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We prove some no-go theorems on the existence of a Fock representation of the x-Lie
algebra generated by B! (¢ fo b1L bkds where bl, bs are the Hida white noise densities.
In particular we prove the nonexistence of such a representation for any *-Lie algebra
containing b3. This drastic difference with the quadratic case proves the necessity of
investigating different renormalization rules for the case of higher powers of white noise.
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1. Introduction

The standard boson white noise Lie algebra is defined by its generators, by, bl, 1
(central element) in the sense of operator valued distributions over R? on an appro-
priate space of test functions (cf. Ref. 5 for this notion), and by the commutation
relations:

s

(b, 0]] = 0(t —8)1; s, >0 (1.1)
[b],b] = [be, bs] = 0. (1.2)
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130 L. Accardi, A. Boukas & U. Franz

Our goal in this paper is to investigate the possibility of giving a meaning to the
higher powers of white noise, i.e. the symbolic expressions

ol mke{0,1,2,..) (1.3)

as generators of a Lie algebra with commutation relations obtained by formally
extending, using the Leibnitz rule, the relations (1.1), (1.2) to the symbols (1.3). As
shown in the following section, this formal extension involves higher powers of the 4-
function and some renormalization is required to give a meaning to these powers. As
shown in Ref. 9 the renormalization procedure usually adopted in physics (introduce
a cutoff and then take limits to remove it) can only lead to trivial (i.e. Gaussian)
limits.

A new approach to the problem was proposed in Ref. 5 where it was suggested
to renormalize the commutation relations of the higher powers of white noise and
then to look for a Fock representation (cf. Definition 4.1 below) of the *-Lie algebra
obtained in this way.

Since the Lie algebra commutation relations, together with the Fock prescrip-
tion, uniquely determine the statistics, i.e. the scalar product in the representation
space, the problem is reduced to the proof that the combination of these two ingre-
dients leads to a positive-definite sesquilinear form.

This leads to the problem of finding a definition of these renormalized powers
of quantum white noise (RPQWN) with the additional properties that:

(i) The resulting commutation relations define a *-Lie algebra structure which,
when the test function space is restricted to the linear span of the characteristic
functions of n mutually disjoint open sets (n € N), becomes isomorphic to the full
oscillator algebra, i.e. the *-Lie algebra generated by the powers a’, a;k of the
generators of the Schrodinger representation of the n-dimesional Heisenberg—Weyl
Lie algebra with central element E:

[aa,a;] =260 pE; a,B=1,...,n; c € R\{0}.

This condition is needed to guarantee that the distribution of (b; + bl)* in the
Fock representation (if it exists) will effectively be the kth power of a Gaussian
distribution.

(i) This *-Lie algebra admits a Fock representation.

(iii) The space of test functions over which the RPQWN are defined contains
characteristic functions of open sets of arbitrarily small (Lebesgue) volume.

This program was successfully realized in Ref. 5 for the second-order powers
and lead to an unexpected connection with the Meixner distributions in Ref. 3
(cf. Ref. 1 for more information on this connection). In this paper we begin to study
the problem for the higher powers of white noise. In order to state more precisely the
problem, let us recall that the main result of Ref. 3 can be formulated as follows: the
current algebra over the Lie algebra sl(2,R) admits a Fock representation (hence,
up to isomorphism, only one).
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Now sl(2,R) is isomorphic to the Lie algebra generated by a?, a™2, N := a™a
and the Heisenberg—Weyl algebra is generated by a, a™, 1 (the symbols are referred
to the Schrodinger representation. Since the current algebra over the Heisenberg—
Weyl algebra (given by (1.1) and (1.2)) has the usual Fock representation, it is
natural to ask oneself whether the current algebra over the combined Lie algebra,
i.e. the one generated by

a,at,1,a®,a?,N:=a"a

(and called the Schrodinger algebra) has a Fock representation.

Sniady first raised this problem and proved in Ref. 11 that, surprisingly, the an-
swer is negative. Accardi, Franz and Skeide extended this result in Ref. 3 by showing
that there can exist no Lévy process on the Schrodinger algebra whose restriction to
the Heisenberg-Weyl algebra is not identically zero and whose restriction to sl(2, R)
gives the Fock representation of the current algebra over sl(2,R).

From these results one deduces that: there exist subalgebras of the full oscilla-
tor algebra such that the corresponding current algebras separately admit a Fock
representation, but not jointly, i.e. the current algebra over the Lie algebra gener-
ated by their union does not admit a Fock representation. In particular the current
algebra over the full oscillator algebra does not admit a Fock representation.

On the other hand, since the *-Lie algebra generated by the powers a”, a;k with
h, k > 3 has zero intersection with the Schrédinger algebra, one could hope that at
least the current algebra over this Lie algebra exists.

In this paper we prove that this is not the case. More precisely we prove two
no-go theorems for the full oscillator algebra which imply that the current algebra
over the Lie algebra generated by a®

The last section of this paper is devoted to a new no-go theorem for the
Schrodinger algebra which excludes the existence not only of the Fock represen-
tation, but also of a large class of Gaussian non-Fock representations, including the
finite temperature representations constructed in Ref. 7.

, 13 does not admit a Fock representation.

2. Formal White Noise Commutators

Lemma 2.1. For | € N denote 6'(t — s) the formal Ith power of the §-function
(6 :=1). For allt, s € Ry andn, k >0, the rules (1.1), (1.2) imply that

b7, 08" = enocro > (7) EO byl (- 5) (2.1)

1>1

where
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Moreover, for k=0,1,2,...

0 _ k(k—1)(k—2)--(k—1+1) ifl—1<Fk,
o 11>k,

In particular

EO =1,

Proof. We will let k be arbitrary and use induction on n. The cases n = 0 and/or
k = 0 are obvious. For n =1 and k£ > 0 we have

by, 1] = bl — "B, = bybibl" " —b1"b,
= (blbe + 6t —s)bl" —bi'D
= bbbl 8t — sl — bl b,
= bbbl ot —s)bl — bl b,
= bi(biby + 6t — )bl "+ 5t —s)bl — bl by
= bbbl 5t —s)bl ot — sl —bi'h,
= bbbl +28(t — s)bl — by
= bl bbbl 25(t — s)bl — b b,
= b (b, +5(t — 9)bl" " +20(t—s)bl " — bl b,
= bbbl 35t — )bl — bl by

=bi"by + kS(t— )bl — bl

= ko(t —s)bl"
=Y (}) Db b1l — s).
>1

Thus (2.1) is true for n = 1. Suppose that it is true for n = m. We will show
that it is true for n = m + 1. We have

byttt = pbmpt”

= b [ b b+ > (’l") EOp" pmlst(t — s)

>1

= bbb bO( - s) + Y (’?) EObbt" b lsl(t — )
1>1
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= b bt kbl bmat—s+2( )k” oI b,
1>1

—1—

+(k—Dbl st — st (t — s)

= bl oy kol b —s) + D ( ) OByt ¢ — )
1>1

- Z( ) —npl e (g — )

>1

which, upon letting L = [ + 1 in the last sum, becomes

= b b kb b - s) + Y <T> KOpE gl )
>1

m _ k=L
+> (L_ 1) EE=D(k — L+ 1)l “pm sl — )

= bl bt kbl S (E — s) + mkbl BPS(E — 8)

+ <’7> + <z T1> KO bl (¢ — )
=2

FEM™ (e —m)bl" " 5™t — s)

= b1 b+ (m+ k)b bS(t — s)

i m m E=l 0
+Z<<Z>+(l_1>)k<”b§ [ L (A
=2

F RmADRT T gmy gy
Using () + (™) = (mfl) this becomes

= b1 B 4 (m 4+ DB (E — 8)

+>° (ml* 1) OByt st (¢ — )

=2
k—m—1

+ kO Dpt 8 (t — s)

= b ot 4 <m;r 1) EOpt" pm—ttsl(p — gy

1>1
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Lemma 2.2. Forallt, s € Ry andn, k, N, K >0,

n n k N
b BEbE " 0 = 0] b1 0K +eroeno D <Z)N<l>b1 bi" Sl —s) . (2.2)
1>1

Proof.
bl bEol” b = b (bF0l )b

= o ([F, b1+ b1 b

b;rn 6k,0€N7OZ (?) N(l)biN_Lbf_l(Sl(t— 5) + biNbf bf

>1

= €k,0€EN,0 Z (?) NOprpt™ pE1pE st (£ — 5) + bl bFbE
1>1

= €k0eN0 D (?) NOGp™ T B E st — s) + b bt BRBK

1>1 U
Lemma 2.3. Forallt, s€ Ry andn, k, N, K >0
[} of 01" K] = eroeno Y (’;) NOR o™ pE-1pK st (¢ — )
1>1
K\ ()N it K—Lyk s
— €K.06n0 Y o)t bt (- s) . (23)
L>1

Proof. The first term on the right-hand side of (2.1) is
b bl bEpE = b1 b b b
= o (o} LT+ bS] it

= ol (5, 6]+ Kb ok

=" —en,oex,oZ@)””)bTlbf‘l5l(t—s>+b§b1" b}
1>1

= —€n0€K0 Y (IZ() nObt™ bl B ksl (¢ — 5) + b1 b D] b
1>1

from which (2.3) follows by substituting into (2.2). O
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3. Renormalized White Noise Commutators
Motivated by Ref. 5 we introduce the renormalization
Ot —s) =c1_16(t — s), [>1, co=1, (3.1)
where the ¢;_; are constants to be defined and
c—1 >0, vi. (3.2)

Let f be a test function. We define the symbols

BL() = [ Fon vt (3.3)
with involution
(BE(F)* = BE(P) (3.4
and with
BY(H) = [ st = u(r), (3.5)

where 1 is the identity operator. Multiplying both sides of (2.3) by test functions
f(t)g(s) and formally integrating the resulting identity (i.e. taking [ [ ---dsdt), we
obtain the commutation relations

[BR(9), BR ()] =Y _bo(K,n)BEI=F(@f) = > bk, N)BR{r=l(af). (3.6)
L>1 >1

where n, k, N, K € {0,1,2,...} and
€n,k ‘= 1- 6n,k )

where 6, » is Kronecker’s delta, and

bz(ya Z) ‘= €y,0€2,0 (z) Z(I)Cz_l .

The positive constants ¢,_; are those in (3.2) and the factorial powers @ are
defined by:

aW =z —1)--(z—y+1), (3.7)

with 2(9) = 1. In particular (3.6) contains the commutation relations of linear white
noise:

[BY(9), Bs(f)] = (g, f),
[BY(9), BL(f)] = BY(4f),
[B1(9), By (f)] = By (3f)
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and of the renormalized square of white noise:
[B3(9), By (f)] = 4Bi(3f) + 2¢{g, f),
[B1(9), B3 ()] = —2B3(gf).
[B1(9), By (f)] = 2B3(3f)-
Choosing in (3.2)

=1, c>0, VI (3.8)
and fixing all test functions to be multiples of a fixed f = x; for some interval
I, one obtains a Lie algebra isomorphic to the (infinite dimesnional) Lie algebra
whose generators are the powers of the generators a,a’, of the one-dimensional
Schrodinger representation of the CCR. From this, one can deduce that there exist
choices of the constant ¢ such that, if one chooses the test function space sufficiently
small (e.g. the linear combinations of the characteristic functions of a finite set of
mutually disjoint intervals), then the commutation relations (3.6) effectively define
a Lie algebra. In what follows we will use the notation

By = By (x1), (3.9)

where I C R with pu(I) < 400 is fixed. Moreover, to simplify the notations, we will
use the same symbol for the generators of the RPQWN Lie algebra and for their
images in a given representation.

Proposition 3.1. For any representation of the RPQWN Lie algebra, for all a,
B, v >0 and all n > 1, the following identity holds:

BE(BS)”=(BS)"B§+Z<?) 3 Hh,(ﬂ Z%)
1=1

L1,La,...,L;>1j=1

Y\n—i pa+iy— Eu} ol
x (By) Bﬂ S , (3.10)
where Ly = 0.
Proof. For n = 1 the formula becomes
B§B] = B{Bj+ > b, (8.7)B5 1" (3.11)

Li>1

which is true by (1.5). Assuming that (3.10) is true for n = k we have

k
(6% (0% « k
By (B])+ = B(B])°B = ((Bngg +3 (5
=1

x Yy HbL, (5 ZLw, ) (By)* By > Zwo )Bg

Li,Lo,...,L;>1j=1
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which, by (3.11) and the fact that by (3.6)

atiy=Y 4 _o Luw oy
By i Luw By

_ [BOHFW Zw oLw B’Y]_'_BgBaJFiV Zw oLw

B=3 o L B=3 o L
+( +1 Wolw Fiy=Y 4
- K (e B g
Lit1>1

is

- i (lj> Z ﬁ bLJ <ﬁ Z Ly, ) k zBaJr(ZJrl)ry S L,
Ly,Lo,..

- L
i=1 wLig1>1j=1

k
+Z;(]:> Z HbLJ (ﬁ ZL““ ) BY) k+1— 1Ba+w S L

B=3 =0 Lw
Li1,La,....L;i>1j=1

« L «
4 E bL1 ﬂ 7 (B’Y) B +’Yl 1 (Bg)k+1Bg
Li>1

which upon replacing i by ¢ — 1 in the first sum, with ¢ now ranging from 2 to k+1,
is

B— Zw oLw
Li1,La,...,L; >1j=1

k+1 P
N

k
+;(]:> Z HbLJ (ﬁ ZL““ ) BY)) kt1—i gotin— S L

B=3 o Lw
L1,La,...Li>1j=1

+ > b, (BB BT+ (B By
Li>1

Extracting the i = k + 1 term from the first sum and including

> b, (BB By
Li>1

as its ¢ = 1 term, the above becomes

jas a+(k+1) ShEHUL,
> b (6= 2%7 s,

L1,La,....Lis1 21 j=1 w0

*é((ifl%(’?))x > H%(ﬁ ZLM,>

L1,La,...,L;>1 =1

i patt w Lw «
A A
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(zl_ﬂl)+<lzﬂ> - <kjl>

ST, 2 e (e

Li,La,...,L;>1 j=1

which, since

is

X (B(’)Y)k-Fl—lngg;i;zzo Ly + (Bg)k+1Bg . 0

4. Non-Existence of a Fock Representation of the Renormalized
Oscillator Algebras

Definition 4.1. A representation of the RPQWN Lie algebra on a Hilbert space
‘H is called Fock if there exists a unit vector ® € H, called “vacuum vector”, such
that:

BY® =0, VkeN, (4.1)

B¢ =0, VEk>0,h>0. (4.2)
The set of vectors
N = {(BEV)™ ... (B Y"® : N e N,ny,...,nn, ki1,..., ky € N} (4.3)
is total in H and
(B§&.m) = (&, Bim);  VEk=0  VEneEN. (4.4)

If H is a vector space and ® € H is a unit vector satisfying (4.2) and (4.3), then
on the algebraic linear span of N there exists one and only one sesquilinear form
(-, -) satisfying (4.4). It is not difficult to verify that, if a Fock representation exists,
it is unique up to isomorphism.

Do there exist Fock representations of the RPQWN Lie algebra? The answer
depends on the choice of the renormalization constants c,. The following theorem
shows that, with a single renormalization constant, i.e. with ¢;_; = ¢!=% (cf. (3.8)),
no Fock representation can exist if, for some n > 1, Bf and B2" have the corre-

lations deduced from the commutation relations (3.6) and the Fock prescriptions
(4.1), (4.2).

Corollary 4.1. Suppose that the Fock representation exists, then for all a, 3,y > 0
and all n > 1 one has:

n % Jj—1
mmra=sumraes S () 5 Tln (9= )
i=1 w=0

Ly,Lay,..., L;=1 9=1
Li+Lo++L;=8

x (By)" Byt e,
where Ly = 0.
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Proof. Follows directly from Proposition 3.1 and the fact that
BE® = 65085 ®. m|

Theorem 4.1. Let L be a Lie x-sub-algebra of the RPQWN Lie algebra with the
following properties:

(i) £ contains B, and B3™ where, in the notation (3.9) the noise operators are
defined on the same interval I and BY(xr) = p(I).

(ii) the BY satisfy the commutation relations (3.6) with c;_1 satisfying (3.1) and
(3.8).

Then L has no Fock representation if the interval I is such that

1

u(1)<z.

Proof. By contradiction. If a Fock representation exists, then for any a, b € R one
must have:

((aB§" +b(B)")®, (aBg" + b(Bg)*)®) = [laBg"® + b(Bg)*®|* > 0.

Using the notation (x) = (®,2®), and since, under our assumptions
(BS,(By)?) = ((B%)?B3™), this amounts to the positive semi-definiteness of the
quadratic form

a* (B3, By") + 2ab(B3,(By)?) + b*((B,)*(Bg)?)
or

uAut >0,

u=(a b), ut:(z>

and A is the symmetric real matrix
B ( (BS,B3")  (BY.(B})?) )
(B3.(Bg)?)  ((BR)*(B§)?)

where

Using Proposition 3.1 and Corollary 4.1 we have
BY,B2"® = ([BY,, B2"| + B¥"BS,)® = [BY,, B2"|® = (2n)?" "1 BY®
= (2n)l*" (DD .
Thus

(BonB3") = (2n)1c"~ u(I) .
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Similarly,

2
BY,(By)*® = Z( ) > HbLJ <2n—ZLw,n> (B> "B ¢
L

i=1 Loeees L;>1 j=1
LitdLi=2n

= 205, (2n,n)(By)' By "®+ Y br,(2n,n)br,(2n — L1,n) By

Li,Lp>1
Li+Lg=2n

=0+ Z (i:) nL1) i1 (2n£2L1> n(Lz)cszlu(I)(I)

Ly,Lo>1
Li+Lo=2n

_ Z 2n\ (2n— Ly nE0)p(L2) Litla=2 (1)
Ly Ly

Li,Lo>1
Li+Lg=2n

= <2n) <2n B n) nMpM e tn=2,(1)d
n n

= (2n)!l*" 2 (1)@
since only for L; = Lo = n both factorial powers are nonzero. Thus

(Bon(Bg)?) = (2n)1e™ 2 pu(I).

Finally,

2
miro =3 () 5 o (- S ) -
=1

Ly,.,Li>1 =1
Li+fLi=2n

= 2b,(n,n)BYBY® + Y br,(n,n)br,(n — Ly,n)By®
Lq,Lo>1
Li+La=n

n—1

= 2b,(n, n)u(1)By® + > br, (n,n)by—r,(n — L1,n) By ®
Li=1

n—1
n n—1L
=2 (M) en=1(I)By® ¢t !
(n) AP ( > n— 1Ly
Li=1
~ Tl(n_Ll)Cn_Ll_lng)

:2( ) n— 1 @_’_ Z ( > Ll) (7L—L1)cn—2361¢

Li=1

= 2(n))" tu(I)BR® 4 ((2n)™ — 2(n!))c" 2By @
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since, by the binomial theorem for factorial powers

m % m m—
(z +y)( ):Z<k)x( k) gy (k)

k=0
we have

n—1

Z n nL) p(n—Li) _ (n+ n)(n) _(n n(Mp0) _ n n 0 (7)

Ll n 0
Li=1
= (2n)™ —2(n!).
Thus

(B2 (By)*® = 2(n!)e"~ u(1)BLBR® + ((2n)™ — 2(n))c" 2 BYBy @
and since
BBy ® = ([BY, By] + By BY)® = [BY, B1® = (n) "' BY® = nle"~ (1)
we obtain

(B2)2(By)2® = 2(nt)2c"*u(1)2® + ((2n)! — 2(n!)?)2 3 u(1)®

and so
(BR)*(By)?) = 2(n)*c* 2 pu(1)® + ((2n)! — 2(n})*)e* 2 (1) .
Thus
[ @n)en () (2n)1e2=2pu(T)
S\ @) (D) 202 2u(D)? + (20)! — 2(n))e (D) )

A is a symmetric matrix, so it is positive semi-definite if and only if its minors are
non-negative. The minor determinants of A are

dy = (2n)!¢® tu(I) >0

and

1

dy = 22D (D2 ()2 (2n) (ep(I) — 1) > 0 < p(l) > - O

Theorem 4.2. Let L be a Lie x-sub-algebra of the RPQWN Lie algebra with the
following properties:
Foranyk>n>1

(i) L contains BY, BE, and BYT* where, in the notation (3.9) the noise operators
are defined on the same interval I and BY(x1) = p(I),

(ii) the BY satisfy the commutation relations (3.6) with ¢;—1 satisfying (3.1) and
(3.8).

Then L does not have a Fock representation if the interval I is such that

,
I _
u()<c,
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where
(n+k)! — ((n + k)™ — k) —nl)k!

r= U >0, vV n,k € N\{0}.

Proof. (By contradiction) If a Fock representation exists, then for any a, b € R
one must have:

((aBg ™" +bBy By)®, (aBy ™ + bB Bs)®) = || (aBy ™ + bBg Bg)@|* > 0.

Using the notation (x) = (®,z®) this amounts to the positive semi-definiteness of
the quadratic form

a?(BY, . By 4 2ab(BY, By BE) + b*(BYBY By BE)
or

uAut >0,

u=(a b), ut:<Z)

and A is the symmetric real matrix
( (BpoxBo ™) (B By BE) )
(BpyxBoBE)  (BYB)ByBS)

where

‘We have
BY) By ® = ([BY ), B{TM + By T BY )@ = (B, By )@
=(n+ k)("+k)c"+k_138<1> =+ k)" (Do,

Thus
(Bpai By ) = (n+ k)l ().
Similarly,
(BpwxBi By) = (ByBy ™, By®) = (B By "], By @)
= by (n,n + k)(BXBEY) = b, (n,n + k)b (k, k) u(I)
= (n+ k)" TP 2u(I) .
Finally,
BBy BE®

= ([By, Byl + By By) By ® = By, By 1By ® + B [ B, By ®

=" br(n,n)([Br=E, B + BEBI"E) + By S bu(n,k)BE- L@
L>1 L'>1

n—1
=Y br(n,n)bn_r(n — L, k)BE® + nlc" ' (1) BE® + k™" By By "
L=1
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and, using the binomial theorem for factorial powers, we obtain
BYBrBED = ((n+ k)™ — k™ —nl)c"2BE® + nle"u(I)BE @
+ kM1 BE"®
and so
BYBYBIBE® = (n+ k)™ — k™ —n) " 2BYBED + nlc" (1) BYBED

+ k™I BIBr BE

Using
(BYBE) = k(D)
and
(BYBEBE™) = k) (k — m)let=2pu(1)
we obtain

(BUBLBYBE) = (0 + B)™ — k™ — nl)kt + ()2 (k — n))em =2 p(1)
+nlkle T2 (D)2
Therefore
(n+ k)" (D) (n+ k)l TR 2 p(I)
(((n + k)™ — k) —phk!
(n+ B 2u(D) o+ ()20 — m)l)en RS ()
+nlklenth=2,(1)?

A:

A is a symmetric matrix, so it is positive semi-definite if and only if its minors
are non-negative. The minor determinants of A are

dy = (n+ k)T uI) >0

and
dy = (D)2 (n+ kN 24 (0 + k)™ — k) — Dk — (n 4 k)! + nlklep(I))
which is > 0 < p(I) > 2. |

Theorem 4.3. Any x-Lie algebra that contains By and B3 also contains B and
BS, hence it does not admit a Fock representation.

Proof. We have, in the notations of the introduction and with N := afa,

[®,a""] =9N? + 18N +6¢€ L,

3

where L is the Lie algebra generated by a”, a'’. Therefore

[a3,9N? + 18N + 6] = 108a® + 54Na> € L.
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Since a® € L, also Na® € £. But then
[a®, Na®] = 3a® € L

which implies that a® € L. Since the Lie algebra generated by BY and B} is iso-
morphic to the one generated by a3 and a'”, it will contain B and BS. Therefore
the proof follows from Theorem 4.1. O

5. Non-Existence of Gaussian Representations

Theorem 5.1. Let A be a x-algebra of operator valued distributions on R% whose
test function space includes the characteristic functions of intervals in R% defined
as follows:

(,b): {a::(a:j):aj<xj<bj, jZl,...,d}, ifaj<bj,Vj (51)
@,if aj > b; for some j
and let

b7, b2, by, b (5.2)

be elements of A. There exists no state (-) on A with the following properties:
(bby) = u(k)o(k — h) (5.3)
(bbb b)) = 2u(k) (K)o (K — R")6(k — h), (5.4)
(brbibi) = 2u(k)?a(k — h')3(k — h), (5.5)
(bby?) = a(k)(k — h), (5.6)

where o € L (RY) and p € L N L2 (R) are such that there exist an interval

I CRY and constants My, e; > 0 such that

+oo > M; > o(k), w(k); wu(k) >er >0, Vkel. (5.7)

Remark. (5.4) is deduced from the usual (boson) Gaussian rule with mean zero
and covariance given by (5.3). (5.5) is obtained from (5.4) by putting (formally) k¥’ =
k. (5.6) is obtained from (5.5) by putting (formally) b’ = h and renormalizing §2(k—
h), i.e. replacing 2/1(k)? by the renormalizing factor o (k). Since no assumptions have
been made on the remaining correlations, the above considerations prove the non-
existence of a state with the following properties: (i) it is boson Gaussian when
restricted to the first-order noise (cf. (5.3) and (5.4)); (ii) it extends the usual
Gaussian rule to fourth moments involving b7 and ;> (cf. (5.5) and (5.6)). Finally,
since [ is an arbitrary bounded interval, for any § > 0 we can always find an I such
that (5.7) is satisfied if I is an interval not containing 0 in its closure and such that

1 c
M(k):ma U(k):m,
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where ¢ > 0 is a (renormalization) constant and w is a function satisfying the
conditions described in Sec. 5.8 of Ref. 4. Since the above choice of 11(k) characterizes
the equilibrium boson Gaussian states at inverse temperature 8 (cf. Sec. 2.10 of
Ref. 4), this implies that the above result extends to the finite temperature (and
more general) cases the no-go theorems proved in Ref. 11 and Ref. 3.

Proof. If such a state exists, then the matrix

<<bib:2> G )
i) (byrbir bl

- <a(k)5(k — ) 1(k)226(k — )8 (k — h") )
\20(k)?6(k — R)S(k — W) (KK 2u(K)u(k")S(K — h)S(K" — B")
(5.8)

must be positive definite, expressing the positivity of the expectation value
{Jabi® + Bby by )

for any a, @ € C. In the notations (3.3)—(3.5) the positivity of (5.8) is equivalent
to the positivity of the covariance matrix

<<B8(¢)B§(w>> (BY(2)BL(E)?) )

(BUE2B)  (BYEPBYE)
/ o(k) 2o (k) 2 / (k)€ (k)2 dkpa(k)?
2 [ k€0 (2 2( |§(k)|2u(k)dk>

for any choice of test functions ¢, ¢ on R?. Taking

p(k) = &(k) = x1(k),

where I C R? is any interval, one finds

/fa(k)dk 2/1“(k)2dk B <a(1) 2u2(D) \ P
S\ 2my)
2/Iu(k)2dk 2 </1 u(k)dk) K H

Now let us choose I so that condition (5.7) is satisfied and let I,+1 C I, C I
be a sequence of bounded open intervals such that

(I =0.

n
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Then, for a = 1, 2, because of assumption (5.7), one has:

I .
limsupﬁ(j_ |) = lim sup T |/ k)dk < M; < o0, (5.9)
I,
lzﬁgf%—lggf 7 |/ V2dk > %> 0, (5.10)
1
Tim_ "|(I |) = Jim_ | olk)dk=0. (5.11)

Therefore, denoting
D(I) = det F(I) = 20(I)(u(1))* — 4(:2(1))?
we have

D(I,
lim sup |I( |2)§ —4et 1 <0.

Thus, if n is large enough (5.9)—(5.11) imply that:
D(I,) < —4e7|I,)> < 0

and the matrix (5.8) cannot be positive definite. m|

Corollary 5.1. Let T be any complex vector space of complex valued functions on
R? containing the characteristic functions of all open intervals (cf. (5.1)) and let o
and p be as in Theorem 5.1. With the notations (for v € T)

o) = [ Wbk, wv)= [ ewutae, 20)= [ oty

there exists no algebraic probability space {A, (-)} and linear maps
Bf,Bi v €T = Bj(¢p), Bilp)cA

such that, denoting B; := (B;r)*, one has

<<32(SD)B;(<P)> <Bg(s0)(3f(€))2>> _ <0(Is0|2) 21%($°€?) )
(B1(&)*BS (9))  (B1(€)*B{ (€)*) p(?€%)  2u€)? )

Proof. This is simply a rephrasing of Theorem 4.2 for smeared fields. |
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