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Bundle-Connect ion Pairs and Loop Group Representations 

P. G i b i l i s c o  UDC 514~17 

ABSTRACT. Let M be a connected differentiable manifold. Denote by 12re(M) the space of H i - loops  based 
at a fixed point  m E M .  Associated to ~m(M) one has ~m(M), the group of unparameter ized loops. 
Given a bundle-connection pair (E,  V) over M with fiber the finite-dimensional vector space V and s t ructure  
group G C GL(V)  we get (up to equivalence) a smooth representation of ~m(M) in G given by the parallel 
t r anspo r t  opera to r  p V .  It  is possible to find in the l i terature several versions of the converse theorem, namely: 
all (smooth)  representat ions  of ~m(M) arise in the above described way from a bundle-connection pair .  I t  is 
shown in the  present  paper  tha t  the correct sett ing for this theorem is the theory of induced representat ions for 
groupoids .  
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w I n t r o d u c t i o n  

Let M be a connected differentiable manifold and let m be an arbitrary point in M .  Associated to M 
we have 7~(M), the set of HI-curves, 7~m(M), the set of curves starting at rn, ~,,~(M), the set of loops 
based at rn, and ~ ~  the set of loops based at m and equivalent to m by homotopy. After choosing a 
suitable equivalence relation on 7~(M) one obtains two groupoids ~(M),~m(M), the loop group 5re(M) 
and the restricted loop group G ~  canonically associated to the manifold M .  One may add to this 
list the fundamental  group 7rt(M). In some sense the theory of bundle-connection pairs over M can 
be expressed in terms of the representation theory of the groups (groupoids) 7rl(M), G ~  5re(M),  

Let us first discuss two results that are "extreme" in some sense: one is purely "local" and the other 
is purely "global" in character. One of the oldest results emphasizing the group-theoretical character of 
the theory of connections is the Ambrose-Singer theorem. This theorem states that two "local" objects 
associated to a connection are isomorphic. Suppose one has a bundle-connection pair (E,  V) over M 
and let pV be the associated parallel transport operator. The operator pV gives a representation of 
the loop group 5re(M) (and therefore of the restricted loop group G ~  in the linear group of the 
fiber Era. The images of these representations are the holonomy group Holm(V) and the restricted 
holonomy group Hol~  respectively. For a fixed point m,  one may consider holm(V), the holonomy 
Lie algebra"generated" by the curvature of V at rn (see [1-2]). The content of the Ambrose-Singer 
theorem is that  Lie(Hol~ = holm(V). On the contrary, let us consider a bundle equipped with a 
(locally) fiat connection. The parallel transport operator can now be used to produce a representation of 
the fundamental  group 7rl (M).  Vice versa, it is well known that given a representation of ~rl(M), it is 
possible to reconstruct a bundle equipped with a connection with zero curvature ([3-5]). 

Now we recall two results regarding arbitrary connections. Given a bundle-connection pair one has, 
again using parallel transport,  a representation of the groupoid 7~(M) in the groupoid of the bundle E 
(see w Vice versa, given a representation of 7~(M) in the fiber groupoid of the bundle E ,  there exists 
a connection V from which this representation arises as the associated parallel transport (see [6-7] and 
w 

A deeper result is the following. As we have seen, given a bundle-connection pair (E,  V) the parallel 
transport operator pV produces a representation of the loop group Qm(M) on the fiber Era. Conversely, 
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a theorem s ta ted by Kobayashi [8] in 1954 (proved in slightly different forms by Telemann in 1960 [9- 
14] and by Driver in 1989 [15]) says that  it is possible to reconstruct a bundle-connection pair  from a 

representation P of the group ~,,~(M) . A similar result (not using the terminology of connections) 
has been proved by Lashof [16]. Note that  the one-to-one correspondence between flat connections and 
representations of ~rl (M) and the equivalence of line bundle-connection pairs given by Kostant  [17] based 
on parallel t ranspor t  appear as particular cases of this theorem. An informal version of the  theorem can 
be found in the  physical li terature in the paper  of Giles [18]. I refer the reader to [18-24] for the meaning 
and applications of the theorem in gauge theory. 

The purpose  of the present paper is to put  the proof of the theorem in a new and more  suitable 
setting: We show that  the algebraic structure of the proof can be greatly clarified if one looks at 
M = "P,,,(M)/5,, ,(M) as a homogeneous space for the action of the groupoid ~ ( M ) .  In this way the re- 
construction theorem of the bundle-parallel transport  pair appears as a part icular  case of a reconstruction 
theorem tha t  belongs to the theory of induced representations (when this last theory is suitably generalized 
to groupoids).  It is possible to find papers describing the "algebraic" s t ructure  of the not ion of connection 
(see [25]). Nevertheless the relationship between the main result of this note  and the theory of induced 
representat ion appears to be entirely new. One should also note tha t  a fur ther  relationship between the 
theory of connections and the theory of induced representations was already established in the  physical 
and mathemat ica l  l i terature ([26-32]). 

The  s t ructure  of the paper  is the following. In w167 we present the abstract  theory of induced repre- 
sentation for groupoids: no topology is involved. In w167 we discuss some known facts about  manifolds 
of paths,  connections and parallel transport .  Section 7 contains the main result of the paper.  In w we 
make some remarks about possible extensions of the main result to infinite-dimensional bundles.  

w Groupoids 

A groupoid G is a small category in which every morphism is an isomorphism. Intuitively, a groupoid 
is a "group" whose composition law is not everywhere defined. We write Q = (M,  F) to mean  that  M is 
the set of objects  (points) of Q and r is the set of morphisms (arrows) of Q. We denote by l",,v the set 
of isomorphisms between x, y E M .  If 6 E r~,~, we write x = i(6) = initial point of 6 and y = f(6) = 
.final point of 6. We write also Loop(x) := r=,=. Obviously Loop(z) is a group. If F=,v = ~ for all 
x, y E M ,  then  Q reduces to the set M without any structure. If M consists of a single object x, then Q 
can be identified with the group Loop(z) (obviously any group can be described in this way). 

D e f i n i t i o n  1.1. A groupoid homomorphism between (M,  F), (M ' ,  r ' )  is a covariant functor r : 
( M , r )  (M',  r ' ) .  

w Actions of groupoids 

Let X be a set. By S x  we denote the symmetric group over X ,  that  is 8 x  := { f  : X --* X I 
f is bijective}. If G is a group, then an action of G on X is given by a homomorph ism L of G into 8 x .  
In this case we shall say also that  L is a representation of G on X .  W'e shall use action and representation 
as interchangeable terms. Let us generalize this notion to groupoids. If X is a set, then we shall denote 
by P ( X )  the  power set of X ,  that  is the set of all subsets of X .  Suppose A, B C X .  Define 

r A , e : = { f : A - - * B ] f i s b i j e c t i v e }  and F ( X ) = { F A , B  I A , B C X } .  

D e f i n i t i o n  2.1.  Let X be a set. Sx,x is the groupoid defined by 8 x , x  := (P (X) ,  r ( X ) ) .  

Note that  3 x  is a subgroupoid of S x , x  and, more precisely, S x  = Loop (X) .  

D e f i n i t i o n  9..2. Let X be a set 
L : Q --* Sx ,  x is given. We shall say 

i) Q acts on X ;  
ii) X is a G-space; 

iii) there is a G-action on X ;  
iv) L is a representation of Q on X .  

and let Q = (M,  F) be a groupoid, and suppose that  a morphism 
equivalently that: 
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The action will be also denoted by the pair (L,X). 

Note that  this is a straightforward generalization of the  definition given for groups. Suppose that  an 
action L : Q = ( M ,  F) ---* S x , z  is given. For 6 6  F we define 

Domx6:=DomzL6:=i (L(6 ) ) ,  I m x 6 : = I m x L 6 : =  f(L(6)) 

that  is D o m x  6, I m x  6 are respectively the domain and  the image of 6 (or L6) when  one looks at 6 as 
a funct ion defined on a subset of X .  

R e m a r k  2.1.  Similarly to the group case, sometimes we simply write 6x = L6x to denote the action 
of 6 6  Q on x 6 X (so 6x is an element of X).  In what  follows, Q is a groupoid and  X is a G-space. 

D e f i n i t i o n  2.3.  Let x 6 X .  We define two subgroupoids of Q (simply specifying the  sets of arrows) 

Q = : = { 6 E Q ] x E D o m x 6 }  g=,y :=  {6 6 Q, 16x=Y} ~ = : = g , , , .  

D e f i n i t i o n  2.4.  We say that  Q acts transitively on X if for all x, y E X we have Q~,v ~ ~ .  

P r o p o s i t i o n  2.1.  Let X be a transitive ~-space. Fix x 6 X .  Then fl~ is a subgroup acting naturally 
by right multiplication on the subgroupoid Q~. We have an identi~cation of X with the quotient set 

g.l~= . 

P r o o f .  The  same as in the group case. [] 

D e f i n i t i o n  2.5.  A subgroupoid ~ C ~ is an isotropy subgroup if there exists a transit ive G-space X 
and an element x E X such that  fl = ~ , .  

w G-structures 

D e f i n i t i o n  3.1.  Let Q be a groupoid. A triple (A, B ,  ~r) is a G-structure if 

i) A is a G-space; 
ii) B is a transit ive G-space; 

iii) ~r : A --* B is a surjective map such that  for all x E B ,  for all 6 E Q 

x 6 DomB 6 =~ Az := ~-- l(x)  C DomA 6 

6A~ = A~ .  

E x a m p l e  3.1.  Construct ion of G-structures. 
Suppose Q is a groupoid, fl is an isotropy subgroup of Q and L is a representa t ion of ~ on the 

space V.  By definition of the isotropy subgroup, there exist a G-set B and x 6 B such tha t  B .2_ G~/Q~, 
= ~ .  We can make Q~ x V into an ~ - s p a c e  by defining 

(o, v)~ := ( ~ ,  .~- lv)  = ( ~ ,  z ~ - l v )  ~ e Q~, ~ ~ ~ ,  v e v 

We denote  by [(cr, v)] E A L := Q~XLV := Q~ x V / ~ ,  the equivalence class of (a ,  v) in Q~ x.V and by 
[c~] E Qz/fl~ the equivalence class of cr in Q~. Set ~-[(~r, v)] := [a]. 

D e f i n i t i o n  3.2.  The  associated action (R L, A L) of Q is defined by (whenever this makes sense) 

R#[(~ ,  ~)] := 6[(~, .)] := [(6~, .)] 6 e ~ ,  ~ e Q~, ~ e v 

R e m a r k  3.1.  If one considers Qx as a "principal ~ - b u n d l e "  over X = Q z / ~ ,  then  A L := QzXLV 
is the "associated bundle" and this explains the terminology. 

Notice that  the action of Q on B "2_ Q ~ / ~  is given by (whenever this makes sense) 6[a] = [6or]. 
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R e m a r k  3.2.  Let y ~ B ,  then y = [c~] is equivalent to ax = y and therefore, 

*[~] = 6y = *ax = [*~]. 

Moreover, if y 6 DomB 6 (that is, 6a makes sense), then 

[(~, v)] e A~ = ~ - ~ ( v )  ~ [~] = [~] ~ ~ = ~ 

Therefore, we have defined a F-structure 

A L = GzXLV 

B = G~/a= 

7 6 f~x =~ ~a = ~5cr7 makes sense. 

R e m a r k  3.3.  In view of Driver's suggestion for the proof of Theorem 7.1 [22], we note the following. 
Let ~- 6 G, be such that  [T] = [&r]. This is equivalent to ( r - l * ~ )  6 f~,. Therefore, 

[(T, ( r - 1 6 ~ ) v ) ]  = [ ( r ( ~ - ~ ) ,  ( ~ - ~ 6 ~ ) - ~ ( ~ - ~ 6 ~ ) v ) ]  = [(6~, ~)] = ~[(~, ~)], 

and it is possible to define the associated representation by 

R~[(~ ,  ~)1 := 6[(~, ~)] := [(~, ( , - - ~ ) v ) ] ,  

where r is an arbi t rary element with the property (r-15cr) 6 f ~ .  

De f in i t i on  3.3.  Any F-structure of the form ( ~  xLV, ~ / ~ ,  re) is called canonical. 

Def in i t i on  3.4.  An isomorphism between two G-structure (A, B,  ~r), (A', B ' ,  7r') is given by a pair 
of bijective functions qo : A ~ A' ,  r : B ~ B' such that 

i) ~r'(~(a)) = r 
ii) ~(6a) = a~(a) ;  

iii) r  = 6r  

P r o p o s i t i o n  3.1.  Any F-structure (A, B,  7r) is isomorphic to a canonical one. 

Proof .  Fix x E B .  Consider the isotropy subgroup f~ .  Obviously, A~ is an f~-space. We may 
construct the canonical G-structure ( ~  x A=/f~=, ~=/f~, re'). Define 

qo:G~xA~/f~=--~A by qa([~,v)])=av r by r  

It is easy to see that  the pair (~, r  is an isomorphism. [] 

R e m a r k  3.4.  We may rephrase the content of this proposition by saying that a Q-structure is entirely 
encoded in the action of the isotropy subgroup (of a fixed point x) over the fiber (that is, over zr-l(x)). 

E x a m p l e  3.2.  Let G be an arbitrary group. Any subgroup H is obviously an isotropy subgroup 
(consider the canonical transitive action of G on G/H). Therefore, given a representation L of H on a 
space V, we may construct the G-structure (A L, B,  rr) = (Gx LV, G/H, re). 

E x a m p l e  3.3.  Let (E, M, 7r) be a bundle over a connected differentiable manifold M .  Let ~ ( M )  be 
the groupoid of paths on this manifold. 75(M) acts naturally on M if we mean that 6 E 7~(M) takes 
its initial point x = i(6) to y = f (a) ,  the final point. The isotropy group of rn 6 M is exactly the loop 
group ~ m ( M ) .  We have also the groupoid 7~m(M) of paths starting from m and a natural identification 
7 ~ ( M ) / 5 , , ( M )  ---- M .  

To say that  a parallel transport  over (E,  M,  7r) is given is simply to say (see Definition 6.3) that 
(E ,M,~r )  is a ~ (M)-s t ruc tu re  with the action of 7~(M) on M given as above. Proposition 3.1 shows 
that every such 73(M)-structure (Z,  M,  It) can be identified with a 7~(M)-structure 

(Pro(M) x Em/f~m(M), T',,~(M)/fl,,~(M), ~r) 

given by a representat ion of ~m(A//). 
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w I n d u c e d  r e p r e s e n t a t i o n s  for  groupoids 

Let fl = ~ ,  be an isotropy group of the groupoid G. Suppose an fl-action L is given on the space V. 
Let (A L, B ,  ~r) = ( ~  XLV,  ~ / ~ l ~ ,  ~r) be the corresponding G-structure. Let X C B .  We define 

S ( X ,  A L) = {f :  X --+ A I ~r o f = Idx}.  

S ( X ,  A L) is the set of section~ on X .  

Definition 4.1. 
v L  := U S ( D o m s  7, AL) �9 

We shall define o n  V L a new representat ion V L of G that  will be ca/led the induced representation 
of g. 

R e m a r k  4 .1 .  There  are two extreme cases. 

1) If D o m e 7  reduces to the singleton {x} (as in the case ~ = :P(M),  ~ - ~ m ( M ) ) ,  then, with a 
li t t le abuse  of language, we can write 

and  therefore,  

2) If D o m e T = B  

S ( D o m e T ,  A L) = S(x ,  A L) = A L 

v L  := U S ( D ~  U AL = AL" 
7EG z E B  

for all 7 6 ~ (as in the case G = G = group and fl = H = subgroup), then  

v L =  U S ( D ~  U S ( B ' A L ) = S ( B ' A L ) "  
7E~ ~E6 

D e f i n i t i o n  4.2.  Let f E S ( D o m s  7,  AL) �9 The induced representation ( U  L , V L) is defined by 

(uL f ) (y )  := 7 f ( 7 - 1 y )  where y e D o m e 7  -1. 

From the  definit ion we have 

u L : S ( D o m e T ,  A L ) - - ~ S ( D o m B T - 1  AL). 

R e m a r k  4 .2 .  In the case ~ = G = group, ~ = f ~  = H = subgroup we have the usual definition of 
induced represen ta t ion  (action). 

Proposition 4.1.  Let (A L, B ,  7c) = ( ~ X L V ,  ~ / Q ~ ,  re) be a F-structure such that 

D o m e  7 = {x} = singleton V7 E ~. 

Then the associated representation (R g , A L) of ~ coincides with the induced representation (U L , v L ) ,  
that is 

v)]  = v)]  = v)] .  

P r o o f .  Fi rs t  of all it follows from Remark  4.1 that  V L = A L , where a -- [(a, v)] e A L is identified 
with the func t ion  fa ( ' )  : {x} --+ A L (f~(.) e S ( x ,A ) )  such that  fa(x) = a. Let 5x = y = D o m e 5  -1 so 
that  x = 5-1y .  We have 

u L [ ( ~ ,  v)] = UL a = (U L fa)(Y) = 5fa(5-1Y) = 5fa(x) = 5a = 5[(cr, v)] = RL[(e,  v)] 

and the requi red  assertion. [] 
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R e m a r k  4 .3 .  Note  t h a t  in the  case G = G = group the  conclusion of P ropos i t ion  4.1 does not  hold. 

R e m a r k  4 .4 .  T h e  assumpt ion  of Proposi t ion 4.1 applies to the  case of Example  3.3, since for any 
curve 3' E 7~(M) the  d o m a i n  i(7) is a singleton. 

P u t t i n g  toge the r  Propos i t ions  3.1 and 4.1, we have bijective correspondences  be tween 

- represen ta t ions  L of ~ m ( M ) ;  
- ~ ( M ) - s t r u c t u r e s  on bundles  (E, M, ~r) (that  is, parallel t ranspor t s ) ;  
- r epresen ta t ions  V L of 73(M) induced by representat ions L of 5 , ~ ( M ) .  

This  is the  "algebraic" content  of the ma in  result (Theorem 7.1) of the  present  paper .  Wi th  litt le abuses 
of language  one m a y  rephrase  the above remark  in several ways. For example ,  one may  say tha t  

- A connec t ion  V is a representa t ion B y  = V L of 75(M) induced  by a represen ta t ion  L of 5 r e ( M ) ;  
- A represen ta t ion  P of ~ ( M )  is equal to the parallel  t r anspor t  p V  of a connect ion  V if and  only 

if it is i nduced  by a representa t ion L of ~ m ( M ) .  

w M a n i f o l d s  a n d  g r o u p o i d s  o f  p a t h s  

In this sect ion we closely follow [15]. Let (Y, (., .)) be a f in i te-dimensional  inner  p roduc t  space, and  
let J be a subinterval  of I -- [0, 1]. Define 

I] ll  = 2 + dr- 

Let AC s t and  for absolutely continuous. Pu t  HI(J,  V) :=  {cr E AC(J ,  V)I[l~r[]l < +oe} .  Hi(J ,  V) is an 
inf ini te-dimensional  Hilber t  space. Let M be a fixed n-d imens ional  manifold .  A p a t h  a : J --* M will be 
called H ~ if for each char t  ( ~ ,  U~) and for each subinterval  K C J such t ha t  cr(K) C U~ the  funct ion  
~a  o d i g  : K --~ IR n is conta ined  in Hi(K,  R ~) (this no t ion  is chart  independen t ) .  We shall denote  by 
7~(M) :=  7 ~ 1 ( M ) : =  H I ( I , M )  the set of H 1 curves g :  I --~ M .  We also define 

7Pro(M) :=  {a E 7~(M) t ~(0) = m E M},  f~,n(M) := {a E P r o ( M )  I~(1)  = rn}. 

It is possible to  prove  the  following theorem.  

T h e o r e m  5.1 .  T ' (M)  is a Hilbert manifold modeled on Hi( I ,  R).  TAen P,,~(M) and f~,~(M) are 
submanifolds of "P( M) . 

P r o o f .  See [15]. [] 

Define 7~(I) :=  {gl -d i f feomorphisms of I such tha t  r(0) = 0, r(1) = 1}. On  SO(M) let us define two 
admissible operations: 

i) a ---* a o r  where  r E T~(I) (reparametrizat ion);  
ii) o" - /3 �9 3 -1  7 --, a �9 7 ,  where 13 -1 is the curve ~ passed in the  oppos i te  direct ion (cu t t ing  of 

appendices) .  

D e f i n i t i o n  5.1 .  We say tha t  a ,,~ 3 in P ( M )  if 3 can be ob ta ined  f rom cr by per forming  a finite 
sequence of admiss ib le  operat ions  i), ii). 

Of course,  ~- is an  equivalence relation on P ( M ) .  P u t  

75(M) :=  7:'(M)/ , .o,  T',~(M) := ~m(M)/  ~-, tim(M) := am(M)~ .,. 

For e E ~~ we shall  indicate  by K the  equivalence class of or. 

P r o p o s i t i o n  5 .1 .  ~ ( M ) ,  ~ ( M ) ,  ~ ( M )  have a groupoid (group) structure with respect to the 
operation given by the concatenation of ( unparameterized) curves. 
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P r o o f .  Obvious. [] 

Suppose we are given a funct ion P : :P(M) --* X such that  P is parameter iza t ion  invariant,  that  is 

P ( a o r ) = P ( e )  V r e TO(I), 

and appendix invariant, that  is 

P(a .  # . # - ~ - )  = P(~-v)  V# e 7'(M). 

In this case we may define P :  ~ ( M )  ~ X by 15(~):= P(~r). Vice versa, given a funct ion P :  ~~ --* X 
we get a parameterization and appendix invariant (p.a.i.) function P : "P(M) ~ X defined by 

:=  

The typical example of such a function will be the parallel t ranspor t .  Suppose we have a function P : 
73(M) --* N where N is a smooth  manifold. By abuse of language we shall say tha t  b is Ck-differentiable 
if the associated p.a.i, function P : P ( M )  -* N is Ck-differentiable. 

w Vector bundles, linear connections and parallel transports 

Suppose E ,  M are smooth  finite-dimensional manifolds, V is a complex or real finite-dimensional 
vector space, G is a closed subgroup of GL(V).  If 

i) there  is a surjective smooth  function 7r : E ---* M such tha t  Ez := ~r- l (z)  is a vector space 
isomorphic to V for all x E M ;  

ii) M has an atlas {Us}=~A such that  for any a there is a bijective map ~o= : ~r-l(U=) --, Ua x V 
for which the following diagram is commutat ive 

 -l(Us) % UsxV 

Us , Us 

iii) for any Us ,  U# (charts of the atlas) the functions G B g=#(x) := ?~  o ~ l ( x , - )  : V ~ V, are 
smooth  for all x E Us N U#; 

then we say tha t  E = (E ,  7r, M ,  V, G) is a vector bundle over M with typical fiber V,  s t ruc ture  group G, 
and transi t ion functions gs#- 

The t ransi t ion functions g~#(.) of a vector bundle E satisfy the  cocycle condition 

: w e u s  n n u , .  ( , )  

Proposition 6.1. Given a manifold M ,  a vector space, a closed subgroup G C GL(V) and a family 
of functions {g~#(.)} satisfying relations (*) (relatively to a cover {U~}~eA of M ), there exists a bundle 
E = (E, ~r, M,  V, G) whose transition functions are the g~#. 

P r o o f .  See [33]. [] 

We shall denote by S(E) the Coo(M)-module of smooth sections of the bundle E .  Therefore,  S(TM) 
is the module  of vector fields of the manifold. 

Definition 6.1. A linear connection (or a covarian~ derivative) on E is a bilinear funct ion 

V:  S(TM) x S(E) --* S(E), (v, s) ~-* V~s 

such that  for all f E C~176 

1) V.t,,,s = fV~s;  
2) V v ( f s )  = f V ~ s  + (vf)s .  

In what  follows, we shall consider only covariant derivatives compatible  with the  s t ruc ture  group G 
(see [15-22]). Now we introduce the notion of parallel t ranspor t  on E = (E ,  7r, M ,  V, G).  
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D e f i n i t i o n  6 .2 .  T h e  fiber groupoid r ( E )  of a bundle  E is the  g roupoid  whose points  are given by 
the fibers {Ex}z6M and  whose  arrows are the linear i somorphisms {GL(E~,  Ey)} .  Note tha t  the set of 
points  of r(E)  can be ident if ied wi th  M .  

D e f i n i t i o n  6 .3 .  A l inear  parallel  t r anspor t  over E is a h o m o m o r p h i s m  P : :P(M) --* T(E) respect ing 
the na tu ra l  pro jec t ions  of 73(M),  7-(E) on M .  

A linear paral lel  t r a n s p o r t  over E is compatible with the  s t ruc ture  group G if the  following propert ies  
hold. 

i) Let P(~r)a# := opt(y, . )P(cr )~ l (x , - ) :  V --* V y �9 U,,, x �9 [7#. T h e n  P(cr)aZ �9 G for any local 
t r ivial izat ion a ,  # �9 A .  

ii) Let ( ~ a ,  U,~) be a local t r ivial izat ion and let a ,  a '  be curves in Ua s ta r t ing  at x0 wi th  the same 
t angen t  vector  X �9 Txo(M). T h e n  

a : . ) :  v v. 

Therefore,  P ( a ( - ) ) , ~ ,  P ( a ' ( ' ) ) a a  are curves in G s tar t ing  at the  identity. We require tha t  the curves 
P ( a ( ' ) ) a a ,  P ( a ' ( . ) ) a a  have the  same tangent  vector 8a(xo,Z)  depend ing  smoo th ly  (and linearly) on x0 
and on X .  

In what  follows, we consider  only linear parallel t r anspor t s  compat ib le  wi th  the  s t ruc ture  group G.  
Let cr �9 P ( M ) ,  i.e., or: [0, 1] --* M ;  we define 

crs: [0, 1] --* M by ~rs(t) := a (s t )  for all t �9 [0, 1]. 

Obviously, a s 6 :P(M) for all s �9 [0, 1] and  c~s(0) = a (0) ,  aS( l )  = a(s). We use this no ta t ion  in the 
following theorem.  

T h e o r e m  6 .1 .  There  is a one-to-one correspondence between parallel transports and covariant deriva- 
tives over a bundle E.  

P r o o f .  Suppose  we have a parallel  t ranspor t  P .  We may  define a covariant derivative •P  in the 
following way. Let x 6 M ,  and  let ~r : [0, 1] ---* M be a smoo th  curve such tha t  x = a(0) .  We put  for a 
section s E S(E) 

(VP(0)s)(x) := lim 1 [p(crh)_ls(~r(h) ) _ s(z)]. 
h---*0 

If v E TxM and  a(0)  = x ,  &(0) = v,  t hen  it is easy to see tha t  

( v f s ) ( x )  := 

is independen t  of the  chosen curve ~(.) (i.e., tha t  (V~s)(x) is well defined). 
For a vector  field V 6 S ( T M )  we pu t  

It is well known  tha t  V v has  the  defining propert ies of a covariant derivative (see [34]). Conversely, given 
a covariant derivative V on E ,  we may  define a parallel t r anspor t  p V  in the following way. 

Let o- : [0, 1] --* M be  a s m o o t h  curve. The  following first order  ODE admi t s  the  unique solution, v(.) .  

= 0 = v 0  e E (o) = 

Define PV(o)vo := v(1) .  Varying v0, we get a linear i somorph i sm PV(cr) : E~(0) --* E~(1) satisfying 

the defining proper t ies  of a parallel  t ranspor t .  It is easy to see tha t  V e= = x7 and P vP = P ,  and this 
concludes the  p roof .  [] 
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w F r o m  loop g roup  r e p r e s e n t a t i o n s  to  para l le l  t r a n s p o r t s  

Def in i t ion  7.1. A bundle-connection pair (E,  xy) is consists of a vector bundle E = (E ,  7r, M ,  V, G) 
and a linear connection xy on E .  Two pairs (E,  V), (E ' ,  ~7') are said to be equivalent if there is a vector 
bundle isomorphism ~ : E --* E '  such that 

1) ~ V  = V '~ ;  
2) ~ respects the structure group (see [15]). 

By [E, V] we shall denote the equivalence class containing (E,  ~7). We write E = g (M,  V, G) for the 
set of all these equivalence classes. 

Def in i t ion  7.2. A bundle-parallel transport pair (E,  P)  is a pair consisting of a vector bundle E = 
(E,  ~-, M,  V, G) and a linear parallel transport P on E .  Two pairs (E,  P) ,  (E ' ,  P ' )  are said to be 
equivalent if there is a vector bundle isomorphism ~ : E --* E '  such that 

1) ~ P  = P ' ~  ; 
2) ~ respects the structure group. 

By [E, P] we shall denote the equivalence class containing (E ,  V).  We write T = T(M,  V, G) for the 
set of all these equivalence classes. 

P r o p o s i t i o n  7.1. There is bijective a correspondence between s and T given by the paraI1ei transport 
operator 

[E, v] IS, 

Proof .  Immediate consequence of Theorem 6.1. [] 

Def in i t ion  7.3. Given a smooth representation L : ~m(M)  --* G C GL(V) (see w we shall denote 
by [L] the equivalence class of this representation with respect to conjugation in G. We shall write 
7~ = ~ ( M ,  rn, V, G) for the set of all these equivalence classes. 

R e m a r k  7.1. Concerning the fact that a parallel transport provides a smooth representation of 
5re(M),  see [15], Corollary 5.1, and [2I], Theorem 2.2. 

Now we may state the main result. 

T h e o r e m  7.1. There is a bijective correspondence between s and 7~ given by the parallel transport 
operator 

[E, V] -~ [ F ] .  

R e m a r k  7.2. Driver defines M = M(M,  m, V, G) as the class of SDPIM functions, that is of 
strongly differentiable, parameterization invariant, multiplicative functions L : t2m(M) ---* G. Theorem 7.1 
of [15] states that [E, V] ---* [pV] is a bijective correspondence between g and M .  Note that strongly 
dlfferentiable means (by definition) smooth plus an analytic condition that is used (see Lemma 7.1 in [15]) to 
show that a SDPIM is appendix invariant. Therefore, a SDPIM determines an element of 7s Theorem 7.1 
of the present paper establishes the opposite correspondence. Therefore, there is a bijective correspondence 
between the class M of SDPIM functions and the class 7s of smooth representations of ~m(M) .  

P r o o f  o f  T h e o r e m  7.1. We simply prove here that given a smooth representation L : ~m(M) ---* G, 
there exists a [ E ,  pV] E T such that [pV] = [L] (see [15] for the missing part). We divide the proof in 
three steps. 

Step 1: Reconstruction of the bundle-parallel transport pair (see Examples 3.1-3.3, Proposition 4.1, 
Remark 4.4). 

Given the representation L of ~m(M) on the space V, we may consider the induced representation 
U L of ~ ( M )  on the space V L. Define [E, P] = [V L, uL]. Remember that in this case the associated 
representation and the induced representation coincide so that 

E : =  V L : =   m(M)• =  m(M) • V/5m(M), 
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where the  ac t ion  of a on  ~bm(M) x V is given by 

(~, v)~ := ( ~ ,  Lr 

The  pro jec t ion  ~r: E --* M = : P m ( U ) / ~ m ( U )  is given by 7r[(a, v)] = f(cr) ( 7r is obviously well defined). 
For [(a, v)] e E , ,  6 E G,  and  x = f ( a )  = i(6) ,  we have 

p(~)[(~, ~)] := v~[(~, ~)1 = R~[(~, ~)] = 6[(~, ~)1 := [ (~ ,  v)]. 

The  represen ta t ion  P = U L of ~ ( M )  on E = V L defined above has all the  algebraic propert ies  of 
a parallel t r a n s p o r t  and ,  moreover ,  the  parallel  t ranspor t  a round  loops based at m coincides wi th  the 
representa t ion  L of ~ m ( M )  tha t  we s ta r ted  with. This  follows immedia te ly  f rom the considerat ions of 
w167 4. 

Step 2: Local  t r iv ia l iza t ion of the bundle.  

D e f i n i t i o n  7 .4  (see [15]). Let U be an  open subset of M .  Let I=[0,1]. A smoo th  funct ion 5], : 
I x U --~ M such  t h a t  ~ (1 ,  x) = x and  ~.(0, x) = m for all x E U will be called an m-contraction over 
U (or, simply,  an  m-con t rac t ion) .  Obviously, ~(-, x) is a curve f rom m to x.  

Let us fix once and  for all a collection {(Z(2, Us)} of m-cont rac t ions  over a fixed open cover {U(2} 
of M .  We shall  wri te  also ~3~ :=  ~ ( - )  := X(2(-, x).  Let Xm(M)  be the  set of the  curves ~ .  Consider 
the  following equivalence re la t ion  -.. on ~ ,~ (M)  x V: 

2: -I X: ( s  iff x = y  and P ( Z ~  Z ( 2 ) v = w .  

We have a p ro j ec t i on  7r: (E ra (M)  x V~ ...) ~ M defined by 7 r [ ( ~ ,  v)] = x.  

L e m m a  7 .1 .  Define g~z(x)  := p ( ~ - l ~ ) .  Then 

i) The {g(2~(x)} form the transffion functions o f  a vector bundle F ;  
ii) The bundle F can be identified with ~r : (Era(M) x V~ ,~) ~ M .  

P r o o f .  To prove i) it is enough  to show tha t  the g~z satisfy the  cocycle condi t ion 

g ~ ( ~ ) g ~ ( ~ )  = g~(~)  for �9 e u~ n u~ n v~. 

Since P is a r ep resen ta t ion  of ~ , n ( M ) ,  we have 

= P(z(2 z~)P(Z~ z ~ z ~  z ~ ) =  P ( Z ~ - ~ z , ) =  ~(2~(:). 

Now let us  prove ii). W'e recall how one reconstructs  a bundle  F s tar t ing  f rom the cover {U~} and the 
coordinate  t r ans fo rma t ions  {g(2B}. We have 

o~ 

where for all (x,  v) E U~ x V ,  (x ' ,  v') E U/~ x V we pu t  

(x ,  v) ~. (x ' ,  v') iff x = x' and  g(2~(u)v = v'. 

Define ~, : F --+ M by ~[(x, v)] = x.  We denote  by h the  funct ion  defined by 

h :  ( E : , v )  E Era(M)  x V ~ (x, v) E 0 ( U ~  x V). 
(2 

4 2 6  



Obviously, h is bijective. Moreover, 

, z-t z U f i r , ; ,  ~)) ~ ( ( ~  ~) )  ~ = = ~, p(r~o ~ )  = ~ ~ x = ~, g ~ ( = ) ~  = 

Therefore, we can think of h as defined on the quotient sets 

h: Z,~(M) x V~ ~-+ U ( u .  x v ) /  ~ .  
o t  

Since ~" o h = It, we have the required identification. This completes the proof of Lemma 7.1. 

Now we show tha t  it is possible to identify the two bundles 

F = Era(M) x V~ '~ and E := ~bm(M) • Em/f,.,,(M). 

Consider the  funct ion l :  F --* E given by / { ( ~ ,  v)} := [ ( ~ ,  v)]. This function is obviously well defined 
and injective, l is also surjective since for an arbitrary [(a, v)] 6 E we may choose an arbitrary E~ such 
that  z = f(cr) = final point  of ~r. We have 

l x p z - t  z_t - 1 p  z-to" v { (x=,  ( ~ .  ~ ) . ) }  [ ( r , ; ,p (E; - '~ )~ ) ]  = =-~ = = [ ( ( x = ( x ~  ~ ) , p ( r ~  ~) ( ~  ) ) ] = [ ( ~ , ~ ) ] .  

So the local trivialization of F = Era(M) x V~ ,'.. is indeed a local trivialization of E := ~m(M)  x 
Era~Sin(M). 

Step 3: Regular i ty  properties. 
In this s tep we in tend to prove that  the bundle E is smooth and the same holds for the parallel t ransport  

P : 73(M) -+ r ( E ) .  Observe that  the transition functions of the bundle are defined by 

g,,z(x) = P ( E ~ - I ~ )  

and since P : ~ m ( M )  --~ G is smooth by assumption, the differentiability of ga~(x) depends on the 

~-1 , Y~,~(M) It is not difficult to see that  any atlas differentiability of the maps M 9 x ~-* E a E~ E 
{U,~},~eA can be equipped with an m-contraction {E~}~e~t such that  the map defined above is smooth. 
So the g~Z(.) are smooth.  A similar argument holds for parallel transport .  This ends the proof of 
Theorem 7.1. [] 

w S o m e  r e m a r k s  on  infinite-dimensional bundle-connection pairs 

The simple algebraic s t ructure  of the proof of Theorem 7.1 suggests that  a generalization of the theorem 
could be s t a t ed  for infinite-dimensiona/vector bundles. Note that  a similar generalization for the Ambrose-  
Singer theo rem is still missing (see [35]). The right setting for such a generalization appears to be that  
of Banach vector  bundle  over a Hilbert manifold (see [36-40]). Although the notion of a connection has 
been given also for Frech6t vector bundles (see [41]), the correspondence between connections and parallel 
t ransports  is missing for such bundles because of the "bad" behavior of Frech@t spaces with respect to 
ordinary differential equations ([41-42]). One should also note that  in infinite dimension the bijective 
correspondence between linear connections and covariant derivatives is missing (see [43-39]). In order to 
add fur ther  comments ,  we give the following definition. 

Definition 8.1.  A Banach space F is called a Kuiper space if its general linear group GL(F)  is 
contractible (see [44-46]). 

T h e o r e m  8.1.  

- Any Hilbert space is a Kuiper space (Kuiper [47]); 
- the space co is a Kuiper space (ArIt [48]); 
- the spaces Ip are Kuiper spaces (Neubauer [49]). 
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T h e o r e m  8.2. GL(co x 12) is not connected (Douady [50]). 

By definition, any vector bundle E with fiber a Kuiper space F and structural group GL(F) is trivial. 
Suppose we axe given a bundle-connection pair (E, xy). 

i) The triviality of the bundle E does not imply that the pair (E,  ~z) is trivial: this can happen for 
geometric reasons, i.e., because of the curvature of the connection xy, or for topological reasons, 
i.e., because the base manifold has nontrivial fundamental group. 

ii) If the base manifold is infinite-dimensional and the fiber is finite-dimensional, then the theorems 
of Kuiper, Arlt, Neubauer do not imply the triviality of the bundle. 

iii) The result of Douady implies that Banach vector bundles are not globally trivial, in general. 
iv) If F is a Banach space, then we denote by GLc(F) the group of automorphisms of F of the form 

identi ty+compact operator. This group is not contractible (see [45]). Hence, a vector bundle with 
structure group GLc(F) is not automatically trivial. 

It is a pleasure to thank Luigi Accaxdi, Bruce Driver, and Paolo Roselli for several useful discussions. 
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