b

In order to consider the smeared fields defined by the higher powers of b, and bI , for a test
function f and n,k € {0,1,2,...} we define the sesquilinear form

(1.3) Bi(r) = [ "o ar
R
with involution
(1.4) (BE()" = Bi(f)
In [?] and [?] we introduced the convolution type renormalization

(1.5) St —s)=0d(s)6(t—s) ; 1=2,3,..

of the higher powers of the Dirac delta function, and by restricting to test functions f(t) such
that f(0) = 0 we obtained the renormalized higher powers of white noise (or RHPWN) x-Lie
algebra commutation relations

(1.6) [BR(f), B (9lrupwy = (kN = Kn) Biig=(f 9)

Let I C R be a set of finite positive measure p(I). In the notation of [?], the operators
M := BS(X{) = :u([) [? K = 2B[2)(X1>7 G = 236<X1)7 D := B%(XI)7 P, = %B(l)(X1>7 and
P, := 1 B3(x,), satisfy the commutation relations of the Schrodinger algebra S given in the

table



M K G D P, P
M[0O 0 0 0 0 0
Klo 0 0 —-2K -G -D
(1.7) Glo 0o 0 -G -M -P,
D|0 2K G 0 -P, —2P,
P00 G M P, 0 0
rl0 D P, 2P, 0 0

The Feinsilver-Kocik-Schott (FKS) kernel (or Leibniz function), i.e. the inner product of the
exponential vectors

(1.8) Yan(x;) = e B0) P Bo0) @ = 5K 3G @

where a,b € C with |a| < 2 and @ is the Fock vacuum such that B3(y,) ® = BY(x,) ® =0, is
given by (see Proposition 6.1 of [?] for ¢ = u(I) /2, m = u(I) and a,b € R;a detailed proof
can be found in [?])

p(I) (aB24+4b B4+b2 A

(19) (WasO) s tan(x))) = (1——)_2 oM ()

_ P (- P (et piia)

For a = A =0 (??) reduces to the usual inner product of the Heisenberg algebra exponential
vectors, and for b = B = 0 it reduces to the inner product of the si(2) (Square of White Noise
Lie algebra) exponential vectors.

Using the commutativity of the Schrodinger algebra generators on disjoint sets, we may
extend the FKS kernel (??) to exponential vectors of the form

(110) \Il(f’ g) = H eai B(Q)(XIZ.) ebi B(l)(XIi) P = 63(2)(10) 633(9) 16}

where f =) . a; x5, and g =, b; xz;, with I; N I; = @ for ¢ # j, are simple functions with
|f| < 2 and we obtain

1 _hh 1 (hedtiaeitn

(111) <\I/(f1’gl)’\p(f27gz)> ) thl( 142)d/t€4 f( -1 fa ) "

Proposition 1. The kernel (??) (and so also (7?)) is not positive definite for arbitrary p(I).
This, in particular, implies the non-positive definiteness of the kernel of Proposition 6.1 of [?]
for arbitrary c.



Proof. Denoting ||...]|> :=(...,...), we examine the non-negativity of

2

k
Ny, == H Z Ciwai,bi
i=1

where k € {1,2,...} and (for simplicity, as in [?]), a;,b;,¢; € R with |a;| < 2 for all i €
{1,..,k}.

For k =1 we clearly have

) ) , — D ln(lfﬁ) ¥(a1b§+4b%2+b§al)
Ny i= e [ I = s P e SR 2

for all intervals I C R.

For k = 2 we have

9 w(r) [ @i b3+4b; bi4b? a;
_H(I) 1 1_aiaj 4 4—a; a;
Ny = E cicje 2 n(1-=5 )e ©
ij=1
n (o9 w) (et abgbfe e (193w (a2b3+ab3+b3an
_ 2 2 1 4 4—a2 2 2 i 1 1—a2
= Jai|%e e I + |cal e e 2

b2+4by by+b2
_e g, (1—4“1 az) LSLD (al 2 471111 aQQ 1a2)
4+ 2cicpe 2 i Je

If ¢ co > 0 then, clearly, Ny > 0. Suppose that ¢y co < 0. The positive definiteness of N,
can be studied by checking the non-negativity of the determinants d; and ds of the principal
minors of the real symmetric matrix

2 2 41202 2 2
p() ay p(I) ((agbj+4b7+byag w(I) (a1 b3+4b7 ba+b3 ag
e 2 In (1_ 4 ) e ! (W e—# In (1- 4172 e i U wares
A2 =
1) ((a1b3+4b1 by+b7 ag w(l) a3 u(D) [ agb3+4b34b3 ay
p() aj ag wl) (— — =% In(1-——- Bl =2——2"2 2
e 2 ln(l—T) e 4 4—aq ag e 2 4 e 4 47113

corresponding to Ns. As in the case k = 1, we have

u(D) a2\ um (a1 b3 +ab34bday
In(1 4 7
e

d1 = ’Cl|2€_ 2 1-af ) >0

Moreover, since the case p(I) = 0 is trivial, we may divide out p(I) > 0 and proving dy > 0
is equivalent to showing that

(et alb%+4b%;rb%a1 Lo my L agb§—|—4b§2—i—b§a2
2 4) "4 4—a? 2 4) "4 4—al




&1@2) +1 (a1 b%+4b1 b2+b%a2)
2

> —1In (1—
4 4 —ayay

which is equivalent to showing that

In 4—aya > ((as —2) by — (a1 — 2) by)”
V(a3 —4) (a3 —4)) — (a1 —2) (a2 —2) (a1 a2 — 2)

which is true since

((a —2) by — (a1 — 2) by)”
(01— 2) (a2 = 2) (rap =) =

and

4-@1(12
V(ai —4) (a3 —4)

Thus N; > 0 and Ny > 0. However, for k = 3 the situation is different. We have

21<:>4<CL1—(1,2)220

3 (1) ajayy D <‘1”3W’ZW’2%)
_ k) 3 4 P e——
(112) Ng: E CiCje 5 ln(l . )e

i
i.j=1

with associated real symmetric matrix

<¢al7b1 (Xz)v walabl (XI)> <¢a1,b1 (XI)7 wambz (X1)> <7vba1,b1 (XI)’ 77Z)t131b3 (XI))
Az = <¢a2,b2 (XI)’ 77ZJ<117b1 (XI )) <¢a2,b2 (X} )7 ¢a27b2 (X1)> <¢a27bz (XI )’ ¢a37b3 (XI )>

<wa37b3 (XI)’ wahbl (XI)> <wa3,b3 <X1)> waZbe (XI)> <¢a3,b3 (XI)’ wa&bs (XI)>

As before, d; > 0 and dy > 0. However, for u(I) ~ 0.21, (a1,as2,a3) = (1,—1,—1) and
(by,ba,b3) = (0,10,0) we find that d3 ~ —3.4 < 0 and, for (¢, cq,c3) = (3,—0.1,—2.82), we
have N3 ~ —0.29 < 0. In fact, for this choice of (ay,as,as), (b1, be,b3) and (c1, 2, c3) we find
that d3, N3 < 0 for 0 < u(I) < my, and d3, N3 > 0 for u(I) > mg, where mgy & 0.275. This is in
analogy with the no—go theorems of [?]-[?] and [?] for the impossibility of a Fock representation
of RHPW N, where the existence of negative-norm (or ”ghost”) vectors was proved for u(I)

below a certain threshold.
O



2. RANDOM VARIABLES ASSOCIATED WITH THE SCHRODINGER ALGEBRA

For a fixed interval I, we will compute the vacuum characteristic function (®, e?*X ®) of the
self-adjoint operator

(2.1) X = Bi(x,) +7 By(x,) +y By(x,) + 5 BY(x,)
where z,y € C with x # 0.

For reasons explained in [?] we define the action of the RHPWN generators Bj(f) on the
Fock vacuum vector ¢ by

0 ifn<korn-k<0
(2.2) Bf)® =< By *(f)® ifn>Fk>0
1 Jp f()dt® ifn=Fk
Thus, in particular, BY(x,)® = BY(x,)® = 0 and Bi(x,) ® = u(l) .

Lemma 1. (i) If x, d, N and h satisfy the oscillator algebra commutation relations

(2.3) dox] = hs [dh] = [e,h] =0; [N,a] =25 [d,N] =d
then for all analytic functions f and for all a € C

(2.4) [N, f(2)] =z f'(z) ; a" f(z) = flax)a™
Moreover, for all n,m € N
(2.5) A"z =) <"’.m ) Rl
=0 N J
where

-0

(i) If A, R and p satisfy the sl(2) algebra commutation relations

(2.7) [ARl=p; [p,R]=2R; [A p]=2A
then

(2.8) el D o R = o1 (1-— at)’pel%t
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Proof. The proofs of (i) and (ii) can be found in [?].
U

In the context of the RH PW N generators, in a manner consistent with the RHPWN repre-
sentation of the Schrodinger algebra generators M, K, G, D, P,, P, given in the previous section,

1
(2.9) R=K=2Bj(x,); A=P=3Bx); p=D=DBix,)
and
1
(210) xIG:zB&(X}) ) d:PI = §B?(X1) ) N=D= Bll(XI) ) h:M:Bg(XI)

Lemma 2. For all a,b € C

(i)
.11 BY(x,) 00 = a? B(x,) e P00 +
4 q B0 Bl(x,) + ca B3 (xp) BY(x,)
(i)
I
2.12) Bl 20 e = (b3 + 1)) @

(iii) For alln >0

(2.13) By(x,) (By(x,))" ® =n(n—1) u(I) (By(x,)" > @
(iv)
(2.14) BY(x,) " Po0) & = % pu(I) e Pox) @

(v) For alln >0

(2.15) BY(x,) (By(x,)" = 2n By (x,) (By(x,)" ™" + (Bo(x,)" Bi(x,)
(vi)

(2.16) BY(x,) e" i) = 24 By (x,) e"Pi0) 4 e P00 BY(y,)



Proof. (i) By (??7) and lemma ?7(ii)

0
Bg(Xz)eaBg(XI) = a‘tzo <€th(XI)eaBg(X1)>

= aa li=0 (eﬁ Bi(x;) (1-— 415@)*3%0(1) eﬁ Bg(xf))
t

= 4qe*Bixp) Bi(x,) + et Bolx) B3 (x,)

(ii) By (7?), (??) and lemma ?7(i)

Bl(x,) 00 @ = ([Bl(x,), e B00] + P80 Bl(x,)) @
1
= (bBé(xI)Jr@) P Botar) @

(iii) For n = 0, both sides of (?7?) are zero. For n = 1, since

By(x,) By(x,) =2 B{(x,) + By(x,) B2 (x,)

again both sides of (??) are zero. For n > 2 we have

an = Bi(x,) (Bi(x,))" @
= By(x,) Bo(x,) (Bo(x,)" ' @
= (2B)(x,) + By(x,) Bs(x,)) (By(x,)" " @
= 2B(x,) (By(x,)" " @+ By(x,) an

By (77)

BY(x,) (By(x,)" ™' = (n = 1) (By(x,)"~* By(x,) + (Bo(x,))" ™ B(x,)

Thus
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an

— 2u(1) (n — 1) (BY ()" ® + BL(x,) n s
2u(1) (n— 1) + (n— 2)) (BYX))" 2@+ (BY () s
(n—2) + (n = 3)) (BY(x,))" @ + (BY(x,) tns

2p(1) ((n = 1) +

20(1) ((n— 1) +
20(1) (n— 1) +
2u(l)(n(n—1) —
2ut) (n(n-1) -
wlIyn (n—1) (B

(iv) Using (iii)

B3(x,)

(n—=2)+(n—
(n—2)+(n—
(1424 ...

n(n—1)
2

o(x,)) e

ebB(%(XI)(b —=

(v) As in the proof of (iii)

|
Ny
N O
=
M8
S|z

3

I
WE
S|

I
(=
[
=
—
N~—

3)+ ..+ (n—(n—1)) (By(x,))" " @+ (By(x,)" " s
3) 4+ (n—(n—1))(By(x,)" " @
+(n—1)) (By(x,))" @

) B3

3

7 (Bol(x,)" @

3
Il
=)

= > DB (B, @
= > Dontn - D ulD) (B,

3
Il
=)

3

pn(n = 1) p(1) (By(x,)" = @

3
ﬂ)
8

bn—2

Ny =) (By(x,)" > @

n=2

— b2ILL(I>€bBé(XI)®



Lemma 3. Foralls €¢ R

= Bl(x,) B3(x,) (Bs ()"

= (2By(x,) + Bi(x,) BY(x,)) (B3 (x,)"*
= 2By(x,) (Bf(x,)" ™" + B3(x,) bus

= 4B(x,) (Bi(x,)" " + (B3(x,))? bns

Bl(x,) Y = (B30)"
S LB (B2(x,)"

S @Bl (B2 + (B2G)" BY(x)

where X is as in (7?7) and

(2.17)
(2.18)

and

n=0 n
0 n—1 o n
a 2(
2aB<1)Z( 1) +ZHBXI
n=0 n=0
2 B(x,) e 00 4 ¢4 BR()
5 X @ — gwn(s) BRO) pwa(s) B, gus(s) g
= %\/gtanh (2s]x|)
= %% (1 —sech(2s|x])) + ﬁtanh@s |z])

)" BY(x,)

11
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(2.19)
wi(s) = Wyl +is (P2 +27°) i (PT+ap’)
’ Aaf? 8 [«f?

4zf?
Proof. We will show that w(s),ws(s) and ws(s) satisfy the differential equations

(2.20) wi(s) = 4izw(s)*+iz ; wi(0) =0 (Riccati ODE)
(2.21) wy(s) = 4iTw(s) 2( )+ 2gywi(s) +y ; wy(0) =0 (Linear ODE)
(2.22) wh(s) = (iZwy(s) +gwa(s) +2izwi(s)) u(l) ; ws(0)=0

whose solutions are given by (??), (??) and (?7?) respectively.

In so doing, let

(2.23) E® = 5@ Bi0x)+2 B30 )+y By(x)+9 BY (1)) ¢
and also
(2.24) B owi(9) Bl gua(s) BiGx,) gus(s) g

where w;(0) = 0 for i € {1,2,3}. Then, (??) implies that

(2.25) 5@ = (uf(s) B(x,) + uwh(s) By x,) + uf(s) B

and, since by lemma 77,

(2.26) By(x,) E® = (dwi(s)® By(x,) + 4wi(s) wa(s) By(x,)
+(2wi(s) + wa(s)*) u(I)) E @
and
(2.27) Bl )E® = (2wi(s) By(x,) + u(l) wals)) E®

from (??7) we also obtain

(2-28)%E<I> = ((izwi(s)* +iz) Bi(x,) + (4izwi(s) wa(s) +27wi(s) +y) By(x,)
+(1 T wo(s)* + Jwa(s) +2i T wy(s)) u(l)) E®

tanh (2s|x|) — £ sech(25|x|)) w(I)

From (?7?) and (?7), by equating coefficients of B2(x,), B{(x,) and 1, we obtain (?7?), (??)

and (?7) thus completing the proof.

O
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Proposition 2. (Characteristic Function) For all s € R

(2.29) (@, 15X §) —
2 18 25 z’2 7 25 Ty
<y - 4(f;|z+ 7). <y8‘;3y ) tanh 2 o]y~ 2 Ll sech<2s|x|>> (1)
e

Proof. Using lemma ?7 and the fact that for any z € C

(2.30) B0 § = ¢*BI) § = B

we have

(2.31) (D, e ¥ D) ev1(5) BE0x,) gwa(s) By(xr) gwa(s) @)

(@,
(™) BYO) (01(5) BYG) § ovs(5) )
(@,
e’

wg(s >
w3(s) (D, ®)
_ ewg(s)
24is (v2 ata g2 i(v2atay
(v + 4(‘:; ?) (yslj‘gy ) tanh (25a))- bl sech(zsxn) (1)
= e

3. POSITIVE DEFINITE RESTRICTIONS OF THE SCHRODINGER KERNEL

To overcome the problem of the non-positive definiteness of the FKS kernel (??) we look for
a restriction of the parameters a,b € C, |a| < 2, in the definition (??) of the exponential vectors
Yap(x,). We notice that if a,b, A, B € C are such that

(3.1) aB*+0*A=0
i.e. if (a,b), (A, B) € S\ where, for given A € R,

(3.2) Sy :={(a,b) € C* / a =i b |A||b]* < 2}
then the FKS kernel (??) reduces to

ANCNCET
(3-3) <¢a,b(X1)7¢A,B(X,)> = (1_T> e =5
_ 11(21) .
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The kernels K; : C* x C? — C defined for i € {1,2,3} by

a A\ "7
(3.4) Ki((a,b),(A,B)) = I—T)
(3.5) K((a,b), (A, B)) = %w
(36) K3((a7b)7(A7B)) = plggo K&P((avb)’(AvB))

where, for p > 1,

- ltod.m) =3 (%)

are positive definite, since K is the well-known si(2) kernel, K, and K3 , are Heisenberg-type
kernels and K3 is a limit of positive definite kernels . Therefore K e%2%3 ie. (?7), is also a
positive definite kernel.

For given A € R and I C R we introduce the notation

(3.8) P(b) = Yiaes(x,) = AV Bi () b By(xp) @
_ D) i
39) (OB = W) bomal) = (15 68)) T ertam
and its extension to simple functions f =3 b; xy,
(3.10) U(f) = Wippey = H A BE0G) b Boxay) g LiNBR(2) LBY) ¢

J

— Sy f2 Sy 92 _ —%fln(l—w)d#
(3.11) (U(f), W(g)hr = (WIS ), V(irg®g))=e

fg
@f 4-22(fg)? du

If f=0byxs then W(f) =1(b).

For A € R we define the (restricted) Schrodinger Fock space Fs(A) as the closure of the
linear span of the exponential vectors W(f) defined in (??) with respect to the inner product
(U(f),¥(g))x defined in (?7).

The study of Fs(A) and the random variables that can be defined on it, is in progress.
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