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Abstract

The identification of the *-Lie algebra of the renormalized higher powers of
White noise (RHPWN) and the analytic continuation of the second quantized
centreless Virasoro (or Witt)-Zamolodchikov—w.*-Lie algebra of conformal
field theory and high-energy physics, was recently established in [5] based on
results obtained in [3] and [4]. In the present paper, we show how the RHPWN
Fock kernels must be truncated in order to be positive semi-definite and we
obtain a Fock representation of the two algebras. We show that the truncated
renormalized higher powers of White noise (TRHPWN) Fock spaces of order
>2 host the continuous binomial and beta processes.

PACS numbers: 02.20.Sv, 02.50.Ey, 11.10.Nx, 11.25.Hf
Mathematics Subject Classification: 60H40, 81S05, 81T30, 81T40

1. Content outline

The material presented in this paper is organized as follows:

In section 2, we present the basic theory of the *-Lie algebra of the renormalized higher
powers of White noise (RHPWN) whose commutation relations are obtained through a new
renormalization of the powers of the Dirac delta function introduced in [3] and [4]. We
also describe the recently discovered connection between the RHPWN *-Lie algebra and
the Virasoro—Zamolodchikov—w.*-Lie algebra of conformal field theory and high-energy
physics (cf [5]).

In section 3, we give a definition of the action of the RHPWN *-Lie algebra generators
B} where n, k > 0 on the Fock vacuum vector & that is based on White noise and norm
compatibility arguments.
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In section 4, we define the nth order *-Lie subalgebra £, of the RHPWN *-Lie algebra,
generated by B{ and BY where n > 1. The no-go theorems for the Fock representation of
the RHPWN *-Lie algebra proved in [2, 4, 8] are shown to extend to £, even with the new
renormalization of the Dirac delta function described in section 2.

In section 5, for each n > 1 we describe the singular terms appearing in the nth order Fock
kernel ((Bg)ktb, (B(’)’)kCD) where k > 0. These terms prevent the kernel from being positive
semi-definite. To eliminate the singular terms a truncation scheme is introduced.

In section 6, we describe the general Fock space construction method of [16].

In section 7, using the truncation scheme introduced in section 5 and the Fock space
construction method described in section 6 we explicitly compute the inner product associated
with the nth order Fock space F, corresponding to the nth order *-Lie subalgebra £, of the
RHPWN *-Lie algebra.

In section 8, for each n > 1 we give the exact representation of the RHPWN generators
B2, BY and B"~| as operators acting on the nth order Fock space F,. The way to obtain a
Fock representation of an arbitrary RHPWN generator By’ is also described.

In sections 9 and 10, in the spirit of quantum probability we show that the self-adjoint
operator process corresponding to Bj + BY can be identified with classical Brownian motion
if n = 1, and the continuous binomial or beta processes if n > 2.

2. The theory of the renormalized higher powers of White noise

Giving meaning to the powers of the creation and annihilation densities (quantum White
noise) is an old and important problem in quantum field theory. For a general description of
the problem and its connections with classical probability we refer to [1]. The developments
up to this point, can be described as follows. Let a, and al be the standard boson White noise
functionals with commutator

[a,,ag] =6(t—s)-1,

where § is the Dirac delta function. As shown in [3, 4], choosing as test function space the
space of piecewise continuous compactly supported functions f : R — C that vanish at zero,
on the vector space generated by the symbols

B;:(f)=fRf(s)a§”afds;n,ke{0,1,2,...} (2.1)

with 38 (f)= fR f(s)ds, one can define a *-Lie algebra structure with involution
(Bi(H)" = B, () 2.2)
and with Lie brackets uniquely defined by the prescriptions
n N
[Bi(f). BR()] = /}R /}R f©)g0[al"ak al af]ds dr,

where n, k € {0, 1, 2, ...}, together with the renormalization rule for the higher powers of the
Dirac delta function

8h(t — 5) = 8(s)8(t — ), 1=2,3,.... (2.3)
Furthermore one can prove that the above prescriptions lead to the following Lie brackets:
[BI(9). BY (N ]gupwn = kN — Kn) BiER =1 (g /). 2.4)

where for n < 0 and/or k < 0 we define B}'(f) = 0. The relations (2.4) will be called the
RHPWN commutation relations. It was also proved in [3] and [4] that, for n, N > 2 and
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k, K € 7Z the White noise operators (see [3] and [4] for a precise definition of the integral and
the integrand below)

n—1
Bl = /f(t)ez(“r al) ("f*%) o= g

satisfy the commutation relations
[Bi(®), BX(N)],. = (N =Dk — (= DK)BIE (/) (2.5)

of the centreless Virasoro (or Witt)-Zamolodchikov—w,, Lie algebra of conformal field theory
which becomes a *-Lie algebra with involution (B,? (f ))* = B",( 7). In particular, for
n = N =2 we obtain

[Bi(9), BX ()], = (k= K) B« (2f)

which are the commutation relations of the Virasoro algebra. The analytic continuation
{ Bg (fsn=21,z€ (C} of the centreless Virasoro (or Witt)-Zamolodchikov—w,, Lie algebra,
and the RHPWN Lie algebra with commutator [-, -Jrgpwn have recently been identified
(cf [5]) thus providing a connection between quantum probability, conformal field theory
and high-energy physics. This connection must be further explored.

Notation 1. In what follows, for all integers n, k we will use the notation B = B} (x;) where
1 is some fixed subset of R of finite measure u = (1) > 0.

3. The action of the RHPWN operators on the Fock vacuum

To formulate a reasonable definition of the action of the RHPWN operators on the Fock
vacuum vector @, we go to the level of White noise. The proof of the following lemma can
be found in [6].

Lemma 1. Forallt > s > 0andn € {0, 1,2, ...}
)" (ay)" ank aja,) 8" Kt — ),

where s, i are the Stirling numbers of the first kind with so0 = 1 and sox = sp,0 = 0 for all
nk>1.

Proposition 1. For all integers n > k > 0 and for all test functions f in the test function
space defined before (2.1), one has

BI(f) = /R £ (0l ™ (ala)* dr.

Proof. For n > k we can write (a,T )" (a)k = (a,T )"71{ (af)k(as)k . Multiplying both sides by
f()é(t — s) and then taking f]R f]R ...ds dr of both sides of the resulting equation we obtain

f/f(r)(a;")"(as)ka(t—s)dsdt://f(t)(a;")’“"(aj)"(as)ksa—s)dsdt
R JR R JR
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which, after applying (2.1) to its left and lemma 1 to its right-hand side, yields

k
B/(f)= Zsk,m/ / f(l)(aj)n_k(afas)m8k_m+l(t —s)dsdr
m=0 RJR

zsk,kf/f(l)(dj)n_k(a:as)kS(t—s)dsdt
RJR
k—1

+Zskﬁm//f(t)(a}")"fk(a,"'ax)ma(s)a(t—s)dsd;
m=0 R JR
=Sk,k/ (@) (ala) dr +0

R

= f Fo)(a))" " (afa) ar,
R

where we have repeatedly used the renormalization rule (2.3), the condition f(0) = 0, and
Sk.k = 1. O
Proposition 1 suggests that for all n, k € {0, 1, 2, ...} and test functions f, we define
0 if n<korn-k<0

Bl (fon @ if n>k>0

Bl(f)® = (3.1)

/f(t),ok(t)dtd> if n=k,
R

where o} and p; are complex valued functions. Through norm compatibility arguments (cf
[7] for details) we can show that for alln € {0,1,2,...},0, = oy and p, = % In view
of the interpretation of a: and a, as creation and annihilation densities respectively, it makes
sense to assume that in the definition of the action of B} on @ it is only the difference n — k
that matters. Therefore, we take the function o appearing in (3.1) to be identically equal to 1
and we arrive to the following definition of the action of the RHPWN operators on the Fock
vacuum vector P.

Definition 1. For all test functions f we define

0 if n<korn-k<0
n—k :
BI(f)D = By () if n>k>0

/ @) dtd if n=k.
R

n+1

4. The nth order *-Lie subalgebra £,, of RHPWN and the Fock representation no-go
theorem

Definition 2.

(i) Ly is the *-Lie algebra generated by B& and B?, i.e. Ly is the linear span of{Bé , B?, Bg}.
(ii) L, is the *-Lie algebra generated by Bg and Bg, i.e. Ly is the linear span of{Bg, Bg, Bll }
(iii) For n € {3,4,...}, L, is the *-Lie algebra generated by By and BY through repeated
commutations and linear combinations. It is the linear span of the operators of the form

Bj where x — y = kn, k € ZZ — {0}, and of the number operators By withx > n — 1.
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Definition 3. A Fock representation of the nth order *-Lie subalgebra L, of RHPWN is a
pair {F,, ®} consisting of a Hilbert (Fock) space F,, and a cyclic (vacuum) vector ® € F, on
which operator analogues of the RHPWN generators can be defined so that their action on ®
is that of definition 1 and they satisfy the RHPWN commutation relations (2.4).

We will show that if the RHPWN action on & is that of definition 1 then the Fock
representation no-go theorems of [8] and [4] can be extended to the RHPWN *-Lie subalgebras
L, where n > 3. In the following, we will use the notation B! = B}(x;) where I C R is an
interval and x;(x) = lifx € I, x;(x) = 0if x ¢ I. Full details of the proofs contained in
this section can be found in [7]. The crucial ingredient of the no-go theorems is the following
lemma.

Lemma 2. Let n > 3 and suppose that a Fock space representation {F,, ®} of L, exists. Then
it contains both B ® and B}" .

Proof. For simplicity we restrict to a single interval / of positive measure u = (/).
We have BYB{® = nu®, BO(B!)’® = (nu +n’(n — 1)BI® and BY(B!)'® =
3n(u+n2(n—1)(BL) @ +n*(n — 1)(n —2) B2'®. Since BY(B}) ® € F, and (B})’® € F,
it follows that BS”@ € F,. O

Theorem 1. Let n > 3. If the test function space includes functions whose support has
arbitrarily small Lebesgue measure, then L, does not admit a Fock representation in the sense
of definition 3.

Proof. If a Fock representation of £, existed then we should be able to define inner products of

the form ((a Bg” + b(Bg)z)CD, (a Bg" + b(Bg)z)d>> where a, b € R and the RHPWN operators
are defined on the same interval / of arbitrarily small positive measure w1 (/). Using the notation
(x) = (D, xP) this amounts to the positive semi-definiteness of the matrix

- [ (85,53 (85, (5)) ]
(B3,(B))") {(B)(B5))
Using (2.4) and definition 1 we find that (BY, B2") = 2nu(I), (B, (Bg)?) = 2n*u(I) and
((B)?(BE)?) = 2n2uu(1)* + n*(n — 1)pu(1). Thus

2npu (1) 2n3 (1)
203 (D) 2n2u(D? +n*(n — Du) |

A is a symmetric matrix, so it is positive semi-definite if and only if its minors are non-
negative. The minor determinants of A are d; = 2nu(I) which is always nonnegative, and
dr = 203 (D?Q2u(I) —n* —n?) which is nonnegative if and only if (1) > @ Thus the
interval I cannot be arbitrarily small. A simple approximation argument allows us to extend
the conclusion from characteristic functions of intervals to arbitrary piecewise continuous
functions. ]

5. The nth order truncated RHPWN (or TRHPWN) Fock space F,,

For each n > 1 the generic element of the *-Lie subalgebra £,, of definition 2 is B;j. All other
elements of £, are obtained by taking adjoints, commutators and linear combinations. It thus

makes sense to consider (Bg f ))kCD as basis vectors for the kth particle space of the Fock
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space F, associated with £,. A calculation of the ‘Fock kernel’ ((B(’)’)kcb, (Bg)kcb) reveals
that it is the terms containing Bg” ® that prevent the kernel from being positive semi-definite.
The B(%”CID terms appear either directly or by applying definition 1 to terms of the form By ®

where x — y = 2n. Since £; and £, do not contain B and B respectively, the problem exists
for n > 3 only and the Fock spaces F; and F, are actually not truncated. In what follows we
will compute the Fock kernels by applying definition 1 and by truncating ‘singular’ terms of

the form ((B(’)’)kQJ, (Bg)mB;fCD) where nk = nm+x —yandx —y = 2n,i.e. k —m = 2. This
amounts to truncating the action of the principal £, number operator B,’f:ll on the ‘number
vectors’ (B{)’)kCD, which by commutation relations (2.4) and definition 1 is of the form
B~ (BY) ® = (% +kn(n — 1)) (B @+ e By @
i>1j>1
(where for each i not all positive integers A;; are equal to 1), by omitting the
Yisilljsici B,"" @ part. We thus arrive at the following:

Definition 4. A truncated Fock representation of the RHPWN is a Fock space representation
of the RHPWN *-Lie algebra such that, for any integersn > 1 and k > 0,

Bl (Br) @ = (% +kn(n = 1) (By)'o,

. k . . -
i.e. the number vectors (Bg) ® are eigenvectors of the principal L, number operator B, ~ 11
with eigenvalues (% +kn(n — 1)).

In agreement with definition 1, for k = 0 definition 4 yields B,'l‘:ll b = %CD.

6. Outline of the Fock space construction method

We will construct the TRHPWN Fock spaces by using the following method (cf chapter 3 of
[16]):
(i) Compute
ko2 k k
| (B5) | = ((B5)" . (B) @) = 70 (10),
where foreachk =0, 1,2, ..., m,x(n) is a polynomial in p of degree k.
(ii) Using the fact that if k # m then ((B{)')kcb, (B3)"®) =0, fora, b € C compute

o @bk k
(5 @, B )= 3 50 ((By) @, (B})" @)

k=0

o0 - [o.¢] -

(ab)* 7, (1) Z (ab)*
= : = Rk (1),
= k! k! = k!
where
IS n"’]’;,(“). 6.1)
(iii) Look for a function G,, (1, u) such that
o0 uk

Gulu, p) = kZOj (). (6.2)
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Using the Taylor expansion of G, (u, () in powers of u
>k ok

u
Glu, p) = ; 1 5% Gn (1Dl 6.3)
by comparing (6.3) and (6.2) we see that
ak
87Gn (U, )lu=0 = hpx (). (6.4)

Equation (6.4) will play a fundamental role in the search for G, in the following section.
(iv) Reduce to single intervals and extend to step functions. For u = ab, assuming that

Gn(u, ) = eGr®. (6.5)
which is typical for ‘Bernoulli moment systems’ (cf chapter 5 of [16] ), equation (6.2)
becomes
00 ik
nG,(ab) _ (@b) h 6.6
e ; (1) (6.6)

Take the product of (6.6) over all sets /, for test functions f =) ", a;x;, andg = >, b; x,
with I; N 1; = @ fori # j, and end up with an expression like

eflR Gu(f(Dg(0)dt — l_[ <ea: B(’)l(Xl,-)(D’ eb/ B(')‘(X1/)q)> 6.7)
ij
which we take as the definition of the inner product (¥, (f), ¥, (g)), of the ‘exponential
vectors’

Yu(f) =[] B0 (6.8)

of the TRHPWN Fock space F,,. Note that ® = ,(0).

7. Construction of the TRHPWN Fock spaces F,

Lemma 3. Let n > 1 be fixed. Then for all integers k > 0
1)

2
BY(BY) ' = n(k +1) (u+k%) (B2) @. 7.1

Proof. (7.1) is true for k = 0 since
BYBI® = (Bl B+ [BY, B!])® = n*E 00 = npo.
n
Assuming (7.1) to be true for k we have

BY(By) o = (BBY) (By)™

® = (ByB) +n*B!~})(By) " ®
n*(n—1)
2

2( -1 n\k+
- (n(k+ 1 <u+k%> +n (% +(k+ Dn(n — 1))) (B) ' @

2(n —
= n(k+2) (u + (k + 1)%) (B2 @

= Bin(k+1) (/,L+k )(Bg)"q>+n23;'—f(33)"“q>

which proves (7.1) to be true for k + 1 also, thus completing the induction. (|
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Proposition 2. Let k > 1. Then foralln > 1

K o 2(n 1.
Tk () = ((BY) @, (BY) @) = "]‘[( ) (7.2)

Proof. Letn > 1 be fixed. Let ay = k!n¥ [T2) (1 + “%=12). Then a; = np and for
k> Lag = ntk+ D(p+ k2% D)q. Similarly, let by = ((By)‘®, (Bf)"®). Then
by = (Bj®, By ®) = (@, B)B{®) = n*(®, B)~| ®) = n?2 = ny and, by lemma 3, for k > 1
we have that by, = ((Bf) @, BO(Bg)"' ®) = n(k + 1)(,u+k”(”2—1))bk. Thus a; = by for all
k>l O

Corollary 1. Theﬁmctions h,, « appearing in (6.1) are given by hy , = pu* and forn > 2
n2
(n - 1)
b= T (0"

Proof. The proof follows from proposition 2 and (6.1). ]
Corollary 2. The functions G,, appearing in (6.2) are given by G (u, u) = e"* and forn > 2

2
3 T2 M 3
n (n — 1)u> n2(n—1) _ e_,,z(:,”/"ln(l_n (lé—l)u)

Gp(u, n) = (1 — 2 (7.3)
Proof. For G, as in the statement of this corollary, in accordance with (6.4) we have

9k = n*(n —1)

— G, Wm0 =n* [ ] (M + —i) .

k

u 0 2 O
Corollary 3. The functions G, appearing in (6.5) are given by G1(u) = u and forn > 2

A 2 3S(n—1

G = ——2 (1D

n?(n —1) 2

Proof. The proof follows directly from corollary 2. (]

Corollary 4. The F, inner products are given by

W1 (), Y1(g) = ele TOO (7.4)
and forn > 2

n’ n 1
Wa()s Y@y = ¢ 7o Je (15T 00) 0 7.5)
where | f ()] < 3/ s and 18O < 1/ 75+
Proof. The proof follows from (6.7) and corollary 2. (]

The function G; and the Fock space inner product (7.4) are associated with the
Heisenberg—Weyl algebra and the quantum stochastic calculus of [18]. For n = 2 the function
G, and the associated Fock space inner product (7.5) have appeared in the study of the finite-
difference algebra and the square of White noise algebrain [11, 12, 14, 15]. The functions G,
of (7.3) can also be found in proposition 5.4.2 of chapter 5 of [16].

Definition 5. The nth order TRHPWN Fock space F, is the Hilbert space completion of
the linear span of the exponential vectors V¥, (f) of (6.8) under the inner product (-, -), of
corollary 4. The full TRHPWN Fock space F is the direct sum of the F,,’s.

8
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8. Fock representation of the TRHPWN operators

Using (6.8) and lemma 3 we have (for a detailed proof see [7]) that for all test functions f, g, h
and foralln > 1

-1 i

B)()Ya(g) = nf F@)g)dr,(g) + >3 V(g +€fg’)
R €le=0
0
By (f)¥a(g) = I Un(g +€f)
€ e=0
and
1
By~ (f@)¥n(h) = ;fRf(t)g(t)lﬂn(h)
-1 32
e (Ul + g+ pf (h + €8)") — 1 + € + pg).
€00 [ e—p—o
Using the prescription
B8 = v (Bi@BR () = BY(H)B{(2))

and suitable linear combinations, we obtain the representation of the B} (and therefore of
the RHPWN and centreless Virasoro (or Witt)-Zamolodchikov—w,, commutation relations)
on F.

9. Classical stochastic processes on F,,

Definition 6. A quantum stochastic process x = {x(t)/t > 0} is a family of Hilbert space
operators. Such a process is said to be classical if for all t,s > 0,x(t) = x(t)* and

[x(0), x(s)] = x(0)x(s) — x(s)x(r) = 0.

Proposition 3. Let a quantum stochastic process x = {x(t)/t = 0} be defined by
x(t) = kaeA Cn i B (t) where ¢, € C — {0}, A is a finite subset of {0,1,2,...} and
B/ (t) = B/ (xj0.1)- If for each n,k € A, cyx = Cin then the process x = {x(t)/t = O} is
classical.

Proof. By (2.2) x(¢) = x*(¢) forall > 0. Moreover, by (2.4), [x(t), x(s)] = Oforallt,s > 0
since each term of the form cy g ¢y & [B 1’}] (1), By (s)] is cancelled out by the corresponding term
of the form ¢, xcn k [B,? (s), Bllg(t)]. Thus the process x = {x(¢)/t > 0} is classical. O

In the remaining of this section we will study the classical process x = {x(¢)/t > 0}
whose Fock representation as a family of operators on F;, is x(¢) = B (¢) + B,?(t).

Lemma 4 (splitting formula). Let s € R and let u be as in notation 1. Then forn = 1
SEBIHBN @ — o5 1 5Bl

and forn > 2

2

2np
3 I n3(n—1) 3 Bo—1) ”
BB ( (/g» e ()

Proof. We will use the ‘differential method’ of proposition 4.1.1, chapter 1 of [16]. So let
E® = BB =08 VW, 9.1)
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where W, V are real-valued functions with W(0) = V (0) = 0. Then,

0 n 0 n 0

B—ECD = (B} +B))E® = BJED + B)E®. 9.2)
s

By lemma 3 we have

BJED = B)e" W% "W =BV

v
W@)Z (S) 2 BBy

2 —
- W<s>ZV() (M+(k—1)—” ("2 1)>(B(;)"1<1>

3 B 1 n
(VZMV(S) + MV(S)ZB{)') VOB W) g

2

@ —1) 2n
= n;LV(s)+TV(s) By | E®.
Thus (9.2) becomes
ad " nn—1) 2 n
8—Ed>= B, +nMV(S)+TV(S) By | E®. 9.3)
s
From (9.1) we also have that
a
8—E<I> = (V/(s)Bg + W/(s)) E®. 9.4)
S

From (9.3) and (9.4), by equating coefficients of 1 and B{, we have that

W'(s) =nuV(s) 9.5)

3n—1
Viis) =1+ % V (5)? (Riccati equation). (9.6)

For n = 1 we find that V(s) = s and W(s) = %/,L. For n > 2 by separating the variables we

find that
Vis) = 2 . n3(n—1)
R T R A AT
2nu [n3(n — 1)
W(S) = _mln (COS ( TS))

which implies that

2np
3(n — 1 n3(n—1)
WO — (sec (\/n (n2 )s)>

thus completing the proof. ]

and so

In the theory of Bernoulli systems and the Fock representation of finite-dimensional Lie
algebras (cf chapter 5 of [16]) the Riccati equation (9.6) has the general form

V/(s) =1+2aV(s)+BV(s)?

10
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and the values of « and 8 determine the underlying classical probability distribution and the
associated special functions. For example, for « = 1 — 2p and B = —4pg we have the
binomial process and the Krawtchouk polynomials, for o = p~! — % and B = gp~? we have
the negative binomial process and the Meixner polynomials, for @ # 0 and 8 = 0 we have the
Poisson process and the Poisson—Charlier polynomials, for &> = 8 we have the exponential
process and the Laguerre polynomials, for ¢ = 8 = 0 we have Brownian motion with moment

generating function ez’ and associated special functions the Hermite polynomials, and for
a®> — B < 0 we have the continuous binomial and beta processes (cf chapter 5 of [16] and
also [17] ) with moment generating function (secs)’ and associated special functions the
Meixner—Pollaczek polynomials. In the infinite-dimensional TRHPWN case the underlying
classical probability distributions are given in the following.

Proposition 4 (moment generating functions). Forall s > 0
(es(B(;(z)+B?(z))>l — <es(B(§(z)+B?(z))(D’ o), = o5

i.e. {By(t) + B)(t) /t > 0} is Brownian motion (cf [16], [18] ) while for n > 2

2nt
3 _ n3(n—1)
(es(Bg(z)wg(z)))n — (es(Bg(z)wg(z))q) o), = (sec (\/n (n 1)S>>
’ 2

ie. {Bj(t) + B,(l’ (t)/t = 0} is for each n a continuous binomial/beta process (see section 10
below).

Proof. The proof follows from lemma 4, 1 ([0, t]) = ¢, and the fact that for all n > 1 we have
B,? (Hd =0. O

10. The continuous binomial and beta processes

Let b, x(x) = (Z)xk(l — x)"*, where n,k € {0,1,2,...},n > k and x € (0, 1), be the
standard binomial distribution. Using the gamma function we can analytically extend from
n,kef0,1,2,...}toz, w € C withRez > Rew > —1 and we have

_ F(Z+1) Wl )W
bz,w(x)_ F(Z—w+1)r(w+1)x (1 x)

_ 1 1 x(w+l)—l(1 _ x)(z—w+1)—1 .

= = — - X
z+1Bz—w+1l,w+l) rr1Petamun (%)
where for Rea > 0 and Rec > 0, B(a, c) = rlf‘g[)lig) = fol x4~ 1(1 — x)¢~ ! dx is the beta
function and B,,+1,;—w+1 is the analytic continuation to Rea > 0 and Re ¢ > 0 of the standard

beta distribution B () = itk x~! (1 — x)*~' where a > 0 and ¢ > 0.

Proposition 5. For each t > 0 let X, be a random variable with distribution given by the

density
) 2"'B t+ix t—ix
x — b 9
br o 2 2

where B is the beta function. Then the moment generating function of X, is

(eXy = foo e p(x)dx = (secs)';s € R. (10.1)

(o]

Proof. See proposition 4.1.1, chapter 5 of [16]. (|
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Corollary 5. With X; and p; as in proposition 5, let Y, = ,/ MX Then the moment
generating function of Y, with respect to the density q; = Pz - where nef23,...}is

2nt
3(n — 1 n3(n-1)
(e'¥y = | sec Ms .
2

Proof. For each t >0, p;isa probability density function. Therefore ffooo pi(x)dx =
Replacing t by ;=75 we obtain I Pz ,(x) dx = 1 and so [°_g,(x)dx = 1 which

(n
means that for each# > 0, ¢, is a probablhty densny function. Replacing 7 by Wt and s
by 4/ "3(”2—_1)s in (10.1) we obtain

2nt
o0 P 3 -1 n3(n—1)
/ eVl ])th(x) dx = | sec \/Ms
—oo 2
which is precisely the moment generating function (e**') of ¥, with respect to ¢;. ]
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