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Preface

In the present thesis we study variational problems for image segmenta-
tion. The segmentation problem in computer vision theory consists in find-
ing a decomposition of an image into homogeneous regions which represent
meaningful parts of objects in the image.

If brightness of the image is mathematically represented by a real valued
measurable function g, the segmentation problem consists in finding a pair
(u, C') such that C' is a family of curves that represent the boundaries of the
regions where brightness is homogeneous, and u is a smooth approximation
(i.e., a denoised version) of the image datum g in each region.

In the variational approach to image segmentation, given the datum g,
we look for a pair (u,C') that minimizes a suitable energy functional. In the
present thesis we consider a specific class of functionals which contain the
integral of a function of curvature along the unknown set of curves C. The
functionals are of the type

g(u,C’):/Q\CWM dx+/Q|u—g| d:v+/c[1+¢(k;)]d7-( + #P(C),

where () is the image domain, k is the curvature of the curves in C, 1 is
a convex function, H' is the one-dimensional Hausdorff measure, P(C') is
the set of the endpoints of the curves in C', and # is the counting measure.
The functional G is minimized over the families of curves C and functions
uwe Wh2(Q\ 0).

Minimization of G is a variational problem with free discontinuities, since
the function v may have discontinuities along the unknown set C' of curves.

The thesis is constituted by two parts.

In the first part we consider a general class of functions ¢ of the curva-
ture, which includes functions with linear growth at infinity. We prove the
existence of minimizers of the functional G in a suitable class of families of
curves constituted by curves having derivative of bounded variation.

In the second part we consider the specific function (k) = k* and we
consider an approximation result of the functional G, previously proved in
the literature, by means of I'-convergence. The numerical minimization of
the functional G is a challenging problem that cannot be solved by using
straightforward either finite difference or finite element methods. Though I'-
convergence makes it possible to approximate the functional G by means of
functionals without geometric terms, for instance defined on Sobolev spaces,
the minimization of the functionals ['-converging to G is still a difficult nu-



merical problem, since such functionals contain terms of the type

Vs 2
2 1o [ VS
/Q]Vs\ (dlv <|V3 )) dz,

where s is a function that gives an approximate description of the set of
curves C, and div denotes the divergence operator.

We consider modified approximating functionals that are numerically
more tractable and we study the variational properties of such functionals.
We prove existence of minimizers for the modified functionals and we study
their convergence properties to the original I'-converging functionals when
suitable parameters of the functionals vary.

Then we derive the system of Euler equations of the modified functionals,
we design an iterative numerical scheme based on finite differences for the
solution of the Euler equations, and we discuss the outcome of some computer
experiments on simple simulated images.



Chapter 1

Existence of minimizers of a curvature
depending functional with linear growth at
infinity

1.1 Introduction

In recent years much attention has been devoted to mathematical methods
for image reconstruction. In mathematical models the grey level image of
a scene is typically a real valued measurable function g defined on a plane
domain 2, and g measures the brightness of the scene. There are many
mathematical approaches to image reconstruction problems. Particularly,
such problems have been studied from the point of view of the Calculus of
Variations minimizing suitable energy functionals.

An important variational problem has been proposed by Mumford and
Shah [28] for the problem of image segmentation which consists in findinga
decomposition of the image domain {2 into regions with relatively uniform
brightness. Such regions correspond to meaningful parts of objects in a scene.
Mumford and Shah look for minimizers of the following functional

GMS (1, C) = /

|Vu|2dx—|—/ lu — gl*dx + H' (C),
a\C o\C

where 0 C R? is a bounded open set, g € L>°() and H' denotes the one-
dimensional Hausdorff measure. The functional is minimized over pairs (u, C)
such that C' C Q is a closed set and u € C*(Q2\ C). The set C represents the
boundaries of the regions of a segmentation, and the function u is a smooth
approximation (i.e., denoised) in 2\ C' of the image datum g.

The existence of minimizers of GM“ has been proved by De Giorgi, Car-
riero and Leaci [19], and by Dal Maso, Morel and Solimini [26]. Mumford
and Shah studied the properties of minimizers assuming that C' is a finite
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set of nonintersecting C? arcs, possibly with some endpoints on the boundary
of 2. They proved that the curves of any such minimizer C' may meet each
other only at triple points with 120° angles, and that they may meet the
boundary of €2 only perpendicularly.

Such constraints constitute a drawback of the model, since corners and
junctions, which are important for pattern recognition, are distorted. Since
the length measure is not sensitive to corners and junctions, curvature de-
pending functionals may be considered [5, 23, 31, 32, 33, 29, 30]. Coscia
[14] proposed a functional for segmentation, defined on families C' of curves,
that includes the integral of square curvature fc k*dH' and the number of
endpoints of the curves in C. The functional is

G(u,C):/ |Vu|2dx+/|u—g|2d$~l—fo(0),
o\C Q

where C' is an admissible family of curves and v € W2(Q\ C). A family C
of curves is admissible if C' is a finite family of curves of class W22 which do
not cross each other or themselves, except possibly with the same tangent
vector. The functional Fj is defined by

Fo(C) = inf{F(C) : [C] = [C]},

where [C] denotes the image of a family of curves C, and

F(C) = Z/(OzK/{JQ + OzL)dHl —f—CYP#P,

~eCc VY

where o, a, ap are positive weights, k is the curvature of the curve v € C,
P is the set of the endpoints of all the curves in C' with the exception of
the regular closed ones, and # denotes the counting measure. Note that the
introduction of Fy permits us to deal with the image of a family of curves,
independently of the particular parametrization of the curves. Admissible
families of curves are introduced for semicontinuity reasons. Existence of
minimizers of G has been proved in [14] by proving compactness and lower
semicontinuity results in the class of admissible families C' of curves with
ue WhH(Q\ [C)).

According to the variational model proposed by Coscia, corner points of
curves in a family C' are considered as endpoints of some curves. The energy
functional penalizes the number of endpoints, but it is not sensitive to the
amplitude of angles at corner points. It would be interesting to consider
a functional that takes into account also the amplitude of angles at corner
points and penalizes large variations of the direction of the tangent vector of
the curves.



In the present work we consider a curvature depending functional with
linear growth at infinity with respect to the modulus of curvature. The func-
tional penalizes both endpoints of curves and amplitude of angles (changes
of direction) at corner points and junctions which are not considered as end-
points.

We consider families of curves having derivatives with bounded variation,
i.e., families C' = {v;}; with ; of class W' and 4; € BV. We follow
a framework developed by Bellettini and Paolini [8]. For any curve v € C,
parametrized with constant velocity, we define an argument function ¢ € BV
such that ¥ = (Rcosf, Rsinf) a.e., with R > 0. Then 6 is the angle that
the derivative ¥ of a curve forms with the positive direction of a fixed axis.
In this way we identify the tangent vectors with points of the unit circle S*
and we consider corners in terms of jumps of the corresponding angles. The
definition of # must be considered mod 2.

The functional that replaces f7 k2dH! in the present work is

K(y) = / (0, 0)dH"

where ¢ : R x R — [0, 400] is a Borel function satisfying suitable convexity
and growth conditions.

Note that if we choose 1(6,6) = |0]? then we have the functional consid-
ered by Coscia. An important example is the function with linear growth at
infinity considered by Mumford and Nitzberg ([29]) for applications to image
segmentation:

9 .
w(ﬁ,é):{ 10" ?f |Q|<T
el — ez if 0] > T,
with T, ¢; > 0, c1T? = 3T — c5.

In the next sections we shall define precisely the functional K on argument
functions and curves having derivative of bounded variation. The contribute
to the energy of a corner point along a curve will be given by the jump of
the argument function 6 at such a point.

We consider the functional

g(u,C):/ ]Vu|2dx+/ u— g2z + Fo(C),
o\C Q

where Fo(C) = inf{F(C) : [C] = [C]}, with

F(C) =Y [axK() + arL(y)] + ap#P(C)

yeC



where L(7) is the length of .

We prove that G admits minimizers among all pairs (u,C'), with C' ad-
missible family of curves and v € WH?(Q \ [C]). Since for curves having
derivative of bounded variation the tangent vector is not defined everywhere,
we need to extend the class of admissible families of curves considered in [14].
In order to construct a suitable class of admissible families of curves having
compactness properties, we generalize the notion of curves without crossings
with respect to the curves of class W%? considered by Coscia. This notion of
family of curves, and the associated theorems proving their main properties
and compactness results, constitute the main original contribution of this
part of the thesis. In order to achieve such results new techniques concerning
the properties of this type of curves have been developed with respect to the
previous works by Bellettini, Paolini and Coscia. Such techniques and new
theorems are discussed in Sections 1.5, 1.6 and 1.7.

1.2 Notations and preliminary definitions

We denote by # the counting measure, by H" the h-dimensional Hausdorff
measure in R? for & = 0,1 and by |B| the Lebesgue measure of a Borel set
B C R% Given 25 € R? and r > 0, we denote by D,(z) the open disk
D,(20) = {z € R? : |z — 2] < r}. We will use standard notation for the
Lebesgue and Sobolev spaces LP and W*P.

We denote by M the class of all Lebesgue measurable subsets of R?2. We
identify M with a closed subset of L!(R?) by means of the map E — xg,
where yg is the characteristic function of F, ie., xp(z) = 1 if z € F,
xe(z) =0if 2 ¢ E. The L*(R?)-topology on M is, therefore, the topology
on M induced by the distance d(F1, Fy) = |Ey A Es|, where Ey, Ey € M
and A is the symmetric difference of sets.

For any subset D of R?, we denote by int(D) the interior of D, by D
the closure of D, and by 0D the topological boundary of D. Given two sets
A, B C R? by A CC B we mean that A is a compact set contained in B.
We indicate by I a bounded open interval of R.

We denote by ¢ : R x R — [0, 400] a Borel function having the following
properties:

(i) ¥(n,-) is convex on R for any n € R;
(ii) ¢ is lower semicontinuous on R x R;
(iii) (-, 0) is bounded;
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(iv) there exist two constants A > 0 and B > 0 such that

v(n,€) = Alg] = B V(n,§) e R xR

V) ¥(n,8) = ¥(n+ &) for any (n,€) € R x R;
(vi) ¥(n,&) = ¥(n, —¢) for any (n,§) € R x R.

1.2.1 The space BV (I)

If X\ is a scalar or vector-valued Radon measure, its total variation will be
denoted by |A|. Let B C I be a Borel set and f : B — R be a Borel function;
the integral of f on B with respect to A will be indicated by fB fdA.

If v is a scalar Radon measure on I, we have a unique decomposition
A = A+ )\ where \* is absolutely continuous and \* is singular with respect
to pu. The density of \* with respect to u, which is a function belonging to
LL, will be indicated by % and will be called the Radon-Nikodym derivative
of A with respect to p. Then

dp p—0* pu(]t — p,t + pl)
and A\(B) = [, %du + A*(B) for every Borel set B C I.

The space BV (I) is defined as the space of all functions f € L'(I) whose
distributional derivative f is a Radon measure with bounded total variation
in I. We say that f = (fi, f2) : I — R? belongs to BV (I;R?) if f; € BV(I)
fori=1,2.

Given f € BV(I), we shall write

f et

where fo e LY(I) is the density of the absolutely continuous part of f with
respect to the Lebesgue measure dt on I, and f* is the singular part. We
shall use the same notation whenever f € BV (I;R?).

If f € BV(I) we indicate by Sy the jump set of f, and we set

f(t—) =ap — lim_%tnff(T) < f(t+) = ap — limsup f(7).

T—1

for y —ae. tel,

It is known that

Sp={tel: f(t=) < ft)}={tel: |fl({t}) >0},

and that S; is at most countable. If f = (f, f2) € BV (I;R?), by Sy we
mean Sy, USy,.
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Moreover, if B C [ is a Borel set we have
B = [ (5~ £E-Dar (o) + Co(B),
BﬂSf

where C; is the Cantor part of f, and is a measure such that Cy({t}) = 0
for any t € I.

Let f € BV(I), and set f(t) = (f(t—)+f(t+))/2 for any t € I; then f is a
function of bounded variation in the classical sense, f = f almost everywhere
in I, f* coincides almost everywhere with the pointwise derivative of f, and

{f(t=), f(t)} = {f(t=), f(t+)} forany te ],

where . . . .

ft=) = lim f(r),  f(t+) = lim f(7).
We shall sometimes identify the function f with its representative f, which
is defined pointwise everywhere on I.

We say that a sequence {f;,}n C BV (I;R?) is weakly convergent in BV
to a function f € BV (I;R2) if f, — f in L'(I) and f, — f weakly in the
sense of measure as h — +o00.

For more informations about functions of bounded varation see Ambrosio,
Fusco and Pallara [2].

1.2.2 BV families of curves

Let [a,b] be an interval of R. In the sequel, we call curve any function
7 : la, b] — R? of class W[a, b] such that |¥| # 0 in [a, b].

If the curve « is not closed, v is called an arc and the points y(a), v(b)
are the endpoints of ~v. The set

] ={~(t): t €la,b]}

is the trace of 7y. The length of v will be denoted by L(7), and the arclength
parameter will be denoted by s. A curve is simple if y(t1) = 7(t2) only if
either t; =ty or {t1,t2} = {a,b}. A closed curve defined on an interval [a, b|
may be extended to a (b — a)-periodic I/Vlloc1 function on R. A closed curve
may be considered both as a curve having a single endpoint vy(a) = v(b), and
as a curve without endpoints.

If C = {7}, is a family of curves parametrized on disjoint intervals [a;, b;],
then with abuse of notation we write C' : S — R?, where S = U,[a;, b;]. We

denote by [C] the trace of C, i.e., the union of the traces of the curves in C.
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We say that the family C' is disjoint if [y'] N [y/] = () for any 7*,+’ € C such
that @ # .

Let C = {v'}; be a family of curves. Each closed curve of C' may be
either without endpoints or with a single endpoint. We denote by P(C) the
set of the endpoints of all the curves in C'.

Definition 1. We say that a family of curves C' = {~;}; is of class B if
v € WhH([ag, b]; R?) and 4; € BV ([ag, b],R?) for any i € N.

If C: S — R?is a family of curves of class B, we write C' € B(S;R?).

Let 7 be a closed curve without endpoints of class B; if B C [a, b] is a Borel
set containing the point a or b (or both), by |¥|(B) we mean |¥|(BN]a,b]) +
I9]({a}), where |¥|({a}) is defined for the periodic extension of ~.

Definition 2. Lety € B([a,b]; R?) and let {y,}n C B([a,b]; R?) be a sequence
of curves. We say {yn}n is weakly convergent to ~ if v, — ~ uniformly, and
Ap — ¥ weakly in BV as h — oo.

In the following €2 C R? denotes an open bounded set. We say that v is
a curve in Q if [y] C Q. We say that C' = {+'}; is a family of curves in Q if
[C] C Q.

Definition 3. Let C be a finite family of curves of class B in €, and let
{Ch}1n be a sequence of families of curves of class B in Q2. We say that the
sequence of traces {[Cp|}n is weakly convergent to the trace of the family C,
if the following conditions are satisfied:

(i) each of the families C}, contains a finite number m of curves {~;, ..., v}
(m independent of h) such that for i = 1,...,m the sequence {7} }n,
reparametrized on a fived interval, converges weakly to a curve ; of
class B;

(ii) there exists a finite number of points such that the maximum distance
of the trace of the remaining curves of Cp, (i.e., [Ch \ {7V, .- 7" }H)
from this set of points goes to zero as h — oo;

(i) if we set C" = {1, ....,y™}, then [C"] = [C].

1.3 The argument functions

The content of this section is taken from Bellettini and Paolini ([8], Sec-
tion 3). We define the angle between the derivative 4 of a curve of class
B (parametrized with constant velocity) and the positive direction of the
T-axis.

13



Lemma 1. Let f € BV (Ja,b[;R?) be such that |f(t)| = R a.e. t €]a,b|, for
a suitable R > 0. Then there exists a function © :|a,b[— R satisfing the
following properties:

(i) © € BV(Ja,b]) and f(t) = (RcosO(t), RsinO(t)) a.e. t€la,b[;
(i) Se = Sy
(i) —7 < O(t+) = O(t—) <7 a.e. t€la,b].
Note that © is unique up to an addition of an integer multiple of 27.
In our case, we consider f = 7 for a curve v : [a,b] — R? of class B
parametrized with constant velocity, and we call the corresponding © on

la,b[ an argument of #.
If v is a closed curve without endpoints, since -y is defined on [a, b], we set

16]([a,b]) = |©](Ja, b]) + |©(a+) — O(b—) — 2k,
where

O(a+) =ap — lim O(t) = lim O(¢), O(b—) =ap — lim O(¢) = lim O(¢),

t—a+ t—a+ t—b— t—b—

and k € Z is such that —7 < ©(a+) — O(b—) — 2knm < m. Then we call © an
argument of 4 on [a, b].

Let v be a curve of class B such that |§(s)| =1 a.e. on [0, L(y)] = I, and
let © be an argument of 4 on I. Let us compare the two measures 5 and ©.
Using the properties of BV functions, the assertion (i) of Lemma (1) and the
uniqueness of the Lebesgue decomposition of a measure, one can show that

4% = (—sin O, cos ©)O% a.e. in I,

therefore we have |%| = |©%. While, if B C I is a Borel set, then
A(B) = / (—sin ©, cos ©)dO*
BN(I\Se)

+ Z (cos O(s+) — cos O(s—),sin O(s+) —sin O(s—))d(1.1)

s€EBNSg

where J, denotes the Dirac distribution at point s. Hence, using the equality
2(1 — cos @) = 4 sin*(¢/2), we obtain that for any s € Se

(|5°1({s}))* = |(cos O(s+) — cos O(s—),sin O(s+) — sig O(s—))|?
= 4sin?((0(s+) — O(s—))/2) < (O(s+) — O(s—))* = (|©°|({s}))*,

14



so that '
15°1({s}) < [©°[({s}).

Now, recalling that © is unique up to an addition of an integer multiple of
27, we consider energy functionals defined on functions which are equivalent
( mod 27). We give the following definition.

Definition 4. Let 01, 05 € BV (Ja,b[). We say that 61 and 6y are equivalent
if for almost every t €|a,b| there exists k(t) € Z such that 0,(t) = 05(t) +
2k(t)m. We denote by [0;] the equivalence class of 6;.

Moreover, we denote by BV (Ja,b[;R/27) = {[f] : 8 € BV (]a,b])} the
quotient space of BV (]a, b[) respect to the equivalence relation above defined.
Note that if 0* € [6] then
10%|(Ja, b]) = [01(Ja, b]) + 2n7 > 0

for a suitable n € Z. Hence given [0] € BV (Ja,b[;R/27) there exists a
function © € [], that we shall call a minimal representative of [f], such that

[©l(a, b) = min{|6*|(Ja,0]) : 6* € (6]}

We shall denote by M][f] the set of all minimal representatives © of [f] €
BV (]a,b[;R/27) such that ©(a+) € [0,27[. We also have the following

properties:

(a) if 6* € [0], 6*(a+) € [0,27] and |0*(t+) — 6*(t—)| < 7 for any t €]a, b],
then 0* € M|[6];

(b) if ©1, ©2 € MJf] then

|@‘i|(B) = |@§|(B) for any Borel set B Cla, b|;

(c) if 01, O5 € [0] then

09| = 162]  a.e. in Ja,b.

We now give the definition of convergence of a sequence in BV (Ja, b[; R/27).

Definition 5. Let [0] € BV (Ja,b[; R/27), and let {[0,]}n € BV (]a,b[; R/27).
We say that [0,] — [0] as h — 400 if, for any 60* € [0] and any h € N, there
exists Oy, € [04] such that 0, — 0* in L'(]a,b]) as h — +oo.
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Note that if [#] € BV (]a, b[; R/27), a sequence {[0]}r C BV (Ja,b[; R/27)
converges to [0] if and only if for any © € M[f] and any h € N, there
exists 05 € [0;] such that ;7 — © in L'(Ja,b[). However, if ©, € M|0)] the
sequence {Op}), does not converge in general to a minimal representative of
0] in L'(]a, b]).

We conclude this section with an useful result on convergence (for the
proof see Bellettini and Paolini ([8], Proposition 4.1).

Theorem 1. Let v be a curve of class B, and let {y,}1, C B be a sequence
of curves such that , — 7 in L'([a,b];R?) as h — +oo. Assume that ~y
and each 7y, are parametrized with constant velocity on |a,b]. Let 0,0, €
BV ([a,b]) be arguments of 7, Ay, respectively, for any h € N. Then [0,] — [0]
as h — +o00.

1.4 The functional K on argument functions
and curves of class B

In this section we introduce energy functionals defined both on argument
functions, and on families of curves of class B.

Let ¢ : R xR — [0, +00] be a Borel function satisfying properties (i)-(vi)
listed in Section 1.2. Denote by v, the recession function of 1) with respect
to the variable &, i.e.,

Voo(n,§) = Jim tp(n,&/t)  V(n, &) e R xR,

where the existence of the above limit is a conseguence of the convexity of
Y. Let 6 € BV (Ja,b[;R/27), 6, € [0] and © € M][f]; for any open interval
I Cla, b[ we define

K0,I)=K*0,1)+ K*(0,1),

where

K9(0,1) = / (0,62t

K*(0,1) = Yoo(©,1)dO° + / oo(T,1)d

I\Se s€InSe

Note that by condition (v) of definition of 1) and by the properties of argu-
ment functions, the term K(0, I) does not depend on the choice of 0; € [6],
and the term K*(0,I) does not depend on the choice of © € M][f]. Note
that if § € C?([a, b)), then K (0,1) = K°(0,1) = [, (6, 0)dt.
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Let now © be an argument of 4, with ~ : [a,b] — R? a curve of class B
parametrized with constant velocity. If v is a curve with endpoints we set

KS(@a [CL, b]) = KS(@,]G,, bDv

otherwise, if v is a closed curve without endpoints we set

O(a+)—2km
/ Voo (T, 1)dT

o(b-)

K*(©,[a,b]) = K*(©,]a,b[) +

Y

where k € 7Z is such that —m < ©(a+) — ©(b—) — 2kn < 7. Here the
absolute value appears, since ©(b—) is not necessarily less than O(a+) —
2km. Therefore K does not depend on the choice of #, then we may write
K(0,[a,b]) = K(7).

The following theorem, proved by Bellettini and Paolini ([8], Theorem
5.1), shows that the functional K is lower semicontinuous.

Theorem 2. Let I Cla,b| be an open interval. Let [§] € BV (I;R/27), and
let {[0n]}n € BV (I,R/27) be such that [0,] — [0] as h — +oo. Then

K(0,I) <liminf K(0y,1).

h—+4o00

The above theorem still holds when the functions 6 are replaced by argu-
ments of derivatives of curves of class B parametrized with constant velocity,
and when the open interval ]a, b[ is replaced by [a, b].

Now we define the functional K for a family of curves C' = {7'}; of class
B parametrized by arclength. Let ©° be an argument of 4" on [0, L(")] for
any i. We define K(C) = K*(C) + K*(C) where

K(C) =) K“OL[0,L(y)),  K(C)= ) K*(©,[0.L()]).

~vteC ~yieC

If v is a curve of class B, in the following we set K(vy) = K(©, [0, L(v)]).

To conclude this section we prove the following useful lemma.

Lemma 2. Let v be a curve of class B parametrized by arclength, and let ©
be an argument of . Then

K(7) + L(%) > ¢|©([0, L(7)]),

where ¢ is a positive constant independent of .
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Proof. Using property (iv) of the function 1, we have

Yoo(,€) = lim t9(n,€/1)
> lim (Al — Bt) = Alg].

Let = 0 if v is a curve with endpoints, and g = 1 if 7 is a closed curve
without endpoints. If I = (0, L(y)), we have

Ko(y) = / (0, 6%)ds > / (416%) — B)ds

= A|6°|(I) - B|I| = A|°|(I) — BL(v),

O(s+)
K*(y) — (@ 1)dO + Y / s (r, 1)d

I\Se selnNSe

O(L(v)+)—2km
/ Voo(T, 1)dT

o(0-)

> AlO%|(I\ Se) +A D |6(s+) — O(s—)|

selNSe

+ wAlO(L()+) - 6(0-) — 2kn]
— AJO°|(I) + uA|O(L()+) — O(0-) — 2k| = A|&°]([0, (7)) -

Collecting the above inequalities we find

K(v) = K%7)+ K*(v) > Al©°|(I) — BL(v) + Al©*|([0, L(7)])

= A|©|([0, L(7)]) = BL(v),

therefore ‘
K(7) 4+ BL(y) > AlO|([0, L(v)]) -

It follows

K()+ L) > K(2)+minfl, 2}BL() > minfl, 2} (K(3) + BL())

v

min{l,%}A|9|([OaL(7)D,
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1.5 Families of curves without crossings

In this section a new method is introduced in order to characterize the family
of curves without crossings. Such a method is an original contribution of the
present work with respect to the approach followed by Coscia [14] for W22
curves.

Let v be a simple closed curve such that [y] C €. Then, by using the
Jordan curve theorem [26], the set 2\ [y] can be written uniquely as the
disjoint union of two open sets 2y and Qp such that €); is simply connected.
The sets 2; and p are called, respectively, the inside and the outside of «
in Q.

Definition 6. Let v be a simple closed curve such that [y] C 2, and let Qy,
Qo be the inside and the outside of v in Q. We say that Qp, Qo are the
partition of Q) induced by .

Definition 7. Let v be a curve such that [y] C Q. We say that P = (1) is
a returning point of v if for each ¢ > 0 and each neighbourhood (ty — ¢, ty+ c)
there exist t1 < ty < to such that v(t1) = v(t2).

We now look for a class of admissible families of curves on which to define
our energy functional. For reasons of compactness, a family C' of curves must
have no crossing points, therefore the crossing points are penalized by forcing
them to be considered as the endpoints of some curves.

If the curves are smooth, we can impose that there are no points v'(¢;) =
v/ (ty), with t; and ¢ interior to the domains of v* and 4/, respectively, and
with possibly ¢ = j, such that the tangent vector 4%(¢;) is not parallel to
¥ (t).

But in the case of curves of class B the tangent vector is not defined
everywhere, therefore we need a different notion of curves without crossings.

Now, let v, 72 be two curves in €2; in order to define such a notion we need
to split their set of intersection into two subsets. We denote 7 = [y!] N [y?],

T, ={P =~*t) € T : 3ty > 0such that [7|1(t,t+to)] C Tor/and [y‘l(t,to’t)] cT},

and finally 7o = 7\ 7.

1.5.1 Curves without crossings at points of 7

In this section we examine the set 7y. Let 7 : [a,b] — R? be a curve, let
to € [a,b], and let J C [a,b] be an open neighbourhood of t,. We denote by
7|7 the curve ~y restricted to the interval J. We need following results.
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Theorem 3. Let v and +?* be two curves of class B in Q, parametrized by
arclength and such that

KA)+L(y') <H < +o00, i=1,2, (1.2)

where H is a positive constant. Let P € Ty be a not returning point of 7'
and 72, such that {P} = v'(s1) = ¥%(s2) for some s; € (0,L(7')) and some
sy € (0,L(v?)). Then there exist two open neighbourhoods, J; C (0, L(y'))
of s1, and Jo C (0, L(v?)) of sa, respectively, with ['ylul] C Q and [72|J2] C
Q, such that the curves 71”1 and 72”2 are simple arcs. Moreover, there
exists an open neighbourhood J, C Jy of s1 such that the distance function
dist(P,~v'(s)) is monotone increasing in J, N {s > s;} and is monotone
decreasing in J, N {s < s1}.

The following example shows a situation which we have to take into ac-
count in the proof of the theorem.
Example. Let 7' and 72 be two curves with the following traces:

' = {(0,y) 1y e [-1,0]} U{(z,0):x € [0,1]}
Uf(cost, sint) : ¢ € [0,7/4]} U{(1/v2,y) 1y € [ﬁ,%}},
V] = {(z,2):ze[-1,1]}

(1.3)

If P = (0,0), the endpoints P_ and P, of 4! do not belong to the same
arcwise connected component of {P_, Py} U (2\ ([y'] U [v?])). However, we
may choose J; in such a way that

{(1/V2.y) iy € I}y = 0.

1 1
2v2' 2
The theorem shows that it is always possible to find a neighbourhood J;

with such a property. We prove two preliminary lemmata that will be used
to prove Theorem 3.

Lemma 3. Let f € BV(I) and let [a,b] be an interval such that [a,b] C I.
The following inequality holds:

[f1(fa, b)) = | f (@) = f(0=)] + | (b+) = f(b-)].

Proof. Since we have

[f1(a,0]) = |£1(a) + |f1((a, b)) + [ f(0)]
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> |fla+) = fla=)| + [f(b=) = flat)[ + [F(b+) = F(b-)],
it follows
1@, b]) = [f(b=) = flat)| + | f(b+) — f(b=)|

and
|f1([a, b)) = |f(b=) = fla=)| + | f(b+) — F(b=)|

hence, we find

[f1([a.b]) >
o [f=) = flat)[ + [F(b+) = fFOo-)[ + [f(0—) = Fla)| + [f(b+) = f(b—)]
= 2
flat) + fla—)

2 [f(b—) — |+ £ (b+) = f(b-)I-

2
[l

Lemma 4. Let v be a curve of class B parametrized by arclength, and let
© be an argument of . Let s; € (0,L(7)) and P = ~(s1). If there exist
so € (0, L(y)) with sg > s and Q = v(so) # P, and € > 0 such that

dist(P, Q) — dist(P,v(s)) >0 fort € (sg—¢€,80+€),
then |©]((s1, 50]) > z.
Proof. The disk Dg(P), where R = dist(P, (), is such that
[7\(8076,80+6)] - ER(P)a Q € [’ﬂ N a])R(P)

Let us choose a system of coordinates in the plane with the origin at y(s;)
and such that @ = (0, —R). We write v(s) = (71(s),72(s)) in the form

v(s) = /:(COS O(7),sin O(7))dr +v(s1) = (/: cos O(7)dr, /S sin ©(7)dr),

1 (1.4)
since y(s1) = P = (0,0). The argument © is such that

lim O(s) + 2ny7 € [0, 7], (1.5)

5—s0+

for some ny € Z. Otherwise, we get lim,_,,, sin ©(s) < 0, which implies

80+5 _
Y2(So +0) — 72(s0) = / sin ©(7)dr) < 0,
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so that 72(so + ) < —R for some positive < e small enough, which contra-
dicts the condition [7y|(s,—e,so+e)] C Dr(P).
Analogously, we have

lim ©(s) + 2nom € [r, 27, (1.6)

S—S0—

for some ny € Z. Using Lemma 3, for any s € (s, s9) we have
10([s, 50]) > 10(s) — O(s0—)| + [O(s0+) — O(s0-)]. (1.7)
Let us suppose that

O(s50—) 4 2nym = lim O(s) + 2nom € [37/2, 27] (1.8)

S—S0—

for some ny € Z. In order to prove that |O]((s1, so]) > %, let us suppose that
such an inequality is not satisfied. Then, from (1.7) it would follow

g > ‘é<3) - é(So_)‘ + ‘@(SO—‘I—) — @(30—)” (19)

for any s € (s, So), from which using (1.5) and (1.8), we get

O(so4) + 2mm = lim O(s) + 2ny7 € [0,7/2), (1.10)

$—s0+

with n; = ng — 1. Let us show that (1.8) and (1.9) imply

O(s) + 2n3(s)m € (—7/2,7/2), (1.11)

for some n3(s) € Z and for any s € (s1,50). If (1.11) is not satisfied, then
(1.8) and (1.9) imply

O(s) 4 2nym € [—,37/2], (1.12)
from which, using (1.8) and (1.10) it follows
lim+é)(s) > lim O(s), O(s0—) > O(s),
s—80 s—80—

so that

Then, from (1.10) and (1.12) we get
~ m
O(so+) — O(s) > 5
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which contradicts (1.9), hence (1.11) is satisfied for any s € (s1,5). Now,
using (1.4) and (1.11) we find

S0 B
11(80) = / cos O(7)dr > 0,

S1

which yields a contradiction, since @ = (71(s0),72(s0)) = (0, —R). Hence, if
(1.8) holds true, the inequality |©|((s1, s0]) > 7 is satisfied. By a symmetry
argument such an inequality is satisfied also if

lim O(s) 4 2nym € [, 37/2),

S—S0—

for some ny € Z, and the proof of the lemma is achieved. [J

The following lemma has been proved by Bellettini and Paolini ([§],
Lemma 8.2).

Lemma 5. Lety € B be parametrized by arclength, and let © be an argument
of ¥ on [0, L(7)]. Let 0 < sy < sg < L(7) be such that y(s1) = v(s2). Then
©1([s1, 52]) = 7.

Proof of Theorem 3. In order to prove that there exist neighbourhoods
Ji and J, such that the curves 71| 5, and 72| J, are simple arcs, we have to show
that there exist neighbourhoods of the points s, s such that P is not an
accumulation point of self-intersection points of each curve, when the curve
is restricted to the corresponding neighbourhood. If that happens, then, for
any J; and Jo, the curves 71‘ 5, and 72| 7, Would contain an infinite number of
closed loops.

Lemma 5 shows that the contribution of each closed loop of ¥! and ~?
to the total variation of the argument of 4! and 4,, respectively, is greater
than or equal to 7. Let such closed loops be defined on intervals [al, b] C
[0, L(v")], with h € N and ¢ = 1,2. Let ©', i = 1,2, denote the argument
of 4%, Then, using (1.17), Lemma 2 and Lemma 5, there exists C' > 0,
independent of h, such that

H > K(#)+ L(v") > C|6&Y([0 > " C6|([al, b)) = mnC,
h=1

for i = 1,2 and any m € N. It follows that the number of closed loops is
bounded by

m< — < 00.
- aC
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Then there exist neighbourhoods of s; and s, such that the curves v' and
v2, when they are restricted to such neighbourhoods, have a finite number
of points of self-intersections. It follows that there exist neighbourhoods J;
and .J, such that the curves 71| 5, and 72| 4, are simple arcs.

Since P ¢ 0S2 we may choose J; and J, in such a way that [v'; ]N0Q = 0
and [7?,] N 9Q = 0.

Let J; = (a,b), so that a < s; < b, and let P_ = ~'(a), Py = ~'(b).

Let {an}n C (a,s1) be an increasing sequence of points converging to sy,
and let {b,}, C (s1,b) be a decreasing sequence of points converging to s;.
Then we have

NE

H > K(71|J1) + L(71|J1) 2 [K(Pyl\[an,an+1)) + L(71|(an,an+1))] )

Il
—

n

NE

H > K(’Ylul) + L(’Ylul) > [K<’Yl\(bn,bn+1]) + L(71|(bn,bn+1))} :

Il
-

n

It follows that

Jdim S KV a0e) T L0 )] =
mlirfoo [}((Vﬂ[am,sl)) + L(V (g er))] = O, (1.13)
and analogously,
m K (1) + 2O 1)) = 0 (1.14)

Using Lemma 2, and taking into account that the curves 71‘(% o) and 71\(31 o)
are not closed, there exists a positive constant C', independent of m, such
that

KV ams) T LV amsry) = ClO([am, 1)),
KV srom) T LV is1my) = Cl1OM (51, b))

Then, using (1.13) and (1.14), it follows that the sequences

{|@1|([am, 51)) b, {|@1|((51,bm])}m converge to 0 as m — +oo.
(1.15)
Therefore, there exists an open neighbourhood J, of s; such that the
distance function dist(P,~'(s)) is monotone increasing in J, N {s > s;}.
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Otherwise, for any open neighbourhood J, of s;, there exist a point sy €
J. N {s > s} and € > 0 small enough, such that

dist(P, Q) — dist(P,7*(s)) > 0 for s € (s9 — €, 50 + €),
where Q = v!(so) # P. Then, using Lemma 4, it would follow that
1©'((s1, 50]) = /2,

but that contradicts (1.15). Analogously, J, can be chosen in such a way that
the distance function dist(P,~v'(s)) is monotone decreasing in J, N {s < s;}.
O

Remark 1. Theorem 3 holds true if v = 72, and s; # s,. In this case we
may choose J; N Jy = () and the proof is the same.

Remark 2. The lemmas 4 and 5 show that a curve v such that
K(y)+L(y) £ H < 400 (1.16)
where H is a positive constant, contains an finite number of returning points.
We may prove the following theorem.

Theorem 4. Let v and +? be two curves of class B in Q, parametrized by
arclength and such that

K@)+ L(y) < H< 400, i=1,2, (1.17)

where H is a positive constant. Let P € Ty be a returning point of v* and
72, such that {P} = v (s1) = 7*(s2) for some s; € (0,L(~')) and some
s2 € (0, L(%)).

Then there exist two open neighbourhoods, J, C (0,L(y')) of s1, and
Jo C (0,L(v%) 1of S, respelctively, with2 hllJl] C Q anQd [72”2] C Q, bsuch
that the curves ngsssih T hngs<sib YV an{s>sa} and y Jan{s<ss} OT€ simple
ares.

Moreover, there exists an open neighbourhood J, C Jy of s1 such that the
distance function dist(P,~'(s)) is monotone increasing in J, N {s > s1} and
is monotone decreasing in J, N {s < s1}.

Proof. We may repeat the same arguments of the proof of the theorem
3. O

Now, we may define the families of curves without crossings in 7;. The
idea is to generalize the definition of the two sides of a smooth curve based
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on the normal unit vector, that in the case of curves of class B is not defined
everywhere.

Let P be as in theorem 3, and let t_ < s; < ¢, be such that 'Y|1[t,,t+] is sim-
ple arc with distance function monotone. We denote by P~ =~!(t_), PT =
7 (ty). Let € be such that D.(P) C Q. We consider the following set

T = D,.(P).

where 0 < € < ¢*, and let ¢, ,t, be such that P~,PT € T' = 9T
maintaining the previous properties. Now I is a simple closed curve passing
through P~, P™, and we may split it in two arcs I'y, I'y. We choose a direction
on T, so that the path along I' from P~ = v*(t_) to PT = ~!(¢,) is an arc
denoted by I',. While the path from Pt = ~!(¢t,) to P~ = ~!(¢_) is an arc
denoted by I',. Note that

)N [ ={P~, P}

and
[Ta] U ['7|1[t,,t+}] ) [[] U [’7|1[t,,t+}] )

are simple closed curves. Let €., 2, be their inside, respectively. Let
o > 0 be such that ’yﬁ”_a’sz to] is contained in the union of such sets.

In the similar way we argue if P is a returning point. Let P and J'N.J* be
as in theorem 4, and let t_ < s; < t; be such that 'y‘l[t_ﬁl], 'y|1[817t+] are simple
arcs with distance function monotone. We denote by P~ = ~!(¢t_), Pt =
y'(t;). We consider the set

where € > 0 is such that T C Q, and let €,¢_,t, be such that P~, P €
[' = OT maintaining the previous properties.

Note that, possibly decreasing e, 7|1[ is a sequence of closed simple

t—ity]
curves and P~ = PT. Let €, be the union of the inside of such curves, and

let € be
CT(Qa U [7[1tf,t+]:|) :
Note that Q,, Q2 are open sets. Let I' = 9T, we split it in ['* = {P~}
and I'" = '\{P~}. Note that

o =T Uyt , ]

[t*’t+]

Naturally, the choice of Q¢ and Q° can be reversed. Finally, let o > 0 be

such that 7ﬁ52—a soto] 18 contained in the union of such sets.
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Definition 8. Let 7' : [ay,b1] — R? and 7* : [ag, by] — R? be two curves in
Q. Let P =~'(s1) = y*(s2) € Q be a point such that P € Ty. We say that
~Y is admissible respect to 2 at the point P if either

[fyﬁsz—a,sz—i—a] N Qa = ®a

or
h/ﬁsg—a,sg—l—a]] N Qb = @

1.5.2 Curves without crossings at points of 7;

In this section, recalling the notations and definitions of the previous section,
we study the set 7;. We may say that 7; contain the restrictions of ! and
~?% to the intervals on which the two curves coincide.

We denote by Q= = y'(t,) = Y3(s4-), Q" = Y (tgr) = 7Y(s4+) the

endpoints of such a restriction, therefore [yﬁtq_iﬁ]] = ['Yﬁsq_,sq+]]'

We suppose Q—, Q" are not returning points of y'. Let t_ < t,_,t, > t,4
be such that 7|1[t_ to] and 7|1[tq+ 1) are simple arcs with distance function

monotone (see theorem3). We again denote by P~ = ~v(¢t_), PT = ~(t,).
Now we denote the set of returning points contained on 7|1(tq_ tor) by R =

{A’yl(tAm) tm € J)}. The remark 2 ensures us that |J| < oo, with possibly
J=0.1t J#0, let

r1 = min{|t, — tp| :m,m’ € j} >0
while if J = () then ry = oco. Then we define
ro = min{(t,— —t_), (tyx —tgy)} 7« = min{ro,r}

§ =max{r, >r>0: |0 (t—r t+r) < g ot € [ttt N s Bt ]}
meJ

and let ¢ > 0 be such that D.(y'(t)) € Q, Vt € [t_,t,]. The proof
of Theorem 3 shows that 7' does not contain an infinite number of closed
loops, then § > 0. We consider the following sets

T-=D(Q), T"=DdQ").

where 0 < € < €*, and let ¢,t_,t, be such that P~ € 9T, P* € OT™"
maintaining the previous properties. Possibly decreasing ¢, we may define

R™ =79 (tgp-), " =7 (tr+)

tp. =max{t € [t,_,t, +6]: Y (t) €T}
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tpy = min{t € [t — ,t4]: Y'(t) € T}

such that tr_ € 0T and tgr, € OT+. ' = 9T is a closed curve passing
through P~, R™, and we may split it in two arcs I',I',;. We choose a di-
rection on '™, so that the path along '™ from P~ = ~'(¢_) to R~ is an arc
denoted by I',. While the path from R~ to P~ = v!(¢_) is an arc denoted
by I',. Note that

LNy =4{P", R}
and
]y [7|1[t_,tR_]] ) [y ]u [V\I[t_,tR_]} )

are simple closed curves. Let ., €}, be their inside, respectively. Now if
Q™ (or @) is a returning point, we define -, 7% and I',,T",, 2, ,Q, as in
previous section. Let R, RT be defined as above. Now we may define the

sets
I =oD.(v*(t)) , [=0,1,...,n

such that, possibly decreasing €, the following properties are satisfied
1) t1 =1tp_, and0<tl+1—tl§§ lzl,...,n—l;
i) if J # 0, we impose that Ym € J 3l € {1,...,n} such that £, = t;;

iii) let I'', for [ = 1,...,n, be defined as in section1.5.1, ['NT*+ #£ () for [ =
1,...,n—1, and

r'n h|1(tzf1,tz]] 70, r'n [7|1(t17t1+1]] 70 1=2..n-1
r'n ['Y|1(tq_,t1]] #0 r'n [’V\l(tl,tg]] # 0
iv) n is such that I N [y, 4] # 0 and

r"n (F\”Yl (tR+)) #0, "n [’Y|1(tq_,t+]] =0

v) finally
# (T Ol ]) =2 I=Lon—1

# (Fn N [Vﬁtn_l,thﬁ]]) = 2 .

Let R =~'(t;-), Ri+ = 7' (t;) be such that

- = max{t S [t171,tl+1] : 71(75) S 8D€(71(tl))}

tiy =min{t € [ti_1, 411+ ¥'(t) €ID(Y' ()} 1=2,..,n—1
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and

ti- = max{t € [t,—,ts] - ¥ (t) € ID(v'(t1))}
t1y = min{t € [t,_,ta] : 7 (

)
7 (t) € OD(v' (1))}
7 (t) € D+ (ta))}
tns =min{t € [t,1,t44] 71 (t) € aDe('Yl (tn))} -

As arguing for I'~ , for each [ we split the closed curve I' using as end-
points {R;_, R;+} and we define QL QL. Hence, if v!(#;) is not a returning
point, we obtain the arcs T, '} where ') has empty intersection with Qé‘l,
and ', has empty intersection with Q.=1. While if !(#;) is a returning point
then we split I in an arc and in the point v!(#;;). We denote the arc by T,
if has not empty intersection with QL= (so T = 4'(#;1)), or by I'} if has not
empty intersection with Q)" (so I, = 7 (#,)).

In the same way, if Q* is not a returning point, we split the closed curve
[t = 9T+ in '}, T} using as endpoints { R+, P™}, where I'J has empty
intersection with Q, and T’} has empty intersection with Q. Note that

LN ={P", v (tre)}

tn— = max{t € [t,, ts+]

and
[F;_] U [’y|1[tR+,t+}] ’ [F;—] U [’y|1[tR+,t+]:| )

are simple closed curves. Let QF, " be their inside, respectively. Other-
wise, if QT is a returning point, we define I'J, T'} as above with [ — 1 = n.
So we define Q, Q" as in section 1.5.1.

Finally, let o > 0 be such that 7]

050 ] and 'yﬁ
in the union of such sets.

| are contained

Sq—— Sq+:Sq++0

Definition 9. Let 7' : [a;,b1] — R? and 7* : [ag, by] — R? be two curves in
Q. We say that ' is admissible respect to v* at the endpoints of [t,—,t,:]
either if

2 - _ 2 + _
[’}/qu_—a,sq_]] N Qa - @ and [7\[sq+,sq++a]] A Qa - (b’

or if

[’yﬁsq_fo',sq_]] N Qlj =0 and [7ﬁ5q+,sq++a]] N QIJ)F =0.
Definition 10. Let y' : [ay, b1] — R? and v* : [az, bs] — R? be two curves in
Q. We say that v* and v* do not cross on [t,—,t,.] if:

~

i) ' is admissible respect to itself at points of Ty contained in [tp_,try]\J,
according to the definition §;
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i) if is satisfied 1), we ask that ’ylAz's admissible respect to itself at points
of Ty contained in [tr—,try] N J, according to the definition 8;

i) if is satisfied ii), we ask that ' is admissible respect to itself at the
endpoints of continuous tracts of ~Y contained in the set T, and in
[tr—,tr+]\J, according to the definition 9 .

) if is satisfied iii), we ask that ' is admissible respect to +* at the
endpoints of [ty—,t.+], according to the definition 9;

Finally, we may define the families of curves without crossings.

Definition 11. We say that a family C = {v'}; of curves in Q is without
crossings if for any point P ¢ P(C) U 9Q such that there exist v',~ € C
such that P € T% = [y'] N [y?], with possibly i = j, then

i) v' and v7 do not cross on each interval I C [0, L(v")] mazimal respect
to properties: P € [y];] and

[vf]] C T ={4(t) € T% : 3ty >0 such that [Vt.t+t0)) C T
or/and [’y‘i(t_tmt)] Cc T},

i) v and 49 do not cross at P € Ty = T\ T,

1.6 The admissible families of curves and the
energy functional

Let C' = {7'},c; be a family of curves of class B parametrized by arclength.
Following [14], we define the functional

AC) = Y (K() + L(v)) + #P(C).
yieC
Recalling the notations used in previous section, we denote
T(C)=|J T
ijel
Lo =Jn" ., ne=U75n.
ijel ijel

Then we define the admissible families of curves:
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Definition 12. We say that a family C' of curves in ) is admissible if the
following properties hold:

(i) C is of class B;
(ii) A(C) < 4o0;
(iii) C is without crossings.

The following proposition extends Proposition 3.6 of [14] to families of
curves of class B.

Proposition 1. Let C be an admissible family of curves in () parametrized
by arclength, and for any v € C let © be an argument of 7. Let w € R be
such that 0 < w < 7. Then the following properties hold:

(i) the total number of curves in C' is finite;

(ii) let H > 0 be such that A(C) < H < +oo, then the total number of
curves v € C such that |0|([0, L(7)]) > w is bounded by a constant
depending only on H and w.

Proof. We split the family C' into two subfamilies denoted by C* and
C~ as follows. Let v € C; we say that v € C~ if [©]([0, L(7)]) < w, and we
set Ct=C\C".

Using Lemma 2, for any curve v € C'", there exists a positive constant ¢
independent of v such that

K(7) + L(v) 2 ¢|0|([0, L(7)]) = cw.

Then we get

H>AC)> Y (K()+L(7)) = cw#Cr,

~yeC+

from which it follows "
HOt < —, (1.18)

Cw

which yields statement (ii) of the proposition.
Let us now consider the curves in C'~: from Lemma 5 it follows that such
curves cannot be closed. Hence, each curve v € C'~ joins two distinct points

in P(C). Since #P(C) < H, if we set
5(C) = min{|P, — Py| : PP, € P(C), P # Py}
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we have that §(C) is a positive number. Then for any curve v joining two
distinct points P; # P; in P(C) we have

L(y) = [P = B =2 6(C),

which implies
H>AC)> Y L) > 6(C)#C,

~veC—

so that also C~ is finite and statement (i) of the proposition follows. [

We now define the energy functional. Given three positive numbers o,
ay, and ap, for any admissible family C' of curves in {2 we define the functional

F(C) = axK(y) + arL(y)] + ap#P(C),

yeC

and we set

Fo(C) = mf{F(C7) : [C"] = [CT}-

The introduction of Fy allows us to deal with a set S in R?, image of a set
of curves, independently of the particular representation of S and also of the
parametrization of the curves.

Let now g € L*(Q); for any admissible family C of curves in 2, and any
function u € W2(Q), we define the functional

G(u,C) = / |u—g|2dx—|—/ \Vul?dz + Fo(C).
o Q\(C]

Note that the functional G depends on [C] rather than on C.

1.7 Compactness and lower semicontinuity re-
sults

The proof of the compactness theorem for families of curves without crossings
is much more complicated with respect to the W?2? case dealt with Coscia
and required the development of a new method of proof.

In this section we obtain compactness and lower semicontinuity results for
the functional F with respect to the weak convergence of sequences of traces
of families of curves (Definition 3). This notion of convergence takes into
account possible reparametrizations of the curves and the fact that curves
may collapse into points. Then we prove the existence of minimizers of the
functional G.
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We prove the following lemma, which will be useful to prove the coer-
civeness of functional F with respect to the weak convergence of traces of
families of curves.

Lemma 6. Let v € B be an arc parametrized by arclength, and let © be an
argument of . If |©|([0, L(~)]) < w/3, then

[7(0) = (L)) < L) < 2[7(0) — v(L(7))]- (1.19)

Proof. Let I be such that [0, L(vy)] C I, and let us extend © on I as
follows:

@(S>:{@(O+) if s€IN{s<0}

O(L(vy)—) ifselIn{s> L(v)}.

Then © € BV(I). Let {pn}r be a sequence of symmetric mollifiers, and
define o = © x p,. Then, by the properties of symmetric mollifiers,

lim o”(s) = (O(s+) + O(s—))/2 = O(s) (1.20)

h—o0

for any s € I. We set
h(s) = /Os(cos o(7),sina”(7))dr +~(0) Vs € [0, L(7)].

The curves 4" are parametrized by arclength and, using (1.20), limy . y" =
~ uniformly on [0, L(v)]. Particularly,

7"(0) = ~(0), L(y") = L(y) Vh, lim v"(L(7)) = v(L(7y)). (1.21)

h—o0

Since, by construction, the extended function © satisfies
O(0+) =0(0-),  O(L(y)+) = O(L(7)-),

using Proposition (1.15) of [12], we have

lim la"|ds = ©]([0, L(7)]) < /3. (1.22)

h=o0 J[0,L(y)]

In the following we argue as in [14] for the curves v". Up to a rotation of
coordinates depending on h, we may assume that the tangent unit vector of
4" at the point s = 0 has components (1,0). Then, using (1.22), for any
e > 0 we have

lal(s) — a"(0)] < / 6hds < 7/3 4+, (1.23)

[0,L(~)]
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for any s € [0, L(+)] and h large enough.

Then the tangent vector at v* has a positive horizontal component for
any s € [0,L(vy)]. Hence, with respect to the rotated coordinate system,
the curve v = (77,4%) is the graph of a function u, € C*>(ay,bs), with
an = yM0) and b, = yP(L(7)). Since, using (1.23), |u} (x)] < /3 + O(¢) for
any = € (ap, by), using (1.21), we have

L) = LM = [ Ul Pl < 2014 0@ by~ )
< 21+ 0ENR"0) ~ 1 (L) = 2(1+ OE)(0) = (L))

By letting h tend to infinity, £ tend to zero, and using (1.21) the second
inequality of (1.19) follows. The first inequality is obvious. [

Theorem 5. Let {Cy}y, be a sequence of admissible families of curves in
such that
F(Cy) < H <400 for all h.

Then there exist a subsequence {Ch, }i and an admissible family C' of curves
in Q0 such that {[Ch, |}k converges weakly to [C]. Moreover,
l]ilminff(C’h) > F(C).
Proof. Step 1: compactness. Up to the extraction of a subsequence we

may assume that
liminf F(Cp) = lim F(C).

h—+o00 h—+o00
By the inequality

F(C) > ap AC), ap = min{ag,ap,ap} >0,

we get A(Ch) < H/ayg for all h. Then, using Proposition 1, each family C),
consists of a finite number of curves.
For any h we split the family Cj, into two subfamilies C," and C, as in
the proof of Proposition 1, with w = 7/3. Using (1.18) we have
3H
#C}j S !
cm
so that #C;" is bounded by a constant independent of h. Hence, up to the
extraction of a subsequence, we may assume that #C," = m for all h. Then
we set

C’,f:{%l”...,%’?}, 72:[0,L(’y£)]—>§ i=1,...,m,
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where all the curves 7% are parametrized by arclength.

Moreover, since the length of every curve is bounded from above by H/
ap, up to the extraction of a further subsequence, we may assume that
L(y}) — L" as h — oo, for any ¢ = 1,...,m. Since L' may be equal to zero
for some ¢, we further split the curves of C;" into two groups:

(i) the curves such that L(v}) — 0;
(ii) the curves such that L' > 0.

Then, up to a subsequence, there exists a finite set P, C Q of points such
that the maximum distance of the trace of the curves of the group (i) from
P, goes to zero as h — oo.

Now we consider the curves of group (ii). We fix i € {1,...,m} such that
L' > 0, and we drop the index i from ~; in order to avoid a cumbersome no-
tation. We reparametrize the curves 7, with constant velocity on the same
interval [0, L']. Let 6, be an argument of the curve 7, reparametrized on
[0, L?]. Then, using the uniqueness of the Lebesgue decomposition of a mea-
sure, the functionals K (7,) can be rewritten by means of the reparametrized
curves in the following way (see Section 5 of [8]):

ko) = 220 [T (o i) (124)

0, (0+)—2kr
/ Voo (T, 1)dT
0

(L)
where k € Z is such that —7 < 6,(04) — 0,(L'—) — 2kw < 7, and p = 0 if
v, is a curve with endpoints, otherwise p = 1.

Since € is bounded, sup,¢(y 1) [71(t)| is uniformly bounded with respect
to h. Moreover, we have

K () = K*(08,]0, L'[) + 1 : (1.25)

Li
. H
/ Bulde = L) < 2
0 ar,

for any h, so that the sequence {73} is uniformly bounded in W([0, L?]).
Using the properties of the argument functions, for any h we have

Fal =100 ae. in I=(0,L%),  Fl{t} <|6;{t} Vi€ Sy, (1.26)

and, using (1.1), we have
AL\ Sp,) = / (—sin 6y, cos Gh)déz,
I\Sy,
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which implies '
Fal(I\ Sa,) < 10w [(1'\ Sa,)- (1.27)
Using (1.26) and (1.27) we obtain

5u1([(0, L) < [6a1([(0, L). (1.28)
Using (1.24) and property (iv) of the function ¢ (see Section 1.2), we get
LZ . . . .
Kon) = [ (A~ B)de = A0, 1) - BL
0
from which, since L(v;) — L' as h — oo, it follows for h large enough

G100, L) < = (K*(w) + BL() + B3)

max{1, B " B
< 2L B (o) + L)) + 2
A A
max{1, B} B
< —_— — .
< T H 4 =8, (1.29)

where ¢ is a positive constant independent of h.
Using (1.25) and arguing as in the proof of Lemma 2, we have

03110, L) < T K°(w) < (1.30)
Collecting (1.28), (1.29) and (1.30), we get
9m] ([(0, L)) < M, (1.31)

where M is a positive constant independent of h. Since {7} is uniformly
bounded in W([0, LY]), using (1.31), it follows that there exist a subse-
quence {7, }x and a curve v € B such that {v,, }» converges weakly to v as
k — +o00.

Then all the sequences {vi}; of the curves which do not have infinitesi-
mal length (i.e., the curves belonging to the group (ii)), admit subsequences
{7}'% i, weakly converging to curves " of class B. Particularly, the endpoints
of the curves converge in R? to the endpoints of the limit curves.

Since w = 7/3, using Lemma 5, all closed curves of C), belong to C;.
Hence C) consists of arcs. Let us now consider the set of endpoints P(C),):
since #P(C, ) < H/ap, up to a subsequence we may assume that #P(C, ) =
r independent of h, i.e.,

P(Cy) =A{Py,.... P},
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and that each of the sequences { P} }; converges to a limit P’ (not necessarily
all distinct).

For any pair of limit points P', P™ such that P' # P™, and for h large
enough, the length of the curves in C, joining P} and PJ" is greater than
|Pt — P™|/2. Hence, the number of such curves is uniformly bounded with
respect to h, therefore, up to a subsequence, we may assume that this number
is a constant n;,, independent of h. Moreover we have

K(y) < Hjok,  L(y)<Hjay

for any curve v € C; joining P} and P/". Then, arguing as for the curves of
group (ii) in C;, each of the ny,, sequences of curves admit a subsequence
{'y,zlk} . weakly converging to a curve v of class B.

Finally, consider a couple of limit points P! = P™ with [ # m: by Lemma
6 the length of the curves in C} joining P} and P/ is less than 2| P} — P,
which tends to zero as h — oo. Then, up to a subsequence, there exists a
finite set P, C Q of points such that the maximum distance of the trace of
such curves from P, goes to zero as h — oo.

Let now C' be the set of curves obtained from the limits of curves in C’;[k ,
such that L* > 0, and of curves in C},.» whose endpoints have distinct limits.
Let P be the set of the limits of the endpoints of all the curves in Cj,: we
have P(C) C P.

We now prove that C' is a family of curves without crossings. Let us
suppose that this assertion is false. There are two possibilities: I) at least
one crossing point belongs to 7;(C); II) at least one crossing point belongs
to 7o(C). To semplify notations, we will study first the case I assuming true
the case II.

Case I). Since in the case II will be proved that there are not crossing
points in 7y(C), then there exists a crossing point in 7;(C) if and only if
there exist two curves 7¢,+/ € C ( with possibly i = j) and two intervals
[ty—stgt]s [Sq—, Sq+] such that

i = [~J
h/‘[tq—vtq-&-]] - [fy‘[sqﬂsqﬁ]’

and 7' is not admissible respect to 47 at endpoints of [t,_,t,.]. As in section
1.5.2, we define §,¢ > 0 and the open sets Q,,Q,, QF, QFf for the curve .
Let o > 0 be such that 7|j[sq, s, 1 and 7ﬁ5q+7sq+ o) ATC contained in the union
of such sets.

Let now {7}, }. {%Jzk}k be the sequences uniformly converging to ~*, 7/
respectively. For k large enough, let I, Ji be the intervals such that

8q-]
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and Iy = [th 5] — [te—,ler], Jo = [sh_,sE,] — [sq-,54+]. We define
6k, ¥ as in section 1.5.2 for any k. Now, there are two possibilities: i) {6*};
converges to a positive constant, i) {0*}, and then {€*};, converges to zero.

Case I.i. The uniform convergence implies that 6 — §, and there exists
a sequence {e}y, defined as in section 1.5.2, converging to e.

Then we can define the open sets €, €2, Q;k, Q;rk for the curve v,ilk.

Moreover, there exists a sequence {0y} converging to o, such that ’yflkusk Copst ]
q— b q_

and vik‘ are contained in the union of such open sets. Note that the

[5G4+ To]
sequences {0 br, {2 0 ey {920 1 brs {41 1 converge to the sets Q. , @, QF, QF,
respectively.

Now, since 7" is not admissible respect to 77 at endpoints of [t,—,t,.], we
have

[Vﬁsq,_g,sq,}] n Q; 7é (Z) and [7|j[5q+,sq++g]] n Qlj # ®7 (132>
or/and

Moy ooy )N #0 and [, . JNQF£0.

Let us suppose that the first situation happens. Then there exist two different
points, @ and R, such that Q € [’y[jsq_ |NQ, and R € [Vf;q+,sq++g]] ne; .
Since Q and Q are open of R? there exist neighbourhoods Uy C 2 of @
and Ur C Qjf of R, respectively, such that Uy N Ug = 0.

Because of the uniform convergence of fy}lk to v;, for k large enough we
have Ug C 2, and Ug C ij Since C},, is without crossings, then, either

[’7;]“6|[5157_Uk’5.1;7]] N UQ = @, or h/]zkI[sk N +Uk]] N UR — @

—0,5¢-]

a+5q+

Since ’y,]lk converges uniformly to 4/ as k tends to infinity and, using
(2.9.1),both [7[jsq NUg # 0, and [V[qu+,sq++a]] NUg # 0, it follows that,

J J
for k large enough, both hhkl[s’;, ’“,]] NUg # 0, and [th|[ss+7s,;++0k]} NUg #

—G’k,Sq

,—0'75(17]]

(). But this contradicts the hypotesys that Cj, is without crossings, so that
C is a family of curves without crossings.

Finally, it may happen that some of the curves v of C intersect at an
endpoint P* of one of them: then to make C' an admissible family, it is
enough to divide each of these curves v into two curves, one ending and the
other beginning at P*. Since the number of endpoints is finite, we may in
a finite number of steps convert C' into an admissible family with the same
image. This process does not increase the set of endpoints, since P* already
belongs to P(C'), and the functional K may only lose a jump of angle at P*.
It follows that 4% and 7/ do not cross at P.
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Case Lii). Let Py = 7} (ty-), Piv = 7i(tr+) be defined as in Theorem 3.
Note that if the arc ”yh s collapses, we resort to case II. But we need to
define Pk , Pry that do not converge to @), @), respectively, to construct
ka, OFf bk Converging to the sets QF, QF defined above.

We fix a parameter t¥, and let be ’yk(tf; L) =PF = (th) = Q. Let
Sy =A{Qvx}r C I}, (it )] be the set of all nonsimple points of =, |

kl(t2tg k
such that @, — Q. Note that we may have #S, = co

Let us suppose for instance that P, = ~i(f;_) converges to a point
different from Q~, while P, = 7i(tx_) converges to @*. By the definition
of 0y, if 8, — 0, then in the arc of ~, (t) with ¢ > ¢}, there exists at least a
closed curve contained in 7h , passing through a pomt of S, and collapsing

(e21,)

to @T. Denote by 7}, fyk the curves ’yh , ’yh respectively.

Remark 3. Let us suppose that there does not exist at least a closed curve
contained in 7, passz'ng through a point of S., and collapsing to Q. Then if
we move on 7, from tq+ in the direction of increasing t, we have the following
possibilities for {t >t} }:

e we reach vi(L(~;)) without meeting nonsimple points. Then we may
choose Py = ~i(L(v.)) not converging to Q., since Q4 1is not an
endpoint,

e we reach a nonsimple point Qy, which is not converging to Q,, without
meeting first points of Sy. Then we may choose Pry = Qk;

e we reach P} along a closed curve that does not collapse. Then, if i,
is such that

k
7k(5k+) Py, Sllc+ > tgqs
and for any t € (t},,s;.) we have vj(t) # P} , we may choose Py, €

(tlg-f—a SlleJr)f

e we reach a point of Sy\ P}, from which a loop not collapsing to Q. then
starts. Then, if s;_, s are such that

’7]1(8]];:—) (Sk—‘r) Qrka 3]1:— < 8]16_,'_,7' S {17 -">M}>

and for any t € (s;_,s;.) we have vi(t) # Q.r , we may choose
Pk—i— € (sllc77sllc+>‘

Therefore in all these cases {Pi}r does not converge to Qy, so that we
can resort to case L1).
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We suppose that there exists at least a closed curve in 7% that collapses
on ;. Using Lemma 5 we have

#Ck+ S Ev

T

where C} is the set of closed curves contained in 7}, and passing through the
points of S,. So #C}. is bounded by a constant independent of k. Hence,
up to the extraction of a subsequence, we may assume that #Cy, = N for
all k. With similar arguments, we may assume that the number of curves in
Cpli that collapse on @, is R. Let X = {sk ..., s"} be an increasing set of
parameters and let I% = [sk s¥] C [0, L(v})] be the largest interval having

the properties

for any k, and d < R. Therefore, by means of the definition of the interval
I%, starting from the point P{ = vli(t’;r), we select the greatest number of
consecutive closed curves collapsing to (). Such curves cannot be simple.
Note that sk # L(+%) since Q4 is not an endpoint. Moreover, since I% is the
largest interval having the properties (1.33), for ¢t > s* each closed curve in
P} that collapses to 4 has to contain an arc that does not converge to Q.

Argument A. Let us consider what happens for ¢ > s%. We have two
cases:

1) we have an arc that does not collapse to Q)4 , then the situation is the
same as in Remark 3. Hence we may define

Tik = (tiey 55) U (sq ths),
where ;. is chosen as in Theorem 3.
2) There exists an arc collapsing to (). Then we have the following cases:

2.1) the arc is simple. Hence, if ¢; is the endpoint of this arc, for ¢ > ¢,
we have a situation as in Remark 3. Therefore, we define J}, as in
the case 1);

2.2) the arc is not simple. Then it contains at least a point of S;. We
denote by Qu, & = 7Vi(ta, x) the first point of S, after P} = ~i(sk),
ie., ty, = min{t > sk : 41 (t) € S;}. Then we require that J; is
such that

Jli N (tk—7 tauk] = (tk—a Sg) U (357 tal,k]'
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Note that in this way we eliminate the curves in I%. Then we repeat for Qq, &
the same arguments used for P{. Therefore, we define at the point Qg » a
set having the same properties of X, and we denote such a set by X,,. Hence
we still eliminate the largest number of consecutive closed curves collapsing
to Q4+ which pass through Qg .

End of Argument A

Now we repeat the Argument A whenever we meet points of S, after
skipping the closed curves collapsing at points of S, that have been previ-
ously met. Let C be the largest number of these steps. Note that C' can be
infinite. For each step we repeat the Argument A and we add a new interval
to Ji, so that we obtain

J,iﬁ(tk,,sup{tahk l=1,...,C} =L = (tk,,sg)u(ss,tal,k)U(Ulczl(maxXal,tal+17k)),

where C' < #S,. Now we have
1Ll < L) < H < o0,
then there exists finite
sup{toy,r:l=1,...,C} = ac < o0,
and there exists a point Po = vi.(ac) # 7i(L(~;)). It follows that 7;7#%@0] —
Q@+, and for t > ac we resort to the cases (1), (2.1) of Argument A. Then

for ¢ > ac we may define Py, = 7} (tx+) as in Theorem 3, in such a way that
Py, does not converge to (), and we define

Ji =1, Ulac, ty) -

Let now Jy = (t;_, sf) U (s'g,tk+). Note that J 4 is not an interval, but we
can still construct the open sets 7, ", QF, O, since in the construction
we use the trace of the curve, and we do not use the fact that the parameters
are consecutive both for t < t’;_ and t > t’; +. Moreover, the functional is not
evaluated at the point v, (t5, ), but at 4} (t¥, +), 74 (t5, —). Hence it is possible
to eliminate the curves which collapse, since the functional may have a finite
contribution at P{ = ~i(ts,), but the contribution from (t&, +, ], [t,tF, —)
tends to zero with t.

If Vi has points both interior and exterior to the above closed curves, then
we eliminate the arcs of 72 interior to such closed curves, since they collapse
on Q.

Let 77% be the curves constructed in such a way. Note that the elimi-
nated arcs, because of admissibility, pass through P} without yielding cross-
ing points, therefore ni are continuous curves. Then, wi does not cross 7}, in
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P! if and only if ni and %ih , obtained according to the above construction,
1,k

are without crossing for every X and I% which satisfy (1.33).

We may use the same arguments if P,_ converges to ()_, while P, con-
verges to a different point from @), .

If both {Py_}xr and { P+ }i converge to Q_ = @ for any Jy 4, the only
case in which we cannot use the above arguments is when P is interior to a
closed collapsing curve. In this case our construction cannot be used, since
such a curve is eliminated. However we do not need to examine such points,
since the behaviour of 7{; is important only with respect to arcs of ~; that
do not converge to points.

Each P,_ and Py, defined in such a way does not converge to )_ and
@, respectively. Now, if we eliminate the closed collapsing curves contained

in arc V;Lk\[tk e We can repeat the same argument of case I.1.
q—"q+ i

Case II). Then there exist a point P ¢ P(C) U JQ, curves v*,77 € C
(with possibly i = j), t; and t, such that v'(t;) = v/ (t2) = {P} € To(C).

As in Section 1.5.1, we define d, ¢ > 0 and the disjoint open sets €2, {2, for

the curve 4°. Let o > 0 be such that 'yj[ is contained in the union of

to—o,ta+o]
such sets. Let now {7}, }x, {vik}k be the sequences uniformly converging to
7%, 49 respectively. Let { P, = v*(t}) = +7(t3) }» be the sequence converging
to P. Now, for k large enough, either P, € 7;(C}, ) or Py € 7y(Ch, ). In the
first case, we argue as in case I considering that

h/r[tq—:tq-‘—]] - {P} and Q!; = QIJ{ Q; = Qlj . (134>

In the second case, we argue as in case I using the properties (1.34) and
the following properties

[7|i[t§_¢§+}] ={P} and Q_, =97, Q,=9. (1.35)

Therefore the admissibility of C' is proved.

Step 2: lower semicontinuity. Using Theorem 2, the continuity of the
functional [ |§|dt with respect to the weak convergence of curves, and the fact
that #P(C) < #P < #P(C}, ), the lower semicontinuity property follows:

FIO) = lim F(Cn,) = lminf F(Ch).
]

Now we may prove an existence result for the functional G.

Theorem 6. The functional G has a minimizer in the class of pairs (u,C'),
with C admissible family of curves in Q and u € WH2(Q\ [C]).
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Proof. Step 1: the functional Fy is lower semicontinuous. The lower
semicontinuity of Fy is a direct conseguence of Step 2 in the proof of Theorem
5. Indeed, let {[Cy]}, be a sequence of traces of admissible families of curves
converging to the trace of an admissible curve [C] such that

l}lll_r)liiloffo(Ch) < 400
(otherwise the result is trivial), and let us select a subsequence, still denoted
by {[Ch]}n, along which the liminf is a limit. Then, by the definition of F

and the lower semicontinuity of F, for each h we may consider a family C}
with [C),] = [C}] and

1

Fo(Ch) < F(Cy) < FolCh) + o

We may apply to {C}}, the previous result and we obtain that (up to a

subsequence) it converges to the trace of a family C* (which satisfies [C*] =
[C], since [C}] = [Ch] — [C]) such that

5 < Tim Y .
F(C7) < liminf F(Cy) = lim  Fo(Ch)
But Fo(C) = Fo(C*) < F(C*), and the lower semicontinuity of Fy is proved.

Step 2: proof of the existence result. First of all, we select a subsequence
{uhk, Ohk}k such that

lim inf = i .
pn il Glun G =, I Glne, Che) < oo
We may assume that F(Cp,) < H < +o0, where H is a positive constant

independent of k. By the definition of Fy for each k we may consider an
admissible family C with [Cy | = [C},], and

fO(Chk) < "T(C;;k) < F()(Chk) + 1/k7 g(uhka C;;) = g(uhk7chk)'

Since F(Cp, ) is uniformly bounded with respect to k, by applying to {Ch, }«
the result of Step 1 in the proof of Theorem 5, there exist a subsequence,
which we still denote by the same index hy, and an admissible family C' of
curves in 2 such that {[C}, |}« converges to [C].

Now we consider the corresponding subsequence {uy, }r and we call P
the set of the limits of the endpoints of the curves in C}, and of the points
P?, limits of the curves that converge to a point (see Step 1 in the proof
of Theorem 5). We have to prove that exist a subsequence {up, }r and a
function uw € W2(Q \ [C]) such that uy, — u weakly in W'2(Q*) for every
Q*cc Q\ ([C]UP) and up, — u a.e. in Q.
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We now consider a sequence {£2;}; of open sets 2; CC Q\([C] U P) that
invade Q2 \ ([C] U P). For every i the distance dist(€);, [C] U P) is positive,
then for k sufficiently large Q N [Cy,] = 0 and up,, € W'?(Q;). Moreover,
since G(up, , Cp,) is uniformly bounded with respect to k, we have

/ (luny |2 + | Dury )

k3

<[ (1D P
AN\[Ch,]

< / (2fun, — gl? + 29l + | Dun, ) < e(H, ||g]]12).
AN\[Ch,]

where ¢ is a constant independent of ¢ and k. Then the sequence {uy, }1 is
equibounded in W12(€2;), hence there exists a subsequence {uy, }; converging
weakly in W2(€);) and a.e. in ; to a function u € W?(Q;). By a diagonal
argument we obtain a function u defined on Q\ ([C] U P) and a subsequence
{up, }x converging to u weakly in W12(Q*) for every Q* cC Q\ ([C]U P)
and almost everywhere in €.

It remains to prove that u € W2(Q\ [C]) and the lower semicontinuity
of G. By the above inequality and the weak lower semicontinuity of the W12
norm, we have

/(|u|2+|Du|2)dx < liminf/ (Jun,|* + | Dup, |*)dx
Qi Qi

k—oo

< C<H7 HgHLQ)’

for any 4, then v € WH2(Q\ ([C]U P)), i.e. u € WH2(Q\ [C]), being P a
finite set of points. In particular,

/ | Du|?dz < lim inf/ | Duy, |*da .
\[C] oo Ja\(On,]

Moreover, using the weak convergence in W12(€2;) of uy, to u we obtain that

/ lu — g|*’dx = lim / lup, — gl*dx < liminf/ lup, — gl*dz,
o hmee Jo, Fooe Javion,)

for every i, therefore

/ lu — g|*dr = liminf/ lup, — g|*dw.
Q\[] koo Jaon,]
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Collecting the above results and using the semicontinuity of Fy, we have

G(u,C) < liminf | Duy, |*dzx
koo Jao,]

+ liminf lup, — g|*dz + lim inf Fy(Cp,)

S lim g(uhk, Chk) = hhm Q’(uh, Ch) .

k—o0

The existence of minimizers for the functional G then follows from the com-
pactness and lower semicontinuity results. [
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Chapter 2

Variational approximation of a functional
depending on squared curvature for
numerical computation

2.1 Introduction

In mathematical image reconstruction theory, by image of a scene we mean a
real valued measurable function g on a plane domain €2, which measures the
grey level, i.e., the brightness at each point of €. In general, this function g is
discontinuous along the lines corresponding to sudden changes in the visible
surfaces (e.g. edges of objects, shadows, different reflectances).

The image segmentation problem consists in finding a pair (u,C') such
that C' is a set of curves, which decompose the image into regions with
relatively uniform brightness, and v € C*(Q2\ C) is a smooth approximation
of g € L*(Q2) on each region. The set C' will be understood as the union of
the lines which give the schematic description of the image.

Many different approaches have been proposed to find v and C. Geman
and Geman [22] proposed a discrete optimization method based on the min-
imization of an energy function. This idea was developed by Mumford and
Shah, who proposed to look for a pair (u, C') which minimizes the following
functional:

GMS (, ) = /

]Vu|2d:c+/ lu — g’ dx + H'(C),
a\c 0

where 0 C R? is a bounded open set, and H! denotes the one-dimensional
Hausdorff measure. The functional is minimized over the pairs (u,C) such
that C' C Q is a closed set, and u € C*(Q\C).

The existence of minimizers of G has been proved independently by
De Giorgi, Carriero and Leaci [19], and by Dal Maso, Morel and Solimini
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[26], using the compactness and lower semicontinuity theorems of Ambrosio
1, 2].

Mumford and Shah studied the properties of minimizers (u,C') of
assuming that C is a finite union of simple C? curves meeting 92 and meeting
each other only at their endpoints. They proved that the vertices of C' may
only be:

GMS

(i) triple points where three curves meet with 120° angles;
(ii) points on the boundary of {2 where one curve meets 9¢2 perpendicularly;
(iii) points where a curve ends and meets nothing.

In this way corners and junctions with angles different from 120°, which are
important to identify superimposed objects, are distorted because the length
measure is not sensitive to corners and such junctions. In order to reconstruct
such singularities we need to consider curvature depending energies. In [14]
Coscia proposed a functional that includes the integral of square curvature
Jo K*dH', where C' is a family of curves.

More precisely, given three positive numbers ay, ak, ap, we define for
any family C' of curves the functional

F(C,P)=>_ [(axk®+ ay)dH' + ap#P,

~eCc v

where k is the curvature of the curve v € C', P is the set of the endpoints
of all the curves in C' with the exception of the regular closed ones, and #
denotes the counting measure.

The functional considered by Coscia [14] is

G(u,C,P)=F(C,P) +/

|Vul*dz + / lu — g|*d,
Q\(CuP) 0

defined on all admissible families C' of curves in 2 and all functions u €
W12(Q\C). A family C of curves is admissible if it consists of a finite number
of curves of class W22 which do not cross each other or themselves, except
possibly with the same tangent vector. Then, nontangent crossing points are
penalized by forcing them to be considered as the endpoints of some curves.
Tangent crossings must be allowed for semicontinuity reasons.

It should be noted that the functional GG involves the recursive application
of a one-dimensional version of the Mumford-Shah functional along the curves
of the family C.
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Existence of minimizers of G has been proved by Coscia in [14]. However,
the numerical minimization of the functional G is a difficult task, which
reflects the difficulties of the challenging problem of recovering geometrical
properties of visible surfaces from two-dimensional image functions.

Braides and March [12] have proposed the approximation of G by means
of a family of functionals GG which are numerically more tractable, and they
have proved the I'-convergence of the approximating functionals to G.

In the following we assume oy = ax = ap = 1.

The approximation result is divided in two parts: (i) a first approxi-
mization is performed by means of a new type of energies where points and
curves are substituted by sets; (ii) the functionals defined on sets are then
approximated by functionals defined on smooth functions.

The first step is the construction of a variational approximation of the
term #P that counts the number of points of P by means of a functional
whose minimizers are disks of small radius €. Moreover, this functional is
chosen in such a way that it can be approximated by an energy defined on
functions by means of the coarea formula [11]. The functional is

1

SSKD):jEiAD(U5+6k%dHE

where D is a smooth set, k is the curvature of 9D, and % is a normalization

factor that derives from the fact that minimizers of £ are given by balls of
radius e.

The next step is the construction of another energy defined on sets that
approximates the functional [, (14+k*)dH' (C'is a finite union of W?? curves
with endpoints contained in P). The family C of curves is approximated,
away from D, by smooth sets A which collapse, as ¢ tends to zero, on the
curves of the family C'. The energy is defined on sets A and D as

gmAinzl/‘ (1+ E2)dH".

2 Joanp

Since in this functional there is not dependence on &, then the constraint
meas(A) < a. = o(1) as ¢ — 0 is imposed in order to approximate the
curves in C' by the set A. This means that the set A shrinks to the curves in
C' as ¢ tends to zero. The factor 1/2 is due to the fact that each curve of C'
is the limit of two arcs of JA. Then the overall approximating functional is

m%AmZQWm+$%Am+/

|Vul*dz +/ lu — g|*dw,
O\(AUD) 0

defined on smooth sets A, D compactly contained in 2. Note that AU D
contains the singularities of u.
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To obtain an energy defined on functions, Braides and March [12] used

a gradient theory approach. Particularly, using the Modica-Mortola [25] ap-

proximation, the perimeter measures H*(0A) and H'(9D) are approximated
by the measures H. (s, Vs)dr and H}(w, Vw)dz, where
2(1 - 8)2

HL(s, Vs)dx = e|Vs|* + ST,

2 2
w (1l —w

H(w, Vw)dr = e|Vw|? + %,
where s and w are functions approximating 1 — x4 and 1 — xp, respectively.
Then the sets A and D will be replaced by the functions s and w in the new
energy functional defined on functions. Furthermore, we need to define the
curvature of the level sets of s and w:

K(Vs) = { div (%) Vs A0

0 otherwise,

div (g—g‘) if Y 0
0 otherwise.

kE(Vw) = {
Then the term 55(1)(D) is approximated by
Gw) = [ (15 + R (V) e, T,
with 6. — 0 as ¢ — 0, the term 55(2)(14, D) is approximated by
G (s,w) = /Q w?(1 4 k*(Vs))Hl(s, Vs)da,
and the constraint meas(A) < a. is approximated by

L(svw) = Vg [ (1= 8P+ (1= ),

Q

where p. — 0 as € — 0. Note that I, forces s and w to be equal to 1 almost
everywhere in the limit as ¢ — 0. Then the functional proposed by Braides
and March [12] is

1 1
- —qWm lpale) 2 2
Ge(u, s,w) 47rb0G5 (w)+2b0GE (s,w)—l—/Q s°|Vul|*dx +
4 [ Jus gPds 4 L(s.w),
0
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where by is a normalization constant. The functionals GG. are defined on the
space

W(Q) = {(u,s,w) :ueW?Q);1—s1—weCoQ;[0,1])}.

For an appropriate choice of the infinitesimal coefficients (. and p., in [12],
Theorem 3.9, it has been proved that the functionals G, I'-converge to G as
e — 01 with respect to a suitable convergence of triplets of functions (u, s, w)
to triplets (u, C, P). According to such a convergence of functions, level sets
D, of w,. collapse on points of P, and level sets A. of s. collapse on curves
of C as ¢ tends to zero (as in the first step of the approximation process).

Though the approximating functionals G, are numerically more conve-
nient than the original functional G, we observe that the presence of terms
of the type

2 2
/ (div (E)) dx, / (div (ﬂ)> dr, (2.1)
O\{|Vs|=0} Vs O\{|Vw|=0} [Vl

still makes the minimization of G, a difficult numerical problem. Hence we
replace such terms with functionals more convenient for numerical compu-
tations. For this purpose we adapt to our problem a method proposed by
Ballester, Bertalmio, Caselles, Sapiro and Verdera in [6].

Let 6 : Q — R? and w : © — R? be vector fields such that |f(z)| < 1 and
lw(z)| <1 for any = € . The vector fields § and w should be related to the
functions s and w, respectively, by trying to impose that

(0,Vs) =|Vs|, (w, Vw) = |Vuwl|, (2.2)

where (,) is the scalar product of R?, i.e., we should impose that 6 and
w are related to the vector fields of directions of the gradient of s and w,
respectively. Ideally, the quantities |6(z)| and |w(x)| should be equal either
to 1 or 0, for any = € 2, so that

() = Vuw(x)

[Vw(z)|

at any point  where Vs(x) # 0 and Vw(z) # 0, otherwise |#(x)| = 0 and
|w(z)| = 0. The conditions |#(x)| < 1 and |w(z)| < 1 should be interpreted
as a relaxation of this.

Collecting all the observations above, we propose to replace the function-
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als (2.1) with the following functionals:

/Q(div(ﬁ))2 dw+77/Q(Ws] —(0,Vs)) du,
(2.3)
/Q(div(w))2 dx+77/Q(Ww| — (w, Vw)) dz,

where 7 is a positive weight. Moreover, the vector fields  and w are submitted
to the constraints |f(x)| < 1 and |w(z)| < 1 for any z € Q.

The conditions (2.2) are now incorporated in the functionals (2.3) via the
penalization terms

77/9(|Vs|—(«9,Vs>)dx, n/Q(]Vw|—<w,Vw>)dx. (2.4)

The overall energy G. is then approximated by the following functional

M. ¢(u,s,w,0,w) = /(82 + ()| Vul*dz
Q
1
+— (w2 + k.) {6|V3]2 + 532(1 —5)%+ )\5} (1+ (div6)?) d

+47:b0 /Q {€|Vw]2 + §w2(1 —w)? + /\5} (ﬁa + G- (divw) ) dx

+7]/§2(|Vs| — <9,Vs))dx—|—n/ﬂ(|Vw\ — (w, Vw)) dz

1
/|u—g| dx—l——/ (1—ys) dm—l—— (1 —w)dz
Q

ve [ (a5 +e [(awpar

where £ > 0 is a constant. The positive coefficients (., k. and A, are intro-
duced to make the functional M., coercive. We need to make precise the
admissible class of functions where the modified functionals M, , have to be
minimized. The functionals G, are defined on classes of smooth functions s
and w. The suitable function space for M. , will be introduced in Section
2.2.

In Section 2.5 we prove existence of minimizers of M, ¢ for fixed € and ¢
in a suitable function space where u € W'?(Q), s,w € W*?(Q) and ,w €
Wh2(div,Q). Then in Sections 2.6.1 and 2.6.2 we study the behaviour of
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minimizers when ¢ tends to zero and 7 tends to infinity. Particularly, in
Section 2.6.2 we let 1) tend to infinity (with fixed ¢ and £) and we prove that
sequences of minimizers of M, ¢ admit subsequences converging as n — +o00
to a minimizer of a version of the functional GG, which is modified by means
of the perturbation

3 /Q (As)*dx + ¢ /Q (Aw)?dz,

and the coefficients &, k. and A.. Denoting by G, the resulting modified
functionals, in Section 2.7 we prove the I'-convergence of G ¢ to the original
functional G' depending on curves and points.

In Section 8 we compute the system of Euler equations of M., and we
propose an iterative numerical method for their solution. The numerical
scheme is based on alternate minimizations using the conjugate gradient
method. The results of some computer experiments are then shown and
discussed.

2.2 Preliminary definitions

We denote by |- | and (-,-) the usual euclidean norm and scalar product in
R2. We denote by meas(B) the Lebesgue measure of the set B C R? by
H! the one-dimensional Hausdorff measure, and by # the counting measure.
We will use standard notation for the Lebesgue and Sobolev spaces LP and
Wk,

We say that a set A is of class C* if A is open, and its restriction to some
neighbourhood of any x € 0A is the subgraph of a function of class C* with
respect to a suitable orthogonal coordinate system. If Q C R? is a bounded
open set then we write A € C°(Q) if A is of class C* and A CC .

The Hausdorff distance between two closed sets C' and K is defined as
dy(C,K) = inf{r > 0: C C (K),,K C (C),}, where (A), = {z € R? :
dist(x, A) < r}, for a generic set A C R2.

2.2.1 Admissible families of curves

A curve is a function v : [a,b] — R? in W?%2(a,b) such that |y| # 0 in [a, b].
The points y(a) and v(b) are the endpoints of 7y, the set [y] = {(¢) : t € [a,b]}
is the trace of 7. A curve will be identified with its representative in C'*([a, b]).
A curve is simple if y(t1) = y(t2) only if t; = 5 or {t1,t2} = {a,b}. A regular
closed curve is a curve on some interval [a,b] that may be extended to a
(b — a)-periodic W2 function on R (i.e., its endpoints join smoothly).
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Let v be a curve defined on [a,b]; we define the unit tangent vector at
the point ¢ € [a,b] as 7(t) = 4(¢)/|¥(t)|, and the curvature k(t) by k(t) =
|7(t)|/|7(t)|. Note that the functionals

Liy) = / SOldt, K(y) = / K204 () de

are independent of the particular parametrization chosen. L(7) is the length
of v and K is the integral of the square of the curvature along ~.

Let C' = {4'}; be a family of curves. We denote by [C] the trace of C,
defined as the union of all the traces of the curves in C'. We denote by P(C)
the set of the endpoints of all the curves in C' with the exception of those
regular and closed. We define the functional

AC) = (K(7) +L(3) + #P(O).

veC

Following [14] we say that the family C' of curves is admissible if the following
conditions are satisfied:

(i) A(C) < 4o0;

(ii) 4*(t;) and 47 (ty) are parallel whenever v'(t;) = 77(to) with ¢; and t,
interior to the domains of 4* and 77, respectively, and with possibly
i=7.

We say that C'is an admissible family of curves in Q if in addition [C] C Q.

We say that a family of curves C' satisfies the finiteness property if C' is
finite and there exists a finite set of points F' such that [C]\ F' can be written
locally as the graph of a function of class W?22,

The following notion of equivalent families of curves is useful when dealing
with different parameterizations of [C].

Let C' and C' be two admissible families of curves in 2. We say that C
and C" are equivalent if [C] = [C'], P(C') = P(C") and

SNLy) =)L), D K=Y K@).

yeC ~yeC! yeC ~yeC!

2.2.2 Function spaces for the vector fields § and w

We introduce suitable function spaces that will be useful to find a domain
for the functional M, .
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Let Q C R? be an open bounded set with a Lipschitz boundary. We
define the function space for the vector field . We set

WP (div, Q) = {0 € LP(Q)? : div(d) € LP(Q)}, 1<p < oo,

where the divergence operator is intended in the sense of distributions. The
Trace Theorem [4] guarantees that the normal component (0, v)|sq is well
defined for vector fields 6 in W'P(div, ), where v is the unit normal to 95).

Remark 4. If p = 2, Wh?(div, Q) is a Hilbert space with respect to the
scalar product

(Q,w)w:/(G,w)da:—i-/divﬁdivwdx.
0 Q
Moreover, W12(div,) is a reflexive Banach space with the norm ||| =
Jo 101Pdz + [, (div6)*dz.
For reflexive Banach spaces the following theorem holds.

Theorem 7. Let (B, | - ||g) be a reflexive Banach space and let {v,}, C B
be a sequence. If there exists K > 0 such that ||vp||p < K for any h, then
there exists a subsequence {vp, }x weakly convergent in B.

In our case, a sequence {0,} C W'?(div, ) weakly converges to 6 €
Wh2(div, Q) if

lim [ (O, f) +divO,div f)dz = / (0, f) +divédiv f) dx
h=o0 Jo Q

for any f € Wh?(div, Q).
Analogously we set w € Wh2(div, Q).
We define [4]

X(Q), ={z € L®(Q;R?) : div(z) € LP(Q)} .

In [4] a weak trace on 092 of z € X(Q2), is defined. If v(x) denotes the outer
unit normal at = € 052, in [4] it is proved that there exists a linear operator
v X (), — L>*(09Q) such that

(@)oo < Nelloe, () (@) = (2(2), v(2)) Vo € O if 2 € C(Q,R?).

We shall denote v(2)(z) by [z, v](z).
Let p > 1 and ¢ > 1 be such that (1/p) + (1/q) = 1. If z € X(2), and
v e WH(Q) N L4(Q), the following Green’s formula holds:

/deiv(z)dx—i—/ﬂ(z,Vv>dx: /E)Q[z,y]vdHl. (2.5)
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2.3 The approximation framework

2.3.1 The curvature depending functional

For any admissible family C' of curves in €, and any finite set of points P C Q
such that P(C) C P, we define the functionals [12]:

F(C,P) = (axK(7) + arL(y)) + ap#P,

yeC

Fo(C, P) = imf{F(C,P): [C] = [C], P\[C]=P\[C]}.

The functional Fy allows us to deal with the trace of a family of curves
independently of the parametrization of the curves themselves.

The definition of the functional is itself in terms of a minimization pro-
cedure. Note that the infimum in the definition of F,(C, P) is a minimum;
namely, there exist an admissible family C* of curves in () and a finite set of
points P* C € such that

[ =1[C], PPN[CT]=PN\[C],  F(C',P)=Fo(C,P).  (26)

This can be easily proved by reasoning similarly as in the proof of [14] The-
orem 4.2.

We denote by X () the family of all triplets (u, C, P) such that P C Q
is a finite set of points, C' is an admissible family of curves in 2 such that
P(C) C P and u € WH2(Q \ [C]), and we introduce the functional G :
X (2) — [0, +0o0] defined by

GmCJn:/

|Vul*dx + Fo(C, P) + / lu — g|*dw.
\[C]

Q

2.3.2 The approximating functionals G.
We define
W(Q) = {(u,s,w) :ue€ W(Q); 1—s5,1—w € C(Q;[0,1])}.

If 1 —s € Cge(2]0,1]), using Sard’s theorem (see e.g. [2]), for a.e. A € (0,1)
we have

{s=A}=0{s <A}, {s<A}eCr(Q), |Vs|#0on{s=A}.
Then we set

K(Vs) = div ( Vs

|Vs]

) on {s=A} forae A€ (0,1),
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and, V : R — [0, +00) being defined by V (t) = t*(1 — ),
V
Hl(s,Vs) = ¢|Vs|* + g (2.7)

The quantity x(Vs) is the curvature of the level set {s = A}, and H!(s, Vs) is
the Modica-Mortola density of elliptic functionals approximating the perime-
ter functional (see [25], [10]). If 1 —w € C3°(€2; [0, 1]) the quantities x(Vw)
and H!(w, Vw) are defined analogously.

Let now [, . be positive infinitesimals as ¢ — 07 such that

lim — 0, lim 2= 0, (2.8)
e—0% ﬂe e—=0% fe

e|loge|

For every € > 0 we define [12]

(1) _ 1
G (w) /Q\{|Vw 0}<ﬁ€ + B.5%(V ))He(w,Vw)dx,

and
G (s,w) = / w?(1 + k*(Vs))Hi(s, Vs)dz.
Q\{|Vs|=0}

We denote by G. : W () — [0, +oc] the functional defined by

Ge(u, s,w) = / $%|Vu|*dx + ! —GWY(w) + —G2 (s,w) (2.9)
41 2bg

1
/|u—g| d:p+—/ 1—32dx+— (l—w)Qda:,

where

by = 2/1 VV ).

2.3.3 The topology of I'-convergence

We need the following notions of convergence for sequences of compact sets
[12].

Definition 13. We say that a sequence of compact sets {K}, converges in
the Hausdorff metric to the compact set K up to the finite set of points P if
there exists a sequence of compact sets {ICh}h such that ICh C Ky, for any h,

{lCh}h converges to K in the Hausdorff metric, and the mazimum distance
of Kn \ I/C\h from the set P goes to zero.
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We set
Y(Q) = {(u, A, D) :u e WH(Q); A, D € CX(Q)}.
We define the following convergence for sequences {(un, An, Dp)}n C Y (£2).

Definition 14. We say that a sequence {(un, An, Dp)}n C Y(S2) converges
weakly to the triplet (u,C, P) € X(Q), if meas(A, U D) — 0 and the fol-
lowing properties hold:

(i) {ODp}n converges in the Hausdorff metric to the set P;
(i1) {0AL}n converges in the Hausdorff metric to [C] up to the set P;
(iii) up, — u in L'(Q).

The above definition describes the concentration of the smooth sets D;,
and Ay on sets of points and traces of curves, respectively.

We define the following convergence for sequences {(up, s, wp)}n C W(2)
that describes the concentration of the level sets of the smooth functions wy,
and sj, on sets of points and traces of curves, respectively [12].

Definition 15. We say that a sequence {(up, Sp,wp)}n C W(2) converges
weakly to the triplet (u,C, P) € X(Q), if, after setting

{z€Q:sp(z) <A} = A}, {z € Q:wy(z) <0} =DY,
the following properties hold:

(i) for any 6, ) € (0,1) there exist a finite set of points P? C Q and an ad-
missible family C* of curves in Q such that the sequence {(up, Ay, DY)}y,
converges weakly to (u, C*, P%);

(i) we have [C] = ({[C* :0 <X <1} and P=({P?:0< 6 < 1}.

Now we define the I'-convergence of the functionals G, to the functional
G with respect to the convergence above.

Definition 16. We say that G. T'-converge to G as € — 0% if for every
sequence {ep}n of positive numbers converging to zero and for every triplet
(u,C, P) € X () the following two conditions are fulfilled:

(1) (liminf inequality) for every sequence {(un, S, wn)}n C W(2) converg-
ing weakly to (u,C, P), we have

l}ilminf Ge, (up, $p,wp) > G(u, C, P); (2.10)
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(11) (limsup inequality) there exists a sequence {(un, Sp, wp)tn C W(2) con-
verging weakly to (u, C*, P*) such that

lim sup G, (up, sp, wp) < G(u, C, P), (2.11)
h—+o00

where C* and P* are as in (2.6).

In [12] the following theorem has been proved, which states that a se-
quence of triplets in W (), asymptotically minimizing the functional G.,
admits a subsequence converging weakly to a minimizer of G.

Theorem 8. The functionals G, I'-converge to G as € — 0%. Moreover, if
{en}n is a sequence of positive numbers converging to zero, and {(up, sp, wp)}n C
W(Q) is a sequence such that

p CACE W) Gar) =0

then there exist a subsequence {(un,, S, Wn, ) }x and a minimizer (u, C, P) of
G such that {(un, , Sh,, Wh, )}k converges weakly to (u,C, P).

2.4 The modified approximating functionals
M. ¢
In this section we define the modified functionals M.,. First we introduce

the function space V(€2) on which the modified approximating functionals
are defined:

V(Q) = {(uswbw)ueWQ), 1—s51—weWg?([0,1]),
0,w € WH2(div,Q), |0(z)] < 1,|w(z)| <1 ae x €,

0,v](z) = [w,v](x) =0 x € 00},

where v(z) denotes the outer unit normal at z € 0.
In the following we denote by v = (u, s, w,0,w) the elements of V(£2).
On the space V(€2) we define the following convergence.

Definition 17. We say that a sequence {vn}n = {(Un, S, Wn, Onywn) }n C
V() converges weakly to v = (u,s,w,0,w) € V(Q) if u, — u weakly in
Wh2(Q), s, — s, w, — w weakly in W?*(Q), and 0, — 0, w, — w weakly
in W2(div, Q).
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Let ¢ > 0 be fixed, and let n > 0 and £ > 0 be constants. For any
v=(u,s,w,0,w) e V(Q) the functional M. ¢ is defined by

M. ¢(u, s,w,0,w) = /(s2 + )| Vul|*dx

Q

k) |V 4 L 2 A (1t (dive)?) de
2()0 QO S

/ {5|Vw|2 + éwQ(l —w)? + )\5} (i + ﬁa(divw)g) dz
Q

- 5.

47 bo

+77/ (|Vs| — <0,V3))dx+77/ (IVw| — (w, Vw)) dz
Q Q
2 1 2 1 2
+ [ Ju—g|*de+ — [ (1=9)%dx+— [ (1 —w)%dx
Q He Jo He Jq

+£ /Q (As)?dx + & /Q (Aw)?*dz.

The regularization by means of the terms involving (As)? and (Aw)? is in-
troduced in order to achieve the lower semicontinuity of the functional M, ..
Moreover, &, k., A\. — 0% as ¢ — 0. Such infinitesimals are introduced to
make the functional M., ¢ coercive on the space V() for a fixed e.

The functional M. ¢ replaces G, for computational purposes.

2.5 Existence of minimizers of M,

In this section we prove the existence of minimizers of the functional M, ¢ in
the space V(€2) when both e and £ are kept fixed. In this section we drop
the dependence of M. on £ and we simply write M,. First, we recall two
theorems that will be used in the sequel.

Theorem 9. (Egorov) Let 2 be open with finite Lebesque measure. Let { f, }n
be a sequence of measurable functions in  such that

fulx) — f(2) a.e., |fu(2)| < 00 a.e.

Then, for any 6 > 0 there exists a measurable set A C Q2 such that |Q\ A| < ¢
and f, — [ uniformly on A. We say that {f,}» almost uniformly converges

to f.
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Theorem 10. (Ioffe) Let Q C R™ be an open set, and let 1 :  x R™* —
[0, +00] be a normal function, i.e., L x B(R™*)-measurable and lower semi-
continuous with respect to variables in R™* for LM-a.e. x € Q. We assume
that z — (x,y, 2) is conver in R¥ for any x € Q and any y € R™. Then

liminf/w(a:,un,vn)dxz/w(x,u,v)dx
) Q

n—-4o0o

whenever {u,}, C [LY(Q)]™ strongly converges to u and {v,}, C [L*Y(Q)]*
weakly converges to v.

Now we prove a compactness result for M..

Theorem 11. (Compactness) Let {v,}n = {(un, Sn, Wn, 0p, wn)}n C V()
be a sequence such that M.(v,) < H for any n € N, where H is a positive
constant independent of n.

Then there exist a subsequence {vn, }r = {(Un,,, Sny> Wny, s Ony, s Wy, ) tr and
v € V() such that vy, converges weakly to v as h tends to infinity.

Proof. Each term of M_(v,) is positive, since the integrands are square
except the following terms

. / (IVsal = (0. Vsu)) dz, 1 / (V] — {wn, Vi) dz,

which are also positive because |6,,(x)| < 1 and |w,(z)| < 1 for a.e. x € Q.
Then, since M.(v,) < H, we have

[l + V) < [ (2l = o + 209 + &IV0f) do
Q Q
< 2(H+lglo) -

Since &, is fixed it follows that the sequence {u,}, is uniformly bounded in
W12(Q), so that there exist a subsequence {u,, }, and a function u € W2(Q)
such that u,, — u weakly in W'%(Q) as h tends to infinity.

Then we have

kAo
2by

A
47Tb0

/ (div6,)2dz < H, / (divew, )2z < I, (2.12)
Q Q

from which it follows that div 6, and divw, are uniformly bounded in L?(2).
Since |0,(x)] < 1 and |w,(z)| < 1 for a.e. x € Q, and k., A\, (. are fixed,
it follows that the sequences {6,}, and {w,}, are uniformly bounded in
W12(div, Q). Then, there exist subsequences, which we still denote by the
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same index np, {0y, }» and {w,, }n, and vector fields 6, w € W?(div, ) such
that 6, — 6 and w,, — w weakly in W'?(div, ) as h tends to infinity.
Since {1 — 8, }n, {1 — wy}n € Wg(Q) are uniformly bounded in L>(Q)

and
H H

/(Asn)2dx < —, /(Awn)2dx < —,
Q 3 Q 3
using Lemma 3.1 and Lemma 3.2 of Chapter 4 of [20], it follows that the
sequences {s,}, and {w,}, are uniformly bounded in W?2%(Q2). Then, there
exist subsequences, which we still denote by the same index ny, {s,, }» and
{w,, }n, and functions 1 —s, 1 —w € W;*(Q) such that s,, — s and w,, — w
weakly in W22(Q) as h tends to infinity.

Eventually, the subsequence {v,, }n = {(un,, Sn,, Wny , Ony s Wny, )} cON-
verges to v = (u, s, w, 0, w) weakly in V() and the theorem is proved. O

Then we prove a lower semicontinuity result for M..

Theorem 12. (Lower semicontinuity) For any v = (u,s,w,0,w) € V()
and any sequence {n}n = {(Un, Sn, Wn, Opywn) b converging weakly to v in
V(2) as n tends to infinity, the following inequality holds:

liminf M (U, Sy, Why Oy wp) > M (u, s,w,0,w).
n—-+0oo

Proof. Up to the extraction of a subsequence we may assume that

lim inf M, (v,) = lirf M (v,) < +o0, (2.13)

n—-+o0o

otherwise the inequality is trivial.

We subdivide the integrals in M. in groups, in such a way that for each
group we prove the lower semicontinuity of integral functionals of the same
kind.

Step 1. First we consider the following terms:

1 2 Lo 2
5 - 1- € )
20 Q(w —l—k’)Ls( s) +)\]d:r

1 1 5 9
Sw?(1 — | de,
47Tboﬁs/ng( w)” + } x

— + k.)|Vs|“dx,
5, (w )| Vs|“dx

€ 2
d
47Tb05€ /Q |vw| o
1

1
/|u—g|2da:, —/(1—8)%, — [ (1 —w)?dz.
Q He Jo He Jq
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Since all the integrands are non-negative measurable functions, the lower
semicontinuity of these integral functionals follows from Fatou’s Lemma pro-
vided that the sequences {u, }n, {Sn}n, {wn}n, {Vsn}n and {Vw,}, converge
a.e. in (2.

Using (2.13), the sequence {M.(v,,)}, is uniformly bounded with respect
to n. Then using Theorem 11, up to the extraction of a subsequence, u,, — u
weakly in W'2(Q), and s, — s, w, — w weakly in W*2(Q2). Then the
sequences {uy}n, {sn}n and {w,}, converge in L?*(2) and, possibly extract-
ing further subsequences, they converge almost everywhere. Moreover, the
sequences {Vs,}, and {Vw,}, converge in L?(Q2) and, possibly extracting
further subsequences, they also converge almost everywhere.

Then the lower semicontinuity of the first group of integral functionals
follows from Fatou’s Lemma.

Step 2. Then we consider the following terms:

1 1
— [ (w? + k) |e|Vs|]? + =s*(1 — s)® + A | (div0)*dz,
2b0 Q 9

B
47Tb0

/ l€|Vw]2 + §w2(1 —w)? + /\5} (divw)?dz.
Q

Using (2.13) and Theorem 11, up to the extraction of a subsequence, 6, — 6
and w, — w weakly in W?(div,Q). Hence the sequences {div6,}, and
{divw, }, converge weakly in L?(Q) to divf and divw, respectively. In order
to prove the lower semicontinuity of the integral functionals of the second
group, we have to prove that

n—-+4o0o

liminf/fn(divgan)deZ/f(divgo)de, (2.14)
Q Q

where {f,}, is a sequence of non-negative measurable functions converging
a.e. to f, and {div ¢, }, converges weakly in L*(€) to div ¢.

Using Egorov Theorem 9, for any § > 0 there exists a subset As C () such
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that |2\ As| < d and f,, — f uniformly on As. Then we get

lim inf / fuldive,)?dz > liminf [ f,(dive,)?dx
Q

n—-+00 n—=+00 f 4,

= liminf/A (fo — f+ )(dive,)*dx

n—-+00

= lim (fn — £)(div,)*dx

n—-+o00 As

+ liminf [ f(divp,)*d,

n—-+00 As

where, using (2.12), we have

/A o= H(divesde < sup |fule) — f@)] | (diven)2da

$6A5 | A5

< Csup |fu(z) = f(z)] =0,

TEAs

where C' is a positive constant independent of n. Then we obtain

lim inf / fu(div,)?dz > liminf [ f(divep,)*dz. (2.15)
Q

n—-+00 n—-+o0o As

Now we use Ioffe’s Theorem 10, with n = 2, m = 0, k = 1 and the function
P 1 QxR — [0,+00] defined by (z,z) — f(x)z?. Since the sequence
{divp,}, converges to divyp weakly in L*(€2), and then in L'(Q), Toffe’s
theorem yields

liminf [ f(div,)*ds > f(div p)*dz.

n—-+o0o As As

Using (2.15) we find

liminf/fn(divgpn)2d:ﬂ > f(div p)*dz,
0

n—-4o00 As

from which, by letting 6 — 07, we obtain the inequality (2.14) and the lower
semicontinuity of the second group of integral functionals.
Step 3. Then we consider the following term:

/(52 + &) |Vul*dz.
0
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Using (2.13) and Theorem 11, up to the extraction of a subsequence, u,, — u
weakly in WH2(2). Hence the sequence {Vu,}, converges weakly in L?(£2)
to Vu. Since, up to the extraction of a subsequence, {s,}, converges to s
a.e., the lower semicontinuity of the integral functional under consideration
follows from Egorov Theorem and Ioffe’s Theorem by using the same method
of proof of Step 2.

Step 4. We consider the following terms:

7 / (IVs| - (6, Vs)) da.

7 /Q (V] — (w, Vo)) di.

Using the Green’s formula (2.5) and the boundary conditions [0, v](z) =
[w, v](z) = 0 for z € 2, we have

—/<9n,Vsn>dx:/sndiv(ﬁn)dx,
Q

Q

—/(wn,anMx:/wndiv(wn)dx.
Q

Q
Then we have

— lim [ (0,,Vsy)de = lim [ s,div(d,)dz

n—-400 Q n—-+o0o Q

= lim [ (s, — s+ s)div(0,)dz

n—-+o00 Q

= lim [ (s, — s)div(6,)dz

n—-+o00 Q

+ lim sdiv(6,,)dz.

n—-+o00 Q

Using (2.13) and Theorem 11, up to the extraction of a subsequence, s,, —
s weakly in W22(Q). Then the sequence {s,}, converges to s in L?({2).
Therefore, using Holder’s inequality and (2.12), we get

/(sn — 5)div(0,)dz < ||s, — sl2 [|[div(0,)]l2 < C||sn — s|l2 — 0,
Q

where C' is a positive constant independent of n. Moreover, since {div0,},
converges to div# weakly in L?(Q2) and s € L*(2), we have

lim sdiv(6,)dxr = / sdiv(0)dz.

n—-+o0o Q Q
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Then we obtain

— lim <0n,Vsn>dx:/

n—-+o00 Q Q

sdiv(f)dz = —/(9, Vs)dx. (2.16)

Analogously, we obtain

— lim (wn,an>dx:/wdiV(w)dx: —/(w,Vw>dx. (2.17)

n—-+00 Q Q

Then, by the convergence of |Vs,| and |[Vw,| a.e. in , using Fatou’s Lemma
we have

liminf/ |Vs,|dx > / |Vs|dx, liminf/ |Vw,|dx > / |Vwl|dz.
n—-+0oo Q Q n—-+00 Q Q
(2.18)
Collecting (2.16), (2.17) and (2.18), we obtain the lower semicontinuity of
the fourth group of integral functionals.
Step 5. Eventually we consider the following terms:

¢ [ (@9
¢ /Q (Aw)?de.

Up to the extraction of a subsequence, s, — s and w,, — w weakly in
W22(Q), hence As, — As and Aw, — Aw weakly in L*(Q2). The lower
semicontinuity of the last group of integral functionals then follows from the
weak lower semicontinuity of the L? norm. This completes the proof of the
theorem. ]

By using the compactness and lower semicontinuity theorems 11 and 12,
we obtain an existence result of minimizers for the functional M..

Theorem 13. Let € > 0 and p > 0 be fixred. Then the functional M. admits
a minimizer in V().

2.6 Limits whith varying parameters

2.6.1 Limit when the regularization parameter tends
to zero

In this section we let the regularization parameter to vary, and we study
the behaviour of minimizers of M., when § tends to zero. Since we now
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consider the dependence on the regularization parameter, in the following we
do not drop anymore the index ¢ from the modified functionals. We prove
the following compactness lemma.

Proposition 2. Let {ve}e = {(ug, s¢, we, O, we) }e C V(2) be a sequence such
that ve minimizes M. ¢ in V() for any € >0, and & — 07.

Then there exist v = (u,s,w,0,w) such that u,s,w € WH3(Q), ,w €
Wh2(div, ), and a subsequence {vg, }n = {(ug,, S¢, , We,,, Oc,,, We, ) }n such that
ug, — U, S¢, — S, we, — w weakly in W2(Q), and 0, — 0, we, — w weakly
in WH2(div, Q) as h — +oo.

Proof. Since for any & > 0 we have
ME7§(U§, S¢, We, (95, wg) < M€7§(0, 1, 1, O, 0) = L,

where L > 0 is a constant independent of &, then M. ¢(v¢) is uniformly
bounded with respect to &.

Arguing as in the proof of Theorem 11, there exist u € W3(Q), 0, w €
Wh2(div, ), and subsequences {ug, }r,{0¢, }n, {we, }n such that ue, — u
weakly in Wh2(Q)and 6, — 6, we, — w weakly in W?(div, Q) as h — +o0.

Since ||s¢lloo < 1, |Jwe|lo < 1 and

2b 41hy f-
/ |Vse|?dx < —OL / |Vwe|*dz < Wgoﬁ L,
Q

for any &, it follows that the sequences {s¢}¢ and {we }¢ are uniformly bounded
in Wh2(Q2). Then, possibly extracting further subsequences {s¢, }» and {we, }n,
there exist functions s, w € WH?(Q) such that s¢, — s and wg, — w weakly
in W12(Q). This completes the proof of the proposition. [

2.6.2 Limit when the penalization parameter tends to
infinity

In this section we let the penalization parameter n to vary, and we study the

behaviour of minimizers of M., when € and & are kept fixed, while 7 tends

to infinity. In the sequel of this section, for the sake of simplicity we denote

the functional M. by M,. We set
Z(Q) = {(u,s,w,0,w) €V(Q):1-s1—weW™(Q0,1)),

V(Q
; f Vs(z) # 0, otherwise 6(z) =0,

Vs(x
") = ()

Nuw(z) , B
w(x) = )] if Vw(z) # 0, otherwise w(z) = 0}.
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For any v = (u, s, w,0,w) € V() we set

M(v) = M,(v) — n/{l(]Vs\ —(0,Vs))dx — 77/Q(|Vw] — (w, Vw))dz, (2.19)

and for any (u,s,w,0,w) € Z(§2) we define

~

My (u, s, w) = M(u, s,w,0,w).

The functional M, is a version of the functional G, modified by means of
the perturbation

3 /Q (As)*dx + ¢ /Q (Aw)?dz,

and the coefficients &, k. and ..
We prove the following convergence result.

Theorem 14. Let {v,}, = {(wy, Sy, wy, Oy, wy) }n C V() be a sequence such
that v, minimizes M, in V() for anyn >0, and n — +o0.

Then, possibly extracting a subsequence, v, converges weakly as n — 400
tov = (u,s,w,0,w) € Z(Q), and such that (u, s, w) minimizes M, in Z(S).

Proof. Arguing as in the proof of the compactness theorem 11, there exists
v = (u,s,w,0,w) € V(Q) such that, possibly extracting a subsequence, v,
converges weakly to v as n — +o0.

For any n > 0 we have

M, (v,) < M,(0,1,1,0,0) = L,

where L is a positive constant independent of 17. Then it follows

. / (Vs — (6, Vs,))de < L,

. / (V| — (o, Va))de < L,

for any 7. Since |f| < 1 and |w| < 1 the above integrands are nonnegative,
so that we have

lim [ (|Vs,| —(6,,Vs,))dx =0, (2.20)
n—+ Jo

lim [ (|Vw,| — (wy,, Vw,))dz = 0. (2.21)
n—+oo Jq
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Arguing as in the proof of the lower semicontinuity theorem 12, it follows

lim [ (|Vs,| —(6,,Vs,))dr > liminf [ (|Vs,| — (6,,Vs,))dz

n—-+00 Q n—-+00 Q
> [ (95|~ 6.5z 2 0.
Q

Then, using (2.20), we have

0951 = 0.9z o

Q

from which, since the integrand is nonnegative, we get
|IVs|—(0,Vs) =0 a.e. in Q.

Since |#(x)| <1 a.e. in © we have

Vs(x ,
O(z) = V(o] a.e. in Q.
Analogously we find
~ Vuw(z) .
W<I‘) = m a.e. in €.

Hence it follows that v = (u, s,w,0,w) € Z().
Now for any n > 0 we have

~

M(v) < M,(v) Yv=(u,s,w,0,w) e V(Q), (2.22)
Moo (u, s,w) = My (u,s,w,0,w) V(u,s, w,0,w)e Z(Q). (2.23)

Moreover, from the proof of the lower semicontinuity theorem 12, for any
sequence {(up, Sp, Wn, Op, wp) }n C V(Q) converging weakly to (u, s, w,0,w) €
Z(Q) it follows

l}iLminfM(uh,sh,wh,Qh,wh) > Moo (u, s,w). (2.24)
——400

Let now v* = (u*, s*, w*, 0", w*) € Z(2). Since M,(v*) > M,(v,) for any 7,
using (2.22), (2.23) and (2.24) we have

My (u*,s*,w*) = M,(v") > limsup M,(v,) > 1im+inf M, (vy)
n—+o00 nN—T0o0

> liminf M(vy) > Moo (u, s, w),
n—-+00

from which we get
Moo (u*, 8", w*) > My (u, s, w).

Since v* € Z(Q) is arbitrary, then (u, s, w) minimizes M, in Z(2). O
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2.7 ['-convergence to the functional depend-
ing on curves and points

For any (u,s,w,f,w) € Z(£2) we set

~

Gee(u, s,w) = Moo (u, s, w) = M(u, s,w,8,w),

hence
Geel(u, s,w) = Ge(u, s,w) +£/(As)2da: +§/(Aw)2dx.
0 Q

We prove the following I'-convergence theorem.

Theorem 15. Let Q be a star-shaped bounded open set, and let (. = O(e'*P)
with p > 1, k. = o(e|loge|), and & = O(£3%9), with q > 1.

Then there exists p > 0 and a family of infinitesimals {\. = 0(e®)}c such
that the functionals G.¢ T'-converge to G as e — 0.

Moreover, if {ep} is a sequence of positive numbers converging to zero,
and {(up, sp,wn)}n C Z(2) is a sequence of minimizers of Ge¢, then there
exist a subsequence {(up,, sn,,Wwn, )}k and a minimizer (u,C, P) of G such
that {(un,, S, wn, )}k converges weakly to (u,C, P).

Proof. Since G ¢(u, s, w) > Ge(u, s,w) for any {(u,s,w)}, C W(Q), the
lower inequality of I'-convergence follows immediately from the I'-convergence
of the functionals G., which has been proved in [12]. Hence, only the upper
inequality of ['-convergence has to be proved.

Let {en}n be a sequence of positive numbers converging to zero. We
prove that, for every (u,C, P) € X(Q), there exists {(up, sp, wp)}n C W(2)
converging weakly to (u, C*, P*) such that

limsup G., ¢, (un, sn, wr,) < G(u,C, P),
h—+o00

where C* and P* are as in (2.6).

First we assume that C* satisfies the finiteness property, [C*] C €, and
P C Q. We set kah = kh) /\ah - )‘}u He, = Hh, Cah - C/u feh = éh and
Be, = B, with £, and py, satisfying (2.8).

Step 1. Construction of the sequences of sets {Ap}n and {Dp}h.

Arguing as in [12], proof of Theorem 6.3, there exists a sequence C; =
{7i,...,ym} of families of simple curves of class C* such that {7} }, con-
verges strongly in W?2? to a curve 7' for any ¢ = 1,...,m, the family

72



C" = {+',...,7™} is admissible and satisfies the finiteness property, C’ and
C* are equivalent and the following properties hold for any h:

P(C}) = P(C"), (N \P(C) =0 foralli,j, i#j (2.25)

Let C} = {7},...,7"} with m independent of h. Since the curves 7} are of
class C* and are converging strongly in W22, for any p € P(C") and any
curve 75 € C} having p as an endpoint, the following properties hold for any
h large enough:

(i) if »; is not a closed curve, then [v!] intersects transversally 0B, (p) in
only one point for any r < (Gy;

(i) if v/ is a closed curve, then [v;] intersects transversally 9B, (p) in only
two points for any r < 3.

Here B, (p) denotes the open ball with center p and radius r. Then we define
Dy =U{Bgs,(p): p€ P} (2.26)

Moreover, for h large enough and any regular closed curve 7 € C; we have
[")/;L] N Dh = @

For any set A C R? let §4 denote the signed distance function from 9A
negative inside A:

Sa(x) = dist(x, A) — dist(x, R* \ A).

We set
D) ={z € Q:dp,(x) < —2ep|logen|}.

Since v; — «* strongly in W22 for any ¢ = 1,...,m, using (2.25) and prop-
erties (i) and (ii), we may find m sequences of sets {A%};, C C°(Q) such
that meas(A}) — 0 for any i, and the following properties hold for any
t=1,...,m and for any h:

i\ DyC A, A, NA =0 forallij (2.27)
04\ Dy = [ Uil
where 74" and ~;~ are simple curves of class C> such that VN [y =0,

and vit — 4% and ;- — 7 strongly in W22, Then we set

An= U AL

=1
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For h large enough we have A;, D), € C°(£2), and

{z € Q: dist(x, Ap) < 2ep|loges|} CC Q,
{z € Q:dist(z, Dy) < 2ep|logen|} CC Q.

Using (2.27), for any h we may write
o4\ D} = Ubifubi ) (2.28)
Moreover, the curves ’ygi can be chosen in such a way that
{z € Q: dist(z, [F]) < 3en|logen|}N{z € Q : dist(z, [v)7]) < 3ep|logen|} =0
(2.29)

for any i # j, 1,57 € {1,...,m}, and for large enough h. Furthermore, we
choose the sequence { Ay}, in such a way that

1
o) = O(ep|logey|) for x € A, N DY, HY(OAL,N DY) = O(en|logenl),
(2.30)
and 1
lim measAn) _ o (2.31)

h—+o0 B

Step 2. Construction of an optimal profile function y and of sequences
{wnn, {sntn

For any h € N let Vj,(t) = V() + ep A, and let 90,(10) be the solution of the
ordinary differential equation

0
dpy,”
dt

=/ Vi(e!V(1)), wﬁlo)(O):%- (2.32)

The function gpﬁlo) has the following properties: ¢§L°) is defined on an open

bounded interval

(—ap,ap) C R, ap >0, lim a, = 400,
h—+00

0) . . :
gog) is monotone increasing on (—ay, ay),

lim 90,(10)(75) =+o00 VheN, lim gp,go) (t) =p(t) VteR,

l—tap h—+00

Y-V el =g (1t (3)),
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and goglo)(—t) =1- goglo)(t). Furthermore, we choose p, and then the sequence

{An}n, in such a way that the following properties hold:

t t

2llogen| € (0,an) Vh €N, lim " (_) — lim gp(—) —1Vt>0,
h—-+400 En h—-+400 Eh

(2.33)

there exist C' > 0 independent of h and hy € N, such that for any h > hy we
have

‘apgo)(t)—l‘ < Cgp Vt € (|logenl, 2|1logen]),
)(pgo)(t)‘ < Ce,  Vte (—2|logep|, —|logenl). (2.34)
For any h € N let 0y, : [0, +00) — [0, 1] be a C* function such that
op,=1 on [0,]logesl], o,=0 on [2]logeyl|, +00),

o, <0 in (|logen| 2logen]),  lloplle(ogenl 2itog=nn = O(1/logenl).
As in [12], we set

t t t

90;0)(_)0,1(_) 1 gh(—) if 0 <t < 2ey|logen),
Eh Eh Eh

Pn(t) = out) = 1 if t > 2¢p,| log &),

We now construct the sequences of functions {s,}, and {wy},. We define

sp(z) = @n(da, (2)), wp(x) = pn(dp, (7)) forall z € Q. (2.35)

Step 3. Estimate from above of limsup,,_,, o Gg)’gh(wh).

We set

D, = {zxeQ: 10D, (z)] < en|logenl},
Di = {z € Q:¢gyllogen| < |0p, ()| < 2ep|logenl}.

Using the definition of Gilg) we have

1 Vv
Gé?gh (wp) = / <— + ﬁh,%Q(thD (€h|V'LUh’2 + M + )\h> dx (2.36)
’ pi \Oh En
1 Vv
+/ <— + ﬁhﬁ'2(vwh)> <5h|vwh|2 + Viwn) + Ah) de = I, + II,.
D? ﬁh Eh
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Using (2.32), the equality |Vw,| = }d‘ph (0p,)|, and the coarea formula we get
for h large enough

/ |th|\/ Vh W, ( +ﬁh/£ th)>d
ep|logep|
_ g/h " den o / (—+ﬁh/<a2)d7-(1dt.
{6p, =t} \Oh

—enllogen] A1
Then we get

|logep| d
I, = 2/ <,0 \/ Vi( ‘Ph /

—|logen|

+ Bk >dH1d9.

51, =210} @z

Since for h large enough we have (see the proof of [9] Theorem 4.3)

1 2 1 / 1 9 1
+ Ok JdH = — + Bur? JdH" + O(ep| log en)),
/{5Dh=9}(5h o ) aDh<ﬁh B ) (e logen])

it follows

)
(|logenl) 1
[h = 2/ \/ Vh(T)dT/ ( +ﬁh/€ )dHl
O (| log enl) oD, \Pn

o' (|log e )

+ O(5h|logeh|)/o NG
¢ (~|log )
Using (2.34) we have
- oy (—|logenl) =0, Jim soh "(|logen]) =1,

from which it follows
o' (|log en) 1
lim JVnydr = / SV () (2.37)
0

— 0
h=400 J o0 (_|1ogey))

Then we have

1
lim ]h:2/ VV(T)dr lim —+ﬁhn2)d7‘£1,

h—+o00 h—+o00 ('9Dh( h

and, from the proof of Theorem 6.3 of [12], we have

. 1 _ *
Jim [ (ﬁh+ﬁh/~c>d7{ y—
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from which we obtain

1
hlir+n [h:87r#P*/ VV(T)dr. (2.38)

We now consider the term II,. Again using the coarea formula we get

(i + ﬁh/-;Q)dHldt

2ep|logen|
m, - / [en(dion /dt)? + Vi(ion(t)) fen] / 5

n|logep| {5Dh:t}

(i n ﬁhﬁ?) dHdt

—ep|logep|
T / [en(din /dt)? + Vi(on(t)) Jen] / 5

2ep|logep| {0p, =t}

2ep|logep|
_ oQ) / [en(din/dt)? + Vi(on(t))/en] dt.

nllogen|

Using the definition of ¢, the properties of the function o), and (2.34), for
t € (en|logen|, 2| logey|) we have

Vilen(®) = @h(t)(1 = @n(t))” + enn

= [1+ ot/ etz — D] Gt/ /e) = 17 + 2

< (1+C€h)2(06h)2—|-€h)\h:O(Ei), (239)
and
don L@y (o e+ S0 e o 1e) — 1)
dt ey dr EWonE e o g e L Eh

- éah@/eh)% (@0 (t/en))2(1 — 6O (/)2 + endn

1 dO’h

+ g e () — ),

from which we get

— ~on(t/)0(e) + —Oen/|og ) (2.40)

dipn
dt

Using (2.39) and (2.40) we obtain

2ep|logen|

11, = O(1) / len(dgn/dt)? + Vi(on(t))/en] dt = o(1).

en|logey|

7



Then, using (2.36) and (2.38) we have

Jim G (wn) = dmbo#t P (2.41)

Step 4. Estimate from above of limsupy,_, Gii),gh (wp,).
We now set

A = {zeq: 104, (x)] < en|logenl},

A; = {2 €Q:gyllogen| < |04, ()| < 2en|logenl}.
Using the definition of Gg we have
(2 _ 2 2 2 Visn)
G5h75h<8h’ wh) = (wh + kh) (1 + K (Vsh)) 5h|Vsh| + T + )\h dx
Al

v
+/ (wi + kh) (1 + Kz(vsh)) <€h|Vsh\2 + @ + )\h) dz.
A2 h
We set
v
/ wpy (14 K*(Vsy)) (5h|Vsh|2 + i—sh) + )\h) dx
Al h

V ~ —~
w,% (1+K2(VSh)) sh\Vsh|2+ﬂ+)\h dIZIh—i-]Ih.
Eh

o,

Using (2.32), (2.34), the equality |Vs;| = }%(5Ah)|, the coarea formula, and
arguing as in the estimate of I, we get for h large enough

2
h

T, < 2(1+05h)2/ Vsl /Tr(on) (1 + K2(Vs))da

A}L\DQ
wﬁo)(llogeh\)
= 2(1+C€h)2/ \/Vh(T)/ (1+/‘€2) dHldT.
o (~[logenl) {sn=T\D?

(2.42)

Then it follows that

_ oV (|log en)
I, < 2(1—|—C£h)2/

®

V Va(T) / (1+ &%) dH'dr
DAR\DY

O (—Jlogenl)

o\ (|log e )

+ O(6h|1og5h|)/ Vi (T)dT,

D (~|logenl)
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from which, arguing as in the estimate of I, we obtain

1
limsup [, < 2/ VV(r)dr lim <1 + /<52>d’H1.
0

h—+00 h=4eo Joa,\Dj

Using (2.28), from the proof of Theorem 6.3 of [12], we have

1 m
limsup I, < 2/ VV(T)dr lim Z(K( N+ L)+ Ky ) + L))
h—~+00 0 h—+o00 1

= 4 Z )+ L(y / \/—dT (2.43)

veC*
Analogously we have that limy, f[vh = 0. We now set
Vv
kh/ (1+/<52(Vsh)) (5h\Vsh]2+@+>\h) dx
Al h

V ~ —_
—|—k’h/ (1+li2(v3h)) (5h|Vsh|2+@+)\h) dlE:Ih+IIh
Ai h

Using (2.42) we get

=N (|logenl)
Ih ZQth/ \ Vh(T)/ (1+I€2) dHldT.
{sn="}

o' (~|logenl)

Since the curves ;t, v~ converge strongly to 4* in W22 for any i = 1,...,m,
using (2.29), (2.30) and taking into account that kj, = o(es|logen|) we find

ko / (1+ k) dH! = o(1) ¥r € (o (| logenl), o (|logenl)).
{sn="7}

Using (2.37) it then follows

lim I, = 0.
h—+o00

Analogously we have that lim, l{[; =0.
Using (2.43) we have

lim sup Ggh ¢, (Sn,wn) < 2bg Z (K(7) + L(7)). (2.44)

h—+o00 o
Step 5. Estimates of limy o0 & [o(Awy)?dx and limp 1o &, [,(Asp)?d.
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Using the definition (2.35) of wy, for any z € D} U D? we have for h large
enough
d? d
Auwy(x) = =50, (@) + — (3, (2))Adp, ()
d*on dipn
= O, ) 4 @) DG, (@), (249)
where k] (z) is the curvature of the level set {x : dp, (x) = t}. Using the
definition of ¢y, for t € (0, 2¢|logen|) we have

d*on &) dpl doy,
5}27, dt2 = dtg (t/5h>0h(t/5h)+2 d: (t/&":h)%(t/&jh)
d*c
+ /ey (tfen) — 1), (2.46)

Using (2.32) we find

dz@(o) LdVh, (o 0 0 0
=5 () = 0 (=) (1 - 24)),

from which, using (2.34), we get

0
I8 /8 1= o 21108) = OC1):
Using (2.32), (2.34), (2.46) and the properties of the function o;, we get

1

|d o1 /At || Lo (0,265 | 1og 21l]) = 5—20(1). (2.47)
h

Using the coarea formula and (2.45), since the level sets {z : dp, (x) =t} are
circles, we get

2ep|logen|
& / (Awy,)?dx = fh/ [dop/dt* + mﬁLdgph/dt]Q H'({z : 6p, (v) = t})dLt.
0 0
Since 1/k}, = O(fBy) for any t € (0, 2e,|logey]), using (2.47) it follows

2ep|logep|
§h/Q(Awh)2dx _ & (1)/0 H'({z : 6p, (x) = t})dt

4
€p

= %O(ﬁh“OgEhD-
€h

Since &, = O(eifrq) with ¢ > 1, it follows

lim {h/(Awh)2dx =0. (2.48)
Q

h—-+oo
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Using the definition (2.35) of sy, for any z € A} U A2 we have for h large
enough

Asi(r) = T2 (50, () + w4 (1) 222 5, (). (2.49)

where k! (z) now denotes the curvature of the level set {z : 04, (z) =t}. We
have

SOy M ORI R IES SONEIIIE

d? ’ d ?
<o f |G| e R o) e

from which, using the coarea formula it follows
2ep|logep| 9
& / (Asp)de < 2, / [P 2] H (L < 64, (x) = £})dt
Q 0
2ep|logen|
+ 28, / [y, /dt]? / K2dH dt.
0 {0a,=t}
Using (2.30) and (2.47) we get

6 [[(@npas <6 (SoGloga + o),

€h
from which, since &, = O(g;™) with ¢ > 1, it follows
lim fh/(Ash)de = 0. (2.50)
h—+o00 Q

Step 6. Estimate from above of limsup,_ o [, (s3 + Cu) |Vuy|*dz.
We set
Kn = UiZi ]\ D

The sequence of compact sets {K,}, converges in the Hausdorff metric to
the set [C'] = [C*]; moreover the number of connected components of K}, is
m for all h and sup,cy H' (K1) < +00. Then, since u € WH2(Q\ [C*]), using
a result by Chambolle and Doveri ([13], Proposition 1 of Appendix), there
exists a sequence {uy}, with u;, € W2(Q\ K,) for any h, such that @, — u
strongly in L?(Q) and V@, — Vu strongly in L?(Q; R?).

Let {pn}n be a sequence of positive numbers converging to zero such that
prn = o(ep) and

{z € Q: dist(x,}) < pp} C A, for any h.
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Let then {g)}n C C*°(R?) be a sequence of functions such that

C
h

with C' positive constant independent of A, and

n(x) = {1 on {z € Q :dist(z,Kp) < pn/2}

| (2.52)
0 on {z € Q:dist(x, ) > pn}

for all h. Then we define uj, = (1 — g;,)uy, for any h so that u; € W12(Q).
Since Ap, Dy, € C°(R2), by construction we have {(up, An, Dp)}n C Y(Q)
and {(un, Ap, Dp)}n converges weakly to (u,C*, P*). Moreover we have
(un, sp,w,) € W(Q) for h large enough and, using (2.33), one can check
that {(up, sp, wp)}n converges weakly to (u, C*, P*).
Since U, — wu in L*(Q2) and meas(A;) — 0, using the definition of the
function g, we have ||up — up||r2 — 0 and

hm /|uh — gl*dx = / lu — g|*d. (2.53)

We take pj, in (2.52) such that p,, = o(e,|logen|): then we have uy(x) = up(x)
if z ¢ A%, with

A) ={x€Q:6a,(x) < —2ep|logen|}.

Since Vuy, — Vu in L*(Q;R?), it follows

limsup/sh|Vuh| dr < lim |Vﬁh|2dx:/ |Vul?de.  (2.54)
Q Q\A) Q\[C~]

h—+o00 h—+-00
Now for any set A C R? and any r > 0 we set
(A), = {z € R? : dist(z, A) < 7}.

Then we have

ch/ Vunde < ch/
Q Q\(Kp)

Since ¢, = O(eh Py with p > 1, using (2.51), by choosing an infinitesimal

|Vuh|2dx S 2Ch/ (|Vﬂh|2 + |ﬂthh|2) dZL'

Pn/2 Q\(]Ch)ph/Q

{pn}n intermediate between e5,|loge,| and ¢, (for instance p, = sifp/ with
0 <p <p), we find

hm {h/ |Vup|*dz = 0. (2.55)



Using (2.54) and (2.55), we get

lim sup/ (sp 4 Cn) [Vup|*dz < / |Vul*dz. (2.56)
h—+oo JQ o\[C¥]

Step 7. Conclusion of the proof of I'-convergence.
Finally, using (2.8), (2.26) and (2.31) we get

meas((Dp)ae, | 1og en|)

1
limsup — [ (1 —wp)?dr < lim =0, (2.57)
h—+4oco Mh JO h—+o0 Hh
and
1 A &€ oge
limsup — [ (1 —s,)%dz < lim meas((An)ae ogenl) =0. (2.58)

h—+oo Hh J h—+o00 Hh,

The upper inequality of I'-convergence then follows collecting (2.41), (2.44),
(2.48), (2.50), (2.53), (2.56), (2.57) and (2.58).

Eventually, the assumptions that C* satisfies the finiteness property,
[C*] C Q, and P* C Q are removed as in Theorem 6.3 of [12].

Step 8. Convergence of minimizers.

Let {(up, sn,wn)}n C Z(§2) be a sequence of minimizers of G.¢, which
exist by theorem 14. Since

GE (U}“ Sh, wh) S Gs,g(uhu Sh wh)

for any h, the equi-coerciveness of functionals G, ¢ follows immediately from
Theorem 5.1 of [12]. Then there exist a subsequence {(un,, S, ,wn, ) }r and
a triplet(u, C, P) € X(§2) such that {(un,,Sn,, wn,)}r converges weakly to
(u,C, P).

Eventually, using the variational properties of I-convergence (see [10] Sec-

tion 1.5) and the equi-coerciveness of G. ¢, it follows that (u, C, P) minimizes
G. O

2.8 Euler equations

In the previous section we have proved the existence of minimizers of M, ¢. In
this section, for the purpose of numerical computations, we derive formally
the Euler equations of the functional M. . We set

M. = M. —I—S/Q(As)de —i—ﬁ/Q(Aw)Qdm
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First we examine M, o and we compute formally the Euler equations for such
a functional, then we add the contribution of the terms involving the squared
Laplacian of s and w.

Let us consider an integral functional of the type

[(vl,...,vm):/Qf(:z:,vl(:c),...,vm(:c),Vvl(x),...,va(:c))dx,

where 2 C R™ is an open set with Lipschitz boundary, v; : £ — R for
1 =1,....m, and f : Q x R" x R"™ — R. Minimizers of functional I,
if they exist, satisfy the necessary condition that the Gateaux derivative of
I vanishes at minimizers. By computing the Gateaux derivative of I, we
suppose that the functions (vy,...,v,,) formally satisfy the Euler equations

af of
Vw](vl, .. avm) = s O(VU)

—div{ }:0 inQ, i=1,...,m,

supplemented with the boundary conditions

of .
— = Q =1,...
<8(Vvi)’yn> 0 ondQ, i=1,...,m,

where v, is the unit outer normal of 9. In our casen =2, m =7, I = M.,
(v1, ...y v7) = (u, 8, w, 01, 05, w1, ws). In the application to image segmentation
the various terms in the energy functional have different weights as follows:

M. o(u, s,w,0,w) = /(s2 + &) |Vul?dx
Q
+ / (w? + k) {5|V$]2 + 252(1 - 5)2} (a + 7(div0)?) do
Q

—|—a1/ [5]Vw|2 + éwQ(l — w)ﬂ (% + ﬁe(divw)2> dx
Q 3

+n/9(|vs|—<e,vs>>da;+m/ﬂ(|w|—<w,vw>)dx

—i—,u/ |u—g|2dx—|—g/(1—S)de+%/(1—w)2dx,
Q He Ja He Ja

where «, 7, aq,m, 1M1, 1 are positive weights. Here we set A\, = 0.
Then we compute formally the Euler equations for an integral functional
of the type

M. o(u, S,w,Q,w):/f(u, s,w,0,w, Vu, Vs, Vw, div 0, divw)dz.
Q
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Equation for u. Since we have

0
o —ouu—g)

of
m = 2(82 + &;)Vu

then the Euler equation and the boundary conditions are
p(u — g) = div((s* + £)Vu) in Q,
(Vu,v,) =0  on 9f.
ou

If ) is a rectangle the boundary conditions require * = 0 on vertical sides
and 8“ = 0 on horizontal sides. Note that the equation is hnear in u.

Equatzon for s. First we compute the terms 9 and

s a(vs) :

2
OF _ og|ul? + 2 (w? + k)(25* — 352+ 9) [0+ 7 (dive)2] —2-(1 —s),
s € fle
of Vs
=2¢ i .
D) (w* + k) [oz—l—r(dw@)]Vs—l—nW | —n0
Then the Euler equation for s is
1
VMo = 2 ||Vul*+ B (w* + ko) [ + 7 (div 0)?] + ﬁ} s
fie
— 2aediv ((w?+k.)Vs)
— 27ediv ((w*+ ke) (divh)*Vs) — ndiv (,g;)
200 2 2 3 2 .
T g(w + ko) [a+ 7 (dive)?)(—25° 4 3s%) +ndivd = 0.

Note that the terms with (—2s® + 3s%) and \V » are the only terms of the
equation which are not linear in s. Since we use the conjugate gradient

method, such terms will be replaced by (—2s3 + 3s2) and where sg

IVs P
denotes the function s at the previous iteration.
The boundary conditions are
2 )2 Vs
(2e (w4 k) (a+7(dive)*)Vs +nﬁ —n6,v,) =0.
s
If Q is a rectangle, on vertical sides we have
0 1 0
2e (w? + ko) (o + 7 (div 6)? )—3+77 i —0,

Vslor 1O
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which is satisfied if % = 0 and 6; = 0. Analogously, for the horizontal sides
we have

1 Os

2e (w? + k.) (o + 7 (div §) )65 o3y

-0 92 = Oa
which is satisfied if g—; =0 and 0, = 0.

Equation for w. This equation is similar to the previous one. We compute
the following derivatives:

OF  _ o(e/vsl+ 28201 — 9o + 7 (dive) w — 2 L(1 — w)
ow € fLe
+ 2%(2@03 —3w2+w)[ﬁ + 8. (divw)?]
a(V’w) —25[E+55(dlvw) ]Vw—i—mm mw
Then the Euler equation for w is
1
VoM.g = 2(e|Vs]* + = s*(1 = 8)}) [+ 7 (div0)?] w
1
+ 2— +2— + (. (divw)*| w
. uL 4 B (v
— 2¢ iAw + Bediv( (divw)ZVw)l — mdiv ( v )
B- [Vl
20&1 1 3 9 .
- —2—[ + B (divw)?] (=2 w® + 3w?) + n divw = 0.

He Be

Note again that the terms with (—2w? + 3w?) and \v are the only terms of
the equation which are not linear in w. Since we use the conjugate gradient
method, such terms will be replace by (—2wj + 3w?) and respectlvely,
where wy denoted the function w at the previous 1terat10n

The boundary conditions are

Vuw
2 - (d —_ = ,Un) = 0.
( 0415[6€ + . (divw)? ]Vw+?71’vw| M W, Vp)
If  is a rectangle, on vertical sides we have
0 1 0
20415[68 + B. (divw)? ] ° +771|Vw\ aw mw; =0,
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fc’?w

which is satisfied if 37 = 0 and w; = 0. Analogously, for the horizontal sides

we have

ow 1 ow

2a15[ + B (divw)? ] +"1\wa By

—nwy =0,
fe

which is satisfied if g—;’ =0 and wy = 0.
Equations for @ = (61,05). Since the Euler equation for ;, 1 = 1,2, is

of  of

Voeo = 55~ 5vg, =0
we have 8f 5
20, = —77691 (0,Vs).
Since 9 5 5 5 5
s S s
8—61<(9,V8> = 0—91 [91% + ega—y] = %,
we obtain of 5
S
= — = 2.
20, ox (2:59)
Analogously, for ¢+ = 2 we obtain
af 0s
= _p= 2.
00, ~ "oy (2.60)

Now we compute

af
o(Vve,)

T(w? + k.)(e|Vs|* + 532(1 — 5)%)

from which we get

0
9(Voh)

(divf)? = 2dive (divf) = 2div (1,0).

0
9(VoL)

Then we have

div <8(8Vf01)> = %[27’(11}2 + k) (e|Vs|? + 252(1 — 5)?)dive)]. (2.61)

Analogously, for 6, we have

div (8(@;2)) ;y 27 (w? + k.) (e|Vs]* + 332(1 —s)?)divd].  (2.62)
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For reasons of numerical stability, before discretizing the Euler equations, it is
convenient to compute explicitly the derivatives appearing in the expressions
(2.61) and (2.62). Hence, denoting R = |Vs|* 4+ 1s?(1 — 5)?, we find

2
g[QT(w2 + ko) Rdivl] = QT%Rdive

Ox
OR 0
2 oL .. 2 T
+ 27(w” + k) e divl + 27(w* + k‘g)Ram (dive)
B , ow 9 oVs, 1 4 9 Os
= 27dive {Qw &UR + (w* + k) (25<Vs, 5 )+ 5(48 — 6s” + 28)83:)]

+ 27(w’ + k)R [8291 ‘9292},

0x? * 0xy

where

OVs (823 9%s )
oxr  0z2 0zdy’

The equation for Ay is computed by using the same method. Hence, using
(2.59) and (2.60), the Euler equations for 6 are

Vo M.y = —n%—QTdivﬁ 2wa—wR+
’ ox ox
0s 0°s  0s O%s 1 0s
2 9e(2 22 e Z(4 3 2 25)——
+ (w ~|—k5)< €(8x8x2+8y—8:c8y>+5( 5% — 65 + 8)833)]
0%, 0%,
— 2 e
27(w* + k)R [8:62 + (%cay} ;
VoMo = —nﬁ — 27divl {Qwa—wR—i-
dy dy
Js 0%s 0s 0%s 1 0s
24 ) (2o(22 90 L 0T L D4 682 4 28) 0
+ (w4 )( g(ax8y8$+8yay2)+e( 5% —6s” + 8)8y>]
0%6, 0?0,
- 92 2 k. =0.
T(w* + k)R {ayam + 3y2} 0

Note that the equations are linear in 6, 6, respectively.
The boundary conditions for §; and 65 are given by

1
21(w* + k) (e|Vs]* + 532(1 —8)H)dive - (1,0),v,) =0,

(2w + k) (| Vs|? + 252(1 — $)divl- (0,1), ) = 0,
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which imply
1
(w® + k.) (| Vs|? + 532(1 —5)%)dive =0 on Of).

This boundary condition is satisfied if divf = 0 on 0€). If Q is a rectangle
and 0; = 0 on vertical sides (see the boundary conditions on s), the condition

divd = 0 requires %i; = 0 on vertical sides. On horizontal sides, if #; = 0,
this boundary condition becomes %91 = 0.

FEquations for w = (w1, ws). The computations are similar to the previous
ones, so that the equations are

VoM. = —771g—w — 2a1ﬂg [ |Vw|*divw] —
_2041553[211}2(1 — w)?div] = 0,
VM:p = —7712—7; — 2a1ﬁ€ [ |Vw|*divw] —

a 1 2 .
—2alﬁga—y[gw (1 —w)*divw] = 0.

Computing the derivatives we find

0
Vo My = —n1a—w—2alﬁadlvw

[2 <8w Pw  Ow Pw 1 8w]

c %w+8_yax8y)+e(4w — 6w’ +2w)8x

82601 82w2
—2 A _— = s

Oélﬁ Rl |:(9$2 + 83:8@;} 0
ow

VWQME,O = —nl——QalﬂEdlvw
dy

[2 <8w Pw  Owd*w 1 8w]

- - Z(4w® — 6w? + 2uw) ==
c 0x8y8x+0y @y2)+5( W= B w)ay

32w1 82&)2
—2010:Ry | —— =0,
it {33/096 " 3y2}
where Ry = ¢|Vw]? + 2w?(1 — w)?. The boundary conditions are
1
{(e|Vw|* + gw2(1 —w)Hdivw - (1,0),v,) = 0,
1
{(e|Vw|* + gw2(1 —w)Hdivw - (0,1),,) =0,
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which imply
1
(e|Vuwl* + ~w?(1 — w)?)divw = 0.
€

This boundary condition is satisfied if divw = 0 on 9. If € is a rectangle
the condition divw = 0 requires % = 0 on vertical sides and % =0 on
horizontal sides (see the boundary conditions on w).

Note again that the equations are linear in w; and ws respectively.

The nonlinear system of Euler equations will be solved numerically by
means of an iterative method, and by replacing in the nonlinear terms the
functions s and w with sq and wy computed at the previous iteration. Then
all the equations become linear and the conjugate gradient method will be
used for each equation.

Further observations are required. Recalling the definition of # and w,
the constraints |#| < 1 and |w| < 1 will be imposed by means of projection
after each iteration. Moreover, since the terms diV(\gg) and div(%) are
not defined in regions where either |Vs| = 0 or |Vw| = 0, such terms will be
replaced with

. Vs . Vw
div| — |, div| —— ],
\/|V8|2+€1 \/|VU}|2+81
where 1 > 0 is a small positive constant. In the next section we give further
details on the numerical implementation.

Eventually, the terms involving the squared Laplacian of s and w yield
the following contribution to the FEuler equations:

VeM.e =V M. g+ 26A%, VM. =V, M. o+ 26A%0,

where A? is the bilaplacian operator. A numerical experiment, executed
using a small value of &, has exhibited the same result obtained with the
algorithm discussed in the next section, where we set £ = 0. Hence we do
not discuss these terms further.

2.9 A numerical method

In this section we discretize the Euler equations of the functional, and we
discuss some numerical experiments. As it was discussed in the previous sec-
tion, we use an iterative scheme such that at each iteration we have to solve
linear equations. Then we use the conjugate gradient method to solve such
linear equations. The numerical method has the following structure:
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Initialization of variables

for i=1:P

solve V,, M, o = 0 with respect to u by conjugate gradient method

solve V M, o = 0 with respect to s by conjugate gradient method

solve VyM, o = 0 with respect to 6 by conjugate gradient method

solve V,, M. o = 0 with respect to w by conjugate gradient method

solve V, M, o = 0 with respect to w by conjugate gradient method

end
where P is the number of cycles. Furthermore, in each cycle we impose the
constraint |#| = 1. The starting point of the conjugate gradient method at
the first cycle is given by the initialization of variables. In subsequent cycles
it is given by the values computed in the previous cycle.

Moreover, we choose the weights recalling that:

i)

i)

iii)

iv)

v)

1t is the weight of the term

/ ’U—g‘2d£€,
Q

that imposes u to approximate g.

n, n are the weights of the terms

/Q(\Vs| —(0,Vs))dz, /Q(|Vw| — (w, Vw)) dz

Vs Vw :
Vsl TVl respectively.

respectively, that impose 6, w to approximate
« is the weight of the length integral

(w2 + k) | Vsl + S52(1 — )2
[ +r arosf - 2o

and of L Jo(1 — s)?dz that imposes s is close to one out from the
He

edge of u.

7 is the weight of the length integral multiplied by the curvature term
of s

1
/(w2 + k.) l6|Vs|2 + =5%(1 — 5)?| (dive)?)dzx
Q 15
the behavior of oy is similar to o and 7.
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2.9.1 The conditions on 9f)

We give the discrete form of the boundary conditions derived in the previous
section. In the sequel the open set €2 will be a square. Therefore, we fix a
grid N x N with N integer. Since u,s,w : Q@ — R and §,w : Q — R?, the
variables are matrices with dimension N x N for u, s, w and 2N x N for 0, w.

In order to express the boundary conditions by means of finite differences
we augment the number of rows and columns of the matrices. Then u be-
comes a (N +2) X (N +2) matrix, s and w become (N +4) x (N +4) matrices.
The variables # and w become matrices (2N +4) x (N + 2).

Taking into account the observations of previous section in the case €2 is
a rectangle:

e we ask that g—: = 0 on vertical sides and ‘g—;‘ = 0 on horizontal sides,
therefore using forward finite differences, we obtain

w(0,7) = u(1,j) w(N+1,5) = u(N,j)
u(i,0) = u(i, 1) w(i, N+1)=wu(i,N) Vi,j=1,..,N;

e we ask that % = 0 on vertical sides and g—; = 0 on horizontal sides,
therefore when we use forward finite differences, we obtain

5(0,7) = s(L,j) s(N +1,j) = s(N,j)
s(4,0) = s(i,1) s(i, N+1)=s(;,N) Vi,j=1,...,N,
while when we use central finite differences, we obtain
5(0,5) = s(2,7) s(N+1,j) =s(N —1,7)
s(1,0) = s(4,2) s(i, N+1)=s(i,N—1) Vi,j=1,..,N

s(=1,j) =s(1,7) s(N+2,j)=s(N,j) s(i,—1)=s(i1)
s(i, N+2)=s(i,N) Vi,j=1,...N;

e we ask that ; = 6, = 0 on 02, then we have simply
0(1,5) =6(N,j) =0(i,1) =0(i,N) =0
0(1,j+N)=0(N,j+N)=0(i,N+1)=0(i,2N) =0

Vi, j=1,..,N;
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e we ask that g—g = 0 on vertical sides and g—w = 0 on horizontal sides,
therefore when we use forward finite differences, we obtain

w(0,7) = w(l,j) wN+1,j) =w(N,j)
w(i,0) =w(i,1) w(E, N+1)=w(,N) Vi,j=1,...,N,

while when we use central finite differences, we obtain
w(0,7) = w(2,5) wN+1,j) =wN —1,j)
w(i,0) =w(,2) w(i,N+1)=w(,N—-1) Vi,j=1,..,N
w(=1,7)=w(l,7) w(N+2,j)=w(N,j) wi—-1)=w(,l)

w(i, N +2)=w(i,N) Vi,j=1,..,N;

e we ask that w; = ws = 0 on 02, then we have simply

w(l,j) =w(N,j) =w(i,1) =w(, N)=0

w(l,j+ N)=w(N,j+N)=w(i,N+1) =w(i,2N) =0

Vi,j=1,...,N.

2.9.2 Discretization of the equations

Now we discretize the Euler equations. For terms of the form div(A(z, )V F (i, 5)),
forward finite differences are used for the gradient VF (i, j), while backward
finite differences are used for div(-). Denoting C' = AV F', we have

OW@=A@ﬁ””“2_F@Q

C*(i.j) = G j) BT
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where p is the mesh size. Then we get

p p
F(i+1,5) = F(i,Jj)
p2

F(Z7j) _F(Z_ 1a])

—A(i —1,7) e +

F(%] + 1) — F<Z7j)
p2
—A(Z,j _ 1>F(Z7j) _p};(iaj _ 1) _
_ %[A(z’,j)F(i L L) AG G 1)+
FAG—1,))F(i—1,5) + Ai,j — )F(i,j — 1) —
_(ZA(iaj) + A(Z - 1aj) + A(Zaj - 1))F(27])]

div(A(i,j)VF(i, 7)) =

= A(i,J)

+A(i, j)

Now we compute the discrete Euler equations.
Equation for u. The equation is

plu — g) = div ((s* + &)Vu)  in Q.

Setting f = u and A(1,7) = s(4,5)* + &, the discretized equation is

[s(d,7)%u(i +1,7) + s(i — 1,5)%u(i — 1,5)+
S(iaj - 1)27“6(27] - 1) + S(Z,])ZU(Z,j + 1)]_
_[(QS(ivj)Q + S(iaj - 1)2 + S(Z - 17.])2) +p2lu’] = —MPQQ(Z',]') :

Equation for s. The equation is

2 | |Vul? + é (w? + k) [a + 7 (div )] + 3} s
-
— 2aediv ((w?+k.)Vs)

— 27ediv ((w*+k.) (divh)*Vs) — ndiv (%)

= 2_a 2 2 : 21(_9 o3 2y s

= +€(w + ko) [a+ 7 (dive)*](—2s° + 3s%) —ndiv.
e
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We denote by
V(. j) = S((u(i+1,4) - (i, ) + (u(i, j + 1) — u(i, §))?)
Vi, j=2,.N—1,
with V(7,5) =0ifi=1,Nor j=1,N,

the discretization by forward finite differences of |Vu|?>. The discretization
of div @ is

K(i,j) = %(9(@ F1,4) =00, ) + 00, + 1+ N) — 00, j + N))

Vi, j=2,..N —1,
with K(i,j) =0ifi=1,Norj=1N.
We remind that, in the iterative method, the function s is replaced in

the nonlinear terms with the function sy computed in the previous cycle.
L . 1 . . .
Moreover, the term o is replaced by T and the discretization of

such a term is given by
1

Blirj) = e — =
o+ = (oli +1,9) = soli. )+ (5ol + 1) = 50, 1))

Vi,j=2,..N — 1, with B(i,j) = \% ifi=1,Norj=1N.
We apply the discretization method for terms of type div(AV F') to cases:
() F=s, A=w(i,j)* + ke
(i) F=s, A= (w(i,j)* + k) K (3, 7)* ;
(iii) F = s, A, j) = B, j).
Moreover, we define the coefficients
E(i,7) = w(i, j)* + ke,
D(i,j) = E(i,j)K (i),
n

1

Using forward finite differences for the other terms, we obtain the discretized
equation

(H(i,j)s(i+1,7)+ H(i—1,7)s(i — 1,7) + H(i,7)s(i,j + 1)+
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o o 1. o o) T .. 4o
H(Z,j—1)$(Z,]—1))—{EV(Z,])+§E(Z,])+ +€_2D(Za])+_+

. p?

]%(21)(@',]') +D(i—1,§)+D(i,j — 1)) + ——(2B(i,j) + B(i — 1, )+

n
2ep?

B(laj - 1))}5(27]) - iK(%]) + 8%(250(1'“7')3 - 350(Z7])2>(QE<27J)+

2¢e
«Q

He€

TD(i,5)) —

Equations for 6. We set

1
= ¢| Vs> + =s%(1 — 5)?,

0s 0%s 0Os O%s 1 0s ow

T = (w? Qe—— 4= = (w? 453 —65%4+2 2Rw—
(w*+k.)| €8x8x2+8y3x8y>+8(w +k.)(4s> — 65"+ s)a$+ Rw am]

Os 0%s 0sd?s. 1 0s ow

T*: 2 2 s e - 2 4 3_ 2 2 2 -
(W 4ke)] €8x8y8x+8y8y2)+5(w +k.)(4s°—65"+ 8)8y+ Rw ay]

The Euler equations may be written as

(Rf’ o +T7% 4 Rgxg; + T892) = —nl,

%0 * 00 920 * 002\ __ Os
1Ryt + T3 + R 2 + T752) = =5 -
To discretize the equations we use the following finite differences:

o replace 5% with (0(i + 1,5) +0(i — 1,5) — 26(i, j)) =

e replace 2% with (6(i + 1, ) — 0(i — 1"7')))2%)

e replace ggz with [0(i+ 1,7 +1+N)—0(i+1,j—1+N)—0(i— 1,5+
1+N)+9(z—1,]—1+N))]$

o replace 22 with (0(i,j + 1+ N) — 0(i,j — 1+ N)) %

. replace§91 with [0(i4+1,54+1) =0 —1,j+1)—0(i+1,5—1)+0(i —

Lj—1)lge
e replace %922 with (0(i,7+14+ N)+6(i,j— 1+ N) —29(1}]""]\7))#
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and we use the same finite differences for s and w. Then the discretized

equations are

o 27((5Rd(i, 5) + 5;Td(i, §))0(i + 1, 5) + (5 Rd(i, j) — 5,Td(i, 7))
0(i —1,7) — ZRA(i,5)0(i, j) + 1z Rd(3,5)(0( + 1,5 + 1+ N)—
—0(i+1,j—1+N)—0(i—1,j+1+N)+60(i—1,7—14+N))+

+o,Td(i, ) (03, j+14+N)=0(i, j—1+N))] = =55 (s(i+1, j) —s(i—1, 7))

o 27[5 Rd(i, j)(0(i+1, j+1)=0(i—1, j+1)=0(i+1, j—1)+0(i—1,j 1))+
s Td (1, )(0(i+1,5) = 0(i—1,7)) = HRd(3,7)0(i, j+ N) + (5 Rd(3, j)+

+o,Td" (i, 5))0(i, j+1+N)+ (z Rd(i, j) — 5,Td* (4, 5))0(i, j — 1+ N)] =
— L (slij+1) = s(i.j— 1)),
where
Ri(i, 1) = 5 (s + 1,5) = 56 = 1) + (i, + 1) = s(i = 1))+
(50,0 8003,

T ) = 2wli, 1)+ ko) o5 (50 + 1,5) = s(i = LA + 1.5)+
+s(i—1,j7) — QS(i,j)) + g{{ss(i,j)@s(i,j)2 —3s(i,7) + 1)(S(i +1,5)—
—s(i = 1))+ Ridu(i,)(wli + 1.4) = w(i = 1.5))

T (5,3) = 2wl 1)+ ko) ez (56 +1,5) = 566 = L) (sli + 17 + 1)

=i = 1+ 1) = s(i L = 1)+ 50 = 1 = 1))+ 5 (i) 2500, )~
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are the discretizations of the functions R, T, T™.

Equation for w. The equation is

€
O(]_ 1 2
+ 2—1w+2——+ﬂ6 divw)*| w
422 [ (dive)
1 Vw
- 2e |>A _div( (divw)*Vw) | — mdiv | =—
5 5 w ~+ f.div( (divw) w)} m 1V(|Vw|)
2 1
— f+¢§¢+@mmﬁwaw+wﬂ—wmw

We denote the discretization of divw by
1

Vi,j=2 .N—1,
with K1(¢,j) =0 if i=1,Norj=1N.

In the iterative method, the function w is replaced in the nonlinear terms

with the function wg computed in the previous cycle. Moreover, the term

% is replaced by \/ﬁ, and the discretization of such a term is given

by
1
Vo e ((woli o+ 1,9) = woli §))? + (woli j +1) = wo(i,5))?)

BI<Z7.7) =

WJ:ZWN—LWMMMQﬁ:éTﬁi:Lij:LN“

We apply the discretization method for terms of type div(AV F') to cases:
() F=w, AG,j)= 1
(ii) F=w, A(i,j) = B-K1(5,§)* ;
(iii) F = w, Ali,j) = B(i, ).
Moreover, we define the coefficients

Di(i,7) = Ki(i, §)?,

G0, §) = Rd(i, ) (e +7(K (i 1)) + é% + (K1 (i, ))) + 2;:1 ,
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1 (28a1
P> B

where Iy denotes the identity matrix. Hence the discretized equation is

H,

In +2016.Dy +mBy),

(Hy(i,))w(i+1,7) + Hi (i — 1, 5)w(i — 1,5) + Hi(4, j)w(i, j+ 1)+

o L. ey L 2eq1 B, o
FH(0, = Duli, - 1)~ (oot +260.) + p;ﬁ (2D (i, )+
+Dy(i = 1,§) + Di(i,j — 1)) + =2 (2By(i, j) + By (i — 1, 5)+

2ep?

= mK(i,j) + §<2wo<z',j>3 - 3wo<z‘,j>2><% + a1 f:Da(3, 7)) — 25 -

Equations for w. By using the same discretization method applied to the
equations for 6, we define the following functions:

1
R, = ¢|Vuw|* + ng(l —w)?,

ow *w  Ow O*w 1 ow

T =2 (——— 4+ —— — )+ —(4w® — 6w? + 2w)—
! E<8w Ox? * dy axﬁy) + 5( w” = 6w’ + 2u) ox’

ow Pw  owdw, 1 ow

T = 2e(— —(4w? — 6w? 4 2w)—.
! 8(8x8y8$+8y 8y2)+5(w Wt w)ﬁy

Then the Euler equations may be written as

d%w Ow 2w ow _ ow
201 0:(Rn Gd- + VG + Rugogt + Th %) = —m Gy,

52 o) 9?2 o) _ 0
200 0. (R St + T %2 + Ry 9 + Tr ) = —p, 22,

To discretize the equations we use the same finite differences chosen for
the equations for #. Hence the discretized equations are

o 201 (:[(p R (i, j) + 5, T (4, ) )w(i+1,§) + (5 R (i, j) — 5, T (4, 7))
—w(@+1,j-1+N)-w(i@—-1,j+1+N)+w(i@E—1,j -1+ N))+
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= =3 (w(i+1,5) —w(i - 1,5)),

o 200 3.[ 5 Rdi (i, j)(w(i+ 1,5 +1) —w(i—1,j+ 1) —w(i+1,j — 1)+
+w(i— 1,7 = 1) + 5 Td; (6, ) (w(i + 1,7) —w(i — 1, 7)) — ZRdi(i, 5)-
w(i, j + N) + (R (i, 5) + 5, Td; (i, §))w(i, j + 14+ N)+
+(pRdi(i, j) — 5, Tdi (i, j))w(i, j — 1+ N)] =

= —Z(w(i,j+1) —w(i,j— 1)),

where

Rdy(i,j) = 4ipz((w(i +1,7) —w(i—1,5)* + (w(i,j + 1) —w(i,j — 1)*)+

P2 (wlis (1~ 0 )

Td(i, j) 2[52—;3(10(@' 1) = wli— 1, ) (w(i + 1, ) +wli— 1, )—

Td*(i,j) = 2[58—;3(w(¢+ 1,7) —w(i— 1, /) w(i + 1,5 +1) —w(i—1,j+1)—

w1 — 1)+ wli— 1,5 — 1)) + iwa,mzw(i,j)? — 3w(i,§) + 1)

(w(i, g +1) —w(i,j —1))],
are the discretizations of the functions Ry, 77,17, respectively.

We consider the unknowns s, w, u and 6, w as column matrices N2 x 1 and
2N? x 1, respectively. Then the discretized equations yield linear systems
Axr = b, with A square matrix of dimensions N? x N? and 2N? x 2N2,
respectively. Then we solve the linear systems by using the conjugate gradient
method. We use the Matlab 7 function bicg, which implements the conjugate
gradient method for square, not symmetric matrices A.

To conclude this subsection we discuss the choice of initial values of the
iterative method. We compute u, s as solutions of the system of Euler equa-
tions by imposing w, 8, w fixed and equal to w(i,7) = 1, 6(i,j) = 0(i, j+ N) =
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0, w(i,j) = w(i,j + N) =0Vi,j = 1,...,N. For u and s we consider the
following initial values: u(7,j) = ¢(¢,j) and s(i,j) = 1Vi,j =1,...,N. Then
we use the conjugate gradient method, for several cycles, for the equations
of u and s with the other variables kept constant.

The functions u and s computed in such a way are used as initial values
for the solution of the system of equations in the next step, and to compute
the initial values of the other variables according to the following scheme:

e if Grads is the gradient of s, i.e.,

Grads=sparse(2*N? 1);
r=1;
for i=1:N2-1

1=i/N;

if I==r
Grads(i+N?)=(s(i+N)-s(i))/p;
r=r+1;

elseif i>N2-N
Grads(i)=(s(i+1)-s(i))/p;

else

Grads(i)=(s(i+1)-s(i))/p;
Grads(i+N?)=(s(i+N)-s(i)) /p;

end
end
and H is the modulus of Vs, then 6 has the initial value given by

InvsO=sparse(N,N);
for i=1:N

for j=1:N
Invs0(i,j)=1/sqrt(el+H(i,j));

end

end
teta=sparse(2*¥*N?,1);
for i=1:N?

if H(i)<thresholdy
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teta(i)=0;

teta(i+N?)=0;

else

teta(i)=Grads(i)*Invs0(i);
teta(i+N?)=Grads(i+N?)*Invs0(i);

end
end

w has the initial value given by

Dct=sparse(N,2*N);
for i=1:N?
Dct(i)=Invs0(i)*Grads(i);

Det(i+N?)=Invs0(i)*Grads(i+N?);
end Dctr=divergenza(Dct,N);
for i=1:N?

Dctr(i)=Dctr(i)?;

end
w=sparse(ones(N?1));
for i=1:N?

if Dctr(i)>threshold,,
w(i)=s(i);

end

end

if Gradw is the gradient of w, defined in the same way as Grads, and
H1 is the modulus of Vw, then w has the initial value given by

InvwO=sparse(N,N);
for i=1:N

for j=1:N
InvwO(i,j)=1/sqrt(el+H1(i,j));

end
end
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omega=sparse(2*N?1);
for i=1:N?

if H1(i)<threshold,,

omega(i)=0;

omega(i+N?)=0;

else

omega(i)=Gradw(i)*Invw0(i);
omega(i+N?)=Gradw(i+N?)*Invw0(i);

end
end

In the above algorithm we use the parameters threshold,,thresholdy,
and threshold, to control some variables. The parameters thresholdy and
threshold,, are used in regions where |Vs| and |Vw| are close to zero, i.e.,
where s and w are nearly constant. In such regions the direction of the vec-
tors Vs and Vw are not controlled by the functional so that they may have
large changes. Therefore the vector fields # and w are not close to (0,0) in
these regions as they should be. Then we impose that the vector fields 6 and
w are equal to (0,0) by using thresholds on |Vs| and |Vw].

The parameter threshold,, is used to detect corner points of the level sets
of the function s. At such points the curvature div(Vs/|Vs|)? is large, so that
they can be detected by using a threshold on curvature. Hence we impose
w = s at such points, where s is close to zero, and w = 1 at other points.

The conjugate gradient method uses the above initialization of variables
as initial data in the first cycle. In subsequent cycles the values computed in
the previous cycle are used as initial data.

2.10 Numerical experiments

The numerical method has been experimented on three images 256 x 256,
with the CPU AMD Athlon XP 2400 and 1 GByte of RAM. The first image
contains a rectangle and a triangle, the second contains a grayscale within a
rectangle, while the third one is a real image showing a cherry.. A grey level
representation is used for the functions s and w: white corresponds to the
value 1 and black corresponds to the value zero. The corner points of the
two geometric shapes are detected by the function w.
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Figure 2.1: the function g, N = 256.

The first image. Figure 2.10 shows the datum g. Figure 2.10 shows the
functions u, s and w computed by the program.

In this case the following values of the parameters have been used: a =
107! for initialization and o = 1072 in subsequent cycles; 7 = 1072, ¢ =
1072, and the other parameters are p = 10°, oy = 10, 5. = 1073, p. =
£-1072, threshold,, = 103, threshold,, = 10, thresholdy = 100. The number
of cycles is 3 and they are executed in about eight hours.

Figure 2.10 shows the value of the computed energy density of the func-
tional M. at each point of the square €.

Note that the algorithm detects the corner points along the boundaries,
since at such points the value of the energy density exhibits peaks.

Now, in order to control the accuracy of the solutions obtained, we com-
pute the (normalized) residue. In fact, once we have computed a solution x
of a linear system Az = b using an iterative method, we can compute the
normalized residue r = norm(b — Az) (n = norm(b — Ax)/norm(b)) with
respect to a fixed norm. The Table 2.1 lists the values of normalized residues
of linear systems of u, s, 6, w, w after the last iteration in the norms:

M
[zl = Z |il,
i=1

104



50 50
100 100
150 150
200 200
250 250
50 100 150 200 250 50 100 150 200 250

50

100

150

200

250

50 100 150 200 250

Figure 2.2: the computed functions u, s, w with N = 256.

Figure 2.3: the energy density, N = 256.
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M 3
lell2 = [z] = (fo) :
i=1

I#lling = maxz,

Vo € RM, where M = N for u, s, w and M = 2N for 6, w. We denote such
residues, respectively, by ri, ra, Ty f.

variable r; Iy Tinf
U 1.1110e-07 | 3.1756e-07 | 6.2583e-06
S 2.8902e-05 | 9.8419e-06 | 2.2215e-06
0 0.0881 0.0751 0.2354
w 2.3700e-06 | 5.5032e-06 | 1.8558e-04
w 0.0596 0.0477 0.1116

Table 2.1: the residue values.

The second image. The following values of the parameters have been
used: o = 0.5, 7 = 0.4 for initialization and o = 1.4- 1072, 7 = 1.2 - 1072
in subsequent cycles;e = 1.01-1072, u = 2-10°, oy = 2, 3. = 1073, p. =
e - 1072, threshold, = 5 - 102, threshold, = 20, thresholdy = 400. The
number of cycles is 3 and they are executed in about eight hours.

Figure 2.4 shows the datum g and Figure 2.5 shows the functions u, s, w
computed by the program. Note that s is white within the rectangle, being
the grayscale without jumps.

Figure 2.6 shows the value of the computed energy density of the func-
tional M, o at each point of the square 2. We see that the algorithm detects
the corner points of the rectangle, since at such points the value of the energy
density exhibits peaks.

variable r; Iry Tinf
U 4.3826e-07 | 5.0744e-06 | 2.2767e-04
S 5.1184e-05 | 9.9203e-06 | 4.3015e-06
0 0.0412 0.0353 0.1160
w 4.7578e-07 | 2.5174e-06 | 1.3896e-04
w 0.0519 0.0453 0.1

Table 2.2: the residue values.

Finally, Table 2.2 list the values of normalized residues of linear systems
for u, s, 0, w, w after the last iteration in the norms chosen above.
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Figure 2.5: the computed functions u, s, w.

Figure 2.4: the function g.
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Figure 2.6: the energy density.

The third image. The following values of the parameters have been
used: a = 2-1072, 7 = 1072 for initialization and o = 4-1073, 7 =2-1073
in subsequent cycles; € = 1.01-1073, 4 =2-10°, a; = 107}, B. = 1073, p. =
e - 1072, threshold,, = 6.2 - 10°, threshold,, = 80, thresholds = 400. The
number of cycles is 3 and they are executed in about nine hours.

Figure 2.7 shows the datum g and Figure 2.8 shows the functions u, s, w
computed by the program.

Figure 2.9 shows the value of the computed energy density of the func-
tional M, o at each point of the square 2. We see that the algorithm detects
the corner points of the cherry, since at such points the value of the en-
ergy density exhibits peaks, however two peaks appear along the curvilinear
boundary. In order to improve this experiment further work is required.

The table 2.3 list the values of normalized residues of linear systems
for u, s, 0, w, w after the last iteration in the same norms chosen for other
experiments.
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Figure 2.7: the function g.
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Figure 2.8: the computed functions u, s, w.
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Figure 2.9: the energy density.

variable ry ry Ting
U 1.8329e-06 | 7.6153e-06 | 2.9550e-04
S 2.0505e-05 | 9.1350e-06 | 5.1213e-06
0 0.0955 0.0958 0.0995
w 2.1964e-06 | 4.5558e-06 | 1.4199¢-04
w 0.0761 0.0819 0.1305
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Table 2.3: the residue values.
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