Mathematical Notes, Vol. 61, No. 4, 1997

Bundle-Connection Pairs and Loop Group Representations

P. Gibilisco UDC 514.17

ABSTRACT. Let M be a connected differentiable manifold. Denote by Q2,,(M) the space of H'-loops based
at a fixed point m € M. Associated to Qm(M) one has Q, (M), the group of unparameterized loops.
Given a bundle-connection pair (E, V) over M with fiber the finite-dimensional vector space V and structure

group G C GL(V) we get (up to equivalence) a smooth representation of Qm (M) in G given by the parallel
transport operator PV . It is possible to find in the literature several versions of the converse theorem, namely:
all (smooth) representations of §,,(M) arise in the above described way from 2 bundle-connection pair. It is
shown in the present paper that the correct setting for this theorem is the theory of induced representations for
groupoids.
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§0. Introduction

Let M be a connected differentiable manifold and let m be an arbitrary point in M. Associated to M
we have P(M), the set of H!-curves, Pp(M), the set of curves starting at m, Qn,(M), the set of loops
based at m, and 17,(M), the set of loops based at m and equivalent to m by homotopy After choosing a
suitable equlvalence relation on P(M) one obtains two groupoids 'P(M ), ’Pm(M ), the loop group Qm(M )
and the restricted loop group Qe 2.(M) canonically associated to the manifold M. One may add to this
list the fundamental group m1(M). In some sense the theory of bundle-connection pairs over M can
be expressed in terms of the representation theory of the groups (groupoids) my (M), Q2(M), Qm(M),
’P(M ).

Let us first discuss two results that are “extreme” in some sense: one is purely “local” and the other
is purely “global” in character. One of the oldest results emphasizing the group-theoretical character of
the theory of connections is the Ambrose-Singer theorem. This theorem states that two “local” objects
associated to a connection are isomorphic. Suppose one has a bundle-connection pair (E, V) over M
and let PV be the associated parallel transport operator. The operator PV gives a representation of
the loop group (M) (and therefore of the restricted loop group 0°,(M)) in the linear group of the
fiber E,,. The images of these representations are the holonomy group Holn,(V) and the restricted
holonomy group Hol; (V) respectively. For a fixed point m, one may consider hol,(V), the holonomy
Lie algebra“generated” by the curvature of V at m (see [1-2]). The content of the Ambrose—Singer
theorem is that Lie(Hol7,(V)) = holn(V). On the contrary, let us consider a bundle equipped with a
(locally) flat connection. The parallel transport operator can now be used to produce a representation of
the fundamental group m(M). Vice versa, it is well known that given a representation of w1 (M), it is
possible to reconstruct a bundle equipped with a connection with zero curvature ([3-5]).

Now we recall two results regarding arbitrary connections. Given a bundle-connection pair one has,
again using parallel transport, a representation of the groupoid ﬁ(M ) in the groupoid of the bundle E
(see §6). Vice versa, given a representation of P(M) in the fiber groupoid of the bundle E, there exists
a connection V from which this representation arises as the associated parallel transport (see [6—7] and
§6))-

A deeper result is the following. As we have seen, given a bundle-connection pair (E, V) the parallel
transport operator PV produces a representation of the loop group ﬁm(M ) on the fiber E,,. Conversely,
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a theorem stated by Kobayashi [8] in 1954 (proved in slightly different forms by Telemann in 1960 [9-
14] and by Driver in 1989 [15]) says that it is possible to reconstruct a bundle-connection pair from a
representation P of the group Qm(M) . A similar result (not using the terminology of connections)
has been proved by Lashof [16]. Note that the one-to-one correspondence between flat connections and
representations of m; (M) and the equivalence of line bundle-connection pairs given by Kostant [17] based
on parallel transport appear as particular cases of this theorem. An informal version of the theorem can
be found in the physical literature in the paper of Giles [18]. I refer the reader to [18-24] for the meaning
and applications of the theorem in gauge theory.

The purpose of the present paper is to put the proof of the theorem in a new and more suitable
setting. We show that the algebraic structure of the proof can be greatly clarified if one looks at
M= 'Pm(M )/ Qm(M ) as a homogeneous space for the action of the groupoid P(M ). In this way the re-
construction theorem of the bundle-parallel transport pair appears as a particular case of a reconstruction
theorem that belongs to the theory of induced representations (when this last theory is suitably generalized
to groupoids). It is possible to find papers describing the “algebraic” structure of the notion of connection
(see [25]). Nevertheless the relationship between the main result of this note and the theory of induced
representation appears to be entirely new. One should also note that a further relationship between the
theory of connections and the theory of induced representations was already established in the physical
and mathematical literature ([26-32])

The structure of the paper is the following. In §§1—4 we present the abstract theory of induced repre-
sentation for groupoids: no topology is involved. In §§5-6 we discuss some known facts about manifolds
of paths, connections and parallel transport. Section 7 contains the main result of the paper. In §8 we
make some remarks about possible extensions of the main result to infinite-dimensional bundles.

81. Groupoids

A groupoid G is a small category in which every morphism is an isomorphism. Intuitively, a groupoid
is a “group” whose composition law is not everywhere defined. We write G = (M, I') to mean that M is
the set of objects (points) of G and T’ is the set of morphisms (arrows) of G. We denote by I'; , the set
of isomorphisms between z,y € M. If § € I'; ,, we write ¢ = i(§) = initial point of § and y = f(6) =
final point of §. We write also Loop(z) := I'z ;. Obviously Loop(z) is a group. If I'; y, = @ for all
z,y € M, then G reduces to the set M without any structure. If M consists of a single object z, then G
can be identified with the group Loop(z) (obviously any group can be described in this way).

Definition 1.1. A groupoid homomorphism between (M ,T),(M’,T') is a covariant functor ¢ :
(M,T) = (M',T).

§2. Actions of groupoids

Let X be a set. By Sx we denote the symmetric group over X, that is Sx := {f : X - X |
f is bijective}. If G is a group, then an action of G on X is given by a homomorphism L of G into Sx.
In this case we shall say also that L is a representation of G on X . We shall use action and representation
as interchangeable terms. Let us generalize this notion to groupoids. If X is a set, then we shall denote
by P(X) the power set of X, that is the set of all subsets of X . Suppose A, B C X . Define

Tap:={f:A— B|fisbijective} and I'X)={Tap|A,BCX}.
Definition 2.1. Let X be a set. Sx,x is the groupoid defined by Sx,x := (P(X), I'(X)).

Note that Sx is a subgroupoid of Sx,x and, more precisely, Sx = Loop (X).

Definition 2.2. Let X be a set and let G = (M, T") be a groupoid, and suppose that a morphism
L:G — Sx, x is given. We shall say equivalently that:
i) G actson X;
ii) X is a G-space;
iii) there is a G-action on X;
iv) L is a representation of G on X .
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The action will be also denoted by the pair (L,X).
Note that this is a straightforward generalization of the definition given for groups. Suppose that an
action L: G =(M,T') — Sx x is given. For é§ € ' we define
Domy é := Domy Ls := i(L(9)), Imx 6 :=Imx Ls := f(L(é))
that is Domx 6, Imx § are respectively the domain and the image of § (or Ls) when one looks atl § as
a function defined on a subset of X .

Remark 2.1. Similarly to the group case, sometimes we simply write éz = Lsz to denote the action
of §€G on z € X (so éz is an element of X). In what follows, G is a groupoid and X is a G-space.

Definition 2.3. Let z € X . We define two subgroupoids of G (simply specifying the sets of arrows)

gz = {5€glI€DomX5} g,,y = {5€gz |6:c=y} Qz = gz,x~

Definition 2.4. We say that G acts transitively on X if for all z,y € X we have G, , # @.

Proposition 2.1. Let X be a transitive G-space. Fix z € X . Then ), is a subgroup acting naturally
by right multiplication on the subgroupoid G,. We have an identification of X with the quotient set
gz/Qz .

Proof. The same as in the group case. O
Definition 2.5. A subgroupoid Q C G is an isotropy subgroup if there exists a transitive G-space X
and an element z € X such that @ = Q..
83. G-structures

Definition 3.1. Let G be a groupoid. A triple (A, B, «) is a G-structure if
i) A is a G-space;

ii) B is a transitive G-space;

ili) #: A— B is a surjective map such that for all z € B, for all § € G

z € Dompé = A, := 7" (z) C Doma é

Az = Asz.

Example 3.1. Construction of G-structures.

Suppose G is a groupoid, § is an isotropy subgroup of G and L is a representation of { on the
space V. By definition of the isotropy subgroup, there exist a G-set B and z € B such that B = G,/Q,,
Q =Q,. We can make G, x V into an Q,-space by defining

(07 U)7 = (U7> 7—11)) = (U7=L—y‘1v) c€Gs, YEQ, vEV.

We denote by [(¢,v)] € AL := G xLV := G, x V/Q, the equivalence class of (¢, v) in G; xV and by
[o] € G/ the equivalence class of ¢ in G;. Set «[(c, v)] := [0].

Definition 3.2. The associated action (RL, AY) of G is defined by (whenever this makes sense)

Rf[(g,v)] := 8[(o,v)] = (60, v)] §€G, 0€G;, veV.

Remark 3.1. If one considers G, as a “principal 2,-bundle” over X = G, /Q;, then AL = G, %V
is the “associated bundle” and this explains the terminology.
Notice that the action of G on B ~ G./Q, is given by (whenever this makes sense) §[o] = [éo].
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Remark 3.2. Let y € B, then y = [0] is equivalent to oz = y and therefore,
8lo] = by = boz = [§0].
Moreover, if y € Domp é§ (that is, §c makes sense), then
[(G,v)] € Al =r"(y) = [F]=[0] > T =07 7€ Qs = 6 = 607 makes sense.

Therefore, we have defined a G-structure

AL = ngLV
7wl lr
B = gz/Qz

Remark 3.3. In view of Driver’s suggestion for the proof of Theorem 7.1 [22], we note the following.
Let 7 € G. be such that [7] = [6o]. This is equivalent to (77'8c) € Q.. Therefore,

(7, (r7Y6c )] = [(7(r7260), (r~16c) (™ 60 )w)] = [(b0, v)] = &[(o, v)],
and it is possible to define the associated representation by

Rg’[(‘ﬂ v)] = 6[(‘77 'U)] = [(T, (7—1&7)”)]7
where 7 is an arbitrary element with the property (7760) € Q..
Definition 3.3. Any G-structure of the form (G, %V, G,/Q;, ) is called canonical.

Definition 3.4. An isomorphism between two G-structure (A4, B,x), (A', B',n') is given by a pair
of bijective functions ¢ : A — A’, ¢ : B — B’ such that
i) 2(p(a)) = B(x(a));
i) ¢(6a) = 6p(a);
i) ¥(éz) = 6y(z).

Proposition 3.1. Any G-structure (4, B, ) is isomorphic to a canonical one.

Proof. Fix z € B. Consider the isotropy subgroup €,. Obviously, A, is an ,-space. We may
construct the canonical G-structure (G, x A;/Qz, Gz/Q;, 7). Define

0 Go X AsfQ — A by plo,0))=0v  $:Gu/Q B by w(lo]) =
It is easy to see that the pair (p, ¢) is an isomorphism. O

Remark 3.4. We may rephrase the content of this proposition by saying that a G-structure is entirely
encoded in the action of the isotropy subgroup (of a fixed point z) over the fiber (that is, over #~1(z)).

Example 3.2. Let G be an arbitrary group. Any subgroup H is obviously an isotropy subgroup
(consider the canonical transitive action of G on G/H). Therefore, given a representation L of H on a
space V', we may construct the G-structure (AL, B,7) =(Gx.V,G/H, ).

Example 3.3. Let (E, M, ) be a bundle over a connected differentiable manifold M. Let P(M) be
the groupoid of paths on this manifold. ﬁ(M )} acts naturally on M if we mean that § € ’)S(M ) takes
its initial point z = i(§) to y = f(8), the final point. The isotropy group of m € M is exactly the loop
group Q'E(M ). We have also the groupoid ﬁm(M ) of paths starting from m and a natural identification
Pr(M)[Qm(M) = M

To say that a parallel transport over (E, M, ) is given is simply to say (see Definition 6.3) that
(E,M,n) is a 'P(M )-structure with the action of P(M ) on M given as above. Proposition 3.1 shows
that every such P(M )-structure (E, M, ) can be identified with a P(M)-structure

(Pm(M) X Em[Qum(M); Pm(M)/Qm(M), )

given by a representation of S~2m(M ).
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§4. Induced representations for groupoids

Let 2 = {; be an isotropy group of the groupoid G. Suppose an Q-action L is given on the space V.
Let (AL, B, 7) = (GzxLV,Gz/, ™) be the corresponding G-structure. Let X C B. We define

S(X,AYY={f: X - A|rof=1dx}.

S(X, AL) is the set of sections on X .

Definition 4.1.
vl.= U S(Domp v, AD).
¥€G

We shall define on VL a new representation UL of G that will be called the induced representation
of G.

Remark 4.1. There are two extreme cases.

1) If Domp v reduces to the singleton {z} (as in the case G = 5(M), Q= ﬁm(M)), then, with a
little abuse of language, we can write

S(Dompy, AY) = 8(z, AL) = AL

and therefore,
vEi= ) S(Dompy, A%) = | ] AL = A
~Y€EG z€B

2) If Domgy =B forall y€G (as in the case § = G = group and Q = H = subgroup), then

Vi =] S(Dompy,4%) = | ] S(B, AF) = 5(B, A%).
v€EG (1Y

Definition 4.2. Let f € S(Domp v, AL). The induced representation (UL, VL) is defined by

(UEA)w) :=vf(7"'y)  where y€ Domp~y~".

From the definition we have
U,f’ : S(Domp 7, AY) = S(Dompy~1, AL).

Remark 4.2. In the case G = G = group, ) = 2, = H = subgroup we have the usual definition of
induced representation (action).

Proposition 4.1. Let (AL, B, 7) =(G.x.V,G./Qa, ©) be a G-structure such that
Domp~y = {z} = singleton = Vy € g.

Then the associated representation (RL, ALY of G coincides with the induced representation (UL, VL),
that is
Us (o, )] = [(60, )] = Rz [(o, v)]-

Proof. First of all it follows from Remark 4.1 that VI = AL where a = [(¢,v)] € AL is identified
with the function f,(-) : {z} — AL (f.() € S(z, A)) such that f,(z) = a. Let éz = y = Dompé~! so
that £ = §~'y. We have

U (0, v)] = U a = (U fa)(y) = 6fa(671y) = bu(z) = ba = 6[(0, v)] = B5[(s, v)]

and the required assertion. O
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Remark 4.3. Note that in the case G = G = group the conclusion of Proposition 4.1 does not hold.

Remark 4.4. The assumption of Proposition 4.1 applies to the case of Example 3.3, since for any
curve v € P(M) the domain i(7y) is a singleton.
Putting together Propositions 3.1 and 4.1, we have bijective correspondences between

- representations L of Qm(M);
— P(M)-structures on bundles (E, M, ) (that is, parallel tra.nspgrts);
- representations UL of P(M) induced by representations L of Qn(M).

This is the “algebraic” content of the main result (Theorem 7.1) of the present paper. With little abuses
of language one may rephrase the above remark in several ways. For example, one may say that

— A connection V is a representation PV = UL of P(M ) induced by a representation L of ﬁm(M );
— A representation P of P(M) is equal to the parallel transport PV of a connection V if and only
if it is induced by a representation L of Qn,(M).

§5. Manifolds and groupoids of paths

In this section we closely follow [15]. Let (V,(:,-)) be a finite-dimensional inner product space, and
let J be a subinterval of I = [0, 1]. Define ’

|2 = /J ('@ + o)) d.

Let AC stand for absolutely continuous. Put HY(J,V):= {c € AC(J,V)||lo|h < +o}. H}(J,V) isan
infinite-dimensional Hilbert space. Let M be a fixed n-dimensional manifold. A path o : J — M will be
called H! if for each chart (¢4, Us) and for each subinterval K C J such that ¢(K) C U, the function
va 00|k : K — R™ is contained in H'(K,R™) (this notion is chart independent). We shall denote by
P(M) :=PYM) := H'(I, M) the set of H* curves o : I — M. We also define

P(M) = {0 € P(M) | 0(0) =m € M},  Qu(M) := {0 € Pm(M) | o(1) = m}.

It is possible to prove the following theorem.

Theorem 5.1. P(M) is a Hilbert manifold modeled on H'(I,R). Then Pm(M) and Qm(M) are
submanifolds of P(M).

Proof. See [15]. O
Define R(I) := {C*-diffeomorphisms of I such that r(0) =0, r(1) = 1}. On P(M) let us define two

admissible operations:

i) ¢ — o or where r € R(I) (reparametrization);
i) ¢-B-B7 1y — o-~, where 87! is the curve B passed in the opposite direction (cutting of
appendices).

Definition 5.1. We say that ¢ ~ & in P(M) if & can be obtained from ¢ by performing a finite
sequence of admissible operations 1), ii).

Of course, ~ is an equivalence relation on P(M). Put
PM):=P(M)] ~,  Pu(M):=Pu(M)] ~,  Qm(M):=Qu(M)/ ~.

For ¢ € P(M) we shall indicate by ¢ the equivalence class of o.

Proposition 5.1. P(M), Pn(M), Qm(M) have a groupoid (group) structure with respect to the
operation given by the concatenation of (unparameterized) curves.
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Proof. Obvious. O

Suppose we are given a function P : P(M) — X such that P is parameterization invariant, that is
Plcor)=P(oc) VreR{),
and appendix invariant, that is
Plo-B-B7'r)=P(oc-1) VB e€PM).

In this case we may define P : ’5(M) — X by P(5):= P(0). Vice versa, given a function P: ﬁ(M) - X
we get a parameterization and appendiz invariant (p.a.i.) function P : P(M) — X defined by

P(c) := P(5).

The typical example of such a function will be the parallel transport. Suppose we have a function P:
P(M) — N where N is a smooth manifold. By abuse of language we shall say that P is C k_differentiable
if the associated p.a.i. function P :P(M) — N is C*-differentiable.

§6. Vector bundles, linear connections and parallel transports
Suppose E, M are smooth finite-dimensional manifolds, V is a complex or real finite-dimensional
vector space, G is a closed subgroup of GL(V). If

i) there is a surjective smooth function m : E — M such that E, := n~!(z) is a vector space
isomorphic to V for all z € M;

ii) M has an atlas {Ua}aea such that for any a there is a bijective map @q : 77N Uqy) » Ua x V
for which the following diagram is commutative

N Us) 25 UaxV
™l !
Ua — U
iii) for any U,, Up (charts of the atlas) the functions G 3 gag(z) := @a © goEl(z, Y:V =V, are
smooth for all z € Uy N Ug;

then we say that E = (E, r, M,V , G) is a vector bundle over M with typical fiber V', structure group G,
and transition functions gag-
The transition functions gag(-) of a vector bundle F satisfy the cocycle condition

9ap(7)98+(2) = gar(2) Vz € UaNUs N Uy (%)

Proposition 6.1. Given a manifold M, a vector space, a closed subgroup G C GL(V') and a family
of functions {gap(-)} satisfying relations (x) (relatively to a cover {Ua}aca of M), there exists a bundle
E = (E,r,M,V,G) whose transition functions are the gag.

Proof. See [33]. O

We shall denote by S(E) the C*(M)-module of smooth sections of the bundle E. Therefore, S(TM)
is the module of vector fields of the manifold.

Definition 6.1. A linear connection (or a covariant derivative) on E is a bilinear function
V:S(TM) x S(E) - S(E), (v,8) > Vys

such that for all f € C=°(M)
1) Viys = fVys;
2) Vu(fs) = fVys+ (vf)s.

In what follows, we shall consider only covariant derivatives compatible with the structure group G
(see [15-22]). Now we introduce the notion of parallel transport on E = (E, =, M,V,G).
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Definition 6.2. The fiber groupoid 7(E) of a bundle E is the groupoid whose points are given by
the fibers {E,};em and whose arrows are the linear isomorphisms {GL(E;, Ey)}. Note that the set of
points of 7(E) can be identified with M.

Definition 6.3. A linear parallel transport over E is a homomorphism P : 5(M ) = 7(E) respecting
the natural projections of P(M), 7(E) on M.

A linear parallel transport over E is compatible with the structure group G if the following properties
hold.

i) Let P(0)ap := voly, -)P(a’)go;;1 (z,)): V>V y€U,, z€Us. Then P(0)ap € G for any local
trivialization o, 8 € A.

ii) Let (¢a,Us) be a local trivialization and let o, ¢’ be curves in U, starting at zo with the same
tangent vector X € T;,(M). Then

G 3 P(o(t))aa : palo(t), )P(a(t))eg’ (0(0), ) : V = V.

Therefore, P(0(*))aa, P(¢'(-))aa are curvesin G starting at the identity. We require that the curves
P(o(-))aa, P(6'(*))ae have the same tangent vector 84(z¢, X) depending smoothly (and linearly) on zg
and on X.

In what follows, we consider only linear parallel transports compatible with the structure group G.

Let 0 € P(M), i.e., 0:[0,1] —» M; we define

c®:[0,1] = M by o°(t) := o(st) for all ¢ € [0,1].
Obviously, o® € P(M) for all s € [0,1] and ¢°(0) = ¢(0), o°(1) = o(s). We use this notation in the
following theorem.

Theorem 6.1. There is a one-to-one correspondence between parallel transports and covariant deriva-
tives over a bundle E.

Proof. Suppose we have a parallel transport P. We may define a covariant derivative V¥ in the
following way. Let z € M, and let o : [0,1] — M be a smooth curve such that z = ¢(0). We put for a
section s € S(E)

(VEays)(z) = lim = [P(e%)s((h)) — s(a)].
If ve T, M and o(0) =z, 6(0) = v, then it is easy to see that
(VE5)@) = (VEys)(z)

is independent of the chosen curve o(-) (i.e., that (VZs)(z) is well defined).
For a vector field V € S(TM) we put

(VE)(2) = (Vizs)(2)-
It is well known that V¥ has the defining properties of a covariant derivative (see [34]). Conversely, given
a covariant derivative V on E, we may define a parallel transport PV in the following way.
Let 0 :[0,1] — M be a smooth curve. The following first order ODE admits the unique solution, v(-).
V,-,(t)v(a(t)) =0 ’U(O’(O)) =1y € E,(O) = 7!'—1(0(0)).
Define PV(o)vp := v(1). Varying vo, we get a linear isomorphism PV(c) : Ey) — E,(1) satisfying
the defining properties of a parallel transport. It is easy to see that VP ¥ =V and PY" = P, and this

concludes the proof. O
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§7. From loop group representations to parallel transports

Definition 7.1. A bundle-connection pair (E, V) is consists of a vector bundle E = (E, =, M,V,G)
and a linear connection V on E. Two pairs (E, V), (E’, V') are said to be equivalent if there is a vector
bundle isomorphism ¢ : E — E’ such that

1) ¢V = V'yp;
2) ¢ respects the structure group (see [15]).

By [E, V] we shall denote the equivalence class containing (£, V). We write £ = E(M,V, G) for the
set of all these equivalence classes.

Definition 7.2. A bundle-parallel transport pair (E, P) is a pair consisting of a vector bundle E =
(E,7,M,V,G) and a linear parallel transport P on E. Two pairs (E, P),(E', P') are said to be
equivalent if there is a vector bundle isomorphism ¢ : E — E’ such that

1) ¢P = P'op;
2) ¢ respects the structure group.

By [E, P] we shall denote the equivalence class containing (E, V). We write T = T(M,V, G) for the
set of all these equivalence classes.

Proposition 7.1. There is bijective a correspondence between £ and T given by the parallel transport
operator

[E,V]— [E, P").

Proof. Immediate consequence of Theorem 6.1. [

Definition 7.3. Given a smooth representation L : ﬁm(M ) = G C GL(V') (see §5), we shall denote
by [L] the equivalence class of this representation with respect to conjugation in G. We shall write
R=R(M,m,V,G) for the set of all these equivalence classes.

_ Remark 7.1. Concerning the fact that a parallel transport provides a smooth representation of
Qm(M), see [15], Corollary 5.1, and [21], Theorem 2.2.

Now we may state the main result.

Theorem 7.1. There is a bijective correspondence between £ and R given by the parallel transport
operator

[E, V] — [PY].

Remark 7.2. Driver defines M = M(M,m,V,G) as the class of SDPIM functions, that is of
strongly differentiable, parameterization invariant, multiplicative functions L : Qp,(M) — G. Theorem 7.1
of [15] states that [E, V] — [PV] is a bijective correspondence between £ and M. Note that strongly
differentiable means (by definition) smooth plus an analytic condition that is used (see Lemma 7.11in [15]) to
show that a SDPIM is appendix invariant. Therefore, a SDPIM determines an element of R. Theorem 7.1
of the present paper establishes the opposite correspondence. Therefore, there is a bijective correspondence
between the class M of SDPIM functions and the class R of smooth representations of Q,(M).

Proof of Theorem 7.1. We simply prove here that given a smooth representation L : ﬁm(M ) — G,
there exists a [E, PV] € 7 such that [PV] = [L] (see [15] for the missing part). We divide the proof in
three steps.

Step 1: Reconstruction of the bundle-parallel transport pair (see Examples 3.1-3.3, Proposition 4.1,
Remark 4.4).

Given the representation L of ﬁm(M ) on the space V', we may consider the induced representation
UL of P(M) on the space VL. Define [E, P] = [V*, UL]. Remember that in this case the associated
representation and the induced representation coincide so that

E:=VE =P (M)x LV = Pn(M) x V/Qm(M),
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where the action of ¢ on 'ﬁm(M ) x V is given by
(o,v)y := (07, L(y-1yv).

The projection 7 : E — M = Pp(M)/Qm(M) is given by =[(c,v)] = f(o) (= is obviously well defined).
For [(¢,v)] € E;, § € G, and z = f(o) = i(6), we have »

P(6)(e, v)] := Ui (0, v)] = Bi (o, v)] = 6[(o, v)] := [(§0, )].

The representation P = UL of P(M) on E = VL defined above has all the algebraic properties of
a parallel transport and, moreover, the parallel transport around loops based at m coincides with the
representation L of Q,,(M) that we started with. This follows immediately from the considerations of

883, 4.
Step 2: Local trivialization of the bundle.

Definition 7.4 (see [15]). Let U be an open subset of M. Let I=[0,1]. A smooth function ¥ :
IxU — M such that ¥(1,z) =z and X(0,z) =m for all z € U will be called an m-contraction over
U (or, simply, an m-contraction). Obviously, (-, z) is a curve from m to z.

Let us fix once and for all a collection {(Z4,Ua)} of m-contractions over a fixed open cover {U,}
of M. We shall write also XZ := X%(-) := Xu(-, z). Let £,(M) be the set of the curves TF. Consider

the following equivalence relation ~ on L (M) x V:
(Z2,v)~(Z%,w) i z=y and P(T Tl =w.
We have a projection 7 : (Zm(M) x V/ ~) — M defined by 7{(23,v)] = z.
Lemma 7.1. Define gop(z) := P(Zz_lﬁg). Then

1) The {gap(z)} form the transition functions of a vector bundle F;
ii) The bundle F can be identified with 7 : (Zp(M) xV/ ~) > M.

Proof. To prove i) it is enough to show that the g,p satisfy the cocycle condition
908(2)95+(2) = gany(z) for z€UaNUsNU,.
Since P is a representation of (Zm(M }, we have
9as(z)9py(x) = P(ZZ TF)P(F £3) = P(ZL T555 22) = P(Z% T3) = gas(o)-

Now let us prove ii). We recall how one reconstructs a bundle F' starting from the cover {U,} and the
coordinate transformations {gog}. We have

F =(U(U,, <))/ =,

where for all (z,v) € Uy xV, (2',v') € Ug x V we put
(z,v) = (z',v") if z=2z' and guplu)v ="'

Define 7 : F — M by 7[(z,v)] = z. We denote by h the function defined by

hi(S2,0) € Sm(M) x V o (3,) € | U x V).
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Obviously, h is bijective. Moreover,
(ZZ,0) ~ (B}, w)) = z=y, PSZ Sv=uv = z=y, gus(alv=w = (z,v)~(y,w).

Therefore, we can think of h as defined on the quotient sets

hi Sn(M) X V]~ | (Ua x V)] 2.

Since T o h = 7, we have the required identification. This completes the proof of Lemma 7.1.

Now we show that it is possible to identify the two bundles
F=Sn(M)xV/~ and E:=Pn(M)X Epn/Qm(M).

Consider the function ! : FF — E given by I{(2%,v)} := [(£%, v)]. This function is obviously well defined
and injective. [ is also surjective since for an arbitrary [(¢, v)] € E we may choose an arbitrary £ such
that z = f(o) = final point of 6. We have

H(=z2, P22 o))} = (22, PEE o)) = [(B5(Z2 o), P o) P(EL o)) = (o, v)].

So the local trivialization of F = Zp(M) x V/ ~ is indeed a local trivialization of E := ﬁm(M ) x
En/Qm(M).

Step 3: Regularity properties.

In this step we intend to prove that the bundle E is smooth and the same holds for the parallel transport
P:P(M) — r(E). Observe that the transition functions of the bundle are defined by

dap(z) = P(Z'5%)

and since P : ﬁm(M ) — G 1is smooth by assumption, the differentiability of gop(z) depends on the
differentiability of the maps M 3 z = 22-12; € Qn(M). It is not difficult to see that any atlas
{Ua}aga can be equipped with an m-contraction {L,}seca such that the map defined above is smooth.

So the gog(-) are smooth. A similar argument holds for parallel transport. This ends the proof of
Theorem 7.1. O

§8. Some remarks on infinite-dimensional bundle-connection pairs

The simple algebraic structure of the proof of Theorem 7.1 suggests that a generalization of the theorem
could be stated for infinite-dimensional vector bundles. Note that a similar generalization for the Ambrose—
Singer theorem is still missing (see [35]). The right setting for such a generalization appears to be that
of Banach vector bundle over a Hilbert manifold (see [36-40]). Although the notion of a connection has
been given also for Frechét vector bundles (see [41]), the correspondence between connections and parallel
transports is missing for such bundles because of the “bad” behavior of Frechét spaces with respect to
ordinary differential equations ([41-42]). One should also note that in infinite dimension the bijective
correspondence between linear connections and covariant derivatives is missing (see [43-39]). In order to
add further comments, we give the following definition.

Definition 8.1. A Banach space F is called a Kuiper space if its general linear group GL(F) is
contractible (see [44-46]).

Theorem 8.1.

— Any Hilbert space is a Kuiper space (Kuiper [47]);
- the space ¢, is a Kuiper space (Arlt [48]);
- the spaces I, are Kuiper spaces (Neubauer [49]).

427



Theorem 8.2. GL(c¢, x I) is not connected (Douady [50]).
By definition, any vector bundle E with fiber a Kuiper space F and structural group GL(F) is trivial.

Suppose we are given a bundle-connection pair (E, V).

Ll

10.
11.
12.
13.

14.

16.
17.

18.
19.
20.

21.
22.

23.

24.

25.
26.

27.
28.
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i) The triviality of the bundle E does not imply that the pair (E, V) is trivial: this can happen for
geometric reasons, i.e., because of the curvature of the connection V, or for topological reasons,
i.e., because the base manifold has nontrivial fundamental group.

ii) If the base manifold is infinite-dimensional and the fiber is finite-dimensional, then the theorems
of Kuiper, Arlt, Neubauer do not imply the triviality of the bundle.

iii) The result of Douady implies that Banach vector bundles are not globally trivial, in general.

iv) If F is a Banach space, then we denote by GL.(F) the group of automorphisms of F' of the form
identity+compact operator. This group is not contractible (see [45]). Hence, a vector bundle with
structure group GL.(F) is not automatically trivial.

It is a pleasure to thank Luigi Accardi, Bruce Driver, and Paolo Roselli for several useful discussions.
This research was partially supported by the Post-doctoral fellowship of the University of Pavia.
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