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Preface

In the present thesis we study variational problems for image segmenta-
tion. The segmentation problem in computer vision theory consists in find-
ing a decomposition of an image into homogeneous regions which represent
meaningful parts of objects in the image.

If brightness of the image is mathematically represented by a real valued
measurable function g, the segmentation problem consists in finding a pair
(u,C) such that C is a family of curves that represent the boundaries of the
regions where brightness is homogeneous, and u is a smooth approximation
(i.e., a denoised version) of the image datum g in each region.

In the variational approach to image segmentation, given the datum g,
we look for a pair (u,C) that minimizes a suitable energy functional. In the
present thesis we consider a specific class of functionals which contain the
integral of a function of curvature along the unknown set of curves C. The
functionals are of the type

G(u,C) =

∫

Ω\C
|∇u|2dx+

∫

Ω

|u− g|2dx+

∫

C

[1 + ψ(k)] dH1 + #P (C),

where Ω is the image domain, k is the curvature of the curves in C, ψ is
a convex function, H1 is the one-dimensional Hausdorff measure, P (C) is
the set of the endpoints of the curves in C, and # is the counting measure.
The functional G is minimized over the families of curves C and functions
u ∈ W 1,2(Ω \ C).

Minimization of G is a variational problem with free discontinuities, since
the function u may have discontinuities along the unknown set C of curves.

The thesis is constituted by two parts.

In the first part we consider a general class of functions ψ of the curva-
ture, which includes functions with linear growth at infinity. We prove the
existence of minimizers of the functional G in a suitable class of families of
curves constituted by curves having derivative of bounded variation.

In the second part we consider the specific function ψ(k) = k2 and we
consider an approximation result of the functional G, previously proved in
the literature, by means of Γ-convergence. The numerical minimization of
the functional G is a challenging problem that cannot be solved by using
straightforward either finite difference or finite element methods. Though Γ-
convergence makes it possible to approximate the functional G by means of
functionals without geometric terms, for instance defined on Sobolev spaces,
the minimization of the functionals Γ-converging to G is still a difficult nu-
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merical problem, since such functionals contain terms of the type

∫

Ω

|∇s|2
(

div

( ∇s
|∇s|

))2

dx,

where s is a function that gives an approximate description of the set of
curves C, and div denotes the divergence operator.

We consider modified approximating functionals that are numerically
more tractable and we study the variational properties of such functionals.
We prove existence of minimizers for the modified functionals and we study
their convergence properties to the original Γ-converging functionals when
suitable parameters of the functionals vary.

Then we derive the system of Euler equations of the modified functionals,
we design an iterative numerical scheme based on finite differences for the
solution of the Euler equations, and we discuss the outcome of some computer
experiments on simple simulated images.
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Chapter 1

Existence of minimizers of a curvature

depending functional with linear growth at

infinity

1.1 Introduction

In recent years much attention has been devoted to mathematical methods
for image reconstruction. In mathematical models the grey level image of
a scene is typically a real valued measurable function g defined on a plane
domain Ω, and g measures the brightness of the scene. There are many
mathematical approaches to image reconstruction problems. Particularly,
such problems have been studied from the point of view of the Calculus of
Variations minimizing suitable energy functionals.

An important variational problem has been proposed by Mumford and
Shah [28] for the problem of image segmentation which consists in findinga
decomposition of the image domain Ω into regions with relatively uniform
brightness. Such regions correspond to meaningful parts of objects in a scene.
Mumford and Shah look for minimizers of the following functional

GMS(u,C) =

∫

Ω\C
|∇u|2dx+

∫

Ω\C
|u− g|2dx+ H1(C) ,

where Ω ⊂ R
2 is a bounded open set, g ∈ L∞(Ω) and H1 denotes the one-

dimensional Hausdorff measure. The functional is minimized over pairs (u,C)
such that C ⊂ Ω is a closed set and u ∈ C1(Ω \C). The set C represents the
boundaries of the regions of a segmentation, and the function u is a smooth
approximation (i.e., denoised) in Ω \ C of the image datum g.

The existence of minimizers of GMS has been proved by De Giorgi, Car-
riero and Leaci [19], and by Dal Maso, Morel and Solimini [26]. Mumford
and Shah studied the properties of minimizers assuming that C is a finite
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set of nonintersecting C2 arcs, possibly with some endpoints on the boundary
of Ω. They proved that the curves of any such minimizer C may meet each
other only at triple points with 120o angles, and that they may meet the
boundary of Ω only perpendicularly.

Such constraints constitute a drawback of the model, since corners and
junctions, which are important for pattern recognition, are distorted. Since
the length measure is not sensitive to corners and junctions, curvature de-
pending functionals may be considered [5, 23, 31, 32, 33, 29, 30]. Coscia
[14] proposed a functional for segmentation, defined on families C of curves,
that includes the integral of square curvature

∫
C
k2dH1 and the number of

endpoints of the curves in C. The functional is

G(u,C) =

∫

Ω\C
|∇u|2dx+

∫

Ω

|u− g|2dx+ F0(C) ,

where C is an admissible family of curves and u ∈ W 1,2(Ω \ C). A family C
of curves is admissible if C is a finite family of curves of class W 2,2 which do
not cross each other or themselves, except possibly with the same tangent
vector. The functional F0 is defined by

F0(C) = inf{F(Ĉ) : [Ĉ] = [C]},

where [C] denotes the image of a family of curves C, and

F(C) =
∑

γ∈C

∫

γ

(αKk
2 + αL)dH1 + αP #P,

where αL, αK , αP are positive weights, k is the curvature of the curve γ ∈ C,
P is the set of the endpoints of all the curves in C with the exception of
the regular closed ones, and # denotes the counting measure. Note that the
introduction of F0 permits us to deal with the image of a family of curves,
independently of the particular parametrization of the curves. Admissible
families of curves are introduced for semicontinuity reasons. Existence of
minimizers of G has been proved in [14] by proving compactness and lower
semicontinuity results in the class of admissible families C of curves with
u ∈ W 1,2(Ω \ [C]).

According to the variational model proposed by Coscia, corner points of
curves in a family C are considered as endpoints of some curves. The energy
functional penalizes the number of endpoints, but it is not sensitive to the
amplitude of angles at corner points. It would be interesting to consider
a functional that takes into account also the amplitude of angles at corner
points and penalizes large variations of the direction of the tangent vector of
the curves.
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In the present work we consider a curvature depending functional with
linear growth at infinity with respect to the modulus of curvature. The func-
tional penalizes both endpoints of curves and amplitude of angles (changes
of direction) at corner points and junctions which are not considered as end-
points.

We consider families of curves having derivatives with bounded variation,
i.e., families C = {γi}i with γi of class W 1,1 and γ̇i ∈ BV . We follow
a framework developed by Bellettini and Paolini [8]. For any curve γ ∈ C,
parametrized with constant velocity, we define an argument function θ ∈ BV
such that γ̇ = (R cos θ,R sin θ) a.e., with R > 0. Then θ is the angle that
the derivative γ̇ of a curve forms with the positive direction of a fixed axis.
In this way we identify the tangent vectors with points of the unit circle S1

and we consider corners in terms of jumps of the corresponding angles. The
definition of θ must be considered mod 2π.

The functional that replaces
∫

γ
k2dH1 in the present work is

K(γ) =

∫

γ

ψ(θ, θ̇)dH1 ,

where ψ : R × R → [0,+∞] is a Borel function satisfying suitable convexity
and growth conditions.

Note that if we choose ψ(θ, θ̇) = |θ̇|2 then we have the functional consid-
ered by Coscia. An important example is the function with linear growth at
infinity considered by Mumford and Nitzberg ([29]) for applications to image
segmentation:

ψ(θ, θ̇) =

{
c1θ̇

2 if |θ̇| < T

c2|θ̇| − c3 if |θ̇| ≥ T,

with T, c1 > 0, c1T
2 = c2T − c3 .

In the next sections we shall define precisely the functionalK on argument
functions and curves having derivative of bounded variation. The contribute
to the energy of a corner point along a curve will be given by the jump of
the argument function θ at such a point.

We consider the functional

G(u,C) =

∫

Ω\C
|∇u|2dx+

∫

Ω

|u− g|2dx+ F0(C) ,

where F0(C) = inf{F(Ĉ) : [Ĉ] = [C]}, with

F(C) =
∑

γ∈C

[αKK(γ) + αLL(γ)] + αP #P (C) ,
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where L(γ) is the length of γ.

We prove that G admits minimizers among all pairs (u,C), with C ad-
missible family of curves and u ∈ W 1,2(Ω \ [C]). Since for curves having
derivative of bounded variation the tangent vector is not defined everywhere,
we need to extend the class of admissible families of curves considered in [14].
In order to construct a suitable class of admissible families of curves having
compactness properties, we generalize the notion of curves without crossings
with respect to the curves of class W 2,2 considered by Coscia. This notion of
family of curves, and the associated theorems proving their main properties
and compactness results, constitute the main original contribution of this
part of the thesis. In order to achieve such results new techniques concerning
the properties of this type of curves have been developed with respect to the
previous works by Bellettini, Paolini and Coscia. Such techniques and new
theorems are discussed in Sections 1.5, 1.6 and 1.7.

1.2 Notations and preliminary definitions

We denote by # the counting measure, by Hh the h-dimensional Hausdorff
measure in R

2 for h = 0, 1 and by |B| the Lebesgue measure of a Borel set
B ⊆ R

2. Given z0 ∈ R
2 and r > 0, we denote by Dr(z0) the open disk

Dr(z0) = {z ∈ R
2 : |z − z0| < r}. We will use standard notation for the

Lebesgue and Sobolev spaces Lp and W s,p.

We denote by M the class of all Lebesgue measurable subsets of R
2. We

identify M with a closed subset of L1(R2) by means of the map E 7−→ χE,
where χE is the characteristic function of E, i.e., χE(z) = 1 if z ∈ E,
χE(z) = 0 if z /∈ E. The L1(R2)-topology on M is, therefore, the topology
on M induced by the distance d(E1, E2) = |E1 △ E2|, where E1, E2 ∈ M
and △ is the symmetric difference of sets.

For any subset D of R
2, we denote by int(D) the interior of D, by D

the closure of D, and by ∂D the topological boundary of D. Given two sets
A,B ⊆ R

2, by A ⊂⊂ B we mean that A is a compact set contained in B.
We indicate by I a bounded open interval of R.

We denote by ψ : R×R → [0,+∞] a Borel function having the following
properties:

(i) ψ(η, ·) is convex on R for any η ∈ R;

(ii) ψ is lower semicontinuous on R × R;

(iii) ψ(·, 0) is bounded;
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(iv) there exist two constants A > 0 and B ≥ 0 such that

ψ(η, ξ) ≥ A|ξ| −B ∀(η, ξ) ∈ R × R;

(v) ψ(η, ξ) = ψ(η + π, ξ) for any (η, ξ) ∈ R × R;

(vi) ψ(η, ξ) = ψ(η,−ξ) for any (η, ξ) ∈ R × R.

1.2.1 The space BV (I)

If λ is a scalar or vector-valued Radon measure, its total variation will be
denoted by |λ|. Let B ⊆ I be a Borel set and f : B → R be a Borel function;
the integral of f on B with respect to λ will be indicated by

∫
B
f dλ.

If µ is a scalar Radon measure on I, we have a unique decomposition
λ = λa +λs, where λa is absolutely continuous and λs is singular with respect
to µ. The density of λa with respect to µ, which is a function belonging to
L1

µ, will be indicated by dλ
dµ

and will be called the Radon-Nikodym derivative
of λ with respect to µ. Then

dλ

dµ
(t) = lim

ρ→0+

λ(]t− ρ, t+ ρ[)

µ(]t− ρ, t+ ρ[)
for µ− a.e. t ∈ I,

and λ(B) =
∫

B
dλ
dµ
dµ+ λs(B) for every Borel set B ⊆ I.

The space BV (I) is defined as the space of all functions f ∈ L1(I) whose
distributional derivative ḟ is a Radon measure with bounded total variation
in I. We say that f = (f1, f2) : I → R

2 belongs to BV (I; R2) if fi ∈ BV (I)
for i = 1, 2.

Given f ∈ BV (I), we shall write

ḟ = ḟa dt+ ḟ s,

where ḟa ∈ L1(I) is the density of the absolutely continuous part of ḟ with
respect to the Lebesgue measure dt on I, and ḟ s is the singular part. We
shall use the same notation whenever f ∈ BV (I; R2).

If f ∈ BV (I) we indicate by Sf the jump set of f , and we set

f(t−) = ap − lim inf
τ→t

f(τ) ≤ f(t+) = ap − lim sup
τ→t

f(τ).

It is known that

Sf = {t ∈ I : f(t−) < f(t+)} = {t ∈ I : |ḟ |({t}) > 0},

and that Sf is at most countable. If f = (f1, f2) ∈ BV (I; R2), by Sf we
mean Sf1 ∪ Sf2 .
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Moreover, if B ⊆ I is a Borel set we have

ḟ s(B) =

∫

B∩Sf

(f(t+) − f(t−))dH0(t) + Cf (B),

where Cf is the Cantor part of ḟ , and is a measure such that Cf ({t}) = 0
for any t ∈ I.

Let f ∈ BV (I), and set f̃(t) = (f(t−)+f(t+))/2 for any t ∈ I; then f̃ is a
function of bounded variation in the classical sense, f = f̃ almost everywhere
in I, ḟa coincides almost everywhere with the pointwise derivative of f̃ , and

{f(t−), f(t+)} = {f̃(t−), f̃(t+)} for any t ∈ I,

where
f̃(t−) = lim

τ→t−
f̃(τ), f̃(t+) = lim

τ→t+
f̃(τ).

We shall sometimes identify the function f with its representative f̃ , which
is defined pointwise everywhere on I.

We say that a sequence {fh}h ⊂ BV (I; R2) is weakly convergent in BV
to a function f ∈ BV (I; R2) if fh → f in L1(I) and ḟh ⇀ ḟ weakly in the
sense of measure as h→ +∞.

For more informations about functions of bounded varation see Ambrosio,
Fusco and Pallara [2].

1.2.2 BV families of curves

Let [a, b] be an interval of R. In the sequel, we call curve any function
γ : [a, b] → R

2 of class W 1,1[a, b] such that |γ̇| 6= 0 in [a, b].
If the curve γ is not closed, γ is called an arc and the points γ(a), γ(b)

are the endpoints of γ. The set

[γ] = {γ(t) : t ∈ [a, b]}

is the trace of γ. The length of γ will be denoted by L(γ), and the arclength
parameter will be denoted by s. A curve is simple if γ(t1) = γ(t2) only if
either t1 = t2 or {t1, t2} = {a, b}. A closed curve defined on an interval [a, b]
may be extended to a (b − a)-periodic W 1,1

loc function on R. A closed curve
may be considered both as a curve having a single endpoint γ(a) = γ(b), and
as a curve without endpoints.

If C = {γi}i is a family of curves parametrized on disjoint intervals [ai, bi],
then with abuse of notation we write C : S → R

2, where S = ∪i[ai, bi]. We
denote by [C] the trace of C, i.e., the union of the traces of the curves in C.
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We say that the family C is disjoint if [γi] ∩ [γj] = ∅ for any γi, γj ∈ C such
that i 6= j.

Let C = {γi}i be a family of curves. Each closed curve of C may be
either without endpoints or with a single endpoint. We denote by P (C) the
set of the endpoints of all the curves in C.

Definition 1. We say that a family of curves C = {γi}i is of class B if
γi ∈ W 1,1([ai, bi]; R

2) and γ̇i ∈ BV ([ai, bi],R
2) for any i ∈ N.

If C : S → R
2 is a family of curves of class B, we write C ∈ B(S; R2).

Let γ be a closed curve without endpoints of class B; if B ⊆ [a, b] is a Borel
set containing the point a or b (or both), by |γ̇|(B) we mean |γ̇|(B∩]a, b[) +
|γ̇|({a}), where |γ̇|({a}) is defined for the periodic extension of γ.

Definition 2. Let γ ∈ B([a, b]; R2) and let {γh}h ⊂ B([a, b]; R2) be a sequence
of curves. We say {γh}h is weakly convergent to γ if γh → γ uniformly, and
γ̇h ⇀ γ̇ weakly in BV as h→ ∞.

In the following Ω ⊂ R
2 denotes an open bounded set. We say that γ is

a curve in Ω if [γ] ⊂ Ω. We say that C = {γi}i is a family of curves in Ω if
[C] ⊂ Ω.

Definition 3. Let C be a finite family of curves of class B in Ω, and let
{Ch}h be a sequence of families of curves of class B in Ω. We say that the
sequence of traces {[Ch]}h is weakly convergent to the trace of the family C,
if the following conditions are satisfied:

(i) each of the families Ch contains a finite number m of curves {γ1
h, ..., γ

m
h }

(m independent of h) such that for i = 1, . . . ,m the sequence {γi
h}h,

reparametrized on a fixed interval, converges weakly to a curve γi of
class B;

(ii) there exists a finite number of points such that the maximum distance
of the trace of the remaining curves of Ch (i.e., [Ch \ {γ1

h, . . . , γ
m
h }])

from this set of points goes to zero as h→ ∞;

(iii) if we set C ′ = {γ1, ..., γm}, then [C ′] = [C].

1.3 The argument functions

The content of this section is taken from Bellettini and Paolini ([8], Sec-
tion 3). We define the angle between the derivative γ̇ of a curve of class
B (parametrized with constant velocity) and the positive direction of the
x-axis.
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Lemma 1. Let f ∈ BV (]a, b[; R2) be such that |f(t)| = R a.e. t ∈]a, b[, for
a suitable R > 0. Then there exists a function Θ :]a, b[→ R satisfing the
following properties:

(i) Θ ∈ BV (]a, b[) and f(t) = (RcosΘ(t), R sinΘ(t)) a.e. t ∈]a, b[;

(ii) SΘ = Sf ;

(iii) −π < Θ(t+) − Θ(t−) ≤ π a.e. t ∈]a, b[ .

Note that Θ is unique up to an addition of an integer multiple of 2π.
In our case, we consider f = γ̇ for a curve γ : [a, b] → R

2 of class B
parametrized with constant velocity, and we call the corresponding Θ on
]a, b[ an argument of γ̇.

If γ is a closed curve without endpoints, since γ is defined on [a, b], we set

|Θ̇|([a, b]) = |Θ̇|(]a, b[) + |Θ(a+) − Θ(b−) − 2kπ|,

where

Θ(a+) = ap− lim
t→a+

Θ(t) = lim
t→a+

Θ̃(t), Θ(b−) = ap− lim
t→b−

Θ(t) = lim
t→b−

Θ̃(t),

and k ∈ Z is such that −π < Θ(a+)−Θ(b−)− 2kπ ≤ π. Then we call Θ an
argument of γ̇ on [a, b].

Let γ be a curve of class B such that |γ̇(s)| = 1 a.e. on [0, L(γ)] = I, and
let Θ be an argument of γ̇ on I. Let us compare the two measures γ̈ and Θ̇.
Using the properties of BV functions, the assertion (i) of Lemma (1) and the
uniqueness of the Lebesgue decomposition of a measure, one can show that

γ̈a = (− sin Θ, cos Θ)Θ̇a a.e. in I,

therefore we have |γ̈a| = |Θ̇a|. While, if B ⊆ I is a Borel set, then

γ̈s(B) =

∫

B∩(I\SΘ)

(− sin Θ, cos Θ)dΘ̇s

+
∑

s∈B∩SΘ

(cos Θ(s+) − cos Θ(s−), sin Θ(s+) − sin Θ(s−))δs,(1.1)

where δs denotes the Dirac distribution at point s. Hence, using the equality
2(1 − cos φ) = 4 sin2(φ/2), we obtain that for any s ∈ SΘ

(|γ̈s|({s}))2 = |(cos Θ(s+) − cos Θ(s−), sin Θ(s+) − sin Θ(s−))|2
= 4 sin2((Θ(s+) − Θ(s−))/2) ≤ (Θ(s+) − Θ(s−))2 = (|Θ̇s|({s}))2,
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so that

|γ̈s|({s}) ≤ |Θ̇s|({s}).
Now, recalling that Θ is unique up to an addition of an integer multiple of
2π, we consider energy functionals defined on functions which are equivalent
( mod 2π). We give the following definition.

Definition 4. Let θ1, θ2 ∈ BV (]a, b[). We say that θ1 and θ2 are equivalent
if for almost every t ∈]a, b[ there exists k(t) ∈ Z such that θ1(t) = θ2(t) +
2 k(t)π . We denote by [θ1] the equivalence class of θ1.

Moreover, we denote by BV (]a, b[; R/2π) = {[θ] : θ ∈ BV (]a, b[)} the
quotient space of BV (]a, b[) respect to the equivalence relation above defined.

Note that if θ∗ ∈ [θ] then

|θ̇∗|(]a, b[) = |θ̇|(]a, b[) + 2nπ ≥ 0

for a suitable n ∈ Z. Hence given [θ] ∈ BV (]a, b[; R/2π) there exists a
function Θ ∈ [θ], that we shall call a minimal representative of [θ], such that

|Θ̇|(]a, b[) = min{|θ̇∗|(]a, b[) : θ∗ ∈ [θ]}.

We shall denote by M[θ] the set of all minimal representatives Θ of [θ] ∈
BV (]a, b[; R/2π) such that Θ(a+) ∈ [0, 2π[. We also have the following
properties:

(a) if θ∗ ∈ [θ], θ∗(a+) ∈ [0, 2π[ and |θ∗(t+) − θ∗(t−)| ≤ π for any t ∈]a, b[,
then θ∗ ∈ M[θ];

(b) if Θ1, Θ2 ∈ M[θ] then

|Θ̇s
1|(B) = |Θ̇s

2|(B) for any Borel set B ⊆]a, b[;

(c) if θ1, θ2 ∈ [θ] then

|θ̇a
1 | = |θ̇a

2 | a.e. in ]a, b[.

We now give the definition of convergence of a sequence inBV (]a, b[; R/2π).

Definition 5. Let [θ] ∈ BV (]a, b[; R/2π), and let {[θh]}h ⊂ BV (]a, b[; R/2π).
We say that [θh] → [θ] as h→ +∞ if, for any θ∗ ∈ [θ] and any h ∈ N, there
exists θh ∈ [θh] such that θh → θ∗ in L1(]a, b[) as h→ +∞.
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Note that if [θ] ∈ BV (]a, b[; R/2π), a sequence {[θh]}h ⊂ BV (]a, b[; R/2π)
converges to [θ] if and only if for any Θ ∈ M[θ] and any h ∈ N, there
exists θ∗h ∈ [θh] such that θ∗h → Θ in L1(]a, b[). However, if Θh ∈ M[θh] the
sequence {Θh}h does not converge in general to a minimal representative of
[θ] in L1(]a, b[).

We conclude this section with an useful result on convergence (for the
proof see Bellettini and Paolini ([8], Proposition 4.1).

Theorem 1. Let γ be a curve of class B, and let {γh}h ⊂ B be a sequence
of curves such that γ̇h → γ̇ in L1([a, b]; R2) as h → +∞. Assume that γ
and each γh are parametrized with constant velocity on [a, b]. Let θ, θh ∈
BV ([a, b]) be arguments of γ̇, γ̇h respectively, for any h ∈ N. Then [θh] → [θ]
as h→ +∞.

1.4 The functional K on argument functions

and curves of class B
In this section we introduce energy functionals defined both on argument
functions, and on families of curves of class B.

Let ψ : R×R → [0,+∞] be a Borel function satisfying properties (i)-(vi)
listed in Section 1.2. Denote by ψ∞ the recession function of ψ with respect
to the variable ξ, i.e.,

ψ∞(η, ξ) = lim
t→0+

tψ(η, ξ/t) ∀(η, ξ) ∈ R × R,

where the existence of the above limit is a conseguence of the convexity of
ψ. Let θ ∈ BV (]a, b[; R/2π), θ1 ∈ [θ] and Θ ∈ M[θ]; for any open interval
I ⊆]a, b[ we define

K(θ, I) = Ka(θ, I) +Ks(θ, I) ,

where

Ka(θ, I) =

∫

I

ψ(θ1, θ̇
a
1)dt ,

Ks(θ, I) =

∫

I\SΘ

ψ∞(Θ, 1)d|Θ̇s| +
∑

s∈I∩SΘ

∫ Θ(s+)

Θ(s−)

ψ∞(τ, 1)dτ .

Note that by condition (v) of definition of ψ and by the properties of argu-
ment functions, the term Ka(θ, I) does not depend on the choice of θ1 ∈ [θ],
and the term Ks(θ, I) does not depend on the choice of Θ ∈ M[θ]. Note
that if θ ∈ C2([a, b]), then K(θ, I) = Ka(θ, I) =

∫
I
ψ(θ, θ̇)dt.
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Let now Θ be an argument of γ̇, with γ : [a, b] → R
2 a curve of class B

parametrized with constant velocity. If γ is a curve with endpoints we set

Ks(Θ, [a, b]) = Ks(Θ, ]a, b[),

otherwise, if γ is a closed curve without endpoints we set

Ks(Θ, [a, b]) = Ks(Θ, ]a, b[) +

∣∣∣∣∣

∫ Θ(a+)−2kπ

Θ(b−)

ψ∞(τ, 1)dτ

∣∣∣∣∣ ,

where k ∈ Z is such that −π < Θ(a+) − Θ(b−) − 2kπ ≤ π . Here the
absolute value appears, since Θ(b−) is not necessarily less than Θ(a+) −
2kπ. Therefore K does not depend on the choice of θ, then we may write
K(θ, [a, b]) = K(γ).

The following theorem, proved by Bellettini and Paolini ([8], Theorem
5.1), shows that the functional K is lower semicontinuous.

Theorem 2. Let I ⊆]a, b[ be an open interval. Let [θ] ∈ BV (I; R/2π), and
let {[θh]}h ⊂ BV (I,R/2π) be such that [θh] → [θ] as h→ +∞. Then

K(θ, I) ≤ lim inf
h→+∞

K(θh, I) .

The above theorem still holds when the functions θ are replaced by argu-
ments of derivatives of curves of class B parametrized with constant velocity,
and when the open interval ]a, b[ is replaced by [a, b].

Now we define the functional K for a family of curves C = {γi}i of class
B parametrized by arclength. Let Θi be an argument of γ̇i on [0, L(γi)] for
any i. We define K(C) = Ka(C) +Ks(C) where

Ka(C) =
∑

γi∈C

Ka(Θi, [0, L(γi)]), Ks(C) =
∑

γi∈C

Ks(Θi, [0, L(γi)]).

If γ is a curve of class B, in the following we set K(γ) = K(Θ, [0, L(γ)]).

To conclude this section we prove the following useful lemma.

Lemma 2. Let γ be a curve of class B parametrized by arclength, and let Θ
be an argument of γ̇. Then

K(γ) +  L(γ) ≥ c|Θ̇|([0, L(γ)]) ,

where c is a positive constant independent of γ.
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Proof. Using property (iv) of the function ψ, we have

ψ∞(η, ξ) = lim
t→0+

tψ(η, ξ/t)

≥ lim
t→0+

(A|ξ| −Bt) = A|ξ| .

Let µ = 0 if γ is a curve with endpoints, and µ = 1 if γ is a closed curve
without endpoints. If I = (0, L(γ)), we have

Ka(γ) =

∫

I

ψ(Θ, Θ̇a)ds ≥
∫

I

(A|Θ̇a| −B)ds

= A|Θ̇a|(I) −B|I| = A|Θ̇a|(I) −BL(γ) ,

Ks(γ) =

∫

I\SΘ

ψ∞(Θ, 1)d|Θ̇s| +
∑

s∈I∩SΘ

∫ Θ(s+)

Θ(s−)

ψ∞(τ, 1)dτ

+ µ

∣∣∣∣∣

∫ Θ(L(γ)+)−2kπ

Θ(0−)

ψ∞(τ, 1)dτ

∣∣∣∣∣

≥ A|Θ̇s|(I \ SΘ) + A
∑

s∈I∩SΘ

|Θ(s+) − Θ(s−)|

+ µA |Θ(L(γ)+) − Θ(0−) − 2kπ|

= A|Θ̇s|(I) + µA |Θ(L(γ)+) − Θ(0−) − 2kπ| = A|Θ̇s|([0, L(γ)]) .

Collecting the above inequalities we find

K(γ) = Ka(γ) +Ks(γ) ≥ A|Θ̇a|(I) −BL(γ) + A|Θ̇s|([0, L(γ)])

= A|Θ̇|([0, L(γ)]) −BL(γ) ,

therefore
K(γ) +BL(γ) ≥ A|Θ̇|([0, L(γ)]) .

It follows

K(γ) + L(γ) ≥ K(γ) + min{1, 1

B
}BL(γ) ≥ min{1, 1

B
} (K(γ) +BL(γ))

≥ min{1, 1

B
}A |Θ̇|([0, L(γ)]) ,
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1.5 Families of curves without crossings

In this section a new method is introduced in order to characterize the family
of curves without crossings. Such a method is an original contribution of the
present work with respect to the approach followed by Coscia [14] for W 2,2

curves.
Let γ be a simple closed curve such that [γ] ⊂ Ω. Then, by using the

Jordan curve theorem [26], the set Ω \ [γ] can be written uniquely as the
disjoint union of two open sets ΩI and ΩO such that ΩI is simply connected.
The sets ΩI and ΩO are called, respectively, the inside and the outside of γ
in Ω.

Definition 6. Let γ be a simple closed curve such that [γ] ⊂ Ω, and let ΩI ,
ΩO be the inside and the outside of γ in Ω. We say that ΩI , ΩO are the
partition of Ω induced by γ.

Definition 7. Let γ be a curve such that [γ] ⊂ Ω. We say that P = γ(t0) is
a returning point of γ if for each c > 0 and each neighbourhood (t0− c, t0 + c)
there exist t1 < t0 < t2 such that γ(t1) = γ(t2).

We now look for a class of admissible families of curves on which to define
our energy functional. For reasons of compactness, a family C of curves must
have no crossing points, therefore the crossing points are penalized by forcing
them to be considered as the endpoints of some curves.

If the curves are smooth, we can impose that there are no points γi(t1) =
γj(t2), with t1 and t2 interior to the domains of γi and γj, respectively, and
with possibly i = j, such that the tangent vector γ̇i(t1) is not parallel to
γ̇j(t1).

But in the case of curves of class B the tangent vector is not defined
everywhere, therefore we need a different notion of curves without crossings.

Now, let γ1, γ2 be two curves in Ω; in order to define such a notion we need
to split their set of intersection into two subsets. We denote T = [γ1] ∩ [γ2],

T1 = {P = γ1(t) ∈ T : ∃t0 > 0 such that [γ1
|(t,t+t0)] ⊂ T or/and [γ1

|(t−t0,t)] ⊂ T },

and finally T0 = T \T1.

1.5.1 Curves without crossings at points of T0

In this section we examine the set T0. Let γ : [a, b] → R
2 be a curve, let

t0 ∈ [a, b], and let J ⊂ [a, b] be an open neighbourhood of t0. We denote by
γ |J the curve γ restricted to the interval J . We need following results.
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Theorem 3. Let γ1 and γ2 be two curves of class B in Ω, parametrized by
arclength and such that

K(γi) + L(γi) ≤ H < +∞, i = 1, 2, (1.2)

where H is a positive constant. Let P ∈ T0 be a not returning point of γ1

and γ2, such that {P} = γ1(s1) = γ2(s2) for some s1 ∈ (0, L(γ1)) and some
s2 ∈ (0, L(γ2)). Then there exist two open neighbourhoods, J1 ⊂ (0, L(γ1))
of s1, and J2 ⊂ (0, L(γ2)) of s2, respectively, with [γ1

|J1
] ⊂ Ω and [γ2

|J2
] ⊂

Ω, such that the curves γ1
|J1

and γ2
|J2

are simple arcs. Moreover, there
exists an open neighbourhood J∗ ⊂ J1 of s1 such that the distance function
dist(P, γ1(s)) is monotone increasing in J∗ ∩ {s > s1} and is monotone
decreasing in J∗ ∩ {s < s1}.

The following example shows a situation which we have to take into ac-
count in the proof of the theorem.

Example. Let γ1 and γ2 be two curves with the following traces:

[γ1] = {(0, y) : y ∈ [−1, 0]} ∪ {(x, 0) : x ∈ [0, 1]}
∪{(cos t, sin t) : t ∈ [0, π/4]} ∪ {(1/

√
2, y) : y ∈ [

1

2
√

2
,

1√
2
]},

[γ2] = {(x, x) : x ∈ [−1, 1]}.
(1.3)

If P = (0, 0), the endpoints P− and P+ of γ1 do not belong to the same
arcwise connected component of {P−, P+} ∪ (Ω \ ([γ1] ∪ [γ2])). However, we
may choose J1 in such a way that

{(1/
√

2, y) : y ∈ [
1

2
√

2
,

1√
2
]} ∩ [γ1

|J1
] = ∅.

The theorem shows that it is always possible to find a neighbourhood J1

with such a property. We prove two preliminary lemmata that will be used
to prove Theorem 3.

Lemma 3. Let f ∈ BV (I) and let [a, b] be an interval such that [a, b] ⊂ I.
The following inequality holds:

|ḟ |([a, b]) ≥ |f̃(a) − f(b−)| + |f(b+) − f(b−)|.

Proof. Since we have

|ḟ |([a, b]) ≥ |ḟ |(a) + |ḟ |((a, b)) + |ḟ(b)|
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≥ |f(a+) − f(a−)| + |f(b−) − f(a+)| + |f(b+) − f(b−)| ,
it follows

|ḟ |([a, b]) ≥ |f(b−) − f(a+)| + |f(b+) − f(b−)|

and
|ḟ |([a, b]) ≥ |f(b−) − f(a−)| + |f(b+) − f(b−)|

hence, we find
|ḟ |([a, b]) ≥

≥ |f(b−) − f(a+)| + |f(b+) − f(b−)| + |f(b−) − f(a−)| + |f(b+) − f(b−)|
2

≥ |f(b−) − f(a+) + f(a−)

2
| + |f(b+) − f(b−)| .

Lemma 4. Let γ be a curve of class B parametrized by arclength, and let
Θ be an argument of γ̇. Let s1 ∈ (0, L(γ)) and P = γ(s1). If there exist
s0 ∈ (0, L(γ)) with s0 > s1 and Q = γ(s0) 6= P , and ǫ > 0 such that

dist(P,Q) − dist(P, γ(s)) ≥ 0 for t ∈ (s0 − ǫ, s0 + ǫ),

then |Θ̇|((s1, s0]) ≥ π
2
.

Proof. The disk DR(P ), where R = dist(P,Q), is such that

[γ|(s0−ǫ,s0+ǫ)] ⊂ DR(P ), Q ∈ [γ] ∩ ∂DR(P ).

Let us choose a system of coordinates in the plane with the origin at γ(s1)
and such that Q = (0,−R). We write γ(s) = (γ1(s), γ2(s)) in the form

γ(s) =

∫ s

s1

(cos Θ̃(τ), sin Θ̃(τ))dτ + γ(s1) = (

∫ s

s1

cos Θ̃(τ)dτ,

∫ s

s1

sin Θ̃(τ)dτ),

(1.4)
since γ(s1) = P ≡ (0, 0). The argument Θ is such that

lim
s→s0+

Θ̃(s) + 2n1π ∈ [0, π], (1.5)

for some n1 ∈ Z. Otherwise, we get lims→s0+ sin Θ̃(s) < 0, which implies

γ2(s0 + δ) − γ2(s0) =

∫ s0+δ

s0

sin Θ̃(τ)dτ) < 0,
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so that γ2(s0 + δ) < −R for some positive δ < ǫ small enough, which contra-
dicts the condition [γ|(s0−ǫ,s0+ǫ)] ⊂ DR(P ).

Analogously, we have

lim
s→s0−

Θ̃(s) + 2n2π ∈ [π, 2π], (1.6)

for some n2 ∈ Z. Using Lemma 3, for any s ∈ (s1, s0) we have

|Θ̇|([s, s0]) ≥ |Θ̃(s) − Θ̃(s0−)| + |Θ(s0+) − Θ(s0−)|. (1.7)

Let us suppose that

Θ(s0−) + 2n2π = lim
s→s0−

Θ̃(s) + 2n2π ∈ [3π/2, 2π] (1.8)

for some n2 ∈ Z. In order to prove that |Θ̇|((s1, s0]) ≥ π
2
, let us suppose that

such an inequality is not satisfied. Then, from (1.7) it would follow

π

2
> |Θ̃(s) − Θ̃(s0−)| + |Θ(s0+) − Θ(s0−)|, (1.9)

for any s ∈ (s1, s0), from which using (1.5) and (1.8), we get

Θ(s0+) + 2n1π = lim
s→s0+

Θ̃(s) + 2n1π ∈ [0, π/2), (1.10)

with n1 = n2 − 1. Let us show that (1.8) and (1.9) imply

Θ̃(s) + 2n3(s)π ∈ (−π/2, π/2), (1.11)

for some n3(s) ∈ Z and for any s ∈ (s1, s0). If (1.11) is not satisfied, then
(1.8) and (1.9) imply

Θ̃(s) + 2n2π ∈ [−π, 3π/2], (1.12)

from which, using (1.8) and (1.10) it follows

lim
s→s0+

Θ̃(s) ≥ lim
s→s0−

Θ̃(s), Θ̃(s0−) ≥ Θ̃(s),

so that

|Θ̃(s) − Θ̃(s0−)| + |Θ(s0+) − Θ(s0−)| = Θ(s0+) − Θ̃(s).

Then, from (1.10) and (1.12) we get

Θ(s0+) − Θ̃(s) ≥ π

2
,
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which contradicts (1.9), hence (1.11) is satisfied for any s ∈ (s1, s0). Now,
using (1.4) and (1.11) we find

γ1(s0) =

∫ s0

s1

cos Θ̃(τ)dτ > 0,

which yields a contradiction, since Q = (γ1(s0), γ2(s0)) = (0,−R). Hence, if
(1.8) holds true, the inequality |Θ̇|((s1, s0]) ≥ π

2
is satisfied. By a symmetry

argument such an inequality is satisfied also if

lim
s→s0−

Θ̃(s) + 2n2π ∈ [π, 3π/2),

for some n2 ∈ Z, and the proof of the lemma is achieved.

The following lemma has been proved by Bellettini and Paolini ([8],
Lemma 8.2).

Lemma 5. Let γ ∈ B be parametrized by arclength, and let Θ be an argument
of γ̇ on [0, L(γ)]. Let 0 ≤ s1 < s2 ≤ L(γ) be such that γ(s1) = γ(s2). Then
|Θ̇|([s1, s2]) ≥ π.

Proof of Theorem 3. In order to prove that there exist neighbourhoods
J1 and J2 such that the curves γ1

|J1
and γ2

|J2
are simple arcs, we have to show

that there exist neighbourhoods of the points s1, s2 such that P is not an
accumulation point of self-intersection points of each curve, when the curve
is restricted to the corresponding neighbourhood. If that happens, then, for
any J1 and J2, the curves γ1

|J1
and γ2

|J2
would contain an infinite number of

closed loops.
Lemma 5 shows that the contribution of each closed loop of γ1 and γ2

to the total variation of the argument of γ̇1 and γ̇2, respectively, is greater
than or equal to π. Let such closed loops be defined on intervals [ah

i , b
h
i ] ⊂

[0, L(γi)], with h ∈ N and i = 1, 2. Let Θi, i = 1, 2, denote the argument
of γ̇i. Then, using (1.17), Lemma 2 and Lemma 5, there exists C > 0,
independent of h, such that

H ≥ K(γi) + L(γi) ≥ C|Θ̇i|([0, L(γi)]) ≥
m∑

h=1

C|Θ̇i|([ah
i , b

h
i ]) ≥ mπC ,

for i = 1, 2 and any m ∈ N. It follows that the number of closed loops is
bounded by

m ≤ H

πC
<∞.
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Then there exist neighbourhoods of s1 and s2 such that the curves γ1 and
γ2, when they are restricted to such neighbourhoods, have a finite number
of points of self-intersections. It follows that there exist neighbourhoods J1

and J2 such that the curves γ1
|J1

and γ2
|J2

are simple arcs.

Since P /∈ ∂Ω we may choose J1 and J2 in such a way that [γ1
|J1

]∩∂Ω = ∅
and [γ2

|J2
] ∩ ∂Ω = ∅.

Let J1 = (a, b), so that a < s1 < b, and let P− = γ1(a), P+ = γ1(b).
Let {an}n ⊂ (a, s1) be an increasing sequence of points converging to s1,

and let {bn}n ⊂ (s1, b) be a decreasing sequence of points converging to s1.
Then we have

H ≥ K(γ1
|J1

) + L(γ1
|J1

) ≥
∞∑

n=1

[
K(γ1

|[an,an+1)) + L(γ1
|(an,an+1))

]
,

H ≥ K(γ1
|J1

) + L(γ1
|J1

) ≥
∞∑

n=1

[
K(γ1

|(bn,bn+1]) + L(γ1
|(bn,bn+1))

]
.

It follows that

lim
m→+∞

∞∑

n=m

[
K(γ1

|[an,an+1)) + L(γ1
|(an,an+1))

]
=

lim
m→+∞

[
K(γ1

|[am,s1)) + L(γ1
|(am,s1))

]
= 0, (1.13)

and analogously,

lim
m→+∞

[
K(γ1

|(s1,bm]) + L(γ1
|(s1,bm))

]
= 0. (1.14)

Using Lemma 2, and taking into account that the curves γ1
|(am,s1) and γ1

|(s1,bm)

are not closed, there exists a positive constant C, independent of m, such
that

K(γ1
|[am,s1)) + L(γ1

|(am,s1)) ≥ C|Θ̇1|([am, s1)),

K(γ1
|(s1,bm]) + L(γ1

|(s1,bm)) ≥ C|Θ̇1|((s1, bm]).

Then, using (1.13) and (1.14), it follows that the sequences

{|Θ̇1|([am, s1))}m, {|Θ̇1|((s1, bm])}m converge to 0 as m→ +∞.
(1.15)

Therefore, there exists an open neighbourhood J∗ of s1 such that the
distance function dist(P, γ1(s)) is monotone increasing in J∗ ∩ {s > s1}.
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Otherwise, for any open neighbourhood J∗ of s1, there exist a point s0 ∈
J∗ ∩ {s > s1} and ǫ > 0 small enough, such that

dist(P,Q) − dist(P, γ1(s)) ≥ 0 for s ∈ (s0 − ǫ, s0 + ǫ),

where Q = γ1(s0) 6= P . Then, using Lemma 4, it would follow that

|Θ̇1|((s1, s0]) ≥ π/2,

but that contradicts (1.15). Analogously, J∗ can be chosen in such a way that
the distance function dist(P, γ1(s)) is monotone decreasing in J∗ ∩ {s < s1}.

Remark 1. Theorem 3 holds true if γ1 = γ2, and s1 6= s2. In this case we
may choose J1 ∩ J2 = ∅ and the proof is the same.

Remark 2. The lemmas 4 and 5 show that a curve γ such that

K(γ) + L(γ) ≤ H < +∞ (1.16)

where H is a positive constant, contains an finite number of returning points.

We may prove the following theorem.

Theorem 4. Let γ1 and γ2 be two curves of class B in Ω, parametrized by
arclength and such that

K(γi) + L(γi) ≤ H < +∞, i = 1, 2, (1.17)

where H is a positive constant. Let P ∈ T0 be a returning point of γ1 and
γ2, such that {P} = γ1(s1) = γ2(s2) for some s1 ∈ (0, L(γ1)) and some
s2 ∈ (0, L(γ2)).

Then there exist two open neighbourhoods, J1 ⊂ (0, L(γ1)) of s1, and
J2 ⊂ (0, L(γ2)) of s2, respectively, with [γ1

|J1
] ⊂ Ω and [γ2

|J2
] ⊂ Ω, such

that the curves γ1
|J1∩{s>s1}, γ

1
|J1∩{s<s1}, γ

2
|J2∩{s>s2} and γ2

|J2∩{s<s2} are simple
arcs.

Moreover, there exists an open neighbourhood J∗ ⊂ J1 of s1 such that the
distance function dist(P, γ1(s)) is monotone increasing in J∗ ∩ {s > s1} and
is monotone decreasing in J∗ ∩ {s < s1}.

Proof. We may repeat the same arguments of the proof of the theorem
3.

Now, we may define the families of curves without crossings in T0. The
idea is to generalize the definition of the two sides of a smooth curve based
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on the normal unit vector, that in the case of curves of class B is not defined
everywhere.

Let P be as in theorem 3, and let t− < s1 < t+ be such that γ1
|[t−,t+] is sim-

ple arc with distance function monotone. We denote by P− = γ1(t−), P+ =
γ1(t+). Let ǫ∗ be such that D̄ǫ∗(P ) ⊂ Ω. We consider the following set

T = D̄ǫ(P ) .

where 0 < ǫ < ǫ∗, and let ǫ, t−, t+ be such that P−, P+ ∈ Γ = ∂T
maintaining the previous properties. Now Γ is a simple closed curve passing
through P−, P+, and we may split it in two arcs Γa,Γb. We choose a direction
on Γ, so that the path along Γ from P− = γ1(t−) to P+ = γ1(t+) is an arc
denoted by Γa. While the path from P+ = γ1(t+) to P− = γ1(t−) is an arc
denoted by Γb. Note that

[Γa] ∩ [Γb] = {P−, P+}

and

[Γa] ∪ [γ1
|[t−,t+]] , [Γb] ∪ [γ1

|[t−,t+]] ,

are simple closed curves. Let Ωa,Ωb be their inside, respectively. Let
σ > 0 be such that γ2

|[s2−σ,s2+σ] is contained in the union of such sets.

In the similar way we argue if P is a returning point. Let P and J1∩J∗ be
as in theorem 4, and let t− < s1 < t+ be such that γ1

|[t−,s1], γ
1
|[s1,t+] are simple

arcs with distance function monotone. We denote by P− = γ1(t−), P+ =
γ1(t+). We consider the set

T = D̄ǫ(P )

where ǫ > 0 is such that T ⊂ Ω, and let ǫ, t−, t+ be such that P−, P+ ∈
Γ = ∂T maintaining the previous properties.

Note that, possibly decreasing ǫ, γ1
|[t−,t+] is a sequence of closed simple

curves and P− = P+. Let Ωa be the union of the inside of such curves, and
let Ωb be

CT (Ωa ∪ [γ1
[t−,t+]]) .

Note that Ωa, Ωb are open sets. Let Γ = ∂T , we split it in Γa = {P−}
and Γb = Γ\{P−}. Note that

∂Ωb = Γb ∪ [γ1
[t−,t+]] .

Naturally, the choice of Ωa and Ωb can be reversed. Finally, let σ > 0 be
such that γ2

|[s2−σ,s2+σ] is contained in the union of such sets.
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Definition 8. Let γ1 : [a1, b1] → R
2 and γ2 : [a2, b2] → R

2 be two curves in
Ω. Let P = γ1(s1) = γ2(s2) ∈ Ω be a point such that P ∈ T0. We say that
γ1 is admissible respect to γ2 at the point P if either

[γ2
|[s2−σ,s2+σ] ∩ Ωa = ∅,

or
[γ2

|[s2−σ,s2+σ]] ∩ Ωb = ∅.

1.5.2 Curves without crossings at points of T1

In this section, recalling the notations and definitions of the previous section,
we study the set T1. We may say that T1 contain the restrictions of γ1 and
γ2 to the intervals on which the two curves coincide.

We denote by Q− = γ1(tq−) = γ2(sq−), Q+ = γ1(tq+) = γ2(sq+) the
endpoints of such a restriction, therefore [γ1

|[tq−,tq+]] ≡ [γ2
|[sq−,sq+]].

We suppose Q−, Q+ are not returning points of γ1. Let t− < tq−, t+ > tq+
be such that γ1

|[t−,tq−] and γ1
|[tq+,t+] are simple arcs with distance function

monotone (see theorem3). We again denote by P− = γ1(t−), P+ = γ1(t+).
Now we denote the set of returning points contained on γ1

|(tq−,tq+) by R =

{γ1(t̂m) : m ∈ Ĵ)}. The remark 2 ensures us that |Ĵ | < ∞, with possibly
Ĵ = ∅. If Ĵ 6= ∅, let

r1 = min{|t̂m − t̂m′| : m,m′ ∈ Ĵ} > 0

while if Ĵ = ∅ then r1 = ∞. Then we define

r0 = min{(tq− − t−), (t+ − tq+)} r∗ = min{r0, r1}

δ = max{r∗ ≥ r > 0 : |Θ̇1|(t−r, t+r) < π

2
, t ∈ [tq−, tq+]\{

⋃

m∈Ĵ

[t̂m−r∗, t̂m+r∗]}}

and let ǫ∗ > 0 be such that D̄ǫ∗(γ
1(t)) ⊂ Ω, ∀t ∈ [t−, t+]. The proof

of Theorem 3 shows that γ1 does not contain an infinite number of closed
loops, then δ > 0. We consider the following sets

T− = D̄ǫ(Q
−), T+ = D̄ǫ(Q

+) .

where 0 < ǫ < ǫ∗, and let ǫ, t−, t+ be such that P− ∈ ∂T−, P+ ∈ ∂T+

maintaining the previous properties. Possibly decreasing ǫ, we may define
R− = γ1(tR−), R+ = γ1(tR+)

tR− = max{t ∈ [tq−, tq− + δ] : γ1(t) ∈ T−}

27



tR+ = min{t ∈ [tq+ − δ, t+] : γ1(t) ∈ T+}
such that tR− ∈ ∂T and tR+ ∈ ∂T+. Γ− = ∂T− is a closed curve passing

through P−, R−, and we may split it in two arcs Γ−
a ,Γ

−
b . We choose a di-

rection on Γ−, so that the path along Γ− from P− = γ1(t−) to R− is an arc
denoted by Γ−

a . While the path from R− to P− = γ1(t−) is an arc denoted
by Γ−

b . Note that
[Γ−

a ] ∩ [Γ−
b ] = {P−, R−}

and
[Γ−

a ] ∪ [γ1
|[t−,tR−]] , [Γ−

b ] ∪ [γ1
|[t−,tR−]] ,

are simple closed curves. Let Ω−
a ,Ω

−
b be their inside, respectively. Now if

Q− (or Q+) is a returning point, we define T−, T+ and Γ−
a ,Γ

−
b ,Ω

−
a ,Ω

−
b as in

previous section. Let R−, R+ be defined as above. Now we may define the
sets

Γl = ∂Dǫ(γ
1(tl)) , l = 0, 1, ..., n

such that, possibly decreasing ǫ, the following properties are satisfied

i) t1 = tR−, and 0 < tl+1 − tl ≤ δ
3

l = 1, ..., n− 1;

ii) if Ĵ 6= ∅, we impose that ∀m ∈ Ĵ ∃! l ∈ {1, ..., n} such that t̂m = tl;

iii) let Γl, for l = 1, ..., n, be defined as in section1.5.1, Γl∩Γl+1 6= ∅ , for l =
1, ..., n− 1 , and

Γl ∩ [γ1
|(tl−1,tl]

] 6= ∅ , Γl ∩ [γ1
|(tl,tl+1]] 6= ∅ l = 2, ..., n− 1

Γ1 ∩ [γ1
|(tq−,t1]] 6= ∅ , Γ1 ∩ [γ1

|(t1,t2]] 6= ∅

iv) n is such that Γn ∩ [γ1
|(tn−1,tn]] 6= ∅ and

Γn ∩
(
Γ\γ1(tR+)

)
6= ∅ , Γn ∩ [γ1

|(tq−,t+]] = ∅

v) finally

#
(
Γl ∩ [γ1

|[tl−1,tl+1]]
)

= 2 l = 1, ..., n− 1

#
(
Γn ∩ [γ1

|[tn−1,tq+]]
)

= 2 .

Let Rl,− = γ1(tl−), Rl,+ = γ1(tl+) be such that

tl− = max{t ∈ [tl−1, tl+1] : γ1(t) ∈ ∂Dǫ(γ
1(tl))}

tl+ = min{t ∈ [tl−1, tl+1] : γ1(t) ∈ ∂Dǫ(γ
1(tl))} l = 2, ..., n− 1
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and
t1− = max{t ∈ [tq−, t2] : γ1(t) ∈ ∂Dǫ(γ

1(t1))}
t1+ = min{t ∈ [tq−, t2] : γ1(t) ∈ ∂Dǫ(γ

1(tl))}
tn− = max{t ∈ [tn, tq+] : γ1(t) ∈ ∂Dǫ(γ

1(tn))}
tn+ = min{t ∈ [tn−1, tq+] : γ1(t) ∈ ∂Dǫ(γ

1(tn))} .
As arguing for Γ− , for each l we split the closed curve Γl using as end-

points {Rl,−, Rl,+} and we define Ωl
a,Ω

l
b. Hence, if γ1(tl) is not a returning

point, we obtain the arcs Γl
a,Γ

l
b, where Γl

a has empty intersection with Ωl−1
b ,

and Γl
b has empty intersection with Ωl−1

a . While if γ1(tl) is a returning point
then we split Γl in an arc and in the point γ1(tl+). We denote the arc by Γl

a

if has not empty intersection with Ωl−1
a (so Γl

b = γ1(tl+)), or by Γl
b if has not

empty intersection with Ωl−1
b (so Γl

a = γ1(tl+)).
In the same way, if Q+ is not a returning point, we split the closed curve

Γ+ = ∂T+ in Γ+
a , Γ+

b using as endpoints {R+, P+}, where Γ+
a has empty

intersection with Ωn
b , and Γ+

b has empty intersection with Ωn
a . Note that

[Γ+
a ] ∩ [Γ+

b ] = {P+, γ1(tR+)}

and
[Γ+

a ] ∪ [γ1
|[tR+,t+]] , [Γ+

b ] ∪ [γ1
|[tR+,t+]] ,

are simple closed curves. Let Ω+
a ,Ω

+
b be their inside, respectively. Other-

wise, if Q+ is a returning point, we define Γ+
a ,Γ

+
b as above with l − 1 = n.

So we define Ω+
a ,Ω

+
b as in section 1.5.1.

Finally, let σ > 0 be such that γ2
|[sq−−σ,sq−] and γ2

|[sq+,sq++σ] are contained
in the union of such sets.

Definition 9. Let γ1 : [a1, b1] → R
2 and γ2 : [a2, b2] → R

2 be two curves in
Ω. We say that γ1 is admissible respect to γ2 at the endpoints of [tq−, tq+]
either if

[γ2
|[sq−−σ,sq−]] ∩ Ω−

a = ∅ and [γ2
|[sq+,sq++σ]] ∩ Ω+

a = ∅,

or if
[γ2

|[sq−−σ,sq−]] ∩ Ω−
b = ∅ and [γ2

|[sq+,sq++σ]] ∩ Ω+
b = ∅.

Definition 10. Let γ1 : [a1, b1] → R
2 and γ2 : [a2, b2] → R

2 be two curves in
Ω. We say that γ1 and γ2 do not cross on [tq−, tq+] if:

i) γ1 is admissible respect to itself at points of T0 contained in [tR−, tR+]\Ĵ ,
according to the definition 8;
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ii) if is satisfied i), we ask that γ1 is admissible respect to itself at points
of T0 contained in [tR−, tR+] ∩ Ĵ , according to the definition 8;

iii) if is satisfied ii), we ask that γ1 is admissible respect to itself at the
endpoints of continuous tracts of γ1 contained in the set T1 and in
[tR−, tR+]\Ĵ , according to the definition 9 .

iv) if is satisfied iii), we ask that γ1 is admissible respect to γ2 at the
endpoints of [tq−, tq+], according to the definition 9;

Finally, we may define the families of curves without crossings.

Definition 11. We say that a family C = {γi}i of curves in Ω is without
crossings if for any point P /∈ P (C) ∪ ∂Ω such that there exist γi, γj ∈ C
such that P ∈ T i,j = [γi] ∩ [γj], with possibly i = j, then

i) γi and γj do not cross on each interval I ⊂ [0, L(γi)] maximal respect
to properties: P ∈ [γi

|I ] and

[γi
|I ] ⊂ T i,j

1 = {γi(t) ∈ T i,j : ∃t0 > 0 such that [γi
|(t,t+t0)] ⊂ T i,j

or/and [γi
|(t−t0,t)] ⊂ T i,j} ;

ii) γi and γj do not cross at P ∈ T i,j
0 = T i,j\T i,j

1 .

1.6 The admissible families of curves and the

energy functional

Let C = {γi}i∈Ĩ be a family of curves of class B parametrized by arclength.
Following [14], we define the functional

A(C) =
∑

γi∈C

(K(γi) + L(γi)) + #P (C) .

Recalling the notations used in previous section, we denote

T (C) =
⋃

i,j∈Ĩ

T i,j

T1(C) =
⋃

i,j∈Ĩ

T i,j
1 , T0(C) =

⋃

i,j∈Ĩ

T i,j
0 .

Then we define the admissible families of curves:
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Definition 12. We say that a family C of curves in Ω is admissible if the
following properties hold:

(i) C is of class B;

(ii) A(C) < +∞;

(iii) C is without crossings.

The following proposition extends Proposition 3.6 of [14] to families of
curves of class B.

Proposition 1. Let C be an admissible family of curves in Ω parametrized
by arclength, and for any γ ∈ C let Θ be an argument of γ̇. Let ω ∈ R be
such that 0 < ω < π. Then the following properties hold:

(i) the total number of curves in C is finite;

(ii) let H > 0 be such that A(C) ≤ H < +∞, then the total number of
curves γ ∈ C such that |Θ̇|([0, L(γ)]) ≥ ω is bounded by a constant
depending only on H and ω.

Proof. We split the family C into two subfamilies denoted by C+ and
C− as follows. Let γ ∈ C; we say that γ ∈ C− if |Θ̇|([0, L(γ)]) < ω, and we
set C+ = C \ C−.

Using Lemma 2, for any curve γ ∈ C+, there exists a positive constant c
independent of γ such that

K(γ) + L(γ) ≥ c|Θ̇|([0, L(γ)]) ≥ c ω .

Then we get

H ≥ A(C) ≥
∑

γ∈C+

(K(γ) + L(γ)) ≥ c ω#C+ ,

from which it follows

#C+ ≤ H

cω
. (1.18)

which yields statement (ii) of the proposition.
Let us now consider the curves in C−: from Lemma 5 it follows that such

curves cannot be closed. Hence, each curve γ ∈ C− joins two distinct points
in P (C). Since #P (C) ≤ H, if we set

δ(C) = min{|Pi − Pj| : Pi, Pj ∈ P (C), Pi 6= Pj} ,
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we have that δ(C) is a positive number. Then for any curve γ joining two
distinct points Pi 6= Pj in P (C) we have

L(γ) ≥ |Pi − Pj| ≥ δ(C) ,

which implies

H ≥ A(C) ≥
∑

γ∈C−

L(γ) ≥ δ(C)#C− ,

so that also C− is finite and statement (i) of the proposition follows.

We now define the energy functional. Given three positive numbers αK ,
αL and αP , for any admissible family C of curves in Ω we define the functional

F(C) =
∑

γ∈C

[αKK(γ) + αLL(γ)] + αP #P (C) ,

and we set
F0(C) = inf{F(C∗) : [C∗] = [C]} .

The introduction of F0 allows us to deal with a set S in R
2, image of a set

of curves, independently of the particular representation of S and also of the
parametrization of the curves.

Let now g ∈ L2(Ω); for any admissible family C of curves in Ω, and any
function u ∈W 1,2(Ω), we define the functional

G(u,C) =

∫

Ω

|u− g|2dx+

∫

Ω\[C]

|∇u|2dx+ F0(C) .

Note that the functional G depends on [C] rather than on C.

1.7 Compactness and lower semicontinuity re-

sults

The proof of the compactness theorem for families of curves without crossings
is much more complicated with respect to the W 2,2 case dealt with Coscia
and required the development of a new method of proof.

In this section we obtain compactness and lower semicontinuity results for
the functional F with respect to the weak convergence of sequences of traces
of families of curves (Definition 3). This notion of convergence takes into
account possible reparametrizations of the curves and the fact that curves
may collapse into points. Then we prove the existence of minimizers of the
functional G.
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We prove the following lemma, which will be useful to prove the coer-
civeness of functional F with respect to the weak convergence of traces of
families of curves.

Lemma 6. Let γ ∈ B be an arc parametrized by arclength, and let Θ be an
argument of γ̇. If |Θ̇|([0, L(γ)]) ≤ π/3, then

|γ(0) − γ(L(γ))| ≤ L(γ) ≤ 2|γ(0) − γ(L(γ))|. (1.19)

Proof. Let I be such that [0, L(γ)] ⊂ I, and let us extend Θ on I as
follows:

Θ(s) =

{
Θ̃(0+) if s ∈ I ∩ {s < 0}
Θ̃(L(γ)−) if s ∈ I ∩ {s > L(γ)}.

Then Θ ∈ BV (I). Let {ρh}h be a sequence of symmetric mollifiers, and
define αh = Θ ∗ ρh. Then, by the properties of symmetric mollifiers,

lim
h→∞

αh(s) = (Θ(s+) + Θ(s−))/2 = Θ̃(s) (1.20)

for any s ∈ I. We set

γh(s) =

∫ s

0

(cosαh(τ), sinαh(τ))dτ + γ(0) ∀s ∈ [0, L(γ)].

The curves γh are parametrized by arclength and, using (1.20), limh→∞ γh =
γ uniformly on [0, L(γ)]. Particularly,

γh(0) = γ(0), L(γh) = L(γ) ∀h, lim
h→∞

γh(L(γ)) = γ(L(γ)). (1.21)

Since, by construction, the extended function Θ satisfies

Θ(0+) = Θ(0−), Θ(L(γ)+) = Θ(L(γ)−),

using Proposition (1.15) of [12], we have

lim
h→∞

∫

[0,L(γ)]

|α̇h|ds = |Θ̇|([0, L(γ)]) ≤ π/3. (1.22)

In the following we argue as in [14] for the curves γh. Up to a rotation of
coordinates depending on h, we may assume that the tangent unit vector of
γh at the point s = 0 has components (1, 0). Then, using (1.22), for any
ε > 0 we have

|αh(s) − αh(0)| ≤
∫

[0,L(γ)]

|α̇h|ds ≤ π/3 + ε, (1.23)
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for any s ∈ [0, L(γ)] and h large enough.
Then the tangent vector at γh has a positive horizontal component for

any s ∈ [0, L(γ)]. Hence, with respect to the rotated coordinate system,
the curve γh = (γh

1 , γ
h
2 ) is the graph of a function uh ∈ C∞(ah, bh), with

ah = γh
1 (0) and bh = γh

1 (L(γ)). Since, using (1.23), |u′h(x)| ≤
√

3 + O(ε) for
any x ∈ (ah, bh), using (1.21), we have

L(γ) = L(γh) =

∫ bh

ah

√
1 + |u′h|2dx ≤ 2(1 +O(ε))(bh − ah)

≤ 2(1 +O(ε))|γh(0) − γh(L(γ))| = 2(1 +O(ε))|γ(0) − γh(L(γ))|.

By letting h tend to infinity, ε tend to zero, and using (1.21) the second
inequality of (1.19) follows. The first inequality is obvious.

Theorem 5. Let {Ch}h be a sequence of admissible families of curves in Ω
such that

F(Ch) ≤ H < +∞ for all h.

Then there exist a subsequence {Chk
}k and an admissible family C of curves

in Ω such that {[Chk
]}k converges weakly to [C]. Moreover,

lim inf
h→+∞

F(Ch) ≥ F(C).

Proof. Step 1: compactness. Up to the extraction of a subsequence we
may assume that

lim inf
h→+∞

F(Ch) = lim
h→+∞

F(Ch).

By the inequality

F(C) ≥ α0 A(C), α0 = min{αK , αL, αP} > 0 ,

we get A(Ch) ≤ H/α0 for all h. Then, using Proposition 1, each family Ch

consists of a finite number of curves.
For any h we split the family Ch into two subfamilies C+

h and C−
h as in

the proof of Proposition 1, with ω = π/3. Using (1.18) we have

#C+
h ≤ 3H

cπ
,

so that #C+
h is bounded by a constant independent of h. Hence, up to the

extraction of a subsequence, we may assume that #C+
h = m for all h. Then

we set

C+
h = {γ1

h, . . . , γ
m
h }, γi

h : [0, L(γi
h)] → Ω i = 1, . . . ,m,

34



where all the curves γi
h are parametrized by arclength.

Moreover, since the length of every curve is bounded from above by H/
αL, up to the extraction of a further subsequence, we may assume that
L(γi

h) → Li as h → ∞, for any i = 1, . . . ,m. Since Li may be equal to zero
for some i, we further split the curves of C+

h into two groups:

(i) the curves such that L(γi
h) → 0;

(ii) the curves such that Li > 0.

Then, up to a subsequence, there exists a finite set P1 ⊂ Ω of points such
that the maximum distance of the trace of the curves of the group (i) from
P1 goes to zero as h→ ∞.

Now we consider the curves of group (ii). We fix i ∈ {1, . . . ,m} such that
Li > 0, and we drop the index i from γi

h in order to avoid a cumbersome no-
tation. We reparametrize the curves γh with constant velocity on the same
interval [0, Li]. Let θh be an argument of the curve γh reparametrized on
[0, Li]. Then, using the uniqueness of the Lebesgue decomposition of a mea-
sure, the functionals K(γh) can be rewritten by means of the reparametrized
curves in the following way (see Section 5 of [8]):

Ka(γh) =
L(γh)

Li

∫ Li

0

ψ

(
θh,

Li

L(γh)
θ̇a

h

)
dt, (1.24)

Ks(γh) = Ks(θh, ]0, L
i[) + µ

∣∣∣∣∣

∫ θh(0+)−2kπ

θh(Li−)

ψ∞(τ, 1)dτ

∣∣∣∣∣ , (1.25)

where k ∈ Z is such that −π < θh(0+) − θh(L
i−) − 2kπ ≤ π, and µ = 0 if

γh is a curve with endpoints, otherwise µ = 1.
Since Ω is bounded, supt∈[0,Li] |γh(t)| is uniformly bounded with respect

to h. Moreover, we have

∫ Li

0

|γ̇h|dx = L(γh) ≤
H

αL

for any h, so that the sequence {γh}h is uniformly bounded in W 1,1([0, Li]).
Using the properties of the argument functions, for any h we have

|γ̈a
h| = |θ̇a

h| a.e. in I = (0, Li), |γ̈s
h|{t} ≤ |θ̇s

h|{t} ∀t ∈ Sθh
, (1.26)

and, using (1.1), we have

γ̈s
h(I \ Sθh

) =

∫

I\Sθh

(− sin θh, cos θh)dθ̇
s
h,
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which implies
|γ̈s

h|(I \ Sθh
) ≤ |θ̇h

s|(I \ Sθh
). (1.27)

Using (1.26) and (1.27) we obtain

|γ̈h|([(0, Li]) ≤ |θ̇h|([(0, Li]). (1.28)

Using (1.24) and property (iv) of the function ψ (see Section 1.2), we get

Ka(γh) ≥
∫ Li

0

(A|θ̇a
h| −B)dt = A|θ̇a

h|([0, Li]) −BLi,

from which, since L(γh) → Li as h→ ∞, it follows for h large enough

|θ̇a
h|([0, Li]) ≤ 1

A
(Ka(γh) +BL(γh) +Bδ)

≤ max{1, B}
A

(Ka(γh) + L(γh)) +
B

A
δ

≤ max{1, B}
A

H +
B

A
δ, (1.29)

where δ is a positive constant independent of h.
Using (1.25) and arguing as in the proof of Lemma 2, we have

|θ̇s
h|([0, Li]) ≤ 1

A
Ks(γh) ≤

H

A
. (1.30)

Collecting (1.28), (1.29) and (1.30), we get

|γ̈h|([(0, Li]) ≤M, (1.31)

where M is a positive constant independent of h. Since {γh}h is uniformly
bounded in W 1,1([0, Li]), using (1.31), it follows that there exist a subse-
quence {γhk

}k and a curve γ ∈ B such that {γhk
}k converges weakly to γ as

k → +∞.
Then all the sequences {γi

h}h of the curves which do not have infinitesi-
mal length (i.e., the curves belonging to the group (ii)), admit subsequences
{γi

hk
}k weakly converging to curves γi of class B. Particularly, the endpoints

of the curves converge in R
2 to the endpoints of the limit curves.

Since ω = π/3, using Lemma 5, all closed curves of Ch belong to C+
h .

Hence C−
h consists of arcs. Let us now consider the set of endpoints P (C−

h ):
since #P (C−

h ) ≤ H/αP , up to a subsequence we may assume that #P (C−
h ) =

r independent of h, i.e.,

P (C−
h ) = {P 1

h , . . . , P
r
h},
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and that each of the sequences {P i
h}h converges to a limit P i (not necessarily

all distinct).
For any pair of limit points P l, Pm such that P l 6= Pm, and for h large

enough, the length of the curves in C−
h joining P l

h and Pm
h is greater than

|P l − Pm|/2. Hence, the number of such curves is uniformly bounded with
respect to h, therefore, up to a subsequence, we may assume that this number
is a constant nl,m independent of h. Moreover we have

K(γ) ≤ H/αK , L(γ) ≤ H/αL

for any curve γ ∈ C−
h joining P l

h and Pm
h . Then, arguing as for the curves of

group (ii) in C+
h , each of the nl,m sequences of curves admit a subsequence

{γi
hk
}k weakly converging to a curve γi of class B.

Finally, consider a couple of limit points P l = Pm with l 6= m: by Lemma
6 the length of the curves in C−

h joining P l
h and Pm

h is less than 2|P l
h − Pm

h |,
which tends to zero as h → ∞. Then, up to a subsequence, there exists a
finite set P2 ⊂ Ω of points such that the maximum distance of the trace of
such curves from P2 goes to zero as h→ ∞.

Let now C be the set of curves obtained from the limits of curves in C+
hk

,

such that Li > 0, and of curves in C−
hk

, whose endpoints have distinct limits.
Let P be the set of the limits of the endpoints of all the curves in Chk

: we
have P (C) ⊂ P .

We now prove that C is a family of curves without crossings. Let us
suppose that this assertion is false. There are two possibilities: I ) at least
one crossing point belongs to T1(C); II ) at least one crossing point belongs
to T0(C). To semplify notations, we will study first the case I assuming true
the case II.

Case I). Since in the case II will be proved that there are not crossing
points in T0(C), then there exists a crossing point in T1(C) if and only if
there exist two curves γi, γj ∈ C ( with possibly i = j) and two intervals
[tq−, tq+], [sq−, sq+] such that

[γi
|[tq−,tq+]] ≡ [γj

|[sq−,sq+]],

and γi is not admissible respect to γj at endpoints of [tq−, tq+]. As in section
1.5.2, we define δ, ǫ > 0 and the open sets Ω−

a ,Ω
−
b ,Ω

+
a ,Ω

+
b for the curve γi.

Let σ > 0 be such that γj

|[sq−−σ,sq−] and γj

|[sq+,sq++σ] are contained in the union
of such sets.

Let now {γi
hk
}k, {γj

hk
}k be the sequences uniformly converging to γi, γj

respectively. For k large enough, let Ik, Jk be the intervals such that

[γi
hk|Ik

] ≡ [γj

hk|Jk
],
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and Ik = [tkq−, t
k
q+] → [tq−, tq+], Jk = [sk

q−, s
k
q+] → [sq−, sq+]. We define

δk, ǫk as in section 1.5.2 for any k. Now, there are two possibilities: i) {δk}k

converges to a positive constant, ii) {δk}k, and then {ǫk}k, converges to zero.
Case I.i. The uniform convergence implies that δk → δ, and there exists

a sequence {ǫ}k, defined as in section 1.5.2, converging to ǫ.
Then we can define the open sets Ω−

a,k,Ω
−
b,k,Ω

+
a,k,Ω

+
b,k for the curve γi

hk
.

Moreover, there exists a sequence {σk}k converging to σ, such that γj

hk|[sk
q−−σk,sk

q−]

and γj

hk|[sk
q+,sk

q++σk]
are contained in the union of such open sets. Note that the

sequences {Ω−
a,k}k, {Ω−

b,k}k, {Ω+
a,k}k, {Ω+

b,k}k converge to the sets Ω−
a ,Ω

−
b ,Ω

+
a ,Ω

+
b ,

respectively.
Now, since γi is not admissible respect to γj at endpoints of [tq−, tq+], we

have

[γj

|[sq−−σ,sq−]] ∩ Ω−
a 6= ∅ and [γj

|[sq+,sq++σ]] ∩ Ω+
b 6= ∅, (1.32)

or/and

[γj

|[sq−−σ,sq−]] ∩ Ω−
b 6= ∅ and [γj

|[sq+,sq++σ]] ∩ Ω+
a 6= ∅ .

Let us suppose that the first situation happens. Then there exist two different
points, Q and R, such that Q ∈ [γj

[sq−−σ,sq−]]∩Ω−
a and R ∈ [γj

[sq+,sq++σ]]∩Ω+
b .

Since Ω−
a and Ω+

b are open of R
2 there exist neighbourhoods UQ ⊂ Ω−

a of Q
and UR ⊂ Ω+

b of R, respectively, such that UQ ∩ UR = ∅.
Because of the uniform convergence of γi

hk
to γi, for k large enough we

have UQ ⊂ Ω−
a,k and UR ⊂ Ω+

b,k. Since Chk
is without crossings, then, either

[γj

hk|[sk
q−−σk,sk

q−]
] ∩ UQ = ∅, or [γj

hk|[sk
q+,sk

q++σk]
] ∩ UR = ∅.

Since γj
hk

converges uniformly to γj as k tends to infinity and, using

(2.9.1),both [γj

[sq−−σ,sq−]]∩UQ 6= ∅, and [γj

[sq+,sq++σ]]∩UR 6= ∅, it follows that,

for k large enough, both [γj

hk|[sk
q−−σk,sk

q−]
]∩UQ 6= ∅, and [γj

hk|[sk
q+,sk

q++σk]
]∩UR 6=

∅. But this contradicts the hypotesys that Chk
is without crossings, so that

C is a family of curves without crossings.
Finally, it may happen that some of the curves γ of C intersect at an

endpoint P ∗ of one of them: then to make C an admissible family, it is
enough to divide each of these curves γ into two curves, one ending and the
other beginning at P ∗. Since the number of endpoints is finite, we may in
a finite number of steps convert C into an admissible family with the same
image. This process does not increase the set of endpoints, since P ∗ already
belongs to P (C), and the functional K may only lose a jump of angle at P ∗.
It follows that γi and γj do not cross at P .
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Case I.ii). Let Pk− = γi
k(tk−), Pk+ = γi

k(tk+) be defined as in Theorem 3.
Note that if the arc γi

hk|[tkq−,tkq+]
collapses, we resort to case II. But we need to

define Pk−, Pk+ that do not converge to Q−, Q+, respectively, to construct
Ω±

a,k, Ω±
b,k converging to the sets Ω±

a , Ω±
b defined above.

We fix a parameter tkq+ and let be γi
k(t

k
q+) = P k

i → γi
hk

(tkq+) = Q−. Let
S+ = {Qr,k}r ⊂ [γi

hk|(t≥tkq+)
] be the set of all nonsimple points of γi

hk|(t≥tkq+)

such that Qr,k → Q+. Note that we may have #S+ = ∞.
Let us suppose for instance that Pk− = γi

k(tk−) converges to a point
different from Q−, while Pk− = γi

k(tk−) converges to Q+. By the definition
of δk, if δk → 0, then in the arc of γi

hk
(t) with t ≥ tkq+ there exists at least a

closed curve contained in γi
hk

, passing through a point of S+, and collapsing

to Q+. Denote by γi
k, γ

j
k the curves γi

hk
, γj

hk
respectively.

Remark 3. Let us suppose that there does not exist at least a closed curve
contained in γi

k, passing through a point of S+, and collapsing to Q+. Then if
we move on γi

k from tkq+ in the direction of increasing t, we have the following
possibilities for {t > tkq+}:

• we reach γi
k(L(γi

k)) without meeting nonsimple points. Then we may
choose Pk+ = γi

k(L(γi
k)) not converging to Q+, since Q+ is not an

endpoint;

• we reach a nonsimple point Qk, which is not converging to Q+, without
meeting first points of S+. Then we may choose Pk+ = Qk;

• we reach P i
k along a closed curve that does not collapse. Then, if s1

k+

is such that

γi
k(s

1
k+) = P i

k, s1
k+ > tkq+,

and for any t ∈ (tkq+, s
1
k+) we have γi

k(t) 6= P i
k , we may choose Pk+ ∈

(tkq+, s
1
k+);

• we reach a point of S+\P i
k, from which a loop not collapsing to Q+ then

starts. Then, if s1
k−, s1

k+ are such that

γi
k(s

1
k−) = γi

k(s
1
k+) = Qr,k, s1

k− < s1
k+, r ∈ {1, ...,M},

and for any t ∈ (s1
k−, s

1
k+) we have γi

k(t) 6= Qr,k , we may choose
Pk+ ∈ (s1

k−, s
1
k+).

Therefore in all these cases {P i
k}k does not converge to Q+, so that we

can resort to case I.i).
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We suppose that there exists at least a closed curve in γi
k that collapses

on Q+. Using Lemma 5 we have

#Ck+ ≤ H

π
,

where Ck+ is the set of closed curves contained in γi
k and passing through the

points of S+. So #Ck+ is bounded by a constant independent of k. Hence,
up to the extraction of a subsequence, we may assume that #Ck+ = N for
all k. With similar arguments, we may assume that the number of curves in
CP i

k
that collapse on Q+ is R. Let X = {sk

0, ..., s
k
d} be an increasing set of

parameters and let Ik
X = [sk

0, s
k
d] ⊂ [0, L(γi

k)] be the largest interval having
the properties

γi
k(s

k
l ) = P i

k, l = 0, . . . , d, γi
k|Ik

X
→ Q+ (1.33)

for any k, and d ≤ R. Therefore, by means of the definition of the interval
Ik
X , starting from the point P i

k = γi
k(t

k
q+), we select the greatest number of

consecutive closed curves collapsing to Q+. Such curves cannot be simple.
Note that sk

d 6= L(γi
k) since Q+ is not an endpoint. Moreover, since Ik

X is the
largest interval having the properties (1.33), for t > sk

d each closed curve in
P i

k that collapses to Q+ has to contain an arc that does not converge to Q+.
Argument A. Let us consider what happens for t > sk

d. We have two
cases:

1) we have an arc that does not collapse to Q+, then the situation is the
same as in Remark 3. Hence we may define

J1,k = (tk−, s
k
0) ∪ (sk

d, tk+),

where tk+ is chosen as in Theorem 3.

2) There exists an arc collapsing to Q+. Then we have the following cases:

2.1) the arc is simple. Hence, if tk is the endpoint of this arc, for t > tk
we have a situation as in Remark 3. Therefore, we define J i

k as in
the case 1);

2.2) the arc is not simple. Then it contains at least a point of S+. We
denote by Qa1,k = γi

k(ta1,k) the first point of S+ after P i
k = γi

k(s
k
d),

i.e., ta1,k = min{t > sk
d : γi

k(t) ∈ S+}. Then we require that J i
k is

such that

J i
k ∩ (tk−, ta1,k] = (tk−, s

k
0) ∪ (sk

d, ta1,k].
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Note that in this way we eliminate the curves in Ik
X . Then we repeat for Qa1,k

the same arguments used for P i
k. Therefore, we define at the point Qa1,k a

set having the same properties of X, and we denote such a set by Xa1 . Hence
we still eliminate the largest number of consecutive closed curves collapsing
to Q+ which pass through Qa1,k.

End of Argument A

Now we repeat the Argument A whenever we meet points of S+, after
skipping the closed curves collapsing at points of S+ that have been previ-
ously met. Let C be the largest number of these steps. Note that C can be
infinite. For each step we repeat the Argument A and we add a new interval
to J i

k, so that we obtain

J i
k∩(tk−, sup{tal,k : l = 1, ..., C}] = I1,k = (tk−, s

k
0)∪(sk

d, ta1,k)∪(∪C
l=1(maxXal

, tal+1,k)) ,

where C ≤ #S+. Now we have

|I1,k| < L(γi
k) < H <∞,

then there exists finite

sup{tal,k : l = 1, ..., C} = aC <∞,

and there exists a point PC = γi
k(aC) 6= γi

k(L(γi
k)). It follows that γi

k,[tkq+,aC ]
→

Q+, and for t > aC we resort to the cases (1), (2.1) of Argument A. Then
for t > aC we may define Pk+ = γi

k(tk+) as in Theorem 3, in such a way that
Pk+ does not converge to Q+, and we define

J i
k = I1,k ∪ [aC , tk+) .

Let now J1,k = (tk−, s
k
0) ∪ (sk

q , tk+). Note that J1,k is not an interval, but we
can still construct the open sets Ω−

a , Ω−
b , Ω+

a , Ω+
b , since in the construction

we use the trace of the curve, and we do not use the fact that the parameters
are consecutive both for t < tkq− and t > tkq+. Moreover, the functional is not
evaluated at the point γi

k(t
k
q+), but at γi

k(t
k
q++), γi

k(t
k
q+−). Hence it is possible

to eliminate the curves which collapse, since the functional may have a finite
contribution at P i

k = γi
k(t

k
q+), but the contribution from (tkq++, t], [t, tkq+−)

tends to zero with t.
If γj

k has points both interior and exterior to the above closed curves, then
we eliminate the arcs of γj

k interior to such closed curves, since they collapse
on Q+.

Let ηj
k be the curves constructed in such a way. Note that the elimi-

nated arcs, because of admissibility, pass through P i
k without yielding cross-

ing points, therefore ηj
k are continuous curves. Then, γj

k does not cross γi
k in
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P i
k if and only if ηj

k and γi
k|J1,k

, obtained according to the above construction,

are without crossing for every X and Ik
X which satisfy (1.33).

We may use the same arguments if Pk− converges to Q−, while Pk+ con-
verges to a different point from Q+.

If both {Pk−}k and {Pk+}k converge to Q− = Q+ for any J1,k, the only
case in which we cannot use the above arguments is when P i

k is interior to a
closed collapsing curve. In this case our construction cannot be used, since
such a curve is eliminated. However we do not need to examine such points,
since the behaviour of γj

k is important only with respect to arcs of γi
k that

do not converge to points.
Each Pk− and Pk+ defined in such a way does not converge to Q− and

Q+, respectively. Now, if we eliminate the closed collapsing curves contained
in arc γi

hk|[tkq−,tkq+]
, we can repeat the same argument of case I.i.

Case II). Then there exist a point P /∈ P (C) ∪ ∂Ω, curves γi, γj ∈ C
(with possibly i = j), t1 and t2 such that γi(t1) = γj(t2) = {P} ∈ T0(C).

As in Section 1.5.1, we define δ, ǫ > 0 and the disjoint open sets Ωa,Ωb for
the curve γi. Let σ > 0 be such that γj

|[t2−σ,t2+σ] is contained in the union of

such sets. Let now {γi
hk
}k, {γj

hk
}k be the sequences uniformly converging to

γi, γj respectively. Let {Pk = γi(tk1) = γj(t2k)}k be the sequence converging
to P . Now, for k large enough, either Pk ∈ T1(Chk

) or Pk ∈ T0(Chk
). In the

first case, we argue as in case I considering that

[γi
|[tq−,tq+]] = {P} and Ω−

a = Ω+
a Ω−

b = Ω+
b . (1.34)

In the second case, we argue as in case I using the properties (1.34) and
the following properties

[γi
|[tkq−,tkq+]] = {Pk} and Ω−

a,k = Ω+
a,k Ω−

b,k = Ω+
b,k . (1.35)

Therefore the admissibility of C is proved.
Step 2: lower semicontinuity. Using Theorem 2, the continuity of the

functional
∫
|γ̇|dt with respect to the weak convergence of curves, and the fact

that #P (C) ≤ #P ≤ #P (Chk
), the lower semicontinuity property follows:

F(C) ≤ lim
k→+∞

F(Chk
) = lim inf

h→+∞
F(Ch).

Now we may prove an existence result for the functional G.

Theorem 6. The functional G has a minimizer in the class of pairs (u,C),
with C admissible family of curves in Ω and u ∈ W 1,2(Ω \ [C]).
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Proof. Step 1: the functional F0 is lower semicontinuous. The lower
semicontinuity of F0 is a direct conseguence of Step 2 in the proof of Theorem
5. Indeed, let {[Ch]}h be a sequence of traces of admissible families of curves
converging to the trace of an admissible curve [C] such that

lim inf
h→+∞

F0(Ch) < +∞

(otherwise the result is trivial), and let us select a subsequence, still denoted
by {[Ch]}h, along which the liminf is a limit. Then, by the definition of F0

and the lower semicontinuity of F , for each h we may consider a family C∗
h

with [Ch] = [C∗
h] and

F0(Ch) ≤ F(C∗
h) ≤ F0(Ch) +

1

h
.

We may apply to {C∗
h}h the previous result and we obtain that (up to a

subsequence) it converges to the trace of a family C∗ (which satisfies [C∗] =
[C], since [C∗

h] = [Ch] → [C]) such that

F(C∗) ≤ lim inf
h→+∞

F(C∗
h) = lim

h→+∞
F0(Ch).

But F0(C) = F0(C
∗) ≤ F(C∗), and the lower semicontinuity of F0 is proved.

Step 2: proof of the existence result. First of all, we select a subsequence
{uhk

, Chk
}k such that

lim inf
h→+∞

G(uh, Ch) = lim
k→+∞

G(uhk
, Chk

) < +∞ .

We may assume that F(Chk
) ≤ H < +∞, where H is a positive constant

independent of k. By the definition of F0 for each k we may consider an
admissible family C∗

hk
with [C∗

hk
] = [Chk

], and

F0(Chk
) ≤ F(C∗

hk
) ≤ F0(Chk

) + 1/k, G(uhk
, C∗

hk
) = G(uhk

, Chk
).

Since F(Chk
) is uniformly bounded with respect to k, by applying to {Chk

}k

the result of Step 1 in the proof of Theorem 5, there exist a subsequence,
which we still denote by the same index hk, and an admissible family C of
curves in Ω such that {[Chk

]}k converges to [C].
Now we consider the corresponding subsequence {uhk

}k and we call P
the set of the limits of the endpoints of the curves in Chk

and of the points
P i, limits of the curves that converge to a point (see Step 1 in the proof
of Theorem 5). We have to prove that exist a subsequence {uhk

}k and a
function u ∈ W 1,2(Ω \ [C]) such that uhk

→ u weakly in W 1,2(Ω∗) for every
Ω∗ ⊂⊂ Ω \ ([C] ∪ P ) and uhk

→ u a.e. in Ω.
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We now consider a sequence {Ωi}i of open sets Ωi ⊂⊂ Ω\([C] ∪ P ) that
invade Ω \ ([C] ∪ P ). For every i the distance dist(Ωi, [C] ∪ P ) is positive,
then for k sufficiently large Ω ∩ [Chk

] = ∅ and uhk
∈ W 1,2(Ωi). Moreover,

since G(uhk
, Chk

) is uniformly bounded with respect to k, we have

∫

Ωi

(|uhk
|2 + |Duhk

|2)dx

≤
∫

Ω\[Chk
]

(|uhk
|2 + |Duhk

|2)dx

≤
∫

Ω\[Chk
]

(2|uhk
− g|2 + 2|g|2 + |Duhk

|2)dx ≤ c(H, ||g||L2),

where c is a constant independent of i and k. Then the sequence {uhk
}k is

equibounded in W 1,2(Ωi), hence there exists a subsequence {uhk
}k converging

weakly in W 1,2(Ωi) and a.e. in Ωi to a function u ∈W 1,2(Ωi). By a diagonal
argument we obtain a function u defined on Ω \ ([C]∪P ) and a subsequence
{uhk

}k converging to u weakly in W 1,2(Ω∗) for every Ω∗ ⊂⊂ Ω \ ([C] ∪ P )
and almost everywhere in Ω.

It remains to prove that u ∈ W 1,2(Ω \ [C]) and the lower semicontinuity
of G. By the above inequality and the weak lower semicontinuity of the W 1,2

norm, we have
∫

Ωi

(|u|2 + |Du|2)dx ≤ lim inf
k→∞

∫

Ωi

(|uhk
|2 + |Duhk

|2)dx

≤ c(H, ||g||L2),

for any i, then u ∈ W 1,2(Ω \ ([C] ∪ P )), i.e. u ∈ W 1,2(Ω \ [C]), being P a
finite set of points. In particular,

∫

Ω\[C]

|Du|2dx ≤ lim inf
k→∞

∫

Ω\[Chk
]

|Duhk
|2dx .

Moreover, using the weak convergence in W 1,2(Ωi) of uhk
to u we obtain that

∫

Ωi

|u− g|2dx = lim
k→∞

∫

Ωi

|uhk
− g|2dx ≤ lim inf

k→∞

∫

Ω\[Chk
]

|uhk
− g|2dx,

for every i, therefore
∫

Ω\[C]

|u− g|2dx = lim inf
k→∞

∫

Ω\[Chk
]

|uhk
− g|2dx .
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Collecting the above results and using the semicontinuity of F0, we have

G(u,C) ≤ lim inf
k→∞

∫

Ω\[Chk
]

|Duhk
|2dx

+ lim inf
k→∞

∫

Ω\[Chk
]

|uhk
− g|2dx+ lim inf

k→∞
F0(Chk

)

≤ lim
k→∞

G(uhk
, Chk

) = lim
h→∞

G(uh, Ch) .

The existence of minimizers for the functional G then follows from the com-
pactness and lower semicontinuity results.
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Chapter 2

Variational approximation of a functional

depending on squared curvature for

numerical computation

2.1 Introduction

In mathematical image reconstruction theory, by image of a scene we mean a
real valued measurable function g on a plane domain Ω, which measures the
grey level, i.e., the brightness at each point of Ω. In general, this function g is
discontinuous along the lines corresponding to sudden changes in the visible
surfaces (e.g. edges of objects, shadows, different reflectances).

The image segmentation problem consists in finding a pair (u,C) such
that C is a set of curves, which decompose the image into regions with
relatively uniform brightness, and u ∈ C1(Ω \C) is a smooth approximation
of g ∈ L∞(Ω) on each region. The set C will be understood as the union of
the lines which give the schematic description of the image.

Many different approaches have been proposed to find u and C. Geman
and Geman [22] proposed a discrete optimization method based on the min-
imization of an energy function. This idea was developed by Mumford and
Shah, who proposed to look for a pair (u,C) which minimizes the following
functional:

GMS(u,C) =

∫

Ω\C
|∇u|2dx+

∫

Ω

|u− g|2dx+ H1(C),

where Ω ⊂ R
2 is a bounded open set, and H1 denotes the one-dimensional

Hausdorff measure. The functional is minimized over the pairs (u,C) such
that C ⊂ Ω is a closed set, and u ∈ C1(Ω\C).

The existence of minimizers of GMS has been proved independently by
De Giorgi, Carriero and Leaci [19], and by Dal Maso, Morel and Solimini
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[26], using the compactness and lower semicontinuity theorems of Ambrosio
[1, 2].

Mumford and Shah studied the properties of minimizers (u,C) of GMS

assuming that C is a finite union of simple C2 curves meeting ∂Ω and meeting
each other only at their endpoints. They proved that the vertices of C may
only be:

(i) triple points where three curves meet with 120◦ angles;

(ii) points on the boundary of Ω where one curve meets ∂Ω perpendicularly;

(iii) points where a curve ends and meets nothing.

In this way corners and junctions with angles different from 120◦, which are
important to identify superimposed objects, are distorted because the length
measure is not sensitive to corners and such junctions. In order to reconstruct
such singularities we need to consider curvature depending energies. In [14]
Coscia proposed a functional that includes the integral of square curvature∫

C
k2dH1, where C is a family of curves.
More precisely, given three positive numbers αL, αK , αP , we define for

any family C of curves the functional

F(C,P ) =
∑

γ∈C

∫

γ

(αKk
2 + αL)dH1 + αP #P,

where k is the curvature of the curve γ ∈ C, P is the set of the endpoints
of all the curves in C with the exception of the regular closed ones, and #
denotes the counting measure.

The functional considered by Coscia [14] is

G(u,C, P ) = F(C,P ) +

∫

Ω\(C∪P )

|∇u|2dx+

∫

Ω

|u− g|2dx,

defined on all admissible families C of curves in Ω and all functions u ∈
W 1,2(Ω\C). A family C of curves is admissible if it consists of a finite number
of curves of class W 2,2 which do not cross each other or themselves, except
possibly with the same tangent vector. Then, nontangent crossing points are
penalized by forcing them to be considered as the endpoints of some curves.
Tangent crossings must be allowed for semicontinuity reasons.

It should be noted that the functional G involves the recursive application
of a one-dimensional version of the Mumford-Shah functional along the curves
of the family C.
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Existence of minimizers of G has been proved by Coscia in [14]. However,
the numerical minimization of the functional G is a difficult task, which
reflects the difficulties of the challenging problem of recovering geometrical
properties of visible surfaces from two-dimensional image functions.

Braides and March [12] have proposed the approximation of G by means
of a family of functionals Gε which are numerically more tractable, and they
have proved the Γ-convergence of the approximating functionals to G.

In the following we assume αL = αK = αP = 1.
The approximation result is divided in two parts: (i) a first approxi-

mization is performed by means of a new type of energies where points and
curves are substituted by sets; (ii) the functionals defined on sets are then
approximated by functionals defined on smooth functions.

The first step is the construction of a variational approximation of the
term #P that counts the number of points of P by means of a functional
whose minimizers are disks of small radius ε. Moreover, this functional is
chosen in such a way that it can be approximated by an energy defined on
functions by means of the coarea formula [11]. The functional is

E (1)
ε (D) =

1

4π

∫

∂D

(1/ε+ εk2)dH1,

where D is a smooth set, k is the curvature of ∂D, and 1
4π

is a normalization

factor that derives from the fact that minimizers of E (1)
ε are given by balls of

radius ε.
The next step is the construction of another energy defined on sets that

approximates the functional
∫

C
(1+k2)dH1 (C is a finite union of W 2,2 curves

with endpoints contained in P ). The family C of curves is approximated,
away from D, by smooth sets A which collapse, as ε tends to zero, on the
curves of the family C. The energy is defined on sets A and D as

E (2)
ε (A,D) =

1

2

∫

(∂A)\D
(1 + k2)dH1.

Since in this functional there is not dependence on ε, then the constraint
meas(A) ≤ aε = o(1) as ε → 0 is imposed in order to approximate the
curves in C by the set A. This means that the set A shrinks to the curves in
C as ε tends to zero. The factor 1/2 is due to the fact that each curve of C
is the limit of two arcs of ∂A. Then the overall approximating functional is

Eε(u,A,D) = E (1)
ε (D) + E (2)

ε (A,D) +

∫

Ω\(A∪D)

|∇u|2dx+

∫

Ω

|u− g|2dx,

defined on smooth sets A,D compactly contained in Ω. Note that A ∪ D
contains the singularities of u.
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To obtain an energy defined on functions, Braides and March [12] used
a gradient theory approach. Particularly, using the Modica-Mortola [25] ap-
proximation, the perimeter measures H1(∂A) and H1(∂D) are approximated
by the measures H1

ε(s,∇s)dx and H1
ε(w,∇w)dx, where

H1
ε(s,∇s)dx = ε|∇s|2 +

s2(1 − s)2

ε
,

H1
ε(w,∇w)dx = ε|∇w|2 +

w2(1 − w)2

ε
,

where s and w are functions approximating 1−χA and 1−χD, respectively.
Then the sets A and D will be replaced by the functions s and w in the new
energy functional defined on functions. Furthermore, we need to define the
curvature of the level sets of s and w:

k(∇s) =

{
div
(

∇s
|∇s|

)
if ∇s 6= 0

0 otherwise,

k(∇w) =

{
div
(

∇w
|∇w|

)
if ∇w 6= 0

0 otherwise.

Then the term E (1)
ε (D) is approximated by

G(1)
ε (w) =

∫

Ω

(1/βε + βεk
2(∇w))H1

ε(w,∇w)dx,

with βε → 0 as ε→ 0, the term E (2)
ε (A,D) is approximated by

G(2)
ε (s, w) =

∫

Ω

w2(1 + k2(∇s))H1
ε(s,∇s)dx,

and the constraint meas(A) ≤ aε is approximated by

Iε(s, w) = 1/µε

∫

Ω

((1 − s)2 + (1 − w)2)dx,

where µε → 0 as ε→ 0. Note that Iε forces s and w to be equal to 1 almost
everywhere in the limit as ε → 0. Then the functional proposed by Braides
and March [12] is

Gε(u, s, w) =
1

4πb0
G(1)

ε (w) +
1

2b0
G(2)

ε (s, w) +

∫

Ω

s2|∇u|2dx+

+

∫

Ω

|u− g|2dx+ Iε(s, w),
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where b0 is a normalization constant. The functionals Gε are defined on the
space

W (Ω) =
{
(u, s, w) : u ∈ W 1,2(Ω); 1 − s, 1 − w ∈ C∞

0 (Ω; [0, 1])
}
.

For an appropriate choice of the infinitesimal coefficients βε and µε, in [12],
Theorem 3.9, it has been proved that the functionals Gε Γ-converge to G as
ε→ 0+ with respect to a suitable convergence of triplets of functions (u, s, w)
to triplets (u,C, P ). According to such a convergence of functions, level sets
Dε of wε collapse on points of P , and level sets Aε of sε collapse on curves
of C as ε tends to zero (as in the first step of the approximation process).

Though the approximating functionals Gε are numerically more conve-
nient than the original functional G, we observe that the presence of terms
of the type

∫

Ω\{|∇s|=0}

(
div

( ∇s
|∇s|

))2

dx,

∫

Ω\{|∇w|=0}

(
div

( ∇w
|∇w|

))2

dx , (2.1)

still makes the minimization of Gε a difficult numerical problem. Hence we
replace such terms with functionals more convenient for numerical compu-
tations. For this purpose we adapt to our problem a method proposed by
Ballester, Bertalmio, Caselles, Sapiro and Verdera in [6].

Let θ : Ω → R
2 and ω : Ω → R

2 be vector fields such that |θ(x)| ≤ 1 and
|ω(x)| ≤ 1 for any x ∈ Ω. The vector fields θ and ω should be related to the
functions s and w, respectively, by trying to impose that

〈θ,∇s〉 = |∇s|, 〈ω,∇w〉 = |∇w|, (2.2)

where 〈, 〉 is the scalar product of R
2, i.e., we should impose that θ and

ω are related to the vector fields of directions of the gradient of s and w,
respectively. Ideally, the quantities |θ(x)| and |ω(x)| should be equal either
to 1 or 0, for any x ∈ Ω, so that

θ(x) =
∇s(x)
|∇s(x)| , ω(x) =

∇w(x)

|∇w(x)| ,

at any point x where ∇s(x) 6= 0 and ∇w(x) 6= 0, otherwise |θ(x)| = 0 and
|ω(x)| = 0. The conditions |θ(x)| ≤ 1 and |ω(x)| ≤ 1 should be interpreted
as a relaxation of this.

Collecting all the observations above, we propose to replace the function-
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als (2.1) with the following functionals:
∫

Ω

(div(θ))2 dx+ η

∫

Ω

(|∇s| − 〈θ,∇s〉) dx,

(2.3)∫

Ω

(div(ω))2 dx+ η

∫

Ω

(|∇w| − 〈ω,∇w〉) dx,

where η is a positive weight. Moreover, the vector fields θ and ω are submitted
to the constraints |θ(x)| ≤ 1 and |ω(x)| ≤ 1 for any x ∈ Ω.

The conditions (2.2) are now incorporated in the functionals (2.3) via the
penalization terms

η

∫

Ω

(|∇s| − 〈θ,∇s〉) dx, η

∫

Ω

(|∇w| − 〈ω,∇w〉) dx. (2.4)

The overall energy Gε is then approximated by the following functional

Mε,ξ(u, s, w, θ, ω) =

∫

Ω

(s2 + ζε)|∇u|2dx

+
1

2b0

∫

Ω

(w2 + kε)

[
ε|∇s|2 +

1

ε
s2(1 − s)2 + λε

] (
1 + (div θ)2

)
dx

+
1

4πb0

∫

Ω

[
ε|∇w|2 +

1

ε
w2(1 − w)2 + λε

](
1

βε

+ βε(divω)2

)
dx

+η

∫

Ω

(|∇s| − 〈θ,∇s〉) dx+ η

∫

Ω

(|∇w| − 〈ω,∇w〉) dx

+

∫

Ω

|u− g|2dx+
1

µε

∫

Ω

(1 − s)2dx+
1

µε

∫

Ω

(1 − w)2dx

+ξ

∫

Ω

(∆s)2dx+ ξ

∫

Ω

(∆w)2dx,

where ξ > 0 is a constant. The positive coefficients ζε, kε and λε are intro-
duced to make the functional Mε,ξ coercive. We need to make precise the
admissible class of functions where the modified functionals Mε,ρ have to be
minimized. The functionals Gε are defined on classes of smooth functions s
and w. The suitable function space for Mε,ρ will be introduced in Section
2.2.

In Section 2.5 we prove existence of minimizers of Mε,ξ for fixed ε and ξ
in a suitable function space where u ∈ W 1,2(Ω), s, w ∈ W 2,2(Ω) and θ, ω ∈
W 1,2(div,Ω). Then in Sections 2.6.1 and 2.6.2 we study the behaviour of
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minimizers when ξ tends to zero and η tends to infinity. Particularly, in
Section 2.6.2 we let η tend to infinity (with fixed ε and ξ) and we prove that
sequences of minimizers of Mε,ξ admit subsequences converging as η → +∞
to a minimizer of a version of the functional Gε, which is modified by means
of the perturbation

ξ

∫

Ω

(∆s)2dx+ ξ

∫

Ω

(∆w)2dx,

and the coefficients ξε, kε and λε. Denoting by Gε,ξ the resulting modified
functionals, in Section 2.7 we prove the Γ-convergence of Gε,ξ to the original
functional G depending on curves and points.

In Section 8 we compute the system of Euler equations of Mε,ξ and we
propose an iterative numerical method for their solution. The numerical
scheme is based on alternate minimizations using the conjugate gradient
method. The results of some computer experiments are then shown and
discussed.

2.2 Preliminary definitions

We denote by | · | and 〈·, ·〉 the usual euclidean norm and scalar product in
R

2. We denote by meas(B) the Lebesgue measure of the set B ⊆ R
2, by

H1 the one-dimensional Hausdorff measure, and by # the counting measure.
We will use standard notation for the Lebesgue and Sobolev spaces Lp and
W k,p.

We say that a set A is of class C∞ if A is open, and its restriction to some
neighbourhood of any x ∈ ∂A is the subgraph of a function of class C∞ with
respect to a suitable orthogonal coordinate system. If Ω ⊆ R

2 is a bounded
open set then we write A ∈ C∞

c (Ω) if A is of class C∞ and A ⊂⊂ Ω.
The Hausdorff distance between two closed sets C and K is defined as

dH(C,K) = inf{r > 0 : C ⊂ (K)r, K ⊂ (C)r}, where (A)r = {x ∈ R
2 :

dist(x,A) < r}, for a generic set A ⊆ R
2.

2.2.1 Admissible families of curves

A curve is a function γ : [a, b] → R
2 in W 2,2(a, b) such that |γ̇| 6= 0 in [a, b].

The points γ(a) and γ(b) are the endpoints of γ, the set [γ] = {γ(t) : t ∈ [a, b]}
is the trace of γ. A curve will be identified with its representative in C1([a, b]).
A curve is simple if γ(t1) = γ(t2) only if t1 = t2 or {t1, t2} = {a, b}. A regular
closed curve is a curve on some interval [a, b] that may be extended to a
(b− a)-periodic W 2,2

loc function on R (i.e., its endpoints join smoothly).
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Let γ be a curve defined on [a, b]; we define the unit tangent vector at
the point t ∈ [a, b] as τ(t) = γ̇(t)/|γ̇(t)|, and the curvature κ(t) by κ(t) =
|τ̇(t)|/|γ̇(t)|. Note that the functionals

L(γ) =

∫ b

a

|γ̇(t)|dt, K(γ) =

∫ b

a

κ2(t)|γ̇(t)|dt

are independent of the particular parametrization chosen. L(γ) is the length
of γ and K is the integral of the square of the curvature along γ.

Let C = {γi}i be a family of curves. We denote by [C] the trace of C,
defined as the union of all the traces of the curves in C. We denote by P (C)
the set of the endpoints of all the curves in C with the exception of those
regular and closed. We define the functional

A(C) =
∑

γ∈C

(
K(γ) + L(γ)

)
+ #P (C).

Following [14] we say that the family C of curves is admissible if the following
conditions are satisfied:

(i) A(C) < +∞;

(ii) γ̇i(t1) and γ̇j(t2) are parallel whenever γi(t1) = γj(t2) with t1 and t2
interior to the domains of γi and γj, respectively, and with possibly
i = j.

We say that C is an admissible family of curves in Ω if in addition [C] ⊂ Ω.
We say that a family of curves C satisfies the finiteness property if C is

finite and there exists a finite set of points F such that [C]\F can be written
locally as the graph of a function of class W 2,2.

The following notion of equivalent families of curves is useful when dealing
with different parameterizations of [C].

Let C and C ′ be two admissible families of curves in Ω. We say that C
and C ′ are equivalent if [C] = [C ′], P (C) = P (C ′) and

∑

γ∈C

L(γ) =
∑

γ∈C′

L(γ),
∑

γ∈C

K(γ) =
∑

γ∈C′

K(γ).

2.2.2 Function spaces for the vector fields θ and ω

We introduce suitable function spaces that will be useful to find a domain
for the functional Mε,ξ.
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Let Ω ⊂ R
2 be an open bounded set with a Lipschitz boundary. We

define the function space for the vector field θ. We set

W 1,p(div,Ω) =
{
θ ∈ Lp(Ω)2 : div(θ) ∈ Lp(Ω)

}
, 1 ≤ p <∞,

where the divergence operator is intended in the sense of distributions. The
Trace Theorem [4] guarantees that the normal component 〈θ, ν〉|∂Ω is well
defined for vector fields θ in W 1,p(div,Ω), where ν is the unit normal to ∂Ω.

Remark 4. If p = 2, W 1,2(div,Ω) is a Hilbert space with respect to the
scalar product

(θ, ω)W =

∫

Ω

〈θ, ω〉 dx+

∫

Ω

div θ divω dx .

Moreover, W 1,2(div,Ω) is a reflexive Banach space with the norm ‖θ‖ =∫
Ω
|θ|2dx+

∫
Ω
(div θ)2dx.

For reflexive Banach spaces the following theorem holds.

Theorem 7. Let (B, ‖ · ‖B) be a reflexive Banach space and let {vh}h ⊂ B
be a sequence. If there exists K > 0 such that ‖vh‖B ≤ K for any h, then
there exists a subsequence {vhk

}k weakly convergent in B.

In our case, a sequence {θh} ⊂ W 1,2(div,Ω) weakly converges to θ ∈
W 1,2(div,Ω) if

lim
h→∞

∫

Ω

(〈θh, f〉 + div θh div f) dx =

∫

Ω

(〈θ, f〉 + div θ div f) dx

for any f ∈W 1,2(div,Ω).
Analogously we set ω ∈ W 1,2(div,Ω).
We define [4]

X(Ω)p =
{
z ∈ L∞(Ω; R2) : div(z) ∈ Lp(Ω)

}
.

In [4] a weak trace on ∂Ω of z ∈ X(Ω)p is defined. If ν(x) denotes the outer
unit normal at x ∈ ∂Ω, in [4] it is proved that there exists a linear operator
γ : X(Ω)p → L∞(∂Ω) such that

‖γ(z)‖∞ ≤ ‖z‖∞, γ(z)(x) = 〈z(x), ν(x)〉 ∀x ∈ ∂Ω if z ∈ C1(Ω,R2).

We shall denote γ(z)(x) by [z, ν](x).
Let p ≥ 1 and q ≥ 1 be such that (1/p) + (1/q) = 1. If z ∈ X(Ω)p and

v ∈ W 1,2(Ω) ∩ Lq(Ω), the following Green’s formula holds:
∫

Ω

v div(z)dx+

∫

Ω

〈z,∇v〉dx =

∫

∂Ω

[z, ν]v dH1. (2.5)
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2.3 The approximation framework

2.3.1 The curvature depending functional

For any admissible family C of curves in Ω, and any finite set of points P ⊂ Ω
such that P (C) ⊆ P , we define the functionals [12]:

F(C,P ) =
∑

γ∈C

(
αKK(γ) + αLL(γ)

)
+ αP #P,

F0(C,P ) = inf{F(Ĉ, P̂ ) : [Ĉ] = [C], P̂ \ [Ĉ] = P \ [C]}.
The functional F0 allows us to deal with the trace of a family of curves
independently of the parametrization of the curves themselves.

The definition of the functional is itself in terms of a minimization pro-
cedure. Note that the infimum in the definition of F0(C,P ) is a minimum;
namely, there exist an admissible family C∗ of curves in Ω and a finite set of
points P ∗ ⊂ Ω such that

[C∗] = [C], P ∗ \ [C∗] = P \ [C], F(C∗, P ∗) = F0(C,P ). (2.6)

This can be easily proved by reasoning similarly as in the proof of [14] The-
orem 4.2.

We denote by X(Ω) the family of all triplets (u,C, P ) such that P ⊂ Ω
is a finite set of points, C is an admissible family of curves in Ω such that
P (C) ⊆ P and u ∈ W 1,2(Ω \ [C]), and we introduce the functional G :
X(Ω) → [0,+∞] defined by

G(u,C, P ) =

∫

Ω\[C]

|∇u|2dx+ F0(C,P ) +

∫

Ω

|u− g|2dx.

2.3.2 The approximating functionals Gε

We define

W (Ω) = {(u, s, w) : u ∈ W 1,2(Ω); 1 − s, 1 − w ∈ C∞
0 (Ω; [0, 1])}.

If 1− s ∈ C∞
0 (Ω; [0, 1]), using Sard’s theorem (see e.g. [2]), for a.e. λ ∈ (0, 1)

we have

{s = λ} = ∂{s < λ}, {s < λ} ∈ C∞
c (Ω), |∇s| 6= 0 on {s = λ}.

Then we set

κ(∇s) = div

( ∇s
|∇s|

)
on {s = λ} for a.e. λ ∈ (0, 1) ,
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and, V : R → [0,+∞) being defined by V (t) = t2(1 − t)2,

H1
ε(s,∇s) = ε|∇s|2 +

V (s)

ε
. (2.7)

The quantity κ(∇s) is the curvature of the level set {s = λ}, and H1
ε(s,∇s) is

the Modica-Mortola density of elliptic functionals approximating the perime-
ter functional (see [25], [10]). If 1 − w ∈ C∞

0 (Ω; [0, 1]) the quantities κ(∇w)
and H1

ε(w,∇w) are defined analogously.
Let now βε, µε be positive infinitesimals as ε→ 0+ such that

lim
ε→0+

ε| log ε|
βε

= 0, lim
ε→0+

βε

µε

= 0. (2.8)

For every ε > 0 we define [12]

G(1)
ε (w) =

∫

Ω\{|∇w|=0}

( 1

βε

+ βεκ
2(∇w)

)
H1

ε(w,∇w)dx,

and

G(2)
ε (s, w) =

∫

Ω\{|∇s|=0}
w2(1 + κ2(∇s))H1

ε(s,∇s)dx.

We denote by Gε : W (Ω) → [0,+∞] the functional defined by

Gε(u, s, w) =

∫

Ω

s2|∇u|2dx+
1

4πb0
G(1)

ε (w) +
1

2b0
G(2)

ε (s, w) (2.9)

+

∫

Ω

|u− g|2dx+
1

µε

∫

Ω

(1 − s)2dx+
1

µε

∫

Ω

(1 − w)2dx,

where

b0 = 2

∫ 1

0

√
V (t)dt.

2.3.3 The topology of Γ-convergence

We need the following notions of convergence for sequences of compact sets
[12].

Definition 13. We say that a sequence of compact sets {Kh}h converges in
the Hausdorff metric to the compact set K up to the finite set of points P if
there exists a sequence of compact sets {K̂h}h such that K̂h ⊆ Kh for any h,

{K̂h}h converges to K in the Hausdorff metric, and the maximum distance

of Kh \ K̂h from the set P goes to zero.
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We set

Y (Ω) = {(u,A,D) : u ∈ W 1,2(Ω); A,D ∈ C∞
c (Ω)}.

We define the following convergence for sequences {(uh, Ah, Dh)}h ⊂ Y (Ω).

Definition 14. We say that a sequence {(uh, Ah, Dh)}h ⊂ Y (Ω) converges
weakly to the triplet (u,C, P ) ∈ X(Ω), if meas(Ah ∪ Dh) → 0 and the fol-
lowing properties hold:

(i) {∂Dh}h converges in the Hausdorff metric to the set P ;

(ii) {∂Ah}h converges in the Hausdorff metric to [C] up to the set P ;

(iii) uh → u in L1(Ω).

The above definition describes the concentration of the smooth sets Dh

and Ah on sets of points and traces of curves, respectively.
We define the following convergence for sequences {(uh, sh, wh)}h ⊂ W (Ω)

that describes the concentration of the level sets of the smooth functions wh

and sh on sets of points and traces of curves, respectively [12].

Definition 15. We say that a sequence {(uh, sh, wh)}h ⊂ W (Ω) converges
weakly to the triplet (u,C, P ) ∈ X(Ω), if, after setting

{x ∈ Ω : sh(x) < λ} = Aλ
h, {x ∈ Ω : wh(x) < θ} = Dθ

h,

the following properties hold:

(i) for any θ, λ ∈ (0, 1) there exist a finite set of points P θ ⊂ Ω and an ad-
missible family Cλ of curves in Ω such that the sequence {(uh, A

λ
h, D

θ
h)}h

converges weakly to (u,Cλ, P θ);

(ii) we have [C] =
⋂{[Cλ] : 0 < λ < 1} and P =

⋂{P θ : 0 < θ < 1}.

Now we define the Γ-convergence of the functionals Gε to the functional
G with respect to the convergence above.

Definition 16. We say that Gε Γ-converge to G as ε → 0+ if for every
sequence {εh}h of positive numbers converging to zero and for every triplet
(u,C, P ) ∈ X(Ω) the following two conditions are fulfilled:

(i) (liminf inequality) for every sequence {(uh, sh, wh)}h ⊂ W (Ω) converg-
ing weakly to (u,C, P ), we have

lim inf
h→+∞

Gεh
(uh, sh, wh) ≥ G(u,C, P ); (2.10)
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(ii) (limsup inequality) there exists a sequence {(uh, sh, wh)}h ⊂ W (Ω) con-
verging weakly to (u,C∗, P ∗) such that

lim sup
h→+∞

Gεh
(uh, sh, wh) ≤ G(u,C, P ), (2.11)

where C∗ and P ∗ are as in (2.6).

In [12] the following theorem has been proved, which states that a se-
quence of triplets in W (Ω), asymptotically minimizing the functional Gε,
admits a subsequence converging weakly to a minimizer of G.

Theorem 8. The functionals Gε Γ-converge to G as ε → 0+. Moreover, if
{εh}h is a sequence of positive numbers converging to zero, and {(uh, sh, wh)}h ⊂
W (Ω) is a sequence such that

lim
h→+∞

(
Gεh

(uh, sh, wh) − inf
W (Ω)

Gεh

)
= 0,

then there exist a subsequence {(uhk
, shk

, whk
)}k and a minimizer (u,C, P ) of

G such that {(uhk
, shk

, whk
)}k converges weakly to (u,C, P ).

2.4 The modified approximating functionals

Mε,ξ

In this section we define the modified functionals Mε,ξ. First we introduce
the function space V (Ω) on which the modified approximating functionals
are defined:

V (Ω) =
{
(u, s, w, θ, ω) : u ∈W 1,2(Ω), 1 − s, 1 − w ∈ W 2,2

0 (Ω; [0, 1]),

θ, ω ∈ W 1,2(div,Ω), |θ(x)| ≤ 1, |ω(x)| ≤ 1 a.e. x ∈ Ω,

[θ, ν](x) = [ω, ν](x) = 0 x ∈ ∂Ω} ,

where ν(x) denotes the outer unit normal at x ∈ ∂Ω.
In the following we denote by υ = (u, s, w, θ, ω) the elements of V (Ω).

On the space V (Ω) we define the following convergence.

Definition 17. We say that a sequence {υn}n = {(un, sn, wn, θn, ωn)}n ⊂
V (Ω) converges weakly to υ = (u, s, w, θ, ω) ∈ V (Ω) if un → u weakly in
W 1,2(Ω), sn → s, wn → w weakly in W 2,2(Ω), and θn → θ, ωn → ω weakly
in W 1,2(div,Ω).
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Let ε > 0 be fixed, and let η > 0 and ξ > 0 be constants. For any
υ = (u, s, w, θ, ω) ∈ V (Ω) the functional Mε,ξ is defined by

Mε,ξ(u, s, w, θ, ω) =

∫

Ω

(s2 + ζε)|∇u|2dx

+
1

2b0

∫

Ω

(w2 + kε)

[
ε|∇s|2 +

1

ε
s2(1 − s)2 + λε

] (
1 + (div θ)2

)
dx

+
1

4πb0

∫

Ω

[
ε|∇w|2 +

1

ε
w2(1 − w)2 + λε

](
1

βε

+ βε(divω)2

)
dx

+η

∫

Ω

(|∇s| − 〈θ,∇s〉) dx+ η

∫

Ω

(|∇w| − 〈ω,∇w〉) dx

+

∫

Ω

|u− g|2dx+
1

µε

∫

Ω

(1 − s)2dx+
1

µε

∫

Ω

(1 − w)2dx

+ξ

∫

Ω

(∆s)2dx+ ξ

∫

Ω

(∆w)2dx.

The regularization by means of the terms involving (∆s)2 and (∆w)2 is in-
troduced in order to achieve the lower semicontinuity of the functional Mε,ξ.
Moreover, ξε, kε, λε → 0+ as ε → 0. Such infinitesimals are introduced to
make the functional Mε,ξ coercive on the space V (Ω) for a fixed ε.

The functional Mε,ξ replaces Gε for computational purposes.

2.5 Existence of minimizers of Mε,ξ

In this section we prove the existence of minimizers of the functional Mε,ξ in
the space V (Ω) when both ε and ξ are kept fixed. In this section we drop
the dependence of Mε,ξ on ξ and we simply write Mε. First, we recall two
theorems that will be used in the sequel.

Theorem 9. (Egorov) Let Ω be open with finite Lebesgue measure. Let {fn}n

be a sequence of measurable functions in Ω such that

fn(x) → f(x) a.e., |fn(x)| <∞ a.e.

Then, for any δ > 0 there exists a measurable set A ⊂ Ω such that |Ω\A| < δ
and fn → f uniformly on A. We say that {fn}n almost uniformly converges
to f .
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Theorem 10. (Ioffe) Let Ω ⊂ R
n be an open set, and let ψ : Ω × R

m+k →
[0,+∞] be a normal function, i.e., Ln×B(Rm+k)-measurable and lower semi-
continuous with respect to variables in R

m+k for Ln-a.e. x ∈ Ω. We assume
that z 7→ ψ(x, y, z) is convex in R

k for any x ∈ Ω and any y ∈ R
m. Then

lim inf
n→+∞

∫

Ω

ψ(x, un, vn)dx ≥
∫

Ω

ψ(x, u, v)dx

whenever {un}n ⊂ [L1(Ω)]m strongly converges to u and {vn}n ⊂ [L1(Ω)]k

weakly converges to v.

Now we prove a compactness result for Mε.

Theorem 11. (Compactness) Let {υn}n = {(un, sn, wn, θn, ωn)}n ⊂ V (Ω)
be a sequence such that Mε(υn) ≤ H for any n ∈ N, where H is a positive
constant independent of n.

Then there exist a subsequence {υnh
}h = {(unh

, snh
, wnh

, θnh
, ωnh

)}h and
υ ∈ V (Ω) such that υnh

converges weakly to υ as h tends to infinity.

Proof. Each term of Mε(υn) is positive, since the integrands are square
except the following terms

η

∫

Ω

(|∇sn| − 〈θn,∇sn〉) dx, η

∫

Ω

(|∇wn| − 〈ωn,∇wn〉) dx,

which are also positive because |θn(x)| ≤ 1 and |ωn(x)| ≤ 1 for a.e. x ∈ Ω.
Then, since Mε(υn) ≤ H, we have

∫

Ω

(
|un|2 + ξε|∇un|2

)
dx ≤

∫

Ω

(
2|un − g|2 + 2|g|2 + ξε|∇un|2

)
dx

≤ 2
(
H + ‖g‖2

L2(Ω)

)
.

Since ξε is fixed it follows that the sequence {un}n is uniformly bounded in
W 1,2(Ω), so that there exist a subsequence {unh

}h and a function u ∈W 1,2(Ω)
such that unh

→ u weakly in W 1,2(Ω) as h tends to infinity.
Then we have

kελε

2b0

∫

Ω

(div θn)2dx ≤ H,
λεβε

4πb0

∫

Ω

(divωn)2dx ≤ H, (2.12)

from which it follows that div θn and divωn are uniformly bounded in L2(Ω).
Since |θn(x)| ≤ 1 and |ωn(x)| ≤ 1 for a.e. x ∈ Ω, and kε, λε, βε are fixed,
it follows that the sequences {θn}n and {ωn}n are uniformly bounded in
W 1,2(div,Ω). Then, there exist subsequences, which we still denote by the
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same index nh, {θnh
}h and {ωnh

}h, and vector fields θ, ω ∈ W 1,2(div,Ω) such
that θnh

→ θ and ωnh
→ ω weakly in W 1,2(div,Ω) as h tends to infinity.

Since {1 − sn}n, {1 − wn}n ⊂ W 2,2
0 (Ω) are uniformly bounded in L∞(Ω)

and ∫

Ω

(∆sn)2dx ≤ H

ξ
,

∫

Ω

(∆wn)2dx ≤ H

ξ
,

using Lemma 3.1 and Lemma 3.2 of Chapter 4 of [20], it follows that the
sequences {sn}n and {wn}n are uniformly bounded in W 2,2(Ω). Then, there
exist subsequences, which we still denote by the same index nh, {snh

}h and
{wnh

}h, and functions 1−s, 1−w ∈W 2,2
0 (Ω) such that snh

→ s and wnh
→ w

weakly in W 2,2(Ω) as h tends to infinity.
Eventually, the subsequence {υnh

}h = {(unh
, snh

, wnh
, θnh

, ωnh
)}h con-

verges to υ = (u, s, w, θ, ω) weakly in V (Ω) and the theorem is proved.
Then we prove a lower semicontinuity result for Mε.

Theorem 12. (Lower semicontinuity) For any υ = (u, s, w, θ, ω) ∈ V (Ω)
and any sequence {υn}n = {(un, sn, wn, θn, ωn)}n converging weakly to υ in
V (Ω) as n tends to infinity, the following inequality holds:

lim inf
n→+∞

Mε(un, sn, wn, θn, ωn) ≥Mε(u, s, w, θ, ω).

Proof. Up to the extraction of a subsequence we may assume that

lim inf
n→+∞

Mε(υn) = lim
n→+∞

Mε(υn) < +∞, (2.13)

otherwise the inequality is trivial.
We subdivide the integrals in Mε in groups, in such a way that for each

group we prove the lower semicontinuity of integral functionals of the same
kind.

Step 1. First we consider the following terms:

1

2b0

∫

Ω

(w2 + kε)

[
1

ε
s2(1 − s)2 + λε

]
dx,

1

4πb0βε

∫

Ω

[
1

ε
w2(1 − w)2 + λε

]
dx,

ε

2b0

∫

Ω

(w2 + kε)|∇s|2dx,

ε

4πb0βε

∫

Ω

|∇w|2dx,
∫

Ω

|u− g|2dx, 1

µε

∫

Ω

(1 − s)2dx,
1

µε

∫

Ω

(1 − w)2dx.
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Since all the integrands are non-negative measurable functions, the lower
semicontinuity of these integral functionals follows from Fatou’s Lemma pro-
vided that the sequences {un}n, {sn}n, {wn}n, {∇sn}n and {∇wn}n converge
a.e. in Ω.

Using (2.13), the sequence {Mε(υn)}n is uniformly bounded with respect
to n. Then using Theorem 11, up to the extraction of a subsequence, un → u
weakly in W 1,2(Ω), and sn → s, wn → w weakly in W 2,2(Ω). Then the
sequences {un}n, {sn}n and {wn}n converge in L2(Ω) and, possibly extract-
ing further subsequences, they converge almost everywhere. Moreover, the
sequences {∇sn}n and {∇wn}n converge in L2(Ω) and, possibly extracting
further subsequences, they also converge almost everywhere.

Then the lower semicontinuity of the first group of integral functionals
follows from Fatou’s Lemma.

Step 2. Then we consider the following terms:

1

2b0

∫

Ω

(w2 + kε)

[
ε|∇s|2 +

1

ε
s2(1 − s)2 + λε

]
(div θ)2dx,

βε

4πb0

∫

Ω

[
ε|∇w|2 +

1

ε
w2(1 − w)2 + λε

]
(divω)2dx.

Using (2.13) and Theorem 11, up to the extraction of a subsequence, θn → θ
and ωn → ω weakly in W 1,2(div,Ω). Hence the sequences {div θn}n and
{divωn}n converge weakly in L2(Ω) to div θ and divω, respectively. In order
to prove the lower semicontinuity of the integral functionals of the second
group, we have to prove that

lim inf
n→+∞

∫

Ω

fn(divϕn)2dx ≥
∫

Ω

f(divϕ)2dx, (2.14)

where {fn}n is a sequence of non-negative measurable functions converging
a.e. to f , and {divϕn}n converges weakly in L2(Ω) to divϕ.

Using Egorov Theorem 9, for any δ > 0 there exists a subset Aδ ⊂ Ω such
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that |Ω \ Aδ| < δ and fn → f uniformly on Aδ. Then we get

lim inf
n→+∞

∫

Ω

fn(divϕn)2dx ≥ lim inf
n→+∞

∫

Aδ

fn(divϕn)2dx

= lim inf
n→+∞

∫

Aδ

(fn − f + f)(divϕn)2dx

= lim
n→+∞

∫

Aδ

(fn − f)(divϕn)2dx

+ lim inf
n→+∞

∫

Aδ

f(divϕn)2dx,

where, using (2.12), we have

∫

Aδ

(fn − f)(divϕn)2dx ≤ sup
x∈Aδ

|fn(x) − f(x)|
∫

Aδ

(divϕn)2dx

≤ C sup
x∈Aδ

|fn(x) − f(x)| → 0,

where C is a positive constant independent of n. Then we obtain

lim inf
n→+∞

∫

Ω

fn(divϕn)2dx ≥ lim inf
n→+∞

∫

Aδ

f(divϕn)2dx. (2.15)

Now we use Ioffe’s Theorem 10, with n = 2, m = 0, k = 1 and the function
ψ : Ω × R → [0,+∞] defined by (x, z) 7→ f(x)z2. Since the sequence
{divϕn}n converges to divϕ weakly in L2(Ω), and then in L1(Ω), Ioffe’s
theorem yields

lim inf
n→+∞

∫

Aδ

f(divϕn)2dx ≥
∫

Aδ

f(divϕ)2dx.

Using (2.15) we find

lim inf
n→+∞

∫

Ω

fn(divϕn)2dx ≥
∫

Aδ

f(divϕ)2dx,

from which, by letting δ → 0+, we obtain the inequality (2.14) and the lower
semicontinuity of the second group of integral functionals.

Step 3. Then we consider the following term:
∫

Ω

(s2 + ξε)|∇u|2dx.
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Using (2.13) and Theorem 11, up to the extraction of a subsequence, un → u
weakly in W 1,2(Ω). Hence the sequence {∇un}n converges weakly in L2(Ω)
to ∇u. Since, up to the extraction of a subsequence, {sn}n converges to s
a.e., the lower semicontinuity of the integral functional under consideration
follows from Egorov Theorem and Ioffe’s Theorem by using the same method
of proof of Step 2.

Step 4. We consider the following terms:

η

∫

Ω

(|∇s| − 〈θ,∇s〉) dx,

η

∫

Ω

(|∇w| − 〈ω,∇w〉) dx.

Using the Green’s formula (2.5) and the boundary conditions [θ, ν](x) =
[ω, ν](x) = 0 for x ∈ ∂Ω, we have

−
∫

Ω

〈θn,∇sn〉dx =

∫

Ω

sndiv(θn)dx,

−
∫

Ω

〈ωn,∇wn〉dx =

∫

Ω

wndiv(ωn)dx.

Then we have

− lim
n→+∞

∫

Ω

〈θn,∇sn〉dx = lim
n→+∞

∫

Ω

sndiv(θn)dx

= lim
n→+∞

∫

Ω

(sn − s+ s)div(θn)dx

= lim
n→+∞

∫

Ω

(sn − s)div(θn)dx

+ lim
n→+∞

∫

Ω

s div(θn)dx.

Using (2.13) and Theorem 11, up to the extraction of a subsequence, sn →
s weakly in W 2,2(Ω). Then the sequence {sn}n converges to s in L2(Ω).
Therefore, using Hölder’s inequality and (2.12), we get

∫

Ω

(sn − s)div(θn)dx ≤ ‖sn − s‖2 ‖div(θn)‖2 ≤ C‖sn − s‖2 → 0,

where C is a positive constant independent of n. Moreover, since {div θn}n

converges to div θ weakly in L2(Ω) and s ∈ L2(Ω), we have

lim
n→+∞

∫

Ω

s div(θn)dx =

∫

Ω

s div(θ)dx.

67



Then we obtain

− lim
n→+∞

∫

Ω

〈θn,∇sn〉dx =

∫

Ω

s div(θ)dx = −
∫

Ω

〈θ,∇s〉dx. (2.16)

Analogously, we obtain

− lim
n→+∞

∫

Ω

〈ωn,∇wn〉dx =

∫

Ω

w div(ω)dx = −
∫

Ω

〈ω,∇w〉dx. (2.17)

Then, by the convergence of |∇sn| and |∇wn| a.e. in Ω, using Fatou’s Lemma
we have

lim inf
n→+∞

∫

Ω

|∇sn|dx ≥
∫

Ω

|∇s|dx, lim inf
n→+∞

∫

Ω

|∇wn|dx ≥
∫

Ω

|∇w|dx.
(2.18)

Collecting (2.16), (2.17) and (2.18), we obtain the lower semicontinuity of
the fourth group of integral functionals.

Step 5. Eventually we consider the following terms:

ξ

∫

Ω

(∆s)2dx,

ξ

∫

Ω

(∆w)2dx.

Up to the extraction of a subsequence, sn → s and wn → w weakly in
W 2,2(Ω), hence ∆sn → ∆s and ∆wn → ∆w weakly in L2(Ω). The lower
semicontinuity of the last group of integral functionals then follows from the
weak lower semicontinuity of the L2 norm. This completes the proof of the
theorem.

By using the compactness and lower semicontinuity theorems 11 and 12,
we obtain an existence result of minimizers for the functional Mε.

Theorem 13. Let ε > 0 and ρ > 0 be fixed. Then the functional Mε admits
a minimizer in V (Ω).

2.6 Limits whith varying parameters

2.6.1 Limit when the regularization parameter tends

to zero

In this section we let the regularization parameter to vary, and we study
the behaviour of minimizers of Mε,ξ when ξ tends to zero. Since we now
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consider the dependence on the regularization parameter, in the following we
do not drop anymore the index ξ from the modified functionals. We prove
the following compactness lemma.

Proposition 2. Let {υξ}ξ = {(uξ, sξ, wξ, θξ, ωξ)}ξ ⊂ V (Ω) be a sequence such
that υξ minimizes Mε,ξ in V (Ω) for any ξ > 0, and ξ → 0+.

Then there exist υ = (u, s, w, θ, ω) such that u, s, w ∈ W 1,2(Ω), θ, ω ∈
W 1,2(div,Ω), and a subsequence {υξh

}h = {(uξh
, sξh

, wξh
, θξh

, ωξh
)}h such that

uξh
→ u, sξh

→ s, wξh
→ w weakly in W 1,2(Ω), and θξh

→ θ, ωξh
→ ω weakly

in W 1,2(div,Ω) as h→ +∞.

Proof. Since for any ξ > 0 we have

Mε,ξ(uξ, sξ, wξ, θξ, ωξ) ≤Mε,ξ(0, 1, 1, 0, 0) = L,

where L > 0 is a constant independent of ξ, then Mε,ξ(υξ) is uniformly
bounded with respect to ξ.

Arguing as in the proof of Theorem 11, there exist u ∈ W 1,2(Ω), θ, ω ∈
W 1,2(div,Ω), and subsequences {uξh

}h, {θξh
}h, {ωξh

}h such that uξh
→ u

weakly in W 1,2(Ω)and θξh
→ θ, ωξh

→ ω weakly in W 1,2(div,Ω) as h→ +∞.
Since ‖sξ‖∞ ≤ 1, ‖wξ‖∞ ≤ 1 and

∫

Ω

|∇sξ|2dx ≤ 2b0
εkε

L,

∫

Ω

|∇wξ|2dx ≤ 4πb0βε

ε
L,

for any ξ, it follows that the sequences {sξ}ξ and {wξ}ξ are uniformly bounded
inW 1,2(Ω). Then, possibly extracting further subsequences {sξh

}h and {wξh
}h,

there exist functions s, w ∈ W 1,2(Ω) such that sξh
→ s and wξh

→ w weakly
in W 1,2(Ω). This completes the proof of the proposition.

2.6.2 Limit when the penalization parameter tends to

infinity

In this section we let the penalization parameter η to vary, and we study the
behaviour of minimizers of Mε,ξ when ε and ξ are kept fixed, while η tends
to infinity. In the sequel of this section, for the sake of simplicity we denote
the functional Mε,ξ by Mη. We set

Z(Ω) =
{
(u, s, w, θ, ω) ∈ V (Ω) : 1 − s, 1 − w ∈ W 2,2

0 (Ω; [0, 1]),

θ(x) =
∇s(x)
|∇s(x)| if ∇s(x) 6= 0, otherwise θ(x) = 0,

ω(x) =
∇w(x)

|∇w(x)| if ∇w(x) 6= 0, otherwise ω(x) = 0
}
.
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For any υ = (u, s, w, θ, ω) ∈ V (Ω) we set

M̂(υ) = Mη(υ)− η

∫

Ω

(|∇s| − 〈θ,∇s〉)dx− η

∫

Ω

(|∇w| − 〈ω,∇w〉)dx, (2.19)

and for any (u, s, w, θ, ω) ∈ Z(Ω) we define

M∞(u, s, w) = M̂(u, s, w, θ, ω).

The functional M∞ is a version of the functional Gε modified by means of
the perturbation

ξ

∫

Ω

(∆s)2dx+ ξ

∫

Ω

(∆w)2dx,

and the coefficients ξε, kε and λε.
We prove the following convergence result.

Theorem 14. Let {υη}η = {(uη, sη, wη, θη, ωη)}η ⊂ V (Ω) be a sequence such
that υη minimizes Mη in V (Ω) for any η > 0, and η → +∞.

Then, possibly extracting a subsequence, υη converges weakly as η → +∞
to υ = (u, s, w, θ, ω) ∈ Z(Ω), and such that (u, s, w) minimizes M∞ in Z(Ω).

Proof. Arguing as in the proof of the compactness theorem 11, there exists
υ = (u, s, w, θ, ω) ∈ V (Ω) such that, possibly extracting a subsequence, υη

converges weakly to υ as η → +∞.
For any η > 0 we have

Mη(υη) ≤Mη(0, 1, 1, 0, 0) = L,

where L is a positive constant independent of η. Then it follows

η

∫

Ω

(|∇sη| − 〈θη,∇sη〉)dx ≤ L,

η

∫

Ω

(|∇wη| − 〈ωη,∇wη〉)dx ≤ L,

for any η. Since |θ| ≤ 1 and |ω| ≤ 1 the above integrands are nonnegative,
so that we have

lim
η→+∞

∫

Ω

(|∇sη| − 〈θη,∇sη〉)dx = 0, (2.20)

lim
η→+∞

∫

Ω

(|∇wη| − 〈ωη,∇wη〉)dx = 0. (2.21)
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Arguing as in the proof of the lower semicontinuity theorem 12, it follows

lim
η→+∞

∫

Ω

(|∇sη| − 〈θη,∇sη〉)dx ≥ lim inf
η→+∞

∫

Ω

(|∇sη| − 〈θη,∇sη〉)dx

≥
∫

Ω

(|∇s| − 〈θ,∇s〉)dx ≥ 0.

Then, using (2.20), we have
∫

Ω

(|∇s| − 〈θ,∇s〉)dx = 0,

from which, since the integrand is nonnegative, we get

|∇s| − 〈θ,∇s〉 = 0 a.e. in Ω.

Since |θ(x)| ≤ 1 a.e. in Ω we have

θ(x) =
∇s(x)
|∇s(x)| a.e. in Ω.

Analogously we find

ω(x) =
∇w(x)

|∇w(x)| a.e. in Ω.

Hence it follows that υ = (u, s, w, θ, ω) ∈ Z(Ω).
Now for any η > 0 we have

M̂(υ) ≤Mη(υ) ∀υ = (u, s, w, θ, ω) ∈ V (Ω), (2.22)

M∞(u, s, w) = Mη(u, s, w, θ, ω) ∀(u, s, w, θ, ω) ∈ Z(Ω). (2.23)

Moreover, from the proof of the lower semicontinuity theorem 12, for any
sequence {(uh, sh, wh, θh, ωh)}h ⊂ V (Ω) converging weakly to (u, s, w, θ, ω) ∈
Z(Ω) it follows

lim inf
h→+∞

M̂(uh, sh, wh, θh, ωh) ≥M∞(u, s, w). (2.24)

Let now υ∗ = (u∗, s∗, w∗, θ∗, ω∗) ∈ Z(Ω). Since Mη(υ
∗) ≥ Mη(υη) for any η,

using (2.22), (2.23) and (2.24) we have

M∞(u∗, s∗, w∗) = Mη(υ
∗) ≥ lim sup

η→+∞
Mη(υη) ≥ lim inf

η→+∞
Mη(υη)

≥ lim inf
η→+∞

M̂(υη) ≥M∞(u, s, w),

from which we get

M∞(u∗, s∗, w∗) ≥M∞(u, s, w).

Since υ∗ ∈ Z(Ω) is arbitrary, then (u, s, w) minimizes M∞ in Z(Ω).
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2.7 Γ-convergence to the functional depend-

ing on curves and points

For any (u, s, w, θ, ω) ∈ Z(Ω) we set

Gε,ξ(u, s, w) = M∞(u, s, w) = M̂(u, s, w, θ, ω),

hence

Gε,ξ(u, s, w) = Gε(u, s, w) + ξ

∫

Ω

(∆s)2dx+ ξ

∫

Ω

(∆w)2dx.

We prove the following Γ-convergence theorem.

Theorem 15. Let Ω be a star-shaped bounded open set, and let ζε = O(ε1+p)
with p > 1, kε = o(ε| log ε|), and ξε = O(ε3+q), with q > 1.

Then there exists ℘ > 0 and a family of infinitesimals {λε = o(ε℘)}ε such
that the functionals Gε,ξ Γ-converge to G as ε→ 0+.

Moreover, if {εh}h is a sequence of positive numbers converging to zero,
and {(uh, sh, wh)}h ⊂ Z(Ω) is a sequence of minimizers of Gε,ξ, then there
exist a subsequence {(uhk

, shk
, whk

)}k and a minimizer (u,C, P ) of G such
that {(uhk

, shk
, whk

)}k converges weakly to (u,C, P ).

Proof. Since Gε,ξ(u, s, w) ≥ Gε(u, s, w) for any {(u, s, w)}h ⊂ W (Ω), the
lower inequality of Γ-convergence follows immediately from the Γ-convergence
of the functionals Gε, which has been proved in [12]. Hence, only the upper
inequality of Γ-convergence has to be proved.

Let {εh}h be a sequence of positive numbers converging to zero. We
prove that, for every (u,C, P ) ∈ X(Ω), there exists {(uh, sh, wh)}h ⊂ W (Ω)
converging weakly to (u,C∗, P ∗) such that

lim sup
h→+∞

Gεh,ξh
(uh, sh, wh) ≤ G(u,C, P ),

where C∗ and P ∗ are as in (2.6).
First we assume that C∗ satisfies the finiteness property, [C∗] ⊂ Ω, and

P ∗ ⊂ Ω. We set kεh
= kh, λεh

= λh, µεh
= µh, ζεh

= ζh, ξεh
= ξh and

βεh
= βh, with βh and µh satisfying (2.8).
Step 1. Construction of the sequences of sets {Ah}h and {Dh}h.
Arguing as in [12], proof of Theorem 6.3, there exists a sequence C ′

h =
{γ1

h, . . . , γ
m
h } of families of simple curves of class C∞ such that {γi

h}h con-
verges strongly in W 2,2 to a curve γi for any i = 1, . . . ,m, the family
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C ′ = {γ1, . . . , γm} is admissible and satisfies the finiteness property, C ′ and
C∗ are equivalent and the following properties hold for any h:

P (C ′
h) = P (C ′),

(
[γi

h] ∩ [γj
h]
)
\ P (C ′) = ∅ for all i, j, i 6= j. (2.25)

Let C ′
h = {γ1

h, . . . , γ
m
h } with m independent of h. Since the curves γi

h are of
class C∞ and are converging strongly in W 2,2, for any p ∈ P (C ′) and any
curve γi

h ∈ C ′
h having p as an endpoint, the following properties hold for any

h large enough:

(i) if γi
h is not a closed curve, then [γi

h] intersects transversally ∂Br(p) in
only one point for any r ≤ βh;

(ii) if γi
h is a closed curve, then [γi

h] intersects transversally ∂Br(p) in only
two points for any r ≤ βh.

Here Br(p) denotes the open ball with center p and radius r. Then we define

Dh =
⋃ {Bβh

(p) : p ∈ P ∗}. (2.26)

Moreover, for h large enough and any regular closed curve γi
h ∈ C ′

h we have
[γi

h] ∩Dh = ∅.
For any set A ⊂ R

2 let δA denote the signed distance function from ∂A
negative inside A:

δA(x) = dist(x,A) − dist(x,R2 \ A).

We set

D0
h = {x ∈ Ω : δDh

(x) < −2εh| log εh|}.
Since γi

h → γi strongly in W 2,2 for any i = 1, . . . ,m, using (2.25) and prop-
erties (i) and (ii), we may find m sequences of sets {Ai

h}h ⊂ C∞
c (Ω) such

that meas(Ai
h) → 0 for any i, and the following properties hold for any

i = 1, . . . ,m and for any h:

[γi
h] \Dh ⊂ Ai

h, A
i

h ∩ A
j

h = ∅ for all i 6= j, (2.27)

∂Ai
h \D0

h = [γi+
h ] ∪ [γi−

h ],

where γi+
h and γi−

h are simple curves of class C∞ such that [γi+
h ] ∩ [γi−

h ] = ∅,
and γi+

h → γi and γi−
h → γi strongly in W 2,2. Then we set

Ah =
m⋃

i=1

Ai
h.
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For h large enough we have Ah, Dh ∈ C∞
c (Ω), and

{x ∈ Ω : dist(x,Ah) < 2εh| log εh|} ⊂⊂ Ω,

{x ∈ Ω : dist(x,Dh) < 2εh| log εh|} ⊂⊂ Ω.

Using (2.27), for any h we may write

∂Ah \D0
h =

m⋃
i=1

[γi+
h ] ∪ [γi−

h ]. (2.28)

Moreover, the curves γi±
h can be chosen in such a way that

{x ∈ Ω : dist(x, [γi±
h ]) ≤ 3εh| log εh|}∩{x ∈ Ω : dist(x, [γj±

h ]) ≤ 3εh| log εh|} = ∅
(2.29)

for any i 6= j, i, j ∈ {1, . . . ,m}, and for large enough h. Furthermore, we
choose the sequence {Ah}h in such a way that

1

κ(x)
= O(εh| log εh|) for x ∈ ∂Ah∩D0

h, H1(∂Ah∩D0
h) = O(εh| log εh|),

(2.30)
and

lim
h→+∞

meas(Ah)

βh

= 0. (2.31)

Step 2. Construction of an optimal profile function ϕh and of sequences
{wh}h, {sh}h.

For any h ∈ N let Vh(t) = V (t) + εhλh, and let ϕ
(0)
h be the solution of the

ordinary differential equation

dϕ
(0)
h

dt
=

√
Vh(ϕ

(0)
h (t)), ϕ

(0)
h (0) =

1

2
. (2.32)

The function ϕ
(0)
h has the following properties: ϕ

(0)
h is defined on an open

bounded interval

(−ah, ah) ⊂ R, ah > 0, lim
h→+∞

ah = +∞,

ϕ
(0)
h is monotone increasing on (−ah, ah),

lim
t→±ah

ϕ
(0)
h (t) = ±∞ ∀h ∈ N, lim

h→+∞
ϕ

(0)
h (t) = ϕ(t) ∀t ∈ R,

where
dϕ

dt
=
√
V (ϕ(t)), ϕ(t) =

1

2

(
1 + tanh

(
t

2

))
,
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and ϕ
(0)
h (−t) = 1−ϕ(0)

h (t). Furthermore, we choose ℘, and then the sequence
{λh}h, in such a way that the following properties hold:

2| log εh| ∈ (0, ah) ∀h ∈ N, lim
h→+∞

ϕ
(0)
h

( t
εh

)
= lim

h→+∞
ϕ
( t
εh

)
= 1 ∀t > 0,

(2.33)
there exist C > 0 independent of h and h0 ∈ N, such that for any h > h0 we
have

∣∣∣ϕ(0)
h (t) − 1

∣∣∣ ≤ Cεh ∀t ∈ (| log εh|, 2| log εh|),
∣∣∣ϕ(0)

h (t)
∣∣∣ ≤ Cεh ∀t ∈ (−2| log εh|,−| log εh|). (2.34)

For any h ∈ N let σh : [0,+∞) → [0, 1] be a C∞ function such that

σh = 1 on [0, | log εh|], σh = 0 on [2| log εh|,+∞),

σ′
h < 0 in (| log εh|, 2| log εh|), ‖σ′

h‖L∞([| log εh|,2| log εh|]) = O(1/| log εh|).
As in [12], we set

ϕh(t) =





ϕ
(0)
h

( t
εh

)
σh

( t
εh

)
+ 1 − σh

( t
εh

)
if 0 ≤ t ≤ 2εh| log εh|,

ϕh(t) = 1 if t > 2εh| log εh|,
1 − ϕh(−t) if t < 0.

We now construct the sequences of functions {sh}h and {wh}h. We define

sh(x) = ϕh(δAh
(x)), wh(x) = ϕh(δDh

(x)) for all x ∈ Ω. (2.35)

Step 3. Estimate from above of lim suph→+∞G
(1)
εh,ξh

(wh).
We set

D1
h = {x ∈ Ω : |δDh

(x)| < εh| log εh|},
D2

h = {x ∈ Ω : εh| log εh| < |δDh
(x)| < 2εh| log εh|}.

Using the definition of G
(1)
ε,ξ we have

G
(1)
εh,ξh

(wh) =

∫

D1
h

( 1

βh

+ βhκ
2(∇wh)

)(
εh|∇wh|2 +

V (wh)

εh

+ λh

)
dx (2.36)

+

∫

D2
h

( 1

βh

+ βhκ
2(∇wh)

)(
εh|∇wh|2 +

V (wh)

εh

+ λh

)
dx = Ih + IIh.
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Using (2.32), the equality |∇wh| =
∣∣dϕh

dt
(δDh

)
∣∣, and the coarea formula we get

for h large enough

Ih = 2

∫

D1
h

|∇wh|
√
Vh(wh)

( 1

βh

+ βhκ
2(∇wh)

)
dx

= 2

∫ εh| log εh|

−εh| log εh|

dϕh

dt

√
Vh(ϕh(t))

∫

{δDh
=t}

( 1

βh

+ βhκ
2
)
dH1dt.

Then we get

Ih = 2

∫ | log εh|

−| log εh|

dϕ
(0)
h

dθ

√
Vh(ϕ

(0)
h (θ))

∫

{δDh
=εhθ}

( 1

βh

+ βhκ
2
)
dH1dθ.

Since for h large enough we have (see the proof of [9] Theorem 4.3)
∫

{δDh
=θ}

( 1

βh

+ βhκ
2
)
dH1 =

∫

∂Dh

( 1

βh

+ βhκ
2
)
dH1 +O(εh| log εh|),

it follows

Ih = 2

∫ ϕ
(0)
h (| log εh|)

ϕ
(0)
h (−| log εh|)

√
Vh(τ)dτ

∫

∂Dh

( 1

βh

+ βhκ
2
)
dH1

+ O(εh| log εh|)
∫ ϕ

(0)
h (| log εh|)

ϕ
(0)
h (−| log εh|)

√
Vh(τ)dτ.

Using (2.34) we have

lim
h→+∞

ϕ
(0)
h (−| log εh|) = 0, lim

h→+∞
ϕ

(0)
h (| log εh|) = 1,

from which it follows

lim
h→+∞

∫ ϕ
(0)
h (| log εh|)

ϕ
(0)
h (−| log εh|)

√
Vh(τ)dτ =

∫ 1

0

√
V (τ)dτ. (2.37)

Then we have

lim
h→+∞

Ih = 2

∫ 1

0

√
V (τ)dτ lim

h→+∞

∫

∂Dh

( 1

βh

+ βhκ
2
)
dH1,

and, from the proof of Theorem 6.3 of [12], we have

lim
h→+∞

∫

∂Dh

( 1

βh

+ βhκ
2
)
dH1 = 4π#P ∗,
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from which we obtain

lim
h→+∞

Ih = 8π#P ∗
∫ 1

0

√
V (τ)dτ. (2.38)

We now consider the term IIh. Again using the coarea formula we get

IIh =

∫ 2εh| log εh|

εh| log εh|

[
εh(dϕh/dt)

2 + Vh(ϕh(t))/εh

] ∫

{δDh
=t}

( 1

βh

+ βhκ
2
)
dH1dt

+

∫ −εh| log εh|

−2εh| log εh|

[
εh(dϕh/dt)

2 + Vh(ϕh(t))/εh

] ∫

{δDh
=t}

( 1

βh

+ βhκ
2
)
dH1dt

= O(1)

∫ 2εh| log εh|

εh| log εh|

[
εh(dϕh/dt)

2 + Vh(ϕh(t))/εh

]
dt.

Using the definition of ϕh, the properties of the function σh and (2.34), for
t ∈ (εh| log εh|, 2εh| log εh|) we have

Vh(ϕh(t)) = ϕ2
h(t)(1 − ϕh(t))

2 + εhλh

=
[
1 + σh(t/εh)(ϕ

(0)
h (t/εh) − 1)

]2
σ2

h(t/εh)(ϕ
(0)
h (t/εh) − 1)2 + εhλh

≤ (1 + Cεh)
2(Cεh)

2 + εhλh = O(ε2
h), (2.39)

and

dϕh

dt
=

1

εh

dϕ
(0)
h

dt
(t/εh)σh(t/εh) +

1

εh

dσh

dt
(t/εh)(ϕ

(0)
h (t/εh) − 1)

=
1

εh

σh(t/εh)

√
(ϕ

(0)
h (t/εh))2(1 − ϕ

(0)
h (t/εh))2 + εhλh

+
1

εh

dσh

dt
(t/εh)(ϕ

(0)
h (t/εh) − 1),

from which we get
∣∣∣∣
dϕh

dt

∣∣∣∣ =
1

εh

σh(t/εh)O(εh) +
1

εh

O(εh/| log εh|). (2.40)

Using (2.39) and (2.40) we obtain

IIh = O(1)

∫ 2εh| log εh|

εh| log εh|

[
εh(dϕh/dt)

2 + Vh(ϕh(t))/εh

]
dt = o(1).
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Then, using (2.36) and (2.38) we have

lim
h→+∞

G
(1)
εh,ξh

(wh) = 4πb0#P
∗. (2.41)

Step 4. Estimate from above of lim suph→+∞G
(2)
εh,ξh

(wh).
We now set

A1
h = {x ∈ Ω : |δAh

(x)| < εh| log εh|},
A2

h = {x ∈ Ω : εh| log εh| < |δAh
(x)| < 2εh| log εh|}.

Using the definition of G
(2)
ε,ξ we have

G
(2)
εh,ξh

(sh, wh) =

∫

A1
h

(w2
h + kh)

(
1 + κ2(∇sh)

)(
εh|∇sh|2 +

V (sh)

εh

+ λh

)
dx

+

∫

A2
h

(w2
h + kh)

(
1 + κ2(∇sh)

)(
εh|∇sh|2 +

V (sh)

εh

+ λh

)
dx.

We set
∫

A1
h

w2
h

(
1 + κ2(∇sh)

)(
εh|∇sh|2 +

V (sh)

εh

+ λh

)
dx

+

∫

A2
h

w2
h

(
1 + κ2(∇sh)

)(
εh|∇sh|2 +

V (sh)

εh

+ λh

)
dx = Ĩh + ĨIh.

Using (2.32), (2.34), the equality |∇sh| =
∣∣dϕh

dt
(δAh

)
∣∣, the coarea formula, and

arguing as in the estimate of Ih, we get for h large enough

Ĩh ≤ 2(1 + Cεh)
2

∫

A1
h\D0

h

|∇sh|
√
Vh(sh)(1 + κ2(∇sh))dx

= 2(1 + Cεh)
2

∫ ϕ
(0)
h (| log εh|)

ϕ
(0)
h (−| log εh|)

√
Vh(τ)

∫

{sh=τ}\D0
h

(1 + κ2) dH1dτ.

(2.42)

Then it follows that

Ĩh ≤ 2(1 + Cεh)
2

∫ ϕ
(0)
h (| log εh|)

ϕ
(0)
h (−| log εh|)

√
Vh(τ)

∫

∂Ah\D0
h

(1 + κ2) dH1dτ

+ O(εh| log εh|)
∫ ϕ

(0)
h (| log εh|)

ϕ
(0)
h (−| log εh|)

√
Vh(τ)dτ,
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from which, arguing as in the estimate of Ih, we obtain

lim sup
h→+∞

Ĩh ≤ 2

∫ 1

0

√
V (τ)dτ lim

h→+∞

∫

∂Ah\D0
h

(
1 + κ2

)
dH1.

Using (2.28), from the proof of Theorem 6.3 of [12], we have

lim sup
h→+∞

Ĩh ≤ 2

∫ 1

0

√
V (τ)dτ lim

h→+∞

m∑

i=1

(
K(γi+

h ) + L(γi+
h ) +K(γi−

h ) + L(γi−
h )
)

= 4
∑

γ∈C∗

(
K(γ) + L(γ)

) ∫ 1

0

√
V (τ)dτ. (2.43)

Analogously we have that limh ĨIh = 0. We now set

kh

∫

A1
h

(
1 + κ2(∇sh)

)(
εh|∇sh|2 +

V (sh)

εh

+ λh

)
dx

+kh

∫

A2
h

(
1 + κ2(∇sh)

)(
εh|∇sh|2 +

V (sh)

εh

+ λh

)
dx = Îh + ÎIh.

Using (2.42) we get

Îh = 2kh

∫ ϕ
(0)
h (| log εh|)

ϕ
(0)
h (−| log εh|)

√
Vh(τ)

∫

{sh=τ}
(1 + κ2) dH1dτ.

Since the curves γi+
h , γi−

h converge strongly to γi in W 2,2 for any i = 1, . . . ,m,
using (2.29), (2.30) and taking into account that kh = o(εh| log εh|) we find

kh

∫

{sh=τ}
(1 + κ2) dH1 = o(1) ∀τ ∈ (ϕ

(0)
h (−| log εh|), ϕ(0)

h (| log εh|)).

Using (2.37) it then follows

lim
h→+∞

Îh = 0.

Analogously we have that limh ÎIh = 0.
Using (2.43) we have

lim sup
h→+∞

G
(2)
εh,ξh

(sh, wh) ≤ 2b0
∑

γ∈C∗

(
K(γ) + L(γ)

)
. (2.44)

Step 5. Estimates of limh→+∞ ξh
∫
Ω
(∆wh)

2dx and limh→+∞ ξh
∫
Ω
(∆sh)

2dx.
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Using the definition (2.35) of wh, for any x ∈ D1
h∪D2

h we have for h large
enough

∆wh(x) =
d2ϕh

dt2
(δDh

(x)) +
dϕh

dt
(δDh

(x))∆δDh
(x)

=
d2ϕh

dt2
(δDh

(x)) + κt
h(x)

dϕh

dt
(δDh

(x)), (2.45)

where κt
h(x) is the curvature of the level set {x : δDh

(x) = t}. Using the
definition of ϕh, for t ∈ (0, 2εh| log εh|) we have

ε2
h

d2ϕh

dt2
=

d2ϕ
(0)
h

dt2
(t/εh)σh(t/εh) + 2

dϕ
(0)
h

dt
(t/εh)

dσh

dt
(t/εh)

+
d2σh

dt2
(t/εh)(ϕ

(0)
h (t/εh) − 1). (2.46)

Using (2.32) we find

d2ϕ
(0)
h

dt2
=

1

2

dVh

dt
(ϕ

(0)
h ) = ϕ

(0)
h (1 − ϕ

(0)
h )(1 − 2ϕ

(0)
h ),

from which, using (2.34), we get

‖d2ϕ
(0)
h /dt2‖L∞([0,2| log εh|]) = O(1).

Using (2.32), (2.34), (2.46) and the properties of the function σh we get

‖d2ϕh/dt
2‖L∞([0,2εh| log εh|]) =

1

ε2
h

O(1). (2.47)

Using the coarea formula and (2.45), since the level sets {x : δDh
(x) = t} are

circles, we get

ξh

∫

Ω

(∆wh)
2dx = ξh

∫ 2εh| log εh|

0

[
d2ϕh/dt

2 + κt
hdϕh/dt

]2 H1({x : δDh
(x) = t})dt.

Since 1/κt
h = O(βh) for any t ∈ (0, 2εh| log εh|), using (2.47) it follows

ξh

∫

Ω

(∆wh)
2dx =

ξh
ε4

h

O(1)

∫ 2εh| log εh|

0

H1({x : δDh
(x) = t})dt

=
ξh
ε3

h

O(βh| log εh|).

Since ξh = O(ε3+q
h ) with q > 1, it follows

lim
h→+∞

ξh

∫

Ω

(∆wh)
2dx = 0. (2.48)
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Using the definition (2.35) of sh, for any x ∈ A1
h ∪ A2

h we have for h large
enough

∆sh(x) =
d2ϕh

dt2
(δDh

(x)) + κt
h(x)

dϕh

dt
(δDh

(x)), (2.49)

where κt
h(x) now denotes the curvature of the level set {x : δAh

(x) = t}. We
have

ξh

∫

Ω

(∆sh)
2dx = ξh

∫

A1
h∪A2

h

[
d2ϕh

dt2
(δAh

(x)) + κt
h(x)

dϕh

dt
(δAh

(x))

]2

dx

≤ 2ξh

∫

A1
h∪A2

h

[
d2ϕh

dt2
(δAh

(x))

]2

dx+ 2ξh

∫

A1
h∪A2

h

[
κt

h(x)
dϕh

dt
(δAh

(x))

]2

dx,

from which, using the coarea formula it follows

ξh

∫

Ω

(∆sh)
2dx ≤ 2ξh

∫ 2εh| log εh|

0

[
d2ϕh/dt

2
]2 H1({x : δAh

(x) = t})dt

+ 2ξh

∫ 2εh| log εh|

0

[dϕh/dt]
2

∫

{δAh
=t}

κ2dH1 dt.

Using (2.30) and (2.47) we get

ξh

∫

Ω

(∆sh)
2dx ≤ ξh

(
1

ε4
h

O(εh| log εh|) +
1

ε2
h

O(1)

)
,

from which, since ξh = O(ε3+q
h ) with q > 1, it follows

lim
h→+∞

ξh

∫

Ω

(∆sh)
2dx = 0. (2.50)

Step 6. Estimate from above of lim suph→+∞
∫
Ω

(s2
h + ζh) |∇uh|2dx.

We set
Kh =

⋃m

i=1[γ
i
h] \Dh.

The sequence of compact sets {Kh}h converges in the Hausdorff metric to
the set [C ′] = [C∗]; moreover the number of connected components of Kh is
m for all h and suph∈N

H1(Kh) < +∞. Then, since u ∈ W 1,2(Ω \ [C∗]), using
a result by Chambolle and Doveri ([13], Proposition 1 of Appendix), there
exists a sequence {ûh}h with ûh ∈W 1,2(Ω \ Kh) for any h, such that ûh → u
strongly in L2(Ω) and ∇ûh → ∇u strongly in L2(Ω; R2).

Let {ρh}h be a sequence of positive numbers converging to zero such that
ρh = o(εh) and

{x ∈ Ω : dist(x,Kh) < ρh} ⊂ Ah for any h.
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Let then {gh}h ⊂ C∞(R2) be a sequence of functions such that

0 ≤ gh ≤ 1, |∇gh| ≤
C

ρh

, (2.51)

with C positive constant independent of h, and

gh(x) =

{
1 on {x ∈ Ω : dist(x,Kh) < ρh/2}
0 on {x ∈ Ω : dist(x,Kh) ≥ ρh}

(2.52)

for all h. Then we define uh = (1 − gh)ûh for any h so that uh ∈ W 1,2(Ω).
Since Ah, Dh ∈ C∞

c (Ω), by construction we have {(uh, Ah, Dh)}h ⊂ Y (Ω)
and {(uh, Ah, Dh)}h converges weakly to (u,C∗, P ∗). Moreover we have
(uh, sh, wh) ∈ W (Ω) for h large enough and, using (2.33), one can check
that {(uh, sh, wh)}h converges weakly to (u,C∗, P ∗).

Since ûh → u in L2(Ω) and meas(Ah) → 0, using the definition of the
function gh, we have ‖uh − ûh‖L2 → 0 and

lim
h→+∞

∫

Ω

|uh − g|2dx =

∫

Ω

|u− g|2dx. (2.53)

We take ρh in (2.52) such that ρh = o(εh| log εh|): then we have uh(x) = ûh(x)
if x /∈ A0

h, with

A0
h = {x ∈ Ω : δAh

(x) < −2εh| log εh|}.

Since ∇ûh → ∇u in L2(Ω; R2), it follows

lim sup
h→+∞

∫

Ω

s2
h|∇uh|2dx ≤ lim

h→+∞

∫

Ω\A0
h

|∇ûh|2dx =

∫

Ω\[C∗]

|∇u|2dx. (2.54)

Now for any set A ⊂ R
2 and any r > 0 we set

(A)r = {x ∈ R
2 : dist(x,A) < r}.

Then we have

ζh

∫

Ω

|∇uh|2dx ≤ ζh

∫

Ω\(Kh)ρh/2

|∇uh|2dx ≤ 2ζh

∫

Ω\(Kh)ρh/2

(
|∇ûh|2 + |ûh∇gh|2

)
dx.

Since ζh = O(ε1+p
h ) with p > 1, using (2.51), by choosing an infinitesimal

{ρh}h intermediate between εh| log εh| and ζh (for instance ρh = ε1+p′

h with
0 < p′ < p), we find

lim
h→+∞

ζh

∫

Ω

|∇uh|2dx = 0. (2.55)
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Using (2.54) and (2.55), we get

lim sup
h→+∞

∫

Ω

(
s2

h + ζh
)
|∇uh|2dx ≤

∫

Ω\[C∗]

|∇u|2dx. (2.56)

Step 7. Conclusion of the proof of Γ-convergence.
Finally, using (2.8), (2.26) and (2.31) we get

lim sup
h→+∞

1

µh

∫

Ω

(1 − wh)
2dx ≤ lim

h→+∞

meas((Dh)2εh| log εh|)

µh

= 0, (2.57)

and

lim sup
h→+∞

1

µh

∫

Ω

(1 − sh)
2dx ≤ lim

h→+∞

meas((Ah)2εh| log εh|)

µh

= 0. (2.58)

The upper inequality of Γ-convergence then follows collecting (2.41), (2.44),
(2.48), (2.50), (2.53), (2.56), (2.57) and (2.58).

Eventually, the assumptions that C∗ satisfies the finiteness property,
[C∗] ⊂ Ω, and P ∗ ⊂ Ω are removed as in Theorem 6.3 of [12].

Step 8. Convergence of minimizers.
Let {(uh, sh, wh)}h ⊂ Z(Ω) be a sequence of minimizers of Gε,ξ, which

exist by theorem 14. Since

Gε(uh, sh, wh) ≤ Gε,ξ(uh, sh, wh)

for any h, the equi-coerciveness of functionals Gε,ξ follows immediately from
Theorem 5.1 of [12]. Then there exist a subsequence {(uhk

, shk
, whk

)}k and
a triplet(u,C, P ) ∈ X(Ω) such that {(uhk

, shk
, whk

)}k converges weakly to
(u,C, P ).

Eventually, using the variational properties of Γ-convergence (see [10] Sec-
tion 1.5) and the equi-coerciveness of Gε,ξ, it follows that (u,C, P ) minimizes
G.

2.8 Euler equations

In the previous section we have proved the existence of minimizers of Mε,ξ. In
this section, for the purpose of numerical computations, we derive formally
the Euler equations of the functional Mε,ξ. We set

Mε,ξ = Mε,0 + ξ

∫

Ω

(∆s)2dx+ ξ

∫

Ω

(∆w)2dx.
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First we examine Mε,0 and we compute formally the Euler equations for such
a functional, then we add the contribution of the terms involving the squared
Laplacian of s and w.

Let us consider an integral functional of the type

I(v1, . . . , vm) =

∫

Ω

f(x, v1(x), . . . , vm(x),∇v1(x), . . . ,∇vm(x))dx,

where Ω ⊂ R
n is an open set with Lipschitz boundary, vi : Ω → R for

i = 1, . . . ,m, and f : Ω × R
m × R

nm → R . Minimizers of functional I,
if they exist, satisfy the necessary condition that the Gâteaux derivative of
I vanishes at minimizers. By computing the Gâteaux derivative of I, we
suppose that the functions (v1, . . . , vm) formally satisfy the Euler equations

∇vi
I(v1, . . . , vm) :=

∂f

∂vi

− div

[
∂f

∂(∇vi)

]
= 0 in Ω, i = 1, . . . ,m,

supplemented with the boundary conditions

〈 ∂f

∂(∇vi)
, νn〉 = 0 on ∂Ω, i = 1, . . . ,m,

where νn is the unit outer normal of ∂Ω. In our case n = 2, m = 7, I = Mε,0,
(v1, ..., v7) = (u, s, w, θ1, θ2, ω1, ω2). In the application to image segmentation
the various terms in the energy functional have different weights as follows:

Mε,0(u, s, w, θ, ω) =

∫

Ω

(s2 + ξε)|∇u|2dx

+

∫

Ω

(w2 + kε)

[
ε|∇s|2 +

1

ε
s2(1 − s)2

] (
α+ τ(div θ)2

)
dx

+α1

∫

Ω

[
ε|∇w|2 +

1

ε
w2(1 − w)2

](
1

βε

+ βε(divω)2

)
dx

+η

∫

Ω

(|∇s| − 〈θ,∇s〉) dx+ η1

∫

Ω

(|∇w| − 〈ω,∇w〉) dx

+µ

∫

Ω

|u− g|2dx+
α

µε

∫

Ω

(1 − s)2dx+
α1

µε

∫

Ω

(1 − w)2dx,

where α, τ, α1, η, η1, µ are positive weights. Here we set λε = 0.
Then we compute formally the Euler equations for an integral functional

of the type

Mε,0(u, s, w, θ, ω) =

∫

Ω

f(u, s, w, θ, ω,∇u,∇s,∇w, div θ, divω)dx.
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Equation for u. Since we have

∂f

∂u
= 2µ(u− g),

∂f

∂(∇u) = 2(s2 + ξε)∇u,

then the Euler equation and the boundary conditions are

µ(u− g) = div((s2 + ξε)∇u) in Ω,

〈∇u, νn〉 = 0 on ∂Ω.

If Ω is a rectangle the boundary conditions require ∂u
∂x

= 0 on vertical sides
and ∂u

∂y
= 0 on horizontal sides. Note that the equation is linear in u.

Equation for s. First we compute the terms ∂f

∂s
and ∂f

∂(∇s)
:

∂f

∂s
= 2s|∇u|2 +

2

ε
(w2 + kε)(2s

3 − 3s2 + s)
[
α+ τ (div θ)2

]
− 2

α

µε

(1 − s) ,

∂f

∂(∇s) = 2 ε (w2 + kε)
[
α+ τ (div θ)2

]
∇s+ η

∇s
|∇s| − η θ .

Then the Euler equation for s is

∇sMε,0 = 2

[
|∇u|2 +

1

ε
(w2 + kε)[α+ τ (div θ)2] +

α

µε

]
s

− 2α ε div
(
(w2 + kε)∇s

)

− 2 τ ε div
(
(w2 + kε) (div θ)2∇s

)
− η div

( ∇s
|∇s|

)

− 2α

µε

− 2

ε
(w2 + kε) [α+ τ (div θ)2](−2 s3 + 3s2) + η div θ = 0 .

Note that the terms with (−2s3 + 3s2) and 1
|∇s| are the only terms of the

equation which are not linear in s. Since we use the conjugate gradient
method, such terms will be replaced by (−2s3

0 + 3s2
0) and 1

|∇s0| , where s0

denotes the function s at the previous iteration.
The boundary conditions are

〈2 ε (w2 + kε) (α+ τ (div θ)2)∇s+ η
∇s
|∇s| − η θ, νn〉 = 0.

If Ω is a rectangle, on vertical sides we have

2 ε (w2 + kε) (α+ τ (div θ)2)
∂s

∂x
+ η

1

|∇s|
∂s

∂x
− η θ1 = 0,
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which is satisfied if ∂s
∂x

= 0 and θ1 = 0. Analogously, for the horizontal sides
we have

2 ε (w2 + kε) (α+ τ (div θ)2)
∂s

∂y
+ η

1

|∇s|
∂s

∂y
− η θ2 = 0,

which is satisfied if ∂s
∂y

= 0 and θ2 = 0.
Equation for w. This equation is similar to the previous one. We compute

the following derivatives:

∂f

∂w
= 2 (ε|∇s|2 +

1

ε
s2(1 − s)2)[α+ τ (div θ)2]w − 2

α1

µε

(1 − w)

+ 2
α1

ε
(2w3 − 3w2 + w)[

1

βε

+ βε (divω)2] ,

∂f

∂(∇w)
= 2 ε [

1

βε

+ βε (divω)2]∇w + η1
∇w
|∇w| − η1 ω .

Then the Euler equation for w is

∇wMε,0 = 2 (ε|∇s|2 +
1

ε
s2(1 − s)2)[α+ τ (div θ)2]w

+ 2
α1

µε

w + 2
α1

ε
[
1

βε

+ βε (divω)2]w

− 2 ε

[
1

βε

∆w + βεdiv( (divω)2∇w)

]
− η1div

( ∇w
|∇w|

)

− 2α1

µε

− 2
α1

ε
[
1

βε

+ βε (divω)2](−2w3 + 3w2) + η1 divω = 0 .

Note again that the terms with (−2w3 + 3w2) and 1
|∇w| are the only terms of

the equation which are not linear in w. Since we use the conjugate gradient
method, such terms will be replace by (−2w3

0 + 3w2
0) and 1

|∇w0| respectively,
where w0 denoted the function w at the previous iteration.

The boundary conditions are

〈2α1 ε [
1

βε

+ βε (divω)2]∇w + η1
∇w
|∇w| − η1 ω, νn〉 = 0.

If Ω is a rectangle, on vertical sides we have

2α1 ε [
1

βε

+ βε (divω)2]
∂w

∂x
+ η1

1

|∇w|
∂w

∂x
− η1 ω1 = 0,
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which is satisfied if ∂w
∂x

= 0 and ω1 = 0. Analogously, for the horizontal sides
we have

2α1 ε [
1

βε

+ βε (divω)2]
∂w

∂y
+ η1

1

|∇w|
∂w

∂y
− η1 ω2 = 0,

which is satisfied if ∂w
∂y

= 0 and ω2 = 0.

Equations for θ = (θ1, θ2). Since the Euler equation for θi, i = 1, 2, is

∇θi
Mε,0 =

∂f

∂θi

− ∂f

∂∇θi

= 0,

we have
∂f

∂θ1

= −η ∂

∂θ1

〈θ,∇s〉 .

Since
∂

∂θ1

〈θ,∇s〉 =
∂

∂θ1

[θ1
∂s

∂x
+ θ2

∂s

∂y
] =

∂s

∂x
,

we obtain
∂f

∂θ1

= −η ∂s
∂x

. (2.59)

Analogously, for i = 2 we obtain

∂f

∂θ2

= −η ∂s
∂y
. (2.60)

Now we compute

∂f

∂(∇θ1)
= τ(w2 + kε)(ε|∇s|2 +

1

ε
s2(1 − s)2)

∂

∂(∇θ1)
(divθ)2,

from which we get

∂

∂(∇θ1)
(divθ)2 = 2 divθ

∂

∂(∇θ1)
(divθ) = 2 divθ (1, 0).

Then we have

div

(
∂f

∂(∇θ1)

)
=

∂

∂x
[2τ(w2 + kε)(ε|∇s|2 +

1

ε
s2(1 − s)2)divθ]. (2.61)

Analogously, for θ2 we have

div

(
∂f

∂(∇θ2)

)
=

∂

∂y
[2τ(w2 + kε)(ε|∇s|2 +

1

ε
s2(1 − s)2)divθ]. (2.62)
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For reasons of numerical stability, before discretizing the Euler equations, it is
convenient to compute explicitly the derivatives appearing in the expressions
(2.61) and (2.62). Hence, denoting R = ε|∇s|2 + 1

ε
s2(1 − s)2, we find

∂

∂x
[2τ(w2 + kε)Rdivθ] = 2τ

∂w2

∂x
Rdivθ

+ 2τ(w2 + kε)
∂R

∂x
divθ + 2τ(w2 + kε)R

∂

∂x
(divθ)

= 2τdivθ

[
2w

∂w

∂x
R + (w2 + kε)

(
2ε〈∇s, ∂∇s

∂x
〉 +

1

ε
(4s3 − 6s2 + 2s)

∂s

∂x

)]

+ 2τ(w2 + kε)R

[
∂2θ1

∂x2
+

∂2θ2

∂x∂y

]
,

where
∂∇s
∂x

= (
∂2s

∂x2
,
∂2s

∂x∂y
).

The equation for θ2 is computed by using the same method. Hence, using
(2.59) and (2.60), the Euler equations for θ are

∇θ1Mε,0 = −η ∂s
∂x

− 2τdivθ

[
2w

∂w

∂x
R+

+ (w2 + kε)

(
2ε(

∂s

∂x

∂2s

∂x2
+
∂s

∂y

∂2s

∂x∂y
) +

1

ε
(4s3 − 6s2 + 2s)

∂s

∂x

)]

− 2τ(w2 + kε)R

[
∂2θ1

∂x2
+

∂2θ2

∂x∂y

]
= 0,

∇θ2Mε,0 = −η ∂s
∂y

− 2τdivθ

[
2w

∂w

∂y
R+

+ (w2 + kε)

(
2ε(

∂s

∂x

∂2s

∂y∂x
+
∂s

∂y

∂2s

∂y2
) +

1

ε
(4s3 − 6s2 + 2s)

∂s

∂y

)]

− 2τ(w2 + kε)R

[
∂2θ1

∂y∂x
+
∂2θ2

∂y2

]
= 0 .

Note that the equations are linear in θ1, θ2 respectively.

The boundary conditions for θ1 and θ2 are given by

〈2τ(w2 + kε)(ε|∇s|2 +
1

ε
s2(1 − s)2)div θ · (1, 0), νn〉 = 0,

〈2τ(w2 + kε)(ε|∇s|2 +
1

ε
s2(1 − s)2)div θ · (0, 1), νn〉 = 0,
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which imply

(w2 + kε)(ε|∇s|2 +
1

ε
s2(1 − s)2)div θ = 0 on ∂Ω.

This boundary condition is satisfied if div θ = 0 on ∂Ω. If Ω is a rectangle
and θ1 = 0 on vertical sides (see the boundary conditions on s), the condition
div θ = 0 requires ∂θ2

∂y
= 0 on vertical sides. On horizontal sides, if θ2 = 0,

this boundary condition becomes ∂θ1

∂x
= 0.

Equations for ω = (ω1, ω2). The computations are similar to the previous
ones, so that the equations are

∇ω1Mε,0 = −η1
∂w

∂x
− 2α1βε

∂

∂x
[ε|∇w|2divω] −

−2α1βε

∂

∂x
[
1

ε
w2(1 − w)2divω] = 0,

∇ω2Mε,0 = −η1
∂w

∂y
− 2α1βε

∂

∂y
[ε|∇w|2divω] −

−2α1βε

∂

∂y
[
1

ε
w2(1 − w)2divω] = 0.

Computing the derivatives we find

∇ω1Mε,0 = −η1
∂w

∂x
− 2α1βεdivω ·

[
2ε(

∂w

∂x

∂2w

∂x2
+
∂w

∂y

∂2w

∂x∂y
) +

1

ε
(4w3 − 6w2 + 2w)

∂w

∂x

]

−2α1βεR1

[
∂2ω1

∂x2
+
∂2ω2

∂x∂y

]
= 0 ,

∇ω2Mε,0 = −η1
∂w

∂y
− 2α1βεdivω ·

[
2ε(

∂w

∂x

∂2w

∂y∂x
+
∂w

∂y

∂2w

∂y2
) +

1

ε
(4w3 − 6w2 + 2w)

∂w

∂y

]

−2α1βεR1

[
∂2ω1

∂y∂x
+
∂2ω2

∂y2

]
= 0 ,

where R1 = ε|∇w|2 + 1
ε
w2(1 − w)2. The boundary conditions are

〈(ε|∇w|2 +
1

ε
w2(1 − w)2)divω · (1, 0), νn〉 = 0,

〈(ε|∇w|2 +
1

ε
w2(1 − w)2)divω · (0, 1), νn〉 = 0,
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which imply

(ε|∇w|2 +
1

ε
w2(1 − w)2)divω = 0.

This boundary condition is satisfied if divω = 0 on ∂Ω. If Ω is a rectangle
the condition divω = 0 requires ∂ω2

∂y
= 0 on vertical sides and ∂ω1

∂x
= 0 on

horizontal sides (see the boundary conditions on w).
Note again that the equations are linear in ω1 and ω2 respectively.
The nonlinear system of Euler equations will be solved numerically by

means of an iterative method, and by replacing in the nonlinear terms the
functions s and w with s0 and w0 computed at the previous iteration. Then
all the equations become linear and the conjugate gradient method will be
used for each equation.

Further observations are required. Recalling the definition of θ and ω,
the constraints |θ| ≤ 1 and |ω| ≤ 1 will be imposed by means of projection
after each iteration. Moreover, since the terms div( ∇s

|∇s|) and div( ∇w
|∇w|) are

not defined in regions where either |∇s| = 0 or |∇w| = 0, such terms will be
replaced with

div

(
∇s√

|∇s|2 + ε1

)
, div

(
∇w√

|∇w|2 + ε1

)
,

where ε1 > 0 is a small positive constant. In the next section we give further
details on the numerical implementation.

Eventually, the terms involving the squared Laplacian of s and w yield
the following contribution to the Euler equations:

∇sMε,ξ = ∇sMε,0 + 2ξ∆2s, ∇wMε,ξ = ∇wMε,0 + 2ξ∆2w,

where ∆2 is the bilaplacian operator. A numerical experiment, executed
using a small value of ξ, has exhibited the same result obtained with the
algorithm discussed in the next section, where we set ξ = 0. Hence we do
not discuss these terms further.

2.9 A numerical method

In this section we discretize the Euler equations of the functional, and we
discuss some numerical experiments. As it was discussed in the previous sec-
tion, we use an iterative scheme such that at each iteration we have to solve
linear equations. Then we use the conjugate gradient method to solve such
linear equations. The numerical method has the following structure:
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Initialization of variables

for i=1:P
solve ∇uMε,0 = 0 with respect to u by conjugate gradient method
solve ∇sMε,0 = 0 with respect to s by conjugate gradient method
solve ∇θMε,0 = 0 with respect to θ by conjugate gradient method
solve ∇wMε,0 = 0 with respect to w by conjugate gradient method
solve ∇ωMε,0 = 0 with respect to ω by conjugate gradient method
end

where P is the number of cycles. Furthermore, in each cycle we impose the
constraint |θ| = 1. The starting point of the conjugate gradient method at
the first cycle is given by the initialization of variables. In subsequent cycles
it is given by the values computed in the previous cycle.

Moreover, we choose the weights recalling that:

i) µ is the weight of the term

∫

Ω

|u− g|2dx ,

that imposes u to approximate g.

ii) η, η1 are the weights of the terms

∫

Ω

(|∇s| − 〈θ,∇s〉) dx ,
∫

Ω

(|∇w| − 〈ω,∇w〉) dx

respectively, that impose θ, ω to approximate ∇s
|∇s| ,

∇w
|∇w| respectively.

iii) α is the weight of the length integral

∫

Ω

(w2 + kε)

[
ε|∇s|2 +

1

ε
s2(1 − s)2

]

and of 1
µε

∫
Ω
(1 − s)2dx that imposes s is close to one out from the

edge of u.

iv) τ is the weight of the length integral multiplied by the curvature term
of s

∫

Ω

(w2 + kε)

[
ε|∇s|2 +

1

ε
s2(1 − s)2

]
(div θ)2)dx

v) the behavior of α1 is similar to α and τ .
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2.9.1 The conditions on ∂Ω

We give the discrete form of the boundary conditions derived in the previous
section. In the sequel the open set Ω will be a square. Therefore, we fix a
grid N × N with N integer. Since u, s, w : Ω → R and θ, ω : Ω → R

2, the
variables are matrices with dimension N ×N for u, s, w and 2N ×N for θ, ω.

In order to express the boundary conditions by means of finite differences
we augment the number of rows and columns of the matrices. Then u be-
comes a (N+2)×(N+2) matrix, s and w become (N+4)×(N+4) matrices.
The variables θ and ω become matrices (2N + 4) × (N + 2).

Taking into account the observations of previous section in the case Ω is
a rectangle:

• we ask that ∂u
∂x

= 0 on vertical sides and ∂u
∂y

= 0 on horizontal sides,
therefore using forward finite differences, we obtain

u(0, j) = u(1, j) u(N + 1, j) = u(N, j)

u(i, 0) = u(i, 1) u(i, N + 1) = u(i, N) ∀i, j = 1, ..., N ;

• we ask that ∂s
∂x

= 0 on vertical sides and ∂s
∂y

= 0 on horizontal sides,
therefore when we use forward finite differences, we obtain

s(0, j) = s(1, j) s(N + 1, j) = s(N, j)

s(i, 0) = s(i, 1) s(i, N + 1) = s(i, N) ∀i, j = 1, ..., N,

while when we use central finite differences, we obtain

s(0, j) = s(2, j) s(N + 1, j) = s(N − 1, j)

s(i, 0) = s(i, 2) s(i, N + 1) = s(i, N − 1) ∀i, j = 1, ..., N

s(−1, j) = s(1, j) s(N + 2, j) = s(N, j) s(i,−1) = s(i, 1)

s(i, N + 2) = s(i, N) ∀i, j = 1, ..., N ;

• we ask that θ1 = θ2 = 0 on ∂Ω, then we have simply

θ(1, j) = θ(N, j) = θ(i, 1) = θ(i, N) = 0

θ(1, j +N) = θ(N, j +N) = θ(i, N + 1) = θ(i, 2N) = 0

∀i, j = 1, ..., N ;
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• we ask that ∂w
∂x

= 0 on vertical sides and ∂w
∂y

= 0 on horizontal sides,
therefore when we use forward finite differences, we obtain

w(0, j) = w(1, j) w(N + 1, j) = w(N, j)

w(i, 0) = w(i, 1) w(i, N + 1) = w(i, N) ∀i, j = 1, ..., N,

while when we use central finite differences, we obtain

w(0, j) = w(2, j) w(N + 1, j) = w(N − 1, j)

w(i, 0) = w(i, 2) w(i, N + 1) = w(i, N − 1) ∀i, j = 1, ..., N

w(−1, j) = w(1, j) w(N + 2, j) = w(N, j) w(i,−1) = w(i, 1)

w(i, N + 2) = w(i, N) ∀i, j = 1, ..., N ;

• we ask that ω1 = ω2 = 0 on ∂Ω, then we have simply

ω(1, j) = ω(N, j) = ω(i, 1) = ω(i, N) = 0

ω(1, j +N) = ω(N, j +N) = ω(i, N + 1) = ω(i, 2N) = 0

∀i, j = 1, ..., N.

2.9.2 Discretization of the equations

Now we discretize the Euler equations. For terms of the form div(A(i, j)∇F (i, j)),
forward finite differences are used for the gradient ∇F (i, j), while backward
finite differences are used for div(·). Denoting C = A∇F , we have

C1(i, j) = A(i, j)
F (i+ 1, j) − F (i, j)

p
,

C2(i, j) = A(i, j)
F (i, j + 1) − F (i, j)

p
,
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where p is the mesh size. Then we get

div(A(i, j)∇F (i, j)) =
C1(i, j) − C1(i− 1, j)

p
+
C2(i, j) − C2(i, j − 1)

p

= A(i, j)
F (i+ 1, j) − F (i, j)

p2

−A(i− 1, j)
F (i, j) − F (i− 1, j)

p2
+

+A(i, j)
F (i, j + 1) − F (i, j)

p2

−A(i, j − 1)
F (i, j) − F (i, j − 1)

p2
=

=
1

p2
[A(i, j)F (i+ 1, j) + A(i, j)F (i, j + 1) +

+A(i− 1, j)F (i− 1, j) + A(i, j − 1)F (i, j − 1) −
−(2A(i, j) + A(i− 1, j) + A(i, j − 1))F (i, j)].

Now we compute the discrete Euler equations.
Equation for u. The equation is

µ(u− g) = div ((s2 + ξε)∇u) in Ω.

Setting f = u and A(i, j) = s(i, j)2 + ξε, the discretized equation is

[s(i, j)2u(i+ 1, j) + s(i− 1, j)2u(i− 1, j)+

s(i, j − 1)2u(i, j − 1) + s(i, j)2u(i, j + 1)]−
−[(2s(i, j)2 + s(i, j − 1)2 + s(i− 1, j)2) + p2µ] = −µp2g(i, j) .

Equation for s. The equation is

2

[
|∇u|2 +

1

ε
(w2 + kε)[α+ τ (div θ)2] +

α

µε

]
s

− 2α ε div
(
(w2 + kε)∇s

)

− 2 τ ε div
(
(w2 + kε) (div θ)2∇s

)
− η div

( ∇s
|∇s|

)

=
2α

µε

+
2

ε
(w2 + kε) [α+ τ (div θ)2](−2 s3 + 3s2) − η div θ .
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We denote by

V (i, j) =
1

p2
((u(i+ 1, j) − u(i, j))2 + (u(i, j + 1) − u(i, j))2)

∀i, j = 2, ...N − 1,

with V (i, j) = 0 if i = 1, N or j = 1, N ,

the discretization by forward finite differences of |∇u|2. The discretization
of div θ is

K(i, j) =
1

p
(θ(i+ 1, j) − θ(i, j) + θ(i, j + 1 +N) − θ(i, j +N))

∀i, j = 2, ...N − 1,

with K(i, j) = 0 if i = 1, N or j = 1, N .

We remind that, in the iterative method, the function s is replaced in
the nonlinear terms with the function s0 computed in the previous cycle.
Moreover, the term 1

∇s
is replaced by 1√

ε1+|∇s0|2
, and the discretization of

such a term is given by

B(i, j) =
1√

ε1 + 1
p2 ((s0(i+ 1, j) − s0(i, j))2 + (s0(i, j + 1) − s0(i, j))2)

∀i, j = 2, ...N − 1, with B(i, j) = 1√
ε1

if i = 1, N or j = 1, N .

We apply the discretization method for terms of type div(A∇F ) to cases:
(i) F = s , A = w(i, j)2 + kε;
(ii) F = s , A = (w(i, j)2 + kε)K(i, j)2 ;
(iii) F = s , A(i, j) = B(i, j).
Moreover, we define the coefficients

E(i, j) = w(i, j)2 + kε ,

D(i, j) = E(i, j)K(i, j)2 ,

H =
1

p2
(αE + τD +

η

2ε
B) .

Using forward finite differences for the other terms, we obtain the discretized
equation

(H(i, j)s(i+ 1, j) +H(i− 1, j)s(i− 1, j) +H(i, j)s(i, j + 1)+
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H(i, j − 1)s(i, j − 1)) − {1

ε
V (i, j) +

α

ε2
E(i, j) +

α

µεε
+
τ

ε2
D(i, j) +

4α

p2
+

τ

p2
(2D(i, j) +D(i− 1, j) +D(i, j − 1)) +

η

2εp2
(2B(i, j) +B(i− 1, j)+

B(i, j − 1))}s(i, j) =
η

2ε
K(i, j) +

1

ε2
(2s0(i, j)

3 − 3s0(i, j)
2)(αE(i, j)+

τD(i, j)) − α

µεε
.

Equations for θ. We set

R = ε|∇s|2 +
1

ε
s2(1 − s)2,

T = (w2+kε)[2ε
∂s

∂x

∂2s

∂x2
+
∂s

∂y

∂2s

∂x∂y
)+

1

ε
(w2+kε)(4s

3−6s2+2s)
∂s

∂x
+2Rw

∂w

∂x
],

T ∗ = (w2+kε)[2ε
∂s

∂x

∂2s

∂y∂x
+
∂s

∂y

∂2s

∂y2
)+

1

ε
(w2+kε)(4s

3−6s2+2s)
∂s

∂y
+2Rw

∂w

∂y
].

The Euler equations may be written as



2τ(R∂2θ1

∂x2 + T ∂θ1

∂x
+R ∂2θ2

∂x∂y
+ T ∂θ2

∂y
) = −η ∂s

∂x
,

2τ(R ∂2θ1

∂y∂x
+ T ∗ ∂θ1

∂x
+R∂2θ2

∂y2 + T ∗ ∂θ2

∂y
) = −η ∂s

∂y
.

To discretize the equations we use the following finite differences:

• replace ∂2θ1

∂x2 with (θ(i+ 1, j) + θ(i− 1, j) − 2θ(i, j)) 1
p2

• replace ∂θ1

∂x
with (θ(i+ 1, j) − θ(i− 1, j))) 1

2p

• replace ∂2θ2

∂x∂y
with [θ(i+ 1, j+ 1 +N)− θ(i+ 1, j− 1 +N)− θ(i− 1, j+

1 +N) + θ(i− 1, j − 1 +N))] 1
4p2

• replace ∂θ2

∂y
with (θ(i, j + 1 +N) − θ(i, j − 1 +N)) 1

2p

• replace ∂2θ1

∂y∂x
with [θ(i+1, j+1)− θ(i− 1, j+1)− θ(i+1, j− 1)+ θ(i−

1, j − 1))] 1
4p2

• replace ∂2θ2

∂y2 with (θ(i, j + 1 +N) + θ(i, j − 1 +N) − 2θ(i, j +N)) 1
p2
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and we use the same finite differences for s and w. Then the discretized
equations are

• 2τ [( 1
p2Rd(i, j) + 1

2p
Td(i, j))θ(i+ 1, j) + ( 1

p2Rd(i, j) − 1
2p
Td(i, j))·

·θ(i− 1, j) − 2
p2Rd(i, j)θ(i, j) + 1

4p2Rd(i, j)(θ(i+ 1, j + 1 +N)−

−θ(i+ 1, j − 1 +N) − θ(i− 1, j + 1 +N) + θ(i− 1, j − 1 +N))+

+ 1
2p
Td(i, j)(θ(i, j+1+N)−θ(i, j−1+N))] = − η

2p
(s(i+1, j)−s(i−1, j))

• 2τ [ 1
4p2Rd(i, j)(θ(i+1, j+1)−θ(i−1, j+1)−θ(i+1, j−1)+θ(i−1, j−1))+

1
2p
Td∗(i, j)(θ(i+1, j)−θ(i−1, j))− 2

p2Rd(i, j)θ(i, j+N)+( 1
p2Rd(i, j)+

+ 1
2p
Td∗(i, j))θ(i, j+1+N)+( 1

p2Rd(i, j)− 1
2p
Td∗(i, j))θ(i, j−1+N)] =

= − η

2p
(s(i, j + 1) − s(i, j − 1)) ,

where

Rd(i, j) =
ε

4p2
((s(i+ 1, j) − s(i− 1, j))2 + (s(i, j + 1) − s(i, j − 1))2)+

+
1

ε
(s(i, j)2(1 − s(i, j)2)),

Td(i, j) = 2(w(i, j)2 + kε)[ε
1

2p3
(s(i+ 1, j) − s(i− 1, j))(s(i+ 1, j)+

+s(i− 1, j) − 2s(i, j)) +
1

2pε
s(i, j)(2s(i, j)2 − 3s(i, j) + 1)(s(i+ 1, j)−

−s(i− 1, j))] +
1

p
Rdw(i, j)(w(i+ 1, j) − w(i− 1, j)),

Td∗(i, j) = 2(w(i, j)2 + kε)[ε
1

8p3
(s(i+ 1, j) − s(i− 1, j))(s(i+ 1, j + 1)−

−s(i− 1, j + 1) − s(i+ 1, j − 1) + s(i− 1, j − 1)) +
1

2pε
s(i, j)(2s(i, j)2−

−3s(i, j) + 1)(s(i, j+ 1)− s(i, j− 1))] +
1

p
Rdw(i, j)(w(i, j+ 1)−w(i, j− 1)),
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are the discretizations of the functions R, T, T ∗.

Equation for w. The equation is

2 (ε|∇s|2 +
1

ε
s2(1 − s)2)[α+ τ (div θ)2]w

+ 2
α1

µε

w + 2
α1

ε
[
1

βε

+ βε (divω)2]w

− 2 ε

[
1

βε

∆w + βεdiv( (divω)2∇w)

]
− η1div

( ∇w
|∇w|

)

=
2α1

µε

+ 2
α1

ε
[
1

βε

+ βε (divω)2](−2w3 + 3w2) − η1 divω .

We denote the discretization of divω by

K1(i, j) =
1

p
(ω(i+ 1, j) − ω(i, j) + ω(i, j + 1 +N) − ω(i, j +N))

∀i, j = 2, ...N − 1,

with K1(i, j) = 0 if i = 1, N or j = 1, N .

In the iterative method, the function w is replaced in the nonlinear terms
with the function w0 computed in the previous cycle. Moreover, the term

1
∇w

is replaced by 1√
ε1+|∇w0|2

, and the discretization of such a term is given

by

B1(i, j) =
1√

ε1 + 1
p2 ((w0(i+ 1, j) − w0(i, j))2 + (w0(i, j + 1) − w0(i, j))2)

∀i, j = 2, ...N − 1, with B1(i, j) = 1√
ε1

if i = 1, N or j = 1, N ..

We apply the discretization method for terms of type div(A∇F ) to cases:
(i) F = w , A(i, j) = 1

βε
;

(ii) F = w , A(i, j) = βεK1(i, j)
2 ;

(iii) F = w , A(i, j) = B(i, j).
Moreover, we define the coefficients

D1(i, j) = K1(i, j)
2 ,

G(i, j) = Rd(i, j)(α+ τ(K(i, j))2) +
1

ε
(
α1

βε

+ α1βε(K1(i, j))
2) +

2α1

µε

,
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H1 =
1

p2
(
2εα1

βε

IN + 2α1βεD1 + η1B1) ,

where IN denotes the identity matrix. Hence the discretized equation is

(H1(i, j)w(i+ 1, j) +H1(i− 1, j)w(i− 1, j) +H1(i, j)w(i, j + 1)+

+H1(i, j − 1)w(i, j − 1)) − {8εα1

p2βε

+ 2G(i, j) +
2εα1βε

p2
(2D1(i, j)+

+D1(i− 1, j) +D1(i, j − 1)) +
η1

2εp2
(2B1(i, j) +B1(i− 1, j)+

+B1(i, j − 1))}w(i, j) =

= η1K(i, j) +
2

ε
(2w0(i, j)

3 − 3w0(i, j)
2)(
α1

βε

+ α1βεD1(i, j)) −
2α1

µε

.

Equations for ω. By using the same discretization method applied to the
equations for θ, we define the following functions:

R1 = ε|∇w|2 +
1

ε
w2(1 − w)2,

T1 = 2ε(
∂w

∂x

∂2w

∂x2
+
∂w

∂y

∂2w

∂x∂y
) +

1

ε
(4w3 − 6w2 + 2w)

∂w

∂x
,

T ∗
1 = 2ε(

∂w

∂x

∂2w

∂y∂x
+
∂w

∂y

∂2w

∂y2
) +

1

ε
(4w3 − 6w2 + 2w)

∂w

∂y
.

Then the Euler equations may be written as



2α1βε(R1
∂2ω1

∂x2 + T1
∂ω1

∂x
+R1

∂2ω2

∂x∂y
+ T1

∂ω2

∂y
) = −η1

∂w
∂x
,

2α1βε(R1
∂2ω1

∂y∂x
+ T ∗

1
∂ω1

∂x
+R1

∂2ω2

∂y2 + T ∗
1

∂ω2

∂y
) = −η1

∂w
∂y
.

To discretize the equations we use the same finite differences chosen for
the equations for θ. Hence the discretized equations are

• 2α1βε[(
1
p2Rd1(i, j)+ 1

2p
Td1(i, j))ω(i+1, j)+ ( 1

p2Rd1(i, j)− 1
2p
Td1(i, j))·

·ω(i− 1, j) − 2
p2Rd1(i, j)ω(i, j) + 1

4p2Rd1(i, j)(ω(i+ 1, j + 1 +N)−

−ω(i+ 1, j − 1 +N) − ω(i− 1, j + 1 +N) + ω(i− 1, j − 1 +N))+

+ 1
2p
Td1(i, j)(ω(i, j + 1 +N) − ω(i, j − 1 +N))] =
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= −η1

2p
(w(i+ 1, j) − w(i− 1, j)),

• 2α1βε[
1

4p2Rd1(i, j)(ω(i+ 1, j + 1) − ω(i− 1, j + 1) − ω(i+ 1, j − 1)+

+ω(i− 1, j − 1)) + 1
2p
Td∗1(i, j)(ω(i+ 1, j) − ω(i− 1, j)) − 2

p2Rd1(i, j)·

ω(i, j +N) + ( 1
p2Rd1(i, j) + 1

2p
Td∗1(i, j))ω(i, j + 1 +N)+

+( 1
p2Rd1(i, j) − 1

2p
Td∗1(i, j))ω(i, j − 1 +N)] =

= −η1

2p
(w(i, j + 1) − w(i, j − 1)) ,

where

Rd1(i, j) =
ε

4p2
((w(i+ 1, j) − w(i− 1, j)2 + (w(i, j + 1) − w(i, j − 1)2)+

+
1

ε
(w(i, j)2(1 − w(i, j)2)),

Td(i, j) = 2[ε
1

2p3
(w(i+ 1, j) − w(i− 1, j))(w(i+ 1, j) + w(i− 1, j)−

−2w(i, j)) +
1

2pε
w(i, j)(2w(i, j)2 − 3w(i, j) + 1)(w(i+ 1, j) − w(i− 1, j))],

Td∗(i, j) = 2[ε
1

8p3
(w(i+ 1, j)−w(i− 1, j))(w(i+ 1, j + 1)−w(i− 1, j + 1)−

−w(i+ 1, j − 1) + w(i− 1, j − 1)) +
1

2pε
w(i, j)(2w(i, j)2 − 3w(i, j) + 1)·

·(w(i, j + 1) − w(i, j − 1))],

are the discretizations of the functions R1, T1, T
∗
1 , respectively.

We consider the unknowns s, w, u and θ, ω as column matrices N2×1 and
2N2 × 1, respectively. Then the discretized equations yield linear systems
Ax = b, with A square matrix of dimensions N2 × N2 and 2N2 × 2N2,
respectively. Then we solve the linear systems by using the conjugate gradient
method. We use the Matlab 7 function bicg, which implements the conjugate
gradient method for square, not symmetric matrices A.

To conclude this subsection we discuss the choice of initial values of the
iterative method. We compute u, s as solutions of the system of Euler equa-
tions by imposing w, θ, ω fixed and equal to w(i, j) = 1, θ(i, j) = θ(i, j+N) =
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0, ω(i, j) = ω(i, j + N) = 0 ∀i, j = 1, ..., N . For u and s we consider the
following initial values: u(i, j) = g(i, j) and s(i, j) = 1 ∀i, j = 1, ..., N . Then
we use the conjugate gradient method, for several cycles, for the equations
of u and s with the other variables kept constant.

The functions u and s computed in such a way are used as initial values
for the solution of the system of equations in the next step, and to compute
the initial values of the other variables according to the following scheme:

• if Grads is the gradient of s, i.e.,

Grads=sparse(2*N2,1);
r=1;
for i=1:N2-1

l=i/N;

if l==r

Grads(i+N2)=(s(i+N)-s(i))/p;

r=r+1;

elseif i>N2-N

Grads(i)=(s(i+1)-s(i))/p;

else

Grads(i)=(s(i+1)-s(i))/p;

Grads(i+N2)=(s(i+N)-s(i))/p;

end
end
and H is the modulus of ∇s, then θ has the initial value given by

Invs0=sparse(N,N);
for i=1:N

for j=1:N

Invs0(i,j)=1/sqrt(e1+H(i,j));

end
end
teta=sparse(2*N2,1);
for i=1:N2

if H(i)<thresholdθ
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teta(i)=0;

teta(i+N2)=0;

else

teta(i)=Grads(i)*Invs0(i);

teta(i+N2)=Grads(i+N2)*Invs0(i);

end
end

• w has the initial value given by

Dct=sparse(N,2*N);
for i=1:N2

Dct(i)=Invs0(i)*Grads(i);

Dct(i+N2)=Invs0(i)*Grads(i+N2);
end Dctr=divergenza(Dct,N);
for i=1:N2

Dctr(i)=Dctr(i)2;
end
w=sparse(ones(N2,1));
for i=1:N2

if Dctr(i)>thresholdw

w(i)=s(i);

end
end

• if Gradw is the gradient of w, defined in the same way as Grads, and
H1 is the modulus of ∇w, then ω has the initial value given by

Invw0=sparse(N,N);
for i=1:N

for j=1:N

Invw0(i,j)=1/sqrt(e1+H1(i,j));

end
end
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omega=sparse(2*N2,1);
for i=1:N2

if H1(i)<thresholdω

omega(i)=0;

omega(i+N2)=0;

else

omega(i)=Gradw(i)*Invw0(i);

omega(i+N2)=Gradw(i+N2)*Invw0(i);

end
end

In the above algorithm we use the parameters thresholdw,thresholdθ,
and thresholdω to control some variables. The parameters thresholdθ and
thresholdω are used in regions where |∇s| and |∇w| are close to zero, i.e.,
where s and w are nearly constant. In such regions the direction of the vec-
tors ∇s and ∇w are not controlled by the functional so that they may have
large changes. Therefore the vector fields θ and ω are not close to (0, 0) in
these regions as they should be. Then we impose that the vector fields θ and
ω are equal to (0, 0) by using thresholds on |∇s| and |∇w|.

The parameter thresholdw is used to detect corner points of the level sets
of the function s. At such points the curvature div(∇s/|∇s|)2 is large, so that
they can be detected by using a threshold on curvature. Hence we impose
w = s at such points, where s is close to zero, and w = 1 at other points.

The conjugate gradient method uses the above initialization of variables
as initial data in the first cycle. In subsequent cycles the values computed in
the previous cycle are used as initial data.

2.10 Numerical experiments

The numerical method has been experimented on three images 256 × 256,
with the CPU AMD Athlon XP 2400 and 1 GByte of RAM. The first image
contains a rectangle and a triangle, the second contains a grayscale within a
rectangle, while the third one is a real image showing a cherry.. A grey level
representation is used for the functions s and w: white corresponds to the
value 1 and black corresponds to the value zero. The corner points of the
two geometric shapes are detected by the function w.
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Figure 2.1: the function g, N = 256.

The first image. Figure 2.10 shows the datum g. Figure 2.10 shows the
functions u, s and w computed by the program.

In this case the following values of the parameters have been used: α =
10−1 for initialization and α = 10−2 in subsequent cycles; τ = 10−2, ε =
10−2, and the other parameters are µ = 105, α1 = 10, βε = 10−3, µε =
ε · 10−2, thresholdw = 103, thresholdω = 10, thresholdθ = 100. The number
of cycles is 3 and they are executed in about eight hours.

Figure 2.10 shows the value of the computed energy density of the func-
tional Mε,0 at each point of the square Ω.

Note that the algorithm detects the corner points along the boundaries,
since at such points the value of the energy density exhibits peaks.

Now, in order to control the accuracy of the solutions obtained, we com-
pute the (normalized) residue. In fact, once we have computed a solution x
of a linear system Ax = b using an iterative method, we can compute the
normalized residue r = norm(b − Ax) (n = norm(b − Ax)/norm(b)) with
respect to a fixed norm. The Table 2.1 lists the values of normalized residues
of linear systems of u, s, θ, w, ω after the last iteration in the norms:

‖x‖1 =
M∑

i=1

|xi|,
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Figure 2.2: the computed functions u, s, w with N = 256.

Figure 2.3: the energy density, N = 256.
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‖x‖2 = |x| =

(
M∑

i=1

x2
i

) 1
2

,

‖x‖inf = max
i
xi,

∀x ∈ R
M , where M = N for u, s, w and M = 2N for θ, ω. We denote such

residues, respectively, by r1, r2, rinf .

variable r1 r2 rinf

u 1.1110e-07 3.1756e-07 6.2583e-06
s 2.8902e-05 9.8419e-06 2.2215e-06
θ 0.0881 0.0751 0.2354
w 2.3700e-06 5.5032e-06 1.8558e-04
ω 0.0596 0.0477 0.1116

Table 2.1: the residue values.

The second image. The following values of the parameters have been
used: α = 0.5, τ = 0.4 for initialization and α = 1.4 · 10−2, τ = 1.2 · 10−2

in subsequent cycles;ε = 1.01 · 10−3, µ = 2 · 105, α1 = 2, βε = 10−3, µε =
ε · 10−2, thresholdw = 5 · 102, thresholdω = 20, thresholdθ = 400. The
number of cycles is 3 and they are executed in about eight hours.

Figure 2.4 shows the datum g and Figure 2.5 shows the functions u, s, w
computed by the program. Note that s is white within the rectangle, being
the grayscale without jumps.

Figure 2.6 shows the value of the computed energy density of the func-
tional Mε,0 at each point of the square Ω. We see that the algorithm detects
the corner points of the rectangle, since at such points the value of the energy
density exhibits peaks.

variable r1 r2 rinf

u 4.3826e-07 5.0744e-06 2.2767e-04
s 5.1184e-05 9.9203e-06 4.3015e-06
θ 0.0412 0.0353 0.1160
w 4.7578e-07 2.5174e-06 1.3896e-04
ω 0.0519 0.0453 0.1

Table 2.2: the residue values.

Finally, Table 2.2 list the values of normalized residues of linear systems
for u, s, θ, w, ω after the last iteration in the norms chosen above.
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Figure 2.4: the function g.

Figure 2.5: the computed functions u, s, w.
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Figure 2.6: the energy density.

The third image. The following values of the parameters have been
used: α = 2 · 10−2, τ = 10−2 for initialization and α = 4 · 10−3, τ = 2 · 10−3

in subsequent cycles; ε = 1.01 · 10−3, µ = 2 · 105, α1 = 10−1, βε = 10−3, µε =
ε · 10−2, thresholdw = 6.2 · 105, thresholdω = 80, thresholdθ = 400. The
number of cycles is 3 and they are executed in about nine hours.

Figure 2.7 shows the datum g and Figure 2.8 shows the functions u, s, w
computed by the program.

Figure 2.9 shows the value of the computed energy density of the func-
tional Mε,0 at each point of the square Ω. We see that the algorithm detects
the corner points of the cherry, since at such points the value of the en-
ergy density exhibits peaks, however two peaks appear along the curvilinear
boundary. In order to improve this experiment further work is required.

The table 2.3 list the values of normalized residues of linear systems
for u, s, θ, w, ω after the last iteration in the same norms chosen for other
experiments.
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Figure 2.7: the function g.

Figure 2.8: the computed functions u, s, w.
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Figure 2.9: the energy density.

variable r1 r2 rinf

u 1.8329e-06 7.6153e-06 2.9550e-04
s 2.0505e-05 9.1350e-06 5.1213e-06
θ 0.0955 0.0958 0.0995
w 2.1964e-06 4.5558e-06 1.4199e-04
ω 0.0761 0.0819 0.1305

Table 2.3: the residue values.

110



Bibliography

[1] L. Ambrosio, A compactness theorem for a new class of functions of
bounded variation, Boll. Un.Mat. Ital. 3-B (1989), 857-881.

[2] L. Ambrosio, N. Fusco, D. Pallara, Functions of Bounded Variation and
Free Discontinuity Problems, Oxford Mathematical Monographs, Oxford
University Press, Oxford, 2000.

[3] L. Ambrosio, V.M. Tortorelli, Approximation of functionals depending on
jumps by elliptic functionals via Γ-convergence, Comm. Pure Appl. Math.
43 (1990), 999-1036.

[4] G. Anzellotti, Pairings between measures and bounded functions and com-
pensated compactness Ann. di Mat. Pura ed Appl., vol. 135, pp. 293-318,
1993.

[5] G. Anzellotti, Functions of bounded variation over non-smooth manifolds
and generalized curvatures, Variational Methods for Discontinous Struc-
tures (R. Serapioni and F. Tomaselli eds.), Birkhäuser, Basel, 1996, 135-
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