SEMIHOMOGENOUS VECTOR BUNDLES, Q-TWISTED SHEAVES,
DUALITY, AND LINEAR SYSTEMS ON ABELIAN VARIETIES

NELSON ALVARADO AND GIUSEPPE PARESCHI

ABSTRACT. In this paper we point out the natural relation between Q-twisted objects of the
derived category of abelian varieties, cohomological rank functions, and semihomogeneous
vector bundles. We apply this to two basic classes of objects, corresponding to each other
via the Fourier-Mukai-Poincaré transform: twists of the ideal sheaf of one point and of
the evaluation complexes of ample simple semihomogeneous vector bundles. This naturally
leads to the introduction of QZ%- graded section modules associated to line bundles on
abelian varieties, built by means of semihomogeneous vector bundles (and containing the
usual section rings). We prove a duality relation between such modules associated to dual
polarizations, which is not visible at the level of the usual section rings. Other applications
include formulas relating the thresholds of relevant cohomological rank functions appearing
in this context. As a consequence we show a lower bound for the base point free threshold of
a polarization in function of its type, and some obstructions to surjectivity of multiplication
maps of global sections of certain line bundles.

After Mukai ([M2]) it has been increasingly clear that many geometric aspects of
abelian varieties can be approached by means of the Fourier-Mukai transform associated
to the Poincaré line bundle (FM transform for short). In this context Q-twisted sheaves
(and more generally Q-twisted objects of the bounded derived category) appear naturally,
giving rise to the cohomological rank functions introduced in [JP] (see e.g. [C3], [13], [J1],
[DJZ] for some geometric applications). One of the purposes of this paper is to show the role
of semihomogeneous vector bundles in this story. (Interestingly, semihomogeneous vector
bundles play a prominent role also in Lahoz-Rojas’ recent paper [LR], where cohomological
rank functions on abelian surfaces are introduced and studied via stability conditions.)

We work with polarized abelian varieties (A,l) on an algebraically closed field k of
characteristic zero. Given A € Q, we denote F4 5 a simple bundle in Mukai’s category S x

of semihomogeneous vector bundles £ on A such that [iekt]f L =\ in NS(A)g ([M1, §6]).

The starting point of our paper (Proposition 2.1.2 below) is the following: for an
object F € D(A), the object F @ E4 \ has the cohomological behavior (namely: has the same
cohomological rank functions) of the Q-twisted object F ®"(Al), where r is the rank of the
bundle E4 . In this sense one can identify (a suitable direct sum of copies of) F(Al) with
F @ E4 . This has the advantage of dealing with a honest and explicit sheaf (although of
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much higher rank, since the rank of F y; is usually huge), or more generally object of D(A),
rather than a somewhat elusive Q-twisted sheaf.

Here we develop some consequences of this observation in two specific cases: (a) the
ideal sheaf of a closed point (for example the origin), twisted by Q-powers of an ample polar-
ization, (b) the twisted evaluation complex of the global sections of ample simple semihomo-
geneous vector bundles. We will show that the FM transform induces a precise cohomological
relation between them.

To put the subject into perspective, we recall that the vanishing threshold for the h'
of the ideal sheaf of any closed point, twisted by rational powers of a polarization [, (studied
in Caucci’s paper [Cl], and called there the base point freeness threshold), measures how
far is the polarization from having base points. By [JP, §8] (generalized in Proposition B
below) and [C1] such threshold is known to have a precise relation with a similar vanishing
threshold for the hypercohomology of the evaluation complex of global sections of line bun-
dles representing [, which in turn measures properties as projective normality and the IV,
condition of [. As observed by A. Ito and Z. Jiang, the base point freeness threshold can be
investigated via birational geometry methods a la Anghern-Siu and Helmke. This provided
a novel approach to projective normality and syzygies of abelian varieties, a classical and
much studied topic, leading to results which were out of reach with the previous methods
(see the works of Caucci ([C1], [C2], Ito ([I1], [I2],[I3],[I4],[I5]) and Jiang ([J1], [J2]).

The purpose of this paper is to sharpen the above ideas in two different ways:
(a) bringing semihomogeneous vector bundles into the picture. This offers an alternative way
(different from the birational geometry methods) for investigating the base point freeness
thresholds, namely (generic) global generation criteria for semihomogeneous vector bundles,
see Subsection 6.1.
(b) Establishing a duality result between two pairs of thresholds: on the one hand the van-
ishing threshold of the h° (respectively, of the h!, i.e. the base point freeness threshold) of
the ideal sheaf of a closed point of an abelian variety A, twisted by Q-powers of a polarization
L, and, on the other hand, the vanishing threshold of the k' (resp. of the h°) of the ideal
sheaf of a closed point of the dual variety g, twisted by Q-powers of the dual polarization l.
As application of these results:
(c) we provide some lower bounds on the base point freeness threshold. In turn these are
translated, via Proposition B below, in obstructions to surjectivity of multiplication maps
of global sections, hence, in particular, to projective normality. Interestingly, the semiho-
mogeneous bundles approach brings naturally into the game the type of the polarization
L.

All this suggests the possibility of further applications of these methods, both to upper
and lower bounds for the base point freeness threshold.

0.1. Q-graded modules and multiplication maps of global sections. Let us turn to
a more detailed exposition. Although it will not appear explicitly in most of our results, we
will implicitly deal with the Q-graded section modules of a polarization, defined as follows.
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Let L be a line bundle representing the polarizaton [. Let
SQ(LOé @H AEAM@P)

)\GQ>O

where P, is the line bundle parametrized by a € A := Pic’A and {Ean € Santrego is a
compatible collection of simple semihomogeneous vector bundles, where compatible means
that Eqn ® L = Eg a1y for all A, Clearly

EAynl =L%" forneZ.

Therefore SY(L, O4) contains the section ring

@ HO L®n

neN

and, as well as all Sg(L,oz)’s, it is a graded module over it. The interest of the graded
modules Sg(L, «) is that, in the above sense, they can be seen as representing such things
as "modules of sections of fractional powers of L”.

We study the structure maps Sa(L) @5 SY(L,) — SY(L, ), and specifically their
graded components, namely the multiplication maps of global sections

HO(Aa L®n) & HO(A7 EA,a:l ® Poe) — HO(Aa EA,(nJr:):)L & Poz)a
which, as we will see, can be seen as ”fractional” analogues of the usual multiplication maps
HY(A, L") @ H°(A, L®" @ P,) — H°(A, L°""" @ P,).!

Our analysis shows that, even if our interest is in the properties of the section ring S(A, L)
(projective normality, syzygies..), the FM transform leads us to consider the modules S%(L, Q).
For example, denoting M a line bundle on the dual variety A representing the dual polariza-
tion [, there is a precise duality relation between the modules Sg(L, a) and S%(M , ), which

is not visible at the level of the section rings S(A, L) and S(A\, M).

More generally, we will study the multiplication maps of global sections of simple
semihomogeneous vector bundles

mY e HY(A,E4,1) @ HY(A, Ex i @ Po) — HY(A, Ea @ By @ Pa). (0.1)

0.2. Thresholds. We will be mainly concerned with the following injectivity and surjectiv-
ity thresholds for the multiplication maps mzym (see Subsection 4.3 below):

s%(vl) = sup{y € Q| MY 1. 18 injective Va € j}7
sy(vl) = inf{y € Q| mY, , is surjective Va € A}

IThis was also the point of view of the second author’s paper [P], where a bound to the number of
n-torsion points on theta divisors of p.p.a.v.s. was obtained by an analysis of the maps m114/_ S;fal ) (in the
notation (0.1) below).
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Remark. The conditions s!(I) < 1 (respectively s!(I) > 1) mean that the multiplication
maps
mhy o HY(A, L)@ H'(A,L ® P,) = H(L®* @ P,) (0.2)

are surjective (respectively, are not surjective) for all a € fAl, and they imply that the
polarization [ is (resp. is not) projectively normal. On the other hand s} (I) = 1 means that
the maps (0.2) are not surjective for o belonging to a proper closed subset Z of the dual
variety A. Tf this is the case, projective normality means that the identity point ¢ does not
belong to Z, and this may or may not happen. (See Subsection 6.1 below). For example: if
0 is a principal polarization then s!(26) = 1 but clearly 20 is not projectively normal. By a
result of Rubei ([Ru]), the same happens for polarizations 2[, with [ of type (1,...,2). On
the other hand, as it will follow from Corollary E below, polarizations [ of type (1,4,...,4)
have s!(I) > 1. Based on computer calculations, [F] asserts that in dimension 3 and 4 the
general such polarizations are projectively normal (therefore in particular s} (1) = 1).

The other thresholds we are interested in are

Ba(l) = sup{) € Q| Z.(A]) is IT(1)}
Ba(l) = inf{A € Q| Z.(\]) is IT(0)}.

where e is the identity point in A. For the notation about Q-twisted sheaves and the
vanishing conditions IT(i) (meaning ”satisfies the index theorem with index i”) we refer to
Subsections 1.4 and 1.6. Briefly, they are the extension to Q-twisted sheaves of the well
known index conditions for coherent sheaves on abelian varieties. The invariant 5} (1) is the
above mentioned base point freeness threshold (the relation with base point freeness stems
from the fact that in any case 8}4(I) < 1 and equality holds if and only if the line bundles
representing [ are not base point free).

0.3. Summary of results. §2 provides some precise relations between semihomogeneous
vector bundles, Q-twisted sheaves, and cohomological rank functions.

In §3 we give an intepretation of the thresholds 3%(l) in terms of semihomogeneous
bundles. For example, in Proposition 3.2.2 we show that, for A € QT, we have that 84 (1) < X
(resp. B4(1) < \)if and only if the vector bundle F4 y; is generically globally generated (resp.
globally generated).

Next, we prove the following duality result, obtained via the Fourier-Mukai transfoim,
relating the above thresholds of a given polarized abelian variety (A,l) and of its dual (A, 1)
([BL, §14,3], see also Subsection 1.2 below). We denote

(di,...,dy)
the type of I (hence the type of L is (dy,didy/dy_1, ..., didy/dy, dy)).

Theorem A. Fori=0,1
1

Fal B 1)drd,

(0.3)
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(This a corollary of the more general Lemma 3.3.1 and Theorem 3.3.2 below, where the dual-
ity is formulated at the level of Fourier-Mukai transform and cohomological rank functions).

It is well known from [JP] that, via the Fourier-Mukai transform, for integral values of
v the thresholds s%(vl) and the threshold 3%(l) are related by a precise formula. In §4 we
generalize this to rational values of v, proving the following Proposition (Corollary 4.3.2).

Proposition B. Forv e Q, v > 4(1)
Ba)

siy(vl) = A0

v— 3y

(We point out that also this is a consequence of a more general result relating coho-
mological rank functions, see Proposition 4.1.2).

As a consequence of these results we obtain the already mentioned duality formula
relating the dimensions of kernel and cokernel of suitable graded components of the structure
maps of the Q=°-graded section modules associated to dual polarizations (Corollary 4.2.2).

Going back to Theorem A, combining it with Proposition B we have the following
relation between the threshold 8! of a polarization and the threshold s° of rational multiples
of the dual polarization

Corollary C. For every v e QF,
SS(wl) + 1
Bl = A (0.4)

sS(vh)didgy

According to Corollary C a surprising approach for producing a lower bound for the
threshold B4(l) — i.e. an obstruction to base point freeness and, via Proposition B, to
surjectivity of multiplication maps of global sections — is to look for upper bounds for the
threshold s%(ul), i.e. obstructions to injectivity of multiplication maps of global sections on
the dual variety. From basic facts of generic vanishing theory it follows that this can be
done simply by finding semihomogeneous vector bundles (not necessarily simple) on A, say

F'eSz,;and G €Sz, 5, such that a multiplication map of global sections m%yi’a (see (0.1))

is not injective for some a € A.

An elementary way to do that is as follows: as soon as Ej;,; is generically glob-
the image of the linear space A"T'HO(A, E; ;) in
H(A,E i) © H O(A,A"E 1,1) is a non-trivial subspace mapping to zero via the multipli-
cation map of global sections. Clearly the outcome of this approach depends on the rank 7.
Therefore we are lead to consider the rank function of a given polarization [:

ally generated, letting r = rkEj

1/17

Tar: Qso = N, 14(v) =1k Ey .

In the this way we prove the following lower bound for the base point freeness threshold (we
refer also to Corollary 5.0.2 below for a stronger variant).
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Theorem D. In the above setting and notation

Fald) 2 w?{m;u“+m;m”' (0.5)

V> =

Yx@)

In turn, the key point in applying this result is that, by a result of Mukai, [M1,
Theorem 7.11(5)], the rank function 73; is determined by the type of [. In fact, writing in
lowest terms v = ¢, as soon as d, is copyfime with b the rank of E 4, is very big, namely 07,
but it is much smaller if ged(b, d;) > 1 for low i (see Subsection 1.5). In this way Theorem
D provides a bound which in certain cases is meaningful, and sometimes sharp. A more
systematic analysis seems possible and this would provide other non-trivial upper bounds of
the base-point freeness threshold.

Particular cases of Theorem D are found in the following

Corollary E. Let (dy,...,d,) the type of L.
(1) If dy > 1 then

@@zf.m.éwz

Particular cases
(a) (INR, Corollary 2.6]) If d, = 2 then

BL(l) =1 .e. I has base points;
b) if d; = 3 then
(b) if dy

i.e. si(l) > 2;

Bu(l) >

Wl N

(c) If dy, = 4 then
@@2% ie. si()>1.

(2) If (dy,...,dy) = (1,n,...n,nm) with m < n then

14+m 1+m
L) > e, sy(l)>——— .
In particular if (dy,...dy) = (1,3,...,3,6) then
1
B> ie s> 1

The equivalence of the formulations in terms of 8} (1) and in terms of s,(1) follows from
Proposition B for v = 1 (which was already in [JP, Corollary 8.2]). We recall that, as pointed
out in the above Remark, the condition s (I) > 1 does not say that [ is not projectively

normal, but only that there are a € A such that the multiplication map mhla of (0.2) is not
surjective. Similarly, the condition s!{(I) > 2 means only that for some o € A the map mil’a

is not surjective. A better understanding of this point is an open problem (see Subsection
6.2). For example the previous result concerning polarizations of type (1,3,...,3,6) does
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not imply that such polarizations are not projective normal. This is still unknown even in
low dimension, where computer calculations are available ([F]).

Finally, the last section is about possible natural developments of the present work.

1. NOTATION AND BACKGROUND MATERIAL.
We work on an algebraically closed ground field k of characteristic zero.

1.1. Translation and multiplication by an integer. Given an abelian variety A, and a
closed point © € A, we denote t, : A — A the translation by z. Moreover, given a positive
integer b we denote

b A . A— A

the multiplication-by-b isogeny and A[b] its kernel, i.e. the group of b-division points of A.

1.2. Dual variety and Fourier-Mukai-Poincaré transform. We denote A = Pic’A the
dual abelian variety and P the Poincaré line bundle on A x A Givena € A (respectively
x € A), the corresponding line bundle on A (resp. on ﬁ) is denoted P, (resp. P,). The
Fourier-Mukai equivalences associated to P (see [M2]) are denoted

-~ -~

Op: D(A) = D(A)  Wp: D(A) = D(A)
(where D(+) is the bounded derived category). Similarly, we denote ®pv and ¥pv the Fourier-
Mukai equivalences associated to PY. A basic property (see ([M2, (3.1)]) is that
Qp(trF) = Op(F) @ P, (1.1)
The following formula ([PP, Lemma 2.1]) will be useful. For all objects 7 € D(A) and
G e D(A)
H{(A,F @ Vp(G)) = H(A, &p(F) @ G). (1.2)

Finally, using the Fourier-Mukai transform we will sometimes use the dualization func-
tor in the following form:

FY:= RHom(F,Oy,). (1.3)

1.3. Polarizations. Given an ample line bundle L on A we will denote [ its class in the
Néron-Severi group, and

W A— A
the corresponding isogeny (namely ¢,(z) = t*L® L™'). The type of [ is denoted (dy, .. . , d).

The dual polarization of | (see [BL, §14.3]) is denoted I. Tt is a polarization on A of type
(dy,dydy/dy_1, ... ,d1d,/ds, d,). Therefore

~

X(Dx(l) = (didy)”. (1.4)
Other useful properties (found in [BL, Proposition 14.4.1]) are
oL = (didg)a (1.5)

ol = did,l. (1.6)
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1.4. Vanishing conditions. Given a coherent sheaf F on A, or, more generally, an object
of D(A), its cohomological support loci are the subvarieties

VA, F)={a e A|h(A F® P,) > 0}. (1.7)
Given i € Z, F is said to satisfy the index theorem with indez i (or to be IT(i) for short) if
VI(A,F)=0 for all j #i.
If this happens then ®p(F) = R'®p(F)[—i] and the sheaf R'®p(F) is locally free. If this is
the case we will adopt the following notation
F = R®p(F). (1.8)

Another type of vanishing condition is generic vanishing. A coherent sheaf F (or, more
generally, an object of D(A) such that VI(A, F) = 0 for ¢« < 0) is said to be GV if the

following condition holds

codimp;04 V' (A, F) > i foralli > 0.

1.5. Simple semihomogeneous vector bundles. Semihomogeneous vector bundles on
an abelian variety A are vector bundles E such that for each x € A there exists a point
o € Pic’A such that #*E = E ® P,. The main reference for this topic is the fundamental
paper of Mukai [M1]. Here we recall the results of Mukai needed in the sequel. As above, let
L be a line bundle on an abelian variety A, [ its Néron-Severi class, and \ a rational number.
Following Mukai, we consider semihomogeneous vector bundles F such that

[det F]
rk(E) =M.

The set of such vector bundles is denoted S4 y ([M1, §6]). We are mainly interested in simple
vector bundles in Sy y;.

(a) For all A € Q and [ in NS(A) there exists a simple vector bundle E4 5 in Sy ([M1,
Theorem 7.11(1)]). Such simple vector bundles are unique up to tensorization with a P,, for
a € A ([M1, Proposition 6.17]).

(b) Write A = § (with b > 0) and denote A[b] the group of b-divison point in A. Let
u?(a,b) == ord(A[b] N K (al)).
Then, by [M1, Theorem 7.11(5)], we have that

%7 W(Bax) = xal) _ a'x(l) (1.9)

AN =1k FE =
rai(A) =1k Eqn uag(a,b)  way(a,b)

(¢) There exists an isogeny 7 : B — A and a line bundle M on B such that 7*E4 y, = M®"
([M1, Proposition 7.3]).
By [M1, Proposition 7.6(2)] such isogenies are exactly those factoring trough p : ®(E4 ) —

A, where, given any vector bundle E on an abelian variety A, ®(F) C A x Ais the subgroup
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associated to E in [M1, Definition 3.5], and p is the first projection restricted to ®(£). In
turn, [M1, Theorem 7.11(3)] asserts that, writing A = ¢,

CI)(EA,)\;) = Im(bA,cpal) A — Ax A, (110)

(d) Any F' € Sy, not necessarily simple, is of the form F' = @©;F; where F; € Sy is a
E s ® Py, -potent bundle (where o, € PicOA), i.e. has a filtration 0 C G; C --- C Gj_1 C
Gy = F, with G;/G,_1 = Ean ® P,,, (M1, Proposition 6.18, Theorem 7.11(2)]).

1.6. Q-twisted sheaves (or complexes) and cohomological rank functions. Q-twisted
coherent sheaves ([L, Definitions 6.2.1 and 6.2.2]) are defined as follows: one consider pairs
(F,d), where F is a coherent sheaf on an abelian variety A and J is a class in NS(A4)g. Two
such pairs are identified under the equivalence relation generated by (F ® L,d) ~ (F, L+ 9)
(where L is a line bundle and [ its class in NS(A)). The equivalence class of (F,J) is called
a Q-twisted sheaf and denoted F(d). Similarly, given an object F € D(A), the Q-twisted
element F(9) is defined in the same way.

We consider a class ¢ = Al, where A = 3 € Q (with b > 0) and [ is an integral class.
For an element F € D(A) the i-th (generic) (hyper)cohomology rank of F(zl) is defined as
follows ([JP]):
hi (A, FA)) := —h'(A, (b5 F) @ L @ P,) (1.11)

gen - h29
(here h'(A, -) means the dimension of the (hyper)cohomology vector space H'(A, -)), where
L is a line bundle representing [ and for o € Pic’A is general so that hi(A, (b F)® L®?*® P,)
is minimal. It is easily seen that this is well defined, in the sense that it does not depend on
the representation A = ¢ nor on the representing line bundle L ([JP]). We write
ix,f,;()‘) = h, (A, FAD).

gen

This defines continuous functions th’ 710 Q— Q=Y (extending to continuous real func-
tions, [JP, Theorem 3.2]). By definition, for a positive integer n we have that h'y z ., (\) =

hfzx,}‘,g(”)\)-

1.7. Vanishing conditions for Q-twisted sheaves (or objects). The rational numbers
(1.11) are well defined, i.e. independent on the representation A = #, only for o general
in A, i.e. when hi(A, (b F) ® L% @ P,) is the minimal value for a € A. Concerning the
i-th jump loci, i.c. the loci of & € A such that hi(A, (b%,F) ® L®® @ P,) is not minimal (in
particular, the cohomological jump loci of Subsection 1.4), they are not well defined, but
their dimension is.

In particular, it makes sense to to say that: a Q-twisted element of D(A), say F($I),

is IT(i) if (b5F) ® L® is so. Similarly, F(2l) is said to be GV if (b4F) ® L®* is so.
Concerning this, it is known by [JP, Theorem 5.2] (extending results of [H], see also [PP])
that:

(a) to be IT(0) is an open-below condition, i.e. F(Al) is IT(0) if and only if F{(A — &)l) is
IT(0) for sufficiently small ¢,



10 N. ALVARADO, G.PARESCHI

(b) a Q-twisted sheaf F(Al) (or, more generally, a Q-twisted object whose i-th cohomological
support loci are empty for i < 0) is GV if and only if F((A + ¢)l) is IT(0) for all £ > 0.

2. Q—TWISTED OBJECTS, SEMIHOMOGENEOUS VECTOR BUNDLES AND COHOMOLOGICAL
RANK FUNCTIONS

2.1. Relation between Q-twisted objects and semihomogeneous vector bundles.
The relation between simple semihomogeneous vector bundles and Q-twisted sheaves is in
the following slight precisation of (c) of Subsection 1.5, implicit in [M1] but not explicitly
stated.

Proposition 2.1.1. Let A = § € Q, let E4 5 be a simple bundle in Sy and let r4(N) =
l"kEAJ\L. Then

b Ea & (LO0)Fraid), (2.1)
where L is a line bundle representing [.

Proof. Tt follows from (c) of Subsection 1.5 that b% E4 y =2 M® 41X for some line bundle M
on A. It follows also that M has to be proportional to det(£) and hence that the class of
M has to be a multiple of [. Hence

DiBan = (LF)Frar

for some integer k, where L is a line bundle representing the class [. We have that [det E4 y| =

a0 and (b det Ey ] = b2[det Ea ). From this it follows that k = ab. 0

)

As announced, it turns out that the Q-twisted sheaf OfM’L(A)(M) behaves cohomolog-
ically as the bundle E4 y;, in the following sense

Proposition 2.1.2. We keep the notation of Proposition 2.1.1 and of Subsection 1.6. For
all object F in D(A) and for all \,t € Q and for all simple bundle Eax € Sa

zIA,JT@)J‘EA,M 1) =7ra5(N) hix,f,;()‘ +1).

Moreover a Q-twisted object F(Al) is IT(i), or GV, (see Subsection 1.7) if and only if the
object F @ E4 5 15 s0.

Proof. Let A = § and t = 5. Combining Proposition 2.1.1 and Lemma 2.1.3 below we have

that "

i TALl i

AFQEA N ,l(t) = bh2g A,b2f®L®ab,b2;(t>'
The right hand side is equal to

TA,Z()\) i % 2 b2 i
(o Moen (A (AO)3F © LEPTD) = g 0) iy (0 +).

O

In the following Lemma we record the fact that, essentially by definition, the cohomol-
ogy rank functions are multiplicative with respect to isogenies:
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Lemma 2.1.3. Let ¢y : B — A an isogeny. Then, in the above setting and notation,
jg,w*f,zp*; = (deg) iA,f,;-
Proof. As usual, let A = 7. Since bpt) = )by we have that
D90l o g gt (N) = Bl (B, 0" (05 F @ L)) = bl (A, (.0p) @ 03y F @ L9)  (2.2)

gen gen

where the last inequality follows from projection formula. Denoting 1& : A — B the dual
isogeny, the last member of (2.2) is equal to

> P(AWF © L% @ Payar) = (deg ) bl (A, b3 F © LP) = b (deg ) by z,(A)
o' €ker 1

where in the first member a € Pic’A is sufficiently general. 0

Remark 2.1.4. From the proof of Proposition 2.1.2 it follows that its thesis is satisfied by
every semihomogeneous vector bundle, not necessarily simple, satisfying (2.1). Therefore:

let A = % and E € Sy such that b3 E = (L)% (where r = rkE). Then h) o5 ,(t) =

r hfax,f,;()‘ +1)

2.2. Semihomogeneous vector bundles and the Fourier-Mukai transform. In this
subsection we describe the behavior of ample semihomogeneous vector bundles (and their
duals) with respect to the Fourier-Mukai transform. The following proposition is standard
(compare e.g. with [O, §1.4])

Proposition 2.2.1. Let [ be a polarization on an abelian variety A of dimension g, of type
(di,...,dy), and let E € Sayn. If X € QF (respectively X € Q™) then E is IT(0) (resp.
IT(g)) and E € S; 1 ; (see (1.8) for the notation).

T ddgr”

Proof. We know that E is a direct sum of E4y ® P,,-potent vector bundles, where E 4y
is as usual a reference simple vector bundle in S, and a; € Pic’A, (Subsection 1.5(d)).
Therefore we can assume that F is simple. Then the assertion about the vanishing conditions
is obvious, for example by Proposition 2.1.1 and projection formula. Concerning the Fourier-
Mukai transform, in the first place it is clear that E is semihomogeneous (and simple).
Indeed, denoting, as in [M1, Definition 3.1] ®°(E) = {(z,0) € AX A|t:E ~ E® P,}, it
is clear from (1.1) that the algebraic groups ®°(F) and CIDO(E\) are isomorphic. Hence the
claim follows from [M1, Proposition 5.1] asserting that a vector bundle on an abelian variety
A, say F, is semihomogeneous if and only if dim ®°(F) = dim A. The rest of the statement
is proved as follows. In the first place, by duality one can assume that A € Q. If this
is the case the Fourier-Mukai transform exchanges y with the rank, i.e. the rank of E is
h(E) = x(E), while h9(E) = (—=1)9x(F), is the rank of E. By Subsection 1.5(b),

Therefore
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where the last equality follows from (1.4). Therefore, again from Subsection 1.5(b), E €

As a consequence we have a different proof of the fundamental formula for the coho-
mological rank functions of the FMP transform [JP, Proposition 2.3].

Proposition 2.2.2. Let A an abelian variety and let F € D(A). For A € Q™

. . 1
i — _\)IRL (—
A,fi()\) - X(L)( A) hA7q>P(]:)7l( dldg)\) (23)
For A e Qt
) . 1
i _ g1.9—1t -
A,]“,é(A) - X(L)A hA\’q)Pv(]:v)i (dldg)\) (24)
Proof. Let A € Q™ and let E := Eg—ﬁz € Sg_mz be a simple vector bundle (on ﬁ)
o dydgA” T odidgA
By the previous proposition £ is IT(0), i.e. ¥p(E) = E[0]. By (1.1) and (1.2) we have
H(A,FRE® P,) = H(A &p(F) @ t:E). (2.5)

By Proposition 2.2.1 E® P, € Sa . Hence, applying Proposition 2.1.2 (for ¢ = 0) to both
sides of the previous equality, we have that

o, i !
rail= g Hari) = radMh o (= 705

Then (2.3) follows from the formula for the ranks in Subsection 1.5(b), or, more simply,
because rgi(—m) = (—=1)9x(FEa) and, again, applying Subsection 1.5(b).
The proof for A € Q7 is similar. Let £ € S; 1 ; be a simple vector bundle. In the

Ydydght

same way, by (1.1) and (1.2) we have

H(AFRE® P_,) = H(A &p(F) @t E). (2.6)
By duality (see (1.3) for the notation) we have that
H(AFRE®RP.,)~H (A F @ (E) ®P,)". (2.7)

~

The second equality follows from Proposition 2.1.2 as above, because (E)" ® P, is a simple
bundle in SA,)\L- U

Note that the equalities (2.3) and (2.4) are equivalent to those of [JP, Proposition 2.3].
Namely, for A € Q:
_ (=N 1

iA,J-',L()‘) = —X(l) hA,ﬁ{)p(]-'),L (_X) (2.8)
and for A € QF

i A 1
Pari) = W)hi,wz%v e (3): (2.9)
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Indeed (2.3) is equivalent to (2.8) because

- 1 - 1
J _ 17 _ 2179
Wi (X = P oot T gan) = X0 M i T g )

where the first equality follows from (1.6) and the second one follows from Proposition 2.1.3,
recalling that the degree of the isogeny ¢ is x(I)®. The equivalence of the equalities (2.4)

and (2.9) is proved in the same way.

Remark 2.2.3. Besides the fact that this proof of the above equalities is slightly simpler
than the original one in [JP], an advantage of the present approach to cohomology of Q-
twisted sheaves is that equalities (2.5), (2.6) and (2.7) hold for all points « € A, not only
for the general points. Although we will not do this in this paper, we point out that this
makes possible a more refined analysis of how the Fourier-Mukai functor transforms the
cohomological jump loci of Q-twisted sheaves. Interesting particular cases of cohomological
jump loci are ”generalized base loci”. We refer to Subsection 6.2 below for more on this.

Remark 2.2.4. [Cohomological rank functions of fractional polarizations] Obviously one can
formally define cohomological rank functions for abelian varieties equipped with a fractional
polarization vl with v € QT as follows

ix,f,y;()\) = ha,f,;(’//\) .

Note that, except for (2.8) and (2.9), where the isogeny associated to an (integral) polariza-
tion plays a role, all the results and formulas of the previous sections involving cohomological
rank functions (namely Lemma 2.1.3, Proposition 2.2.2 ) can be formally extended to this
setting. In order to do that, one can formally define the type of vl as (vd,, ..., vd,) and the

dual polarization v := vi. Then, for example, the transformation formula (2.3) extends as

i g L
arnN) =XWD(=N G4 ) 0 (_y2d1dg>\)'

Indeed
B A) =R N B () (—vrn —
ar ) =Wz i) =DV W0, 1 (= 505
. 1
= XOA W 00000 (~ )
, 1
x(W)(=A) hA,@p(}'),VL( (ydl)(ydg))\)'

3. @—TWISTS OF THE IDEAL SHEAF OF ONE POINT AND DUALITY

3.1. The cohomological rank functions and their thresholds. We will consider the
cohomological rank functions of the ideal sheaf of a closed point of a given polarized abelian
variety (A,l). For simplicity we take the origin e as closed point (however the functions are
independent on this choice).

For A € Q" the cohomological jump loci for the i-th cohomology of the Q-twisted sheaf
Z.(Al) are emply for i # 0,1 (see the terminology in Subsection 1.7). Moreover, it is easy
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to see that if Z.(Al) is IT(0) (respectively IT(1)) then the same holds for all A > X (resp.
N < \). Therefore it is natural to consider the two thresholds

B30 = supfh € QF | ZA is T} BA(0) = inf{A € QF | Z.(\) is IT(0)}

Remark 3.1.1. It is easy to see that §j(1) = inf{\ € Q" | h}y 7 ;(\) = 0}. Therefore 5}(1)
coincides with the threshold 5() defined at the beginning of [JP, §8]. We recall also that,
given A € QT,

A= 840 (3.1)
if and only if the cohomological support locus of Z,(\l) for the 1-th cohomology is a non-

empty proper subvariety of A. Because of the vanishing of the h? for ¢ > 2, this means that
Z.(Al) is GV (but not IT(0)). In turn this is equivalent to (3.1) by (2) of Subsection 1.7.

Also the similar thing for 33 ({) holds, namely that 83 (1) = sup{\ € Q*[h% 7 ,(A) = 0}.
We leave this to the interested reader.

3.2. Interpretation in terms of semihomogeneous bundles. In view of Proposition
2.1.2, semihomogeneous vector bundles allow explicit interpretations of cohomological prop-
erties of Q-twisted sheaves. In the case of the ideal sheaf of a point this is as follows. As
usual, given a polarized abelian variety (A,[), and a positive rational number A, let E4 5 be
any simple vector bundle in S, ;. Let us consider the evaluation map

eV - HO(A,EA,M) & OA — EA,)\L-

Then: fori = 0 (respectively, i = 1) the value by 7 ,()) is the generic rank of the kernel
(resp. cokernel) of the map ev 4y, normalized by the rank ra,(\). Indeed, by Proposition

2.1.2, Iy 7 ,(N) = Tlmhi\,I@EA,M,L(O)' From the exact sequences

0 —>Ie & EA7M® Pa — EA,M®P0¢ — EA7A£®PQ (029 k:(e) — 0, (32)
recalling that the vector bundles Ey4 5 are IT(0) for A > 0, it follows that, for ¢ = 0,1, the
cohomological ranks hi\,@@ £, ,1(0) are respectively the dimension of the kernel and of the
cokernel of the evaluation map H(A,E4y ® P,) = HY(A,Ean ® P, ® k(e)) for general

a € A. By Remark 3.2.1 below, this map coincides with the evaluation map H®(A,t5E4.) —
HY(A,t:Ean ® k(e)), i.e. the evaluation map HY(A,Eay) — H°(A, Eayn ® k(—x)), for
general r € A.

Remark 3.2.1. It is useful to keep in mind the well known fact that, for A\ # 0, all simple
vector bundles E4  ® P, € Sa are translates F4 . This follows from (c) of Subsection
1.5 (or Proposition 2.1.1).

In particular, the thresholds £ (I) can be interpreted as follows

Proposition 3.2.2. Let A € Q. Then

(1) A > BL(1) if and only if E4y is globally generated.

(2) A= BL(1) if and only if Ea is generically globally generated but not globally gener-
ated.

(3) A < BY() if and only if every global section of Ea y is nowhere vanishing.
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(4) A= BY(1) if and only there are zeroes of global sections of Eay but they don’t fill A,
i.e. the evaluation map

HY(A,Ean) ® O4 — Ean (3.3)

is injective as a map of sheaves (but not as a map of vector bundles).

Proof. (2) follows directly from the above interpretation and Remark 3.1.1. (1) follows in
the same way. Items (c) and (d) are similar. O

Remark 3.2.3. Clearly 39(I) < 84(l), and it can happen that equality holds. For example
this is the case for principal polarizations, where in fact 89(1) = 84(I) = 1. In general, if
there is a A € Q% such that the evaluation map evy4 y is injective and generically surjective
then 8%(1) = B4(1) = A. In turn this yields that x(E4) = rkE4 .y, 1.e., using Subsection

1.5(b), A = {/lm (where g = dim A). (To this purpose we recall that in [R, Theorem A(1)]
x(l
Rojas shows that, for polarized abelian surfaces (A, 1) with [ of type (1,d) such that [ - D is

a multiple of [? for every divisor class D, if \/x(l) is integral then 89(1) = B4 (1) = ﬁ)
x(l

3.3. Duality. A key point for the results of this paper is the following simple lemma. For an
abelian variety A we denote e its origin and é the origin of A. The corresponding skyscraper
sheaves are denoted k(e) and k(é). We use the notation (1.3) for the derived dual.

Lemma 3.3.1. ®p(Z)) = I:[—g + 1].

Proof. Dualizing the trivial exact sequence 0 — Z, — O4 — k(e) — 0 we get that

OA fori =0
Ext'(L.,0n) = k(e) fori=g—1
0 otherwise.

It is well known that ®p(Oy4) = k(é)[—g] ([Mu, Proof of Theorem in §13]), and it is clear
that ¢p(k(e)) = O3[0]. Therefore the spectral sequence RP®p(Exti(Z,, O4) = RPT1Pp(L))
collapses giving the exact sequence 0 — RI'®p(ZY) — O — k(é) — 0 and the vanishings
R'®p(ZY)=0fori#g—1. O

Plugging Lemma 3.3.1 into the second formula of Proposition 2.2.2 we get the following
fundamental symmetry between the cohomological rank functions of the ideal of one point
on an abelian variety and on its dual.

Theorem 3.3.2. For A € Q" andi=0,1

| 1
i o 1—2
Az = XX (G5

Therefore

, 1
Y1) = ————.
BA (—) dldgﬁi\,l (é)
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Remark 3.3.3. Also the previous Theorem formally extends to the setting of fractional
polarizations (see Remark 2.2.4), giving

. . 1
i o 1—i
azem(A) = X(”D/\gh&Iéﬂ(ﬂdldg)\)‘

4. MULTIPLICATION MAPS OF GLOBAL SECTIONS AND THEIR THRESHOLDS.

4.1. Relation between cohomological rank functions. Here we will establish a relation
between the cohomological rank functions of the ideal of a point and the ones of the evaluation
complex of a suitable simple semihomogeneous vector bundle. This generalizes [JP, §8] (with
a slightly simpler treatment).

We have the following Fourier-Mukai lemma.

Lemma 4.1.1. Let Eq, be a simple semihomogeneous vector bundle in Sa 1, where v = ¢,
with a,b > 0. Applying the functor o3, ®p to the restriction map

EA,Vl — EAWL X k(e)
one gets the twisted evaluation map
szO(A, EA,VL) R L®—ab SN OfTA,L(V) ~ (szAJ/l) ® L®—ab

where 74,(v) = rkE4,; and L is a line bundle representing | such that b E = (L®%®)®r4.()
(Proposition 2.1.1).

Proof. We know that E4,,; is an IT(0) vector bundle. We claim that
PuEap = (L)) (4.1)

where L' is a line bundl/e&presenting [. To prove this we argue as in the proof of Proposition
2.1.1. We have that rkE 4 ,; = h°(A, E4 ;). Moreover E 4, is simple and belongs to ng—dligul
(Prg;gsition 2'2'1)' Therefore, according to Subsection 1.5(c), we hzive thit the subgroup
P(Ea) C A x A is the image of the morphism ((adidy)z,¢,;) : A = A x A, and any
isogeny ¢ : B — A factoring trough the restriction to @(lm) of the first projection of
A x A is such that w*m o~ MO (AEau) for a line bundle M. Since (adidg) 3 = Pap;
((1.5)), it is casily seen that in fact ¢, : A — A satisfies such a condition. Therefore
902;@,\/\1 o~ N (AEaw)  To see who is M, recall that by Proposition 2.1.1, we know that
(adldg)}E/A\w o ([/®abdhde)eh® (A Eau) where L/ is a line bundle representing . From this,

using again that (adidy)z = pap; and that @il = dyd,l ((1.6)), the claimed (4.1) follows.

Next, we need to understand the induced map
Par(Eam) = ©u(Eau ® k(0)). (4.2)

Concerning the target, we have the isomorphism ¢} (E A,@(O)) = Ofr”@). By (4.1), the

map (4.2) is identified to a morphism (L'®™")&M°(AFam) Ofm,;(v)_ Recalling how the
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Fourier-Mukai transform operates, we have that (4.2) is an evaluation map of global sections
of E4,; tensored by L'®~*". Since we know by Proposition 2.1.1 that b% E4 ;@ L&~ is trivial
(for a suitable line bundle L representing [), it follows that (4.2) is identified to a twisted
evaluation map b4 HO(A, Ex,) @ L'®™® — b5 Ey,, @ L2, Tt follows that L&~ = [/~
and the proof is complete. O

Let us denote £V} , the complex
0— HO(A,EA,,,D & OA — EA,VL —0 (43)

(see Remark 4.2.1 below about the notation). The basic result we are interested in is the
following relation between the cohomological rank functions of the ideal sheaf of the origin
and of the above complex. We use the notation of Remark 2.2.4 about cohomological rank
functions associated to fractional polarizations.

Proposition 4.1.2. Let v € QT and X € (0,v)NQ. Then, in the notation of Remark 2.2./,
(1—N)9 , A

) N= —~— "7 ? o ). 4.4
AerJd( ) X(Vl)TAi(V) A,EVVL,VL(]_ . A) ( )

Proof. Let t € QN (—1,0) and write v = §. We have that

1 ; t

! 1+t)=hn 1+1t)=——hn t)=—n - 4.5
Azl +1) =hlyz,(v(1+1)) rai(v) A ZowEa (V) () A,I()@EA,UL,GL(())? (4.5)

where the second equality follows from Proposition 2.1.2. Since Z. ® E4,,; is isomorphic
(in D(A)) to the complex 0 — Ea, = Ea, ® k(e) — 0, it follows from Lemma 4.1.1
that ] ®p(Z. ® Ea,y) is isomorphic, in D(A), to the complex (0% EV} ) ® L. Thus the
Fourier-Mukai transform formula (2.8) yields that

t. (=), b

.ZA,ZQ®EA,,,L,O,L(Z_)) = X(al) A,(bZEVJZWL)@L@—ab,al(_Z)' (46>

Manipulating the right hand side we get

(‘%)9#‘ b (_%)ghi ; b
() "o gsenal =) = Sy tan el =0
(_E)g . b
— X(gl) Yy szVA,u;l(a(_Z — b))
(_%)g 2914 a b
= D b9 AEVS l,;(b—Q(—Z —b))
(—t)? v(1+1)

Combining with (4.5) we get

A,Ie,ljl(l + t) — _—A,(]/) AvEVA’VyVl(_T).
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The Proposition follows letting A = 1 + ¢. O

4.2. Interpretation in terms of semihomogeneous vector bundles. By Proposition
2.1.2, (4.4) can be equivalently written as follows

, (1—N)9
az.a(N) =

e XWDras(s25)ran(v)
For A € QN (0,v) both the vector bundles Eyu and F4, ® Ey o, are IT(0).

Therefore the appropriate spectral sequence computing the hypercohomology of the complex
EVY,® EA,ﬁl ® P, collapses to the cohomology of the complex

NP () (4.7)

A, ’\Vl

A
I—X
wha

m

(4.8)
where the notation for the multiplication map of global sections is the one of the Introduction,
see (0.1) .

Hence the cohomology ranks Ay BV GE 1(0), 2= 0,1 are nothing else than the

A 43
A,ﬁul

dimensions of the kernel and of the cokernel of the multiplication map of global sections
>\

my, ol o for generic a € A.

Remark 4.2.1. The notation me4 s for the maps of multiplication of global sections, as
well as EV} , for the evaluation complex (4.3), are in fact a simplifying abuse, because
both the maps and the complexes do depend on the representing semihomogeneous bundles
chosen. However the cohomological rank functions built on them, as well as the thresholds,
do not depend on that.

Combining (4.7) for v = 1 and Corollary 3.3.2 we get the following Corollary, which
ultimately can be seen as a duality relation between the QQ-graded modules gS'%(L7 a) and
S%(M ,x) mentioned in the Introduction (where L and M are line bundles respectively on A

and A representing the polarizations [ and z), not holding at the level of section rings S4(L)
and S3(M).

Corollary 4.2.2.

didgA—1
(L=N o) = XONCai (0)
Apvyep, V)= —= + e ;(0).
Wy et O = g S v el

4.3. Thresholds and relation between them. At this point it is natural to consider the
injectivity and surjectivity thresholds for multiplication maps of global sections mentioned
in the Introduction, namely

s%(vl) = sup{y € Q| M 1.0 18 Injective Va € AY,

sy(vl) = inf{y € Q| mY, , is surjective Va € A}



SEMIHOMOGENEOUS VECTOR BUNDLES, Q-TWISTED SHEAVES 19

Remark 4.3.1. In view of Subsection 4.2 the condition that the map m¥ Lo 18 injective

(respectively surjective) for all a € A is equivalent to the fact that the complex E VA QE Ay
is IT(1) (resp. IT(0)). In turn, by the last part of Proposition 2.1.2, this means that the
Q-twisted object EV} ,(yvl) is IT(1) (resp. IT(0)). Therefore all results of Subsection 1.7

apply. Hence, as in Remark 3.1.1, the above thresholds can be equivantly defined as follows

5?4(”@ =sup{y € Q| h?ﬁl,EVA,VL.u;(y> = 0}, 5,14(VD = inf{y € Q| hilax,EV/;w.y;(y) = 0}.

As a consequence of Proposition 4.1.2 we have Proposition B of the Introduction:

Corollary 4.3.2. For v > (1)
s(vl) = Bl (4.9)

Remark 4.3.3. The above Corollary is valid also for v = £4(l) letting s’y (vl) = +oo. In
fact, by (c) and (d) of Proposition 3.2.2, if v < S9(1) then s%(vl) = +o0o. Indeed the
evaluation map of global sections of the bundle E, ,,; is injective (as map of sheaves), hence
all multiplication maps of global sections mfﬁwl’a are injective for all y > 0 and for all o € A
Similarly, by (a) and (b) of Proposition 3.2.2, if v < 84(I) then s} (vl) = +oo. Indeed E4
is not globally generated and, as a consequence of Serre’s theorems it follows that for y
sufficiently big no multiplication map of global sections mi{wl’a can be surjective.

Remark 4.3.4. This remark will be useful in the next section. It follows from Remark
2.1.4 that (4.7), (4.8) and in the definition of the thresholds s%(v1), the simple vector bundle
E 441 appearing as second factor of the source of the multiplication maps m, , , can be
replaced by any vector bundle (not necessarily simple) E € Sa,,; such that (2.1) holds (for
A =yv).

Remark 4.3.5. Let v, u > (4(I) be rational numbers. By means of Corollary 4.3.2 we can
express the thresholds s (v1) (for i = 0,1) in function of the threshold s (ul):

vsy(vl) _ psy(pd)
L4 sy(wl) 1+ sy (ud)

(4.10)
This seems to be non-trivial already when v and p are integers.

Finally, we note that combining Corollary 3.3.2 and Corollary 4.3.2 one gets formulas
relating i-th thresholds for A and (1 — 4)-th thresholds for A (for ¢ = 0,1). In particular,
plugging Corollary 4.3.2 (for i = 0, on (g, 1)) in Corollary 3.3.2 (for i=1) we get the following
result (Corollary C of the Introduction). It will be applied the next section.

Corollary 4.3.6. For v > 5%@)

L) = s%(yz) +1
A (Wl)dydgv

0
S
A
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5. BOUNDING THE THRESHOLDS

The aim of this Section is to obtain a lower bound on the base point freeness threshold
B4 (1). In view of the last Corollary, this is equivalent to an upper bound on the threshold

s%(ul). In the next Lemma we show such an upper bound. As usual the rank of a simple
bundle Ey4,; € Sa,,; is denoted 74,(v).

Lemma 5.0.1. If v > $9(1) then

sy (Wl) < ray(v).

Proof. To prove the assertion it is enough to show that, under the assumption v > 39(1),
there is a point o € A such that the multiplication map of global sections

mrAf’Vi,;) : HO(A7 EA,Z/L) ® HO(A7 EA,TA’l(V)Vé & Poz) — HO(Aa EA,Z/L & EA,T’A’A(V)VA & Pa)

is not injective (in fact this means that EV} , ® Ea,, ) is not IT(1), see Remark 4.3.1).

[detEA,uL] _
rau(v)
vl. Hence Eapry w18 a line bundle representing 74,(v)vl, i.e. a line bundle of the form

ANt Ey @ Py for B € A. Hence it is enough to prove that the map

Note that, by definition of S 4 ,,;, the rational number 74 ;(v)v is integer because

HY(A,E4,) @ HY(A N4 E, ) — HY(A, Epy @ N4 E L ) (5.1)

is not injective.

To this purpose we claim that this is true under the stronger assumption

v > Bi(l) (5.2)

(by Subsection 3.2 this means that E,,; is generically globally generated).

To prove what claimed, we first note that the image of the composition

ANFTa HO(A By ) —— HY(A, Ex) @ A"t HO(A B L) (5.3)

T— e

H(A, Expn) © HO(A N4 Ey )

sits in the kernel of the multiplication map (5.1). Indeed (5.1), restricted to the image of
(5.3), factors through H(A, A4 E, ) which is zero.

On the other hand we assert that the image of (5.3) is non-zero. To prove this we first
note that A4t HO(A E, ;) itself is non-zero. Indeed, by assumption (5.2), the bundle
FEa,; is at least generically globally generated, hence h°(A, Fa,i) = X(Fau) > rai(v).
If equality holds then Remark 3.2.3 tells us that v = B%(L), contrary to the hypothesis.
Moreover, again because E4,; is assumed to be generically globally generated, the map f
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appearing in (5.3) is non-zero. Dualizing (5.3) we get

HO(A, Eq)Y © HOA N E, )Y 20 HO(A By )Y @ NAtO YA EqL)Y L (5.4)

T

AFTAL HO(A By )Y

where the vertical arrow is the usual multiplication in the Grassmann algebra, and it is clear
that such composition cannot be zero. This proves the assertion, and the claim.

As already mentioned, the claim yields that s%(vl) < ra,(v), i.e. the Proposition,
under the additional assumption (5.2). If such assumption is not satisfied then the rank
of the evaluation map of global sections of E4,;, say s, is strictly smaller than the rank of
ra,(v). But then, by the same argument as above, the multiplication map of global sections

H(A,Eq,) @ HY (A, AN°Ea,) — HY(A, Eay @ A°Eay) (5.5)

is not injective. The vector bundle A°E, ,; is semihomogenous, and, being a direct summand
of Ef‘}l, belongs to S ¢,;. Moreover it satisfies (2.1) (this follows from the same Proposition

2.1.1). Therefore s9(I) < s because, by Remark 4.3.4, we can replace F4 4, with A*E4,; in
the definition of s%(1). Since s < 74,(v) the Proposition is proved also in this case. O

As a consequence we have the following upper bound for the base point freeness thresh-
old, slightly more precise than Theorem D of the Introduction.

Corollary 5.0.2.

14+7r35(v)
Ll _TTARY)
Pall) 2 uj};f?m{dld VTAZ( )}

Proof. We have
1 ZCEN (Vl) vrzi(v)
e = 050 = < -
dydy34(1) 1+ s% (VD L+7rz,0)
where the first equality is Corollary 3.3.2, the second one follows from Corollary 4.3.2 and the

last inequality follows from Lemma 5.0.1 applied to the dual polarized variety (A\, z) (under
the hyothesis v > 55%(1))). O

Theorem D in the Introduction follows because in any case —— > 8%(1). Indeed, let
Vx(®) 4

v € Q" such that v < B%( (1). Then, from Proposition 3.2.2(4) it follows that hO(Eg’Vl) =

X(E3,) <rz5(v). Then it follows that — () > 19 (Subsection 1.5(b)).

Now we turn to the proof of Corollary E. Let (di,...,d,) be the type of [. Hence the

type of [ is (dy, %, ce dzld" dy). The inequality of Corollary E(1) follows from Corollary
5.0.2 (or Theorem D) for v = 7~ (which contributes to the sup as soon as dy > d;). In fact

in any case r Ai(d_ll) =1 (and Ej 1 is a line bundle representing the polarization d—lll)
1 vl
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The inequality of Corollary E(2) follows taking v = % In the case at hand the type of lis
1

(1,m,...,m,mn) and therefore, according to (1.9), r3;(;,) = m.

6. PROBLEMS, REMARKS AND VARIANTS

6.1. Approach to upper bounds. Although in this paper we used semihomogeneous vec-
tor bundles to produce a lower bound for the base point freeness threshold 8(1), it seems
plausible that they can provide an approach to the search of upper bounds for 8}(I) too.
Such upper bounds lead to criteria ensuring projective normality and the N, conditions. In
fact, via Proposition 3.2.2, this would follow from (generic) global generation criteria for
ample semihomogeneous vector bundles. For example, a first natural case to consider is
when the rank r4;(v) = 2 and x(E4,;) > 2. Assuming that the polarization is primitive,
i.e. that d; = 1, by (1.9) this happens if and only if » = % and the type of the polarization

2
has the form (1,ds, ...d,) with dy even and dy > 2 .

6.2. Jump/degeneracy/base loci. An important role in the theory of cohomological rank
functions is played by the dimension of cohomological jump loci of Q-twisted sheaves (see [JP,
Proposition 4.4]). As mentioned in Subsection 1.7, the dimension of such loci is well defined,
but the actual loci are defined only up to pulling back or pushing forward via isogenies
and/or translations. However there are instances where realizations of jump loci, not only
their dimension, would be important. Such realizations can be produced (up to translation)
via simple semihomogeneous vector bundles. For example if the base point freeness threshold
B4 (1) is a rational number, say A, by Proposition 2.1.2 one can take take as realization of
(the support of) the base locus the pullback via the isogeny ¢; of the degeneracy locus of
the evaluation map H°(A, E4 ) ® Oq — Ea .

Another example of the interest of jump loci in our setting is in relation with projective
normality. The key condition for projective normality is the surjectivity of the multiplication
map of global sections H°(A, L) ® H°(A, L) — H°(A, L®?). As we already mentioned, this is
equivalent to the fact that the identity point é € A does not belong the cohomological support
locus V1(A4, BV}, ® L). At present, it is not clear when this happens. The question is not
vacous only when Vl(A BV} ® L) is a proper subvariety, and we know that this happens if

for

i)
T 1/72 ‘
is non-empty. The question is whether one can follow the various steps of the prgoof of
Corollary 4.3.6 in order to describe the former cohomological support locus in function of
the latter. In this way one could understand whether the polarization [ is or is not projectively
normal.

and only if 8} (I) = 5. In turn, via Corollary 4.3.6, this is equivalent to s% A(l/l) m

some v. This in turn means that the cohomological support locus VO(A, EVé VI®E 1

6.3. Jets-separation and higher gaussian maps. The results of Section 2 are completely
general, and they can be applied to other interesting situations. For example, as pointed
out by Alvarado in [A], for each ideal sheaf Z in a polarized abelian variety it is natural to
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consider the vanishing threshold
inf{\ | Z(Al) is ITO}.

When Z = Z, is the ideal of the origin one recovers the base point freeness threshold 3% (1).
Other approachable examples are for Z = Z**! where one gets the k-jets separation thresh-
olds, here denoted B}M(D. Via Proposition 2.1.2 this is translated as follows

Bax(l) =inf{\ € QF | 5T ® By is ITO}.

As in Subsection 3.1, an upper bound for such thresholds, say 6}17k(£) < ), can be translated
in the generic k-immersivity of the semihomogenous bundle £, y; for A > 5}47 (1), and equality
holds if and only if £ y; is generically k-immersive but not immersive.

Such thresholds are very precisely related to the Seshadri constants, here denoted € 4(1),
as follows ([A, Theorem 4.1]):

E+1 kE+1
ea(l) =sup = lim ——. (6.1)
k ix,k@ k—yoo 5,14,k(l>

In parallel with the correspondence between the base point freeness threshold and the
threshold s!y(1) for surjectivity of multiplication maps of global sections, the FM transform
induces a correspondence between k-jets separation thresholds and thresholds for the sur-
jectivity of higher gaussian maps, here denoted skk(é) (see [A, §6]). Again, they can be
computed by the failure of surjectivity of higher gaussian maps of specific semihomogeneous
vector bundles. This is useful in producing explicit equations for the loci of polarized abelian
varieties whose Seshadri constant satisfies a given upper bound. An example of this is in
[AP, Subsection 5.3].
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