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Chapter 1

Introduction

Control of mechanical systems is currently among one of the most active fields
of research, due to the diverse applications of mechanical systems in real life.
However, the study of mechanical systems goes back to Euler and Lagrange
in the 1700’s, and it was not until the 1850’s that mechanical control systems
came to the picture in regulation of steam engines. During the past century,
a series of scientific, industrial, and military applications motivated rigorous
analysis and control design for mechanical systems. On the other hand, the
theoretically challenging nature of analysis of the behavior of mechanical sys-
tems attracted many mathematicians to study their intrinsic properties, lead-
ing to the development of the articulated theories based on the differential

geometric approach.

The last decades have shown an increasing interest in the control of under-
actuated mechanical systems. These systems are characterized by the fact of
possessing more degrees of freedom than actuators, i.e., one or more degrees
of freedom are unactuated. This class of mechanical systems are abundant in
real life; examples of such systems include, but are not limited to, surface ves-
sels, spacecraft, underwater vehicles, helicopters, road vehicles, mobile robots,
space robots and underactuated manipulators. The underactuation property

of underactuated systems may come from one of the following reasons:
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e the dynamics of the system (e.g. aircrafts, spacecrafts, helicopters, un-

derwater vehicles);

e by design for reduction of the cost or some practical purposes (e.g. satel-

lites with two thrusters and flexible-link robots);
e actuator failure (e.g. in a surface vessel or aircraft);

e imposed artificially to create complex low-order nonlinear systems for
the purpose of gaining insight in control of high-order underactuated
systems (e.g. the Acrobot, the Pendubot, the Beam-and-Ball system,
the Pendulum on a cart system, the Rotating Pendulum, the TORA

system.

The underactuation properties generates interesting control problems which
require fundamental nonlinear approaches. The linear approximation around
equilibrium points may, in general, not be controllable and the feedback sta-
bilization problem, in general, cannot be transformed into a linear control
problem. Therefore, in many cases linear control methods cannot be used to
solve the feedback stabilization problem, not even locally. As a result, the
last years saw the birth of many new nonlinear control techniques, sometimes
antipodal with respect to their inspiration, which have represented the basis
for any theoretical and practical developments in this field.

Among these, it is worth citing two of the major research lines: the
passivity-based and geometric-based ones. Analysis of mechanical systems
from a truly differential geometric perspective has its foundations in the clas-
sic work of Abraham and Marsden [1]. Another classic text in geometric
methods in mechanics is that of Arnold [8]. On the other hand, mathematical
control theory is a younger subject; recent differential geometric treatments
may be found in the books of Agrachev and Sachkov [6], Isidori [40], Nijmei-
jer and van der Schaft [60]. Such works have laid the ground for plenty of
subsequent developments in the field of control of underactuated mechanical

systems. An example is given by the book of Bullo and Lewis [16], which



gives many theoretical tools based on differential and Riemannian geometry
for modeling, analyzing and controlling mechanical systems, with an emphasis
on motion planning for underactuated mechanical systems. Another work,
which is directly related to the results given in the thesis, is the book by J.
Grizzle and his collaborators [91], “Feedback control of dynamic bipedal robot
locomotion”. It extends the concepts of feedback linearization and zero dy-
namics to the special cases of underactuated mechanical systems with impulse
effects exemplified by walking robots. Namely, the classical control scheme
based on the method of asymptotically driving a set of outputs to zero, which
leads to the definition of zero dynamics, is extended to include the impact
events of the robot’s foot touching the ground, leading to the concept of Hy-
brid Zero Dynamics (HZD). Since the first paper on the subject [36], which
gave the first formally proved stability result of a walking gait for a robot
with stiff legs and torso, a lot of research effort has been devoted to extending
the class of walking robots and the achievable gaits. The results are striking:
provably asymptotically stable walking and running gaits are achieved in [91]
for a footless rigid robot with knees and torso, and research is under way to

provide extensions to robots with series compliant actuators.

The other major cited line of research in the field of underactuated me-
chanical systems is represented by the work of R. Ortega and his collaborators,
who gave birth, in their book [65] “Passivity based control of Euler-Lagrange
systems: mechanical, electrical and electromechanical applications”, to the
passivity-based paradigm. It shifts the designer’s attention from manipulat-
ing input and output signals to shaping the system energy, towards the goal of
achieving stability and performance. The field of passivity has received many
contributions, starting from the ground-breaking work of Takegaki and Ari-
moto [83], and Byrnes and Isidori [15]. The book [86] by van der Schaft intro-
duced the concept of port-controlled Hamiltonian systems, a unified framework
for modeling interconnected systems exchanging energy among each other;

such a framework constituted the basis for the development of the theory
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of “interconnection and damping assignment passivity-based control” (IDA—
PBC) [67], whose major application in the field of mechanical systems is indeed
underactuation. A lot of research effort has been devoted to the case of un-
deractuation degree one, which includes many benchmark applications such
pendulum systems and vertical take-off landing (VTOL) aircrafts.

The present work configures as an attempt of generalizing some of the ex-
isting results on the control of linear and nonlinear underactuated mechanical
systems by using techniques borrowed from both the approaches cited above.
The work is divided in three chapters. Each of them focuses on a different
control problem and uses different tools to provide solutions. In particular,

the following goals are achieved:

o Input-output decoupling for linear underactuated mechanical systems: a
class of linear mechanical systems is identified for which the problem
of input-output decoupling with asymptotic stability can be achieved
through interconnection with a controller that is required to be a me-
chanical system itself. Techniques such as passivity, positive realness,

and polynomial matrix descriptions are used to address such a problem;

e asymptotic stabilization of arbitrary equilibria in nonlinear mechanical
systems with underactuation degree one: some extensions are provided
to the theory of IDA-PBC to enlarge the class of mechanical systems
with underactuation degree one that can be stabilized. Such extensions
have been achieved through explicit solutions and/or homogenization
of the partial differential equations describing the matching conditions

between the given and the desired dynamics;

e cxponential stabilization of periodic orbits in nonlinear underactuated
mechanical systems with impulse effects: the class of biped robots to
which the HZD-based technique can be applied is extended to include
compliant actuation, which raises the underactuation degree and ren-

ders it more difficult to deal with invariance of the zero dynamics man-



ifold. Techniques borrowed from singular-perturbations analysis and

Brouwer’s fixed point theorem are used to achieve the goal.
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Chapter 2

Input-output decoupling of

linear mechanical systems

2.1 Introduction

Most of the recent work devoted to the control of mechanical systems has
focused on the problem of guaranteeing classical requirements for a control
system by means of special classes of controllers, or with some additional
requirements for the closed-loop system, e.g., it can be required that it is
an Hamiltonian system with a structure similar to the given one. This is
also the main characteristic of this chapter, in which the classical problem of
input-output decoupling is dealt with for a class of m-inputs m-outputs un-
deractuated multi-body linear mechanical systems, with the requirement that
the controller has to be another mechanical system to be physically connected
to the given one (the terminal points of the controller are to be physically
attached to the actuated bodies). A similar approach is quite classical in
vibration control, where the possibility of reducing the vibrations of a me-
chanical structure by connecting to it either mechanical dampers or electric
RLC circuits is called passive control. With respect to the standard way of

designing a controller, constituted by a generic dynamical system taking as

11
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inputs the available outputs of the system (often the whole state), and giving
as outputs the forces or torques to be applied to the actuated bodies, the
approach taken here has many differences, that render it interesting. Some of
such differences are actually restrictions, in fact the proposed controller has
to be a very special dynamical system, with a strong structure: this limits
severely the possible choices for the designer. On the other hand, as will be
specified later, with the approach taken here it is possible to use non-causal

controllers, which is quite unusual in control theory.

2.2 Preliminaries and problem formulation

Consider a linear mechanical system constituted by ideal point bodies, linear
springs and linear dampers, moving on a line. Or, equivalently, a linear me-
chanical system constituted by a set of bodies rotating around the same axis,
connected by torsional springs and dampers.

Let g;(t) be the position at time ¢ € R with respect to an inertial reference
frame of the i-th body, ¢ = 1,2,...,n, where n is the number of the bodies
and let q(t) == [q1(¢),...,qn(t)]T; let M; € R, M; > 0, be the mass of the i-th
body, i = 1,2,...,n. When present, let K; ; € R (F;; € R) be the coefficient of
elasticity (the damping factor) of the spring (the damper) possibly connecting
the i-th body with the j-th one, i = 1,2,...,n,5 = ¢+ 1,...,n; when present,
let Ko; € R (Fo; € R) be the coefficient of elasticity (the damping coefficient)
of the spring (the damper) possibly connecting the i-th body (i = 1,2,...,n)
with the ground, constituted by an infinitely massive body (numbered with
the index 0). Without loss of generality, the length at rest of all the springs

can be considered null.

Notation 1. A > 0 (respectively, A > 0) means that matrix A is real, sym-

metric and positive definite (respectively, semi-definite).

Let the system be described by the following kinetic and potential ener-

gies and by the following dissipation function, respectively: K = %q'TDq =
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I M2,V = $qTHg = $300 Koag? + 500 Y0 K (4 — a5),
F=50"Fq= 530 Foid} + 3520 2 i1 Fig (di = %)27 where D is the
generalized inertia matrix which is diagonal and positive definite (since all
the bodies have non-null mass), F' is symmetric positive semidefinite, and H
is symmetric positive semidefinite if all the springs have non-negative coeffi-
cients of elasticity.

Now, assume that m bodies (without loss of generality, the first m ones) are
actuated by external forces u;(t),i = 1,...,m, and let u(t) := [u1(t), ..., un(t)]7
be the input of the system, whence the underactuation degree is equal to
n —m. The relevant outputs of the system are both the positions y4(t) =
q1(t),...,qm(t)]" of the first m bodies and their velocities y, (t) = 41 (), ..., ¢m(t)]T.

The considered mechanical system is then described by the following equations:

Di(t) + Fit) + Ho(t) = But), (21)
ye(t) = Bq(t), (2.2
yo(t) = BTq(t), (2.3)

T
where B € R"™*"™ B = { I, 0O }

Note that det (D s+ F s+ H ) is not the null function since D is non-

singular. By Laplace transformation, we have:

yo(s) = BT (D s*+F s+ H) 'Bu(s),
1

yo(s) = BT (Ds+F+H ~)"'Bu(s),
s

where y,(s) = L{BT q(t)}, yo(s) = L{BT 4(t)}, u(s) = L{u(t)}. In the
following, the impedance matrix Z(s) = BT (D s+ F + H 1)7'B and the
admittance matrix Y (s) = Z71(s) will be used repeatedly.

It is well known that a square rational matrix function Z(s) is positive
real if Re(Z(s)) is positive semidefinite for all s having Re(s) > 0; Z(s) is
BIBO stable if each entry Z; j(s) = ];;]]((z)), with N; j(s) and Fj ;(s) being co-
prime polynomials, is proper and its denominator F; j(s) has all the roots with

negative real part; the system (2.1), (2.2), (2.3) described by the impedance
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Figure 2.1: The pictorial representation of the speed reducer.

Z(s) is asymptotically stable if all the roots of det(D s? + F s+ H) = 0 have
negative real part. The following lemma gives sufficient conditions for the

impedance matrix to be positive real.

Lemma 2.2.1. Since det(D s? + F s+ H) is not the null function, if H is

positive semidefinite, in addition to D and F which are positive semidefinite
1

as well, then the square rational matrix function BT (D s+ F + H )" 'Bis
S

positive real.

Proof. 1f det(D s* + F s+ H) is not the null function, it is well known that
1
(D s+ F+ H =)~! is positive real if and only if D s+ F + H ~ is positive
s s
real. Setting s = a + ib, a > 0, we have

a

——H
a2 +bp2""’

1
Re(Ds+F+H -)=aD+ F +
S

which is a linear combination with non-negative coefficients of positive semidef-
inite matrices, and therefore it is positive semidefinite. Finally, if (D s+ F +
H %)*1 is positive semidefinite, then BT(D s + F + H %)*1B is positive
semidefinite for any real B. oog

Taking into account that, when it exists, the inverse of a positive real ma-
trix is positive real, under the hypotheses of Lemma 2.2.1, both the impedance
and the admittance of system (2.1) (2.2), (2.3), are positive real.

The proposed controller will not be a generic dynamical system taking as

input y4(t) and/or y,(t) and giving as output u(t), but, rather, the controller
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will be another mechanical system having m terminal points to be physically
connected to the first m bodies of the system. The connection can be either
a direct one (i.e., the terminal point is glued to the mass of the body) or
through an (ideal) speed reducer (e.g., an ideal gear reduction unit). The
speed reducer, represented schematically in Figure 2.1, is a two terminal points
object, without mass, friction and elasticity, characterized by the transmission
ratio 7. Denoting by v; and wu;, i € {a,b}, respectively, the velocity and the
force applied to the i-th terminal point of the speed reducer, the equations

describing its behaviour are

vy = T, (2.4)
1
u = U (2.5)

By integrating equation (2.4), if g;, i € {a, b}, denotes the position of the i-th
terminal point of the speed reducer, we have ¢, = rq, + ¢, with ¢ being an
arbitrary constant that in this chapter is taken equal to 0, without loss of
generality. In the special case where r = 1, the speed reducer is equivalent to
the direct connection, whereas when r = —1, it corresponds to inverting the
velocity.

If r1, ..., 7, are the transmission ratios of the reducers used for the connec-

tion (possibly, equal to 1), the controller is described by:

DeGe(t) + Feqe(t) + Hege(t) =0, (2.6)
Yeq(t) = BL ae(t), (2.7)

T
with q(t) € R™, B, € "™ B, = [ R 0 |, R = diag(r7",..,r;1), D

v m

diagonal and positive semidefinite, F, symmetric and positive semidefinite,
H, symmetric and det(D, s? + F. s + H.) being not the null function. The

overall system is then described by the following equations:
Dg(t)+ Fq(t) + Hq(t) = Bu(t) + BA(1), (2.8)
yq(t) = yc,q(t)v (2.10)
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where \(t) is the vector of the Lagrange multipliers that takes into account the
equality constraint (2.10), which represents the forces exchanged between the
system and the controller. Note that, by eliminating the Lagrange multipliers
and using the equality constraint (2.10), the overall system can be rewritten in
the form (2.1), i.e., as an unconstrained mechanical system having n +n. —m
degrees of freedom. The input of the overall system (2.8)—(2.10) is still u(t)
and the relevant outputs are still y,(¢) and y,(t). The control problem studied

here is stated formally as follows.

Problem 1. Find, if any, a controller of the form (2.6)-(2.7) such that the
overall system (2.8)-(2.10) is asymptotically stable and input-output decoupled
(the latter being equivalent to have a non-singular and diagonal impedance

matriz).

The overall system (2.8)-(2.10) will be called the (mechanical) parallel
connection of the system and the controller, because if Y (s) and Y.(s) are the
admittances of the mechanical system and of the controller, respectively, then
the admittance of the parallel connection is Y, (s) = Y (s) 4+ Y.(s). In addition,
as for the impedance Z,(s) of the parallel connection, it can be easily seen that
Zy(s) = Z(s) (I+ Zc_l(s)Z(s))_1 (where Z;'(s) = Y.(s)), i.e. the parallel
connection can be seen as a feedback system from the output y,(t). Note
that Z_!(s) is not necessarily proper (hence the proposed connection results
equivalent to use a standard non-causal controller) and, moreover, that we
are interested in a controller whose inverse be the impedance of a mechanical
system, whence the classical tools for designing a controller that guarantees
input-output decoupling with stability cannot be used. A crucial property of
the parallel connection of two mechanical systems is that if two systems having
positive real impedance matrices Z; (s) and Z3(s) are connected in parallel, the
impedance matrix of the parallel connection is still positive real (this is easily
seen by taking into account that both the sum of two positive real matrices
and the inverse of a positive real matrix — when it exists — are positive

real). However, special care is to be used when the property of interest is the
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N
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Figure 2.2: The mechanical parallel connection seen as a feedback system.

asymptotic stability of the system, which is stronger than the real positivity.
The following simple example shows that the parallel connection of two

asymptotically stable mechanical systems needs not be asymptotically stable.

T Mg
K23
T M3 (b)
K23
g1 ‘

q2 | ‘
a3 "
a4 !

Figure 2.3: The mechanical systems considered in Example 1.

Example 1. Consider the mechanical system depicted in Figure 2.3-(a), which
is constituted by three bodies moving on an horizontal line and connected by
the springs having positive coefficients of elasticity Ko 1, K12 and K3, and

one damper having damping coefficient Fp; > 0 as shown in Figure 2.3-(a).
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With the proposed notations, the system can be rewritten in the form (2.1)—
(2.3), with

My O O Fop 0 0
D = 0 My O JF = 0O 0 0],
0 0 M; 0O 0 0
Ko1+ Ki2 —Ki9 0
H= —Ki2 Kios+ Koz —Ka3 |,
0 —Ko 3 K3

)

from which it is easy to compute
det (D S+ F s+ H) = pi(s) + sFo1p2(s),

where p1(s) and p;(s) are even polynomials. Now, it is easy to recast the ratio
pi(s)

as follows:
spa(s)
pl(S) = h18 + 1
) o
h38 =+ T
h48 =+ T
h =
55+ h68

where hy = My, hy = 1/(K12 + Ko1), hs = Ma(K12 + Ko1)?/Kfy, ha =
Kio/((Koi K3 + K12Ka3 + Ko1K 2) (K12 + Koi)), hs = Ms(Ko 1Ko 3 +
K12K23+ Ko1K12)?/(KT9K33), he = K12K23/(Ko1 (Ko K3+ K1 2K 3+
Ko1K 2)). Since such coefficients are positive and the polynomials p;(s) and

spa(s) are coprime for positive values of masses and coefficients of elasticity,
pi(s)

spa(s)
p1(s) + sFp,1p2(s) has all the roots with negative real part for all positive Fj ;.

the ratio

is positive real, whence (by well known results) the polynomial

Taking two identical systems as the one in Figure 2.3-(a) and connecting
them in mechanical parallel, the mechanical system depicted in Figure 2.3-

(b) is obtained. Its description as unconstrained mechanical system has ¢ =
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[q1, g2, q3,q4]" as position vector, and it can be rewritten in the form (2.1)-
(2.3), with
(oM 0 0 0 | [ 2Fy1 0 0 0
D — 0 2M, O 0 P 0 0 00 7
0 0 Ms O 0 0 00
0 0 0 M; 0 0 00
[ 2Ko1 + 2K —2K1 9 0 0 ]
0 o —2K1 9 2K12+2Ks3 —Ko3 —Ks3 ’
0 ~Kj3 K3 0
0 —Ka3 0 Ky 3

from which it is easy to compute
det (D s* + F s+ H) = 2 (M3s® + Ka3) p(s),

where p(s) is a polynomial having all the roots with negative real part. The

K2,3 .
37, as roots for any value of Fp 1, which

shows how the parallel connection of two asymptotically stable mechanical

first factor of this polynomial has +j

systems may not be asymptotically stable. a

We recall the well known fact (see [43]) that, for mechanical systems of the
form (2.1)—(2.3), the stabilizability from the input u(¢) and the detectability
from the output y,(¢) can be tested, respectively, by means of the following

two necessary and sufficient conditions:

rank([Ds2+Fs+H BD:n,Vse(C,Re(s)ZO, (2.11)
Ds:+F H
rank R =n,Vs € C,Re(s) > 0. (2.12)
s BT

Remark 2.2.2. If det(H) # 0, then the stabilizability and detectability con-
ditions (2.11), (2.12) are equivalent. As a matter of fact, if det(H) # 0, then

rank ([D s>+ F s+ H ]) is maximum for s = 0, and therefore we can assume
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)

Remark 2.2.3. The structural properties of stabilizability and detectability

without loss of generality that s # 0; under such an assumption,
Ds*+Fs+H Ds*+Fs+H
rank = rank BT

s BT
:rank([Ds2+F.s+H BD.

can be lost by the mechanical parallel connection even if the original mechan-

ical system and the controller are stabilizable and detectable.

The goal of this chapter is to find a controller having admittance matrix
Y.(s) such that the overall system is input-output decoupled and asymptoti-
cally stable. The next three lemmas recall important facts that will be useful
in the proof of the main result. The first one is concerned with the possibility
of stabilizing a mechanical system — having positive real impedance Z(s) —
by connecting the m actuated bodies with the ground by means of m iden-
tical dampers having damping coefficient equal to F' > 0. Such a connection
can be seen as the parallel connection of the given mechanical system and of
the controller with singular D, constituted by just the m dampers, having
admittance matrix Y.(s) = [diag{F, ..., F}] = Z_1(s).

Lemma 2.2.4. If D > 0 and Z(s) is positive real, then Z,(s) = Z(s)(I +
D Z(s))~! is BIBO stable. If the stabilizability and detectability conditions
(2.11) and (2.12) hold, then the parallel connection having Z,(s) as impedance

matrix is asymptotically stable.

Proof. Since Z(s)(I+D Z(s))™* = £ (I — (I + D Z(s))~'), the poles of Z,(s)
are the zeros of I + D Z(s). By contradiction, assume the existence of 3,
Re(8) > 0, (possibly, the point at infinity) such that I + Z(8)D is singular;
then, there exists v # 0 such that

vl (I 4+ Z(8)D) v = 0; (2.13)

’UT’U

vl Z(5) v
positive, as v7 v > 0 and vT Z(38) v > 0 for any v # 0; as a matter of fact,

this implies D = — , which contradicts the assumption that D is
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note that if v Z(8) v = 0, then by (2.13), v v = 0 in contradiction with the
assumption that v # 0. Finally, it is standard that the BIBO stability implies
asymptotic stability under stabilizability and detectability conditions. 0OOO

The second intermediate result (Lemmas 2.2.5 and 2.2.6) is concerned with
the possibility of rendering positive real the impedance matrix of a mechanical
system by connecting the m actuated bodies with the ground by means of m
identical springs having a positive and sufficiently high coefficient of elasticity
K. Such a connection can be seen as the parallel connection of the given me-
chanical system and of the controller (with a singular D.) constituted by just
the m springs, having admittance matrix Y,(s) = £1 = Z!(s). Moreover,
the description of the parallel connection in the form (2.1)—(2.3) has the same
D and F' matrices of the given mechanical system, whereas for its matrix H,

we have:

H,=H +diag | K,..,K, 0,..,0 |. (2.14)
—_—— ——
m times n—m times
Theorem 1. If D > 0 and F > 0, then all the roots of det(Ds? + Fs + H)
have non-positive real part if and only if H > 0.

Proof. Let )\ be a non-real root of det(Ds? + Fs+ H). Since D, F and H are
real,
(DN +FX+H)pw = 0,
(DX’ + FA*+ Hw* = 0.
By multiplying the first for (v*)” and the second for v, we obtain:
(W (DN + FA+H)y = 0,
vT(D (N2 + FA* + Hw* = 0.
Since D, F and H are symmetric, we have that (v*)” Bv = vT Bv*, (v*)T D
oI Dv* and (v*)" Hv = o7 Hu*, thus obtaining:
v Bu* A2 + o D\ + o Ho*
oT Bv* (V*)? + 0T D A* + 0T Ho* =
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By subtracting the second equation from the first one, we obtain

oI Bo* ()\2 ~ ()\*)2> T D (A= N = 0,

!
VI BU* A= XY (A 4+ ) +oTDv* (A =A%) = 0.
Since A is not real, then (A — \*) # 0, whence
vIBv* A+ X))+ Dv* = 0
T Dy
A+ N = —%

= 2Re())

from which we observe that if A is a non-real root of det(Ds?+ Fs+ H), then
its real part is non-positive (independently of H).
Now, assume that ) is a non-negative real root of det(Ds?+ Fs+ H), then
T 2 _
v (DN +FA\+H)v = 0,
v BoN? + o' Dox+0vTHv = 0,
v'Hy = — (UTBU)\2 + vTDv)\) ;

since H is symmetric, then H must have at least one non-positive eigenvalue.

Assume that H has at least one negative eigenvalue (it is not positive

semidefinite). Let (A, v) be a pair (eigenvalue, eigenvector):
(DXN*+ FA+ H)v =0.
Let A = v + a, with a being real and non-negative; then,

(D72+(F+2aD)'y+H+aF+a2D)v = 0,
!
(D(a)y? + F(a)y + H(a))v = 0,

i.e. (y,v) is a pair (eigenvalue, eigenvector) relative to the triple D(a), F'(a)
and H(a), where D(a) = D, F(a) = F 4+ 2aD and H(a) = H + aF + a2D.
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Since D is positive definite, there exist @ > 0 such that D(a), F'(a) and
H(a) are positive definite. Since, by assumption, H(0) = H has at least one
negative eigenvalue, and H (a) has all positive eigenvalues since the eigenvalues
of H(a) are continuous functions of a, there exists a* € (0,a) such that H(a*)
has at least one eigenvalue equal to zero, i.e. det(I:I (a*)) = 0; this means that
det(D(a*)y2 4 F(a*)y + H(a*)) has at least one root equal to 0 (it easy to see
that |det(D(a*)y? + F(a*)y + I:[(a*))] o det(H (a*)) = 0), which means

that det(DA2 + FA+ H) has at least one eigenvalue equal to A = a* > 0. 00O

The following lemma gives a necessary and sufficient condition for the

impedance matrix of the mechanical system to be positive real.

Lemma 2.2.5. If D > 0, FF > 0 and the stabilizability and detectability
1

conditions (2.11) and (2.12) hold, then BT(D s + F + H =)7'B is positive
s

real if and only if H > 0.

Proof. Assume that H > 0. Since det(D s2+ F s+ H) is not the null function
1

(remember that D > 0), it is well known that (D s+ F + H =)~! is positive
s

1
real if and only if D s+ F' + H — is positive real. Setting s = a + b, a > 0,
S

we have

1 a

which is a linear combination with non-negative coefficients of positive semidef-
inite matrices, and therefore it is positive semidefinite. Finally, if (D s+ F +
H %)—1 is positive semidefinite, then BT (D s + F + H %)—13 is positive
semidefinite for any real B.

Assume that BT (D s+ F + H %)le is positive real. By absurd, assume
there exists at least one negative eigenvalue of matrix H. By Theorem 1,
there exists at least one positive root of det(D s+ D s + H), which (by the
stabilizability and observability conditions) is also a pole of BT(D s+ F +

1
H -)~!'B, which is a contradiction since it cannot be positive real. 0oogd
5
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As for the possibility of rendering matrix H,, positive definite through an
appropriate choice of K, a necessary and sufficient condition is given by the

following lemma (whose proof can be found in [60]).

Lemma 2.2.6. The matrix H), in (2.14) can be rendered positive definite with

(n=m)x(n=m) htained

a suitable choice of K if and only if the matrix H,,,, € R
by removing the first m rows and columns of H is positive definite. Moreover,

if H,pm > 0, then there exists K > 0 such that Hy, >0 for all K > K.

2.3 The (p,q)—block decoupling problem

In this section, the (p,q)—block decoupling problem is dealt with; the re-
sults obtained here will be used in the rest of the chapter to design a controller
solving Problem 1.

Let us formally define a block decoupled matrix as follows:

Definition 2.3.1. An m x m admittance matrix is said to be (p, ¢)-block de-
coupled if it is of the form blockdiag(Y7,Y2), where Y7 and Y5 are, respectively,
p X p and ¢ X ¢ matrices and p + ¢ = m.

Now, in order to design a controller solving Problem 1, the (p,q)-block
decoupling problem is dealt with first. Consider the pictorial representation
of the given mechanical system as a non-directed graph having n + 1 vertices,
one for each body-mass and one for the ground, and one edge for each spring

and damper. The following assumption can be made without loss of generality.

Assumption 1. The graph associated with the given mechanical system is

connected.

Denote by M; the system constituted by the first p actuated bodies and

by the springs and dampers connecting such bodies with each other, and by
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M, the system constituted by the latter ¢ = m — p actuated bodies and by
the springs and dampers connecting such bodies with each other.

Denote by Xj the set of the vertices (masses) that are connected by a path
of the graph with the system M (that is, with a body in Mj), after removing
the vertices corresponding to the bodies in M, and the ground, and all the
edges connecting such vertices. Symmetrically, define X by removing My, the
ground and the relevant edges. Let S1o = X1 N Xy, S; = &1 \ {A1 N S12} and
Sy = Xy \ {XoN Si2}. Let ny, ny and ng be the cardinalities of S, So and

S1a, respectively.

S1 1 * S12 NY)

Figure 2.4: Decomposition of the given system. For space reasons springs and
dampers are depicted in different directions, but the reader should imagine all

the motions as horizontal.

In this way, the n degrees of freedom of the given system can be partitioned
into 5 sets, represented pictorially in Figure 2.4, with n = ny+no+ns+m. In
Figure 2.4, the spring labeled by K; represents a set of springs with possibly

different coefficients of elasticity, each one connecting a different mass of the
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set Sy with M (K1 can be understood as the vector of such coefficients of
elasticity); the same happens for the springs labeled by Ko, ..., K7, Ky, Kp and
the dampers labeled by Fi, ..., F7, Fu, Fp. Furthermore, not all such springs
and dampers need to be actually present, since the case when a spring is
missing can be considered by letting its coefficient of elasticity be equal to
zero, and similarly for the dampers. However, in order to be consistent with
the definition of Sy, Ss and Sy, for each i € {1,2,4,6} either F; or K; # 0.

The controller proposed to solve the (p,q)-block decoupling problem is a
ne-degrees of freedom mechanical system, with n. = n3 + m, constituted by a
copy of the masses in M; and My, whose coordinates will be denoted by ge,1 and
qc,2, respectively, and all the masses contained in the set Si2, with (i) a copy of
all the springs and dampers that in the given system connect such masses with
each other and with the ground, (ii) m additional dampers having damping
coefficient D > 0 connecting the bodies with coordinates g.1 and ¢.2 with
the ground and (iii) m additional springs with sufficiently high coefficient of
elasticity K connecting the same m bodies with the ground. Such a coefficient
of elasticity is to be chosen (as it will be clear in the proof) to guarantee the
asymptotic stability of the overall system. Moreover, ¢ speed reducers char-
acterized by r = —1 are to be used to connect the bodies having coordinates
qe2 With the corresponding bodies in My, whereas the bodies having coordi-
nates ¢.1 are to be glued with the corresponding ones in M. In this way, the
matrix R used in the description of the controller is R = blockdiag(l,, —I;).
In order to prove the effectiveness of the proposed controller, let 31 denote
the p x p MIMO mechanical system obtained from the given one by fixing
to the ground the masses in My, and removing the masses in S, and all the
springs and dampers directly connected with the removed masses so to obtain
a system with n; + ng + p degrees of freedom, whose inputs and outputs are
denoted by uj and y, respectively. Symmetrically, define ¥y (a ¢ x ¢ MIMO
system) by fixing the masses in M; and removing all the masses in Sy, with the

relevant springs and dampers, so to obtain a system with no + n3 + q degrees
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of freedom, whose inputs and outputs are denoted by us and 9, respectively.
The following result gives sufficient conditions for solving the (p, ¢)-block

decoupling problem.

Theorem 2. Under Assumption 1, if (i) the matric Hy,,, defined as in Lemma
2.2.6 is positive definite, (ii) X1 and Lo are reachable, then there exists K > 0
such that for each K > K the mechanical parallel connection of the given
system with the proposed controller is asymptotically stable and (p,q)-block
decoupled.

Proof. Consider the admittance matrix
Yii(s) - Yim(s)
Y(s) = : : =
le (8) e Ymm(s)

of the given system and the admittance matrix

}/671.1(8) YQh.n(S) Yeri(s) Yeia(s)

)

Ye(s) =
) Yho(s) Yepa(s)

ch,ml(s) tee ch,mm(s)

of the controller, where Y71(s) and Y, 11(s) are p x p matrices and Ya;(s) and
Y 22(s) are ¢ x ¢ matrices. Considering the meaning of the first row block of
Y (s), it follows that Yia(s) is the transfer matrix from the velocity va(s) (the
vector of the velocities of the bodies in Mj), to the force u;(s) (the vector of
the forces acting on the bodies in Mj), when the p bodies in M; are rigidly
fixed to the ground. Hence, looking at the pictorial representation in Figure
2.4, it is clear that Y72(s) is due only to the springs and dampers possibly
connecting the masses in M; with those in M, and to the masses belonging
to Sia, their interconnections, and the springs and dampers connecting them
with the masses in M; and in M, and with the ground. Such a subsystem

is exactly replicated in the controller, and, due to the speed reducers with
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r = —1 used to connect the ¢ masses belonging to the subsystem M, of the

controller, it follows that

Ye12(s) = —Yia(s).

This shows that the mechanical parallel connection of the system and the con-
troller has a (p, ¢)-block decoupled admittance matrix, since Y,(s) = Y (s) +
Y.(s). In order to show that the overall system is asymptotically stable, con-
sider the following slight modification of the overall system that is totally
equivalent to the proposed one. Rather than connecting the m bodies hav-
ing coordinates g. 1 and g.» with the ground by means of m springs having
coefficient of elasticity K, it is possibile to use 2m springs having coefficient
of elasticity %, m of them connecting the bodies with coordinates ¢.; and
ge,2 With the ground, and the other m connecting the bodies with coordinates
q1 and g9 with the ground. It can be seen that the proposed modification

amounts to have a modified system with admittance matrix

51, 0 ]
0 3

Yii(s)  Yia(s)
Yih(s) Yao(s)

V)

Y(s)=Y(s)+ [

and a modified controller with admittance matrix

%Ip 0 ]: Yeq1(s) Yc,m(S)]

0 % Yoha(s) Yeoa(s)

Va(s) = Yals) — [

By computing the potential energy of the overall system, it is clear that this
modification, which will be helpful in the rest of the proof, is irrelevant; hence,
the asymptotic stability of Y},(s) will be proven for the modified system. Now,
assume that the overall system is written in the form (2.1), with matrices D,
F, and H, replacing matrices D, F' and H, and with the overall state vector
given by ¢, = | ¢f @& ¢ . & ¢F ]T e R, ¢, € RP, g5 € RY,
g3 € R™, g3. € R™, g4 € R™, g5 € R"2, with ¢1, ¢o, q3, g4 and g5 being the
coordinates of the bodies in M;, My, Sia, Si, and Ss, respectively, and g3,

the coordinates of the bodies that constitute the controller, apart from the m
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having coordinates g.; and g2 (such coordinates disappear from the overall

description since g.1= ¢ and ¢ 2= —¢y). Matrix Hj, has the following form:

[ 2H, + K1, 0 Hy Hy Hy 0
0 2Hy + KI, Hys —Hszs 0  Hos
H, - HIL HIL Hs; 0 0 0 | (2.15)
HL ~HL 0 Hy 0 0
H, 0 0 0 Hy 0
I 0 HIL 0 0 0 Hs |

where H; € RP*P, [, € RIX4, [y € Rm3Xns [, € RMXM [ € Rm2Xn2 Tt s

clear that if the matrix H,,,, of the given system,
H,,,, = blockdiag(Hs, Hy, Hs),

is positive definite as guaranteed by condition (i), then the corresponding

matrix for the parallel connection, given by
H, ym = blockdiag(Hs, Hs, Hy, Hs),

is definite positive too; hence, by Lemma 2.2.6, a coefficient K = K can be
chosen sufficiently high so to guarantee that H, > 0. Thus, with a choice of
a coefficient K greater than or equal to K, the asymptotic stability of the
parallel connection can be proven through Lemmas 2.2.4 and 2.2.5, by showing
that the overall system is stabilizable and detectable. In the following, it will
be shown that, under condition (ii), the overall system is actually reachable
and observable. First, note that the system 3, obtained by adding to %1 p
springs with coefficient of elasticity % that connect the masses belonging to
M, with the ground is reachable if and only if ¥; is reachable. This can be
easily proved as follows.

Denote by Dy, , Fx,, Hy, and By, the matrices used in the description of
Y1 and by Dy , F5 , Hs, and By, those used in the description of 1. It follows
that D, = Dy, By, = Fy,, Hy, = Hy, + 51, and By, = By, = [ 1, 0 |.
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The following holds:

rank({ Dil .92—|—Fg1 s—i—Hgl Bi1 D
|:D21 82+F21 S+H21 le]
= rank I 0
K
5 B%

= rank([ Dy, 52—|—F21 s+ Hs, By, })

Note also that, in view of Remark 2.2.2, system X; is also observable if its
matrix Hy, is non-singular. By using the same symbols as above, the matrix
Hy, is given by
Hy+%1, Hi3 Hy
Hg, = HI, H3 0 |,
HI, 0 Hy
which, by Shur complements, is positive definite if the following relation is
satisfied:
H, + %Ip — HygHy'HEy — HiyHy ' HE, > 0 (2.16)

(note that the term on the left hand side is a p x p matrix).
By using Shur complements on H,,, which is positive definite if K = K,
one obtains
2H, + Kol, — HisHy "Hly — HisH P HY) > 0, (2.17)
2Hy + Kol, — HaysHy 'Hly — Hos Hy *H > 0. (2.18)

It can be shown that, by choosing a value for the coefficient K according to

the following inequality,
K Z QKO + 2 max{)\maX(Hl), )\max(HQ)}a

the matrices Hy, and Hg, can be made positive definite (and, consequently,

non-singular).
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Figure 2.5: The subsystem X1 considered in the proof of Theorem 2.

Now, consider the pictorial representation of 3 reported in Figure 2.5.
It is clear that the admittance of ¥, which coincides with 5711(3), can be
decomposed as Yji(s) = }71173(5) + 3711,L(5), where 171173(5) corresponds to
the forces that are due to the inertia of the masses belonging to Mjand all
the masses in Sio (the part of the system on the right of point A in Figure
2.5), whereas Y11 1,(s) corresponds to the forces due to the masses in S; (the
part of the system on the left of point A in Figure 2.5). The term Y11 r(s),
which is the term duplicated by the proposed (modified) controller, is a non-
proper rational matrix, since it contains the inertia of the masses belonging to
M, whereas YH, r(s) is a strictly proper rational matrix; the proofs of these
facts can be made easily through the electric circuit analog to the mechanical
system (see [48]) or by simple algebraic manipulations in the Laplace domain.
Obviously, a wholly similar decomposition Ya3(s) = 1_/22, r(s) + 1722, £(s) holds
for the admittance of £, where 172273(5) corresponds to S e 1722,L(5) to Ss.

The admittance matrix of the parallel connection is given by:

}7 (8) . i 2}711’3(8) +Y117L(8) 0
P i 0 2Y22,r(8) + Yao,1.(s)
[ v 0
L 0 Ya(s)
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In view of the block diagonal structure of Y,(s), it can be shown that, under
the hypothesis that the systems represented by the admittance matrices Y, 1(s)
and Y), 2(s) are irreducible (i.e. reachable and observable, see [43]), the overall
system is irreducible. To prove this, let Y, 1(s) be represented by the following
polynomial matrix description (PMD):

Ql(s)] &(s)]:[ 0 ]
—v1(s) —uq(s)

Wi(s)
where £ (s) is a pseudostate for Y}, 1(s), v1(s) is the vector of velocities of the

P1 (S)
—Ry(s)

masses belonging to M; and u;(s) the vector of the forces acting on them.
Since Y}, 1(s) is irreducible, the matrices P;(s) and @Q1(s) are left coprime and
the matrices R;(s) and P;(s) are right coprime. A similar representation can

be found for Y}, 2(s). The PMD of the overall system is the following:

Py(s) 0 Q1(s) 0 &1(s) 0
0 Py(s) 0 Qas) §2(s) 0
—Ry(s) 0 Wi(s) 0 —v1(s) —up(s)
0 —Ra(s) 0 Ws(s) | —vy(s) —us(s)
The matrix
Pi(s) 0 @i(s) O
0 Py(s) 0 Q2(s)

has full row rank for all s € C, since its rank is equal to the sum of ranks of
the two block rows, which are full by hypothesis. Consequently, the overall
system is reachable. In a similar way, it can be shown that the overall system
is also observable, thus proving that the overall system is irreducible.

It remains to show that the systems represented by Y, 1(s) = 2Y11 r(s) +
Yll,L(s) and Yao(s) = 2}72273(8)-1—?227[/(8) are irreducible, under the hypothesis
that ¥; and Xy are irreducible. The proof will be outlined only for Yp.1(s),
because the other case is analogous.

Since the admittance matrix of ¥; is 171173(5) + YlLL(s), it can be repre-

sented as the parallel connection of the two PMDs that represent Yn, r(s) and
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1_/11, 1(s). These PMDs are, respectively,

Pir(s) Quuls) | [ €r(s) ] _ 0]
_RLL(S) 0 1L _01(5) ] i _ul,L(S) ]
Pir(s)  Qur(s) | [ €ir(s) | _ [ 0o |
—Rir(s) Wir(s) | | —uvi(s) | | —u1,r(s) |

where & 1(s) and & g(s) are the pseudostates of Y11 r(s) and Yiq (s) and
u1,r,(s) and uy r(s) are the vectors of forces acting on the masses belonging
to M. The element (2,2) of the first PMD is 0 because Y11 1(s) is a strictly

proper rational matrix. The PMD of the parallel connection (i.e. of ¥1) is:

[ Ps) 0 Quuls) | [ @nls)
0 Py r(s)  Qur(s) &1,r(S)
i —Ri1(s) —Rir(s) Wir(s) —v1(s)
- . y
— 0 _ 0
| —(u1,L(s) + u1,r(s)) —uy(s)

where u1(s) = u1,1(s) + u1,r(s) is the total force applied on the masses be-

longing to M;. Since % is irreducible, the matrix

P r(s) 0 Q1,1.(s)

(2.19)
0 Pir(s) Q1,r(s)
has full row rank for all s € C.
Now, a PMD for the system Y}, 1(s) is given by:
Prr(s) 0 Q1,.(s) €1,0(s) 0
0 2P r(s)  Qur(s) §,r(s) | = 0
—Ri(s) —Rir(s) 2Wir(s) —v1(s) —u1(s)
and the matrix
P 1(s) 0 Q1,.(s) ] B Py 1(s) 0 Q1,.(s)
0 2P r(s) Qur(s) | 0 P1g(s) Qir(s)
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has the same rank of the matrix in (2.19), for all s € C. Thus, the system
represented by Y}, 1(s) is reachable. A similar argument can be used to prove
the observability of such a system, thus showing its irreducibility. Analogously,
it can be shown that also the system represented by Y}, 2(s) is irreducible, thus

completing the proof of the asymptotic stability. ]

2.4 Main result

In order to obtain a full input-output decoupled system, the block decou-
pling operation described in Section 3.4.3 has to be iterated on the remaining
admittance submatrices. The latter theorem gives only sufficient conditions to
perform the first block decoupling operation and gives no information about
what could happen if such an operation is iterated on the remaining sub-
matrices. Therefore, in the following it will be stated that, if at each block
decoupling step the obtained system satisfies some sufficient conditions, then
it will be possible to iterate the process in order to obtain a full input-output

decoupled system.

Remark 2.4.1. After an admittance matrix has been made (p, ¢)-block de-
coupled, the p X p admittance submatrix on the main diagonal can be seen as
the admittance matrix of the system in which the last ¢ inputs have been ze-
roed, (that is, the last ¢ actuated bodies have been fixed to the ground) and the
masses connected by a path only to the last ¢ fixed bodies have been removed.

Obviously, a symmetrical result holds for the ¢ x ¢ admittance submatrix.

In the following, an algorithm will be presented which, under some con-
ditions, can be used to design a controller that gives an overall parallel con-
nection which input-output decoupled and asymptotically stable. After, its

effectiveness will be shown.

Algorithm 1. 1. Let ¢ = 1 and J; = {1,...,m}. Let Sys; be the given

system. Let m; = m.
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2. If i = m then STOP (the system is input-output block decoupled).
Otherwise, choose an actuated body Mj,, where j; € J;.

3. Let Ms be M;,. Let M; be constituted by the remaining actuated bodies
of Sys;. In this way, p =1 and ¢ = m; — 1.

4. If the system Sys; satisfies the hypotheses of Theorem 2 (with m; re-
placing m), then perform the (1, m; — i)-block decoupling operation on

the system Sys; and go to step 6). Otherwise go to step 5).

5. Choose another actuated body for Mj,, with j; € J;, and go to step 3).

77

If there are no more different bodies that can be chosen, then FAIL.

6. Consider the system obtained from the parallel connection of the system
Sys; and the controller designed at step 4) by fixing to the ground the
chosen M, and removing all the masses connected by a path only to Mj;,
(and the relevant springs and dampers). Let Sys; 1 be such system and
Jiv1=3;\ {Ji}. Let mj;1 =m; — 1. Let i — i+ 1. Go to step 2.

The strategy at the basis of the proposed procedure consists of isolating,
one by one, all the actuated bodies, and trying to find a way that makes possi-
ble to apply Theorem 2 at each step, thus obtaining, as the overall controller,
the mechanical parallel connection of m — 1 subcontrollers, designed as de-
scribed in Theorem 2. The following proposition, [54], states the effectiveness

of the proposed algorithm.

Theorem 3. If Algorithm 1 terminates with STOP, the resulting overall sys-

tem is input-output decoupled and asymptotically stable.

The proposition will be proved by induction on the number of already
decoupled input-output pairs.

Basis. To show: After choosing M, if the given system satisfies the con-
ditions of Theorem 2, the parallel connection of the given system and the first

designed controller is (1, m — 1)-block decoupled and asymptotically stable.
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Proof.

Figure 2.6: The mechanical system considered in Example 2.

The proof of the Basis clause is a trivial application of Theorem 2.
Step. Assume: after having performed i < m — 1 block decoupling opera-
tions through the parallel connection of ¢ subcontrollers, the obtained system

is asymptotically stable and is represented by the admittance matrix

[ Ypi(s) -0 0 ]
Yi(s): )
P 0 Y, i(s) 0
i 0 Ypi,iJrl(S) ]

where Yp{iﬂ(s) is a (m — i) X (m — i) matrix (the superscript ¢ denotes the
step number in the decoupling process).

To show: if it is possible, as described in Algorithm 1, to choose a new
actuated body in a way that Theorem 2 can be applied, then the parallel
connection of the system described in the Assume clause and the (i + 1)-
th designed subcontroller is asymptotically stable and is represented by the

admittance matrix

R 0 0 ]

}7;—’—1(3): )
0 - Ypauls) 0

[ 0 0 YILG)

where }7;':_&2(5) isa(m—i—1)x (m—1i—1) matrix.
Consider the system obtained by fixing to the ground the i actuated bodies

corresponding to the already decoupled input-output pairs and removing all
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Figure 2.7: The overall mechanical system considered in Example 2.
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the masses connected by a path only to such bodies, with the relevant springs
and dampers. Such a system is represented by the admittance matrix Yp“?i 41(8).
Since it is possible to choose an actuated body among the remaining m —1¢ in a
way that it is possible to perform the block decoupling operation, the parallel
connection of this system and the (i + 1)-th controller will be asymptotically

stable and its (m — i) x (m — i) admittance matrix will be

Yi-l—l (S) _ Y;?,H-l(s) 0
7‘+1 - o)
m 0 Y;;‘iQ(S)

Therefore, the overall system will be represented by the following admittance

matrix (where the dependence on s is omitted):

Y, 0 0 0
i
Z2i=1 0 - v, o
0 Ypit 0
i
0 0 YpZ,Jir+2_

The asymptotic stability of such system follows easily and it is also clear that
the latter admittance matrix is non-singular, thus completing the proof of the

correctness of the proposed algorithm. oog

Example 2. Consider the mechanical system depicted in Figure 2.6, where
n =6, M; >0, F36 > 0, and K;; > 0. At step 1, j; is chosen to be 1.
Therefore, the relevant sets for the design of the first controller are S12 = {},
S1 = {Ms}, So = {Mg}. The first controller is characterized by n.; = 4
and by the values K7 and Fj for the spring and damper. At step 2, jo = 2,
and the sets for the design of the second controller are Si12 = {}, 51 = {},
Sy = {Ms}.The second controller is characterized by n.2 = 3 and by K3 and
F5. At step 3, js = 3, and the sets are S12 = {Ms}, S1 = {}, S2 = {}. The
third controller has n.3 = 3 and K3 and F3 as spring and damper. The overall

system, i.e., the mechanical parallel connection of the given system and the
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Figure 2.8: The system considered in Example 3.

three designed controllers is depicted in Figure 2.7. In the figure, the little
boxes filled with oblique segments represent the glue that joins two masses

together.

2.5 Further Considerations

The proposed algorithm gives sufficient conditions in order to obtain a full
input-output decoupled system. But, as illustrated below, there exist many
systems that, even not satisfying the conditions of the algorithm, can be de-

coupled using a different approach, as can be seen from the following example.

Example 3. Consider the system represented in Figure 2.8. The peculiarity of
this system is represented by mass M, (which is not actuated), linked through
springs to the three actuated bodies. It is easy to understand that there is no
way to apply the algorithm. Indeed, after the first step, it is not possbile to
choose a new actuated mass in such a way that the corresponding ¥; and X,
subsystems are reachable. This is due to the fact that, in either way the new
actuated body is chosen, there is always a X subsystem composed by two exact
copies of masses and springs, that turns out to be unreachable. However, there
are at least two different ways of decoupling such system. In the following,
one of these strategies will be illustrated. Consider the mechanical parallel

connection reported in Figure 2.9. The equations of the system are:
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Figure 2.9: The parallel connection of the given system and the controller.
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By eliminating the Lagrange multipliers, the closed loop system equations can

be obtained:

ML 47?4+ )i+ Fo(rf +r)dn + (K + (1 +r3) (K + Ko))a
—Kqs — Krigea — Kraqra = w
M(L+73 4 r3)ds + Fo(rd +13)de + (K + (13 + ) (K + Ke))aa
—Kqs— Kraqea — Krsqra = ug
M (1475 +18)ds + Fo(r + r§)ds + (K + (3 + rg) (K + K.))as
—Kq4s— Kr3qca — Krgqra = u3
Mg, — Kqn — Kga — Kqs +3Kqs = 0
Mea — Kriqn — Kraga — Krsgs + 3Kqeq = 0
Mips — Kraqn — Krsq2 — Kreqz +3Kqra = 0

By letting q(t) = [q1(t), q2(t), q3(t), qa(t), @e,a(t), qra(t)]”, the system can be
described by means of Equations (2.1), (2.2), (2.3), with the following matrices:

[ M1+ 72 +12) 0 0 0o 0 0]
0 M +73+1r2) 0 0 0 0
D o_ 0 0 (1+r2+73) 0 0 0
0 0 0 M 0 0
0 0 0 0 M 0
I 0 0 0 0 0 M|
[ Fu(r2+1r3) 0 0 00 0]
0 Fo(r3 +r3) 0 000
P 0 0 Fo(ri+r3) 0 0 0
0 0 0 000
0 0 000
I 0 0 00 0
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[ K., 0 0 -K —Kr —Kry|
0 K 0 —K —Kry —Krs
0 - 0 0 K. —-K —Kry —Krg
-K -K -K 3K 0 0
—Kri1 —Kryg —Krs 0 3K 0
_—Kr4 —Krs —Krg 0 0 3K |
(1.0 0]
010
B — 0 01 ’
0 00
0 00
| 00 0|

where K, = K + (r? +3)(K + K.), Ky = K + (13 + r3)(K + K.), K. =
K + (r3 +13)(K + K.). In the following, for simplicity, it is assumed that
M =1 and K = 1. It turns out that the closed loop system, i.e. the me-
chanical parallel connection of the system and the controller, is reachable.
This can be verified by computing the Smith form of the polynomial matrix
[ Ds*+Fs+H B |. Sinceit is [ I 0 }, the system is reachable.

Using Equations (2.8), (2.9), (2.10), the admittance matrix of the mechan-
ical parallel connection can be easily calculated. Assuming M =1 and K =1,

Y (s) turns out to be:

(ror1+14rsrs) (rar1+1+rera)
yll(S) T (s243)s T (s243)s
_ (rari+1+4rsra) (I+rsra+rers)
Y(S) - T (52 43)s y22(8) T (s243)s
(rar1+14rerys) (14r3ro+rers)
T (52 43)s T (52 43)s y33(8)

By imposing that the elements outside the main diagonal must be zero for all
s, an algebraic system of three nonlinear equations in the unknowns r1,...7g

is obtained.
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A solution to this system is the following one:

r3(rs — 76)
1 - 2 2
re + T5Tg + 1513
1 + 675
r9 = ——
3
r3 = free
1 2
+rers + 13
ra = - 2 2
re + T5Tg + 1513
rs = free
r¢ = free

The values of the free unknowns have to be chosen on a way that all the speed
reducer ratios are different from zero.

By choosing | = —%, ro = —%, rg =1, rq4 = —%, rs =1, 11 = % the
overall system turns out to be input-output decoupled. Finally, it has to be
verified if the overall system is asymptotically stable. It can be seen that,
using the same values as above for the masses and springs, the characteristic
polynomial of the closed loop system, i.e. det (D 2+ F s+ H), has all its
roots in the open left half plane. Hence, the given system, represented in
Figure 2.8, can be made input-output decoupled and asimptotically stable

through interconnection with another mechanical system.

2.6 Conclusions and future work

In this chapter the problem of input-output decoupling has been dealt with for
linear mechanical systems under the requirement that the controller is another
mechanical system to be physically connected to the given one. The problem
has been solved for m-inputs m-outputs systems, under some conditions on the
structural properties of the system. Further work will be devoted to enlarge

the class of m-inputs m-outputs systems for which a solution can be found.



44 Chapter 2. Input-output decoupling of linear mechanical systems



Chapter 3

IDA-PBC of nonlinear

mechanical systems

3.1 Introduction

Control design problems have been traditionally approached adopting a signal-
processing viewpoint. That is, the plant to be controlled and the controller are
viewed as signal-processing devices that transform certain input signals into
outputs. An alternative to this perspective, which is particularly suited for
physical applications, is to view dynamical systems as energy-transformation
devices. The action of a controller may also be understood in energy terms
as another dynamical system (typically implemented in a computer) intercon-
nected with the process to modify its behavior. The control problem can then
be recast as finding a dynamical system and an interconnection pattern such
that the overall energy function takes the desired form. There are at least
two important advantages of adopting an energy-shaping perspective to con-
trol: 1) Shaping the energy permits to deal with not just stabilization, but
also performance objectives — the latter being, of course, the main concern in
applications; 2) Practitioners are familiar with energy concepts, hence it can

serve as a common language to facilitate the communication with control the-

45
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orists, incorporating prior knowledge and providing physical interpretations
to the control action. The idea of energy-shaping has its roots in the ground-
breaking work [83] in robot manipulator control, where robust controllers are
derived with simple potential energy shaping. The principle was later formal-
ized in [66] by using the fundamental notion of passivity. In such a paper
the term passivity-based control (PBC) was coined to define a controller de-
sign methodology whose aim is to render the closed-loop system passive with
some desired storage function. During the early years of story of PBC, a lot
of research effort has been devoted to the application of PBC to electrical
and electromechanical systems, which requires shaping of the total energy,
instead of just the potential component. In carrying out this extension two
approaches were pursued: in the first one, closer to classical Lyapunov-based
design, the storage function to be assigned at closed-loop is selected first, and
then the controller that ensures this objective is designed. Extensive applica-
tions of this line of research may be found in [65]. A drawback of this approach
was that the closed-loop storage functions (typically taken as quadratic in er-
rors) are not energy functions in any meaningful physical sense. In order
to overcome this problem, a new passivity-based control strategy called in-
terconnection and damping assignment (IDA) was introduced, in which the
closed-loop storage function is indeed an energy function, obtained as a result
of the designer’s choice of desired subsystems interconnection and damping.
In [52] this approach is proposed for stability analysis, and the extension for
controller design is reported in [69] and [70]. Since then many successful ap-
plications have been given of IDA-PBC, including mass-balance systems [62],
electrical motors [75], power systems [29, 42, 30, 31], magnetic levitation sys-
tems [79, 72], and especially underactuated mechanical systems. As a matter
of fact, also for such a class of systems stabilization cannot be achieved just
by potential energy shaping. There are currently two main approaches to
the problem: the method of controlled Lagrangians [14] and IDA-PBC. In

both cases stabilization (of a desired equilibrium) is achieved by identifying



3.2. Background material 47

the class of systems—Lagrangian for the first method and Hamiltonian for
IDA-PBC—that can possibly be obtained via feedback. The conditions under
which such a feedback law exists are called matching conditions, and consist
of a set of nonlinear partial differential equations (PDEs). In case these PDEs
can be solved the original control system and the target dynamic system are
said to match. A lot of research effort has been devoted to the solution of
the matching equations. In [14] the authors give a series of conditions on the
system and the assignable inertia matrices such that the PDEs can be solved.
Also, techniques to solve the PDEs have been reported in [10, 13] and some
geometric aspects of the equations are investigated in [47]. The case of sys-
tems with underactuation degree one has been studied in detail in [11] and [2].
In the latter it is proved that, if the inertia matrix and the force induced by
the potential energy (on the unactuated coordinate) are independent of the
unactuated coordinate, then the PDEs can be explicitly solved. This chapter
aims at providing some extensions of the control strategy given in [2], that
take into account certain classes of systems for which such a strategy fails to
work. First, a brief overview will be given on the theory of passivity and dis-
sipativity, the framework of port-controlled Hamiltonian systems, and finally
the basic theory of IDA-PBC. In the second part of the chapter two extensions
will be presented [49, 87], together with their motivating physical examples.

3.2 Background material

3.2.1 Passivity and dissipativity

The concept of passivity is quite general, in the sense that it can be defined for
any kind of systems described by an input-output relation, and not necessarily
for a dynamic system. Dissipativity, on the other hand, can be regarded
to some extent as a particular kind of passivity property that may arise in
dynamic systems, as it will be clear in the following discussion.

Consider a system described by a generic map from a certain input space
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to an output space. In order to define passivity, some concepts regarding
those two spaces must be introduced. Consider a linear input space U (with
dimension m), and let the output space Y be the dual space U*, that is, the set
of linear functions on U). Denote the duality product between U and U* by
< ylu >, for y € U*,u € U (that is, < y|u > is the linear function y : U — IR
evaluated at u). Furthermore, take any linear space of functions u : IRT™ — U,
denoted by L(U), and any linear space of functions y : IRT™ — Y, denoted
by L(U*). Define a duality pairing between L(U) and L(U*) by defining for
u€ L(U) and y € L(U*)

T
< ylu >p:= /0 < y(t)|u(t) > dt (3.1)

assuming that the integral on the right hand side exists. In applications, the
duality product < y|u > will usually be the instantaneous power (electrical
power if the components of u, y are voltages and currents, or mechanical power
if they are generalized forces and velocities, respectively). Thus, < ylu >r

denotes the externally supplied energy during the time interval [0, T].

Definition 3.2.1. Let G : L(U) — L(U*). Then G is passive if there exists a

positive constant 3 such that

< Gu)|u >r> —p Vu e L(U),VT > 0. (3.2)
Equivalently, (3.2) can be rewritten as

— < Gu)|lu>r< g Vu e L(U),NT >0, (3.3)

with the interpretation that the maximum amount of energy extractable from

the system is bounded by a finite constant (.

Next comes the concept of dissipativity, which is defined for dynamic sys-

tems described by the following equations:

E:{ &= f(x,u), uwelU (3.4)

y=h(z,u), yevy,
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where x € X. It is possible to associate with such a description an input-
output map G, defined by substituting in h(x,u) the input function u and
the solution x of & = f(x,u) starting from x.

Define the supply rate on the space U x Y as
s:=UxY — R. (3.5)

Definition 3.2.2. A system X is said to be dissipative with respect to the
supply rate s if there exists a function S : X — IR™, called the storage

function, such that for all g € X, all £; > tp, and all input functions u

t1
S(a(t) = SGalw) + [ stu(t) )t (3.
to
where z(ty) = xo, and z(¢1) is the state of ¥ at time ¢; resulting from initial

condition xg and input function wu.

Inequality (3.6) is called the dissipation inequality. It expresses the fact
that the “stored energy” S(x (1)) of ¥ at any future time ¢; is at most equal
to the sum of the stored energy S(x(tp)) at present time ¢y and the total
externally supplied energy ft';l s(u(t),y(t))dt during the time interval [to,1].
Hence, there can be no internal “creation of energy”, only internal dissipation
is possible. If (3.6) holds with the equal sign, the system is said to be lossless.

One important choice of supply rate is s(u,y) =< ylu >,u € U,y € U*.
Suppose X is dissipative with respect to this supply rate. Then for some
function S >0

T
/O <y(@)u(t) > dt = S(x(T)) = 5(x(0)) = —5(=(0))

for all 2(0) = xg, and all T' > 0 and all input functions u. This means precisely
that the input-output map G, of X is passive for any o € X, and S can be

given the interpretation of stored energy.
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3.2.2 Stability of dissipative systems

When the storage function S is continuously differentiable, it is possible to
give an interpretation of dissipativity in terms of stability in the sense of Lya-
punov. As a matter of fact, inequality (3.6) can be rewritten in the following

differential form:
Se(z) f(z,u) < s(u, h(z,u)), Vr,u, (3.7

with S, (z) denoting the row vector of partial derivatives of S(z) with respect

to x. The following result [86] holds.

Lemma 3.2.3. Let S : X — IR" be a C'! storage function for ¥. Assume
that the supply rate s satisfies

s(0,y) < 0,Vy. (3.8)

Suppose that x* € X is a strict local minimum for S. Then z* is a sta-
ble equilibrium of the unforced system & = f(x,0) with Lyapunov function
V(z) = S(x) — S(z*) > 0 for = around z*. Furthermore, suppose that no
solution of & = f(x,0) other than x(¢) = z* remains in {z € X : s(0, h(x,0))}
for all t. Then z* is an asymptotically stable equilibrium, which is globally
asymptotically stable if V' > 0 is proper.

This result will be used extensively in what follows to prove effectiveness
of the IDA-PBC control strategy.

3.2.3 Port-controlled Hamiltonian systems

In this section an important class of passive state space systems is intro-
duced, namely, the port-controlled hamiltonian systems. A standard method
for deriving the equations of motion for mechanical systems is via the Euler-

Lagrange equations

& (5 - S = (39
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where ¢ = (q1,...,q.)7 are generalized configuration coordinates for the sys-
tems with n degrees of freedom, the Lagrangian L equals the difference K —V
between kinetic energy K and potential energy V, and 7 = (71,...,7,)7 is
the vector of generalized forces acting on the system. In standard mechanical
systems the kinetic energy K is often of the form
K(q,q) = %QTD(q)q' (3.10)
where the n x n ineria matrix D(q) is symmetric and positive definite for all
q. In this case the vector of generalized momenta p = (py,...,p,)", defined
as p = g—{; is simply given by
p = D(q)q, (3.11)
and by defining the state vector (qi,...,qn,P1,--- ,pn)T the n second-order

equations (3.9) transform into 2n first-order equations

i = %¢p) (=D (a)p)

. (3.12)
po= —Fa.p) +7

where H(q,p) = %pTDfl(q)p + V(q) is the total energy of the system. The
equations (3.12) are called the Hamiltonian equations of motion, and H is
called the Hamiltonian function. The following energy balance immediately
follows from (3.12):
T T T
%H = aa—qH(q,p)(i + 88—5((1,19)25 = %—f(q,p)T = qr, (3.13)
expressing that a Hamiltonian system, with output y = ¢ = %—g(q, p) is dissi-
pative (actually, lossless).
A generalization of the Hamiltonian equations is represented by the so
called port-controlled Hamiltonian systems, which are described in local coor-

dinates as
T = J(:C)%—Z(ﬂ:) +g(x)u ze X,ue R™

y = ¢'(x)%(x), yeRr™

where J(x) is a skew-symmetric matrix (also called the interconnection ma-

(3.14)

trix). As it can be easily seen, a port-controlled Hamiltonian systems is still
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lossless. A truly dissipative port-controlled Hamiltonian systems can be ob-
tained if the above equations are modified as follows, to take into account the

existence of dissipative forces such as friction:

& = [J(z) — R(2)]55(2) + g(2)u

3.15
y = g'(2)% (@), 1)

with R(z) being a positive semidefinite matrix.

3.2.4 IDA-PBC of port-controlled Hamiltonian systems

Motivated by lemma 3.2.3, PBC poses the stabilization problem in terms of
the so called passivation objective , that is, select a control action u = 3(z)+v

so that the closed loop dynamics satisfy the new energy-balancing equation

Hg(z(t)) — Ha(x(0)) = /0 v'(s)y/ (s)ds — da(x(t)) (3.16)

where Hy(x) is the new desired total energy function, which has a minimum
at z*, y' (which may be equal to y) is the new passive output, and the natural
dissipation term has been replaced by some desired function dg(x) to increase
the convergence rate. In IDA-PBC, the passivation objective is achieved by

aiming at the closed-loop dynamics

B o= Uale) — Rae)) 285 () + gl )
y = g () %),
where Jy(z) = —Jy(x)T and Ry(x) = Ryg(x)T > 0 are some desired intercon-

nection and damping matrices, respectively. It is clear that the solutions of
(3.17) satisfy (3.16) with

t T
et = [ (GeD) Ralelo) G aloas.

The following result shows how the passivation objective reduces to solving
a set of PDEs [64]. It is given in terms of a general nonlinear control-affine

system to show point out its generality.
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Proposition 1. Consider the system
z = f(x) + g(x)u. (3.18)

Assume that there exist matrices g+ (z), Jg(x) = —Jy(x)T, Rg(z) = Ryq(z)T >
0 and a function Hy(z) : R™ — IR that verify the PDE

0Hy

gH @) (@) = g (@) ale) — Ra@) 52,

(3.19)

where g*=(z) is a full-rank left annihilator of g(x) (i.e. g*=(z)g(x) = 0), and
Hy(z) is such that
xy = arg min Hy(z), (3.20)

with x, € IR™ the equilibrium to be stabilized. Then, the closed-loop system
(5.18) with u = ((x), where

Bla) = [g" (@)g(@)] " g" (@){[Jalx) — Rd(fﬂ)]% = f(@)}, (3.21)

takes the port-controlled Hamiltonian form

ot

& = [Ja(z) = Ra(2)] 5

(3.22)

with x, a (locally) stable equilibrium. It will be asymptotically stable if, in
addition, x, is an isolated minimum of Hy(x) and the largest invariant set

under the closed loop dynamics (3.22) contained in

T
{x € R": (%(x)) Rd(x)%(x) = 0}

equals {4 }. Moreover, an estimate of its domain of attraction is given by the

largest bounded level set {x € IR" : Hy(x) > c}.

Proof. By Setting up the right hand side of (3.18), with u = f(x), equal to
the right hand side of (3.22) the following matching equation is obtained:

0H,

1(@) + 9(2)8(z) = a() - Ra(@)]
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Multiplying on the left by g*(z) yields the PDE (3.19). The expression of
the control law is obtained by multiplying on the left by the pseudo-inverse
of g(x). Stability of x, is established by noting that, along the trajectories of
(3.22), it holds that

T
Hy=— (%(m)) Rd(x)%(x) > 0.
Hence, Hy(x) qualifies as a Lyapunov function. Asymptotical stability fol-
lows immediately by invoking La Salle’s invariance principle. Finally, in order
to ensure that the solutions remain bounded, the estimate of the domain of

attraction can be given as the largest bounded level set of Hy(x). ooo

As clear from the proposition, the key step in the design procedure is
solving equation (3.19). It is stressed that Jy(x) and R4(z) are free, up to the
constraints of skew-symmetry and positive semidefiniteness, respectively, and
H;(x) may be totally or partially fixed, provided that (3.20) is ensured. As a

consequence, there exist at least three ways to proceed:

e (Non-parameterized IDA) In one extreme case, the desired interconnec-
tion Jg(z) and damping Rg(z) matrices, as well as g*(x). This yields
a PDE whose solutions define the admissible energy functions Hy(x) for
the given interconnection and damping matrices. Among the family of

solutions the one that satisfies (3.20) is selected.

e (Algebraic IDA) The desired energy function is fixed, and thus (3.19)

becomes an algebraic equation in Jy(z), Rg(z) and g*(z).

e (Parameterized IDA) For some physical systems it is desirable to restrict
the desired energy function to a certain class, for instance, for mechanical
systems, the sum of a potential energy term that depends only on the
generalized positions, and the kinetic energy that is quadratic in the
generalized momenta. Fixing the structure of the energy function yields
a new PDE for its unknown terms and, at the same time, imposes some

constraints on the interconnection and damping matrices.
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Sometimes it is natural to split the control action into energy shaping and
damping injection terms as u = ues + ug;. This fixes the matrix Rgy(z) =
g(7)K,g" () with K, > 0. Then, the PDE becomes

G- ) Jalw) 5 (@) = g (@) () (323)

and
wealr) = 0" @] @) D) — )] (329)
uila) = g () (), (3.25)

This partition proceeds from the premise that damping is introduced to enforce

asymptotic stability to an otherwise stable system.

3.2.5 IDA-PBC of underactuated mechanical systems

The parameterized IDA variation of the design technique applied to mechanical
systems simplifies as follows. Consider a mechanical system described by using

the Hamiltonian formalism:

with total energy H(q,p) = 3p" D~1(q)p + V(q), where ¢ € R",p € IR"™ are

u (3.26)

0
B(q)

the generalized position and momenta, respectively, D(q) = DT (g) > 0 is the
inertia matrix, V'(q) is the potential energy and rank (B) = m < n, meaning

that the system is underactuated. Fix the desired energy function to be

1
Hy(g,p) = §pTDd Y(q)p + Valg),

where Dg(q) and Vy(q) represent the closed-loop inertia matrix and potential
energy function, respectively, and it is required that Dg(g) = DT (g) > 0 and
¢» = arg minV(q). Fixing the desired energy function also fixes the desired

interconnection matrix as

0 D~Y(q)Dq(q) T
J ) - - _J ) )
da.p) —Dq(¢9)D"(q)  Ja(q,p) 1(47)
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where the skew-symmetric matrix J(g,p) is a free parameter. On the other
hand, when the control action is split into energy shaping and damping injec-

tion, the damping matrix results of the form

0 0
T >O
0 B(q)K.,B"(q)

- )

Ra(q) =

where K, > 0.
As shown in [2], the PDEs of IDA-PBC can be naturally separated into
the terms that depend on p and terms which are independent of p, i.e., those

corresponding to the kinetic and potential energy, respectively. This leads to

B() [V, (0" D" (a)p) = Dala) D™ (@), (0" D7 (a)p)

+245(a,0)D7 (@] = 0, (3.27)
B(q) [V4V = Da(@)D" (@)V4Va] = 0, (3.28)

where B+(q)B(q) = 0. As for the control law, (3.21) yields (the arguments

are omitted for brevity)
u= (B"B)"'BY(V,H — DyD 'V H,+ JoD;'p) (3.29)

The first equation is a nonlinear and nonhomogeneous PDE which is in
general quite difficult to solve, whereas the second one is linear. A lot of
research work has been done in order to provide conditions under which these
two PDEs could be solved, including what is reported in this thesis. The first
major result has been given in [2] and it deals with systems characterized by
an underactuation degree equal to one.

Consider the class of mechanical systems described by equations of the

following form:

¢ = D g )p
p = s(¢)+ B(gr)u, (3.30)
where g,, with r an integer taking values in the set {1,...,n}, is a distinguished

element of ¢ € IR", p € IR™, and v € IR™!. Structures of this form may result
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from the reduction of a certain class of mechanical systems via partial feedback

linearization. Two key properties of (3.30) are exploited in [2]:

i) Since D(q,) and Dg4(g,) depend only on the coordinate g, the kinetic
energy PDE (3.27) becomes an ODE;

ii) by restricting Dg(g,) to a particular structure, the latter can be explicitly
solved with a suitable choice of Jo(g,) and B*.

The main result of this section is the following:

Proposition 2. Consider the system (3.30). Fiz

Dqy(gr) = q B(p)¥ () B” (p)dp + DY,

and assume that there exist (q,) = VT (g,) € RMD*=1 gnd DY =
(DYT > 0 € R™™ such that for some left annihilator B*(q,) of B(qy)

‘BL(QI)Dd(QI)D’l(QI)er >e> 0.

Then, there exists a matriz Ja(q,) and a function n(q,) such that the kinetic
energy PDE (3.27) with B*(q,) = n(q-)B*(g}) is solved. Furthermore, the
solution of the potential energy PDE (3.28)is given by

1 qr
Vila) = = [ BL st + 9(:(0). (331)
where z(q) is a n — 1 dimensional vector whose components are of the form
1 qr _ ) )
al0) = = [ B 0DAD e, i =1
0

where ®(z) is an arbitrary differentiable function, and p is a constant.

The above result holds also when the inertia matrix and the force induced
by the potential energy on the unactuated coordinate do not depend on the
unactuated coordinate. In such a case, the kinetic energy PDE (3.27) becomes
homogeneous. The third part of the chapter is devoted to removing such an
assumption, thus enlarging the class of systems to which IDA-PBC can be
applied. The next part, instead, deals with solving the potential energy PDE

for a special class of underactuated systems, exemplified by the acrobot.
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3.3 The Acrobot

3.3.1 Problem Formulation

In this section, a first generalization of the results reported above is presented.
Namely, the hypothesis that the force induced by the potential energy on the
unactuated coordinate do not depend on the unactuated coordinate itself.

Hence, the following assumptions are kept:
A1) The system has underactuation degree one.
A2) The inertia matrix D depends only on the actuated coordinates.

Further, motivated by the interesting Acrobot example ([82, 50]), the fol-

lowing assumption is assumed to hold:

A3) The system has two degrees—of—freedom and, without loss of generality,
take B =[0 1]7.

Assumption A3) is critical for the subsequent developments. Assumptions A1)
and A2) ensure that the term BV, (pT” D~1p) in the PDE (3.28) is zero. In
this case (3.28) can be solved with a constant Dy, taking Jo = 0. Thus, it is
possible to concentrate only on potential energy shaping and the PDE to be
solved takes the form

Y (q2)VVy = V1V, (3.32)

where it has been used used B+ = [1 0], defined

n ] — DL [ 1 ] , (3.33)

’y =
V2 ko

and taken the constant matrix D, as
ki1 k
Dy=| """ . (3.34)
ko k3

The problem addressed in this chapter is the derivation of conditions on D

and V' such that an explicit solution to (3.32) can be obtained. For simplicity,



3.3. The Acrobot 59

q* will be taken equal to 0. Note that, under Assumptions Al) and A3), the

origin is an assignable equilibrium for (3.26) only if
V1V (0) = 0, (3.35)

that will be assumed in the sequel.

3.3.2 Preliminary Lemma

The following lemma, of interest on its own, lies at the core of the subsequent
developments. It identifies a class of PDEs of the form (3.32), whose solution

can be transformed into the solution of ordinary differential equations (ODEs).
Lemma 3.3.1. Consider the PDE in the unknown function V; : R? — R,
a(q2)V1Va+ VaVy = b(q) (3.36)
where a : R — R and b : R?> — R. Assume b can be factored as
b(g) = ¢(g2) + B" (42)N(q1) (3.37)
for some c: R — R, B: R — RP and N : R — RP solution of the ODEs
N’ = AN, (3.38)

for some constant matrix A € RP*P and initial conditions N(0) € RP.!
Then, for all differentiable functions ® : R — R, a solution of (3.36) is
given by
Va(q) = Fla2) + H (a2)N(q1) + ®(q1 — 2(g2)), (3.39)

with F: R —-> R, H:R — RP and z : R — R solutions of the ODEs

F' = ¢
H = —-aATH+B
7 = a (3.40)

!This assumption implies that the dependence of b on ¢ consists of sine, cosine, expo-

nential and polynomial functions generated as solutions of the linear ODEs (3.38).
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Proof. The proof is obtained by direct substitution of (3.39) into (3.36). In-
deed, differentiating (3.39)

HTAN + @'
c+ BTN —aV,Vy

HTN' + @'
o ]

F'+ NTH — q®'

that, taking into account (3.37), clearly verifies (3.36). ooo

From (3.39), (3.40) it is clear that an explicit solution to the PDE (3.36)

is available provided that the following integrals can be computed:

e [aue [weape

where W is the “state transition matrix” of the H equation in (3.40)
U(E, q0) = e_[fg% a(s)ds}AT.

The evaluation of ¥ can sometimes be simplified introducing a change of
coordinates as follows. Assume the function z is invertible, that is, there exists
G2 : R — R such that z(ga2(s)) = s for all s € R. For all functions z : R — R

introduce the following notation for the function compositions

A simple application of the chain rule, i.e. % = %%, transforms (3.40)
into
F/(Z) — f(z)
a(z)
B
A(z) = —ATH()+ 23 (3.41)

where the function a has been removed from the H equation, yielding a linear
forced ODE, whose state transition matrix can be trivially calculated.

From the function H one can obtain the desired H noting that

H(z(s)) = H((¢2(2(s)) = H(s), Vs € R.
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3.3.3 Solving the Potential Energy PDE

In this section Lemma 3.3.1 and the change of coordinates procedure described
above are used to give conditions on D and V such that an explicit solution
to (3.32) can be obtained.

The following assumptions are assumed to hold:
A4) V1V can be factored as
ViV(g) = colg2) + Bj (a2)N(a1) (3.42)
for some ¢y : R - R, By : R — RP and NV : R — RP solution of the ODE
N' = AN (3.43)
for some constant matrix A € RP*P and N(0) € RP.

A5) k1 > 0, ky € R, elements of Dy, are such that

with e; € R? the vectors of the orthonormal Euclidean basis.

A6) The integral

(2 3(0) :
2(q2) .—/0 () do, (3.44)

where v is defined in (3.33), is computable and z(g2) is a diffeomorphism
with an inverse map G2 : R — R; i.e., 2(G2(s)) = s,V s € R. Furthermore,
the following functions can be computed:
= “o .
F(z) = —(G2(0)) do
0o M

70(2) = Ze(AT”)@ Go (o o
1) = [ R 0)) don (3.45
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Proposition 3.3.2. Assume D(g2) and V(q) satisfy conditions A4)-A6).

Then the function

Va(q) = F(2(q2)) + N" (1) H(2(q2)) + @(q1 — 2(q2)),

where

H(z) = e [H(0) +ﬁ10(z)] . (3.46)
solves the potential energy PDE (3.32) for all differentiable functions ® : R —
R and all vectors H(0) € R,

Proof. The proof is a direct application of Lemma 3.3.1 and the change of
coordinates described in the previous section. Indeed, under Assumption A5),?
(3.32) and (3.42) can be written in the forms (3.36) and (3.37), respectively,

with
V1 Vv Co BO

a:zl, b.= , c:=—, B:=—.

72 72 72 V2
The ODEs (3.40), in the new coordinate z, take the form (3.41) with

Al

(2) = 2 (Ga(2)),

Al

(2) (G2(2))- (3.47)

o by

Q|

The solution of these ODEs, given in the proposition, completes the proof.
0ooo

3.3.4 Main Stabilization Result

In the previous section a parametrization of the assignable potential energy
functions is proposed in terms of the first column of Dy (the reals ky > 0,
ks € R), the vector H(0) € R? and the (differentiable) function ®. Here some
additional constraints will be imposed on these parameters to ensure stability
of the closed—loop that, besides positivity of Dy (that is satisfied with a suitable
choice of k3), requires assignment of the desired minimum to V. Towards this

end, the following assumptions are made:

?Because of continuity |y(q)| # 0 for all ¢ in a neighborhood of zero.
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AT) There exists k1 > 0, ko € R such that

= [ ki ks ]D*l(()) zn“iigi > 0.
12
A8) H(0) and ® are such that
HT(0)AN(0) +®'(0) = 0 (3.48)
HT(0)A2N(0) +®"(0) > M (3.49)

Assumption A8) is stated in this form for ease of exposition, but there
always exist a vector H(0) such that it is satisfied with a quadratic function
O(s) = %’32, k, > 0. Indeed, in this case (3.48) holds taking H(0) orthog-
onal to AN(0). Furthermore, (3.49) will be satisfied taking k, sufficiently
large. Assumption A7), on the other hand, imposes a real constraint on the
admissible D and V.

The main result can now be stated, which essentially boils down to proving

that, if A7) and A8) hold, V; has an isolated local minimum at zero.

Proposition 3.3.3. Consider the system (3.26) satisfying Assumptions Al)—
A6). Then the IDA-PBC law (3.29) takes the form

1
w= Vo (D7) + VeV — | ks ks | DIV

and it yields the closed-loop dynamics

il 0 DD,
»| | =DaD' 0

where Dy is the constant matrix (3.34) and V(q) as in Proposition 3.3.2.

Furthermore, if k3 > % and Assumptions A7) and A8) hold, the origin is

Vo Hq

, (3.50)
V,Hy

a stable equilibrium of (3.50) with Lyapunov function Hy.

The control expression follows from (3.29) taking into account Assumptions
A1)-A3), and the fact that Jo = 0 and Dy is constant.
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Proposition 3.3.2 establishes that, under Assumptions A4)-A6), the pro-
posed Vj solves the potential energy PDE (3.28). Now, the condition on ks
ensures Dy > 0, hence Hy will be a Lyapunov function for the system if Vj
has an isolated local minimum at zero. To prove this fact it is convenient to

study the function in the coordinates (¢, z), hence, define

Valgi,2) == F(2) + N"(q1)H(2) + ®(q1 — 2)
Vigi,2) = V(q,G(2)).

The gradient of Vy is

vV, =

)

HTAN+® | | HTAN+9d
F'+NTH -9 CHNT2 v,V

where the second identity is obtained using (3.41). Now, from (3.42) and
(3.47) it follows that

1 ~
Z) = ~—V1V q1,=
(2) e (q1,2)
which, in view of (3.35) and the fact that §2(0) = 0, is zero at (q1, z) = (0,0).
Consequently, VVy(0) = 0 if and only if (3.48) holds.

Some simple calculation show that the Hessian of V; is given by

91| ouf}

(2) + N (qn)

Qi ™

~ K141, 2 K2(q1,2) — k1(q1, 2
V2Vd(Q1a Z) = ( ) ( ) ( ) )
ro(q1,2) — ki(qr, 2)  kilqr, 2) — Kkalqr, 2) + k3(qr, 2)
where the real-valued functions x;,7 = 1,...,3 are defined as

ky = HTA:N +d"

B 1 ~
kg = NTAT— = —v,V
a 71
1~ 1/ Ty
k3 = Vao(==ViV)= = (1VeV - =%ViV|.
il 7 71
The Hessian is positive-definite if (ko+£3) > 0 and k1 > m’fﬁg. By Evaluating

it at the origin, and taking into account that V1V (0) = 0, the following holds:
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have

k1(0) = HT(0)A’N(0) + " (0)
k5(0) _ [Vav(o)P

k2(0) + r3(0) p ’

with p as defined in Assumption A7), completing the proof.

3.3.5 The Acrobot Example

m1, M, = link masses
I1. b = link lengths
11,15 = link moments of inertia

le1, c2 = centers of masses

Figure 3.1: The Acrobot, with ¢; = 1 — 7/2.

65

ooao

In this section it is proved that the methodology described above applies

to the interesting Acrobot system described in [82]. The equations of motion

of the Acrobot (schematic shown in Figure 3.1) are given by (3.26) with n = 2,

m=1,

D(q2) =

€1+ co + 2c3cosqe  co + €3CO8 Qo
b
Co + €3 COS @2 C2

V(q) = gleacosqr + 5 cos(q1 + q2)], B =

0
1 )
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with ¢ the gravitational constant and the parameters

2 2 2
c1 =mls +meoli + 11, cp = malZy + Io, c3 = malile,

cq = miler +maly, cs = male

verifying cico > cg.
The control objective is to stabilize the upward equilibrium position, i.e.,
qg* = (0,0).

Verifying the Assumptions

The Acrobot clearly satisfies Assumptions A1)-A3). Assumption A4) also
holds with

co(q2) = 0, Bo(g2) = —

€49 + €59 COS @2 ]

c59 sin qo

0 1 0
—1 OI’N(O):L]'

To verify Assumptions A5) and A6), the vector v given in (3.33) must be

sin qq A

N((h):[

cOS q1

computed. By using (3.34), it follows that

1 (k1 — k)ca — kacg cos qo
az) = 50 (3.51)
(Q2) kg(cl + CQ) —kicy + 63(2k2 — k‘l) COS g2
where 0(q2) := c1c2 — c3 cos?(g2) > 0. The ratio % can be expressed as
71 _ a3 + a4 COS @2
Y2 a1+ azcosqgy’
where
al = kg(cl + CQ) — klcg, ag = (2k2 — k‘l)Cg, as ‘— (k‘l — k‘g)Cg, aq = —k‘gCg.

Even though the function % above can be explicitly integrated, in order to

simplify the derivations it is possible to exploit the fact that the ratio takes
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a constant value p = Z—;‘ when asas = ajas.®> The latter fixes the following

relationship between the free parameters k1 and ko

ki =(1+ \/g)kg, (3.52)

where either the positive or the negative sign cab ne selected, and the ratio
takes the values
" ) 1

—:M.: _—
Y2 +. /9 1
€2

From (3.52) it follows that, since k1 > 0, the only choice when ¢; = ¢y is
the positive sign but, unfortunately, u is not defined in this case, hence the

following is needed:
A67) C1 7& C9.

Under Assumption A6’) (3.44) becomes z(q2) = pge, which is obviously a
diffeomorphism. Interestingly, for the choice of parameters (3.52), Assumption
Ab) is satisfied for all g2. Indeed, replacing (3.52) in (3.51) and doing some

simple calculations yields

(g2) = ko(£./c1e2 — c3cos q2) 1
T 5(q2) /21

which, in view of Assumption A6’), cico > c% and d > 0, is nonzero for all ¢o.

Some lengthy but straightforward calculations yield that the remaining

integrability conditions of Assumption A6) are easily verifiable with F = 0

3This fact is easily seen noting that

Y1 _ % + asaz — a1a4 1

2 a2 az a1 + a2 Cos g2
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and H as in (3.46) with

_ AT, cosz sinz
e =
—sinz cosz
[ —bysinz — bgsin(£,/%2)
i c
Hz) = ’
by cos z + by cos(£, /L 2)+

—bzsin((£2,/2 ) + bysin((£ 2—; —2)z)
bs cos((£2 g—; - 1) ) +bacos((£,/e —2)2)

and the constants b;,7 = 1...4 defined as

by = k‘ —g (i\/ClCQCéL + 3—05>

1 gu 1
by = — I (Zepes+
2 kau+1(2%&1 VQQ%>
be o 1 gesesp
3 =
ko 21+ 4
1 gesea p
by = 3.53
4 ks 2 p—1 (3:53)

where the factor é is pulled out to underscore its role as a “scaling gain” for
Vy.
In the coordinates (g1, g2), the potential energy V; takes the simple form
Valgi,q2) = NT(q)eA#®2) H(0) + by cos g1 + by cos(q1 + q2)
+b3 cos(q1 + 2¢2) + bacos(q1 — g2) + (g1 — pg2).

Once the existence of a solution for the potential energy PDE has been

(3.54)

established by following Proposition 3.3.2, it remains to verify the stability
conditions of Proposition 3.3.3. For, (3.52) yields

—gk c
p= Lzz [(—03 + \/c1e3)cs — ¢ <—01 +c3 c_1>] , (3.55)

C1C2 — C3 2

hence, Assumption A7) is equivalent to

AT’) The constants ko and ¢; are such that

ko I:(—Cg + \/0162)64 — Cs <—Cl + C34/ z—1>:| <0
2
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Assumption A6’) is generically satisfied and the only “real” assumption is
AT’). However, note that—except for the case when ¢; = co—the sign of ks is
not fixed, hence it is also always possible to fulfill this condition.

Finally, Assumption A8) can be shown to hold if and only if the following

condition is satisfied:
A8’) The elements of the vector H(0) and the function ® satisfy

Hi(0) = —9(0)

3 2 2

H,(0) < q)"(o)_w_
Asymptotic Stability

The main stabilization result for the Acrobot can be now stated. In order to

achieve asymptotic stability, a damping injection term has been injected [68].

Proposition 3.3.4. Consider the Acrobot system satisfying Assumptions
A6’) and AT). Fix
C1 k‘g

)kg, k3 >

by = (1— ST
C9 1— 1

Let ®(q1 — pg2) = 2 (g1 — pigo)? with
-1 2 2
— k> g (eates) + Hy(0),

hE p
a4

with p given by (3.55) (with negative sign), H(0) arbitrary and H;(0) = 0.
Then the (globally defined) IDA-PBC law

1 _ - ky
u=—5Vg (p"D'p) — [ ky k3 } D 1VVd+Vq2V+m(k2pl —kip2)

where k, > 0 is the damping injection gain and

ViVy = —Hy(0)sin(qq — pga) — by singy — basin(q1 + g2) — b3 sin(qy + 2¢2)
—bsasin(q1 — q2) + kp(q1 — pgo)

VoVy = Hy(0)psin(q — pge) — basin(qr + q2) — 2b3sin(q + 2g2)

+bysin(qr — q2) — kpp(qn — 1g2),
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achieves (local) asymptotic stabilization of the trivial equilibrium with Lya-

punov function Hy.

Proof. Tt is easy to verify that, with the given selection of ® and H(0), As-
sumption A8’) is satisfied. Henceforth, stability follows from Proposition 3.3.3
and it only remains to prove the asymptotic part.
The derivative of H; along the trajectories of the closed-loop system is
given by
Hy = —k,|BTD;'p|*,)0,
with | - | the Euclidean norm. Define the residual set as
I1:= {(q,p) € 2 | B'D;'p=0}.
Let (q,p) € II. It follows that
0=B"D;'p=B"D;'Dj s ¢ = % do = pdo. (3.56)
2

Integrating (3.56) yields q1(t) = pga(t) + C, where C' is the integration con-
stant.

Differentiating the left hand side of (3.56) yields
0=B"D;'p=-B"D"'VV, (3.57)

where, to obtain the second identity, the fact that the closed—loop dynamics
verify
p=—-DyD"'V,Vu(q) — k,BBTD;'p

has been used. Now, since BT D™1VV, is an analytic function of ¢, equa-
tion (3.57) (whose right hand side is not identically zero) has only isolated
solutions. Thus, the only possible trajectories lying in II are of the form
(@1(1),q2(), p1(t), p2(t)) = (@2 + C, 2,0,0), with g2 constant.

Since the origin is an isolated and stable equilibrium point, it is possible to
conclude that trajectories starting sufficiently near to the origin will eventually
converge to it, thus proving local asymptotical stability.

ooa
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Simulations

The Acrobot parameters—resulting from m; = 4,my = 1,1; = 0.3333,1; =
1.3333,11 = 1,1y = 4,11 = 0.5000, .5 = 2—are displayed in Table 3.1

C1 Cc2 C3 €4 Cj
2.3333 5.3333 2 3 2

Table 3.1: Acrobot parameters

In (3.52) the negative sign is selected, ko = 1 and k3 = 5.9073 yielding

0.3386 1
Dy = >0, p=—0.6019.
1 5.9073

The level sets of Vy, for k, = 280, H,(0) = 10, are shown in Fig. 3.2. It can
be observed from the figure that there are closed sets containing points in the
lower half plane of the configuration space, that is, |¢1| > 7/2. This ensures
that, starting with zero velocities, the IDA-PBC will swing—up the Acrobot
from the lower half plane and at the same time asymptotically stabilize its up-
ward equilibrium. This is the first continuous controller that achieves these two
objectives for the Acrobot. It should, however, be pointed out that the ability
to enlarge the domain of attraction is severely stymied as the actual shape
of Vj is essentially determined by the robot parameters. Indeed, from (3.54)
it is clear that the effect of the design parameters at disposal (Hz(0), kg, kp)*
“disappears” along the line ¢; = pgs. On the other hand, V; may have other
extrema at some points arbitrarily close to this line, thus generating spurious
equilibria for the closed—loop system.

The time-response of the system starting from the fully stretched down-
ward position, i.e., (¢(0),p(0)) = (—m,0,0,0) with k, = 12 is depicted in Fig.
3.3. Although this initial condition does not belong to the estimated domain

of attraction )z, the simulation shows that the controller effectively swings—up

4 Assuming a quadratic ®.
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the acrobot from the downward position. In order to justify theoretically this
simulated evidence, current research is under way to improve the estimate of

the basin of attraction.

2+

Figure 3.2: Level sets of V.

3.4 Simplifying the matching equations via change

of coordinates

In this section another extension to the IDA—PBC methodology is presented.
Such an extension is aimed at providing constructive solutions to the PDE
associated to the kinetic energy, which is nonlinear and inhomogeneous and
whose solution, that defines the desired inertia matrix, must be positive def-
inite. The possibility of eliminating (or simplifying) the forcing term in this
PDE is studied here, and the main contribution is the proof that it is possible
to achieve this objective by reparametrizing the target dynamics and intro-

ducing a change of coordinates in the original system. The class of coordinate
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changes that yields an homogenous PDE is a solution of another PDE—similar
to the kinetic energy PDE—but this time without the requirement of positive
definiteness. Furthermore, it is shown that, in the particular case of transfor-
mation to the Lagrangian coordinates, the possibility of simplifying the PDEs
is determined by the interaction between the Coriolis forces and the actuation
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Figure 3.3: Transient responses.

cart and Furuta’s pendulum.
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3.4.1 Problem formulation

The presence of the forcing term introduces a quadratic term in Dy in the KE
PDE that renders very difficult its solution—even with the help of the free
skew—symmetric matrix Jo. To reveal this deleterious effect it is convenient to
eliminate the dependence on p and re-write the PDE in the equivalent form,
see [68] and [2] for further details,
n -1

; [(B,iDdD—lei)%l;i - (BkLel-)Ddagqi

= [T (0) A (@) + Au(0) T ()], (3.58)

3

for k =1,...,n — m, where e; € R" is the i—th vector of the n—dimensional

Euclidean basis,

J(q) = [al(Q) Paz(g) t e 50%((1)] € R,

o, ER™, i=1,...,n,:= g(n—l)

is a free matrix and the row vectors B,i- € R'™" have been defined,

Bf-
T T T
Br=| | Ag=-— [Wl (Bki) W (Bki) e Wi (Bki) }GR”X”",
BJ_

n—m

with the W; € R™" skew—symmetric matrices with elements 1s and 0s. For

instance, for n = 3, it holds that

0
Wi=1|]-10 0], Wa:=

0 00 ~1
(3.59)

Remark 3.4.1. It is worth noting that the target dynamics ¥, is parameter-
ized by the triple {Dgy, Vy, Jo}. Re—parameterization of the target dynamics is

a key step introduced here.
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Remark 3.4.2. As shown in [2], with the definitions above, the free matrix

Jo can be written as

Mo
J2 = ZPTDglaZ‘WZ‘, (3.60)
i=1
and the terms Bi-.Jo, that appear in (3.27), become
BiJo=p"' D' JAYL.

Equation (3.58) is obtained factoring (3.27) in the form pTDgl[ . ]Dd_lp7
taking the symmetric part of the matrices J Ag and setting the expression in

brackets, which is independent of p, equal to zero.

Remark 3.4.3. In [2] it is proved that, if n —m = 1 and the inertia matrix
and the force induced by the potential energy (on the unactuated coordinate)
are independent of the unactuated coordinate, then the PDEs can be explicitly
solved. The first assumption on the inertia matrix implies, precisely, that the
forcing term BJ-Vq(pTDflp) = 0, which is essential for the construction of

the solutions (see Proposition 5).

3.4.2 Generating an Homogeneous Kinetic Energy PDE

The strategy here to eliminate the forcing term in the KE PDE consists of
two steps. First, the system (3.26) is expressed in the new coordinates (g, p),

with p = T'(q)p, where T' € R™*" is full rank, yielding:

p

where Qg = —T7' [S(q,p) — ST (¢,p)| T~7, H(q.p) = 35" T (¢)D~"(¢)T(q)p
+V(q), and

0 7T
Tt Qo

Vv, H
VsH

0

U, 3.61
T 'B ( )

S(4,9) = Vo(T(9)p)- (3.62)

It is worth noting that these equations can be seen as a particular form

of the Boltzmann-Hamel equations (see [93]), in which p is the vector of
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quasi-velocities, related to the velocity vector ¢ by means of the relation

p=T""(q)D(q)q-
The second step is to define a new target dynamics, in the coordinates

(¢,p), as
5, [ a ] _ [ 0 D=1 (@)T(@)Dala) | [ Vulls
p —Dq(q)T" (9)D~*(q) J2(q,p) V;Hg
(3.63)
where
. ~ 1 n .
Ha(g,p) = 55" Dg" (0)p + Vala), (3.64)
Dy € R™™ and Jy = —jQT is free. The proposed target dynamics are clearly

“compatible” with the new system representation—in the sense that the first n
equations are already “matched”. In Section 3.4.3 the connection is established
between (3.63) and the target dynamic system (3.17) expressed in the new
coordinates—see also Remark 3.4.7.

To state the main result the following assumption is needed.
A) The full rank matrix 7" is such that, for k =1,...,n —m,

n
or  arT oD~
Ej[TTD— Bki6 + 5 —(e;BH)TD7IT + Bite,TT o T} =0. (3.65)
im1 qi qi qi

Proposition 3. Consider the system (3.26) and the partial change of coor-
dinates p = T(q)p where T satisfies Assumption A. For all matrices Dg(q) =
]jg(q) e R™" and functions Vy(q) that satisfy the PDEs

BT | D" D'V, (3" D'p) — 2D B = 0 (3.66)
B*TD,7TDIVY, = BV, (3.67)

for some jg(q D) = —jT q,p) € R"™ " the system (3.26) in closed—loop with

the IDA-PBC u = u(q,p), where
i(q,p) = (BTB)1BT (v H+Tp—TDaTD 'V, Hy+ T Dy p) (3.68)

(
takes, in the coordinates (q,p), the Hamiltonian form (3.17).
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Proof. Differentiating p = T'(q)p yields
. . 1 .
Tp=p—Tp= —vq(§pTD*1p) —VV +Gu — T, (3.69)

where (3.26) it is used to get the last identity. On the other hand, from (3.17),
it follows that

. ~ 1 = - -~
Tp=-TD, 77D~ [Vq(?ﬁTDdl;ﬁ) + vvd] +TJ,D;'p. (3.70)

Multiplying the right hand sides of (3.69) and (3.70) by the n x n full-rank

BJ_
matrix [ T’ ] and setting them equal yields (3.67), (3.68) and
- 1 =~ - -
B*T [DdTTD—lvq(§ﬁTDd1ﬁ) —JaDy 113}
1 g oT
= Bt vq(§pTD*1p) +Ze{D*1p8—qT*1p , (3.71)
i=1 ¢

where the identity ¢; = e D~!p has been used. In view of (3.66), the left hand
side of this equation is equal to zero. Proceeding row by row, the right hand

side term can be factored as

n
1 oD1 oT
Py (TTgB,iei—a T+ TTDleinlT) Tp, k=1,...n-m.
=1

K3 3

From (3.65) of Assumption A, and the fact that the skew—symmetric part of
the term in parenthesis does not contribute to the quadratic form, it follows

that this term is equal to zero, which completes the proof. ooo

Proposition 4. Assumption A holds with T = D, that is, transforming to the

Lagrangian coordinates where p = q, if and only if

B*(¢)C(q,4)g =0, (3.72)

where C' € R™™ is the matriz of Coriolis and centrifugal forces of the me-

chanical system (3.26).
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Proof. From the derivations in the proof of Proposition 3, in particular from
(3.69), it follows that the forcing term in the KE PDE disappears if and only
if

BT+ V(50" D 'p)] = 0.
Now, recall that (e.g., equation (3.19) in [45])

V(5 D7) = V(i D) = [Cla.d) - Dld,  (3.73)

Also, with T'= D it follows that p = ¢ and (3.65) is equivalent to (3.72). OOO

Now a slightly modified version of a result reported in [2] will be stated,
which gives a constructive solution of the homogeneous KE PDE (3.66) for

systems with underactuation degree one.

Proposition 5. Consider equation (3.66). Suppose that n —m = 1 and the
matrices B and T are function of a single element of q, say ¢, v € {1,...,n}.
Then, for all desired locally positive definite inertia matrices of the form
~ dar ~
Da(q,) = / T () B(w) ¥ (w) BT ()T~ " (n)du+ Dy~ (3.74)
qr
where the matriz function U = ¥T ¢ RO=Dx0=1 gnd the constant matriz

]_N)g = (bg)T > 0 € R™ ", may be arbitrarily chosen, there exists a matriz Jo
such that the KE PDE (3.66) holds in a neighborhood of q.

Proof. Using the same notation as in [2], define the following matrices and

vectors:

le_ = BJ_T’ Aa = [Wl(le_)T"" ’Wno(BIJLX_)T y YA = DilTde(BIJLX_)Ta
(3.75)
where the W; matrices are defined in [2]. Using the parametrization introduced

in (3.60) for the matrix Jo, it is easy to see that the PDE (3.66) becomes:

- db )
p' Dyt [’mr (q) dqd +27 (Q)AA((])T] D=0, (3.76)
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where 4, is the r—th element of v4. As a consequence of (3.75) and the
definition of Dy in (3.74), it follows that

,dD

Bi Ay =0, Bj o BrTT'BUBLTT = 0.
K]

By Lemma 1 and 2 of [2], it follows that there exists J such that the term in
brackets in (3.76) is equal to zero, thus completing the proof. mm[m

Remark 3.4.4. Comparing (3.27) with (3.66) the absence of the forcing term
in the latter can be easily noticed. Therefore, the PDE that needs to be solved
is (in principle) simpler. As it will be shown in Proposition 6, this simplifi-
cation has been achieved without modifying the potential energy PDE (3.28),
but it is subject to the condition of finding a matrix 7" satisfying Assumption
A. In any case, the change of coordinates adds a new degree of freedom—the
second term in the right hand side of the KE PDE (3.71)—that, as will be

shown in the Furuta pendulum example below, can be used to solve the PDE.

Remark 3.4.5. It is interesting to compare the original KE PDE (3.58) and
the additional PDE that needs to be solved (3.65). At first glance, it may be
argued that (3.65) is as complicated as, if not more complicated than, (3.58).
Notice, however, that the terms e;Bj- in (3.65) are matrices with only one
non-zero row, while Bledelei in (3.58) is a scalar that “mixes” all the
terms in Dy. Also, it is stressed that, contrary to Dy that must be symmetric
and positive definite, the only condition on T is invertibility. For instance, in
the example of the pendulum on a cart system, a solution to (3.65) is trivially

obtained while no obvious solution for (3.58) is available.

Remark 3.4.6. Condition (3.72) imposes that the Coriolis and centrifugal
forces that are not in the image of B, hence are not affected by the control
action, should be zero. Hence, the part of the open loop dynamics comple-
mentary to the inputs is, in some sense, linear. This requirement translates,

in its turn, into a condition on the inertia matrix D. Indeed, it is shown in
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[45] that, for all vectors x,y € R",

[ 2TCY(q)y |

T C?(q)y
Clq,z)y = : ,

T C™(q)y

where the (ij) elements of the n x n symmetric matrices C*, k = 1,...,n, are

defined by the Christoffel symbols of the second kind as

1 aij 8D,Im 8Dij o~k
2 Tt Ta  a) O (3.77)

k _

It is clear that the k-th element of the Coriolis and centrifugal forces vector
will be zero if and only if ij =0, ¢,57 =1,..,n. It should be mentioned that
(3.72) is not coordinate-invariant, leaving open the possibility of considering
changes of coordinates § = ¢(q) for which the condition will hold. An extreme
case is a system with zero Riemmanian curvature, which has a constant inertia

matrix in some suitably defined coordinates [16].

Remark 3.4.7. Clearly, changing coordinates of the system and the tar-
get dynamics does not affect the matching conditions and, consequently, the
PDEs will be equivalent. The subtlety here is that, as indicated in Remark
3.4.1, the target dynamic systems ¥4 and 4 are parameterized by the triples
{Dg4, Vg, J2} and {[?d,f/d,jg}, respectively. Along the same lines, feedback
actions of the form u = a(q,p) + B(q,p)v, with g € R™ ™ full rank, will
not affect the PDEs—that “live in Ker B”. Indeed, for a system of the form
& = f(x) + g(x)u and target dynamics & = F(x)V H, the matching equations
are g f = gt FVHy, with gtg = 0, independently of the feedback action.

3.4.3 Solving the Original PDEs

Proposition 3 establishes that, solving the new PDEs (3.66), (3.67), the system
¥ (3.26) in closed-loop with the IDA-PBC (3.68) takes, in the coordinates

(¢,p), the Hamiltonian form P (3.64). Three natural questions arise:
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e What are the dynamics of the closed—loop system in the original coor-

dinates (¢,p)?

e What is the relationship between the solutions of the new matching
problem {Dgy, Vy, Jo} and the solutions of the original matching problem
{Da, Va, J2}?

e What is the relationship between the original matching controller 4(q, p)

and the new one (g, p)?

The answers to these questions are given in the proposition below. The
rationale of the proposition is best explained referring to Fig. 1. The connec-
tions between the nodes &, ¥ and % are given by Proposition 3. It remains to
establish the connection with the original target dynamics node ¥;. Towards
this end, X4 in (3.17) will be written in the new coordinates and then it will be
proved existence of a bijective mapping W : {[?d, Va, jg} — {Dgy,Vy, Jo}, that
makes the transformed system equal to X;—that is, with the same structure
matrix and the same Hamiltonian function.? This proves that 3 and ¥4 match
and, consequently, the corresponding parameters {Dg, Vg, Jo} solve the PDEs
and define the control 4(q, p).

Instrumental for the proof of the proposition is the following simple fact,

whose proof is established via direct calculations.

Fact 1. Consider the system @ = F(x)VHy, where z € R", F € R™™" and
Hy : R" — R, and the vector function v = ¢(z), where ¢ : U — R™ with
det % %0 VzeU. Then, 2= F(Z)Vfld, where

F(z):= D7 (2)F(2)D(2), Ha(2):= Ha(¢(2)), F(2):=F((2)), (3.78)

with D(z) := 8—(5 e R,

5The mapping ¥ can also be derived computing the Poisson brackets of the coordinates
(¢,D), as done in [13] to establish the equivalence between controlled Lagrangians and IDA—
PBC.
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WY yp— R
{Mda Vd7 JQ}
Figure 3.4: Diagram description of the systems transformations.

Proposition 6. The triple {Dy,Vy, Jo} solves the new matching equations
(3.66),(3.67) if and only if the triple {Dg, Vg, J2} solves the original matching
equations (3.27),(5.28), where®

D, = TD,TT

Vi = Wy
Jo(g,p) = TJo(q, T 'p)T" + S(q, T'p) D' T DT
—TD, D718 (¢, 77 1p) (3.79)

and S(q,p) is given in (3.62). Furthermore, the control that matches ¥ to ¥4
is obtained as u(q,p) = u(q, T~ (q)p), with @ defined in (3.68).

Proof. To simplify the expressions, denote = = col(q, p), z = col(q, p),

VR ’_Fx:[ 0 D*mﬁmw]’
e Tp ) —Da(q)D™(q)  Ja(g,p)
and compute
o I 0 . I 0
D(z)=—= , D7 (2) = .
A2 [ S(g,p) T(q) * —T7Yq)S(q,p) T *(q) ]

SFor simplicity, the argument ¢ in the functions that depend only on g have been omitted.
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A simple calculation yields

0 D 1D,T-T

F(z) = D_l(z)F(Z)D(Z) = _Tledel FQQ(Z)

where
Fy(2) = =T 'S(q,p)D ™' DyT " +T 7' DyD ST (¢, )T T+T " Jo(q. T(q)p)T "
Replacing (3.79) above yields

_ 0 D-TD,
F(Z) = ~ T —1 =4 ~
-DyT* D J2(q,p)

which is the structure matrix given in (3.17). Finally, calculating Hy in the
coordinates (q,p) yields the expression %ﬁTT TDngﬁ + Vg, which, upon re-
placement of (3.79), coincides with the Hy(q,p) defined in (3.64). 00O

3.4.4 Examples

Pendulum on a Cart

The dynamic equations of the pendulum on a cart are given by (3.26) with

n=2,m=1,and

1 bcos
D(q1) = o , V(q1) = acosqr, B = e,
bcos ¢qq c
g b 1 D+m
a = — = -, C= —
0’ 0’ mie?

where ¢; denotes the pendulum angle with the upright vertical, g» the cart
position, m and £ are, respectively, the mass and the length of the pendulum,
D is the mass of the cart and g is the gravity acceleration. The equilibrium
to be stabilized is the upward position of the pendulum with the cart placed

in any desired location, which corresponds to ¢, = 0 and an arbitrary gox.
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Noting that B+ = €T, the KE PDE (3.58) takes the form

2

Z(e?Dleei)aaDd = Ddag Dy=— [ o1 (9) ] . (3.80)
i=1 4 a1 al(Q) 20‘2((1)

with «; being free functions. Using these functions it is possible to “solve”
two of the three equations above, so it remains only one PDE to be solved. To
simplify the expression of this equation, Dy is made function only of ¢, thus
leading to the ODE

dmq;
dq

(lel — bm12 COS q1)

2bsin 1
S m [bcos ql(cmfl + m%z) —(c+ b2 cos? q1)mi1mas],

where m;;(q1) is the ij-element of the matrix Dy. Even using mj2 as a degree
of freedom finding a solution to this ODE is a daunting task.

In order to simplify the PDE, the technique proposed above will be applied.
By computing the Coriolis and centrifugal forces matrix using (3.77), it is easy
to see that the condition B+C¢ = 0 is satisfied. Therefore, by taking T' = D,
the PDE (3.66) becomes:

BD [deq(ﬁTDC;lﬁ) — 2,075 = 0. (3.81)

It is easy to see that the hypotheses of Proposition 5 are satisfied with
r = 1. By selecting

. 2
—ksin p 50 Feosdqn —Beos’ g
Vi) = o P1= | w o 0
mg — b2 cos? i —5 €o8” q1x K COS Q1 + My

with & > 0 and m$, > 0 free parameters, it follows that a solution is provided
by

2
Dd B % cos® q1 —% cos? qn 7 pr)*l oq 0 1
= 5 2 —_— .
— % cos’qy kcosq + m82 d a9 -1 0

Such a solution is positive definite and bounded for all ¢; € (5, 5).
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Regarding the potential energy, it can be seen that a solution of the PDE
(3.67) is given by

f/—$+£ — +§ln(sec + tan )+6m82tan 2
d— k:b2 C082 ql 2 QZ QQ* b QI QI ]Cb QI )

with P > 0 arbitrary and ¢o, the cart position to be stabilized. The expression
of the control law, the asymptotic analysis of the closed—loop system and some

representative simulations may be found in [2].

Furuta’s Pendulum

The dynamic equations of Furuta’s pendulum are given by (3.26) with n = 2,

m =1, and

1 bcos ¢qq
D(q1) = ,V(q1) = acosqi, B = e,

becosqi c+sin?q

where ¢ denotes the pendulum angle with the upright vertical, ¢o the angular
position of the arm, m and ¢ are, respectively, the mass and the length of
the pendulum, r is the length of the arm, I, and I, are the inertia of the
pendulum and the arm respectively, and ¢ is the gravity acceleration. See
[3, 33] for details. The equilibrium to be stabilized is the upward position of
the pendulum with the arm placed at any desired angle, i.e., g1, = 0 and an
arbitrary qoy.

Since B+ = e the KE PDE (3.58) takes the form (3.80) where, again,
only one PDE needs to be solved—which is, unfortunately, very complex.
Furthermore, it is straightforward to see that the condition B+Cq = 0 is not
satisfied. Even though with T = D the forcing term cannot be canceled, the
KE PDE is considerably simplified with this selection of T'. Indeed, the forcing
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term in the original coordinates (g, p) is

BV, (p" D7 p)

_ bsings o7 2(c+ 1)bcosqq —((b* +1)cos?qp +c+1) »
(det D)? —((b® +1)cos?qy +c+1) 2(b2b+1) cos q1 ’

where det D = ¢ + sin®q; — b%cos?q;. Taking T = D yields the following
forcing term (right hand side of (3.71)) in the new coordinates (q,p):

- . dD 1 lo o]
B* [Vq(pTD 'p)+el D lpd—D 1p] =3 sin(2q1) p* p.
q1 p=Dp 0 1

The dramatic simplification of the forcing term can hardly be overstated.
In the new coordinates (¢, p) and choosing, as before, the matrix D, func-

tion only of the ¢;—coordinate, the KE PDE (after factorization of p) becomes

dDy
27d (2
Y41 (q1) aa sin(2q1)

2
mis mi12Mm22 ]

2
mi12Mma22 mao

[ a12bcos q asbcosqr — ag

] . (3.82)

azb cos g — O —2&2

where 74, —the first element of the vector y4 defined in (3.75)—is y4, = m11+
m12bcos q1. Before proceeding to solve this equation, it is worth recalling that
the only motivation to modify the inertia matrix is to enforce a coupling term,
captured by the vector 74, in the potential energy PDE (3.67), see Remark 1
of [2]. This equation takes the form ya, Vg, Vi 474,V Va = —asin gy, and its

solution is obtained invoking Proposition 4 of [2] as

bt = gt (o [ )

with ® an arbitrary differentiable function. It is clear from this expression

that, if v4, = —k; < 0, then the minimum condition for Vy can be assigned

with a suitable selection of ®. Motivated by this argument, it is convenient

—2k1
bcos q1

to fix m11 = k1 and mig = , and then solving for ay, as the (1,1) and
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(1,2) equations of (3.82). This yields

4k k1
sing, ag = 2mog —

aq

~ B3cos2qq cos?qy

Plugging back these expressions into the (2,2) equation of (3.82) yields the

ODE
2k,

cos?qr

dmag
1
dq1
Solving this equation and putting all the pieces together yields

= — sin(2q1)m%2 — 4mog +

2k
E o kl bcos q1
d— 2k1 2k + k1 ’

bcosqi  b2cos? q1 k32 +sin? q1

where ko > 0 is a free parameter stemming from the initial conditions of mas.
. .. . . 1+k2 14+-k3
This matrix is positive definite for all ¢; € (— arccos 4/ %, arccos 4/ lj;bg >

which suggests to choose ks sufficiently small, with the largest admissible angle

/1
+ arccos e

Selecting a quadratic function for ®, the potential energy becomes

P b i 2
Vd:_%COSQ1+5[q2_%*+k_garctan<8122%ﬂ . P>0

that clearly has an isolated minimum at the desired equilibrium; hence, the
IDA-PBC controller ensures its stability. A detailed presentation of this result,
including the proof of asymptotic stability and experimental validation, is re-
ported in [4]. It is also shown there that for all solutions of mj1+mi2bcos g =
—kq, the maximum interval of positive definiteness of Dy is the one given

above.

A more general class of mechanical systems

The pendulum on a cart and Furuta’s pendulum are two of the most com-
mon benchmarks to which the theory developed in this section can be applied.
However, it is possible to find a more general class of systems for which As-

sumption A holds. Consider a generic mechanical system characterized by the
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following inertia and input matrices:

mif(q1) maf(q)
m2f(Q1) ms3

M(Ql): [

where f(q1) #0 Y g1, myms —m3 > 0, and mq > 0. It is straightforward to
see that assumption A) holds with

T(q) = [f(q” 0],

0 1

thus establishing a whole class of mechanical systems, with arbitrary potential
energy function and with the given inertia matrix, for which it is possible
to design an IDA-PBC control law. As an example, consider the two-DOF
system depicted in Figure 3.5, where h(q;) = /q1 f(0)do, Q,R,S are double
prismatic joints. The joint @ is constrained to oon the curve represented by h,
and R and S are connected through a rigid rod. II is the horizontal plane,
and it is parallel to the plane (r,g2); the frame (p1,p2) is rotated by an angle
a with respect to the projection (', ¢}) of (r,q2) on II.

It is easy to see that the coordinates ¢i,q2 can be taken as generalized

coordinates, and the kinetic energy is given by

g g ][ V0 Mes@ ] Fa
2 q1 q2 sz(ch) M b .



3.4. Simplifying the matching equations via change of coordinates

Figure 3.5: Schematic of the system considered in the example.
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Chapter 4

Bipedal dynamic robot

locomotion

4.1 Introduction

Mechanical biped locomotion has been studied for well over 30 years. It has
been motivated by its potential use as a means of locomotion in rough terrain
or environments with discontinuous supports, as well as its potential bene-
fits to prostheses development and testing. A quick search of the literature,
see for example [12], reveals over a hundred walking mechanisms built by
public research laboratories, universities and major companies. Nevertheless,
conceptual control breakthroughs have not kept pace with the technological
developments. A canonical control problem in bipedal robots is how to design
a controller that generates closed-loop motions, such as walking or running,
that are periodic and stable, that is, stable limit cycles. Most of the state
of the art is characterized by a heavy reliance on heuristics or on principles
such as the zero moment point (ZMP) criterion [37, 88, 89] that do not ensure
stability. As a result, only slow motions may be achieved. Truly dynamic
motions, such as balancing, running or fast walking, are excluded with these

approaches [34]. The most common approach to control is through the track-
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ing of precomputed reference trajectories. The trajectories may be determined
via analogy, either with biological systems [90], [7], or with simpler, passive,
mechanical-biped systems [53, 84, 85]. They can be generated by an oscillator,
such as van der Pol’s oscillator [44], or computed through optimization of var-
ious cost criteria, such as minimum expended control energy over a walking
cycle [17, 18, 22, 80]. Within the context of tracking, many different con-
trol methods have been explored, including continuous-time methods based
on PID controllers, [25, 26, 73] computed torque and sliding mode control
[56, 19, 78, 51], or essentially discrete-time methods, based on impulse control.
Other control methods have been investigated that do not rely on precomputed
reference trajectories for the angular positions. These include controlling en-

ergy, angular momentum, and others [77, 81, 46, 38, 39, 35, 76, 24].

A major breakthrough in this field is represented by the work of Jessy
W. Grizzle and his collaborators, who in the past eight years have provided
sound theoretical means and important technological insights for addressing
the problem. In their recent book on the subject [91], the authors provide
effective yet intuitive control schemes to create stable dynamic motions in
biped robots with or without feet, including running. The book summarizes
and extends the result reported in [36, 92, 57], most of which have received
awards for their enlightening importance. The results reported in the book
have been successfully tested on a robot prototype called RABBIT (see Fig-
ure 4.2). RABBIT is a rigid 5-link mechanism constituted by two legs with
knees and a torso and having point feet. This latter choice is motivated, as
thoroughly discussed in [91], by the necessity of considering underactuation
in designing a controller. In legged robots, underactuation arises during the
swing phase of the step, when the stance leg is pinned to the ground and no
control effort can be exerted by the point foot. One may argue that in hu-
mans the ankle does provide such an effort, but the main point here is that
even in humans there exists a phase of the motion, namely the pivoting at

the toe, during which the system as a whole is truly underactuated. As al-
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Figure 4.1: The five-link biped robot RABBIT.
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ready presented in Chapter 3, underactuation greatly complicates the task of
designing a controller and analyzing the stability of orbits of the closed-loop
system. In the last years a lot of research effort has been devoted in design-
ing controllers for RABBIT-like robots in which tuned springs are introduced
in the rigid mechanism. Such a design choice has on one hand two benefits:
within the strides of walking and running, springs can store and release some
of the energy that would otherwise be lost as actuators do negative work [7];
and at foot touchdown events, springs isolate reflected motor inertias from
the energy-dissipating effects of rigid collisions. On the other hand, delivering
torque through compliant elements poses several challenges for control design,
since there is an obvious increase in the degrees of freedom of the robot model,
and hence, the degree of underactuation. In [58, 59] a solution to this problem
is provided by using a dynamic extension of the controller designed in [92].
In this chapter a different approach to the problem will be described first,
which is based on a singular perturbation-like analysis. Such an approach is
suitable for a fairly general class of nonlinear systems with impulse effects.
Then, for the particular case of biped robots, it will be shown that this gen-
eral technique reduces to straightforward solution of the problem of compliant

actuation, which does not require a dynamic extension as in [58].

In the next section, the notions of systems with impulse effects and a
powerful technique for controlling such a class of systems, namely the hybrid
zero dynamics, will be introduced. Next, the approach based on singular
perturbations will be presented, and finally its application to bipedal robots

with compliant actuation.

4.2 Background material

Consider a control system

i = f(a) + gla)u, (4.1)
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where z € X C R",u € IR™. An impact (or switching) surface is a co-
dimension one surface S C X at which the solutions of (4.1) are subject to an
instantaneous transition. This transition can be modeled as a re-initialization
of the differential equation, regulated by a map A : § — X', which determines
the new initial condition for (4.1) as a function of the point at which the
solution impacts S. The resulting system may be written as

E:{ b= f@ gl sgs W)

= Ax7) z~ €S8
In simple terms, a solution of (4.2) is determined by the differential equa-
tion (4.1), until its state “impacts” the surface S, when an instantaneous re-
initialization occurs. Right after the impact, the state evolves again according

to (4.1), starting from the new initial condition provided by A.

4.2.1 Periodic orbits

Consider the system (4.2) with w = 0, namely:

2:{ o= J@ o wgS (4.3)
xt = A(x”) a2 €8.

A solution ¢(t) of (4.2) is periodic if there exists a finite T > 0 such that
et +T) = o(t) YVt € [0,+00). The set O = {p(t),t > 0} with ¢(t) periodic is
called a periodic orbit of (4.2). In biped robotics, the main control objective is
creating periodic orbits in the closed-loop system that involve impacts. Such
impacts correspond to the robot’s swing leg touching the ground, and the
periodic orbit to a walking gait. An important characteristic of this type of
orbits is that they are not closed ([36, 57]). In the following, its closure will
be denoted O. A periodic orbit O is transversal to S if its closure intersect
S in exactly one point, and at the intersection O is not tangent to S (more
formally, for 2* = ON S, Ly H(z*) := %—I;(x*)f(x*) #0).

Analogously to equilibrium points, it is possible to define stability of orbits

in the sense of Lyapunov. For, consider any norm ||-|| on X, and define the
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distance between a point x and a set M as dist(z, M) = infyenr ||z —y|. A
periodic orbit O is stable in the sense of Lyapunov if for every € > 0 there
exists an open neighborhood V of O such that for every p € V, there exists a
solution ¢ : [0,00) — X of (4.2) satisfying ¢(0) = p and dist(¢(t), O) < € for
all t > 0. O is attractive if there exists an open neighborhood V of O such
that, for every p € V, there exists a solution ¢ : [0,00) — & of (4.2) satisfying
©(0) = p and lim;_, o dist(¢(t), O) = 0. O is asymptotically stable in the sense
of Lyapunov if it is both stable and attractive. Moreover, a periodic orbit O

is exponentially stable if there exists § > 0, N > 0 and v > 0 such that
vt > 0, dist(p(t,r),0) > Ne "dist(x, O) (4.4)

whenever dist(zq, O) < 0.

4.2.2 Poincaré return map

The method of Poincaré sections is a primary tool for testing stability of
periodic orbit in nonlinear systems. In the case of systems with impulse effects,
the natural choice for the Poincaré section is represented by the impact surface

S (see Figure ).

o(t, ")
S

Figure 4.2: Geometric interpretation of the Poincaré map.

In order to calculate the Poincaré map, define the time-to-impact function
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as
inf{t > 0:¢(t,x) € S}, if such ¢t exists,
Ty = " ) . (@5)
o0, otherwise;
The Poincaré map P associated with ¥ can be written as
P:S—S x— p(TrAx),Az)). (4.6)

The method of Poincaré sections, in its version for testing exponential stability,

can be stated as follows:

Theorem 4 (Method of Poincaré sections [36, 57]). Under hypotheses H1), if

system (4.2) has a transversal periodic orbit, then the following are equivalent:
i) x* is an exponentially stable fized point of P:
it) O is an exponentially stable periodic orbit.

An important property of P entailed by hypotheses H1) is its differentia-
bility on a neighborhood of z*. Indeed, the differentiability of 17 is proven
in [74] at each point of S := {z € S : Tr(z) < oo and L;H(P(z)) # 0} and
A and f are differentiable by hypothesis. Hence, exponential stability can be
simply tested by computing the eigenvalues of the linearization of P at its

fixed point.

4.2.3 The hybrid zero dynamics

In this section the control technique based on the concept of hybrid zero
dynamics (HZD) will be briefly introduced. More details can be found in
[92] and [91]. Intuitively, it is based on the method of computed torque or
inverse dynamics. It consists of defining a set of outputs, equal in number to
the inputs, and then designing a feedback controller that asymptotically drives
the outputs to zero. The task that the robot is to achieve is encoded into the
set of outputs in such a way that the nulling of the outputs is (asymptotically)

equivalent to achieving the task, whether the task be asymptotic convergence
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to an equilibrium point, a surface, or a time trajectory. For a system modeled
by ordinary differential equations (in particular, no impact dynamics), the
maximal internal dynamics of the system that are compatible with the output
being identically zero are called the zero dynamics [40, 41, 60]. Hence, the
method of computed torque, which is asymptotically driving a set of outputs
to zero, is indirectly designing a set of zero dynamics for the robot. Since
in general the dimension of the zero dynamics is considerably less than the
dimension of the model itself, the task to be achieved by the robot has been
implicitly encoded into a lower dimensional system. One of the main points of
applying such a technique to a system with impulse effects is that this process
can be exploited in the design of feedback controllers even in the presence of
impacts. The basic idea is that an output should give rise to a zero dynamics
for the continuous portion of the model (4.2) and the resulting zero dynamics
manifold should be invariant under the impact map. This is formalized as
follows. Associate a C* output y = h(z) to (4.2) and assume that h has
vector relative degree (k, ..., k) with respect to the continuous portion of the
hybrid model (that is, h; has relative degree k; with respect to (4.1) and the
decoupling matrix is square and invertible [40]) and that there exists g € X
such that h(xg) = 0. Let Z be the zero dynamics manifold for the continuous
portion of the dynamics and let u* be the feedback (unique on Z) such that
for all x € Z, f*(x) := f(z) + g(x)u*(z) € T, Z. If in addition, SN Z is a C*°

manifold of dimension one less than Z and
ASNZ)cCZ (4.7)
then Z is a hybrid zero dynamics manifold for S and the restriction dynamics

E’Z:{ io= frlz(z) z¢SNnZ
z

. (4.8)
+ = A\sz(z*) z-eSnNZ.

is called the hybrid zero dynamics of S, where f*|z and A are the restrictions

of f* and A to Z and S N Z, respectively. Note that (4.7) is equivalent to

Vz € A(SNZ)and V0 <i<k—1,Lh(z) =0.
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Suppose that an output h(z) has already been designed so that there exists
an asymptotically stable periodic orbit in the hybrid zero dynamics. The
following theorem [57] gives sufficient conditions for stabilization of such a

periodic orbit in the full model.

Theorem 5. Consider a C™ system with impulse effects (4.2) with hybrid
zero dynamics (4.8). Suppose that (4.8) contains a periodic orbit O that is

exponentially stable and transversal to S. If in addition there exists a vector
of functions ¢ : X — IR™™* such that Lyp =0 and

(@) = (h(@); Lyh(@);-- : L "h() )

is a diffeomorphism on X, then the orbit O is exponentially stabilizable. For
any choice of matrices Ko, K1,--- , K1 satisfying that s*I+ Kj,_s* 1. .+
KO is Hurwitz, for € > 0 sufficiently small, the feedback

k-1

u(z) = — (Lng;_lh(.%')>_1 <Ll}h(x) + Z i{—iz‘ L}h(x))

1=

applied to (4.2) renders O exponentially stable in the (full-dimensional) closed-

loop system.

One critical aspect of applying Theorem 5 is the selection of an output
h(x) that leads to a hybrid zero dynamics. In [58, 59] a solution is provided
based on a dynamic extension of (4.2). The following section addresses the
same problem by using a different approach, namely assuming partial invari-
ance of the zero dynamics manifold under impacts, and proving existence and

exponential stability of orbits outside the zero dynamics manifold.

4.3 Partial impact invariance

Consider the system with impulse effects (4.2) and suppose that the following

conditions are satisfied:

H1.1) X € R" is open and connected,
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H1.2) f: X — R"is C!,
H1.3) g: X — R™™ is C! and G := span(gy, ..., gm) is involutive,

H1.4) The system @ = f(z) + g(z)u has a vector relative degree! {4,...,4}
with respect to the output y = h(z), y € R™,

H15) H: X —RisC!,

H1.6) S:={z € X : H(x) = 0} is non-empty and Vz € S, B—I; # 0 (that is, S is

C! and has co-dimension one),
H1.7) A:S — X is C!, and
H1.8) A(S)NS = 0.

Then, there exist coordinates? x := (n,z) with3 n = (n1,...,m1) € V 1=
Vi X oo xWVym €V CR™ 2z e W C R 2™ and a state feedback v =
—(LgL:;h(x))*l[L;%h(x) + Z?:o K; L;h(x)] such that the continuous part of

the closed loop system can be written as

o= An
z = q(nu Z),
where ) )
0 I 0 0
0 0 1 0
A= . (4.9)
0 0 0 1
Ky -K, —-Ky —Kj
the case of uniform vector relative degree (k,--- ,k) is easily obtained by a straightfor-

ward generalization.
2Without loss of generality, it will be assumed that the system is already written in these

coordinates.
3V can be interpreted as the image through a homeomorphism 1 of Z, where (Z,) is a

coordinate chart on Z.
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As in [57], a “high gain” version of the previously proposed controller will be

used here, that is

jE%L§h@Q] (4.10)

3
u = e = —(LyL3h(z) " [Lih(z) + >
i=0

The resulting closed loop system, denoted by Y., can be written as follows:

) A
o (€)n v S
Y z q(n, z) (4.11)
zt = Ax7) x~ €8S,
where _ -
0 1 0
0 0 1 0
Ale) =
0 0 0 1
_EKo _EK; K, _Ki
| €t €3 €2 € |

Denote with ¢(t, ) := (¢5,(t,n), #5(,7, 2)) the solution of the continuous
part of ¥ starting from (7, z). Moreover, define the time-to-impact function

€
T} as

inf{t > 0: ¢¢(¢t,z) € S}, if such ¢ exist
T (x) = inf{t > 0: ¢(t,x) }, if such t exists (4.12)
0. otherwise
Then, the Poincaré map associated with X, is given by
P.:S— S, a~ ¢(T7(Az)), Az)). (4.13)

In [92, 57] the hybrid invariance of the zero dynamics manifold made pos-
sible to define the restriction dynamics (4.8), which is not possible here. How-
ever, inspired by [36], where it is shown that under certain hypotheses the zero
dynamics manifold becomes invariant under high-gain control, the concept of
limit restriction dynamics will be defined here, which can be regarded as the
“slow part” in the framework of singular perturbation analysis. For, define

the projection and extension operators m and o as follows:

T X =W, (n,z) ez
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oW —-X, z—(0,2).

Then the limit restriction dynamics g of 3. is defined as:

. { 5= q(0,2)  o(2)¢S )

2t = Ag(z7)  o(z7) €S,

where Ag(z) = mo Ao o(z). In other words, the limit restriction dynamics
are given by the zero dynamics ¢(0, z) for the continuous part, and by the
projection on the zero dynamics manifold of the impact map A.

Call ¢2(t,z) the solution the continuous part of ¥y starting from z and
define ¢%(t,2) := o(¢2(t,2)). Analogously to what has been done for ¥,

define the time-to—impact function as

inf{t > 0:¢°(t,z) € S}, if such t exist
0(2) = inf{t > 0:¢"(t,z) € S}, if such ¢ exists (4.15)
o0, otherwise.
Then, the Poincaré map associated with Y is:
Ry :m(SNZ) = n(SNZ), 2 2T (A0(2)), Ao(2)). (4.16)

In order to state the main result, suppose the following hypotheses are

met:
H2.1) Ky through K3 are such that A in (4.9) is Hurwitz;

H2.2) Partitioning z as z = (21, 22), q¢(n, z) can be written as

a(m, z1)22 + B, z1)n2
q(n,z) = : (4.17)
Y(m, 21)
where a(n1,21), 3(m, z1),7v(m, z1) are locally Lipschitz and uniformly

bounded for all 7y, z1;

H2.3) For Z = {(n,2) € X : n =0}, SNZ is a (k—1)-dimensional C' embedded
submanifold of Z,
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H2.4) ¥, has an exponentially stable periodic orbit Oy which is transversal to
SNZ,

H2.5) 2* = (0,2*) := OpN S is such that the image A(SN Z) of SN Z through
A is tangent to Z at A(z*).

H2.6) h is such that ho A‘sz = 0.

The structure entailed by hypothesis H2.2) is characteristic of mechanical
systems. In the following, whenever convenient, W will be partitioned accord-
ingly as W = W, x Ws. Hypotheses H2.5) and H2.6) together are less strict
than hypothesis H2.2) of [57], that is, A(S N Z) C Z, which is equivalent to
tangency of A(SNZ) to Z for all z € SN Z. Hypothesis H2.4) can be given a
useful interpretation in terms of properties of the Poincaré map Py, as shown

by the following lemma.

Lemma 4.3.1. Let F' : RP — RP be a continuously differentiable map pos-
sessing an exponentially stable fixed point at the origin. Then, there exists a

norm on R? in which F' is a contraction locally around the origin.

Proof. As a direct consequence of the hypotheses, F'(§) can be written as
F(§) = AL+ G(9)

where A is Schur and G has the property that %(O) =0.

The property of A being Schur implies the existence of positive definite
matrices P and @ such that ATPA — P = —Q. This is equivalent to say that
all of the eigenvalues of the matrix AT PA — P are strictly less than zero. By
continuity of eigenvalues on the entries of a matrix, it follows that there exists
p < 1, sufficiently close to one, such that ATPA — pP =: —@Q’ is still negative
definite.

The fact that %(0) = 0 implies that

Vy>03r: Vg, <, €3

<7.
2

oG
9¢
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By [61, Lemma 3.1], it follows that

vy >03r:V|Elly < |G(E) — Gl&)lly <vllEr — &2, -

Define ||| p := (T P€) V2 1t s easy to see that this is indeed a norm on RP.
What has to be shown is that, for the value of p < 1 found above, it holds
that ||[F(&1) — F(&)||5 < pll& — €3, for €1, & in some neighborhood of the
origin.
The following holds:
IE(€) = F(&)lp — pllér — &7

[F(&1) = F(&)]TP[F(&1) = F(&2)] = p(é1 — &) P(¢1 — &)
[A& = &) + G(&) = G(&)I" PIAG - &) + G(&) - G(&)]
—p(&1 = &) P& - &)
=—(4 - &)TQ (& — &) +2[G(&1) — G(&))"PA(& — &)

+G(&) - G PG(&) — G(&)]
< =Amin(@) 1€1 — &l + 211G (&1) — G(&) 5 I Plly Al 161 — &all,

+Amas(P) |G (61) = G(&)]3
< = (Amin(@) = 27 [1Pllz | Ally + Amaz(P)Y?) €1 = Eall3
= —p(7) &1 — &3

Choose v > 0 such that p(vy) > 0 (this is possible because p(0) > 0). It follows
that there exists 7 > 0 such that

IF(€) = F(&)p < pllér — &7
for all &1, & less than 7 in norm. oog

As a consequence, hypothesis H2.4) implies the existence of a norm ||-[[,,, on
W such that P, is a contraction on some neighborhood of z*. More precisely,

denoting Bs(z*) = {2z : H(0(z)) = 0, ||z — 2*[;,, < 6}, it holds that

dpo < 1,00 > 0:Vzq, 2 € Bs,(2%), || Po(zq) — Po(2)llyw < po llza — 2]l -
(4.18)
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Clearly, in view of the partitioning introduced in hypothesis H2.2), it is legit-
imate to calculate the JV-norm of components of z, that is, interpret | 22|l
as [[(0,22)]|,y- This will be used in the subsequent developments.

It follows naturally to adopt a norm ||-|| , for X =V x W given by the sum

of a norm on V, say, the 2-norm, and the norm ||-||,,, on W, that is:

1, 2) 20 = Ninll2 + 1zl -

Moreover, let Fi, : Wo — Wy and Fj : Vo — W be linear applications. Define

their induced matrix norms as:

[Fallg = max ||Fy 2y,
ll22[l,y=1
1Fll g :=  max [[Fpnallyy,,

lIm2]l,=1

Finally, hypothesis H2.1) implies that there exist positive constants kj, ko
such that HeAtH2 < ke~ k2t A similar bound can also be given for HeA(e)tHQ.
As a matter of fact, there exists a matrix I1(e) = blockdiag(e3I, €I, eI, I) such
that A(e) = H(e)éﬂ_l(e). Thus,

1
HeA(e)t < max{1, 3} max{1, —3}k1e_k2§.
2 €

‘2 - HH(e)eAél_[_l(e)

Here follows the main result of this note.

Theorem 6. Suppose that Hypotheses H1) and H2) are met. Then, there
exists € > 0 such that, for each ¢ < € P. has an exponentially stable fized

point.

The main difference between this result and the one given in [57] is the fact
that Qg is not the orbit that will be asymptotically stabilized. Instead, the
trajectories of the closed loop system will converge to another exponentially
stable orbit, say O, corresponding to the fixed point of P, and lying outside
the zero dynamics manifold. What happens is that O, will “tend” to Oy in
the high gain limit.

The main idea behind the proof of existence of a such a fixed point is based

on Brouwer’s theorem, which is reported here for convenience:
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Theorem (Brouwer). Let B be a set homeomorphic to a nonempty compact

convex subset of RP. Any continuous function P : B — B has a fixed point.

Therefore, it suffices to prove the existence of a closed subset of S homeo-
morphic to a nonempty compact convex set that is mapped into itself by P,
for € sufficiently small. This will be achieved by showing that some notion of
uniform convergence of P. to Py can be given, which in turn requires proving
uniform convergence of ¢¢ to ¢? and of TfoA to TIO o Ag. Then, the property

of Py begin a contraction will do the rest.

4.3.1 Uniform convergence of ¢¢ to ¢°

The aim of this section is to analyze how the solutions of the continuous part
of ¥ and ¥ behave in the high gain limit, that is, as € tends to zero. In [36]
a control law for a three-link biped robot has been designed such that the zero
dynamics manifold is not invariant under impacts, but it is also shown how
such invariance can be recovered by using high gain control.

Here, the analysis reported in [36] will be restated in a more general setting,
allowing for nonfinite-time stabilizing feedback and applicable to the class of
systems characterized by hypothesis H2.2).

The first step towards this goal is to study the Lipschitz properties of
(4.17), and, in particular, uniformity of the Lipschitz constant with respect
to €. In order to prove this, denote with ¢,(t,7) and ¢ (t,7) the solution of
7 = An and 1 = A(e)n respectively, starting from the initial condition n. A

simple change of time scale shows that, for all i =1,... 4,
1
f]i (t7 7]) = F(bm (t/E, m, €n2, 627737 63774)- (419)
As a consequence, for alli =1,...,4,
k1 _k2
65, el < < e, (4:20)

where |||, = || (n1, enz, €2ns, €3m4) ||,
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Moreover, it can be shown that the solution ¢< (¢, x) of the continuous part
of (4.11) is bounded by a function of (¢,¢) that is continuous on [0, +00) X
[0,400). As a matter of fact,

60y < e+ [ [“igl M
+ [ IBtein. ;<T>>Hﬁu¢fn<f>|\2df
<

R A T Y O e A A M
/ Hﬂ On(7), &5, ))Hg % ||77H6€7k72td7'

t
< el + Mot I+ Mot + [ Mo 5Dl s

by using the Gronwall-Bellman lemma, it follows that

M,
1650w < (It + Mot bl + 32 ) o8 a2

thus showing that ¢¢(¢) stays bounded for finite values of ¢ as € tends to zero.
Therefore, whenever the vector z of initial conditions of ¢(t) belongs to a given
compact set, so will the vector function [a((f’(ld(;)’:s fl(;i))(f);f(t)} for finite values
of t and for € — 0, as, by hypothesis H2.2), «, 3,7 au“ze1 uniformly bounded for
all 1, z1. It follows that, in such a case, the above mentioned vector function
is Lipschitz with a constant L that is independent on ¢, as € tends to zero.
In the following, whenever needed, the vector x will be partitioned as

x = (N, n24,2).

Lemma 4.3.2. Take any t > 0 and any Z = (0, 72.4, Z). Then,

lim ¢ (t, ) = Ot z). (4.22)

r—T

Proof. From the definition of ||-| 5, it follows that

Jo(t,2) — 68,2 = el + 165(t,2) — 620t ),
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The first term on the right hand side is such that

o5, < [, lInll, — 0

as € — 0. As for the second,

los(t) — 21|, <

TNPE(T) — o O (7)Y (1
< HZ_EHW <H[ 21( )) 22( ) (0’¢21( ))¢z2( )

@4»@&»—%&%&» !

HW

+Hﬂ ¢771 ¢z1 ))HBH¢7672(7—)|‘2>dT

<llz= 2wt [ (£ (1650l + 1650 = 20lly) + Ma 5], ) dr

[ee] t
<l =2ty [ (Lol + Mo ) ar+ [ L) = 260
where the Lipschitz constant L is calculated on a suitably large compact set.

Applying Gronwall-Bellman’s lemma to the above inequality yields:

165t 2) — (2. 2)], < Qw—zmv 6L+ﬂ%%—MH>

which tends to zero as e — 0,z — . oog

With this lemma at hand, it is possible to prove uniform convergence of

®e 1O @o.

Proposition 7. Let C' and D be compact subsets of Wand Vo X V3 X Vy,
respectively. Then, ¢(t,n1,M2.4,2) converges to ¢°(t,z) as € — 0,y — 0
uniformly with respect to z € C,fjo.4 € D and t € [a,b], with b > a > 0.

Proof. Take z = z, any 12.4 = 7j2.4 in the vector of initial conditions for ¢¢ in
(4.22) and any t € [a,b].

as follows:

(t,m, M2:4, 2) — <750 t,z HW can be bounded

k
H&m%mma—meMSWﬂ%uwuud+Mmiwmw

k1 _
< _3(H771H2+d)e (€L+Mﬁ !?71”2+dz
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where d = max,, ,ep ||72:4||- The proof follows by noting that the above
expression does not contain Z, 7.4 or ¢ and tends to zero as ¢ — 0,n; — O.
oano

4.3.2 Uniform convergence of Tfo A to TP o A

The second step towards proving uniform convergence of P, to Py consists of
showing convergence of T7 o A to TI0 o A. For, two preliminary lemmas are

needed.

Lemma 4.3.3. Let D be a compact subset of Vo x V3 x V4 and C be a compact
subset of W such that every trajectory ¢° starting from it is transversal to S.

Take any z € C, 72,4 € D and let z = (0,72.4, 2). Then,

lim T} () = T (). (4.23)
;—»:73
Proof. By contradiction, suppose first that there exists Z for which the limit
in (4.23) does not exist. Then, there exist two pairs of sequences ({e.}, {zl})

and ({e2},{z2}) such that €, — 0,2} — 7, and T;:l(xi) — T;, with Ty > Tb.

n

Claim 1. limy,_ o0 ¢ (T}, 20) €S, i=1,2.

Proof of Claim 1.

Take any i = 1,2. By Lemma 4.3.2, lim,,_, y » ¢63L(Ti,xil) = ¢°(T;,2). By
contradiction, suppose that ¢°(T;,2) ¢ S. Let d; = dist(¢°(T},2),5) > 0.
By Lemma 4.3.2, there exist €, A > 0 such that, for all ¢ < € and = such
that ||z — Z||, < A, it holds that ¢°(Tj,x) € By o(¢°(T;, 2)) (the open ball
of radius d;/2 centered in ¢°(7},%)). Consequently, there exists § > 0 such
that ¢°(t,z) € By o(¢°(T},2)) for all € < & |z —Zl|, < A and for all ¢ €
[T; — 6,T; + d]. Since lim, T;}l (r}) = Ty, there exists N > 0 such that,
for all n > N, T;}l (xl) € [T1 — 6, Ty + 4]. Therefore, taking n such that n >

N,el, < &|lai, — 2, < A ensures that ¢ (T}"(af,),2%) € Byya(¢(Ts, 7).

This implies that dist(¢ (T;% (z8),2%),S5) > 0, which contradicts the fact

n/ren

that ¢ (TIE; (x%),2%) € S by definition of the time-to-impact function. OOO

n
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Thus, ¢°(T;,2) € S, i = 1,2. It follows from the definition of 79 that
T > Ty > T9(3).

Claim 2. Ty < T?(z).

Proof of Claim 2.

By contradiction, suppose Ty > T?(2). Since ¢ is transversal to S for any
initial condition in C, there exist T, and 7Tj, arbitrarily close to T?(z) such
that T, < TY(z) < T, < Ty and, without loss of generality, H(¢°(Ty,Z2)) >
0, H(¢%(Ty, 2)) < 0. Now, choose two neighborhoods of ¢%(T},, ) and ¢°(Tj, 2)
small enough that their intersection with S is empty. By Lemma 4.3.2,
there exists N > 0 such that ¢¢N (To, }) and PN (Ty, z%;) belong to these
two neighborhoods, respectively. If necessary, choose N large enough that
T;}\’ (z};) > T}, (this is possible because Tj is strictly greater than T}). It fol-
lows that H(¢v (To, zY)) > 0, H (¢~ (Ty, z%,)) < 0. Continuity of H o ¢€ as a
function of ¢ implies that there exists T € (T,,T}) such that ¢<n (T, z) € S.
This is a contradiction, due to the fact that T;}\’ (z};) is the smallest impact

— 1
time of ¢°N (¢, 2}), and T < TN (x)). 0oog

Combining the two claims above shows that T9(z) > T1 > Ty > T?(2),
which contradicts the fact that 77 > T5. Consequently, the limit in (4.23) does
exist for all Z € C, 79,4 € D. Now, suppose that there exists Z and 2.4 such
that the limit in (4.23) is different from T9(z). An argument identical to the

one just presented shows that this is a contradiction. ooo

Lemma 4.3.4. Let D be a compact subset of Vo x V3 x V4 and C be a compact
subset of W such that every trajectory ¢° starting from it is transversal to
S. Then, T5(m,72.4, Z) converges to TIO(E) as € — 0,77 — 0 uniformly with

respect to Z € C and 794 € D.

Proof. Since uniform convergence is equivalent to convergence in the Lagrangian



4.3. Partial impact invariance 111

metric for function spaces, the statement to be proved can be rewritten as

lim max |TF (1, m2:4, 2) — TIO(z)| = 0. (4.24)

e—0 zE€
m—0 ny. 4eD

By contradiction, suppose first that the limit in (4.24) does not exist. Then,
there exist two pairs of sequences ({eL},{nL}) and ({e2},{n2}) such that ¢!, —
0,n% — 0 and
lim max |7 (1, 12, 2) = TP(:)| = b
n2:4€D

with I # l3. Since 77 is a continuous function of its arguments, by the Weier-
strass theorem it follows that there exist two pairs of sequences ({2} }, {713.4.,})
({22}, {n3.4,,}) C C x D (which can be considered, without loss of gener-
ality, convergent to (7.4, 2') and (f3.,,22), respectively), for which, letting
xt = (ni,md. A 21, it holds that

=1 (4.25)

n

nm‘ﬁhﬁ)—rﬂy)

Now, take any v > 0. Continuity of TIO implies that, for i = 1,2,

IN! :Vn > N,

P(z) = TP ()] < v/2,
and, by Lemma 4.3.3,
Ty () — TP (2)

Let N; = max{N¢, N/}. It follows that for all v > 0 there exists NN; such that

AN} : Vn > N, <v/2.

Ty (2},) — T} (= —TP(E)| < v,

‘T ~ 79z

which shows that I[; = I = 0, which is a contradiction. Therefore, the limit
in (4.24) must exist. Suppose now that it is different from zero. Reasoning as
above, it can be shown that this leads to a contradiction, thus concluding the

proof. oog

Proposition 8. T¢ o A(z) converges to TY o Ag(2) as € — 0,17 — 0 uniformly
with respect to z € Bs,(2*).
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Proof. Let A(x) = (Ay(x), As(x)). It follows from the definition of Ag that
Ap(z) = A,(0, z). The following has to be shown:

Vv > 036X > 0: Ve <& |nlly <\ 2z € Bsy(2%), | TF (A(z)) — TP(AL(0,2))| <.
By lemma 4.3.4,

Vv >0 36pu>0:Ve<é€||mly < p,z€Cinaa €D,

Tf(z) - T9(:)] < v,

(4.26)
where D is any compact set in Vo X V3 x V4 and C' is any compact set in
W with the property that every trajectory ¢° starting from it is transver-
sal to S. Continuity of A implies uniform continuity on compact sets, so
limy, 0 Ay, (9, 2) = Ay, (0,2) = 0,Vz € B;,(2*), that is:

Vie>03X>0:V|nlly <Xz € Bsy(2%), [| Ay ()|, < p (4.27)

Now, fix any v > 0. By (4.26), there exist €, u > 0 such that, when-
ever ||Ay (x)2] < p and for all A, (x) € D,A.(x) € C, it holds that
!Tf(A(x)) — TP(A:(0,2))| < v. By (4.27), in correspondence of 1 there exists
A such that, for all ||n|l, < A and z € Bs,(2*), [|Ay, ()]|; < . Choose C' and
D so that

CxD D {(n54,2%) : (07,153, 2°) = A(z) and z is s.t. [[n]l, < A,z € By, (2%)}.

Clearly, if A is small enough, C' can be chosen in order to meet the property
mentioned above. Indeed, for A = 0, C' can be chosen as C' = Ay (Bs,(2*)),
which does meet such a property because of (4.18). Thus, if necessary, restrict

the value of A given by (4.27). Then, the proof follows easily. mm[m

4.3.3 Uniform convergence of P. to F,

In this section all of the previous results will be used to prove uniform conver-
gence of P, to Py. What will be actually proved is convergence of P, to o P,
as Py is defined on a subset of W, rather than X.
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Proposition 9. P.(z) converges to o o Py(z) as € — 0, — 0 uniformly with

respect to z € Bs,(2*).

Proof. The following holds:

|P@) = 0 0 Rz lyy = X TT2@ A @)
+[|65(Tf 0 A@), Alw)) = 9UTF © Bol=), Bo() - (4:28)

It will be shown that each term on the right hand side of (4.28) tends to zero
as € — 0,7 — 0 uniformly with respect to z € By, (2*).

Let R be the maximum value of ||A(x)|, on a suitably large compact
subset of X containing all z involved in this proof (this is clearly possible
because all of the considered values of z lie in Bj,(2*), and n — 0). Then, the

first term of the right hand side of (4.28) can be bounded as

HeA(E) T;OA(J;)A”(OC)H < HeA(E) TeoA(x)

Ag(@)l; < SR e ETioA,

(4.29)
By hypotheses H1.8) and H2.5), there exists Ty > 0 such that 77 o Ag(z) >
Ty,Vz € Bs,(z*). By Proposition 8, it follows that for e and 7 sufficiently
small, T§ o A(x) will be greater than, say, Typ/2, for all z € Bs,(2*). Thus, as
€ — 0,7 — 0, it holds that

HeA(e> TfoA(zmn(x)H <M R o

2 €

uniformly with respect to z € B, (2*).
The second term of the right hand side of (4.28) reads

|65(Tf 0 A(), Ax)) — ¢3(TP 0 Ag(2), Ao (2))]|,y, <

[65(TF 0 Ao (2), Ax)) — UTP 0 Mo (2), A (@),
+ 1627 0 Ap(2), Ao (2)) — ¢2(TT 0 Ao (2), Az ()],
+[|09(TF 0 Alw), A(z)) — (TP 0 Ao(2), A(@))] - (4:30)

By hypothesis H2.6) and uniform continuity of A on compact sets, it holds
that lim, .0 A, (7,2) = Ay, (0,2) = 0,Vz € Bj,(2*). This fact and Lemma
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4.3.2 imply that the first term on the right hand side of (4.30) tends to zero
uniformly with respect to z € Bs,(2*), as € and n tend to zero.

Since lim, 0 A;(n,2) = A;(0,2) = Ag(z), the second term on the right
hand side of (4.30) is such that

[02(T7 0 Ao(2), Ao(2)) — G2(TT © Do(2), Az ()], =

lim max
n—0 ZGB(;O (Z*)

= ZEIB%?@*)%E% ||¢2(TI() o AO(Z)’ AO(Z)) - ¢2(T? © AO(Z)’ AZ(:C))HW =0,

where the first equality holds because of continuity of the max function. This
shows that this term tends to zero as n — 0, uniformly with respect to z €
Bs, (2%).

The third term reads

|65(TF o A(z), Alw)) — ¢L(T] 0 Ao (2), A(@))]],, <

) /T;om) [a< £(T), G5 (T))B5(7) + B(65, (7). 65,(7)) 5, (7) ]H "
o TP0Ao(z) 7(¢$71(T)7 ¢§1(T)) W
TfoA(x)
= /T;Jom(z) (Hawm SO 85y + 1865, 85N 45,01,
+Hv(sb;l(f),eb;(ﬂ)HW)dT
<

TfoA(x) ky M
M, [ |AL(x + Mg—||A,(2)|. + J) eMaT
o ( (18 @)y + Mot 18 ), + 37

k
k2,

k1 _
+M5?||An(:c)\|€e c —}—MW)dT

)

where the last bound has been obtained by using (4.19) and (4.21) . By
following a reasoning similar to the one detailed above, it can be shown that

there exist 0 < T} < Ty such that, for € and 7 sufficiently small, [TYoAq(z), Tfo
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A(x)] C [T1,T3],Vz € Bsy(2*). Hence,

[65(TF 0 A(x), Ax)) = ¢5(T7 © Ao(2), A@))]],, <

TcoA(x) k M.
2

T?OAO (2) Ma

K
MR p(e)e 2T 4 M7> dr
€

TsoA(x)
/ M (e)dr

TP0Ao(2)
= M/(e) ‘TIO o Ag(z) = Tf o A(x)

)

where p(e) = Z?:o €', Tt is easy to see that M (e) tends to a constant when
€ — 0, and, by Proposition 8, !TIO oAg(z) =T} o A(x)‘ tends to zero uniformly
with respect to z € By, (2*), as € — 0,7 — 0. 0oog

4.3.4 Fixed points of P.

Proof of Theorem 1. The proof is divided in two steps. First, a set U(x*) will
be found such that DP, is Schur on U(z*) for small e. Then, it will be proved
that U(z*) is mapped by P into itself.

Hypotheses H2.4) and H2.5) imply that DP.(z*) is Schur. This can be
proved by closely following the proof of Theorem 2 in [57], and substituting
the hypothesis A(S N Z) C Z with hypothesis H2.5). The resulting DP,(x*)
is a matrix of the form [%g ]\/?22 }, where M{; — 0 as € — 0 and Map is Schur,
because it is the Jacobian of Py evaluated at z*. By continuity of eigenvalues
on the entries of a matrix, it follows that there exists €, > 0 such that, for
all € < €, the eigenvalues of DP.(z*) have magnitude less than one. By
continuous differentiability of P, there exists a set Uy (z*) such that DP.(z) is
Schur for all z € Uj(2*) and for all e < €. Without loss of generality, U;(x*)
can be taken as Ui(z*) = {(n,2) € S : [[nlly < A1, ||z — 2*[|,y, < 01}, for some
A1,01 > 0.

Let 0 = min{dp,01} and U(z*) = {(n,2) € S : |Inlly, < A |z —2"[|)p <
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0}. It will be shown that there exists 0 < A < A\; and 0 < € < € such
that P.(U(z*)) C U(z*) for all e < €. Take any x € U(z*) and denote
P.(z) = (P!(z), PZ(z)). Then, P.(x) € U(z*) if and only if || P/(z)||, < A and
| PZ(x) — 2*||,y < 0. It follows from (4.18) that

IP2@) = ="l < B2 () = B52)llw + 1P6(2) = 2"l
< |[P(x) — 0 0 Po(2)]| x + pod.

By Proposition 9, there exist €, 2 > 0 such that, for all € < &, |n|l, <
X2, ||z = 2*[lyyy < 4, it holds that ||P.(x) — 0o Py(2)|x < (1 — po)d, thereby
implying that

Jéz, Ao > 0: Ve < €, |[nlly < A2, ||z — 2%l < 6, [|PZ(x) — 2%y, < 6.

Now, as in the proof of Proposition 9, it can be shown that there exist 7' > 0
and €, A3 > 0 such that, for all € < &, ||n]ly < A3, ||z — 2"[|)y, < 6, it holds
that T¢ o A(x) > T, and thus

1Pl < SR 2T,
Now, let A = min{\;,7 = 1,2,3} and € be such that %R e_%T < A Ve < é.
Letting € = min{l,&,i = 1,...,4} concludes the proof that P.(U(x*)) C
U(z*) for all € < €.

Now, in order to apply Brouwer’s theorem, it remains to show that U(x*)
is homeomorphic to a nonempty compact convex set. By hypothesis H1.6),
it follows that S is a smooth manifold, and thus, by [40, Sec. A.4], it is also
an embedded manifold. Denote by int(U(z*)) the interior of U(z*). Since
int(U(x*)) C S, int(U(z*)) is an embedded manifold as well. Then, by the
last theorem reported in [40, Sec. A.4], there exists a cubic coordinate chart
(int(U(x*)),v). It follows that ¢(U(z*)) is a closed cube, thus proving the
existence of a homeomorphism between U(z*) and a nonempty compact con-
vex set. At this point, Brouwer’s theorem can be applied to P., concluding
the existence of a fixed point =} € U(z*) of P, for all € < €. Since DP,(z}) is

Schur, exponential stability of such a fixed point can also be concluded. OO0
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4.4 Total impact invariance

In the case of bipedal robots with compliant actuation, the above discussion
greatly simplifies. Namely, it can be shown that even for a mechanical system
with relative degree 4, tangency of A(S N Z) to Z at a point implies that
A(SNZ) C Z. For, consider a bipedal robot with series compliant actuators
(see Figure 4.3).

Figure 4.3: Left: A representative example of the class of N-link biped robot
considered. Right: A schematic of a rotational joint with series compliant

actuation.

Let q := (qq,0) denote the vector of its generalized coordinates, where ¢, is
a set of relative joint coordinates and 6 is an absolute angular coordinate, and

let g,,, be the vector of motor angles. The stance phase dynamics are given by

D(q)i+ C(q,4)¢+G(q) = BK(qm — da) (4.31)
JGm + K(Qm - Qa) = u, (4.32)

where J is a diagonal matrix of rotor inertias and K a diagonal matrix of

spring constants. Let & = (¢, ¢m, ¢, ¢m) represent the state vector. Then, the
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model can be written as

( q
& = m + u, £E¢S
-D"Yq) [C(q,9)q + G(q) — BK(gm — ¢a)] 0
—J K (gm — ¢a) J
&= A, €S,

(4.33)
where S = {¢ : H(q) = 0}, with H(q) the height of the swing leg end above
the ground. Let the impact map A be denoted as follows:

(gt q% . an,. k) = (Mg a,Ai(¢7)d ™, Rayy, Répy), (4.34)

where R is a relabeling matrix. Consider an output y = h(q), with h(q) =
da — hq(0). The system has relative degree 4 with respect to y, so it is possible

to perform the following change of coordinates x = (n,z) = ®(&):

m = h(q) =qa— ha(9)
Oh Ohyg ;
= L NN\= —g=0g, — —
2 rh(g; q) T 0
2 . Oh 4
n = L3h(q,4,qm) = a_qD (9)BKqn
oh 82hy -
——D! 1)q — BKq,) — 62
34 (0)(C(g:4)q + G(q) ta) = g2
oh 0%hy - _
= —D Y(q)BKg,, — 62 + E1(q, g
L _ OL%h
m = L3h(q: 4, Gm,dm) = g ¢
8L?¢h . N oh ., '
_8—q'D (9)[C(q,9)¢ + G(q) — BK(gm — qa)] + 8_qD (9)BK m
oh Phy 0 -
= —D Y (q)BKdm — —=~0° + Ea(q, 4
94 (@) BE 4m — 550" + Ea(9, d: gm)
Z1 = 0
2 = 0:=dyn(¢a)R(¢a)da + dNn(ga)d, (4.35)
where R(q,) := jg]t((‘f;)) dl;;\]]v];(lq(f)“ )|. Note also that Ei(g,q) is quadratic
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in ¢ and Es(q, ¢, ¢n) is cubic in ¢ and linear in ¢,,. The inverse of ® is given
by:

da = m+ha(z1)

0221

. . 6hd -1 Z9 8hd
i = (1+ G2 COR + 1) [t

ot ha(en) 021 L

)

1
0 = (1 + R(m + hd(Zl))g—}Z(Zl))

22

{MMm+MMD_mm+M%W4

qQm = [LgL:;h(nl—f—hd(Zl))J]i

2h .
: (773 + aZQd(21)92(?71,772,21,22) - E1(?71,772,Z1,22)>
i
Gm = [LgL3h(m + ha(z1))J]~

O3h :
: <774 + azgd(zl)eg(??1ﬂ72,21,22) - E2(77177727?73,Z1,Z2)> (4.36)
1

where E; and FE, are the expression of E; and E, in the new coordinates,
respectively. Note that Fq and Fy are quadratic and cubic in 29, respectively.
Expressing the system in the new set of coordinates and applying the feedback
u = ue = —(LyL3h(x)) " [Lih(z) + 370 2% Lih(x)] yields:

€

n = Ale)n

. Ohy -1 2

2 o= (1 + R(m + hd(Zl))a—Zl(Zl)) [m — R(m + ha(z1))n2
2o = —Z(m + ha(21), 21),

(4.37)
Moreover, let A(z) := ® o Ao ® !(x) and H(z) := H o ®!(x). Throughout
this section, assumptions RH1) — RH5), GH1) — GH5) and HH1) — HH5) of
[92] (appropriately modified to take into account the vector relative degree
4 of the compliant model) are supposed to hold. It will be shown that, by
choosing hgy(0) as a Bézier polynomial of seventh degree, it is possible to

achieve hybrid invariance of the zero dynamics manifold, namely A(SNZ) C Z.
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As a matter of fact, let the vector ¢ introduced in hypothesis HH5) be denoted
as qy = (qy ,07). Moreover, let qf =: (¢,07) = A, qp, 2~ = (27,25 ), with
z; = 07 and z, generic. Impact invariance of S N Z is then equivalent to

existence of hy(6) such that
Vg 2y @710,2],25) = Ao 710, 27, 25). (4.38)

In order to present the main result, some accessory notation will be introduced.
Let

M
M! _ 0—0F
k=0

Then, the values of hg(f) and its derivatives up to the 3-th order at the

beginning and the end of a step may be written as:

ha(0") = ao,
ha(07) = au,
%(eﬂ - %(0‘1 — ay),
%(9) = %(QM — ap—1),
362:2d(9+) = %(ag — 201 + o),
%(9) - %(QM — 2071 + an—2),
%(9*) - M(Aé__l)g(f\rfg_ 2 (a3 — 3oz + 3a; — ap),
%(0) = M(A(/g—_—l)g(if; 2) (s — 3anr—1 + 3o — apr—3).
(4.40)
Moreover, let
My = — 2 My MOL-D o MM - DM - 2)

0— — 9+’ 6= —6+)2 (60— — 6+)3 ’
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and
QZ = LgLih(ao, 2, Q,, = LgLih(aM, 21 ),
P (14+MoR(ans)(ap—anr—1)) P (I+MoR(a0)(a1 —a0))
.9_ '_' dnn (anr) ) '9'*' T ) dnn (ao) )
g == 0(0,0, 2, 25) = cji2g, Oy :=0(0,0,2 ,25 ) = cj-2y .

A straightforward calculation shows that Fy and E5 may be written as follows

(the dependence on hy and its derivatives is shown for clarity):

Ohyg

El(n17n27Z17Z2) = G&(T]l,ﬁQ,Zl,hd(Zl),a—Zl)Z%
oh
+b1(1m1,m2, 21, ha(21), 8—d), (4.41)
21
Ohg 0hg.
E 9 ) ) 215 2 = a 9 ) y 2 7h 21)y 37 z
2(11, M2, M3, 21, 22) 2(M, 25 M35 21, ha(z1) o0 0 )

Ohg 82hd
+b , M2, M3, 21, hg(z1), —, zo. (4.42
2 (11, M2, M3, 21, ha(21) o 02 )zo. (4.42)

For ease of notation, let

Ei(0,0,25,2F) = af(zF)*+bf (4.43)
E5(0,0,0,25,25) = ai(zF)3 4 bFz. (4.44)

Eq. (4.38) is then equivalent to the following system of equations:

0 ] — A, [ o ] (4.45)
| 21 21
MO(all_ @) ] 6F = Aglan, 20) [ MO(O‘M;O‘M” ] f5  (4.46)

(@) [0 = 201 + a0) (05— af (52 — o] |

= R(Q;)) " [Miaas — 2001 + aas-2)(65)? — ay () — by [447)
(@) 7" [Malas — 30z + 301 — ) (0F)* — af (4)° — vf =F |

= R(Qy) " [Malan = 3an 1+ 3an 2 — an ) (6 )

—ay (23)° = by 2 ], (4.48)
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from which it is possible to express zf , z; and «g through ag as function of

21,7, and oaps—3 through ajs, by means of the following equations in echelon

form:
ag = Rayy, (4.49)
2 = -2, (4.50)
a= Molw { Lo ] Agan, 27) [ i 1_ R (4.51)
o =w (1& Lé‘ﬁi(;)o()x; :Z;)J)icff)v) Y ](V‘j‘vf‘ao) oy = Brer 7 (4.52)
2= |0 R (@)
: (M1(aM — 2ap-1 + OéMfQ)C?,', — af) +af | +2a1 — ag
+W Qf R(Qy) by — bf] (4.53)
0= et [i@i R(Q;)”
(Ma(an = 3o+ 3an > — anrs)e) — a3 ) +af
+3az =31 + 0+ ——5——— QZ R (Q/:)il o _ b;]
M166-+(2’2 )3 dzero
(4.54)
where w™ = eL Ay(anr, 27) Moles 1_ a-1) . Note also that b depends

on apr—1 and oy, and so does by, because a; and g are given in terms of
an—1, s by (4.49),(4.51). A similar reasoning shows that by , b3 both depend

on ap_9,ap—1 and apy.

A close look to (4.53) and (4.54) shows that a and ag do not depend on
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z; if and only if the two following relations are satisfied:

QfR(Qy) by = b, (4.55)
FR(Q) b = Gaendd (4.56)

The first relation involves apr—1 and oy only, whereas the second one contains
ap—o,ap—1 and agpy. As a consequence, whenever the solution exists, it is
possible to express both ajs_9, aps—1 as function of o, which can be consid-
ered as a free parameter. At this point, the values of ajps_s and ajps_1 may be
substituted back into equations (4.49)-(4.54) in order to find o through as
(apr—3 is free).

Further insights on the above equations may be given by considering the
conditions entailed by tangency of A(S N Z) to Z, as described in the pre-
vious section. As a matter of fact, under the usual transversality hypothe-
ses, it is possible to define, analogously to [57, Sect. IV.A], a continuously
differentiable function I' such that (n,z1,22) € § & 2z = I'(n,22). Let
A(n,z3) = A, T(n, 22), z2) be the representation of A in local coordinates
on S. Then, tangency of A(S N Z) to Z is equivalent to

dA,

75 (0,z5) = 0. (4.57)

The above equation may be rewritten more explicitly as follows. For, note

first that from the implicit function theorem, it follows that

or - _ OH 1 lem N
8—@(0’ 2y) = — 6—21(0’F(O’ 2y ), %3 ) 6—22(07F(0722 ),25) =0,
because H is function of ¢ only, and the component g of ®~! does not contain

z9. As a consequence,

A~

0A B OA . _.or B 0A . _
W;(O’ zy ) = W:(O’F(Oazé )s 25 )6—22(0’ zy ) + W;(O’F(Oazé )s 23 )
A,
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Now, let z; =T1'(0, 2, ). since
o o1 -
%0 = (TG@e)

equation (4.57) may be written as follows:

oo _ L OA ot
a—;(AO@ 1(0,2’1,22 ))6—5((1) 1(0"21 ) ))6—22(0’21’22):0’
or, equivalently:

0
on ., _ .ot 9t
8—5@) 1(07Z17Z2))—(Oaz1az2): oz (PoAocd 1(0721722)) Y1 | s

Vzo

(4.58)

where 7,,,7,, can be arbitrarily chosen. Suppose now that (4.49) through
(4.54) are satisfied. Then, it holds that ® o Ao ®~1(0,2;,2, ) = (0,2, 25 ),

and equation (4.58) becomes

0

OA 09t o 0P~

6—5@) 1(0721 ) %9 ) (0721 ) %9 ) = W(Ovzf—vz;—) Yz | - (4.59)
Vza

Taking v,, = 0 in (4.59) ensures that the first component is satisfied. The

second one reads

1 Cé = V2o 1 R

Aglanr, 2 ) [ Mo(anp — an-1) ] - [ Mo(o — ) ] o

This equation is satisfied for any value of ays, a1 by choosing 7., = 25 /25
and ag, a1 as in (4.49) and (4.51), respectively. The third component of (4.59)
reads
_\-1 - _
R (Qh) (2M100 C;(O&M — 201 + OéM_Q) — 2&1 2y >

-1 S
= (Q;{) (2M108'cé (g — 201 + o) — Qa;rz;) ,
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which, after substituting (4.53), yields

1 2M1¢97

(Qh) (9+97 - 9 9 )(aM —2ap1 +OZM,2) =0=

0

ENC
2 —R(Q ) (207 (2,)? — 247 (2,)* — 2b7)

+—,(QZ)’1 (261 — 2af (23) + 2af (25)?)
2
== [r@) o - @] (4:60)
2

The fourth component of (4.59) yields a similar result, namely:

0= 2[R Q)" b5 — duerol @) 05 ] (4.61)

If the above equations are satisfied, A(S N Z) will be tangent to Z for any
value of z, . So, if there exists one point of SN Z such that its image through

A belongs to Z, then A(S N Z) will be entirely contained in Z.

4.4.1 Simulations

In this section a simple application of the results introduced above to a one-
legged mechanism is presented. It is not meant to be a thorough examination
of all the results attainable by means of the proposed technique, yet it will
show how impact invariance for mechanisms with compliant actuation can be
achieved in a much simpler way than [58, 59].

Consider the 2-link mechanical system depicted in Figure 4.4, representing
only the stance leg of a biped robot. As usual, the foot is considered as being
pinned to the ground, with no actuation between the shin and the ground.
The knee joint, on the contrary, contains a series compliant actuator. The
dynamics of the “swing phase” are given by (4.31) with g, = ¢1, whereas the
impact map is obtained by adding a fictitious massless leg to the mechanism
and by using the usual algorithm as in [91]. The scalar output is chosen as
in Section 4.4, namely y = q1 — hg(0), with hy being a Bézier polynomial of

seventh degree. A searching routine similar to the one in [92] has been set up to
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Figure 4.4: One-legged mechanism. The dashed line represents the fictitious

leg used to derive the impact map.

find the values of the free parameters a4, a7 that give rise to an exponentially
stable periodic orbit in the zero dynamics. Such a periodic orbit has then been
stabilized in the full model by means of the linear feedback (4.10). The results
are shown in Figures 4.5,4.6. Figure 4.5 shows the time plots of the robot’s
transformed coordinates, in order to emphasize invariance of the zero dynamics
manifold across impacts. The initial condition is taken on S N Z, so that an
impact occurs at t = 0. Since Z is impact invariant, the trajectory remains
in Z after the first and subsequent impacts, that is, n;, = 0,9 = 1,...,4,
while the z component converges exponentially towards the periodic orbit.
Figure 4.6 shows how the periodic trajectory is exponentially stable in the
full closed-loop system. Here, the initial condition is taken outside the zero
dynamics manifold. The control law (4.10) makes the 7 component converge
to zero exponentially fast during the swing phase, and even though at every
impact the norm of 7 instantly increases, the overall trajectory exponentially
converges to the periodic orbit. The value used for € is 0.07; a value slightly

greater than this would not be enough to stabilize the orbit.
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Ny N,
1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -1
0 0.5 1 1.5 2 0 0.5 1 1.5 2
N3 N,
1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -1
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Z Z
0.2 60
0.1
40
0
20
-0.1
-0.2 0
0.5 1 1.5 2 0 0.5 1 1.5 2

Figure 4.5: Impact invariance of the zero dynamics manifold.

4.4.2 Open issues

The extension of the hybrid zero dynamics technique to the case of compli-
ant robots could lead to the design of control laws much simpler than [58].
Research is under way to apply the technique exposed above to the case of a
compliant RABBIT. The main difficulty is represented by the numerical solu-
tion of equations (4.55) and (4.56), which may not always exist, and by the
fact that ensuring impact invariance for a system with relative degree 4 causes
many of the parameters a not to be free. This could have negative effects on
the possibility of finding an exponentially stable periodic orbit in the hybrid
zero dynamics and at the same time optimizing energy costs and other indices
as in [92].
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Figure 4.6: Convergence to the periodic orbit in the full model.
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Chapter 5

Conclusions

This thesis focused on the control of underactuated mechanical systems, i.e.
systems having less actuators than degrees of freedom. A set of different
control problems for diverse classes of linear and nonlinear systems have been
studied and solved by using different control techniques, which have recently
been introduced in the control community. In this chapter, all of the results
reported in this thesis will be summarized and directions for future research

will be given.

5.1 Input-output decoupling with asymptotic sta-
bility

The classical problem of input-output decoupling of linear systems with asymp-
totic stability has been revisited by requiring that the controller be a mechan-
ical system itself, to be physically connected to the given system in order to
achieve the control goal. Such a problem has been studied by using a poly-
nomial approach, namely, by modeling a linear mechanical system through
its impedance matrix. In this way, the closed-loop system resulting from the
interconnection of the given system and the controller may be seen as a sum

of impedances, and results borrowed from the theory of positive realness and

129
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polynomial matrix descriptions can be used to prove stability properties. The

work reported in this thesis is published in the following articles:

e L. Menini, A. Tornambe, and G. Viola, Input-output decoupling for
m-inputs m-outputs linear mechanical systems through interconnection,

2005 Conference on Decision and Control, 2005;

e L. Menini, A. Tornambe, and G. Viola, Input-Output Decoupling with
Asymptotic Stability for Linear Mechanical Systems through Intercon-

nection, submitted to IEEE Transactions on Circuits and Systems.

It identifies a class of m-inputs m-outputs linear underactuated mechanical
systems that can be decoupled with asymptotic stability. An algorithm is given
that solves the proposed problem under some conditions on the structure of
the given system. Further work can be devoted to enlarging the class of linear
systems to cover cases for which the algorithm does not work, and it would
be of undoubt interest to generalize such a problem to nonlinear mechanical

systems, for instance by using techniques similar to [40, 9].

5.2 Stabilization of equilibria

Stabilization of open-loop unstable equilibrium points for nonlinear mechani-
cal systems with underactuation degree one is dealt with in Chapter 3. The
IDA-PBC framework is used to formalize and solve such a problem, by iden-
tifying a class of systems for which the matching PDE’s between the given
and the desired dynamics can be explicitly solved. The work presented in this
thesis addresses the problem of extending the basic approach to include a more
general class of systems, by explicitly solving and/or homogenizing the PDE’s
via coordinate changes and reparameterization of the target dynamics. The
extended class includes many benchmark examples (The Acrobot, the pendu-
lum on a cart, the Furuta pendulum, etc. .. ), and gives deeper insights on the
differences between IDA-PBC and the Controlled-Lagrangian approach. Here

follows the list of publications that contain the present work:
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e A. D. Mahindrakar, A. Astolfi, R. Ortega and G. Viola, Further con-
structive results on interconnection and damping assignment control of
mechanical systems: The acrobot example, 2006 American Control Con-

ference, Minneapolis, USA, 14-16 June 2006.

e Arun D. Mahindrakar, Romeo Ortega, A. Astolfi and Giuseppe Viola,
Further constructive results on interconnection and damping assignment
control of mechanical systems: The acrobot example, International Jour-
nal of Robust and Nonlinear Control, Vol. 16, No. 14, Sept. 2006, pp.
671-685.

e J. A. Acosta, G. Viola, R. Ortega, Ezperimental results on IDA-PBC
control of Furuta’s pendulum, Supélec-LSS internal report, March 2006

e G. Viola, R. Ortega, R. Banavar, J. A. Acosta, A. Astolfi, Total En-
ergy Shaping Control of Mechanical Systems: Simplifying the Matching
Equations Via Coordinate Changes, IEEE Transactions on Automatic
Control, vol.52, no.6, pp.1093-1099, June 2007

e G. Viola, R. Ortega, R. Banavar, J. A. Acosta, A. Astolfi, Some Remarks
on Interconnection and Damping Assignment Passivity-Based Control of
Mechanical Systems, Taming Heterogeneity and Complexity of Embed-
ded Control. Paris, International Scientific and Technical Encyclopedia
(Iste) 2006

Further work in the field may be devoted to solving the stabilization problem

for a higher order of underactuation, and to robustness and performance issues.

5.3 Stabilization of periodic orbits

In the third part of this thesis the problem of stabilizing a periodic orbit for
an underactuated nonlinear mechanical system with impulse effects has been
analyzed. Such a problem arise specifically in the field of biped robot loco-

motion, where underactuation is caused by the robot having point feet (or,
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equivalently, by the robot pivoting on the stance toe). The periodic orbit cor-
responds to a walking (or running) gait and contains by design impact events,
which complicates by far the stability analysis. The work reported in the the-
sis extends the basic approach based on the concept of Hybrid Zero Dynamics
to the case of compliant actuation, by providing tools for proving existence
and asymptotical stability of periodic orbits through singular-perturbations
and fixed-point analysis. Open issues still remain to be taken into account,
and the results provided in the thesis will be submitted for publication as soon

as they will be addressed.
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