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Introduction

In this thesis we study the evolution of some hypersurfaces by certain geometric flows. The
speed of these flows has direction normal to the surface at every point and its modulus depends
on the principal curvatures of the surface.

We consider a smooth orientable n—dimensional manifold M immersed in R**t!. Let Fy :
M — R"*! be the initial surface and F : M x [0,T) — R"*! the one parameter family defined
by

G ()= ~SW)v(F(p.1)

F(p,0)= Fo(p)
where v is the outer normal vector of M; = F (-,t) at point p, W is the Weingarten operator
and the speed § is a symmetric function of the principal curvatures.

In the first chapter we recall some general properties of this class of flows, such as the short
time existence and regularity of solutions. Then we compute the evolution equations for the
most important geometric quantities of the surfaces M; generalizing formulas given in [1], and
derive the evolution equations for any homogeneous function of principal curvatures.

The aim of the second chapter is to prove some convexity estimates for closed, mean convex

H

surfaces evolving with a speed given by S = Tog 7T where H is the sum of the mean curvature

2n(n—1)

H and a constant Hy = e . We are able to prove that for all > 0 there exists ¢, such

that the scalar curvature R satisfies the estimate
~R<2nH? 4 ¢,

as long as the flow exists. This estimate implies that if the evolving surfaces are rescaled near
a singularity, any limit of the rescalings has nonnegative scalar curvature. Analogous estimates
have been obtained in the literature for mean curvature flow and Ricci flow and are important
to define a surgery procedure. Here we consider a speed which is a nonhomogeneous function
of the mean curvature and has a nice behavior for what concerns these properties. In fact,
although our proof follows partly the method of [16] for mean curvature flow, it uses only the

maximum principle without using the integral estimates and the Sobolev inequality.



The third chapter is dedicated to the study of a closed, convex initial manifold moving by
powers of scalar curvature: S = RP, with p > 1/2. For this choice of powers the speed is
a homogeneous function of the principal curvatures of degree strictly greater than one. We
show that if the initial surface satisfies a pinching estimate of the form % > c(n,p), then the
surface remains convex during the flow and shrinks to a point in finite time. Moreover, using
a standard rescaling argument, we show that the shape of the evolving surfaces approaches
the one of a sphere. Results of this kind are well known for flows whose speed is given by
homogeneous functions of degree one of principal curvatures: S = H (see [13]), S = VR
(see [8]) and S = VK, K being the Gauss curvature (see [7]), and the generalization to any
monotone function of degree one ([1] and [4]). Higher degree functions have been used as speed
in dimension two ([2] and [21]) and for n > 2 the flow with S = H* has been studied in [22] and
[23]. In our case, S = RP, the study of the regularity of solutions and of the convergence of the
rescalings requires some specific results for fully nonlinear equations ([3]) and for degenerate
parabolic equations ([9]) because the homogeneity degree is strictly greater than one. On the
other hand the higher homogeneity degree allows to prove the convergence to a round point
using only the maximum principle and avoiding again the integral estimates. Finally we also
construct an example of a non convex surface forming a neckpinch singularity.

In the last chapter we consider the case where the initial surface is an entire graph over R™
instead of a compact surface. After giving a proof of the maximum principle for graphs, we
show that an evolving graph remains a graph generalizing the result in [10] for mean curvature
flow to a wider class of geometric flows. In particular, if the speed of the flow is S = RP with
p > 1/2, we prove a long time existence result under the assumption that the initial surface
has at most linear growth at infinity and satisfies the pinching condition % > ¢ (n,p) where
¢ (n,p) is the same used in the compact case. Such an assumption is somehow restrictive in the
case of an entire graph, but it is satisfied by certain convex functions with linear growth such as
ug (x) =4/1+ |x\2. We also give some explicit examples of rotationally symmetric translating

solutions for this flow.

I wish to thank my supervisor Prof. Carlo Sinestrari for his careful guide and his precious

advice.



Chapter 1

General setting

In this chapter we introduce the notation and the definitions of the geometric quantities asso-
ciated to immersed surfaces, and we describe the class of flows which will be considered in this
thesis. We recall some basic results and derive evolution equations which hold for any flow of
this class.

More precisely, we state the short time existence and the regularity theorems for the solutions
of the fully non linear parabolic equations that describe the general initial value problem.
Furthermore, we compute the evolution equations for the most important geometric quantities,
expressing them in a compact notation as the one used in [1]. Then we find the evolution
equation for a general homogeneous function of the principal curvatures. This formula is useful,
for instance, to find a monotone function for a given flow. In particular, it will be applied to
the symmetric polynomials of principal curvatures, and their quotients.

At the end of the chapter we recall the maximum principle for parabolic equations on

compact surfaces because it will be applied often in the following.

1.1 Preliminaries

Let M be an n—dimensional smooth, orientable manifold without boundary and F : A/ — R» 1

a smooth immersion in Euclidean space.



We denote by g the metric on F(M) induced by the standard scalar product (-,-) of R"+1

g:TF (M) xTF (M) — R.

Given local coordinates
p: R* — M

(T1y ey @) — @ (21, ey Tp)

we denote p =y (x), and write

55 0) = (G ). g (9))-

The inverse matrix of g is denoted by ¢* and its elements g% = {gij}fl are also used to arise
the indices in the Einstein summation convention.
Since F (M) is orientable, there exists an outer normal vector field v on M and we consider

the second fundamental form
17 (p) : TpF (M) x ToF (M) — R

whose elements are

)= (5o 052 0)) =~ (2 ) v ) (1)

The Weingarten map )y : T, F (M) — T, F (M) is characterized by the relation
77 (u,w) =g (W (u),w) Yu,w e TpF (M)

and its elements are hg = hikgkj where we used the Einstein summation convention.
In what follows the eigenvalues of the Weingarten map will be referred as principal curvatures

and denoted as (A1, ..., \p) with A; < ... <A\,

Notation 1.1 Given a symmetric function of principal curvatures s (A1, ..., \n), the correspond-



ing function depending on the elements of the Weingarten map will be denoted by
SW)=5(A,.., \n).

The most important symmetric functions of principal curvatures are the elementary sym-

metric polynomials: for all k =1,...,n

Sk = Z )‘21)‘%

1<ir<...<ip<n

is the k—th symmetric polynomial, while sy = 1 by definition. In particular from now on we

use the following notation for the mean curvature
H=s5=Tr(W),
the squared norm of the second fundamental form
Al = Tr (WWT)

and the scalar curvature

R=2sy = H> — |A%.

If the surface F (M) can be considered, at least locally, as a graph

F(p) = (z1, .., Tn,u(x1, ..., xy)) = (X, u (X))

then we have

gij (P) = 65 + Diu (x) Dju (x)

and
_ Dju(x) Dju(x)
1+ [Du(x))*

97 (p) = 6



Moreover if the outer normal vector points below

Du(x),—1
v (p) =201 (1.2
1+ |Du (x)]
and the elements of the second fundamental form and the Christoffel symbols satisfy:
D?u(x D% (x) Diu (x
o) = 0 g (p) = DD (1.3
1+ |Du (x)]? 1+ |Du (x)]

1.2 Geometric flows

Let us consider Fy : M — R™*! a smooth immersion of an orientable hypersurface as described
before, with n > 2. Let
F:Mx[0,T)— R"!

be the one parameter family of immersions defined by the following initial value problem:

P (pt)= ~SW)v (F(p,t))
F(p,0) = Fo(p).

(1.4)

Notation 1.2 For all t € [0,T) we denote by ¥y = F (-,t) and by M; the images of F¢. In
what follows we will consider on every surface M; the quantities defined in the previous section

without referring explicitly to their dependence on points and time.

We assume that for all y € My the speed S is a smooth function of the Weingarten map W

of T, My corresponding to a symmetric function of principal curvatures

s (AL (F(p,1) ;- An (F (P, 1)) -

The condition required in the following short time existence theorem completes the description

of the class of flows we are going to study.

Theorem 1.3 (Short time existence) If My is a closed hypersurface, then the initial value

problem (1.4) has a unique smooth solution for a short time interval [0,T) provided that for



any 'y € My the function s associated to S satisfies

0
O\

sAM(Y),A(y) >0 Vi=1,..,n.

Proof. See Theorem 3.1 in [14]. m
To prove the regularity of the solutions to the initial value problem (1.4) we rely on the

following theorem.

Theorem 1.4 Let Q be a domain in R™. Let u € C*(Q x [0,T)) satisfying

ou
— =G (D?u, Du
where G is a C? function. Denoting by G the derivative with respect to D*u, assume that there

exist two constants 6 and A such that 0 < 61 < G < AI hold and assume to have an estimate

on the C? norm of u i. e.

sup (’D2u’ +|Du|) <k <oco  and sup |Oru| < kg < o0.
0x[0,T) Qx[0,T)
If G’quTsMqurs < 0 for all matrices My, such that quMpq = 0, then in any relatively com-

pact set Q' C Q and for 7 € (0,T) we have an estimate for the parabolic C*>® norm of w:

||uch,a(Q,X[TﬁT)) < ks where k3 depends on 0, A, k1, ko, T, dist (', 09) and the bounds on G.

Proof. See Theorem 6 in [3]. Let us only mention that the proof is based on estimates for
fully nonlinear elliptic and parabolic equations obtained by Caffarelli [6] and by Krylov-Safonov
[18]. m

The assumption on the second derivatives of G in the previous theorem clearly holds if G
is concave with respect to the first argument, which is a standard assumption in the theory
of fully nonlinear parabolic equations. However, it is satisfied also if G is a composition of a
concave function with a monotone one. We can apply the theorem to deduce the following
result, which gives a criterion ensuring that the evolving surfaces M; stay smooth as long as

the principal curvatures stay all bounded.



Corollary 1.5 (Long time existence) Let the surfaces My be the images of solutions to the
initial value problem (1.4) for all t € [0,T). Suppose that, when the M;’s are locally written as
the graph of a function u (x,t), the equation (1.4) takes the form

0
5 = G (D*u,Du) = a (D) ¢ [L (D*u, Du)

with a (Du) > 0, ¢ increasing in L and L concave in D*u. If all the principal curvatures of
My are uniformly bounded in [0,T), then all derivatives of the curvatures are also uniformly

bounded and M, converges to a smooth surface Mrp. As a consequence the flow (1.4) exists as

long as the principal curvatures are all bounded.

Proof. Let us take any point (pog,tg) € M x [0,7) and consider the evolving surfaces
M N ((B2e (Po) N TpeMy,) X R - v (po,to))
as the graph of a function u (x,t) with x €Q = By, (po) N Tp, My, and t € [tg — €,t0 + €]:
F;(p,t) = (1, ..o, Tpyu (T1, ooy Ty, ) .

Note that, since the principal curvatures of M; are uniformly bounded, we can choose a uniform
e > 0 such that the above can be done for all pg € M and tg € [e,T — ¢) and such that the
C? norm of u is bounded by the same constant for the graph representation around any point.
Here we use also the correspondence between the second fundamental form h;; of M; and the
Hessian D?ju of u shown in the previous section.

Once written G (DQU,DU) in the required form we want to deduce the C%® estimate for

the norm of u by the previous theorem. Note that quMpq = a(Du) gb'quMpq and
GPIS My M, = a (Du) |¢" LP? 4 ¢/ LPY™ | My, M,

where a (Du) is independent of D?u and positive. For all matrices M, such that P My =0
we have either LPAM,, = 0 or ¢/ = 0. Since ¢ is increasing ¢’ = 0 implies ¢” = 0 and the

concavity of L, f/pq’”Mqurs < 0, for all matrices M,, is equivalent to GP"s Mp,M,s <0 for



all matrices Mp, such that quMpq =0.
Finally the regularity of u can be proved by a standard iterative argument using parabolic
Schauder estimates. m

Note that if Fy (p,t) = (x,u(x,t)), then %F :%enﬂ, hence by formula (1.2) we have

<8F’y> :% <en+1’y>:7% 1
t L1+ [Du(x)?

and

o = V1 D000 (R = SOV 1+ IDulof (15)

Remark 1.6 We can apply Corollary 1.5 with ¢ (Du) =1/1+ |Du (x)|2 provided, after writ-
ing W in terms of Du,D*u using formulas (1.3), we have S W) =0¢ [L (D2u, Du)] for some
functions ¢ and L satisfying the assumptions of the corollary. This can be done if the speed S

comes from a function s of the principal curvatures that can be written as

S e An) = G L (AL, oy A)]-

where ¢ is strictly increasing and | is concave and satisfies the following condition

i~
<0 forall k # j. (1.6)
Ak — Aj
Proof. The matrix W = {h;} that represents the Weingarten operator is obtained as
product of the matrix G—! = { gil} with the matrix of the second fundamental form A = {h;;},
where G~! and A are both symmetric. Though W is not necessarily symmetric, it is conjugate
to a symmetric matrix B that, hence, has the same eigenvalues (A1, ..., A,) of W. In fact there

exists an invertible matrix K such that G~! = KT K, thus W = KT K A and
(KT 'WKT = KAKT = B.

Now we can apply Corollary 5.2 of [5] to the symmetric function B: if [ (A, ..., A,) is a concave

function and satisfies the inequality (1.6), then the function L (B) is concave.

10



Moreover the function L (A) is concave because it is given by the composition of a linear
application:

B— (K)'B(KT)" =4
and the the concave function L (B). ®

Notation 1.7 In what follows Hessy will denote the second tensorial derivative as a 2-covariant
tensor. If it is contracted by the standard metric g we have the standard Laplace Beltrami op-

erator: for any tensor T we write
g* (HessyT) = gV, V;T = AT.
More in general, if {m;;} is a metric we denote by M the tensor m; =mg* and by
AT = Mg* (HessyT) = m7V,;V,T.

The same notation is extended to contract other 2-covariant tensors:

Notation 1.8 Given a symmetric bilinear form b;; we denote by <Tl-,Vi>b = TibijVj and by
Ti|? = (T}, ). If the tensors T and V have more than one index, then the bilinear form b;;

s used only to contract the index i.

Once established the existence of solutions to the given flow (1.4) and their regularity, at

least for a short time, we can compute some useful evolution equations.

Proposition 1.9 If for all t € [0,T) the functions Fy : M — R™"! are smooth immersions
satisfying the evolution equation (1.4), then the metric g, its inverse g*, the measure p and the

outer normal v, evolve according to the following equations:

% = 2817

8agt* = 28¢*7T1g*
" o,

o

11



Moreover for the second fundamental form ITZ, the Weingarten map VW and the speed S we have

aI—I = HessyS — STT?
ot
aa—)/tv = g*HessvS + SW?
oS . S % 2
5t = Sg* (HessyS) + SSg* (I1°) (1.7)

where TT? = TZg*IT and the point denotes the derivative with respect to W.

Proof. Fixed a frame {g—g, - 5975‘} on the tangent space TpM; and the outer normal

vector v, we compute the evolution equations for the elements of the metric and the second

fundamental form. For all ¢, =1,....,n

agij o Q OF OF
o ot 8% ax] 83:1 837]

oS OF ov OF
= —2<8xZ . > 8<8.%'Z 8.7}]> —28h2‘j

because v is orthogonal to the tangent space T M.

To prove the equation for the elements of g* note that

26t 0 (gwd™)  Ogm dgki

=% T e T ad Ty
and N
% =g glkag; =— jl%g’“}
hence in compact notation
aagt* =—g gi *=28¢"TIg".

12



Being the norm of v fixed in time then a" € Tp M, hence

v Jov 9F\ OF . 9 OF \ OF
o <6t’awi>8wjg _<V’8tawi>3%~g
- ()
~ et S )
LSO s

For the elements of Z7 we have

9?°F

ohi 0
ot ot

let us observe that

ov

V> - <8t8:c18x]’

63’,’1’81}]‘7
2

_ /9 (Su)’y B
Omi&cj

9 O°F

0’F  ov
V> B <8x26xj’8t>
0’F 0S8 OF
<8miaxj’8:m8xkg >’

OF

87:@ ﬂgm(‘;i and (%83:‘% = FZ‘% — hijv, (1.8)
then the equation becomes
. 2
T - el () s (e (e ) )
(T~ )
= ey~ () e (o )
— afjéij + ShﬂgmC < ik ;F — hjpv, 1/> F” gS glkgmk
= 8:?;;:] rgjgs — Shjig"*hyi = ViV;S = S (I1%),; .

13



To compute the evolution equation of i, we consider the evolution of the element of measure

dp = /det gdx:

0 0 1 0

dg\ detg
= dx = —8g* (IT1) +/det gd
g<at>2%detgx 9" (I7) v/ det gdx,

the equation in the statement follows from ¢* (ZZ) = Tr (W) = H.

Finally recalling that W = ¢*Z7 we have

oW _ W9 9y
ot 9 o T o

= g¢*HessyS — S¢*T1* + 2S¢*I1¢*11,

17

the equivalence with the formula in the statement holds by definition:
G IT? = ¢*TTg*TT = WW = W2,

The equation for S follows immediately

oS LOW : . )
=8 =8S¢*(H (IT7).
5 S 5 Sg* (HessyS) + SSg* (117)

It is useful to express the evolution equations for the second fundamental form and the
Weingarten map in such a way that the time derivative and the second order operator are

applied to the same function.

Corollary 1.10 The following evolution equations hold:

01T

5 = Sg* (HessvIT) +S (VW, VW)

~Sg* (IT)I1* + Sg* (I1%) 1T — SI1*

14



ow

5 = Sg* (HessyW) + g*S (VW, VW)

~Sg* (IT)W? + Sg* (IT?) W + SW™.

Proof. Let us write the evolution equation for ZZ in the more precise index notation: for

any ¢,7,k,l=1,....n
Ohij _gv.s-s (Z7?)
ot B

ij

where

ViV;S = Vi (s‘,évjh;") — SIV, VB + SEVh0V b

= S}"rivivjhlk + Sgigpsvihsqgkrvjhlk.
Now we use Ricci identity for exchanging the second derivative to obtain

ViVl = ViVih
= ViVihjk + (hikhiy — hirhig) B + (hijhee — hirhig) hy,

= ViVihij + hik (IIQ)lj — huk (112)@' + hij (IIQ)Zk — huj (II2)ik’

thus

ViVjS = Sﬁgkrvlvkhij + Sgigpsvihsqgk”vjhlk + S,{nghik (IIz) (1.9)

lj
—SLg" b (I1%), + Skg""hij (TT7),, — Stg™"h; (I1°)

ij
Hence in compact notation we have

HessyS = Sg* (HessyII)+S(VW, VW) + Sqg* (I7,11%)

~8¢* (IT)I1* + S¢* (IT%) IT - S¢* (I1,17?)

15



and the statement follows:

017

5 = HessyS — STI? = Sg* (HessvII) + S (YW, VW)

~Sg* (IT)I1* + Sg* (I7°) IT — ST1*.
The equation for W is obtained in the same way: arising indices in formula (1.9) we have

VIVS = S1gMViVihy + 857V hegd" Vi + 1™ b, (IT°),,
=819" b, (TT°) + 819" 1§ (1), — Sp9™ iy (TT%),,

hence

g*HessyS = Sg* (HessyW) +g*S (VW,VW) + Sg* (W,IIQ)

~Sg* (ZT) W? + Sg* (IT*) W — Sg* (W, IT?)

and

ow * 2 > x * S

5 =9 HessyS + SW* = Sg* (HessyW) + g*S (VW, VW)

~8g* (IT) W? + Sg* (IT?) W + SW2.

|

In the next lemma we derive the evolution equation of the function 2<F‘i>_r that will be

useful in the following chapters.
Lemma 1.11 Ifv:= ﬁ, then the following evolution equation holds

ov _ Sg* (Hessv) + 4

o Sg* (Vu,V (F,v)) Loty 208¢* (IT) B rSg* (I1%)v

2(F,v) —r 2(F,v)—r 2(F,v)—r

If the speed S is a homogeneous function of the Weingarten map W of degree B we have

v .,
E—Sg (Hessv) + 4

rSg* (IIZ) v
2(F,v) —r "~

Sq* (Vv,V (F,v))
2(F,v)—r

+2(B+1)v? - (1.10)

16



Proof. In order to find the evolution equation for v it is necessary to compute the evolution

equation for the scalar product (F,v). From the definition of the flow follows

0 0 0

Then, recalling formulas in (1.8), we compute the first and second derivatives of (F,v):

0 _ / OF ov\ OF
itew) = o @) = () + (e ) =i (e ).

and
—_ a m
Oh¥ OF 9°F OF
axi < , 8.’L’k> + hj Gik + hJ y a.’L’ZaCEk ij h’m , Txk
Ohk OF OF
= | 2 -Thh — 4 pkrm bk
= (81‘1 Fz] hm) <F) 8$k> + hz] + h_] ik <F, amm> hzkhj <F’ I/>
Oh; OF
= L _pmpk mpk ok
)
Hence

Hessy (F,v) = (F,.VW) + IT — T1*? (F,v)
and thus, since VS = SVW, it follows

gt (F,v) = Sg* (Hessy (F,v)) — S+ (F,VS) — Sg* (F,VW) — S¢* (IT) + Sg* (I7?) (F,v)

= Sg* (Hessy (F,v)) — S — Sg* (IT) + Sg* (Z1?) (F,v),

in particular if the speed S is a homogeneous function of the Weingarten map W of degree 8

we have

% (F,v) = Sg* (Hessy (F,v)) — (B+1)S + Sg* (I1?) (F,v).

17



The evolution equation for v then follows by the equation for § (1.7):

ov 1 oS 28 o (F,v)
ot 2(Fv)—rdt (2(F,v)—r)> Ot
_ 1 S % S % 2
= SF v Sg* (HessvS) + Sg* (I1°) S
—20Sg* (Hessy (F,v)) + 208 + 20Sg* (IT) — MSg* (7% S
VA 2(F,v) —r
We also have to compute
) 28
Vv = — V (F,
T YT s
and
- Sq* (HessyS) Sg* (VS,V (F,v))
S H = — 4
g" (Hessyv) 2(F,v)—r (2 (F,v) —r)?
SSSQ* (v <F7 V> , V <F7 V>) . 2889* (HeSSV <F7 V>)
(2(F,v) —7)° (2(F,v) —r)°
B Sq* (HessyS) B 45"9* (Vo,V(F,v)) 208Sg* (Hessy (F,v))
 2(F,v)—r 2(F,v) —r 2(F,v) —r )

Then the evolution equation for v becomes

v > % Sg* (VU7V<F7V>)
v _ H 4
5 Sg* (Hessv) + 2 F ) —r
1 5 % T 5 % 2
+m 208 + 21]89 (II) — 5 <F,V> — TSSg (II )

; Sg* (Vu,V(F,v))

S Sg* (172
= Sg¢"(Hessv)+4 208¢" (1) _ rvSy” (IT7)

202 -
2 F o) —r Ve F ) —r 2F ) —r

this proves the first part of the statement, while the second part follows by Euler’s theorem
Sg* (IT)=(4S. =
In the next theorem we derive the evolution equation of any homogeneous function of the
Weingarten map W defined on an evolving surface. The statement shows the symmetric role
played by the function and the speed. The evolution equation (1.7) for the speed itself is also

immediately verified.

18



Theorem 1.12 If P is a homogeneous function of degree o of the Weingarten map W, then
the evolution equation of P by the flow (1.4) is the following

oprP

o = Sg* (HessyP) — Sg*P (YW, VW) + Pg*S (YW, VW)

~-Sg* (IT) P (W?) + SP (W?) + aSg* (I1?) P.

Furthermore if S a homogeneous function of the Weingarten map W of degree 3, then

oP

o = Sg* (HessyP) — Sg*P (VW,VW) + Pg*S (VW, VW)

—(B—1)SP (W?) + aSg* (IT°) P.
Proof. Let us observe that
HessyP =V (PVW) = PHessyWHP (YW, YW).

Hence the evolution equation for P is

P . .. . .
%t = P@(;/t\/ = PSg* (HessyW) + Pg*S (VW, VW)
~8Sg* (IT) P (W?) + Sg* (IT%) P (W) + SP (W?)
= Sg¢*(HessyP) — Sg*P (VW,VW) + Pg*S (VW, VW)

—8¢* (IT) P (W?) + aSg* (TT?) P+ SP (W?),

where we used Euler’s theorem PW = aP. The same theorem is used to find the second

expression: if S is homogeneous of degree 3 then Sg* (IZ)=pS. =

Example 1.13 If we consider a flow whose speed depends only on the mean curvature: S = ¢ (H) ,
then the evolution equation for a homogeneous function P of degree o of the Weingarten map

W is

oP

5 = OAP—OP(VW.VW)+ Py (VH, VH)

—GHP (W?) + ¢ (H) P (W?) + ad |A]* P.
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Typical homogeneous functions to which apply the previous theorem are the symmetric
polynomials and their quotients, in fact in the following chapters we will deal mainly with this

type of functions.

Definition 1.14 We define Iy, as the region where the first k symmetric polynomials of the

principal curvatures are strictly positive:

Ty ={(At,es ) ER" 5. £ 5y >0 VI=0,...k}.

For k = 1,...,n and (A1,...,\n) € Tx_1 we denote by Qi the quotients Qi = = and by

Sp—1
P, =

e

Corollary 1.15 Let us consider the evolving surfaces M, such that at any point the principal
curvatures (A1, ..., An) € T'x_1. Then the quotients Qy, and Py are homogeneous function of VW

respectively of degree one and zero, their evolution equations are

W Sy (Hesswu) — Sg"Ou (YW, YW) + Qug'S (TW,TW)
~8g* (I7) Qi W?) + SQx W?) + Sg* (I7?) Qs
and
P, . | 2 .
a@tk = Sg* (HessyPy) — ESQ*Qk (VW, VW) + ESg* (VP,,VH)

+Pug*S (VW, VW) = Sg* (IT) Py (W?) + SP, (W?) .

Proof. The equation for ) is an immediate application of the theorem, whereas the one

for P, follows from the equality

.. 1 . 2 .
P, (VW, VW) = EQk(VW,VW)—ka(VW,VH)+2% IVH|?
1 . 2 .
= @ (YW, VW) — =B (VWV,VH)
1 - 2
= @ (YW, VW) — = (VP VH).
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Here we recall the statement of the maximum principle for function defined on a compact

surface because it will be used very often in chapter 2 and 3 in this form.

Theorem 1.16 (Maximum principle for compact surfaces) Let M be a closed manifold

and f: M x [0,T) — R be a smooth function. If

where S is positive definite and a is a smooth vector field, then

supf <supf Vte[0,T].
M, Mo

Proof. We can use the same argument shown in [20] for a function defined in a domain in

R™; this case is even easier because M has no boundary. =
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Chapter 2

Convexity estimates

The term convexity estimate has been used in the literature on mean curvature flow to denote
a priori estimates satisfied by suitable functions of the curvatures showing that the convexity
properties of the evolving surface improve when a singularity is formed. A typical example is

the following result, proved in [15].

Theorem 2.1 Let My be a closed n-dimensional surface immersed in R*™ and let M, with
t € [0,T) be its evolution by the mean curvature flow (the one with normal speed given by
S = H). Suppose that My has positive mean curvature. Then M; has positive mean curvature

for all t. In addition, for every n > 0 there exists Cy,, > 0 such that the estimate
—S82 Z 77H2 + Cn

holds everywhere on My, for allt € [0,T).

Such an estimate implies that any limit of rescalings of the evolving surfaces near a sin-
gularity has nonnegative scalar curvature. More powerful estimates have been proved in [16],
showing that the rescalings are convex. It should be noticed that these results exhibit strong
analogies with the so-called Hamilton-Ivey estimate in the three-dimensional Ricci flow, which
states that the negative sectional curvatures become negligible with respect to the positive ones

when a singularity is approached.
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It is natural to expect that some kind of convexity estimates hold not only for the mean
curvature flow, but for other geometric flows of the form (1.4) as well. In this chapter we prove

an analogue of Theorem 2.1

Theorem 2.2 Let Fo : M — R™! 4 smooth immersion of a closed hypersurface with n > 2

and let F : M x [0,T) — R"*! the one parameter family of immersions defined by

9 (p,t) eei? (F (p.1) (2.1)

where H = H + Hy and Hy = e [f My has positive mean curvature, then My = F (M,t)
has positive mean curvature for all t € [0,T). Furthermore for every n > 0 there exists ¢, > 0

such that the scalar curvature satisfies the estimate
—R > 2nH? + ¢, (My)

everywhere on My, for allt € [0,T).

The reason for this choice of speed is that the corresponding flow has in some sense better
properties than the mean curvature flow. In fact, we are able to obtain convexity estimates for
this flow by using only the maximum principle instead of the integral estimates used in [15].

Like in the case of the mean curvature flow, a central role in the proof is played by the

i

772- We first prove that f is bounded from above, obtaining the estimate

quotient f = —%

|A|? — H? < 2¢,H?.

Then we consider a suitable function f, , associated to f, and prove that it is bounded from

above too. This will imply that for all n > 0 there exists a constant ¢4 (1) such that
~R < 2nH? + ¢4 (n).

Let the surfaces M,’s to be rescaled near the singular time in such a way that the mean

curvature is uniformly bounded, if we consider a limit M of these rescalings, then on M the
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previous inequality becomes —R < 277ﬁ 2. The convexity estimate is then obtained letting

n — 0.

2.1 Preliminary results

As in the statement of the main theorem (Theorem 2.2), we consider a closed hypersurface

My of R"! evolving by the flow (1.4) with speed
H

S = _
log H

where H = H + Hy and Hy = e2n(n—1)

Note that S is a function of the mean curvature, hence we can compute the derivatives of

S with respect to the Weingarten map as in Example 1.13 with ¢ (H) = %:
05 _ysi— 1 (logH - H¥> 5 = el = Ly
8h]‘ (log H) H (log H)
that can be written as S = 18 FI,_IQId and
(log H)
2 ; 1 logH — 1| d(logH :
alszfi :¢”55—[ 2 i —3] (Zg—; )55955
Ohy,Oh; (log H) (log H)
1 H-2
= BT skl (2.2)
(log )

As a consequence of the evolution equation for H, the next lemma shows that the hypothesis

on My is preserved along the flow:

Lemma 2.3 Let us consider the flow (2.1). If the initial surface My has positive mean curva-
ture everywhere, then there exists a unique smooth solution to the flow at least for a short time

and the minimum minH s nondecreasing in time.
t

Proof. The short time existence of the flow is guaranteed by Theorem 1.3 because

log H > log Hy > 1.
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As for the second part, it suffices to apply the maximum principle (Theorem 1.16) to the

evolution equation for H given by Theorem 1.12:

oH — logf_li—lAH_ w VH?
ot (log I:I)2 H (logH)3
log H —1 H log H —1
S H AP + o AP+ AP
(lc_)g H) i)g (log f{)
_ sl ol el =2 Gpp, H e (2.3)
(log H) H (logH) log H

The existence of the flow is guaranteed by Corollary 1.5 as long as all the principal curvatures
are bounded. In what follows we prove that the mean curvature H diverges in finite time, hence

at least one of the principal curvatures blows up and the surface degenerates.

Proposition 2.4 If My has positive mean curvature, then the solution to the problem (2.1)

develops a singularity in finite time.

Proof. It is know that on every surface the inequality |A[> > 1 H? holds, and that 105 - > 1,

T

hence we can estimate the last term of the evolution equation for H (2.3)

H _logH -1 log H — 2 1
OH  logH SAH - 52— \VH? + —H?
ot (logH) H(logH) n

Let us define the function ¢ (t) = mij\r; H. The evolution equation for ¢ then satisfies the
t

estimate %‘f > %802 in a weak sense. We deduce that g—; < np~2, hence the maximum time

interval of existence is finite because of the convergence of the improper integral:

t(p) < n/ g0_2dg0 < 00.
®

0

In all what follows ¢, will denote constants depending only on the dimension n and the
initial manifold M.
The following two lemmas are necessary to estimate the first order term in the evolution

equation for f = —2%.
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Lemma 2.5 If H > 0 and so < —ciH? < 0 then, once denoted the principal curvatures in
increasing order, we have

A
oz(cl)g)\—l<n—1

n

where

4er +n—/n(8c1 +n)

a(q) - 401 (n—l)

Proof. Since ss < 0 there is at least one negative curvature, then Ay < 0. On the other
hand we have

0<H§)\1+(n—1)/\n,

hence % <n-—1.
For the opposite estimate, let us consider an n-tuple (5\1, e 5\”) (c1) satisfying s, < —c¢q H?

and denote 124 X ] - = p. Note that for this n-tuple

H>—n-1)[A+ A =[-(n—1)p+1] .

If 4 > =7 then the statement is proved because « (c1) < ﬁ, otherwise we have
_ 1 _ n
Mm<—FH and N>—-———H.

l—-(n—=1)p 1—-(n—=1)p

Computing the second symmetric polynomial

1)< - —1
2 (Moo ) = AN (n ))\ A, > M=) SH?
i< 2[1=(n—1) 4
and using the hypothesis so < —c1 H 2 we deduce
2 un (n—1)

This leads to an estimate on u:

2¢1[u(n—1)]* = (n+4e)p(n—1)+2¢ <0
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that implies
dcr +n—+/n (8¢ +n)

1>
p(n—1)> =

)

thus we have

|;\1‘ 4ey +n—/n(8c1 +n)
— > = a(a)
)\n 461 (TL— 1)

and the statement follows. m

Let us observe that « (¢1) is monotonically increasing for positive arguments, moreover

a(cp) —0asc;—0 and a(e)— as ¢ — 00.

n—1

For the formulation of the next lemma we recall the notation introduced in chapter 1:
|HVA — AVH\2 = (HV;hji, — hijViH, HV ;hj, — hijV . H)

and

IVH[ g, = (\A\ g7 — Hhﬂ) V,HV;H.

Lemma 2.6 If H >0 and P, = < —c; then there exists a constant € > 0 such that

52
H2
|HVA — AVH|* — ¢ (1) |VH|‘2A‘29_H,L >0,

more precisely we can take

dcr +n—+/n(8c1 +n)

ey +n—+/n(8ci +n)+4cr (n— 1)2} .

e(cr) =
2|
Proof. By Codazzi equation and Schwarz inequality we infer the following estimate

2 (Hvihjk, hijka> = <Hvz‘hjk + Hvkhi]‘, hijka>
= <Hvihjk7 hiijH + hjkViH>
1
< H?|VAP? + 7 i ViH + hip Vi H|?

1 1
= H?|VAP?+ 3 |A? |VH* + 5 (g Vi, by ViH)
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Hence we have

|HVA— AVH]> = H*|VAP? +|AP|VH|? - 2(HVhjk, hij Vi H)

1 1
> 5 |A?|VH|? - 3 (hij Vi H, hjy, Vi H) .

If we chose suitable coordinates such that the matrix W = {h;} is diagonal at a given point,
then its entries are the principal curvatures and the difference |HVA - AVH |2 —¢e|VH “2 Al2g—Hh

can be estimated by

|HVA = AVHP —¢|VH o0

Y

} 2 2 }n 2o, 1\2 _ 2 2 - o I\ 2
Q]A\ |VH| 2;)\i (ViH)? — ¢ |A*|VH| +5H;)\Z (ViH)

_ Zn: K; _ 5> (]A\Q - A?) el (H — )\i)] (VH)?.

1=1

Assume that € < % and note that for A\; =0, or A; > 0 and H — A\; > 0 the coefficient of (VZ-H)2

is positive. In the remaining cases we apply the previous lemma. For i such that ); is negative

<1 — 5> (|A|2 — A?) +eX (H—-N) >

2
1 1
<2 —5> (]A|2—)\%) —e|M|(H+N]) > (2 —e) M —e(n—1) M|\
> )\%B—e—a(n—l)ﬂ,

for ¢ such that A; is positive and H — A; is negative

Y

<; - 5> <|A\2 - A%) e (H — \)
(; - 5) (|Ay2 - Ai) e (H = M)

Vv
VR
N =

|
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et
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Hence the statement is verified for

1 «

e (a(c1)) = min 2[(n_1)2+1}’2[a+(n—1)]

where « is defined in Lemma 2.5. Note that

i o _ 1
oo 2at (n—1)] 2{@_1)2“}’

and that the monotonicity of « implies € (a(¢1)) = % |

2.2 Estimate on the scalar curvature

Now we aim to prove that the function f = —7% is uniformly bounded. In this way we will be

able to prove that for all times
0 <|A|? — H? < 2¢,H?,

and that all principal curvatures are bounded provided that H is bounded.

Since at any point of the initial surface H > €21 then we have

log H — 2 1 1 1
— — < — < < ;
(logH —1)logH " logH ~ 2n(n—1) = 9 [(n—l)Q—i—l}

hence it is always possible to choose a constant ¢; large enough such that the following estimate

holds on M B
log H — 2
= = <¢e(c1)
(log H — 1) log H

1
where ¢ (Cl) < m

of H is increasing in time, the estimate is satisfied with the same constant ¢; on all the evolving

is defined in Lemma 2.6. Furthermore note that, since the minimum

surfaces.

Proposition 2.7 If the estimate H > 0 holds on the initial surface My, then the function

[ =—Py=—3% is bounded from above by a constant cy as long as the flow exists.
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Proof. The evolution equation for f is obtained by Corollary 1.15 replacing expressions at

page 24

af .. 1., - 2 .,
Frilie Sg (Hessvf)—l—ESg Q2 (VW,VW)—FESg (Vf,VH)
+1g"8 (YW, YW) = 8¢° (1) f (W?) + SF (W?)
logH — 1 logH —1 . 2 (logH — 1
_logH ol defl o1 gy gy 208 —1)
(log H) H (log H) H (log H)
_ logH —2 . (logﬁ—l)H

H (log H)® (log H)?

(Vf,VH)

. H .
g (VH,VH) — f(mﬂy+ggﬁf0m%.

Recalling that sy = R = 3 (H2 - |A|2), we compute its derivatives

9sy  OH Ok
= H R
on: ~ o, o

S§TrUt

= H6) — hL663 = HS! — 1]

that we write as so = HId — hg*, and

2 . . , J
oo = gup (861 =) = Sy01 = O
ML OnT ~ ol ORL"" T Ol

= ko) — ok,

Thus

1
Q2 (VW, VW) = (YW, W) =252 ® A (VW, VW) + 2= 1d @ 1d (YW, VW)
1 ) ) ;
- E(ﬁg—&ﬁ)@mﬁv%>
2

CH?
_ 1 2 1 2 2 2

»

(Hﬁ—hﬁ(V@ﬁHﬂ43§QVHP

2 avavm + L vmp - 4D wrp
H? ’ H

H3
1
=~ |H* VAP + AP |VH|* — 2 (AVH, HV A)

1
= —EQHVA—AVHW
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Furthermore we have

f—*ﬁnLZ—Id —ﬁIdJrﬁhg +ﬁld s IdJr—h
and A

. ]A| 1 |A|®* — HC

F ) = 2010 o) + g owe) = HALZHE

where C is the trace of W3.
Hence f evolves according to the equation
- — log H
of _loalloly, MogH-1 po, sopp,20ef-)) o0 o
ot (log H) H* (log ) H (log )?

log H —2 V| (H—-H)logH + H |A|* — HC

- . —a 2 - —

HH3 (logH)® '~ AT~ Hn (log H)* H?
i — log H

logH —1 \ L (Vf,VH) (2.4)

(log H) (logH)

log H H (log H —

_ el pva - avap - (log I — 2) VH 2y

H' (log H)? H (logH —1)log H

(H H)logH+H|A[ —HC

(log H) H3

We can assume that the maximum of f is positive, then Lemma 3.2 in [15] assures that the last

2_ g2
term of the equation for %{ is negative: f = %‘A‘HQH > 1n implies |A|* — HC > n |A]? H2.

Moreover if we choose the constant ¢; as described before we have

H (log H — 2) _ log H — 2
H (logH —1)log H (logH—l)logH_

e(c1),

hence if f > ¢; where it attains a maximum then Lemma 2.6 gives

of logH—lA 2 (log H —

D
ot — (log 1":1)2 (log H) VI VH).

By an application of the maximum principle we deduce that f < ¢y := max {r%ax 7 cl} for all
0

times t € [0,7"). m
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In order to prove that the negative part of the scalar curvature vanishes near a singularity,

we need to improve the result obtained by the boundedness of f: showing that also the function

AP (g
a,n = H2

(log H ) 7
is bounded from above for all times, we find the following crucial estimate.

Theorem 2.8 If on the initial surface My we have H > 0, then for any n > 0 there exists
¢4 (1) such that the estimate
[AP* < (14 2n) H? + ca ()

holds as long as the flow exists.

Proof. Let us note that

<H2 _ ) —n] (log H)” = (2f — 1) (log H)” ,

then the evolution equation for f, , follows by formulas (2.4) and (2.3):

Ofon ool o 0H
ot 2 (log H)" 5+ fou g log H Ot
- 7 — 2 (log H — 1
= Q(IOgH)U logHﬁ Q]-A (Og — 2) <Vf,VH>
(log H) H (log H)
log H — 1 9 H(log.F_I—2) 9
————— 5 ||HVA - AVH|" — = _ _|\VH
H4 (log 1) VA= AVHE = e T =1y tog i1 ¥ 2 aPg-tin
_(H-H)logH + H|A[' - HC
(logH)2 H3
o log H — 1 log H — 2 9 H 9
+fonmi—s —AH - ———— |[VH + ——= |A
f’"HlogH [(logH)2 H(logH)3| | logH‘ |]
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= 2(logH)al(()lgme) Af + fmbing)AHer gH)UQISO(iZH))(Vf,VH>
_2(1ogH)”m |[HVA — AVH|? - g)g(lgfﬁlgl?gﬁyvmfm_m
Uf”’"ﬁflzg(gg;)‘*' i
+fa,n(bg1H)2|A|2—2(logH) (H - go)glf)H+H|Ay I;3HC

It is useful to compute the gradient and the Laplace operator of f;, in order to replace them

in the equation above: as for the gradient we have

— 7)° ﬂ
Vfonm=2(logH) Vf—i—aﬁ (log 1) VH,
thus - .
2(10gH)07 1 fom
——=—Vf==7—=Vfoy-—0—"—"-—3VH,
H / H (log H) Jom =0 i1 (log )’

while the Laplacian of f, , is

logH) !

Afyn = 20( (Vf,VH)+2(logH)" Af + o (V fon, VH)

- fon 2_ fo,n 2
7[{2 (10 H) |\VH| 07.@2 (logfI)Q \VH|" + o

_ 2(1ogH)”Af+aﬁ(ﬁgmAH H( )
9 Jon VH? log H + 1
7 (logH)2| F-ohog A2 (log )

1
H (log ﬁ)
T Jou ——AH
H (log H)

(Vfom VH)

5 [VH[.
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We obtain

Ofom log H — 1 log H — 1
= = ———Afoy—20——5(Vfoy, VH
ot (logH)2 Jon UH(logH)3< S )
log H log H
+0 g B VP + fan(_gi)WHF
(logH) (logH)
logH —1 log H log H — 2
g lBH —1 iGy  VH) 20 fy T o mf)gi‘ HP?
H(logH) HH (log H) 2(10gH)
o—2 log H H (log H — 2)
9 (log A) 28 H T g avHP -
(log H) i |1V VH (1ogH—1)1ogH’V -
1 9 o (H—H)logH + H |A* -~ HC
+ofon———= Al =2 (log H —
O'f ;N (logH)2| ‘ ( g ) (10gH)2 H3
hence
Ofon log H — < H> log H — 1
; :7AU+21H——7_VU7VH
- ey e 2 (log i =g ) P (e
g sfr-2 D] deeH -1
fam[ log [ — 1+2HlogH logH — 1 0':| Hz(lo H)UVH‘
_ ., logH — H(logf_f—Q) 9
—2(logH) ——— ||HVA - AVH|" — = — |VH
(1o& ) H4(logH) HY VAT (logH—l)logH‘v “A\QQ—H’Z
2<|A|4_HC) (ﬁ—H)log}_]—i—H B
H2’A‘2 H U(f 77) ‘ ’ (Og )

Now we assume that the maximum of f,, on M x [0,T) is attained at (po, tg) with o > 0, and
that the maximum is positive: otherwise the boundedness of f; ; from above is obvious.
Let us define H* () as the minimum value of H > Hy such that for any H > H* () we

have

H (log H — 2) <€<1>_ 2n+mn —/n(4n +n)
H(logH —1)logH ~ ~ \2 2[2n+n_¢m+zn<n_1)2}’

where ¢ is defined as in Lemma 2.6, and recall that the previous proposition gives f < cs.

If Hy < H (po,to) < H* (n) then f,, is bounded by
fom < (2c2 =) (log H)” < (2c2 = n) (log H* (1))” .
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Consider then the case of H (po,tp) > H*(n). The gradient terms in the third line of the
evolution equation for f;, are estimated by Lemma 2.6, while the second line is negative for

o < 3 because H* () > Hy = €21 implies

H _ _
QElogH—logH—l>10gH—1>2n(n—1)—123.

Finally note that f5, > 0 is equivalent to f > %77, hence, applying again Lemma 3.2 in [15], we
have the inequality
1
A[Y = HC > Sy |AP H*.

Then we can choose 0 = ¢ () < 3 such that

4
o 2<\A| —Hc)
= =42
2co—m — |A"H2(2f —n)

to obtain ag‘;”’ (Po,to) < 0 and deduce by contradiction that max fs, < I%ng,n.
0

It follows that the function f;, is bounded for all times by a constant depending on n

AP = (1+n) H? (log H)*
f0'777: H2 ( ) SC3(7])7

hence

|A2 < (1+1n) H? + ¢3 () H? (logH) 7.

Since H > H we have |A|* < (14 2n) H? + ¢4 (1) for any 7. =
The previous estimate concludes the proof of Theorem 2.2.
As a consequence of this result we prove in the next corollary that near a singularity of M;

the negative part of the scalar curvature tends to zero.

Corollary 2.9 If we rescale the evolving surfaces near a singularity, then any smooth limit of

the rescalings has nonnegative scalar curvature.

Proof. Let us consider a sequence of points and times {(pg,tx)}, such that maxH is
tk

attained at point py. Multiplying by Hy := H (pg,tx) we define a rescaling Mtkof M, .
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- - ~12
On the rescaled surfaces M;, we have Hj < 1 by definition and ’A‘k bounded from above

thank to the previous proposition:

ca(n)

~12 ~
4| < (+2m i+

If there exists a smooth limiting surface Mo, the estimate

i<

< (1+2n) H?

holds on M for all n > 0. Since 7 is arbitrarily chosen, we consider the limit for n — 0 and

- ~12 -
obtain — &t = ’A‘ _H%2<0. m
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Chapter 3

Convex surfaces evolving by powers

of scalar curvature

In this chapter we study the evolution of a convex hypersurface by powers of scalar curvature.

The theorem we are going to prove is the following;:

Theorem 3.1 Let Fy: M — R"! be a smooth immersion of a closed, strictly convex hyper-

surface of R" with n > 2. The following initial value problem

OF (p,t) = —RP (p,t)v (p,t), t>0
F(7O) :FO(M)

(3.1)

where the power p is supposed to be p > 1/2, has a unique smooth solution for a short time
interval.

If the initial surface My satisfies a pinching estimate on the principal curvatures % > c(n,p)
for a suitable constant ¢ (n,p), then the surfaces My = F (-, t) are convex for all times and con-
verge to a single point in a finite time T'.

Moreover the rescaled immersions given by F (p,t) = (¢ (T — t))fﬁ F (p,t) converge ex-
ponentially in the C*° topology to a smooth embedding Foo, whose mmage is a sphere, as the

rescaled time parameter
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The key idea of the proof consists of showing that the function

2
defined on M; decreases and tends uniformly to zero as t — 7.

Since % = ”7*1 — f, then % > cifand only if f <~ = ”T_l—c, hence, for the monotonicity
of f, the pinching estimate on the principal curvatures of the evolving surfaces is preserved along
the flow.

Furthermore let us observe that the only surface such that f = 0 is the sphere. Then the
convergence of f to zero on the limiting surface is essential to prove that the shape of the M;’s
approaches that of a sphere.

We recall that an analogue theorem has been proved by B. Chow in the case of p = % (see
[8]) with pinching condition % > % We can compare this condition with the assumption of

the above theorem: the constant -, defined in Theorem 3.7 for % <p<lis

s et

and thus
(n+4)(n—1)
. Tt forn <4
Z—:? for n > 4.

Hence, even if in dimension 2 and 3 we need a stronger condition, for all n > 4 our assumption

is equivalent to the one required in the case p = %

Furthermore note that in dimension n = 2 the scalar curvature coincides with the Gauss
curvature for surfaces and some estimate can be improved, in fact the results shown in [7]
and [2], corresponding respectively to the case p = % and p = 1, are proved under the only

hypothesis of convexity.

3.1 Evolution equations

In this section first we prove the short time existence of the flow (3.1), then we use the formulas

derived in the first chapter to compute the evolution equations necessary in the following.
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Theorem 3.2 The initial value problem (3.1) has a unique solution for some short time inter-

val [0,T).

Proof. Let A\; < ... < )\, be the principal curvatures of M; at a point y, i.e. the eigenvalues

of the second fundamental form at y. Computing %\2: we have for any k

ORY )
o = PR 8)\k Lzlm Z)\]
— p—1
= 2pRP! D) A6
p ,le Z ]

= 2pRPL(H - \p).

Then Theorem 1.3 gives the short time existence as a consequence of the convexity of My. m
Definition 3.3 We define the metric m;; = Hg;; — h;j such that R = 2mg*.

The evolution equations found in respectively in Proposition 1.9 and Theorem 1.12 are

written explicitly here for this flow in the following proposition setting S = RP.

Proposition 3.4 If for any t € [0,T) the functions Fy : M — R"™! are smooth immersions

satisfying the evolution equation (3.1), then the following equations hold

8;’? — —2RPhy

aadf — _RPHdu (3.2)
Vo~

%}f — opRr! {AmRP+ (H|A[2—C> Rp}.

Proposition 3.5 Let P be a generic homogeneous function of degree a of the Weingarten map
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W defined on the surface My evolving by (3.1). The evolution equation of P is

oP

= = 2pRp_1{AmP—mg*g*P(VW, W)

) ) 11 .
Y Pg* (VH,VH) — Pg* (VA,VA) + prPg* (VR,VR)

R
2p—1
2p

RP (W?) + o (H 4] - C) P} .

P
Proof. We compute the derivatives of the speed S = RP = <H2 — |A|2> with respect to

the Weingarten map:
ORP OR ; ;
- = pRP'— = 2pRP™! (H6! — b
T (718 = ).

i. e. S =2pRP1mg*, and

OR

2 Rp , , .
OR ZpRp_lil (H(Sf - hf) +2p(p—1)RP2m) —

Ol on} Oht " Ohl,

= 2pRP! {5?55 — (5?5{ +2(p—1) ;mfmk} .

Applying the second formula in Theorem 1.12 with 8 = 2p we have

P .
a@t = 2pRP! {mg*g* (HessvP) —mg*g*P (VW, VW)
: —11
+Pg* {(VH, VH) — (VA,VA) + pTE (VR, VR)]
_ 2p—1

2p

RP (W?) + amg* (W?) P} :
then the statement follows using Notation 1.7 and computing
mg* (W?) = (HId — hg*) (W?) = H|A] - C

where C is again the trace of W3. =
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Corollary 3.6 We have the following evolution equations:

%Ij — szP—l{AmH+|VH| vAPR+ 2= IVRl
2p <RM|+(H$M - )H}
aaff = 2pRp1{A H? +2|VH[; — 2|V Al3, + (p— 1)%IVRI2
_2]9 1R|A| H+2<H\A| )H2}
R 1{ mrA\ +2\v Hrh 2|Vidl,
Fp—1) 5 ViR (141~ 0) ’A‘Q}
B e (s 1>;|viR|;+;<H|A|2—C) n}

(3.3)

Proof. The evolution equation for H is an immediate consequence of Proposition 3.5.

The evolution for H? and |A|* follow from the equalities

—2mg*g* (VH,VH)+2Hg*g* (VH,VH) —2Hg*g* (VA,VA)
= —2|ViH +2H |VH|* - 2H|VAJ?

= 2|V;H|} —2H|VAP?
and

= —2mg*g" (VA,VA)+2hg*g* (VH,VH) —2hg*g* (VA,VA)
= —2|V;AZ, +2|VH[; — 2|V;A[;

= 2H|VAP +2|V,H|}.

The equation for R is obtained as the difference of the previous ones. ®m
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3.2 Pinching of curvatures

2
Let us introduce the function f := |]’3—|2 — L Then Lemma 2.3 i) of [13] establishes the relation

< 2=t 2
0<fH n;(& A))

Hence f gives a measure of how much the principal curvatures differ from each other. We aim to
prove that, under suitable hypotheses on the initial surface, the maximum of f is nonincreasing
in time. Then we can estimate f on M x [0,7) by its maximum value on M.

Furthermore we prove that f tends to zero as t — T, at least at those points where the
mean curvature diverges. This is called the pinching of curvatures because it implies that all
principal curvatures tend to have the same value.

This section is devoted to the proof of the following theorem.

Theorem 3.7 Let us define

1 4(n_21)2 for 3 <p<1
n=an (n—1) and 2 = 721((7?—1)) 1 \?
(i 2)? (ﬁ> forp>1.

If on My we have f < v :=min{vy,7s}, then there exist two constants o > 0 and ¢; > 0 such
that f <cH° i.e.
1
AP = ZH? < cH*>™" Vtel0,T).
n

As announced, the first step of the proof consists of showing the monotonicity of the function
f applying the maximum principle (Theorem 1.16) to its evolution equation. For technical
reasons in the following lemma we give two different formulas: one suited for % <p<1,and

an other one for p > 1.

Lemma 3.8 The function [ satisfies the following evolution equations

of

_ R H
5% = 2pRP~1 {Amf —4(1-p) o5 |HVA — AVH|* + (1 —p) R \Vif|‘2A‘2ngh (3.4)

s o1 E e e s L (mo - 4
g V3, Vil =2 20— 1) 51 [IVslly, = IVt + ot (C - ) |}
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and

of

g 2pRP—1{Amf<p e |Vf||A‘th+4 (Vif Vi), (39)

2 2
+4(p— 1) 5 (Vif, Vill) a2y i — 292 (\Vz‘A’Hg - ’viH’h)
—-1R 4
4(p—1) ﬁ IViH 2y g — Tﬁ (Hc 4] )} .
We will use the first one in the case % < p <1 and the second one for p > 1.

Proof. The evolution equation for f is given by Proposition 3.5 replacing

e — (|A| o7 — Hh)
and
pl 2 ! ! I 6 2
o= -0 (2niop — ofns — HOY, ) + =70 (14P & — mny)
2
= —3 (hgag - H&iag) - 75 L.

Hence we have

of

2= 2pRP*1{Amf—mg*g*fg’,i (th,Vhf>+ fg* (VH,VH)

)

. ~11 .
—fg" (VA VA) + Z’Tﬁfg* (VR.VR) -
_ 2
= 2pRP 1{ mf+ 53 <VHAV Ay, m\vim;
+E (Vif,ViH), — ﬁ |viH|\A\2ngh + 3 |viA‘|A|2g7Hh
1

~1R
—(p—1) \viRyfA|29_Hh+ . <\A| —HC)}

Since we aim to apply the maximum principle, we need to write the equation above in the form

of Theorem 1.16. Let us observe that

|A[*g— Hh = H (Hg — h) — Rg
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and that

R R
VR=V|(-=H?|=-H>Vf+2_-VH
R (H2 > Jr2g Ve,

then

(VR,VR) = H*(Vf,Vf)—4RH (Vf,VH) + 452 (VH,VH).

Thus the equation for f becomes

of
ot

3

2
— p—1 i ) . ) )
2pR {Amf + 3 (ViH,AV;A),  + T (Vif,ViH),,

2 2 R 2 H 2
_ﬁ |viH||A|2g—Hh - Qﬁ |VA| - (p - 1) E |V¢f\|A|2g_Hh

1 R 2

+2pp_1R(]A\4—HC>}.

H3

To obtain equation (3.5) it suffices to apply the following equality

2 1 AP
ﬁ <ViH, AVZA>m = E <vlf7 VZH>m + 2| |

7 VI

hence for p > 1 we write the equation for f as

of .o . R . n R .o

oL = R {Amf—|—4H<V1f,VZH>m+2H4|V2H|h 2 VAl
H _ 1

—-(p-1) R |vif’|A|2g,Hh +4(p-1) 2 (Vif, viH>|A|297Hh

Now equation (3.4) can be found by a rearrangement of the first order terms:

1 1

R 2 2 R 9
_Qﬁ (’viA’Hg - ‘Vz’H‘h> —4 (p - 1) ﬁ ‘ViH‘\AFg—Hh

44
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1 1 R
= 4 <Vif,ViH> +4(p— 1)* (Vif,ViH),, —4(p—1) 2 (Vf,VH)
R
~2(2p 1) 15 (IViAly, ~ IVHE) ~ 40— p) 25 (194, — [V:HE)
+4<1—p>ﬁ|Ar v —4(1—p>ﬁ\vimi
1 R
= o (Vif Vill),, ~2(2p — 1) o7 (IViAl, - VA7)

+4(1—p) = i

= |H (V. VH) - H2|VA\ +\A|2|VH|2}.

Hence formula (3.4) for 3 < p < 1 follows from
H3 (Vf,VH) =2(AVH,HVA) — 2|A]? [VH|?
and

|HVA — AVH|* = H?|VAP? —2(AVH, HVA) + |A?|VH|?

= H?|VAP? - H3(Vf,VH) - |A|VH|?. (3.7)

The next proposition is crucial to estimate some terms in the evolution equation for f.

Proposition 3.9 The following assertions hold on any surface My:

i) If f < n(nlfl) then there exists n > 0 such that \y > nH, hence My is strictly convez.

i) If f < 4(”—21)2 then H |VA|* — |V:H|? > 0.

2
iii) Forp > 1, if f < n(:+21)) (211;_51) then

HIVAP - |v,H]2 > 20
nin
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and isolating one eigenvalue, say \j:

H=H +X and AP =4+ A%

It follows
1 1 2 1
FH? = AP — —H? = |A'+ 22— —H? - “H')\ — =22
n n n n
1 1 n—1 2
— Al 2 _ H/2 H/2 )\2 _ *H,)\
‘ | n—1 * n(n—1) * n kT Ok

n n—1 1 2
> e — —H'
= Tl-l( n k > )
thus, denoted by v* = supf, the condition f < ~* implies
My
-1 1.\?2 1.\?
vHE > D (TR ot = (- CH
n—1 n n n—1 n
1
VrH > " )\k—H‘
n—1 n
-1 1
JE T m > Ak—H‘.
n n

In order to prove the first part we set A\ = A\; and require v* < ——, then

n(n—1)’
1 1
JESytH > SH =\
n n
1 1
AM> = — | A2 H > 0. (3.8)
n n

For the proof of assertions ii) and iii) we take A\, = A,

[n—1 1

n H >
n n
11

( " ’y*—i—) H. (3.9)
mn n

implies

Vv
>
3

|

|
T

An

IN




Note that Lemma 2.2 of [13] gives |VA[> > 35 |VH[* and hYV;HV;H < X, |[VH|?, then

H|VAP? - |V;H[? > niQH \VH|?> =\, |[VH|?

2(n—1) [n—1 | 9
(n(n—i—?)_ n 7>H‘VH‘ '

Hence v* < ;((:;21))2 implies H |[VA]* — |V;H \i > 0 and in particular for p > 1, if

is verified, we find

2(n—1 1
HI|VAP = |VH? > (n - ) <1 - €1> H|VHP.
n{n —

The next corollary establishes the monotonicity of f.

Corollary 3.10 Under the hypotheses of Theorem 3.7 the estimate f < 7, or equivalently

% >c= "Tfl — 7, holds as long as the solution to problem (3.1) exists.

Proof. If we have f < v on My, then M is strictly convex, as established in Proposition

3.9 i), with h;; > nHg;; and Lemma 2.3 of [13] gives
HC —|A* > n® fH* > 0. (3.10)

For % < p <1 we apply Proposition 3.9 ii) to the equation (3.4) and obtain

of 1 H 2 | —
Bt < 2pRP {Amf +(1—p) R ’vz‘f‘|A|2g_Hh + 4pﬁ (Vif, vzH>m} :

Hence by maximum principle we can deduce that max < max f <y for all times.
t 0
Now consider the case p > 1. Note that assuming f < = one can estimate from below the

eigenvalues of the matrix m' = H§: —ht and the elements of the bilinear form |A|2 g.: — Hh..
J 7 9ij ij
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For the matrix m inequality (3.9) implies

-1 —1
H—A@H—A@(” /2 7>H,
n n

hence it follows

2 2 2
H\A\Qg—Hh = HHm_RH
n—1 n—1 R
> _ _ ) 22
Moreover, being
R |A\ n—1 f< n—1
H?2 H2 n ~ n

we infer

2 fn—1 2112
"||A\2g—Hh2_ T’)’H Re

(3.11)

(3.12)

(3.13)

(3.14)

These considerations lead to the following estimate for the evolution equation of f (3.5) in the

case p > 1: if f <~ then

of

H 1
p—1 o _ r12 ) )
B < 2pR {Amf (p—1) 7 |V1f’|A|29—Hh+4H<V1f’VZH>m

+(p=1) 75 <Vf,VH>|A|g h 2(2((21;))_ /”;17>1§3|VH|2
+4(p— 1)/ Hyv le@m—mﬂ}

_ QpRp—l{Amf—(p n |Vf||A|th+4 (Vif, ViH),,

+4 (p —I)H <VfVH>|A|g Hh 2(721((:1;;))—(219_1) /”;17);‘VH|2}

IN

%mm{mJ—@ >|vmmg%+4<Vﬁvm

+4(p —1) <VfVH>|A|g Hh}

Also in this case the maximum principle implies that f is nonincreasing and the estimate f < ~

holds on all the existence time interval of the solution of (3.1). m
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Now we can prove Theorem 3.7 to conclude this section.

Proof of Theorem 3.7. We derive the evolution equation for f, := fH? with ¢ > 0 and

prove its monotonicity.

We start computing

H° =¢H° 'Id and H°=o0(c—1)H° 2Id®Id

to find the evolution equation for H? using Proposition 3.5:

a{i = 2pRP! {AmH" —o(o— 1) HO 2 |\VH|? +oH  \VH)? —ocH 1 |VA]?

-1 HJl o—1 o
2 IVR[? - 2p cH ™ 'R|AP + o (H|AP - C) H }

then formula (3.6) gives

OH?
= opRr-! {AmH” to(l—0)H2|V;H]? + cH  |VH|? (3.15)

ot
o1 —1 Hot i
cH? ' VAP +T —\Vﬂ —2(p—1)oH° (Vf VH)

-1 2p — —1 2 2
+2(p—1)cH? m|VH| —TJHU R|A| +U(H|A| —C) HU}.
In particular for 3 < p < 1 we use formula (3.7) to have

cH ' \VH|? —cH ' |VAJ]?
—2(p—1)oH (Vf,VH)+2(p—1)cH" " i \VH\
= oH Y WVHP? —cH Y VAP +2(p—1)0cH° 3 |HVA - AVH|?
R
—2(p—1)oH Y VAP +2(p—1)cH 3 |AP|VH]* +2(p—1)cH* |VH|

= 21— p)oH 3 |HVA— AVH] — (2p — 1) o H"! (|VA]2—|VH|2),

49



hence
HO'
a@t = opRr-! {A H —2(1—p)oH 3 |HVA - AVH|?
1— p Ha+3
2

—(2p—1) aH“_l [|VA| —|VH? + %R |A\2} to (H A% — 0) H“} .

VP +o(1—0) H 2 [ViH[,

Now combining the previous formula with equation (3.4) we have

o = R (A Sy 20 (Vif, ViH),,

—4(1—p)RH*®|HVA— AVH> —=2(1 —p)ofH 3 |HVA - AVH|
HU-‘rl 1 —p HU+3
+(1-p) =%~ IVif a2y sin — —5 of
R
+ (1= 0)ofH 2 [VH[2, - 2(2p — 1) HO 2= (IViAl, - [ViH]})

H2
~@p = V)ofH " (VAP - |VH)

_2?;1;1033 [(HC’ —141*) + %afH2 yAﬂ +o(H|AP-C) fa} .

IVfI? +4pH (V. f,V,H),,

In order to express everything in terms of f,, observe that
Vf=V(f,H ) =H °Vf,—ofH 'VH,

IVf?=H 2 |Vf,|* = 20fH "7 (Vf,,VH) + ¢ f2H % |VH|? (3.16)

and (Vf,VH) = H 7 (Vf,,VH) — o fH ! |VH|?.

The following identities lead to a new formulation of the evolution equation for f,. Replacing
o—1 HU+1 2 o—1
—20H <V1f, VZH>m + (1 - p) T ‘vif|\A|297Hh + 4pH <sz, V1H>m
Hl—a

—2(1—p)<7f1 (Vifo, ViH) g2g_pp + (1 —p)o ff" |V H|\A\29 Hh

+2(2p—0) <V fe. ViH),, —2(2p—0)0f0ﬁ|V@-H|m
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and

_ o R
(1—0)ofH 2| VH[?, —2(2p— 1) H 2= (|v ARy, — \VJI\,%)
~@p-1)ofH" (VAP - |VH)

R ) -
= —(2p-1) <2f]2 + Uf) H°2 <|V1A|12L1g — |VZH|}2Z) +(2p—o0)ofH 2 |V2H|72n

into the equation for f, we have

—2(1— )afHH'\HVA AVH|?

l—0o

H
O'fa |Vf‘ +(1_ ) R |vifa|‘2A|2g,Hh

o (1 —p) af— <V.fm ViH) ey +2 (20— o) % (Vify, ViH),

1
+(1—p) sz” \V H‘|A|g Hh (QP_U)UfUﬁ‘ViH‘;
R
—(2p— 1) H2 <2H2 +af> (1Vidly, — Vit

_27';1}1“31% [(HC’ —141) + %affﬂ IAIQ} +o(H|AP-C) fo} :

Since |'|\2A\29—Hh < H ||?, we can estimate

(1-p) 2ff0 |VH||A\g Hh —(2p )Ufa IVH|

< o|u-par- @) gy § vk g,

E— [Qp R <f+ pf> U} %\Vzﬂ\i fo

Moreover, by formula (3.9) follows that f < ﬁ implies

—1 1 2
)\n<( z ’Y"‘) :*Hv
n n n

then

n n 2
=1 i=1

o1

(3.17)



Now using Proposition 3.9 ii) and the estimate (3.10) we derive for 1 <p <1

8f0 . Hl—a 9
E < QPRP {Amfa + (1 *p) T |vifa||A‘2g,Hh

1 1
~2(1=p) o [ (Vilo. Vi) gy + 22— 0) 37 (Vifs, ViH),,

N P L St Lopp |22zt o 2
U[QpHQ ( pf)U]R]VZH]me [ p nn na]RHfg}.

n

The hypothesis f < « is equivalent to

-1
EZc(nvp):n

— 1

so there exists ¢* > 0 such that the last two terms are negative and for any ¢ < ¢* and we can
conclude applying the maximum principle.

In the case p > 1, the equations (3.5) and (3.15) yield

0t - o H7H
= %H“{Amn—%H NV Vi) — (0= 1) =5 (Vi [y
-1 HU+3
P ol T VP 4H Vi, Vi),

+4(p—1)H 2 (V,f, ViH) a2y gy — 2P — 1) o fH? (Vf,VH)
—2RH (WAL, — [ViH]}) = o fH72 (IViAl, — Vi ;)
+ofHO 2 |ViH [, + 0 (1= o) fHO 2 |V, HI,
—4(p—1)RH"™® \viH\fAFg_Hh +2(p—1)ofRH 3 |VH|?

2p—1£HU (HC’—]A[4) _ 2p2;1ng"_1R]A\2+af(H]A]2—0>H"}.

p H3

Some of the first order terms in this equation can be rearranged in such a way to distinguish
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the positive and the negative part: first we use identity (3.12)

3 H0'+1
—20H ' (Vif,ViH),, — (p— 1) R |Vif’|2A|2g,Hh
HU+3
“(Vif,ViH),,

+4(p = 1) HO 2V f, Vill) gy g, —2(p— 1) o fH? (Vf,VH)

m (=) HTH VP

HU+2
= —20H YV, f,V;H), — (p—1) 7

HO’+3 9
IVfI?+4H " (V, f,V.H),

af
+4 (p —1) H" YVif,ViH), —4(p—1)H 2R(Vf,VH)

—2(p—1)ofH? (Vf,VH),

|mﬂ;+@—nﬂﬂ*Q+ Lo )Vﬂ

o+2

= —(p—l)HR

1 H?
+2(2p — o) H NV, f,V;H), —4(p—1) (1 + zafR> RH°2(Vf,VH)
then we use the equalities of page 50

= —(p—l)H

+p=1) (14 3o ) 10 AP

2 (p—1)of <1 + lafH2> (Y VH) + (p— 1) 6 f? (1 + ;aflf:> oV [V H?
+2(2p — a) (Vify, ViH), —20(2p— o) H°2f |V, H|?,

A1) <1 30 sz> VS VH) £ 4(p— 1) o (1 4 1af}§> RHT3 |V H?

= —(p—l)H

2(21)—0) (Vifo, Vill)

2 4 (p— )<1+ Sof— )H”yvm

— 20 (2p— o) HO72f |V, H|?,

m

2
Co(p—1) <1 + ;afH> <2If2 Jf> (Y, VH)
fg) (4R + af> H° Y \VH?.

—i—(p—l)af( —i—laf e
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Thus we have

o+2

of,
ot

- QPR”_I{Amfa(pl)H Vst o 1) (14 o s ) B0 9
+ L f

2
+2(2p—U)H<V fo VGH), —2(p—1) (1 Ij:) < }};2 +af) (Vf,, VH)

1 H? R o1 2
—oRH4 (yviAﬁ{g - |ViH|h> —ofH2 (|viA|§,g - |v,-H|§)
—20(2p—0)H 2f, [V;H|? +0(2—0) fH 2|V, H|?,
—4( —1)RH™ |V1H|‘2A‘29_Hh +2(p—1)ofRH™3|VH|?

_ 151{“( Cf|A|4)f (H|A|2(J)H”}.

p H3
2
Since f < =, then there exists an € > 0 such that f < ;((:;21))2 (211;61) , hence we can apply

Proposition 3.9 iii) and estimate the last part of the previous equation in the following way

R H2 o—1 2
(p—l)af<H2+3af—|— UfR>H |VH|
—2RH (WAL, — [ViH]}) = o fH72 (IViAl, — Vi ;)
—2(2p — 1) ofH 2|V, H?, + 62 fH 2|V, H|?,

~4(p— V) RH®|ViH|?yp p +2(p— 1) o fRH* |VH[?

2p—1 R A, 2p—-1 R o 2 o
_[ g Hg(HC’—]A\)Jr 5y 1A of (H14 C)]H

IN

(p —1)af< i 5+ 30f+ af };:)HUIWHP

2(n—1)2(p—1)+€ o 9 2(71—1)2(]?—1)4—5 o )
_2<"(”+2) 2p—1 )RH VE] _Jf<n(n+2) 2p —1 )H VE

_ 2(n—1) [ 1—¢ _
P SH VHP 4 p 1) s (5 ) R V]
_[2;0—1

p

77 — 00— :|RHfU

where we also used formulas (3.14), (3.10) and (3.17). Finally we write the same expression
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isolating terms independent from o

~ 2(n—1) [4(p—1)+2¢ 1—¢ o—3 2
(n+2)[ 2 — 1 o= 1) o =7 | RH VA
B (n—1)2(p-1)+¢e\ ,1 2 | 2p770-1 2
f( ) g1 ) HTIVHE + ot V]
R H2 o—1 2
+0f(p—1)<6H2+30f+ afR>H |VH]|
—{2p_1n772—0 }Rﬂfg
p

and obtain

e < o {ang - >(1+ Jo ) e
2
+2 (2p—a) (Vifs, ViH), —2(p—1) <1+;aff;;) (2;2 +af> (Vfs, VH)
4(”—1)5 o—3 2 2(n—1) 54 2 2 prro—1 2
—WRH \VH|* — femH \VH|* + 02 fH° ! |VH|

R o H? o—1 2
+of(p—1) 6H2+30f+ Uff H° " |VH]

B [2])—1
p

nn? — o= ]RHfU

Now we can choose a constant ¢* = ¢* (n,¢,n) > 0 sufficiently small in such a way that the
expression in the last three lines is negative. Then an application of the maximum principle
assures that f,, with ¢ < ¢*, is nonincreasing on all the existence time interval of the solution.

We have shown that in both cases % <p<landp>1

fo(t) <c1=supfH?
Mo

hence f < citH %. m

3.3 Convergence to a point

In this section we prove the first part of Theorem 3.1. We begin proving that the solutions

to the problem (3.1) cannot exist for all times because the minimum of the scalar curvature
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diverges in a finite time 7". Then we show that, as long as there exists a sphere of positive radius
enclosed in M, the principal curvatures stay bounded, hence the regularity theorem (Corollary
1.5) gives the existence of the flow for a longer time interval. As a consequence it follows that
the inner radius of the M,’s tends to zero as t — T'. Furthermore, using the pinching of principal
curvatures, one can estimate the outer radius by the inner radius from above and deduce the

desired convergence to a point.
Proposition 3.11 The mazimum time interval of existence of the solution to (3.1) is finite.

Proof. Let us consider the evolution equation for R given in formula (3.3)

%?:¢@3V4Am3+2p@—4waHVJﬂ;+2<H¢M2—0)Rﬂ

In order to prove that the scalar curvature of the evolving surfaces blows up in finite time, it

is necessary to estimate H |A|> — C from below by a power of R. From Lemma 2.2 in [15] we

have C < | A[S’ hence, using the inequality |A|2 > %H 2 we obtain
|A” R |A| R 1

HI|AP? —C > |A]? (H — |A]) = > z
AP = C 2 AP H = 1AD = 37 7 2 et 2 et )

Njw

(3.19)

where the last estimate follows by R < (n — 1) |A[*.
Now we define the function ¢ (t) := H]\l}nR. The evolution equation for ¢ is an ordinary
t

differential equation such that the estimate

dﬁ 1 p+3

TS TS A

holds in a weak sense for all ¢ > 0. The statement is proved because

t(p) < Vn—1®@+1X/w¢W%dp
Yo
< \/n—l(\/ﬁ+1)/oog02d<p
Yo

where it is known that the last integral converges. m
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Definition 3.12 We define the inner and outer radius respectively as:
p_:=sup{r €[0,00) s. t. By (y) is enclosed in Fy (M) for somey € R”‘H}
py =inf {r € [0,00) s. t. B, (y) encloses Fy (M) for somey € R”‘H}

where By (y) is the ball of radius v centred in'y.

In what follows we prove that the principal curvatures of the evolving surfaces stay bounded
as long as the inner radius is positive. The technique used, involving a lower bound on the

support function, first appeared in [25] and then was applied also in [1] and [22].

Lemma 3.13 Let us consider the flow (3.1). If the initial surface satisfies the pinching condi-

tion f < ﬁ, then the following estimate holds

py(t) < cap_(t) VE€[0,T). (3.20)
Proof. We denote by 7* = Sj\l/}pfy with v* < ﬁ as in the hypothesis of Theorem 3.1.
0

Then by the inequalities (3.8) and (3.9) we have on M

1 n—1 *
1 —1 w N Y
A > ( - ”w*) H>" Y " ).

n n 1 1
n ,7*_‘_%

n
The same estimate holds for all times ¢ € [0,7") thank to Corollary 3.10. This allows us to

apply Theorem 5.1 and Theorem 5.4 of [1] and deduce the statement. m

Proposition 3.14 If there exists a ball of radius r > 0 enclosed in My for all t € [0,T") then
maxR < cs <1 + 12> Vit € [O,T’)
M r

with cs depending only on n, p and Mjy.

Proof. Let us consider a time ¢t* € (0,7”) such that MIB[%};*}R = R (y*,t*) and set r — p_ (t%).

The monotonicity of p_ (¢) implies r = p_ (t*) < p_ (t)Vt € [0,t*], hence, there exists yo €
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R™*! such that the sphere B, (yo) is enclosed in M; for any t € [0,t*]. Now take Y : =y — yo

the position vector field with origin yo and note that
2(Y,v)—r>r>0, (3.21)

thus the quantity v := RP/ (2(Y,v) —r) is well defined on M x [0,t*]. The evolution equation
for v has been found in Lemma 1.11 for a generic flow, in this case, from formula (1.10) we have
2
v YY), V), T (HIAP-C)u

— =2pRP7' | A, — 2(2 1) 2.
ot ~ PR Y SEo) | D@D

In order to apply the maximum principle we use formula (3.19) to estimate

v _ 4(V;i (Y, V), Viv) > R3
— < 2pRF (A, m 21 (2p+1) — 2,
ar =P ( v+ (Y. 0) — 1 +2|(2p+1)—pr T D) v

Assume v (y,t) to attain a local maximum v (yo, t9) = c3 with top > 0, then at (yo, o) must be

Anv <0, Vo=0 and % > 0, so we have

S|

1 2p+1
R (yo, to) < pp Vn—1(vn+1)
From condition (3.21) it follows RP (yo,to) = v(yo,to) (2(Y,v) —7) > car, hence we can
conclude that

1 /2p+1 1\ 2
C3<max{maXU(y70),T<p;_ \/n—l(\/ﬁ+1)r> }

2p
Ifi (2”%1\/71 —1(v/n+1) %) > maxv (y,0), then recalling the definition of r and using the

estimate (3.20) we have

RP(y*, 1) = v(y"t") 2y —yo,v) —7)
1 . 1
S C4m (2,0+ (t )—7") §C4(2CQ—1)TTP,
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otherwise we have RP (y*,t*) < c3(2c2 — 1) p_ (0). Hence
1 *
maxR < ¢s <1+ 2) vVt e [0,t"].
M, r

The statement follows for all ¢ € [0,7”) because t* is arbitrarily chosen. m

Corollary 3.15 Let the surfaces My = ¥y (M) satisfy the hypotheses of Theorem 3.1. Then
all the principal curvatures are bounded as long as there exists a ball of positive radius enclosed

i all M;’s.

Proof. The previous proposition guarantees that if p_ (¢t) > 0 for all ¢ € [0,7"), then the
scalar curvature R is bounded in the same time interval. Recalling that, as proved in Corollary

R n—1

3.10, the condition required on the initial surface 77z > ¢ = *= — 7 > 0 is preserved for

all times, we deduce that H? is bounded for all ¢+ € [0,7"). Moreover, from the definition of
R = H? — |AJ, it is clear that also |A|* is bounded and this concludes the proof because the
boundedness of | A[2 =3, /\12 is equivalent to the boundedness of all principal curvatures. m

Now we can apply the regularity result (Corollary 1.5) to deduce the smoothness of the

limiting surface.

Lemma 3.16 If m]\?X|A]2 < ¢ (My,r) for all t € [0,T") then the surfaces M; defined by the
t

initial value problem (3.1) converge to a smooth limiting surface Mrpr.

Proof. Note that the boundedness of |A|2, and hence of all principal curvatures, allows us

to describe locally the evolving surfaces as the graph of a function u

F(p)=(z1,...,zn,u(z1,.... Ty)) = (X, u (%)),

like in the general setting, and the evolution equation for w (1.5) in this case becomes

% _ _m<§tF,,> — w1+ [Dux). (3.22)
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Recalling formula (1.3), we can write the scalar curvature as a function of u

R = H?’- |A|2 = gijhijgklhkl - hijgjkhklgli

_ (gijgkl _ gjkglz'> D}yu (x) Diyu (x)
1+ |Du (x)?

hence we have

o 1-2p .. . .
O _ G (D%, Du) — ( m) (7" ~ #*9") DZu (x) Dju ()]

[NIES

1-2p
If we define a (Du) = (\/ 1+ \Du|2> > 0and L (D?u, Du) = {(gijglk — g'lgkd) DlzkuDinu} ,
then
G (D2u, Du) = a(Du) [L (Dzu, Du)]Qp

and the function ¢ (y) = y? is an increasing function of its argument.
Since I = R? is a concave function of the Aj’s, and the estimate (1.6) holds:
k=i 1 (H—=X\)— (H-)\)

1 1
=_-R 2 =——R2<0 Vk#j
)\k'_)\j 2 ’ )\k—Aj 2 = 7&]

Remark 1.6 allows us to apply Corollary 1.5. m

We can finally infer that the evolving surfaces stay smooth until they degenerate to a point.

Theorem 3.17 The solution to the problem (3.1) exists in a finite time interval [0,T) and the

manifolds My converge uniformly to a point ast — T.

Proof. The previous two statements show that as long as there exists a ball of positive
radius enclosed in My, then the latter fulfills the hypotheses of the short time existence theorem,
and the flow can start again. From Proposition 3.11 follows that the inner radius has to tend
to zero as t — T'. Furthermore the inequality (3.20) implies that also the outer radius tends to

zero, hence the evolving surfaces shrink to a point. =

60



3.4 Convergence to a sphere

In order to prove the second part of Theorem 3.1 we normalize the solutions of (3.1) requiring
the volume of rescaled surfaces to be bounded both from above and from below during the
evolution.

Let us consider for any ¢ € [0,7") the maps F (x,t) =9 () F (x,1) where v is a positive
scalar function. We choose the rescaling factor ¢ in such a way that spheres are constant
solutions for the rescaled flow.

If My is a sphere of radius 7o centred in 0 € R™™! then the position vector F is parallel

to the normal direction v and its scalar curvature is given by R = ”ff;(;)l ). Tt follows that

the evolving surfaces M; are all spheres and their radius r (¢) satisfies the following ordinary

differential equation

d
d—; = —nP(n—1)Pr 2
irzz""l = —nP(n—1"(2p+1),
dt
whose solution is
1
r() = [P = (= 1P 2p+ 1)t 7T (3.23)

Hence we set ¢ =nP (n —1)? (2p + 1) and define v (¢) := [¢/ (T — t)]_ﬁ, obtaining

F(x,t) = [n” (n — 1)P (2p + 1) (T — t)] %1 F (x,1).
The time parameter 7 is defined as

t 1 1 t
t)i= [ ———dt'=—=In(1- —
"0 [ o d“( T)’

in such a way that 7 — oo ast — T.
The following lemma is useful to deduce the evolution equation of geometric quantities

evolving by the rescaled flow from their evolution by the non rescaled one.

Lemma 3.18 Let P and Q) be expressions formed by the elements of the second fundamental
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form and the metric g such that

855 =2pR" (AP +Q),

and let P = ¢*P. Then the equation

0P

= 2pRP1 (Amﬁ + Q) +anP (n—1)P P
or

holds with Q = ¥°3Q.

Proof. From the definitions given at page 5 it is easy to check that if F = YF then

Gij = ¢29ij, G = w_ggij and fzij = 1h;;. Moreover we compute

dr 1 _ il

dt — (T —t)

and
c 2p+2

dp _d oy _ 2p+2
2p+1[C(T t)] =nP (n—1)P P+,

1
/ _7_
o =g (T =] =

Now we calculate the evolution of P

OP  _ dtd o oy aadd L OPY
ar gror W= ((w al TV )=

= Y P [an? (n = )P YT + 2pR7H (AP + Q)]
Since for the second order operator the following equality holds
AmnP =mV,V;P =y 3mUV,;V,;P = ¢ 3A,,P,

we have

ZP = 2pRP N3 (AP + Q) +an® (n— 1) P
-

= 2pRr! (Amﬁ’ + 1/}‘1_3(02) +an? (n—1)P P.
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As a consequence of the previous lemma we can define the rescaled RP-flow by the equation
—F = —RPU 4 nP (n—1)PF. (3.24)

Following the proof of Theorem 7.1 in [1], just with a different rescaling factor, it is possible
to prove the estimate

<p_<1<p,<c (3.25)

HO\‘ —_
=

and thus check the assumption that the volume of M, := F (-, 7) is bounded from above and
from below.
Since ¥ — oo as 7 — oo we have an estimate from above also for the rescaled scalar

curvature due to Proposition 3.14:

1

1+ p_(t)2] < cgm, (3.26)

maxR = ¢ ?maxR < ¢ 2cs
M, M,

this is necessary to bound the principal curvatures and prove the long time existence. But is
important to observe that the rescaled scalar curvature is not uniformly bounded away from
zero: though R > 0 holds on all M, x [0,+0c) we have not a positive lower bound on R.
This means that the rescaled flow is degenerate, hence we cannot use the standard theory for
uniformly parabolic equations to prove the convergence to a sphere. The proof then uses a
different argument (shown in paragraph 3 of [23]): we write the equation for the rescaled scalar
curvature as a porous medium equation and deduce the necessary interior Holder estimates

applying Theorem 1.2 in [9].

Corollary 3.19 The rescaled scalar curvature R satisfies the equation

Ly o2pRP! {Am}? +(p—1)
or

1 2 1/~ -2 <\ - -
z ViR‘~ +p<H’A‘ —C’)R}—2np(n—1)pR

or, equivalently, the equation

~ ~ ~ | ~|2 ~ ~ ~
;R — 2A5RP + 2 <H ’A‘ - c) RP —2n” (n — 1)P R. (3.27)
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Proof. Using the identity
ApRP = m'V,V;RP = mV,; (pRP"'V;R) = p(p — 1) RP2|V;R?, + pRPF AR

the equation (3.3) for R can be written as a porous medium equation:

0 2
— D /g
tR—QAmR —|—2<H|A| C)R .

The claim is a consequence of previous lemma. m
The next lemma gives an estimate on the gradient of R both in space and in time that is

essential for the proof of the long time existence of the flow.

Lemma 3.20 The rescaled scalar curvature R of the evolving surfaces M, satisfies the estimate

T2 ~ 2
/ /‘VRP‘~d/]dT§cg(1+7'2—T1).
T1 m

Proof. First we need to prove the following identity based on the integration by parts: for

any two functions a,b € C? we have

/aAmb = /a(HgiJ' — W) V;Vb
= —/Hgijviavjb—/agijViHij—{—/hijVianb—l-/avihijvjb
= —/ (Hgij — hij) V,anan /(I (gijglkvihlk — gilgkjvihlk> ij
= —/(Va, Vb>m+/a(mijvihij)vjb— —/<Va,Vb>m
where the last equality is due to Codazzi equation.

Then we compute the evolution equation of the rescaled area element i = " u: applying

Lemma 3.18 to equation (3.2) it follows

o .
8—2‘ = —RPH[+ 0" (n — 1) i,
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Hence, recalling also formula (3.24), we have

;/R”“dﬂ = (p+1)/RpaaRdu+/Rp+1§tdﬂ
— 20p+ 1)/RpAmed/l+2(p+ 1)/ (ﬁ‘[xf - é) Rdfi
—2(p+1)nP (n— 1)?/}?1’“@
— / RPYHAR + P (n — 1)P / RP
- 2(p+ 1)/’VRp‘jhdﬂ+2(p+1 /< ‘A‘ >R2pdu

- / RPFVHAR A+ 0P (n—1)P (n— 2p — 2) / R ldp.

)
Now we can estimate [ ‘VRP‘ _dfi by the inequality (3.17):
m

/‘VR”‘;dﬁ - _2(p+10t/RpHd“+/< ‘A’ )RZpdu

2p 2
—— | RPYIH4L +nP /Rp+1d
2( p+1 / R U Y a
1 0 2 1
- - - Rp+1d~+ <_>/R2p+1Hd~
2(p+1)at Fr\n " 20+ 1) a
-2 2
4P (n— 1P P2 /Rp“al~
2(p+1)

Let us observe that convexity of M, implies i) . Ap < cyp'}, while R is bounded for all times
by inequality (3.26). Then the last two terms are bounded by formula (3.25) and the statement

follows integrating in time. m
Theorem 3.21 The rescaled hypersurfaces converge to a smooth one in C* norm as + — oo.

Proof. For every (p,7) € M, x (¢,00) with &€ > 0, we have to bound the a- Holder norm
in space-time of R on B. (p) X (1 —e,7 + €).
We can write the evolving surfaces as the graph of a function u, as we did for the non rescaled

flow, and transform the second order operator of the evolution equation for R in divergence
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form:
Aph? =i (DD R? — Ty DiRP) = D; (D) — Dy DR — Tl Dy Y.

Let us observe that this operator is not necessarily elliptic because the functions m* with
i,j =1,...,n tend to zero if R — 0. Then we have to transform again the second order operator

as

- 2
ApRP = :

2p+1

2p
2p+1

and prove that the coefficients R™2mi are bounded. Using the estimate (3.11) and H2 > R

we have

n n

g -1 -1
R™3mi > (H — \y) HR™ > (" — /2 ’y) ,
moreover, from the inequality (3.18) follows

n—1

R emY < R2H < — . (3.28)

n
Hence the equation (3.27) can be written as a porous medium equation

0 =~ 4p

ot 2p+1

4p
2p+1

D; (Rf%miﬂ'DjRH%) . R 3Dy D RP*E + k (R, VR) (3.29)

with R*%mijgigj > k€] and )Rféﬁzij < kY as required by Theorem 1.2 in [9].

Furthermore, by a property of symmetric functions, we have V;m% = D;m% + I‘;j m =0,
hence we can estimate D;m% by m¥, and then obtain an estimate on the right hand side of

(3.29) in terms of VRPT2. Now formula (3.28) and Lemma 3.20 imply

T+2¢ B 112 T+2¢ 12 -1
/ / v ~dx<c§1/ / || Rbdx <oo
T—2¢ ng(po)ﬂTpoMTO g T—2¢ B2s(P0)ﬁTp0Mro m

and Theorem 1.2 of [9] gives the desired C?“ interior estimates.

Finally C'*° estimates, long time existence of the solution and convergence to a sphere follows
by standard arguments as in [8] or [23]. m

The following theorem proves the second part of the statement of Theorem 3.1.
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Theorem 3.22 Under the hypotheses of Theorem 3.1 the immersions F. converge to a limit

immersion F o, whose image is a sphere, with exponential speed.

4]

Proof. Let us consider the function f = — % Since its homogeneity degree is zero,

72
we have f = f, hence the evolution equation for f is given by formulas (3.4) and (3.5). Then

applying Proposition 3.9 and using formula (3.10) we can estimate for % <p<l1

of _— . H|_ . 1 . W—1 5= -
—_— < P 27 - - ) = ) ) -
o < R {Amf+ -7 Vi st P (Vi vill) 5y "R
and for p > 1
of _— . Hi_ -2 1 _
o< P S (p—1) = |V, EyAvS A
s < Wk {Amf (-1)% i T (Vi Vi)
t4(p 1) 3 (Vi Vi) o eRAT
p ﬁ2 vd (2 |A|2§—Hil/ p 77 N

Then f (1) < ¢4e 97 for a suitable small § > 0. The rest of the proof is similar to that of

Theorem 3.5 in [23]. m

3.5 Singularity formation

This last section provides a counterexample to Theorem 3.1 in the case of a non convex initial
surface with positive scalar curvature. We construct a surface that has the shape of dumbbell
and prove that, as in the case of mean curvature flow, it forms a neckpinch singularity in finite

time evolving by equation (3.1).

Proposition 3.23 Let Fg : M — R be a smooth immersion in R™ with n > 2 and
assume that H > 0 and R > 0 hold at any point of My = Fo(M). Then the function s

associated to S = RP satisfies the condition

0
O\

sMY),-A(y) >0 Vi=1,..n.

It follows that there exists a unique solution of the initial value problem (3.1) and the prop-

erties H > 0, R > 0 hold as long as the solution of the flow exists.
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Proof. Lemma 2.4 in [16] assures that, if the hypothesis H > 0, R > 0 on M) is satisfied,
then H — )\; > 0 for any ¢ = 1,...,n on all the surface My. This guarantees the short time

existence and uniqueness of the solution of the flow as in Theorem 3.2. Furthermore, since

n
HIAP —C =Y X(H-X\)>0,
i=1

we can apply the maximum principle to the evolution equation of R (3.3), and deduce that the
estimate R > nAlJlglR > 0 holds on all the time interval [0,T") of existence of the flow. Finally, if
there were an instant ¢ € [0,7") in which the mean curvature vanishes at a point, we would find
a contradiction to the inequality H? > R > 0, hence the positivity of H is preserved too. m

The counterexample we are going to describe is a compact, rotationally symmetric surface.

The following lemma shows an important property of this kind of surfaces that will be used in

the proof of the singularity formation.

Lemma 3.24 Let M be a surface with H >0 and R > 0. If M is rotationally symmetric with
A < A2 = ... =\, then at any point we have A\, < %H and the norm associated to the metric

mi; = Hgij — hij can be estimated by the standard norm Hg:

n

—2 2(n—1)
H|{y <]y < ———

HI|,.
- - Iy

The same estimate holds on any surface at those points where A\, < %H

; are H — )\; for

i =1,...,n. First we prove that if the n-tuple (A1,...,\,) with A} < A2 = ... = A, satisfy

Proof. Given a point on the surface M the eigenvalues of the matrix m

H:i)\i>0 and RZiAi(H—/\i)>O,
i=1 =1

then we have the estimate

n—2 2(n—1)

H<H-\< H.

n

Since H > 0 and R > 0, Lemma 2.4 in [16] implies, as before, that H — A,, > 0. Then we can

set H— )\, = eH, it is equivalent to A\,, = (1 — &) H with 0 < £ < 1. Hence A\; can be expressed
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as A\ =H—(n—1)\, =¢H — (n—2) )\, and the function R becomes

R = MH-X)+0m-1)N (H—-N\)
= [eH-—n-2)\](n—1 X+ (n—1)\peH
= (n—1)(1—¢)[2e — (n—2) (1 —¢)] H?

= (n—l)(l—s)[ns—(n—Q)]H2

The last factor is positive if and only if ”7_2 < ¢ < 1, hence

n—2

H—-\,=¢cH> H,

An < 2H and
2(n—1)

n

H-M=n-1)MH=Mn-1)(1-¢)H< H.

This estimates prove the desired property of the n-tuple (A1, ..., Ap).
Now take a general surface M with H > 0, R > 0 and take a point where A\, < %H . We
define the n-tuple (5\1, ey S\n) setting o = ... = \, = \p and \y = H — (n — 1) Ay; note that
H < n), implies

M=H-n—-DX A <Ap=Xa=..=\p.

IN

Then we check that the n-tuple (5\1, e 5\n> fulfills the hypothesis of the first part:
H=M+..“ A =M+0—-1DX\=H>0

and function R satisfies

R = N (ﬁ—&1>+(n—1)7\n(H—f\n>
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where the last factor is positive thank to the hypothesis A, < %H . This allows us to apply the

previous part and deduce the lower bound

H H n
hence [-[,,, > (H — An) ||, > "TJHHQ. On the other hand we have

H-X _ (=Dl (=Dl _H-M _2(n-1)

= = 5

H ~ H N a4 Ja1 n

thus ||, < (H = X\) [, < 2UH ||, =

n

We use a comparison principle to describe the evolution of the surface we want to define.
It encloses two spheres in a symmetric position with respect to the origin and it is enclosed in
an hyperboloid whose axis of symmetry links the centres of the spheres.

The next proposition shows that if the initial surface encloses a sphere, then the evolving

surfaces enclose its evolution as long as the flow exists.

Proposition 3.25 If the initial surface My encloses a sphere By, of radius o then the surface

M, encloses the sphere of radius
1
r() = [P = @+ )P (0 - 1)t T
whose maximal time of existence is

2p+1
To

2p+1)nP (n—1)"

/%

Proof. We assume M to be tangent to B,, from outside. Let ¥ be the centre of the sphere
B,, and consider the function d (y,t) = |y — ¥|%on M.
We compute A, d:

mIVVjly —y* = 2mV; (y; — g;) = 2 (Hg" — hY) gind§ = 2(n—1) H,
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then the evolution equation for d is

(8075 - Rp—1Am> d=—-R\"'Apd=—-2(n—1)HR" .
If we define r (t) = njr\l/}nd (y,t), then the surface M; is tangent from outside to B, (¥) and
t

in points of contact the curvatures are bounded by the curvatures of the sphere:

n n(n—1)
HS@ and RSW

As a consequence, the evolution equation for d implies

d
—r? > —2(n—1)HRF' > —2nP (n — 1)P r~2PH!
—r > —nP(n—1)Pr %,
hence the minimum of the distance function |y — y| is bounded from below by the radius of the
evolution of B, derived in (3.23). m
In analogy with the previous proposition, the following one shows that if the initial surface

is enclosed in an hyperboloid then the evolving surfaces are enclosed in its evolution until it

degenerates.

Proposition 3.26 Let us consider a compact hypersurface My such that |y,+1| < N. Moreover

assume My to be enclosed in the hyperboloid By of equation

2[y[* — (n— By, — 207 =0,

where 0 < B < n — 2. Then the surface M, is enclosed in the hyperboloid By of equation

4(n—-1
21y~ (0= B+ D et 242 =0,
that develops a singularity at time T* = ﬁ where cog = co (B, N).
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Proof. If one defines § such that y = (§,yn+1), the equation of the hyperboloid By can be

written as

2191° = (n—2 - B)y2 4 + 2%

and it can be considered as the rotation around the y,1 axis of the function

The principal curvatures of By can the be computed using the derivatives of sy (see e. g. [17]
paragraph 3C):

"
— 1

. Vk=2,..n. (3.30)
[1 + (S’H)Q} :

We have s (yn+1) = #y:—;, that implies

2
_9_
B+ (FD) B n—2-8) (- PR, + A2

1+ (shy)? = =
+ (SH) s%[ 45%{ ’
and
" n—2-p 1 yT2L+1n_2_ﬁ
_ R n—s—p 3.31
S (i) (s (3.31)
2 —2-8),2
n—2—p%5 " (n 2 )yn—l—l _n—2—6772
2 3 N 2 s3
Hence the principal curvatures are
M= — (n—2—p3)4n?
- 3
[(n—2—8)(n—B)ys s + 477
and
2
Ap =

N|=

[(n =2 =B) (n—B)ypq + 4]

Let us check that on By we have H > 0 and R > 0.
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The mean curvature is positive if and only if

—(n—-2-B) 4 +2(n—1)[(n—2—B)(n—B)y2 1 +4n°]

= 2 —1)(n -2 B)(n—B)y2es + 4P (n+B) >0

and it is always true. For any rotationally symmetric surface with A\; < Ao = ... = A, the scalar

curvature is given by

R = M(n—DXNo+(n—=1) A\ (H—=\p)

= (=DM [2M + (n—2) A (3.32)
Note that
A (n—2—p)2n? . n-2-8
A (n=2-0)(n—pB)yi, +4n? 2

then we have the following estimate on By:

4(n—1)p6
R — 1) AL = 0.
2O S G B B
Moreover on By N [—N, N| we have

R > 4(n_1)ﬁ _Co(na/BaN)'

(n—2=p)(n—B) N2+

Let us observe that fixing a positive constant cg (7,3, N), the same constant is valid for
any n’ <n and that the estimate found on By holds as long as the flow exists because R
is increasing along the flow.

Now consider the function

4(n—1
(n )5COt—2772
n

4(n—1)

ho= 2y —(n-8)y2y+

= 2l - (n-2-B) Y2+ Beot — 21
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vanishing on the hyperboloid B; and negative inside. The evolution equation for A is

4(n—1
<aat Rp_lAm> h = (nn)ﬂCO *4(%* 1) HRp_l +2(n—,6’) Rp_l |Viyn+1]72n,

it can be estimated using Lemma 3.24 and the inequality |Viyn41|* < 1:
0 4(n—1 4(n—1
< - Rp—lAm> ho< Hnzbg o 4=l [n — (n = B) |Vyni1|?| HRP
ot n n
4(n—1)

4(n—-1)

<

Beo — BHR'™;
finally the last expression is negative because HRP~1 > RP3 > cg_% (B,N).

By the maximum principle we infer that maxh < 0 for all ¢ € [0,7*), hence the evolving
surfaces are enclosed in the hyperboloids B; until they degenerate at time 7*. m

Now we give an explicit example of a surface with positive scalar curvature that does not

converge to a round point.

Example 3.27 There exist a surface My with H > 0 and R > 0 that develops a neckpinch

singularity evolving by the flow (3.1).

Proof. Let us consider the hyperboloid By of the previous lemma that is the rotation

around the y,1 axis of the function

n—2-4
s (Ynt1) = \/23/721+1 + n2.

We define the function

55 (ni1) = /B2 — A2 (Jynya| ~Lr)?

in the interval L1 — % < |ynt1| < L1 + %, and choose the constant L in such a way that the
ellipses obtained rotating sg are tangent to By.

If we define v := # + A2 the condition sy (yn+1) = Sg (Ynt1) is equivalent to

s%{ — s% = ayzﬂ —2A%[,4 |Yn+1] + AQL% - B?4 772 =0,
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and the tangential condition becomes
A'L? — o (AL - B* +9%) = 0.

It follows that the ellipses are tangent to the hyperboloid if and only if they are centred in
(0,£L;) with

a(B? —n?)
L=\ >3v
A? (a — A2?)
in this case
A2 \?
sh—sh =« <\yn+1| - aL1> (3.33)

and the (n + 1)-th coordinate of the contact points are +Ly with I, := %QLl,

Now we want to define a function s connecting sy with sg such that the surface My,
obtained rotating s around the vy, axis is a twice differentiable surface with positive scalar
curvature. The surface My will be C? rather then C*® as we usually assume; however, by the
smoothening properties of parabolic equalities, our calculations remain valid also in this case.
We can also consider a C™ initial surface My which is close enough to My in C2-norm to satisfy
the same conditions on the curvatures which we impose on M.

We consider the function ¢

(L1 = lyn4a])’®

© (Ynt1) =1 - ———3—,
(L1 — Lo)®

such that ¢ (Lo) = 0 and ¢ (L1) = 1, note that its derivatives

(L1 — |yn+1])? Yns1
(L1 — Lo)®  |Yn+1]

L1 — [yni1|

and " (yny1) = —6
(L1 — Lo)*

' (ynt1) =3
satisfy ¢’ (L1) = ¢” (L1) = 0. Then we define the function

SH (yn+1) 0< |yn+1| < Ly
$(Un+1) == Sk Wnt+1) Lo < |ynt1| < Ly

$E (Unt1) L1 < |yna1| < L1+ &,
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where sp is the convex combination of sp and sy by ¢

SR (Yn+1) 1+ =0 Un+1) SE (Un+1) + [1 — @ (Yn+1)] 51 (Yn+1)

= 88 (Unt+1) + ¢ (Yns1) [5E Wn+1) — 55 (Yns1)] -

Now we can prove that My is C? differentiable. Note that the rotation of sy at Yni1 =0
and the rotation of s at |y, 1| = Ly + % are smooth, and all the functions involved are smooth
inside their domain. Hence we only need to check continuity and differentiability of s on the

connection points Lg and Li: once computed the derivatives of sp

sp = sg+¢(sp—sy)+¢ (s5—su)

sk o= syt (sh—sh)+2¢ (s —sy) +¢" (sg — su)

they are easy consequences of the properties of ¢ and sg.
We also have to prove that the scalar curvature of My is positive. From equation (3.32) and
formulas (3.30) it follows that a rotationally symmetric surface with A\; < Ay = ... = \,, have

positive scalar curvature if and only if

R = (n—=1)M[2M + (n—2)\)
= M [—258” + (n—2) (1 + (s')z)} > 0.

Let us observe that, as shown in (3.31) the function sy generating the hyperboloid satisfies the

stronger estimate
" n—2-pn n—2

SHSH = 9@ < Ty

hence it suffices to show that for Ly < |yn+1| < L1 we have

SR (yn-H) < sH (yn—i—l) and S}I{ (yn—i—l) < SIIéI (yn-i-l)

so that

” sy n—2 n-—2 1\ 2
3R3R§3H3H<T< 5 1—|—<3R>
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and the positivity of the scalar curvature is guaranteed on all the surface My. From equation

(3.33) follows

2
a (Jynt1| = Lo)
— = > 0,
SH T SE SH + SE

hence sg = sy — ¢ (sg — sg) < sg. Computing

n_2_/8y 1 A2 Y, 1—L1 Yn+1
s (Yn1) = ———2F and Sl (yni1) = — (lyns1l ) Yn+
2 SH SE ‘yn+1|
we have
/ r 1 2 2 Yn+1
Sy —sp = (a—A )yn+1sE+A (lyn+1| — L1) sH
SHSE ’yn+1|
1 Yn+1
= [(a - AQ) [Yn+1|sE + (A2 Ynt1| — OéLo) SH] L
SHSE |yn+1’
1 Yn+1
= (=A%) (sp = s1) [Yns1l + & (Jyns1| — Lo) 51 ]
SHSE |yn+1|
a (|yn+1| - LO) 2 2 Yn+-1
= —(a—4 Yn+1| — Lo) |Yn+1| + 855 + SHSE
(SH‘I'SE)SHSE [ ( )(| n+ | )| n—+ ‘ H ] ’yn+1|

« 1| = Lo) [ — A2 2 1
_ (gl — Lo) [ Lo ymia| + T 4 1] it
s+ sg SHSE SHSE |Yn+1]
The second derivatives of sy and sg are
2
" _ n=2-B(1 Ypyun-2-0
st (Ynt1) = 2 (SH s?}{ 2
1 A2 9
sk (Ynt1) = —A? ( + 3 ([Ynt1] —L1) ) )
SE SE
thus
" " n—2-4 772 A?B? A2B2?
Sy —Sp=————+ )
H E 2 s?}’q s% s%
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It follows the estimate

sir—sp = @ (s —sE)+2¢ (s —sk) +¢" (sg — sp)
(L1 — Lo)* = (L1 — |ynt1])® A2B?
(L1 — Lo)? sk
L1 — 20 — L a— A2 2
+6( 1 Iyn+1i|))) (|yns1l — Lo) ( Lolymsa] + U 1)
(L1 — Ly) SH + SE SHSE SHSE

—6L1 — [Ynt1] o (|yns1] — L0)2
(L1 — Ly)®>  su+sE

9

2 p2 2
moreover for Ly < |yp+1| < L1 we have ASTB > f—E and
E

A2

— L
[yni1l = Lo (L1 — Lo)® + (L1 — Lo) (L1 — |yns1]) + (L1 = |ynsa])? .

(L1 — Lo)?
Ly — ’yn-&-l‘ ’yn-&-l‘ — Lo
(Ll — L0)3 Sg + SE

s’}l—s']’% >

+6cx

(L1 = |yn+1]) = ([ynt1] — Lo)] -

Looking at the last line above it is clear that the inequality s, —s% > 0 holds for |y, 1] < %.

: : ol 1 1 Lit+L
Otherwise, since sy > sg implies e > 3 for AT < ypq1| < Ly we have

—L
sy =ty > A0l L0 g2 (1) 1o~ 30 (L = lysal) (vl - Lo)] .
sg (L1 — Lo)

The negative term assume its minimum at |y, 11| = Ll;LO, hence s, — s > 0 if

|yn+1’ — Lo ( 2 3 )
Y (A" —-a] >0
sg (L1 — Lo) 4 )~

and the difference is positive provided that A2 — %oz = % A2 — % > 0.
Now we can choose A? = 2(n—2— )+ 1 and B = Arg so that the surface My encloses

two spheres of radius rg as in Proposition 3.25. As a consequence My cannot vanish before time

Tl* _ Tngrl
= @)

Furthermore let us observe that

B
My C {’yn+1| <Li+ A} = {’yn—&-l‘ < I +7’0}
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and that

2a (A%r¢ — n?) 2
— A0 ) 2 1
L1+ \/A2(7'L—2—6)+TO<( n_2_6+>’r07

hence My the hypotheses of Proposition 3.26 with N = N (n,B,7m0) . Since M is symmetric
with respect to the origin, it has to shrink in the middle as the hyperboloid at most at time

_ __np?
"= 2(n—1)coB "

Finally n can be chosen such that T* < T'*:

2¢0 (B) Brg” "
(2p + 1) np+l (n —1)P

n? <

then My develops a neckpinch singularity because it shrinks in the middle when it still contains

a sphere of positive radius in both sides of the y,11 axis. =
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Chapter 4

Evolution of entire graphs

In this chapter we study the geometric flow (1.4)

Ept)= -SW)v(F(p,t))
F(p,0)= Fo(p).

with the hypothesis that the initial surface is the graph of a smooth function ug over R" x {0}:

Fo(p) = (z1, .coy Tn, up (21, .oy ) = (X, up (X)) -

First of all we state the short time existence theorem.

Theorem 4.1 (Short time existence) Let us consider the initial value problem (1.4) and

assume that for any y € My the function s associated to S satisfies

0
O\

sAMy),-uA(y) >0 Vi=1,..,n.

If My is the graph of a smooth function ug such that ||Vugl|c1.e < 0o, then for a short time
interval there exists a unique smooth solution u (x,t) : R™ x [0,T) — R with u(-,0) = up and

lu = uollgz.a < 0o

Proof. The statement can be proved by a standard fixed point argument in a similar way
to Theorem 8.5.4 of [19]. Note that, instead of ||u|| 2. < 00, the hypothesis above is sufficient

because the equation of the flow involves only terms in Vu and VZu. m
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From now on we assume that on Mj the hypotheses of the Theorem 4.1 are verified. Let us
observe that the boundedness of the gradient function Vug forces My to have at most a linear
growth at infinity. As a consequence of the previous theorem we have that |u (x,t) — up (x)],
||IVu|| and HVZUH are all bounded quantities for all (x,t) € R" x [0,T).

Since M;’s are non compact surfaces we cannot use the statement of the maximum principle
given in chapter 1, then we prove here a specific statement of the maximum principle over

graphs.

Theorem 4.2 (Maximum principle over graphs) Let M; = (x,u(x,t)) for t € [0,T) be
the surfaces defined by the flow (1.4) with the assumptions of Theorem 4.1 and let f be a
smooth function defined on My x[0,T). Assume that for the evolution equation of f the following
inequality holds

%{ < Sg¢* (Hessvf)+ Sg* (a,Vf)

f(Mo) = fo
where the vector field a and the function fy satisfy ]?/IUXP[O’E:‘F|) < 1 <00 and || foll gz < oo

Then if sup|f| is bounded we have Supf <sup fo.
M, x[0,T) My x[0,T)

Proof. Since |f (M;)| is bounded, say

sup | f| = N,
M;x[0,T)

then for any £ > 0 there exists a point and a time (¥,¢) such that f(y,f) > N — . We define

for any 7 > 0 a new function f;, as

2
a0 = (v,0) = 5y~ 51° - K ()t

where

K(n)>n [77 + 2@01} - sup Tr (S) > 0; (4.1)
M x[0,T)

note that sup T'r (S) < oo because it depends on the principal curvatures that are bounded
My x [O,T)

by HVQUH
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We have
Viy=Vi-n'(y-y) and Hessyfy=Hessyf—n'ld,

hence the function f;, satisfies the evolution equation given by

Do Ak <8y ttesson) + $g° @) - K ()
= Sg* (Hessvfn + 772[) + 59* (aav.f'r] + "72 (y - 3_’)) - K (n)

= Sg* (Hessv fy) +Sg* (@, V) +1°Sg* (I) + n*Sg* (a,(y — 9)) — K (n). (4.2)

In what follows we estimate the last terms of this equation.

Since f is bounded, then fn — —o00 as ly| — o0, hence the function f, assumes its maximum

value in M; x [0,T), say max fy = fy (¥,%) - From
My x[0,T)

2
F(3.0) = £,(5.0) < maxf, = £, (5.9) = f (5.8) = T |5~ 9 — K (),
MtX[O,T)

it follows
2

5ly—yl2§f(9,ﬂ — f(¥,0) < 2sup|f| =2N
MiX[O,T)

and n|y — y| < 2v/N.
Recalling that Sg* (I) is the trace of the matrix S we have

’Sg* (a,(F —§)) < n’lal|§ — §|Tr (3) <2pVNep - sup Tr (5)
MtX[O,T)

and the last terms of equation (4.2) are estimated by the assumption (4.1):

Tr (8) +128¢" (a7~ §) = K () <n [n+2VNer |- sup Tr(8) = K (n) <0,
MtX[O,T)
If £ > 0 then

S" (Hessofy) (5.0) <0, S @Vf,) (7)) =0 and 22 (3,7) >0,
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but this would lead to the contradiction to the evolution equation for f, (4.2) estimated by the

previous inequality

%J:] (5.4) <n’Sg™ (1) +1°Sg* (a, (¥ = §)) — K (n) < 0.

We deduce that f,, assumes its maximum value at time t = 0, then we have
n? 2 7 2
fn(}’f):fo(}’)*?b’*ﬂ SSquO*?b’*)_’\

and

fn (5’77?) = maXf’I] Zfn(}_ﬁf):f(.')_’,a_K(U)E>N_5_K(77)E
My x[0,T)

Comparing the previous two inequalities, it follows
772 2 T
N<Supf—?|5’—}_” +e+ K(n)t.

Since € and 7 are arbitrary chosen and K (n) — 0 as n — 0, we obtain N = sup f < sup fo.
M x[0,T)
|

Adapting the argument shown in [10] for the mean curvature flow, now we show that the
evolving surfaces M; = F (-, t) are all graphs as long as the flow exists.

Since My is a graph there exists a unit vector w €R™*!, orthogonal to the hyperplane where
up is defined, satisfying the condition (v (x),w) > 0 for all x €R™. In order to prove that this
characteristic condition of a graph over R™ x {0} is preserved along the flow we introduce on
M; x [0,T) the function v := (v,w) ! and verify that it is nonincreasing in time. In fact if v

stays bounded, it means that the normal vector v is never orthogonal to the fixed vector w,

hence the evolving surface can be still written as a graph over the same hyperplane of ug.

Lemma 4.3 The quantity v = (V,w>_1 satisfies the following evolution equation

Z;) = Sg* (Hessvv) — 27}7139* (Vv, VU) - USQ* (1—22) :

Then the evolution of a graph stays a graph as long as the flow exists.
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Proof. We compute the time derivative of v

Vi (v] <V7w>) =

OF
I 1k
Fljhl <axk,w>

O’F OF
k _rlpk 25
>+h<awk > rwhl<amk,w>

OF OF
k _ .o pk I 1k
>+hF <axl""> highls (v, w) — T4k <8xk

)

Then we have

ViVjU =

—1)2 <th'j, w)

Ohk OF
J l I 1k o pk
(8 +hF F”h><8 k,w> hikhy (v, w)
OF OF
th<ax w> hich® (v, w) = v’fhm<a ,w>—hlkh (v, w)

<Vhij, w) — hzkhéf <I/, w) .

Vi (—UQVj (v,w)) = —0?V,;V; (v, w) + 20°V; (v, w) V; (v, w)

— vhikh;‘? + Qv_lvivvjv

and the evolution equation for v in the statement is a consequence of the following equality

Sg

*(Hessyv)

= —? <Sg* (VIT) ,w> +vSg* (Z7?) + 20~ Sg* (Vv, Vv)

= 3 (VS,w) + 207 1Sg* (Vu, Vo) + vSg* (17%).
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Finally the application of maximum principle (Theorem 4.2) ensures that v is nonincreasing,
hence (v, w) is bounded from below as required. =
Now we prove, using the evolution equations for the product Sv, that the function used as

the speed of the flow is bounded for all times.

Proposition 4.4 Under the assumptions of Theorem 4.1 the speed S of the flow (1.4) stay

bounded for all times.

Proof. From the evolution equation for S (1.7) and the evolution of v in the previous

lemma we can compute the evolution of the quantity Sv:

% (Sv) = vSg* (HessvS) + SSg* (Hessyv) — 20 18Sg* (Vv, Vo)
= Sg* (HessySv) — 2S8¢* (VS, Vo) — 207 18Sg* (Vv, Vo)

= Sg¢* (HessySv) — 2v71Sg* (V (Sv), Vo).

Applying the maximum principle in Theorem 4.2 to this equation it follows immediately that
Sv is nonincreasing in time. Since (r,w) < 1 the definition of v implies v > 1, hence by the

assumption of linear growth we have maxS < maxSv < supSv. m
My My Mo

4.1 Evolution by powers of scalar curvatures

In this section we study the evolution of a graph by the speed S = RP with p > % As in the
previous chapter we consider the function f = %i; — % and assume a pinching condition on
the principal curvatures bounding f from above with the constant + defined in Theorem 3.7.
In contrast to the previous chapter we assume that the inequality f < 7 holds in the weak
sense: it means that My is convex, but not necessarily compact, so that it is allowed to be an

unbounded graph.

Proposition 4.5 Let us consider the problem

2F (p,t) = —RP (p,t)v(p,t), t>0
F(-,0) = Fo (M)
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with p > % Assume the initial surface My to be the graph of a smooth function ug such that
|Vug||cr.a < 00. If on My we have H > 0, R > 0 and the estimate f < v holds, where «y is

defined as in Theorem 8.7, then the flow exists for all times.

Proof. The short time existence of the flow is assured by Theorem 4.1 and the first part
of Proposition 3.23. Assume by contradiction that [0,7") with T < oo is the maximum time
interval of existence of the flow.

We know that if f < v on My then f < v on M;. In fact for p = % it is an immediate
consequence of Corollary 4.4 in [8], while for all p > % it is stated in Corollary 3.10. From the
previous proposition we deduce that II]{%XRP is bounded, hence R is bounded for all t € [0, 7).
Moreover the inequality (3.18) implies that there exists a constant ¢y such that H 2 < R.
Since R = H? — \A[z > 0 we have \A\Q < H? < R < 00, hence all the principal curvatures are
bounded for all t € [0,T).

The long time existence is then obtained as a consequence of Lemma 3.16: the regularity of
My allows us to define a new flow with initial surface My, but this contradicts the assumption
on [0,T) and proves the statement. m

To conclude we give some examples of graphs evolving by powers of scalar curvature.

We consider in particular rotationally symmetric graphs

F(p) = (@1,..., xn,u(r))  where 7(x):=|x|= /23 + .. +22,

for which it is possible to describe the profile more explicitly. If we denote by u, and w,, the
first and second derivatives of u with respect of r, then the principal curvatures of the graph

of u are

M= T and A=

3
(1+ud)3

Uy

—— Vk=2,...,n
r(1+u2)2

(see e.g. [17] paragraph 3C). For the scalar curvature the following formula holds

R = 2(n—DAM\+(n—1)(n—-2)A2
= =X\ + (1 —2)\)
n—1

- m [2rurum« +(n—-2) uz (1 + u,%)] ,
T
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hence the evolution equation for u (3.22) becomes

1 —1
Ju_ (1+“3)é 2p{nr2

2 27 7
T [2rupte, 4+ (n = 2) g (1 +u7)] } . (4.3)

Example 4.6 Let us consider the flow (3.1), with n > 4 and % <p< S

Q(TiZ)' If the initial

surface My is the graph of the function

up (x) = \/1+ [x|?

then it satisfies all the hypotheses of the previous proposition, hence there exists a unique smooth

solution of the flow for all times.

Proof. Fi heck th isfies th i = X i La
roo irst we check that wug satisfies the assumption Vug Jin? bounded in C
norm. If we set r = |x| and ug (x) = w (r) = v/1 + 72, then
X

Vug = w, V x| = wp—.

|
Hence we can estimate |Vug| with the derivatives of w with respect to r. We compute

T 1 r2 1
Wy = w = =

Viert VIR () (viee)

3r
(W)S ’

estimate on Vug.

and Wppr = — the boundedness of these functions for all » € [0,+00) implies the

Moreover in order to apply the previous proposition we need to compute H, R and the

function f.
Since 1 +w? =1+ lfrg = 2:227:'11, then the principal curvature of the surface My are
1 1
Al = and A\, = > VE=2,...,n
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Thus we can compute the mean curvature

1 —1 1+ (n—1)(2r2+1
PR ISR LTSN A
< 27’2+1) 2r*+1 ( 27"2—1—1)
and the scalar curvature
n—1
R=n—-DXMCCM+n—-2)I)=——=[24+n-2)(2r2+1
(0= DA (2 + (0= D)) = g [ (1= 2) (274 1)]

are both positive. From equation (3.13) it follows that the function f on Mj is given by

n—1 R
f = mw
on—1 (n=1)(2r4+1)[24+ (n—2) (2r* +1)]
S oon 1+ (n—1)@2r2+1)7
BN e 1 R et M { e L

nl+n—-10@2+17  nl+n-1)2r2+1)]*

Note that for our choice of p and n the constants v, and =, are such that y5 > v;, thus the

assumption f <y becomes f < ﬁ This condition is satisfied because

4(n—1)%rt
T4+ m—-1)2r2+1)% "

nn-—1)f=

2(n—1)r?

is equivalent to TF -1 275D

<1l. m

The next example, instead concerns the 2-dimensional translating solutions of the flow (3.1).

Example 4.7 The translating solutions of a flow are characterized by the condition % = 1.

Then from the equation (4.3) we find

_ 2
(14 u2) ™ 2wy + (n—2)u2 (1 +u2)] = —

In dimension n = 2 we have an explicit solution:

1—4p

(T+ul) > (1+ul), =r
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2
For p = % this leads to %} = r, then log (1+u72,) = % It follows that w, satisfies

Up = |/€xp (%) — 1 and the solution is
2
U = exp (%) — 1dr.

Forp > % we have

hence

2p
1-2p ,\ %
1+u3=(1+ 4ppr2) ’

where the right hand side is well definite only if 2 < %.

Then inside the disc of radius r = % the function w, is

p—1 \T5
— 1-2
uT:\/(l— p4p 7"2) "

Note that limwu, has the same behavior of limy 2T , then u, 1s an integrable function if and
4p y*)O
T\ 2p—1

only ifzpf';_l <1 ie p>1.
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4p

This means that for any p > % the graph of u is contained in the cylinder of radius T

In the case p > 1 the graph is bounded, whereas for % < p <1 it is unbounded. In particular if

Y0

p=1 then

appear as follows.
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