
Journal of Functional Analysis 290 (2026) 111180

Contents lists available at ScienceDirect

Journal of Functional Analysis  

journal homepage: www.elsevier.com/locate/jfa

Regular Article

Optimal decay of eigenvector overlap for 

non-Hermitian random matrices

Giorgio Cipolloni a, László Erdős b,∗,1, Yuanyuan Xu c,1,2

a University of Arizona, United States of America
b IST Austria, Austria
c AMSS, CAS, China

a r t i c l e i n f o a b s t r a c t 

Article history:
Received 7 December 2024
Accepted 13 August 2025
Available online 1 September 2025
Communicated by Ivan Corwin

MSC:
60B20
15B52

Keywords:
Zigzag strategy
Multi-resolvent local law
Characteristic flow
Dyson Brownian motion

We consider the standard overlap 𝒪ij := ⟨𝒓j , 𝒓i⟩⟨𝒍j , 𝒍i⟩ of any 
bi-orthogonal family of left and right eigenvectors of a large 
random matrix X with centred i.i.d. entries and we prove that 
it decays as an inverse second power of the distance between 
the corresponding eigenvalues. This extends similar results for 
the complex Gaussian ensemble from Bourgade and Dubach 
[15], as well as Benaych-Georges and Zeitouni [13], to any 
i.i.d. matrix ensemble in both symmetry classes. As a main 
tool, we prove a two-resolvent local law for the Hermitisation 
of X uniformly in the spectrum with optimal decay rate and 
optimal dependence on the density near the spectral edge.
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

* Corresponding author.
E-mail addresses: gcipolloni@arizona.edu (G. Cipolloni), lerdos@ist.ac.at (L. Erdős), 

yyxu2023@amss.ac.cn (Y. Xu).
1 Partially supported by ERC Advanced Grant ``RMTBeyond'' No. 101020331.
2 Partially supported by National Key R&D Program of China No. 2024YFA1013503.

https://doi.org/10.1016/j.jfa.2025.111180
0022-1236/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC 
BY license (http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.jfa.2025.111180
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2025.111180&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:gcipolloni@arizona.edu
mailto:lerdos@ist.ac.at
mailto:yyxu2023@amss.ac.cn
https://doi.org/10.1016/j.jfa.2025.111180
http://creativecommons.org/licenses/by/4.0/


2 G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180 

1. Introduction

We consider large n × n non–Hermitian matrices X with independent, identically 
distributed (i.i.d.) centred entries, with the standard normalization 𝑬|Xij |2 = 1 

n (i.i.d. 
matrices). While the eigenvalue statistics of fairly general large Hermitian random ma
trices have been very well understood in the last fifteen years, those of i.i.d. matrices 
have only been understood very recently both in the bulk [42,61,65] and at the edge [24] 
of the spectrum; see also [2,20,33,59,60,75] for recent results for deformed models of the 
form A + X, where A is a deterministic matrix. One of the main difficulties in under
standing the eigenvalue statistics in the non–Hermitian setting is the high instability of 
the spectrum, which is partly manifested by the behaviour of their eigenvectors. While 
in the Hermitian case, e.g. for GOE/GUE3 matrices for simplicity, the eigenvectors are 
distributed according to the Haar measure, for Ginibre4 matrices the left/right eigenvec
tors are strongly correlated and difficult to grasp even for the Gaussian case (the general 
i.i.d. case is expected to be even much harder). Recall that in general, a non–Hermitian 
matrix X has a two sets of eigenvectors 𝒍i, 𝒓i, which, assuming that each eigenvalue σi

of X is simple, are defined by

X𝒓i = σi𝒓i, 𝒍tiX = σi𝒍
t
i, i = 1, 2, . . . , n. (1.1)

We normalize the left/right eigenvectors to form a bi-orthogonal basis, i.e. ⟨𝒍j , 𝒓i⟩ =
𝒍tj𝒓i = δij . Instead of studying the eigenvectors directly, one usually considers the scale
invariant quantity

𝒪ij := ⟨𝒓j , 𝒓i⟩⟨𝒍j , 𝒍i⟩, (1.2)

called eigenvector overlaps. For random matrices, overlaps emerge in many problems 
both in mathematics [13,15,46,37,62,72] and physics [5,6,12,21--23,52,48,51,47,49,58,68]. 
Two of their most prominent motivations are:

(1) 𝒪ij determine the correlation of the evolution of the eigenvalues σi under a non--
Hermitian analog of the Dyson Brownian motion, which was rigorously derived in 
[15, Appendix A] (see also [19,54]).

(2) For i = j, the quantity 
√𝒪ii is known as the eigenvalue condition number in 

numerical analysis, as it determines how sensitive σi is to small perturbation (espe
cially relevant in the context of smoothed analysis [69] via random matrices, see e.g. 
[10,27]).

3 We say that an n× n random matrix W is a GUE (resp. GOE) matrix if it is Hermitian W = W ∗, the 
entries above the diagonal Wij are such that √nWij are independent standard complex (real) Gaussian 
random variables, and the diagonal entries are real Gaussian random variables of variance 1/n (resp. 2/n).
4 We say that an n × n random matrix is a complex (resp. real) Ginibre matrix if its entries are centred 

complex (resp. real) Gaussian random variables with variance 1/n.
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Despite the central role of the overlaps, rigorous results about their size and distribu
tion have appeared only recently. Inspired by the seminal work of Chalker and Mehlig [21] 
computing the expectations of the 𝒪ij for the complex Ginibre ensemble, Bourgade and 
Dubach [15] also computed the second moment of the off-diagonal overlap and diagonal 
overlap,

𝑬
[︁|𝒪ij |2

⃓⃓
σi = z1, σj = z2

]︁ ≈ (1 − |z1|2)(1 − |z2|2)
|z1 − z2|4 , (1.3)

𝑬
[︁𝒪ii𝒪jj

⃓⃓
σi = z1, σj = z2

]︁ ≈ n2(1 − |z1|2)(1 − |z2|2), (1.4)

identifying a power law (quadratic) decay of 𝒪ij for far away eigenvalues. Beyond Ginibre 
ensembles, Benaych-Georges and Zeitouni [13] showed that the closely related quan
tity 

√
n(σi − σj)⟨𝒓i, 𝒓j⟩/∥𝒓i∥∥𝒓j∥ is sub-Gaussian (uniformly in n) for more general 

non-normal matrices defined by an invariant distribution, and explicitly compute its 
distribution in the complex Ginibre case. Both results identify a quadratic decay, how
ever their proofs rely on the invariance (or even Gaussianity) of the underlying matrix 
ensemble.

Is this quadratic decay ubiquitous, in particular does it extend to general real and 
complex i.i.d. matrix ensembles without invariance properties? In this paper we answer 
affirmatively by proving that the optimal bound (modulo the nξ factor) as indicated by 
(1.3)-(1.4)

|𝒪ij | √︁𝒪ii𝒪jj

≤ nξ

n|σi − σj |2 + 1 (1.5)

holds uniformly in the spectrum with very high probability for any small ξ > 0. Previ
ously, only two non-optimal bounds were available. In [30, Theorem 3.1] it was shown 
that |𝒪ij |/

√︁𝒪ii𝒪jj ≤ n−ϵ for bulk eigenvectors, if |σi − σj | ≥ n−1/2+ϵ′ which is off by 
almost an entire factor n for far away eigenvalues. Close to the edge of the spectrum, 
|σi|, |σj | ≈ 1, half of the optimal decay, 1/(

√
n|σi − σj |), was obtained in [35, Corol

lary 3.4]. We remark that the quadratic decay bound obtained in (1.5) is better than 
1/(

√
n|σi − σj |) if |σi − σj | ≥ n−1/2+ξ. Neither proof can be directly improved and the 

optimal bound (1.5) requires to resolve two new challenges.
We now explain the novelties in our proof of (1.5). The main inputs are the so-called 

multi–resolvent local laws for products of resolvents of the Hermitisation of X − z. Since 
the non-Hermitian eigenvectors 𝒍i, 𝒓i are not accessible directly, we relate them to the 
eigenvectors 𝒘z

i = ((𝒖z
i )∗, (𝒗z

i )∗)∗ ∈ C2n of the (2n) × (2n) Hermitized matrix

Hz :=
(︃

0 X − z
(X − z)∗ 0

)︃
. (1.6)

Note that 𝒖z
i ,𝒗

z
i ∈ Cn are also the left/right singular vectors corresponding to the 

singular value λz
i of a family of matrices X − z parametrized by z ∈ C. We assume that 

the singular values λz
i are labelled in an increasing order.
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Eigenvectors of X and singular vectors of X − z are not related in general, except in 
the special case when z is an eigenvalue. Simple algebra shows that

λz
1 = 0 ⇐⇒ 0 ∈ Spec(Hz) ⇐⇒ 0 ∈ Spec(X − z) ⇐⇒ z ∈ Spec(X), (1.7)

and in this case the eigenvectors of X with eigenvalue z and the singular vectors of X−z

with singular value zero coincide. This fundamental relation will be our starting point to 
study the eigenvalues and the eigenvectors of the non–Hermitian X via the study of the 
spectrum of the Hermitized matrix Hz. Our goal is thus to estimate quantities of the 
form |⟨𝒖z1

1 ,𝒖z2
1 ⟩|, |⟨𝒗z1

1 ,𝒗z2
1 ⟩| with high probability simultaneously for every |z1|, |z2| ≤ 1. 

In fact, if we have the desired bound on these quantities, by choosing z1 = σi, z2 = σj , 
we can readily conclude (1.5). By spectral decomposition, one can easily see that for the 
desired bound on |⟨𝒖z1

1 ,𝒖z2
1 ⟩|, |⟨𝒗z1

1 ,𝒗z2
1 ⟩|, it is actually enough to estimate

⟨ImGz1(iη1)ImGz2(iη2)⟩ ≲ ρ1ρ2

|z1 − z2|2 , Gz(iη) := (Hz − iη)−1, (1.8)

for appropriate choices of η1, η2 (eventually ηi is chosen a bit above the local fluctuation 
scale of the eigenvalues of Hzi close to zero). Here ρi denotes the local density of the 
eigenvalues of Hzi .

Although we only need the upper bound (1.8) for (1.5), along the way in Theorem 3.5
we will prove a stronger result, called two-resolvent local law, that even identifies the 
leading term in the relevant regime of ηi’s:⃓⃓⃓

⟨ImGz1(iη1)ImGz2(iη2) −M12⟩
⃓⃓⃓
= o

(︂ ρ1ρ2

|z1 − z2|2
)︂
, (1.9)

where M12 is a deterministic matrix computed from the underlying Dyson equation.
To prove (1.9), we rely on the zigzag strategy [30,28], which involves three main steps: i) 

controlling ⟨ImGz1(iη1)ImGz2(iη2)−M12⟩ for large values of η1, η2 ∼ 1, ii) [zig-step] using 
the method of characteristics (introduced in this form in [1,14,56] for single resolvents, 
see [31, Section 1.4] for more history) to show that this bound can be propagated down 
to optimally small spectral parameters ηi at the price of adding a Gaussian component to 
the matrix X, iii) [zag-step] using a version of the Green’s function comparison theorem 
(GFT) to remove the Gaussian component. While on a high level this approach has 
been used quite extensively, in the current paper we face a novel challenge: we need 
to extract an additional small factor of order ρ coming from ImGz (compared to Gz) 
close to the edge of the spectrum in the context of two different spectral parameters 
z1, z2. This requires to study the evolution of ⟨ImG1ImG2⟩, with Gi := Gzi(iηi), along 
the characteristics flow, which is more delicate than the one for ⟨G1G2⟩ investigated in 
[30,28] and also requires a more delicate analysis at the GFT level. A bound on this 
quantity was estimated in [35, Part B of Theorem 3.3] close to the edge of the spectrum 
with a non-optimal decay 1/|z1 − z2|. This non-optimality is a consequence of bounding 
⟨G1G2⟩ and then writing 2iImG = G−G∗, rather than analyzing ⟨ImG1ImG2⟩ directly 



G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180 5

and extract a cancellation between G and G∗ near the edge, as we do instead in the 
current paper.

The second challenge we resolve in this paper is to estimate optimally the deterministic 
M -terms, such as M12 in (1.9), even for longer resolvent chains that naturally arise along 
the zigflow (we need three-resolvent chains). In fact, the precision of the zigzag method 
ultimately depends only on such estimates on M -terms. While an explicit recursion is 
available for expressing the M -terms, the formula is inherently unstable in the small η
regime as it contains delicate cancellations. In [35] these cancellations were unravelled but 
only outside of the spectrum and without the extra ρ-factors. Now we find the optimal 
estimate uniformly in the spectrum and with the correct ρ factors.

We remark that the analogue of the quadratic decay in z1 − z2 in (1.8), and hence 
in (1.5), appears in a related Hermitian model as well. In [31] the authors study a 
Wigner matrix W with two different (deterministic) deformations, W +D1 and W +D2. 
They show that the product of their resolvents ⟨G1G2⟩, hence their eigenvector overlap, 
exhibits essentially a quadratic decay 1/⟨(D1 − D2)2⟩, although the precise statement 
is modulated by the difference in the spectral parameters as well. However, the results 
therein are optimal only within the bulk of the spectrum, again because the smallness 
coming from ImGz was not exploited.

The central role that (1.8) plays in studying overlaps underlines the importance of 
multi-resolvent local laws in the theory of random matrices. For many years, single 
resolvent local laws have been the technical workhorses behind the proofs of Wigner
Dyson-Mehta and related universality results on local eigenvalue statistics since they 
provided almost optimal a priori bounds on individual eigenvalues and eigenvectors. 
These are the standard rigidity and delocalisation results used regularly in arguments 
based on the Dyson Brownian motion (DBM) and the Green function comparison the
orems (GFT). A lot of relevant information on random matrices, however, are not 
accessible via a single resolvent. Key physical concepts such as eigenvector overlaps, 
thermalisation phenomena, out-of-time-order correlations etc. are inherently connected 
with multi-resolvent chains of the form G1A1G2A2 . . ., where Gi are random resolvents 
and Ai’s are deterministic matrices. Besides these obvious motivations, the recent results 
on bulk universality of eigenvalues and eigenvectors for i.i.d. matrices, initiated by the 
breakthrough papers [61,65] using the partial Schur decomposition, also heavily rely on 
multi-resolvent local laws as a priori technical inputs. The Schur decomposition method 
is powerful to prove the universality of the distribution of the diagonal overlaps 𝒪ii [67], 
but it cannot yet access to off-diagonal overlaps. Our result gives (1.5) an optimal a priori 
bound on 𝒪ij and we also expect that multi-resolvent local laws will play an important 
role in resolving the open conjecture on the universality of 𝒪ij for i.i.d. matrices.

We close this introduction with a quick overview of the recent vast literature about 
overlaps (1.2) for various random matrix ensembles. With the exception of [15], all these 
works concern only diagonal overlaps 𝒪ii. Long after the classical paper [21], the two 
main works that revived the interest in overlaps of non–Hermitian eigenvectors in the 
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context of random matrix theory are [15,46] on Ginibre ensemble. Besides the results on 
the off-diagonal overlaps in [15] that we already described, the distribution of 𝒪ii and the 
correlation of 𝒪ii𝒪jj for bulk eigenvalues in the complex case have also been computed 
in that paper. In [46] the author computes the distribution of 𝒪ii both in the bulk and at 
the edge of the spectrum for complex matrices, as well as for overlaps corresponding to 
real eigenvalues of real Ginibre matrices. Expectation of overlaps for complex eigenvalues 
was covered in [73]. Beyond Gaussian ensembles, in the context of general i.i.d. matrices, 
the precise (in terms of n--dependence) size of 𝒪ii was identified in [32,44] (see also 
for previous non-optimal results in terms of the n--dependence [10,57,71]), and more 
recently even the universality of its distribution has been established [67]. Two very 
recent results [43,66] also prove the universality of the Gaussian fluctuations directly for 
the eigenvectors’ entries of i.i.d. matrices. Eigenvector overlaps have also been studied 
for several other models even beyond i.i.d. matrices, including deformed Ginibre matrices 
[11,69,76], symplectic Ginibre matrices [5,7], non–Hermitian Brownian motion [18,45], 
the elliptic ensemble [39,38,50,70], spherical and truncated unitary ensembles [40,41,64], 
and non-normal dynamical systems [63].

Acknowledgment. We thank Yan Fyodorov for pointing out the reference [58] and for 
useful comments. We also thank the anonymous referee for their several comments that 
substantially improved the presentation of this manuscript.

Conventions and notations. For integers k, l ∈ N, with k < l, we use the notations 
[k, l] := {k, . . . , l} and [k] := [1, k]. For positive quantities f, g we write f ≲ g and f ∼ g

if f ≤ Cg or cg ≤ f ≤ Cg, respectively, for some constants c, C > 0 which depend only 
on the constants appearing in (2.1). We set f ∧ g = min{f, g} and f ∨ g = max{f, g}. 
Furthermore, for n--dependent positive quantities fn, gn we use the notation fn ≪ gn to 
denote that limn→∞(fn/gn) = 0. Throughout the paper c, C > 0 denote small and large 
constants, respectively, which may change from line to line. We denote vectors by bold
faced lower case Roman letters 𝒙,𝒚 ∈ Cd, for some d ∈ N. Vector and matrix norms, 
∥𝒙∥ and ∥A∥, indicate the usual Euclidean norm and the corresponding induced matrix 
norm. For any d×d matrix A we use ⟨A⟩ := d−1TrA to denote the normalized trace of A. 
Moreover, for vectors 𝒙,𝒚 ∈ Cd we define the usual scalar product ⟨𝒙,𝒚⟩ :=

∑︁d
i=1 xiyi, 

and use (A)𝒙𝒚 to denote the inner product ⟨𝒙, A𝒚⟩.
We define the following special 2n× 2n matrices

E1 :=
(︃

1 0
0 0

)︃
, E2 =

(︃
0 0
0 1

)︃
, E± := E1±E2 =

(︃
1 0
0 ±1

)︃
, F :=

(︃
0 1
0 0

)︃
,

(1.10)
in particular, E+ is the 2n--dimensional identity matrix.

We will often use the concept of ``with very high probability'' for an n-dependent 
event, meaning that for any fixed D > 0 the probability of the event is bigger than 
1− n−D if n ≥ n0(D). Moreover, we use the convention that ξ > 0 denotes an arbitrary 
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small positive exponent which is independent of n. We recall the standard notion of 
stochastic domination: given two families of non-negative random variables

X =
(︂
X(n)(u) : n ∈ N, u ∈ U (n)

)︂
and Y =

(︂
Y (n)(u) : n ∈ N, u ∈ U (n)

)︂
indexed by n (and possibly some parameter u in some parameter space U (n)), we say 
that X is stochastically dominated by Y , if for any ξ,D > 0 we have

sup 
u∈U(n)

𝑷
[︂
X(n)(u) > nξY (n)(u)

]︂
≤ n−D (1.11)

for large enough n ≥ n0(ξ,D). In this case we use the notation X ≺ Y or X = O≺(Y )
and we say that X(u) ≺ Y (u) holds uniformly in u ∈ U (n).

2. Main results

We consider i.i.d. matrices X ∈ Cn×n (complex case) or X ∈ Rn×n (real case), i.e. 
n×n matrices with independent and identically distributed (i.i.d.) entries xab

d = n−1/2χ, 
where the distribution of χ satisfies the following assumptions:

Assumption 2.1. We assume that 𝑬χ = 0, 𝑬|χ|2 = 1, additionally 𝑬χ2 = 0 in the 
complex case. Furthermore, we require that for any p ∈ N, there exists a constant 
Cp > 0 such that

𝑬|χ|p ≤ Cp. (2.1)

Temporarily assuming that the spectrum {σi}ni=1 of X is simple, X can be diag
onalized with left eigenvectors {𝒍i}ni=1 and right eigenvectors {𝒓i}ni=1. For example, if 
χ is a continuous random variable, then the spectrum is simple with probability one. 
We normalize the left and right eigenvectors so that they form a bi-orthogonal basis 
⟨𝒍i, 𝒓j⟩ = δij , ∀i, j = 1, . . . , n. Due to the non-Hermiticity of X, {𝒍i}ni=1 and {𝒓i}ni=1
typically differ and they are not orthogonal. To quantify their relation we consider the 
scale invariant quantity, called overlap,

𝒪ij = ⟨𝒍i, 𝒍j⟩⟨𝒓i, 𝒓j⟩. (2.2)

While diagonal overlaps, i.e. 𝒪ii = ∥𝒍i∥2∥𝒓i∥2, have been understood fairly well by 
now [15,32,46,44,67], much less is known for general 𝒪ij. Previous to the current work, 
the only results for 𝒪ij , with i ̸= j, were computation of their expectation [21] and 
variance [15] (see also [13] for the distributional limit of a related quantity) in the special 
case of the complex Ginibre ensemble, i.e. when χ is a standard complex Gaussian 
random variable in Assumption 2.1. Our main result is a high probability upper bound 
for the normalized version of 𝒪ij for general i.i.d. matrices, which holds uniformly in the 
spectrum:
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Theorem 2.2. Assume that X is a real or complex i.i.d. matrix satisfying Assumption 2.1
and that, for simplicity, its spectrum is simple (see Remark 2.3). Let 𝒪ij be the overlaps 
defined in (2.2). Then, with very high probability, for any small ξ > 0, we have

sup 
i,j∈[n]

(︁
n|σi − σj |2 + 1

)︁ [︄ ⃓⃓⟨𝒓i, 𝒓j⟩⃓⃓2
∥𝒓i∥2∥𝒓j∥2 +

⃓⃓⟨𝒍i, 𝒍j⟩⃓⃓2
∥𝒍i∥2∥𝒍j∥2

]︄
≤ nξ. (2.3)

In particular, by a Cauchy-Schwarz inequality, this implies

sup 
i,j∈[n]

(︁
n|σi − σj |2 + 1

)︁ |𝒪ij | √︁𝒪ii𝒪jj

≤ nξ. (2.4)

Remark 2.3. For simplicity of notation we stated Theorem 2.2 for matrices X with 
simple spectrum. However, we do not need this assumption in the proof (see the end 
of Section 3.3). In fact, from the same proof it follows that for any left/right eigenvectors 
𝒍, 𝒓 and 𝒍′, 𝒓′ with corresponding eigenvalues σ, σ′, respectively, for any small ξ > 0, we 
have [︄ ⃓⃓⟨𝒓, 𝒓′⟩⃓⃓2

∥𝒓∥2∥𝒓′∥2 +
⃓⃓⟨𝒍, 𝒍′⟩⃓⃓2
∥𝒍∥2∥𝒍′∥2

]︄
≤ nξ

n|σ − σ′|2 + 1 . (2.5)

This bound holds with very high probability simultaneously for all eigenvectors of X.

The bound (2.4) is optimal (up to the nξ error), as it can be seen from the vari
ance computation in [15] in the complex Gaussian case. The optimality of the stronger 
bound (2.3) follows from [13], where the authors proved that 

√
n(σi−σj)⟨𝒓i, 𝒓j⟩/∥𝒓i∥∥𝒓j∥

is uniformly (in n) sub-Gaussian for a large class of invariant non-normal matrix ensem
bles and even compute its distributional limit in the complex Ginibre case. While our 
result gives only an upper bound, it holds for more general i.i.d. matrices satisfying 
Assumption 2.1. In fact, (2.3) is the analog of the upper bound in the display below 
[13, Eq. (5)]. While these results from [13,15] are similar to ours, the proof methods are 
completely different.

Remark 2.4. In Theorem 2.2 we proved an (almost) optimal bound for the overlaps of 
matrices X with i.i.d. entries as in Assumption 2.1. However, inspecting our proof it is 
clear that this argument can easily be extended to more general models, i.e. to deformed 
models X+A, where X is an i.i.d. matrix and A is a deterministic deformation belonging 
to a large class of matrices (see e.g. [32, Section 2.1], [20, Assumption 2.8] for bulk and 
edge eigenvectors, respectively). More precisely, the arguments of Sections 4--5 work 
verbatim in this more general case as well, once the deterministic bounds in Lemma 3.3
are established.

In Theorem 2.2 we show that the normalized overlap 𝒪ij/
√︁𝒪ii𝒪jj can be estimated 

in high probability sense, in particular its tail probability is very small. The same is not 
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true for 𝒪ij , because overlaps themselves are expected to have a heavy tail, similarly to 
what it has been shown for the diagonal overlaps 𝒪ii [15,46,67]. In the following corollary 
we present a bound on 𝒪ij which holds only in a first moment sense using the analogous 
bounds on the diagonal overlaps 𝒪ii given in [44, Theorems 2.7, 2.9] to account for the 
normalisation.

Corollary 2.5. Consider an i.i.d. matrix X satisfying Assumption 2.1. Furthermore, we 
assume that χ has a bounded density g and in the complex case Reχ, Imχ are inde
pendent. Fix any small constants τ, ϵ, ξ > 0 with ξ ≤ ϵ/10 and any large constant 
D > 0. Set 𝒟ξ

z ⊂ C to be the disk centred at z ∈ C with radius n−1/2+ξ. Then for 
any zi ∈ C (i = 1, 2) with |zi| ≤ 1 + n−1/2+τ and |z1 − z2| ≥ n−1/2+ϵ, there is an event 
Ξ with very high probability, i.e. 𝑷 (Ξ) ≥ 1 − n−D, such that

𝑬
(︂ ∑︂

σi∈𝒟ξ
z1 ,σj∈𝒟ξ

z2

|𝒪ij | · 1Ξ

)︂
≲ n8ξ

|z1 − z2|2 , [Complex case] (2.6)

𝑬
(︂ ∑︂

σi∈𝒟ξ
z1 ,σj∈𝒟ξ

z2

|𝒪ij | · 1Ξ

)︂
≲ n8ξ

|z1 − z2|2 · 1 
|Im z1| ∧ |Im z2| , [Real case] (2.7)

Furthermore, in the complex case in the bulk regime, i.e. if |z1|, |z2| ≤ 1− τ , the event 
Ξ is trivial, i.e. (2.6) holds without 1Ξ. In the real case we have a special bound for the 
real eigenvalues σi, σj near z1, z2:

𝑬
(︂ ∑︂

σi∈𝒟ξ
z1∩R

σj∈𝒟ξ
z2∩R

|𝒪ij |1/2
)︂
≲ n4ξ

|z1 − z2| . (2.8)

Remark 2.6. From the local circular laws (see [16, Theorem 2.2], [17, Theorem 1.3], [74, 
Theorem 1.2], and [9, Theorem 2.3]), we know that with very high probability there are 
eigenvalues close to z1 and z2. More precisely, fix any small τ, ξ > 0 with τ < ξ/10, then 
for any |zi| ≤ 1 +n−1/2+τ , there exist eigenvalues σi ∈ 𝒟ξ

z1 and σj ∈ 𝒟ξ
z2 with very high 

probability. Hence, the summations in (2.6)--(2.7) are not empty, in fact they typically 
contain roughly n2ξ×n2ξ eigenvalue pairs. Our result holds for the corresponding overlap 
for any of these pairs.

We conclude this section explaining another interesting result one can obtain using 
the two–resolvent local law in (3.26) and using very similar techniques to the ones used 
to prove (3.26) in Section 4. We will not present the complete proof for brevity, but we 
indicate the key points and what steps need more work.

Mesoscopic Central Limit Theorem uniformly in the spectrum: Fix a reference point 
|z0| < 1, an exponent a ∈ [0, 1/2) and a smooth and compactly supported test function 
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f : C → C. Then the (centred) linear statistics of the eigenvalues σi around z0 at scale 
n−a,

Ln(f) :=
n ∑︂

i=1 
fz0,a(σi) −𝑬

n ∑︂
i=1 

fz0,a(σi), fz0,a(z) := f
(︁
na(z − z0)

)︁
,

satisfy a Central Limit Theorem (CLT) [29,30,25]. In particular, while in the macroscopic 
case [29,25], i.e. a = 0, fz0,a was allowed to be supported anywhere in the complex plane, 
in the mesoscopic case [30], i.e. a ∈ (0, 1/2), fz0,a had to be supported in the bulk of the 
spectrum. Thus the mesoscopic CLT close to the edge (when a > 0 and |z0| = 1) was 
not covered in [29,30,25]. Inspecting the proofs in [29,30,25], it is clear that their main 
inputs are averaged local laws for products of two resolvents (see [30, Theorem 3.3]) as 
in (3.26) and singular vector overlaps bound (see [30, Theorem 3.1]) as in (3.28), below. 
We claim that using this bound as an input, after proving a Wick theorem exactly as in 
[29, Section 6] and replacing the Dyson Brownian motion analysis [29, Section 7] with 
the one presented in [34, Section 7], one can routinely prove a mesoscopic CLT for test 
function supported also close to the edge. More precisely, for reference points |z0| = 1
one would get that Ln(f), for a ∈ (0, 1/2), converges to a centred Gaussian random 
variable L(f) with the following variance (for simplicity we consider only the complex 
case)

𝑬
⃓⃓
L(f)

⃓⃓2 = 1 
4π

∫︂
D

⃓⃓∇fz0,a(z)
⃓⃓2 d2z + 1

2
∑︂
k∈Z

|k|⃓⃓ ˆ︃fz0,a(k)
⃓⃓2
, (2.9)

where ˆ︃fz0,a denotes the Fourier transform of the restriction of fz0,a to the unit circle, 
and D the open unit disk. In particular, one can see that compared to [30, Theorem 2.1] 
one gets an additional contribution from eigenvalues close to the edge, as it was already 
observed in the macroscopic case in [29, Theorem 2.2]. Similarly, one can extend the 
time–dependent version of the CLT [18, Theorem 2.3] down to the optimal mesoscopic 
scale at the edge.

3. Proof strategy: multi-resolvent local laws

In this section we recall some preliminary inputs and present the main new technical 
results to obtain the overlap bound in Theorem 2.2. More precisely, in Section 3.1 we 
recall the single resolvent local law and the rigidity estimate for the eigenvalues. Then, in 
Section 3.2 we present local laws for products of two resolvents. Finally, in Section 3.3 we 
show that the in the regime when the limiting density of states is small we can improve 
the averaged local law from Section 3.2, and use this result to prove Theorem 2.2 and 
Corollary 2.5.
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3.1. Local laws for the resolvent

Note that z ∈ C lies in the spectrum of X if only and if the least singular value of 
X − z is zero. Hence we link the eigenvalues (resp. eigenvectors) of X with the singular 
values (resp. singular vectors) of matrix X − z. As already mentioned in the Introduc
tion, let (λz

i )ni=1 denote the singular values of X − z labelled in a non-decreasing order, 
and {𝒖z

i }ni=1, {𝒗z
i }ni=1 denote the corresponding left and right singular vectors of X − z

normalised such that ∥𝒖z
i ∥2 = ∥𝒗z

i ∥2 = 1/2. In the same spirit of [53], we consider the 
Hermitisation of X, i.e.,

Hz :=
(︃

0 X − z
X∗ − z 0

)︃
∈ C2n×2n, z ∈ C. (3.1)

Simple algebra (also called chiral symmetry) shows that Hz has a symmetric spectrum 
given by (λz

±i)ni=1 = (±λz
i )ni=1, with the corresponding (orthonormal) eigenvectors given 

by 𝒘z
±i = ((𝒖z

i )∗,±(𝒗z
i )∗)∗ ∈ C2n. Note that 𝒖z

i ,𝒗
z
i are the left and right singular vectors 

of X− z. Eigenvalues of Hz in general have no direct relation with the eigenvalues of X, 
however, from the trivial relation (1.7) it is clear that eigenvectors of X with eigenvalue 
z and the singular vectors of Hz with singular value zero coincide.

Let Gz be the resolvent of the Hermitisation of X − z, i.e.,

Gz(w) := (Hz − w)−1, Hz =
(︃

0 X − z
X∗ − z 0

)︃
, w ∈ C \R, z ∈ C. (3.2)

Define the deterministic approximation of Gz(w) as an (2n)×(2n) block constant matrix 
given by

Mz(w) :=
(︃

mz(w)In −zuz(w)In
−zuz(w)In mz(w)In

)︃
, with uz(w) := mz(w) 

w + mz(w) , (3.3)

where mz(w) is the unique solution of the scalar cubic equation with side condition

− 1 
mz(w) = w + mz(w) − |z|2

w + mz(w) , Im[mz(w)]Imw > 0. (3.4)

In fact, Mz(w) is the unique solution of the Matrix Dyson equation (see e.g. [4])

−[Mz(w)]−1 = w + Z + 𝒮[Mz(w)], Z :=
(︃

0 z
z 0

)︃
, (3.5)

satisfying the side condition ImMz(w) · Imw > 0, where

𝒮[·] := ⟨·E+⟩E+ − ⟨·E−⟩E− = 2⟨·E1⟩E2 + 2⟨·E2⟩E1, 𝒮 : C2n×2n → C2n×2n, (3.6)
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is the covariance operator of the Hermitisation of X. Additionally, we define the self
consistent eigenvalue density of Hz by (see e.g. [8])

ρz(E) := lim 
η→0+

1 
π

Im ⟨Mz(E + iη)⟩, E ∈ R. (3.7)

As summarised in [34, Section 3.1] (see references therein), the density ρz(E) has the 
following properties:

1) if |z| < 1, then ρz(E) has a local minimum at E = 0 of height ρz(0) ∼ (1 − |z|2)1/2;
2) if |z| = 1, then ρz(E) has an exact cubic cusp singularity at E = 0;
3) if |z| > 1, then there exists a small gap [−Δ/2,Δ/2] in the support of the symmetric 

density ρz(E), with Δ ∼ (|z|2 − 1)3/2.

Moreover, extending to the complex plane, if |z| ≤ 1, then for any w = E + iη, we have

ρz(w) := π−1|Im ⟨Mz(w)⟩| ∼ (1 − |z|2)1/2 + (|E| + η)1/3, |E| ≤ c, 0 ≤ η ≤ 1,
(3.8)

for some small c > 0, while in the complementary regime |z| > 1, for any w = Δ
2 +κ+iη, 

we have

ρz(w) ∼
{︄

(|κ| + η)1/2(Δ + |κ| + η)−1/6, κ ∈ [0, c]
η

(Δ+|κ|+η)1/6(|κ|+η)1/2 , κ ∈ [−Δ/2, 0]
, 0 ≤ η ≤ 1. (3.9)

In this paper we focus on the imaginary axis, i.e., w = iη, and we may often drop 
the superscript z and the argument w = iη for brevity. For instance, we may write 
m = mz(iη) for brevity. In particular,

ρ := |Imm|
π

∼
{︄
η1/3 + |1 − |z|2|1/2, |z| ≤ 1

η
|1−|z|2|+η2/3 , |z| > 1

, 0 ≤ η ≤ 1. (3.10)

Now we state the local law for the resolvent; see [16, Theorem 3.4] for |z| ≤ 1− τ and 
[34, Theorem 3.1] for ||z| − 1| ≤ τ (see also [17]), where τ > 0 is a small constant.

Theorem 3.1. There is sufficiently small constants τ, τ ′ > 0 such that for any z ∈ C with 
|z| ≤ 1 + τ and for any w = E + iη with |E| ≤ τ ′ we have

⃓⃓⟨𝒙, (Gz(w) −Mz(w))𝒚⟩⃓⃓ ≺ ∥𝒙∥∥𝒚∥
(︄√︄

ρz(w)
n|η| + 1 

n|η|

)︄
, (3.11)

⃓⃓⟨︁(︁
Gz(w) −Mz(w)

)︁
A
⟩︁⃓⃓ ≺ 

∥A∥
n|η| , (3.12)
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uniformly in spectral parameter |η| > 0, deterministic vectors 𝒙,𝒚 ∈ C2n, and matrices 
A ∈ C2n×2n.

Using standard arguments in e.g. [3, Corollary 1.10-1.11], we obtain the following 
rigidity estimates on the eigenvalues from Theorem 3.1; see also [34, Corollary 3.2] for 
|z| > 1 only.

Corollary 3.2. Fix a small constant τ > 0 and pick z such that |z| ≤ 1 + τ . Then there 
exists a small constant c > 0 such that

|λz
i − γz

i | ≺ max
{︄

1 

|i|1/4n3/4 +
√︁

(1 − |z|2)+n
,

Δ1/9

n2/3|i|1/3
}︄
, |i| ≤ cn (3.13)

with Δ denoting the size of the gap around zero in the support of ρz (in particular Δ = 0
if |z| ≤ 1), where γz

i is the i-th quantile of ρz given by

γz
i∫︂

0 

ρz(x) dx = i 
2n, γz

−i := −γz
i , i ∈ [n]. (3.14)

In addition, there exists a small constant c′ > 0 such that

⃓⃓⃓
#{j : E1 ≤ λz

j ≤ E2} − 2n
E2∫︂

E1

ρz(x)dx
⃓⃓⃓
≺ 1, |Ei| ≤ c′, i = 1, 2. (3.15)

3.2. Local laws for multiple resolvents

The main technical result of this manuscript is local laws for the product of two Green 
functions

Gz1(iη1)AGz2(iη2), A ∈ C2n×2n, Gzi(iηi) ∈ C2n×2n, i = 1, 2,

with different parameters zi ∈ C and ηi ∈ R \ {0} (i = 1, 2), which yield the overlap 
bounds of the eigenvectors stated in Theorem 2.2. Before we state the local laws, we first 
introduce the deterministic approximation matrices of Gz1(iη1)AGz2(iη2), i.e.,

MA
12 := MA

12(iη1, z1, iη2, z2) = ℬ−1
12

[︂
Mz1(iη1)AMz2(iη2)

]︂
, (3.16)

where the two–body stability operator ℬ12 : C2n×2n → C2n×2n is given by

ℬ12 := ℬ12(z1, ω1, z2, ω2) = 1 −Mz1(ω1)𝒮[·]Mz2(ω2), (3.17)
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with the covariance operator 𝒮[·] defined in (3.6); see also (4.10) later for the definition 
of ℬij with general i, j ∈ N. Using the identity ImG = 1 

2i (G − G∗) twice and the 
definition of MA

12 in (3.16), we further define the deterministic approximating matrix of 
ImGz1(iη1)AImGz2(iη2) as a fourfold linear combination of MA

12(±iη1, z1,±iη2, z2) as 
defined in (3.16), i.e.,

ˆ︂MA
12 :=ˆ︂MA

12(iη1, z1, iη2, z2)

=1
4
(︁
MA

12(iη1, z1,−iη2, z2) + MA
12(−iη1, z1, iη2, z2) −MA

12(iη1, z1, iη2, z2)

−MA
12(−iη1, z1,−iη2, z2)

)︁
. (3.18)

To approximate the product Gz1(iη1)A1G
z2(iη2)A2G

z1(iη1), we also define

MA1,A2
121 := ℬ−1

11

[︂
Mz1(iη1)A1M

A2
21 + Mz1(iη1)𝒮

[︁
MA1

12
]︁
MA2

21

]︂
, (3.19)

with MA
21 = MA

21(iη2, z2, iη1, z1) defined as in (3.16).

The proof of the following lemma is presented in Appendix A.

Lemma 3.3. For any bounded deterministic matrices A1, A2 ∈ C2n×2n, we have

∥MA1
12 (iη1, z1, iη2, z2)∥ ≲ 1 

γ
, (3.20)⃓⃓⟨ˆ︂MA1

12 (iη1, z1, iη2, z2)A2⟩
⃓⃓
≲ ρ1ρ2ˆ︁γ , (3.21)

∥MA1,A2
121 (iη1, A1, iη2, A2, iη1)∥ ≲ 1 

η∗γ
, (3.22)

uniformly for any |zi| < 10 and 0 < |ηi| < 10, where η∗ := mini=1,2 |ηi| and 
ρ∗ := maxi=1,2 |ρi| with ρi := π−1|Immzi(iηi)|, and the following parameters:

γ = γ(iη1, z1, iη2, z2) :=
|z1 − z2|2 + ρ1|η1| + ρ2|η2| +

(︂
η1
ρ1

)︂2
+
(︂

η2
ρ2

)︂2

|z1 − z2| + ρ2
1 + ρ2

2 + η1
ρ1

+ η2
ρ2

, (3.23)

ˆ︁γ = ˆ︁γ(iη1, z1, iη2, z2) := |z1 − z2|2 + ρ1|η1| + ρ2|η2| +
(︃
η1

ρ1

)︃2

+
(︃
η2

ρ2

)︃2

. (3.24)

Theorem 3.4. Fix small constants ϵ, τ > 0. Then, for deterministic matrices ∥Ai∥ ≲ 1
and vectors ∥𝒙∥, ∥𝒚∥ ≲ 1, the following isotropic local law:⃓⃓⃓⟨︁

𝒙,
(︁
Gz1(iη1)A1G

z2(iη2) −MA1
12

)︁
𝒚
⟩︁⃓⃓⃓ ≺ 1 √

nγη∗
, (3.25)

and the averaged local law:



G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180 15

⃓⃓⃓⟨︁(︁
Gz1(iη1)A1G

z2(iη2) −MA1
12

)︁
A2

⟩︁⃓⃓⃓ ≺ 1 √
nℓγ

∧ 1 
nη2∗

, (3.26)

hold uniformly for any |zi| ≤ 1 + τ and ℓ ≥ n−1+ϵ with η∗ := mini=1,2 |ηi|, 
ℓ := mini=1,2 ρi|ηi|, and the deterministic matrix MA

12 = MA
12(iη1, z1, iη2, z2) is defined 

in (3.16).

3.3. Improved local law at the edge

We state the following improved local law for ImGz1AImGz2 than (3.26), with ImG =
1 
2i (G−G∗), up to the edge regime |zi| ≤ 1 + n−1/2+τ .

Theorem 3.5. Fix small constants ϵ, τ > 0 with 0 < τ < ϵ/10. Then, for any deterministic 
matrices ∥Ai∥ ≲ 1, the following local law⃓⃓⃓

⟨(︁ImGz1(iη1)A1ImGz2(iη2) − ˆ︂MA1
12

)︁
A2⟩

⃓⃓⃓
≺ 1 √

nℓ

ρ1ρ2ˆ︁γ , (3.27)

holds uniformly for any zi ∈ C and ηi ∈ R (i = 1, 2) such that |zi| ≤ 1 + n−1/2+τ

and ℓ = mini=1,2 ρi|ηi| ≥ n−1+ϵ, with ˆ︁γ given by (3.24), and the deterministic matrix ˆ︂MA
12 = ˆ︂MA

12(iη1, z1, iη2, z2) defined in (3.18).

By a standard argument, we obtain the following optimal bound for the overlaps 
between singular vectors of X − zi for different z1, z2 ∈ C. The proof is similar to [30, 
Theorem 3.1] for |z| ≤ 1− τ and [35, Corollary 3.4] for 1 ≤ |zi| ≤ 1 + n−1/2+τ . The only 
difference is to replace the non-optimal local law for ImGz1ImGz2 (e.g., [35, Theorem 
3.3]) with the optimal version stated in Theorem 3.5.

Corollary 3.6. Fix a small constant τ > 0. Then there exists a small 0 < ωc < τ/10 such 
that, for any zi ∈ C (i = 1, 2) with |zi| ≤ 1+n−1/2+τ , the following holds with very high 
probability,

|⟨𝒖z1
i ,𝒖z2

j ⟩|2 + |⟨𝒗z1
i ,𝒗z2

j ⟩|2 ≲ n−1+2τ

|z1 − z2|2 + n−1 , |i|, |j| ≤ nωc . (3.28)

We conclude this section by showing that the bound (3.27) readily implies those in 
Theorem 2.2 and Corollary 2.5. Actually, Corollary 3.6 is obtained as a by-product in 
the proof of Theorem 2.2 (see (3.32) below).

Proof of Theorem 2.2. Let ηf = ηf(z) denote the local fluctuation scale of the eigenvalues 
of Hz close to zero, which, for |z| ≤ 1 is implicitly defined by

ηf∫︂
−ηf

ρz(x) dx = 1 
n
.
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From (3.10), note that ηf ∼ n−1 when |z| < 1 and ηf ∼ n−3/4 when |z| = 1. For 
|z| > 1 the density ρz develops a gap Δz around zero, and one can see that in this case 
ηf ∼ |Δz|1/9/n2/3 and |Δz| ∼ (|z|2 − 1)3/2 (see e.g. [34, Appendix A] and references 
therein). Fix a small ξ > 0, and define ηi := nξηf(zi), for zi ∈ C. Then, by (3.27) and 
(3.21), we obtain

sup 
|z1|,|z2|≤1+n−1/2+τ

ˆ︁γ
ρ1ρ2

⃓⃓⟨ImGz1(iη1)ImGz2(iη2)⟩
⃓⃓
≲ 1, (3.29)

with very high probability. Here ρi = π−1|Immzi(iηi)| and ˆ︁γ = ˆ︁γ(iη1, z1, iη2, z2). We 
point out that to obtain the supremum bound in (3.29) we used (3.27) and a standard 
grid argument using the Lipschitz continuity of z ↦→ ImGz.

Next, by the rigidity estimate of the eigenvalues of Hz in (3.13), we have

max 
|j|≤nωc

|λz
j | 

ηf(z)
≲ 1, (3.30)

with very high probability, for some small constant 0 < ωc < ξ/10. Note that for any 
j ∈ [n], λz

j is the j-th non-negative eigenvalue of Hz in the non-deceasing order and 
λz
−j = −λz

j .
We notice that by the spectral decomposition of ImG = (G−G∗)/(2i) and the chiral 

symmetry of Hz in (3.1), we have

⟨ImGz1(iη1)ImGz2(iη2)⟩ = 4 
n

n ∑︂
j,k=1

η1η2
(︁|⟨𝒖z1

j ,𝒖z2
k ⟩|2 + |⟨𝒗z1

j ,𝒗z2
k ⟩|2)︁(︁

(λz1
j )2 + η2

1
)︁
((λz2

k )2 + η2
2
)︁ , (3.31)

where (λzi
j )nj=1 are the non-decreasing singular values of X − zi with i = 1, 2, and 

{𝒖zi
j }nj=1, {𝒗zi

j }nj=1 are the corresponding left and right singular vectors normalized 
such that ∥𝒖zi

j ∥2 = ∥𝒗zi
j ∥2 = 1/2. Then, on the very high probability event on which 

(3.29)--(3.30) hold, we obtain (recall ηi := nξηf(zi))

sup 
|z1|,|z2|≤1+n−1/2+τ

(n|z1 − z2|2 + 1)
[︁|⟨𝒖z1

1 ,𝒖z2
1 ⟩|2 + |⟨𝒗z1

1 ,𝒗z2
1 ⟩|2]︁

≤ sup 
|z1|,|z2|≤1+n−1/2+τ

(n|z1 − z2|2 + 1)(nη1η2)⟨ImGz1(iη1)ImGz2(iη2)⟩

≲ sup 
|z1|,|z2|≤1+n−1/2+τ

|z1 − z2|2 + n−1ˆ︁γ (nη1ρ1)(nη2ρ2) ≲ n4ξ,

(3.32)

with very high probability, where in the last inequality we used (3.24) to show that 
(|z1 − z2|2 + n−1)/ˆ︁γ ≲ 1 and we used that nηiρi ≲ n2ξ by the definition of ηf above 
(3.29) (note that ηf has the property that nηfρ

z(iηf) ∼ 1).
Recall the basic relation (1.7) that z ∈ Spec(X) if and only if the least singular value 

λz
1 is zero. Moreover, if z ∈ Spec(X), then the left and right eigenvector of X associated 
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to the eigenvalue z are exactly the left and right singular vector of X − z. This implies 
that

sup 
i,j∈[n]

(︁
n|σi − σj |2 + 1

)︁ [︄ ⃓⃓⟨𝒓i, 𝒓j⟩⃓⃓2
∥𝒓i∥2∥𝒓j∥2 +

⃓⃓⟨𝒍i, 𝒍j⟩⃓⃓2
∥𝒍i∥2∥𝒍j∥2

]︄
=4 sup 

z1,z2∈Spec(X)
(n|z1 − z2|2 + 1)

[︁|⟨𝒖z1
1 ,𝒖z2

1 ⟩|2 + |⟨𝒗z1
1 ,𝒗z2

1 ⟩|2]︁, (3.33)

where 𝒖zi
1 and 𝒗zi

1 (i = 1, 2) are the left and right singular vectors associated to the least 
singular value of X − zi, normalized such that ∥𝒖zi

1 ∥2 = ∥𝒗zi
1 ∥2 = 1/2. Note that with 

very high probability the spectrum of X lies inside the disk |z| ≤ 1 + n−1/2+τ (see [9, 
Theorem 2.1]). Hence, with very high probability,

sup 
i,j∈[n]

(︁
n|σi − σj |2 + 1

)︁ [︄ ⃓⃓⟨𝒓i, 𝒓j⟩⃓⃓2
∥𝒓i∥2∥𝒓j∥2 +

⃓⃓⟨𝒍i, 𝒍j⟩⃓⃓2
∥𝒍i∥2∥𝒍j∥2

]︄
≲ sup 

|z1|,|z2|≤1+n−1/2+τ

(n|z1 − z2|2 + 1)
[︁|⟨𝒖z1

1 ,𝒖z2
1 ⟩|2 + |⟨𝒗z1

1 ,𝒗z2
1 ⟩|2]︁. (3.34)

This, together with (3.32), immediately implies (2.3)--(2.4) and concludes the proof. □
Proof of Corollary 2.5. Fix any small ξ > 0. From (2.4), we know that for any i, j ∈ [N ], 
with very high probability,

|𝒪ij | ≤ nξ

n|σi − σj |2 + 1
√︁𝒪ii𝒪jj

≲ nξ

n|z1 − z2|2 + 1
√︁𝒪ii𝒪jj , (3.35)

where the last step follows if we assume that the corresponding eigenvalues σi ∈ 𝒟ξ
z1 and 

σj ∈ 𝒟ξ
z2 , with |z1−z2| ≥ n−1/2+ϵ and ξ < ϵ/10. Moreover, from the local law mentioned 

in Remark 2.6, for any z ∈ C, with very high probability,

#{σi ∈ Spec(X) : σi ∈ 𝒟ξ
z} ≤ n3ξ. (3.36)

We next recall various bounds on the expectation of the diagonal overlaps from [44, 
Theorems 2.7, 2.9]. For example, in the complex case, using [44, Eq (2.14)], there exists 
an event Ξ with very high probability, i.e. 𝑷 (Ξ) ≥ 1 − n−D, such that for any z ∈ C,

𝑬
(︂ ∑︂

σi∈𝒟ξ
z

|𝒪ii| · 1Ξ

)︂
≲ n1+3ξ. (3.37)

Combining the very high probability bound (3.35)-(3.36) with the expectation bound 
(3.37) and using a simple Cauchy-Schwarz inequality, we obtain the desired result in 
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(2.7) for the complex case. The remaining statements of Corollary 2.5 follow similarly 
by combining (3.35)-(3.36) with the corresponding expectation bounds from Eq (2.15), 
Eq (2.17), and Eq (2.18) of [44], respectively. This finishes the proof. □
4. Zig flow

In this section we show that if certain local laws (see [29, Theorem 5.2]) hold for η ∼ 1
(for simplicity in this introductory paragraph we focus on |z| < 1), then they can be 
propagated down to η ≫ n−1 using the Ornstein–Uhlenbeck and characteristic flows. 
The main results of this section (Propositions 4.3--4.4) are the fundamental inputs to 
prove Theorem 3.4. In fact, they show that if the local laws from Theorem 3.4 hold on a 
global scale (η ∼ 1), then they also hold down to the optimal η-scale (η ≫ 1/n), at the 
price of adding a Gaussian component. This Gaussian component will then be removed 
in Section 5 using a Green’s Function Comparison Theorem (GFT). We point out that 
some parts of this section, like the definition and properties of the characteristics flow and 
the analysis of the flow in the averaged case, are very close to [35, Section 5]; however, 
we decided to present the details here for the convenience of the reader. Consider the 
Ornstein–Uhlenbeck flow

dXt = −1
2Xtdt + dBt√

N
, X0 = X, (4.1)

where X is an i.i.d. matrix satisfying Assumption 2.1. Here Bt is an n × n matrix 
with entries being real or complex standard i.i.d. Brownian motions, depending on the 
symmetry class of X.

We now define the characteristics flow associated with (4.1). Define the Hermitisation 
of Xt by

Wt :=
(︃

0 Xt

X∗
t 0

)︃
, (4.2)

and consider the spectral parameters Λ ∈ C2n×2n defined by

Λ :=
(︃

iη z
z iη

)︃
, η ∈ R, z ∈ C. (4.3)

Throughout this section we consider spectral parameters being 2n× 2n block–constant 
matrices, i.e. we consider Λ’s consisting of four n × n blocks each one of them being 
a constant multiple of the n--dimensional identity matrix. The main object of interest 
within this section is the resolvent (Wt − Λt)−1, with Wt from (4.2) and Λt being the 
solution of the characteristic flow:

∂tΛt = −𝒮[M(Λt)] − Λt

2 
, (4.4)
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with 𝒮 being the covariance operator from (3.6) and M(Λt) := Mzt(iηt). Note that if 
Λ0 is constant in each of its four blocks so is Λt for any t ≥ 0, hence the equation (4.4)
reduces to two scalar equations:

∂tηt = −Immzt(iηt) − ηt
2 
, ∂tzt = −zt

2 
. (4.5)

We point out that there is a one to one correspondence between (ηt, zt) and Λt. For 
this reason throughout this section we may refer to one or the other interchangeably. 
The ηt--characteristics are decreasing in time, for this reason, throughout this section, 
we only consider the characteristics up to the first time they touch the real axis

T ∗(η0, z0) := sup
{︁
t ≥ 0 : sgn(ηt) = sgn(η0)

}︁
. (4.6)

Even if not stated explicitly, in the reminder of this section we always consider initial 
conditions such that |η0| + |z0| ≲ 1, which is equivalent to ∥Λ0∥ ≲ 1. In the following 
(trivially checkable) lemma we summarize several properties of the characteristics (4.5)
(cf. [35, Lemma 5.1]):

Lemma 4.1. Fix Λ0 with ∥Λ0∥ ≲ 1, and let Λt be the solution of (4.4) with initial condition 
Λ0. Define Mt := Mzt(iηt) and ρt := π−1|Immt|, then for any 0 ≤ s ≤ t ≤ T ∗(η0, z0)
we have

zt = e−(t−s)/2zs, Mt = e(t−s)/2Ms, 
|ηt|
ρt

= es−t |ηs|
ρs

− π(1 − es−t). (4.7)

Additionally, the maps t ↦→ |ηt|, t ↦→ |ηt|ρt, and t ↦→ |ηt|/ρt are strictly decreasing, and 
for any α > 1 there is a constant Cα such that

t ∫︂
s 

1 
|ηr|α dt ≤ Cα

|ηt|α−1ρt
, 

t ∫︂
s 

ρr
|ηr| dr = 1 

π

[︃
log

(︃
ηs
ηt

)︃
− t− s

2 

]︃
. (4.8)

Additionally, by standard ODE theory we have (cf. [35, Lemma 5.2]):

Lemma 4.2. Fix any T ≤ 1 and pick Λ of the form (4.3) with |η| > 0 and ∥Λ∥ ≤ 1. Then 
there exist Λ0 with ∥Λ0∥ ≲ 1 and T ∗(η0, z0) > T , and the solution Λt of (4.4) with initial 
condition Λ0 is so that ΛT = Λ. Furthermore, there exists an N--independent constant 
c∗ > 0 such that dist(iη0, supp(ρz0)) ≥ c∗T .

In the rest of this section we will consider times t ≤ T ∗ := mini T
∗
i (ηi,0, zi,0). Note 

that by the first two relations in (4.7), for s, t ≤ T ∗, it follows

|z1,s − z2,s| ∼ |z1,t − z2,t|, ρs ∼ ρt. (4.9)
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We are now ready to state the two main results of this section. We first state the 
averaged case, whose statement is very similar to [35, Proposition 5.4] (note the difference 
in the definition of γ in (4.13)), and then we state the isotropic case. For deterministic 
matrices A1, A2 ∈ C2n×2n, we define the deterministic approximations for the product 
of two and three resolvents (using the notation Mi := Mzi(iηi))

MA1
12 : = ℬ−1

12
[︁
M1A1M2

]︁
, ℬij [·] := 1 −Mi𝒮[·]Mj (4.10)

MA1,A2
121 : = ℬ−1

11

[︂
M1A1M

A2
21 + M1𝒮

[︁
MA1

12
]︁
MA2

21

]︂
, (4.11)

where 𝒮 : C2n×2n → C2N×2N is the covariance operator defined in (3.6). If we replace 
Mi by Mi,t = Mzi,t(iηi,t) in (4.10)--(4.11), we then denote the corresponding quantities 
by MA1

12,t,M
A1,A2
121,t . We are now ready to state the main results of this section:

Proposition 4.3. Fix small n--independent constants τ, ω∗, ϵ > 0, and for i = 1, 2 fix 
spectral parameters

Λi,0 :=
(︃

iηi,0 zi,0
zi,0 iηi,0

)︃
, (4.12)

with |zi,0| ≤ 10, |ηi,0| ≤ ω∗. For t ≤ T ∗ let Λi,t be the solution of (4.4) with initial 
condition Λi,0. Let Gi,t := (Wt − Λi,t)−1, and let MA

12,t be defined in (4.10). Define the 
following control parameters and their time–dependent versions5:

ℓ = ℓ(η1, z1, η2, z2) := min 
i=1,2

ρi|ηi|, ℓt := ℓ(η1,t, z1,t, η2,t, z2,t),

γ = γ(η1, z1, η2, z2)

:=
|z1 − z2|2 + ρ1|η1| + ρ2|η2| +

(︂
η1
ρ1

)︂2
+
(︂

η2
ρ2

)︂2

|z1 − z2| + ρ2
1 + ρ2

2 + η1
ρ1

+ η2
ρ2

, γt := γ(η1,t, z1,t, η2,t, z2,t).

(4.13)

Assume that for some small 0 < ξ ≤ ϵ/10, with very high probability, with Gz
0(iη) :=

(Hz
0 − iη)−1, it holds

⃓⃓⟨︁(︁
G

z1,0
0 (iη1)A1G

z2,0(iη2) −MA1
12 (η1, z1,0, η2, z2,0)

)︁
A2

⟩︁⃓⃓ ≤ nξ

√
nℓ0γ0

∧ nξ

n|η1η2| (4.14)

uniformly in ∥Ai∥ ≤ 1 and for any |ηi| ∈ [|ηi,0|, n100], where ℓ0, γ0 are evaluated at6
(η1, z1,0, η2, z2,0). Then,

5 Recall that ρi = ρzi (iηi), and so in the time dependent case we have ρi,t = ρzi,t (iηi,t). For example, 
using these notations, ℓt := mini=1,2 ρi,tηi,t.
6 We point out that we require (4.14) for (η1, z1,0, η2, z2,0), with |ηi| ∈ [|ηi,0|, n100], and not only for 

ηi = ηi,0.
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⃓⃓⟨(G1,tA1G2,t −MA1
12,t)A2⟩

⃓⃓ ≤ n2ξ
√
nℓtγt

∧ n2ξ

n|η1,tη2,t| , (4.15)

with very high probability uniformly in ∥Ai∥ ≤ 1 and all t ≤ T ∗ such that nℓt ≥ nϵ.

We now briefly comment on the significance of the two control parameters (4.13). 
The condition nℓ = 1 denotes the local fluctuation scale of the eigenvalues. We prove 
local laws always in the regime nℓ ≫ 1, i.e. above the fluctuation scale. The parameter 
γ represents a control on the stability operator. In fact, γ is chosen so that (see (3.20))

⃦⃦
MA

12
⃦⃦
≲ ∥A∥

γ
, (4.16)

uniformly in the spectrum. Furthermore, we also point out that the explicit formulas for 
ℓ, γ simplify when Λi are in the bulk of the spectrum; in fact in this case we have

ℓ ∼ min 
i=1,2

|ηi|, γ ∼ |z1 − z2|2 + |η1| + |η2|. (4.17)

Close to the edge of the spectrum, i.e. when |zi| ≈ 1, we instead have γ ∼ |z1 − z2| +
η
2/3
1 + η

2/3
2 .

We now state the local law in the isotropic case. We state it in a slightly more general 
form as it will be needed later in the zag-part of the proof in Section 5, but we point 
that the most delicate regime is b = 1, since is the regime when we gain the most from 
the parameter γ.

Proposition 4.4. Fix small n--independent constants τ, ω∗, ϵ > 0, and for i = 1, 2 fix 
spectral parameters Λi,0 as in (4.12). Fix an exponent b ∈ [0, 1]. For t ≤ T ∗ let Λi,t be 
the solution of (4.4) with initial condition Λi,0. Let Gi,t := (Wt −Λi,t)−1, and let MA

12,t, 
MA1,A2

121,t be defined in (4.10) and (4.11), respectively. Let ℓt, γt be from (4.13), and assume 
that for some small 0 < ξ ≤ ϵ/10, with very high probability, it holds

⃓⃓⟨︁
𝒙,

(︁
G

z1,0
0 (iη1)A1G

z2,0
0 (iη2) −MA1

12 (η1, z1,0, η2, z2,0)
)︁
𝒚
⟩︁⃓⃓ ≤ nξ(ρ∗) 1−b

2 
√
nη

3−b
2 ∗ γ

b 
2
0

,

⃓⃓⟨︁
𝒙,

(︁
G

z1,0
0 (iη1)A1G

z2,0
0 (iη2)A2G

z1,0
0 (iη1) −MA1,A2

121 (η1, z1,0, η2, z2,0)
)︁
𝒚
⟩︁⃓⃓ ≤ nξ

η2−b∗ γb
0
,

(4.18)

where η∗ := |η1| ∧ |η2|, uniformly in ∥Ai∥ ≤ 1, ∥𝒙∥ + ∥𝒚∥ ≲ 1, and for any 
|ηi| ∈ [|ηi,0|, n100], where ℓ0, γ0 are evaluated at (η1, z1,0, η2, z2,0). Then,

⃓⃓⟨︁
𝒙,

(︁
G1,tA1G2,t −MA1

12,t
)︁
𝒚
⟩︁⃓⃓ ≤ n2ξ(ρ∗t )

1−b
2 

√
nη

3−b
2 ∗,t γ

b 
2
t

,

⃓⃓⟨︁
𝒙,

(︁
G1,tA1G2,tA2G1,t −MA1,A2

121,t
)︁
𝒚
⟩︁⃓⃓ ≤ n2ξ

(η∗,t)2−bγb
t

,

(4.19)
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where η∗,t := |η1,t| ∧ |η2,t|, with very high probability uniformly in all t ≤ T ∗ such that 
nℓt ≥ nϵ, ∥Ai∥ ≤ 1, and ∥𝒙∥ + ∥𝒚∥ ≲ 1.

Note that the estimate on the three-resolvent isotropic chain is far from optimal, 
it shows only that the random chain can be bounded by the size of its deterministic 
approximation M121, see (3.22). This will, however, be sufficient for our purpose since 
for the quadratic variation we anyway need only a bound on the random chain itself. We 
are now ready to present the proofs of Propositions 4.3--4.4. We first present the proof 
in the averaged case and then consider the isotropic case.

Proof of Proposition 4.3. The proof of this proposition is very similar to [35, Proposition 
5.4], in fact, given the bounds on the smallest eigenvalues of the stability operator from 
Lemma A.1, the proof is the basically the same as the proof of [35, Proposition 5.4]. 
While in the edge regime it is necessary to follow very precisely two bad directions, as 
a consequence of the instability of the cusp regime (see e.g. [35, Eq.s (5.46)--(5.47)]), 
in the bulk there is only one bad direction to follow rendering the argument easier and 
simpler to follow. For this reason we refer the reader to [35, Proposition 5.4] for a general 
proof which works everywhere in the spectrum, once the input Lemma A.1 is given, and 
here we present the simpler proof in the bulk for reader’s convenience. Since there are 
still similarities with estimates performed in the proof of [35, Proposition 5.4], here we 
highlight the main differences and omit several technical details that can be found in 
[35, Section 5].

Recall the definition Gi,t = (Wt − Λi,t)−1, then for any A1, A2 ∈ C2n×2n, by Itô’s 
formula, we have

d⟨(G1,tA1G2,t −MA1
12,t)A2⟩

=
2n ∑︂

a,b=1

∂ab⟨G1,tA1G2,tA2⟩dBab,t√
n

+ ⟨(G1,tA1G2,t −MA1
12,t)A2⟩dt

+ 2
∑︂
i̸=j 

⟨(G1,tA1G2,t −MA1
12,t)Ei⟩⟨MA2

21,tEj⟩dt

+ 2
∑︂
i̸=j 

⟨MA1
12,tEi⟩⟨(G2,tA2G1,t −MA2

21,t)Ej⟩dt

+ 2
∑︂
i̸=j 

⟨(G1,tA1G2,t −MA1
12,t)Ei⟩⟨(G2,tA2G1,t −MA2

21,t)Ej⟩dt

+ ⟨(G1,t −M1,t)⟩⟨G2
1,tA1G2,tA2⟩dt + ⟨(G2,t −M2,t)⟩⟨G2

2,tA2G1,tA1⟩dt.

(4.20)

Here ∂ab denotes the directional derivative in the direction (Wt)ab, Bab,t denotes the 
(a, b)--entry of the matrix Brownian motion Bt from (4.1), and 

∑︁
i̸=j denotes a sum

mation over the pairs (i, j) ∈ {(1, 2), (2, 1)}. We point out that here we also used the 
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following lemma describing the evolution of the deterministic approximation for the 
product of two resolvents:

Lemma 4.5 (Lemma 5.5 [30]). For any matrices A1, A2 ∈ C2N×2N , we have

∂t⟨MA1
12,tA2⟩ = ⟨MA1

12,tA2⟩ + ⟨𝒮[MA1
12,t]M

A2
21,t⟩. (4.21)

For concreteness, in the remainder of the proof we assume η1,tη2,t < 0, the other case 
being completely analogous. Define

Yt := max 
B1,B2∈{A1,A2,E+,E−}

⃓⃓⟨(G1,tB1G2,t −MB1
12,t)B2⟩

⃓⃓
, (4.22)

and the stopping time

τ1 := inf
{︁
t ≥ 0 : Yt = n2ξαt

}︁ ∧ T ∗, αt := 1 
n|η1,tη2,t| ∧

1 √
nℓtγt

. (4.23)

Recall that by (4.17) in the bulk regime γt ∼ |z1,t − z2,t|2 + |η1,t| + |η2,t|. From the 
monotonicity of t ↦→ |ηt| (see Lemma 4.1), and (4.9) it also follows that γs ≳ γt for s ≤ t. 
If |z1,t − z2,t| ≥ n−δ, for some very small fixed 0 < δ ≤ ξ/10, then the desired result 
follows by a simple (almost) global law (see e.g. [30, Lemma 5.4]). For the remainder of 
the proof we thus assume |z1,t − z2,t| ≤ n−δ. Note that |z1,t − z2,t| ∼ |z1,s − z2,s| for 
any s, t, by (4.9), it thus makes no difference at which time we impose conditions on 
|z1,t − z2,t|.

Writing

E1 = 1
2
(︁
E+ + E−

)︁
, E2 = 1

2
(︁
E+ − E−

)︁
, (4.24)

and proceeding similarly to [35, Eqs. (5.28)--(5.41)], from (4.20) we readily obtain

d⟨(G1,tA1G2,t −MA1
12,t)A2⟩

= ⟨G1,tA1G2,t −MA1
12,t⟩⟨MA2

21,t⟩dt− ⟨(G1,tA1G2,t −MA1
12,t)E−⟩⟨MA2

21,tE−⟩dt
+ ⟨MA1

12,t⟩⟨G2,tA2G1,t −MA2
21,t⟩dt− ⟨MA1

12,tE−⟩⟨(G2,tA2G1,t −MA2
21,t)E−⟩dt

+ ht dt + det.
(4.25)

Here et, ht are a martingale and a forcing term such that

t∧τ1∫︂
0 

⃓⃓
hs

⃓⃓
ds +

⎡⎣ · ∫︂
0 

des

⎤⎦1/2

t∧τ1

≲ nξαt∧τ1 , (4.26)
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with very high probability. Here [·]t denotes the quadratic variation process.
By explicit but fairly tedious computations we find (see (A.35) in Appendix A) (recall 

∥Ai∥ ≤ 1)

⃓⃓⟨MA1
12,tE−⟩

⃓⃓
≲ |z1 − z2|

γt
≤ n−δ

γt
, 

⃓⃓⟨MA2
21,t⟩

⃓⃓ ≤ ⃓⃓⟨ME+
21,t⟩

⃓⃓
+ 𝒪

(︃
n−δ

γt

)︃
. (4.27)

Integrating (4.25) in time (from 0 to t ∧ τ1) and using (4.27) to estimate the 
M12,t,M21,t--terms in (4.25), we thus obtain

Yt∧τ1 ≤ Y0 +
t∧τ1∫︂
0 

(︃
2
⃓⃓⟨ME+

21,s⟩
⃓⃓
+ n−δ

γs

)︃
Ys ds + nξαt∧τ1 . (4.28)

Furthermore, by [30, Eq. (5.31)], we have

exp

⎛⎝2
t ∫︂

s 

⃓⃓⟨ME+
21,r⟩

⃓⃓
dr

⎞⎠ ≤ γ2
s

γ2
t

. (4.29)

Finally, by (4.29), using Gronwall inequality and with (4.18) to estimate Y0 ≤ αt∧τ1 , we 
obtain Yt∧τ1 ≤ nξαt∧τ1 . We point out that here we also used (recall the definition of αt

from (4.23))

t ∫︂
0 

αs
1 
γs

γ2
s

γ2
t

ds ≲ αt, (4.30)

which follows by simple explicit computations. Note that the exponent 2 in (4.30) is 
very important in the regime γs ∼ |η1,s| + |η2,s|, in fact, in this regime, (4.30) would 
not be correct if (γs/γt) had any other exponent larger than 2. In the regime when 
γs ∼ |z1,s − z2,s|2, the exact power of (γs/γt) does not matter. This proves τ1 = T ∗ with 
very high probability, concluding the proof. □
Proof of Proposition 4.4. Within this proof we use that the averaged local law from 
Proposition 4.3 is already proven. In fact the evolution of averaged quantities does not 
contain isotropic quantities, but the evolution of isotropic quantities contains both av
eraged and isotropic ones.

We now write the evolution of isotropic products of two and three resolvents Gi,t =
(Wt−Λi,t)−1 along the flow (4.1). Let A1, A2 ∈ C2n×2n, then, by Itô’s formula, we have 
the following equations. For products of two resolvents we have:
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d(G1,tA1G2,t −MA1
12,t)𝒙𝒚

= dℰt + (G1,tA1G2,t −MA1
12,t)𝒙𝒚dt + 2

∑︂
i̸=j 

⟨MA1
12,tEi⟩(G1,tEjG2,t −M

Ej

12,t)𝒙𝒚dt

+ 2
∑︂
i̸=j 

(MEj

12,t)𝒙𝒚⟨(G1,tA1G2,t −MA1
12,t)Ei⟩dt

+ 2
∑︂
i̸=j 

⟨(G1,tA1G2,t −MA1
12,t)Ei⟩(G1,tEjG2,t −M

Ej

12,t)𝒙𝒚dt

+ ⟨G1,t −m1,t⟩(G2
1,tA1G2,t)𝒙𝒚dt + ⟨G2,t −m1,t⟩d(G1,tA1G

2
2,t)𝒙𝒚dt,

(4.31)

with

dℰt := 1 √
n

2n ∑︂
a,b=1

∂ab(G1,tA1G2,t)𝒙𝒚dBab,t. (4.32)

Here we recall that ∂ab denotes the directional derivative in the direction (Wt)ab, Bab,t

denotes the (a, b)--entry of the matrix Brownian motion Bt from (4.1), and 
∑︁

i̸=j denotes 
a summation over the pairs (i, j) ∈ {(1, 2), (2, 1)}. For products of three resolvents we 
have:

d(G1,tA1G2,tA2G1,t −MA1,A2
121,t )𝒙𝒚

= dˆ︁ℰt + 3
2(G1,tA1G2,tA2G1,t −MA1,A2

121,t )𝒙𝒚dt

+ (LT ) + (EI) + (EII) + (EIII),

(4.33)

with

dˆ︁ℰt := 1 √
n

2n ∑︂
a,b=1

∂ab(G1,tA1G2,tA2G1,t)𝒙𝒚dBab,t, (4.34)

and

(LT ) : =
∑︂
i̸=j 

⟨MA2
21,tEi⟩(G1,tA1G2,tEjG1,t −M

A1,Ej

121,t )𝒙𝒚dt

+
∑︂
i̸=j 

⟨MA1
12,tEi⟩(G1,tEjG2,tA2G1,t −M

Ej ,A2
121,t )𝒙𝒚dt

(EI) : =
∑︂
i̸=j 

⟨(G1,tA1G2,tA2G1,t− MA1,A2
121,t )Ei⟩

[︁
(MEj

11,t)𝒙𝒚 + (G1,tEjG1,t− MEj

11,t)𝒙𝒚
]︁
dt

+
∑︂
i̸=j 

⟨MA1,A2
121,t Ei⟩(G1,tEjG1,t −M

Ej

11,t)𝒙𝒚dt

(EII) : =
∑︂
i̸=j 

⟨(G1,tA1G2,t −MA1
12,t)Ei⟩

[︁
(MEj ,A2

121,t )𝒙𝒚
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+ (G1,tEjG2,tA2G1,t −M
Ej ,A2
121,t )𝒙𝒚

]︁
dt

+
∑︂
i̸=j 

⟨(G2,tA2G1,t −MA2
21,t)Ei⟩

[︁
(MA1,Ej

121,t )𝒙𝒚

+ (G1,tA1G2,tEjG1,t −M
A1,Ej

121,t )𝒙𝒚
]︁
dt

(EIII) : = ⟨G1,t −m1,t⟩(G2
1,tA1G2,tA2G1,t)𝒙𝒚dt + ⟨G2,t− m2,t⟩(G1,tA1G

2
2,tA2G1,t)𝒙𝒚dt

+ ⟨G1,t −m1,t⟩(G1,tA1G2,tA2G
2
1,t)𝒙𝒚dt. (4.35)

We point out that in the derivation of (4.31)--(4.33) we also used the following lemma 
whose proof is postponed to Appendix A.

Lemma 4.6. For any matrices A1, A2 ∈ C2N×2N and vectors 𝒙,𝒚 ∈ C2N , we have

∂t(MA1
12,t)𝒙𝒚 = (MA1

12,t)𝒙𝒚 + (𝒮[MA1
12,t]M I

21,t)𝒙𝒚,

∂t(MA1,A2
121,t )𝒙𝒚 = (MA1,A2

121,t )𝒙𝒚 + (𝒮[MA1,A2
121,t ]M I

11,t)𝒙𝒚 + (𝒮[MA1
12,t]M

I,A2
121,t))𝒙𝒚

+ (MA1,I
121,t)𝒮[MA2

21,t])𝒙𝒚.

(4.36)

We now introduce the short–hand notations

Y12,t(B1) : = (G1,tB1G2,t −MB1
12,t)𝒙𝒚,

Y121,t(B1, B2) : = (G1,tB1G2,tB2G1,t −MB1,B2
121,t )𝒙𝒚,

(4.37)

where the vectors 𝒙,𝒚 are fixed and omitted from the notation, and define the times

T ϵ
i = T ϵ(ηi,0, zi,0) := min{t > 0 : Nηi,tρi,t = nϵ} (4.38)

such that ηi,tρi,t reaches the threshold nηi,T ϵ
i
ρi,T ϵ

i
= nϵ. For the deterministic approxi

mations we have the bounds (see (3.20) and (3.22) of Lemma 3.3)

∥MA1
12,t∥ ≲ ∥A1∥

γt
, ∥MA1,A2

121,t ∥ ≲ ∥A1∥∥A2∥
η∗,tγt

. (4.39)

From now on, for simplicity of the presentation, we assume that b = 1, which is anyway 
the most delicate regime, as we pointed out before the statement of Proposition 4.4. 
Define the stopping time

τ2 := inf
{︄
t ≥ 0 : ∗ sup˜︁ηi,0

Y12,t = n2ξ√︁
n˜︁γt˜︁η∗,t , ∗ sup˜︁ηi,0

Y121,t = n2ξ˜︁η∗,t˜︁γt
}︄
∧ T ϵ

1 ∧ T ϵ
2 , (4.40)

where

Y12,t := max 
B1∈{A1,E+,E−}

⃓⃓
Y12,t(B1)

⃓⃓
, Y121,t := max 

B1,B2∈{A1,A2,E+,E−}

⃓⃓
Y121,t(B1, B2)

⃓⃓
.
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Here ˜︁γt := γ(˜︁η1,t, z1,t, ˜︁η2,t, z2,t), with ˜︁ηi,t being the solution of (4.5) with initial condition ˜︁ηi,0, and ˜︁ℓt, ˜︁η∗,t are defined similarly. The supremum sup∗ is taken over all the initial 
conditions ˜︁ηi,0 with ˜︁ηi,0 ∈ [ηi,0, ω∗]. We point out that in (4.40) we need to take the 
supremum over a larger set of initial conditions ˜︁ηi,0 only because at some point (see 
(4.60) below) we need to consider quantities involving |G|, and for |G| we use an integral 
representation which requires integration over an entire segment of spectral parameters.

In the following, for t ≤ τ2, we will often use the bound

sup 
ηi,t≤η̌i≤ω∗/2

[︂√︁
nγ̌tη̌∗,tY12,t + ˆ︁η∗,tγ̌tY121,t

]︂
≤ n2ξ, (4.41)

with very high probability. Here γ̌t := γ(η̌1, z1,t, η̌2, z2,t), and ℓ̌t, η̌∗,t are defined similarly. 
We point that in (4.41) we also used that, as a consequence of (4.2), for any fixed 
t ≤ T ϵ

1 ∧ T ϵ
2 and any η̌i ∈ [ηi,0, ω∗/2] there is a ˜︁ηi,0 ∈ [ηi,0, ω∗] such that ˜︁ηi,t = η̌i.

We now estimate the terms in the rhs. of (4.31)--(4.33) one by one. We first present 
the estimates for (4.31) and then for (4.33).

Estimates for (4.31): We start computing the quadratic variation of the stochastic 
term

d[ℰt, ℰt] = 1 
nη2

1,t
(ImG1,t)𝒙𝒙(G∗

2,tA1ImG1,tA1G2,t)𝒚𝒚dt

+ 1 
nη2

2,t
(G1,tA1ImG2,tA1G

∗
1,t)𝒙𝒙(ImG2,t)𝒚𝒚dt.

(4.42)

Using (4.41) together with the second bound in (4.39), we estimate

d[ℰt, ℰt] ≲ n2ξρ1,t

nη2
1,tη∗,tγt

+ n2ξρ2,t

nη2
2,tη∗,tγt

dt. (4.43)

We point out that in the following we will often use several properties of the charac
teristics from Lemma 4.1 even if not stated explicitly. By the Burkholder–Davis--Gundy 
inequality we thus obtain

sup 
0≤r≤t

⃓⃓⃓⃓
⃓⃓
r∧τ2∫︂
0 

dℰs

⃓⃓⃓⃓
⃓⃓ ≲ n3ξ/2

⌜⏐⏐⏐⎷ t∧τ2∫︂
0 

1 
nη∗,sγs

(︄
ρ1,s

η2
1,s

+ ρ2,s

η2
2,s

)︄
ds ≲ n3ξ/2

√
nγt∧τ2η∗,t∧τ2

, (4.44)

where we used γs ≳ γt, for s ≤ t, and the first relation in (4.8).
The second term in the rhs. of (4.31) can be neglected since, by considering the 

evolution of e−t(G1,tA1G2,t −MA1
12,t)𝒙𝒚, it amounts to a simple, negligible, rescaling of 

size et ∼ 1. Next, by Proposition 4.3, we estimate the terms in the second line of (4.31)
by
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⃓⃓

t ∫︂
0 

(MEj

12,s)𝒙𝒚⟨(G1,sA1G2,s −MA1
12,s)Ei⟩ds

⃓⃓⃓⃓
⃓⃓ ≲

t ∫︂
0 

1 
γs

·
(︃

nξ

√
nℓsγs

∧ nξ

nη2∗,s

)︃
ds

≲ nξ

√
nℓtγt

≤ 1 √
nγtη∗,t

,

(4.45)

where in the last inequality we used that 
√
ℓtγt ≥ η∗,t. In the second inequality we also 

used γs ≳ γt, for s ≤ t and the first relation in (4.8). Similarly, using the definition of 
stopping time τ2, we estimate⃓⃓⃓⃓

⃓⃓
t∧τ2∫︂
0 

⟨(G1,sA1G2,s −MA1
12,s)Ei⟩(G1,sEjG2,s −M

Ej

12,s)𝒙𝒚ds

⃓⃓⃓⃓
⃓⃓ ≲ n2ξ

√
nℓs

· 1 √
nγt∧τ2η∗,t∧τ2

≤ 1 √
nγt∧τ2η∗,t∧τ2

,

(4.46)

where in the last inequality we used that 
√
nℓt ≥ nϵ/2 > n2ξ.

For the terms in the last line of (4.33), by spectral decomposition, for t ≤ τ , we use

⃓⃓
(G2

1,tA1G2,t)𝒙𝒚
⃓⃓ ≤ 1 

η1,t
(ImG1,t)1/2𝒙𝒙 (G∗

2,tA1ImG1,tA1G2,t)1/2𝒚𝒚 ≲
nξ√ρ1,t

η1,t
√
η∗,tγt

. (4.47)

We thus estimate those terms by⃓⃓⃓⃓
⃓⃓

t ∫︂
0 

⟨G1,s −m1,s⟩(G2
1,sA1G2,s)𝒙𝒚ds

⃓⃓⃓⃓
⃓⃓ ≲

t ∫︂
0 

nξ

nη1,s
· nξ√ρ1,s

η1,s
√
η∗,sγs

ds ≲ nξ

√
nγtη∗,t

. (4.48)

From (4.31), writing E1, E2 as in (4.24), combining (4.44)--(4.48), and using (4.27), 
we conclude

(G1,t∧τ2A1G2,t∧τ2 −MA1
12,t∧τ2

)𝒙𝒚

= (G1,0A1G2,0 −MA1
12,0)𝒙𝒚 +

t∧τ2∫︂
0 

⟨MA1
12,s⟩(G1,sG2,s −M I

12,s)𝒙𝒚 ds

+ 𝒪
(︃

n3ξ/2
√
nγt∧τ2η∗,t∧τ2

)︃
. (4.49)

From now on we assume that A1 ∈ {E+, E−} without loss of generality, for presenta
tional simplicity. In fact, if this is not the case then we can decompose

A1 = ⟨A1E+⟩E+ + ⟨A1E−⟩E− + Ac, (4.50)
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with Ac so that ∥MAc
12,t∥ ≲ 1, uniformly in t ≥ 0. This last inequality holds since the 

subspace corresponding to the smallest eigenvalues of the stability operator is spanned 
by E−, E+ (see e.g. Appendix A).

Finally, using (4.18) to estimate the initial condition in (4.49), we obtain

Y12,t∧τ2(E+) =
t∧τ2∫︂
0 

[︁⟨ME+
12,s⟩Y12,s(E+) + ⟨ME+

12,sE−⟩Y12,s(E−)
]︁
ds + 𝒪

(︃
n3ξ/2

√
nγt∧τ2η∗,t∧τ2

)︃
,

Y12,t∧τ2(E−) =
t∧τ2∫︂
0 

[︁⟨ME−
12,s⟩Y12,s(E+) − ⟨ME−

12,sE−⟩Y12,s(E−)
]︁
ds + 𝒪

(︃
n3ξ/2

√
nγt∧τ2η∗,t∧τ2

)︃
.

(4.51)

We are now ready to conclude the estimate for Y12,t. In the following we omit some 
details and present only the main steps since this is very similar to the proof in [35, Eqs. 
(5.43)--(5.46) and Eqs. (5.58)--(5.59)]. First, we introduce the short–hand notations

𝒴t :=
(︃
Y12,t∧τ2(E+)
Y12,t∧τ2(E−)

)︃
, ℳt :=

(︄
⟨ME+

12,s⟩ ⟨ME+
12,sE−⟩

⟨ME−
12,s⟩ −⟨ME−

12,sE−⟩

)︄
,

and

ℱt := last three lines of (4.31).

Then, from (4.31), combining (4.42)--(4.50), we can rewrite (4.51) in the more precise 
form

𝒴t∧τ2 =
t∧τ2∫︂
0 

ℳs𝒴s ds +
t∧τ2∫︂
0 

[︁ℱs ds + dℰs
]︁
, (4.52)

with ⎛⎝ t∧τ2∫︂
0 

∥ℱs∥ ds

⎞⎠2

+
t∧τ2∫︂
0 

∥𝒞s∥ ds ≤ n3ξ

nγt∧τ2η
2∗,t∧τ2

. (4.53)

Here 𝒞s denotes the 2 × 2 covariance matrix of the martingale ℰs. Next, we recall that 
from [35, Eqs. (A.14)--(A.16)] it follows that ⟨ME+

12,s⟩ > −⟨ME−
12,sE−⟩, for η1,sη2,s < 0 and 

that ⟨ME±
12,sE∓⟩ is purely imaginary.

We are now ready to conclude the proof by an integral Gronwall inequality as in [35, 
Lemma 5.6]. Define

αt := 1 √
nγtη∗,t

, ft := ⟨ME+
12,t⟩. (4.54)
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Then, by [35, Eqs. (A.14)--(A.16)], it is easy to see that (4.52) satisfies the hypothesis of 
[35, Lemma 5.6]. We can thus apply a matrix Gronwall inequality from [35, Lemma 5.6] 
and obtain Y12,t∧τ2 = ∥𝒴t∧τ2∥≲ n3ξ/2/(√nγt∧τ2η∗,t∧τ2). We point out that in this last 
inequality we used

exp

⎛⎝ t ∫︂
s 

ft dr

⎞⎠ ≲ η∗,s
η∗,t

, (4.55)

which follows from ft ≲
√︁
ρ1,rρ2,r/(η1,rη2,r) and 

√︁
η1,sη2,s/(η1,tη2,t) ∼ η∗,s/η∗,t (for this 

second relation, see the similar proof [30, Eq. (5.32)]), and

t ∫︂
0 

1 √
nγsη∗,s

· 1 
γs

· η∗,s
η∗,t

ds ≲ 1 √
nγtη∗,t

, (4.56)

where we used that 
∫︁

(1/γs) ≲ 1. Note that in the averaged case we used the more 
involved estimate (4.29), instead here we used the weaker and simply obtainable bound 
(4.55) which is enough for the proof of the isotropic law. We conclude the estimate of the 
isotropic estimate of the product of two resolvents by pointing out that a similar proof 
goes through for the case b ∈ [0, 1), with the difference that (4.56) can be replaced with

t ∫︂
0 

(ρs)∗√
nη

(3−b)/2
∗,s γ

b/2
s

· 1 
γs

· η∗,s
η∗,t

ds ≲ (ρt)∗√
nη

3/2−b
∗,t γ

b/2
t

. (4.57)

A similar comment applies to isotropic chains of three resolvents below, even if we will 
not point it out explicitly.

Estimates for (4.33): Similarly to the two resolvent case above, we notice that the 
second term in the rhs. of (4.33) can be neglected from the analysis, since it only amounts 
to a simple rescaling of size e3t/2 ∼ 1. Several of the following estimates are similar to 
the estimates that we preformed in the rhs. of (4.31), for this reason we omit some easily 
checkable details. In particular, we point out that throughout we will use properties of 
the characteristics from Lemma 4.1 even if not stated explicitly.

We now compute the quadratic variation of the stochastic term in (4.33):

d[ˆ︁ℰt, ˆ︁ℰt] = 1 
nη2

1,t

[︃
(ImG1,t)𝒙𝒙(G∗

1,tA2G
∗
2,tA1ImG1,tA1G2,tA2G1,t)𝒚𝒚

+ (G1,tA1G2,tA2ImG1,tA2G
∗
2,tA1G

∗
1,t)𝒙𝒙(ImG1,t)𝒚𝒚

]︃
dt

+ 1 
nη2

2,t
(G1,tA1ImG2,tA1G

∗
1,t)𝒙𝒙(G∗

1,tA2ImG2,tA2G1,t)𝒚𝒚dt.

(4.58)



G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180 31

Note that (the first two lines of) the quadratic variation process in (4.58) contains chains 
with more than three resolvents, we thus rely on the following reduction inequalities to 
shorten these chains.

Lemma 4.7 (Reduction inequalities). For any Q1, Q2, Q3, R1, R2 ∈ C2n×2n it holds⃓⃓
(Q1G(w1)Q2G(w2)Q3)𝒙𝒚

⃓⃓
≲

√
N(Q1|G(w1)|Q∗

1)1/2𝒙𝒙 (Q3|G(w2)|Q∗
3)1/2𝒙𝒙 ⟨|G(w1)|Q2|G(w2)|Q∗

2⟩1/2

⟨|G(w1)|R1G(w2)R2|G(w1)|R∗
2G(w2)∗R∗

1⟩
≲ N⟨|G(w1)|R1|G(w2)|R∗

1⟩⟨|G(w1)|R∗
2|G(w2)|R2⟩,

(4.59)

Note that the reduction inequalities above involve |G| as well. For this reason in the 
following we need to show that if a bound holds for certain products of resolvent then 
the same bound also holds if one (or more) G is replaced by |G| (see (4.61) below).

To estimate (4.58), for t ≤ τ2, we use (4.59) in the form

(G∗
1,tA2G

∗
2,tA1ImG1,tA1G2,tA2G1,t)𝒚𝒚 ≲ n(G∗

1,t|G2,t|G1,t)𝒚𝒚⟨ImG1,t|G2,t|⟩ ≲ n1+2ξ

η∗,tγ2
t

.

(4.60)
We point out that in the last inequality of (4.60) we used that for t ≤ τ2 we have

(G∗
1,t|G2,t|G1,t)𝒚𝒚 ≲ n2ξ log n

η∗,tγt
, ⟨ImG1,t|G2,t|⟩ ≲ logn

γt
. (4.61)

This follows by [35, Appendix A] (see also [26, Section 5]) and the fact that the same 
bound holds for the quantities with |G| replaced with G (see e.g. [35, Proof of Eq. (5.32) 
in Appendix A] and [32, Lemma 4.10]). By (4.58) and the BDG inequality we thus obtain

sup 
0≤r≤t

⃓⃓⃓⃓
⃓⃓
r∧τ2∫︂
0 

dˆ︁ℰs
⃓⃓⃓⃓
⃓⃓ ≲ n3ξ/2

⌜⏐⏐⏐⎷ t∧τ2∫︂
0 

1 
η∗,sγ2

s

(︄
ρ1,s

η2
1,s

+ ρ2,s

η2
2,s

)︄
ds ≲ n3ξ/2

η∗,t∧τ2γt∧τ2

, (4.62)

with very high probability, where we used that the third line of (4.58), by the definition 
of τ2, is bounded by n4ξ/(nη4

∗,tγ
2
t ) ≤ 1/(η3

∗,tγ
2
t ) (recall that ξ ≤ ϵ/10).

We now explain how to estimate the remaining terms in (4.33). By spectral decom
position, Proposition 4.3, and (4.39), we have

⃓⃓⟨G1,tA1G2,tA2G1,t⟩
⃓⃓
+
⃓⃓⟨MA1,A2

121,t ⟩⃓⃓ ≲ 1 
η1,t

⟨ImG1,tA1|G2,t|A∗
1⟩1/2⟨ImG1,tA2|G2,t|A∗

2⟩1/2

+
⃓⃓⟨MA1,A2

121,t ⟩⃓⃓ ≲ 1 
η∗,tγt

,

with very high probability. We can thus estimate the terms in (EI) of (4.33) by
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t∧τ2∫︂
0 

1 
η∗,sγs

· ρ1,s

η1,s
ds ≲ 1 

η∗,t∧τ2γt∧τ2

, (4.63)

where we also used that ∥MA
11,t∥ ≲ (ρ1,t/η1,t)∥A∥.

Then, by Proposition 4.3, we estimate the terms in (EII) of (4.33) by

t∧τ2∫︂
0 

1 √
nη∗,sγs

· n2ξ

η∗,sγs
ds ≲ n2ξ

√
nη∗,t∧τ2

· 1 
η∗,t∧τ2γt∧τ2

. (4.64)

We now consider the terms in (EIII) of (4.33). For these terms, by (4.59), we estimate 
(we just consider one of those term for concreteness)

⃓⃓
(G2

1,tA1G2,tA2G1,t)𝒙𝒚
⃓⃓
≲ 1 

η1,t
(ImG1,t)1/2𝒙𝒙 (G∗

1,tA2G
∗
2,tA1ImG1,tA1G2,tA2G1,t)1/2𝒚𝒚

≲
n1/2+ξ√ρ1,t

η1,tη∗,tγt
,

where in the last inequality we used (4.60). We can thus estimate the terms in (EIII) of 
(4.33) by

t ∫︂
0 

1 
nη∗,s

· n
1/2+ξ√ρ1,t

η1,tη∗,tγt
ds ≲ 1 

η∗,tγt
. (4.65)

From now on, without loss of generality, for simplicity we assume that A1, A2 ∈
{E+, E−} (see (4.50)).

Combining (4.62)--(4.65) and using (4.18) to estimate the initial condition, from (4.33), 
using the short–hand notation Υ±,±

t := Y121,t(E±, E±), we obtain

Υ+,+
t∧τ =

t∧τ2∫︂
0 

[︁
2⟨ME+

12,s⟩Υ+,+
s − ⟨ME+

21,sE−⟩Υ+,−
s − ⟨ME+

12,sE−⟩Υ−,+
s

]︁
ds + 𝒪

(︃
n3ξ/2

η∗,tγt

)︃
,

Υ+,−
t∧τ =

t∧τ2∫︂
0 

[︁(︁⟨ME+
12,s⟩ − ⟨ME−

21,sE−⟩
)︁
Υ+,−

s + ⟨ME−
21,s⟩Υ+,+

s − ⟨ME+
12,sE−⟩Υ−,−

s

]︁
ds

+ 𝒪
(︃
n3ξ/2

η∗,tγt

)︃
,

Υ−,+
t∧τ =

t∧τ2∫︂
0 

[︁(︁⟨ME+
21,s⟩ − ⟨ME−

12,sE−⟩
)︁
Υ−,+

s + ⟨ME−
12,s⟩Υ+,+

s − ⟨ME+
21,sE−⟩Υ−,−

s

]︁
ds

+ 𝒪
(︃
n3ξ/2

η∗,tγt

)︃
,
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Υ−,−
t∧τ =

t∧τ2∫︂
0 

[︁− 2⟨ME−
12,sE−⟩Υ−,−

s + ⟨ME−
12,sE+⟩Υ+,−

s + ⟨ME−
21,sE+⟩Υ−,+

s

]︁
ds

+ 𝒪
(︃
n3ξ/2

η∗,tγt

)︃
. (4.66)

We are now ready to conclude the estimate of Y121,t. We present only the main steps 
and omit some details, since this proof is analogous to the one presented in (4.51)--(4.56)
and to the one in [35, Eqs. (5.43)--(5.46) and Eqs. (5.58)--(5.59)]. From (4.33), combining 
(4.58)--(4.65), in order to conclude the proof we can now proceed as in (4.51)--(4.56) and 
apply [35, Lemma 5.6] to a linear system of the form

ˆ︁𝒴t∧τ2 =
t∧τ2∫︂
0 

ˆ︂ℳs𝒴s ds +
t∧τ2∫︂
0 

[︁ ˆ︁ℱs ds + dˆ︁ℰs]︁, (4.67)

with ⎛⎝ t∧τ2∫︂
0 

∥ ˆ︁ℱs∥ ds

⎞⎠2

+
t∧τ2∫︂
0 

∥ˆ︁𝒞s∥ ds ≤ n3ξ

nγt∧τ2η
2∗,t∧τ2

=: αt∧τ2 , (4.68)

where ˆ︁𝒞t denotes the 4×4 covariance matrix of the martingale ˆ︁ℰt. Here we also used the 
notations

ˆ︁𝒴t :=

⎛⎜⎜⎜⎝
Υ+,+

t

Υ+,−
t

Υ−,+
t

Υ−,−
t

⎞⎟⎟⎟⎠ , ˆ︂ℳt :=

⎛⎜⎝2a+,t ibt −ibt 0
ibt a+,t − a−,t 0 −ibt
−ibt 0 a+,t − a−,t ibt

0 −ibt ibt 2a−,t,

⎞⎟⎠ (4.69)

where

a+,t := ⟨ME+
12,t⟩, a−,t := ⟨ME−

12,tE−⟩,

and bt is real and defined in [35, Eq. (A.14)]. Note that the matrix ˆ︂ℳt is exactly the 
same as the one [35, Eq. (5.44)], and that αt∧τ2 defined in (4.68) is different compared 
to the one defined in (4.54). We can thus use again the matrix Gronwall inequality from 
[35, Lemma 5.6] for αt defined in (4.68) and ft := 2⟨ME+

12,t⟩ (note that here we redefined 
ft, i.e. there is an additional factor of 2 compared to (4.54)). By (4.55), we thus conclude

Y121,t∧τ2 = ∥𝒴t∧τ2∥ ≲ n3ξ/2 log n 
η∗,t∧τ2γt∧τ2

.

We point out that to obtain this inequality we also used
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t ∫︂
0 

1 
η∗,sγs

· 1 
γs

· η
2
∗,s
η2∗,t

ds ≲ log n 
η∗,tγt

.

Conclusion: In the previous two parts we proved that

Y12,t∧τ2 ≲ nξ

√
nγt∧τ2η∗,t∧τ2

, Y121,t∧τ2 ≲ n3ξ/2 log n 
η∗,t∧τ2γt∧τ2

. (4.70)

These two bounds together prove the desired estimate for the initial conditions ηi,0. A 
completely analogous proof holds if we consider any other initial condition ˜︁ηi,0 ∈ [ηi,0, ω∗], 
obtaining exactly the same bounds (4.70) (with tilde on all quantities, i.e. γ → ˜︁γ, etc...). 
This, together with the definition of τ2 in (4.40) shows that τ2 = T ϵ

1 ∧ T ϵ
2 with very high 

probability. □
4.1. Improved local law at the edge of the spectrum

In this section we present the proof of the averaged local law at the edge of the 
spectrum, including ImG’s. While in the bulk of the spectrum there is no difference 
between G and ImG, we will see that close to the edge there will be an improvement 
(proportional to the local density) if we replace one (or more) G by ImG. For brevity, we 
present this proof only in the averaged case, since this is what gives the optimal bound 
on the eigenvector overlaps in Theorem 3.6. The result from Proposition 4.8 below is the 
main technical input to prove Theorem 3.5 (see the beginning of Section 4 for a related 
explanation).

Proposition 4.8. Fix small n--independent constants τ, ω∗, ϵ > 0, and for i = 1, 2 fix 
spectral parameters Λi,0 as in (4.12), with |zi,0| ≤ 10, |ηi,0| ≤ ω∗. For t ≤ T ∗ let Λi,t be 
the solution of (4.4) with initial condition Λi,0. Let Gi,t := (Wt − Λi,t)−1, and let ˆ︂MA

12,t
be the deterministic approximation of ImG1,tAImG2,t from (3.27). Let ℓ from (4.13), 
and define the control parameter

ˆ︁γ = ˆ︁γ(η1, z1, η2, z2) := |z1 − z2|2 + ρ1|η1| + ρ2|η2| +
(︃
η1

ρ1

)︃2

+
(︃
η2

ρ2

)︃2

,

ˆ︁γt := ˆ︁γ(η1,t, z1,t, η2,t, z2,t).
(4.71)

Assume that for some small 0 < ξ ≤ ϵ/10, with very high probability, it holds

⃓⃓⟨︁(︁
ImG1,0A1ImG2,0 − ˆ︂MA1

12,0
)︁
A2

⟩︁⃓⃓ ≤ nξρ1,0ρ2,0√
nℓ0ˆ︁γ0

∧ nξ

n|η1,0η2,0| (4.72)

uniformly in ∥Ai∥ ≤ 1 and for any |ηi| ∈ [|ηi,0|, n100]. Then,

⃓⃓⟨(ImG1,tA1ImG2,t − ˆ︂MA1
12,t)A2⟩

⃓⃓ ≤ n2ξρ1,tρ2,t√
nℓtˆ︁γt ∧ n2ξ

n|η1,tη2,t| , (4.73)
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with very high probability uniformly in ∥Ai∥ ≤ 1 and all t ≤ T ∗ such that nℓt ≥ nϵ.

Proof. To keep the presentation simple, we only consider the case A1, A2 ∈ {E+, E−}. 
By (4.20) we have

d⟨(ImG1,tA1ImG2,t −MA1
12,t)A2⟩

=
2n ∑︂

a,b=1

∂ab⟨ImG1,tA1ImG2,tA2⟩dBab,t√
n

+ ⟨(ImG1,tA1ImG2,t − ˆ︂MA1
12,t)A2⟩dt

+ (LT ) + (EI) + (EII) + (EIII),

(4.74)

where we defined

(LT ) : = 2
∑︂
i̸=j 

⟨(G∗
1,tA1G2,t −MA1

12,t)Ei⟩⟨ˆ︂MA2
21,tEj⟩dt

+ 2
∑︂
i̸=j 

⟨(ImG1,tA1ImG2,t − ˆ︂MA1
12,t)Ei⟩⟨MA2

21,tEj⟩dt

− 4
∑︂
i̸=j 

⟨ˆ︂MA1
12,tEi⟩⟨(ImG2,tA2ImG1,t − ˆ︂MA2

21,t⟩)Ej⟩dt

− 4
∑︂
i̸=j 

⟨(ImG1,tA1ImG2,t − ˆ︂MA1
12,t⟩)Ei⟩⟨ˆ︂MA2

21,tEj⟩dt

(EI) : = 2
∑︂
i̸=j 

⟨MA1
12,tEi⟩⟨(ImG2,tA2ImG1,t − ˆ︂MA2

21,t)Ej⟩dt

+ 2
∑︂
i̸=j 

⟨(ImG1,tA1ImG2,t − ˆ︂MA1
12,t)Ei⟩⟨(G∗

2,tA2G1,t −MA2
21,t)Ej⟩dt

(EII) : = 2
∑︂
i̸=j 

⟨(G∗
1,tA1G2,t −MA1

12,t)Ei⟩⟨(ImG2,tA2ImG1,t − ˆ︂MA2
21,t)Ej⟩dt

+ 2
∑︂
i̸=j 

⟨ˆ︂MA1
12,tEi⟩⟨(G∗

2,tA2G1,t − ˆ︂MA2
21,t)Ej⟩dt

− 4
∑︂
i̸=j 

⟨(ImG1,tA1ImG2,t − ˆ︂MA1
12,t⟩)Ei⟩⟨(ImG2,tA2ImG1,t − ˆ︂MA2

21,t⟩)Ej⟩dt

(EIII) : = ⟨(G1,t −M1,t)⟩⟨ImG1,tA1ImG2,tA2G1,t⟩dt
+ ⟨(G2,t −M2,t)⟩⟨ImG2,tA2ImG1,tA1G2,t⟩dt
+ ⟨(G1,t −M1,t)∗⟩⟨ImG1,tA1ImG2,tA2G

∗
1,t⟩dt

+ ⟨(G2,t −M2,t)∗⟩⟨ImG2,tA2ImG1,tA1G
∗
2,t⟩dt

+
(︃ ⟨ImG1,t − ImM1,t⟩

η1,t
+ ⟨ImG2,t − ImM2,t⟩

η2,t

)︃
⟨ImG1,tA1ImG2,tA2⟩.

(4.75)
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We point out that here we used that by the chiral symmetry of Hz for any diagonal 
B1, B2 we have ⟨G1B1ImG2B2⟩ = i⟨ImG1B1ImG2B2⟩.

We now present the estimate of all the various terms in the rhs. of (4.74). These 
estimates are very similar to the ones presented in [35, Section 5.1], hence we omit some 
details. Throughout the proof we use that ˆ︁γs ≳ ˆ︁γt, γs ≳ γt, for s ≤ t, and (4.8) even if 
not mentioned explicitly. For simplicity of notation we also assume that ηi,t > 0.

Define the stopping time

τ3 := inf
{︃
t ≥ 0 : max 

A1,A2∈{E+,E−}

⃓⃓⟨(ImG1,tA1ImG2,t − ˆ︂MA1
12,t)A2⟩

⃓⃓
= n2ξˆ︁αt

}︃
∧ T ∗,

ˆ︁αt := 1 
n|η1,tη2,t| ∧

ρ1,tρ2,t√
nℓtˆ︁γt .

(4.76)

Recall (see (3.21) of Lemma 3.3) that for the deterministic term we have the bound

∥ˆ︂MA
12,t∥ ≲ 1 ˆ︁γt . (4.77)

We start with the estimate of the stochastic term in (4.74). Its quadratic variation 
process is bounded by

1 
n2η2∗,t

⟨ImG1,tA1ImG2,tA2ImG1,tA2ImG2,tA1⟩dt ≲
(︄

ρ1,t

n2η3
1,tη

2
2,t

∧ ρ2
1,tρ

2
2,t

nη2∗,tˆ︁γ2
t

)︄
dt,

(4.78)
where to obtain the second term in the rhs. we used the averaged reduction inequality 
(4.59) to estimate the trace of the product of four G’s in terms of the product of two 
traces involving two G’s each. To estimate the traces involving two resolvents we then 
used (4.77) and the definition of the stopping time τ3 in (4.76). By the BDG inequality 
we thus obtain

sup 
0≤r≤t

⃓⃓⃓⃓
⃓⃓
r∧τ3∫︂
0 

2n ∑︂
a,b=1

∂ab⟨ImG1,sA1ImG2,sA2⟩dBab,s√
n

⃓⃓⃓⃓
⃓⃓ ≲ nξˆ︁αt∧τ3 . (4.79)

Notice that the second term in the second line of (4.74) can be neglected, since it 
just amounts to a simple rescaling of a factor et ∼ 1. Next, using that by spectral 
decomposition we have

⃓⃓⟨ImG1,tA1ImG2,tA2G1,t⟩
⃓⃓
≲ 1 

η1,t
⟨ImG1,tA1ImG2,tA

∗
1⟩1/2⟨ImG1,tA2ImG2,tA

∗
2⟩1/2,
(4.80)

and using the single resolvent local law |⟨Gi,t−Mi,t⟩| ≤ nξ/(nηi,t), we estimate the term 
in (EIII) by
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t∧τ3∫︂
0 

nξ

nη2∗,s

ρ1,sρ2,sˆ︁γs ds ≲ nξ

nℓt∧τ3

· ρ1,t∧τ3ρ2,t∧τ3ˆ︁γt ≤ ˆ︁αt∧τ3 , (4.81)

where in the last inequality we also used that ξ ≤ ϵ/10.
Next, using the definition of the stopping time τ3 in (4.76) and the local law

⃓⃓⟨(︁G1,tA1G2,t −MA1
12,t

)︁
A2⟩

⃓⃓
≲ nξ

nη1,tη2,t
∧ nξ

√
nℓtγt

, (4.82)

we estimate the terms in (EII) by

t∧τ3∫︂
0 

(︃
nξ

nη1,sη2,s
∧ nξ

√
nℓsγs

)︃(︃
nξ

nη1,sη2,s
∧ nξρ1,sρ2,s√

nℓsˆ︁γs
)︃

ds ≲ n2ξ

nℓt∧τ3

ˆ︁αt∧τ3 . (4.83)

Furthermore, using (4.77) and (4.82), the terms in (EI) are estimated by

t ∫︂
0 

ρ1,sρ2,sˆ︁γs ·
(︃

nξ

nη1,sη2,s
∧ nξ

√
nℓsγs

)︃
ds ≲ nξˆ︁αt. (4.84)

We are thus left only with the linear terms (LT ) in the rhs. of (4.74). These terms will 
be Gronwalled, giving the desired bound. This last step is the only place where there is a 
relevant difference compared to [35, Section 5]. In fact, in [35] when we considered G1G2, 
to deal with the two bad directions for the stability operator E−, E+, we studied a 4× 4
system of equations, corresponding to the four choices A1, A2 ∈ {E+, E−}. Instead, for 
ImG1ImG2, due to additional symmetries of ImG (see (4.85)) it is enough to study a 
scalar equation. Indeed, by the chiral symmetry of Hz we have

⟨ImG1,tE−ImG2,tE−⟩ = ⟨ImG1,tImG2,t⟩,
⟨ImG1,tE−ImG2,t⟩ = ⟨ImG1,tImG2,tE−⟩, ⟨ˆ︂ME±

12,tE∓⟩ = 0.
(4.85)

This shows that it is enough to only consider two cases: (A1, A2) = (E+, E+) and 
(A1, A2) = (E+, E−). We first consider the case (A1, A2) = (E+, E+). By inspecting 
(4.74), one can easily see that the equation for (A1, A2) = (E+, E+) is self–contained; in 
fact, the terms containing (E+, E−), which naturally emerge in the rhs. of (4.74), cancel 
algebraically. More precisely, defining

ˆ︁Yt :=
⃓⃓⟨(ImG1,tE+ImG2,t − ˆ︂ME+

12,t)E+⟩
⃓⃓
,

and combining (4.79)--(4.84), we obtain

ˆ︁Yt∧τ3 = ˆ︁Y0 + 1
2

t ∫︂
0 

[︁⟨M I
12,s⟩ + ⟨M I

12,s⟩ + ⟨M I
12,s⟩ + ⟨M I

12,s⟩
]︁ˆ︁Ys ds + nξˆ︁αt∧τ3 . (4.86)
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By a Gronwall inequality, using that by explicit computations (see e.g. [35, Lemma 5.7])

exp

⎛⎝1
2

t ∫︂
s 

[︁⟨M I
12,r⟩ + ⟨M I

12,r⟩ + ⟨M I
12,r⟩ + ⟨M I

12,r⟩
]︁
dr

⎞⎠ ≤ exp

⎛⎝ t ∫︂
s 

⃓⃓⟨M I
12,r⟩

⃓⃓
dr

⎞⎠
≲ γ2

s

γ2
t

∼ ˆ︁γ2
sˆ︁γ2
t

, (4.87)

and proceeding similar arguments as in the end of [35, Secion 5.1] starting from Eq. (5.58) 
therein, we obtain ˆ︁Yt∧τ3 ≤ nξˆ︁αt∧τ3 . This concludes the proof for (A1, A2) = (E+, E+). 
Given the result for (A1, A2) = (E+, E+), the estimate in the case (A1, A2) = (E+, E−)
is completely analogous obtaining the bound nξˆ︁αt∧τ3 in this case as well. This concludes 
the proof showing that τ3 = T ∗ with very high probability. □
5. The zag step: proofs of Theorem 3.4 and Theorem 3.5

In Section 4 (zig step), we proved in Proposition 4.3 that if the local laws from 
Theorem 3.4 hold on a global scale η ∼ 1, then they also hold down to the optimal local 
scale η ≫ 1/n, at the cost of adding a Gaussian component. This section (zag step) 
is devoted to remove this added Gaussian component using a Gronwall argument (see 
Lemma 5.4 and (5.49) below) and hence prove Theorem 3.4. The proof of Theorem 3.5
near the edge is similar to Theorem 3.4 using (5.75) below to remove the Gaussian 
component added in Proposition 4.8.

The outline of this section is as follows. We first present the proof of the isotropic 
local law (3.25) and the averaged law in Section 5.1 and 5.2 respectively. In Sections 5.3, 
we prove standard local laws without |z1 − z2| decay stated in Proposition 5.1 below, 
which serve as an input to prove Theorem 3.4. The proof of Theorem 3.5 is presented in 
Section 5.4 using Theorem 3.5 as an input.

Before we prove Theorem 3.4, we introduce the local laws for Gz1(iη1)A1G
z2
2 (iη2)

without gaining from the |z1−z2|-decorrelations. The proof of these local laws is standard 
and thus postponed to Section 5.3.

Proposition 5.1. Fix small constants ϵ, τ > 0. The following hold

⃓⃓⃓(︁
Gz1(iη1)A1G

z2(iη2) −MA1
12

)︁
𝒙𝒚

⃓⃓⃓
≺

√
ρ∗

√
nη

3/2
∗

, (5.1)

⃓⃓⃓⟨︁(︁
Gz1(iη1)A1G

z2(iη2) −MA1
12

)︁
A2

⟩︁⃓⃓⃓ ≺ 1 
nη2∗

, (5.2)

uniformly for any |zi| ≤ 1 + τ , min2
i=1{|ηi|ρi} ≥ n−1+ϵ, any deterministic matrices 

∥A1∥ + ∥A2∥ ≲ 1 and unit vectors 𝒙,𝒚. Here ρi := ρzi(iηi), η∗ := min2
i=1 |ηi|, 
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ρ∗ := max2
i=1 ρi, and MA1

12 is given in (3.16). Moreover, recalling MA1,A2
121 defined in 

(3.19), we also have the following estimate for three resolvents

⃓⃓⃓(︁
Gz1(iη1)A1G

z2(iη2)A2G
z1(iη1) −MA1,A2

121
)︁
𝒙𝒚

⃓⃓⃓
≺ 1 

η2∗
. (5.3)

Next we aim to improve Proposition 5.1 to Theorem 3.4 gaining from the |z1 − z2|
decorrelation.

5.1. Proof of the isotropic local law in (3.25)

We start with proving the isotropic local law in (3.25), using Proposition 5.2 below 
iteratively. In this iteration procedure we gradually replace a small power of η∗/ρ∗ with 
γ. We will focus on the regime that γ ≳ η∗/ρ∗, otherwise the desired local law follows 
directly from Proposition 5.1.

Proposition 5.2. Fix small constants ϵ, τ > 0. Assume that for any zi ∈ C and ηi ∈ R

satisfying |zi| ≤ 1 + τ , min2
i=1{|ηi|ρi} ≥ n−1+ϵ, γ ≳ η∗/ρ∗, the following hold for some 

0 ≤ b < 1, i.e.,

⃓⃓⃓(︁
Gz1(iη1)A1G

z2(iη2) −MA1
12

)︁
𝒙𝒚

⃓⃓⃓
≺ (ρ∗) 1−b

2 
√
n(η∗)

3−b
2 γ

b 
2
, (5.4)

⃓⃓⃓(︁
Gz1(iη1)A1G

z2(iη2)A2G
z1(iη1) −MA1,A2

121
)︁
𝒙𝒚

⃓⃓⃓
≺ 1 

η2−b∗ γb
, (5.5)

uniformly for any deterministic bounded matrices Ai (i = 1, 2) and unit vectors 𝒙,𝒚, 
where γ is defined in (3.23) and MA1

12 , MA1,A2
121 are defined in (3.16), (3.19). Then the 

following also hold for a larger b′ = min
{︁
b + θ, 1

}︁
with some 0 < θ ≤ ϵ/10,

⃓⃓⃓(︁
Gz1(iη1)A1G

z2(iη2) −MA1
12

)︁
𝒙𝒚

⃓⃓⃓
≺ (ρ∗) 1−b′

2 
√
n(η∗)

3−b′
2 γ

b′
2 
, (5.6)

⃓⃓⃓(︁
Gz1(iη1)A1G

z2(iη2)A2G
z1(iη1) −MA1,A2

121
)︁
𝒙𝒚

⃓⃓⃓
≺ 1 

η2−b′∗ γb′
, (5.7)

uniformly for any deterministic bounded matrices Ai (i = 1, 2) and unit vectors 𝒙,𝒚.

Proof of (3.25). Note that Proposition 5.1 implies that the initial assumptions in 
(5.4)-(5.5) with b = 0 are satisfied. Starting from (5.4)-(5.5) for b = 0 as the initial 
step and iterating Proposition 5.2 for at most O(θ−1) times by gradually increasing 
b from 0 to 1, we have proved the isotropic local law for Gz1A1G

z2 in (3.25) modulo 
Proposition 5.2 that we will prove shortly. For a graphical illustration of this iterative 
procedure we refer to Fig. 2. □
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Note that as a by-product, we also obtained the following isotropic version for three 
resolvents. This Lemma 5.3 will be needed as an auxiliary estimate in the next section 
to prove the averaged local law in (3.26).

Lemma 5.3. Fix small constants ϵ, τ > 0. For any deterministic matrices ∥A1∥+∥A2∥ ≲ 1
and vectors ∥𝒙∥, ∥𝒚∥ ≲ 1, the following holds

⃓⃓⃓⟨︁
𝒙,

(︁
Gz1(iη1)A1G

z2(iη2)A2G
z1(iη1) −MA1,A2

121
)︁
𝒚
⟩︁⃓⃓⃓ ≺ 1 

η∗γ
, (5.8)

uniformly for any |zi| ≤ 1 + τ and min2
i=1{|ηi|ρi} ≥ n−1+ϵ.

Before we give the actual proof of Proposition 5.2, we introduce the following short
hand notations and a preliminary lemma for zag step (see Lemma 5.4 below). Define

Rxy :=
(︁
G1AG2 −MA

12
)︁
𝒙𝒚

, Sxy :=
(︁
G1A1G2A2G1 −MA1,A2

121
)︁
𝒙𝒚

, (5.9)

with Gi := Gzi(iηi), i = 1, 2, and set the following control parameters

ℰ𝔟 := (ρ∗) 1−𝔟
2 

√
n(η∗)

3−𝔟
2 γ

𝔟
2 
, ˜︁ℰ𝔟 := 1 

η2−𝔟∗ γ𝔟
, 𝔟 ∈ [0, 1]. (5.10)

It is easy to check that, for any 0 ≤ b ≤ b′ ≤ 1,

1 √
nγη∗

≲ ℰb′ ≤ ℰb ≤
√
ρ∗

√
nη

3/2
∗

, 
1 

η∗γ
≲ ˜︁ℰb′ ≤ ˜︁ℰb ≤ 1 

η2∗
. (5.11)

With the above short-hand notations, we aim to prove, for any zi ∈ C and η ∈ R

satisfying |zi| ≤ 1 + τ , n|ηi|ρi ≳ nϵ, and γ ≳ η∗/ρ∗,

|Rxy| ≺ ℰb′ , |Sxy| ≺ ˜︁ℰb′ , b′ = min
{︁
b + θ, 1

}︁
, (5.12)

assuming that |Rxy| ≺ ℰb and |Sxy| ≺ ˜︁ℰb for some 0 ≤ b < 1.
The proof of Proposition 5.2 will be a Gronwall argument [zag step] together with 

Proposition 4.4 [zig step]. The bounds (5.6) and (5.7) are already known from Propo
sition 4.4 (together with the global laws needed as an initial input that will be stated 
later in (5.18)--(5.19)) whenever X has a small Gaussian component. We show that this 
Gaussian component does not change the estimate up to the relevant order by running 
an Ornstein-Uhlenbeck flow to remove the small Gaussian component. We will work with 
the time evolution of high moments of Rxy

t , Sxy
t . The key of the Gronwall argument is to 

give an estimate on the time derivative of these high moments in terms of themselves, 
this will be the content of Lemma 5.4 below.



G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180 41

We now setup this flow argument. Given the initial ensemble Hz in (3.2) for fixed 
z ∈ C and X satisfying Assumption 2.1, we consider the following Ornstein-Uhlenbeck 
matrix flow

dHz
t = −1

2(Hz
t + Z)dt + 1 √

n
dℬt, Z :=

(︃
0 zI
zI 0

)︃
, ℬt :=

(︃
0 Bt

B∗
t 0

)︃
, (5.13)

with initial condition Hz
t=0 = Hz, where Bt is an n×n matrix with i.i.d. standard complex 

valued Brownian motion entries. Indeed, the matrix flow Hz
t interpolates between the 

initial matrix Hz and the same matrix with X replaced with an independent complex 
Ginibre ensemble, i.e.,

Xt
d = e−

t 
2X +

√
1 − e−tGin(C). (5.14)

The corresponding time-dependent resolvent of Hzi
t (i = 1, 2) is denoted by

Gi := Gzi
t (iηi) = (Hzi

t − iηi)−1, i = 1, 2,

which we use to define time dependent Rxy
t , Sxy

t as in (5.9). For notational brevity, we 
will not keep track of the dependence of t in the notations Gi from now on. Note that 
the parameters zi ∈ C, ηi ∈ R are fixed and hence the deterministic matrices MA

12 and 
MA1,A2

121 in (5.9) are independent of the time t.

Lemma 5.4. Fix small constant ϵ, τ > 0 and any integer m ≥ 1. For any |zi| ≤ 1 + τ

and ηi ∈ R satisfying min2
i=1{|ηi|ρi} ≥ n−1+ϵ and γ ≳ η∗/ρ∗, assuming7 that for some 

0 ≤ b < 1,

𝑬|Rxy
t |2m ≺ (ℰb)2m, Rxy

t =
(︁
G1AG2 −MA

12
)︁
𝒙𝒚

,

𝑬|Sxy
t |2m ≺ (˜︁ℰb)2m, Sxy

t =
(︁
G1A1G2A2G1 −MA1,A2

121
)︁
𝒙𝒚

,

uniformly for any t ≥ 0, any deterministic bounded matrices Ai (i = 1, 2) and unit 
vectors 𝒙,𝒚, then the following hold for b′ = min

{︁
b + θ, 1

}︁
, 0 < θ ≤ ϵ/10, and the 

prefactor Cn := 1 + 1 
√
nη

1+ ϵ 
2∗
,

⃓⃓⃓d𝑬|Rxy
t |2m

dt 

⃓⃓⃓
≲Cn

(︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︁ℰb′)︁2m)︂

, (5.15)

⃓⃓⃓d𝑬 ⃓⃓𝒮xy
t

⃓⃓2m
dt 

⃓⃓⃓
≲Cn

(︂
𝑬
⃓⃓𝒮xy

t

⃓⃓2m + O≺
(︁˜︁ℰb′)︁2m)︂

, (5.16)

7 We remark that stochastic domination ≺ and upper bounds of arbitrarily high moments of a random 
variable are equivalent for random variables bounded by some nC which is always true in our case, i.e., for 
|X| ≤ nC we have that X ≺ Ψ if and only if 𝑬|X|2m ≤ nξΨ2m for any m ≥ 1 and ξ > 0. We frequently 
use this fact in the proof without mentioning it.
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uniformly for any t ≥ 0, any deterministic bounded matrices Ai (i = 1, 2) and unit 
vectors 𝒙,𝒚.

The proof of Lemma 5.4 will be postponed till the end of this section. Now we are 
ready to use Proposition 4.4 (zig-step) and Lemma 5.4 (main technical input for zag-step) 
to prove Proposition 5.2.

Proof of Proposition 5.2. Recall that the matrix flows Xt, Wt defined in (4.1)-(4.2) and 
the characteristic flow Λ(t) := Λt defined in (4.4). The corresponding resolvent is given 
by Gzt

t (iηt) = (Hzt
t − iηt)−1, where Hzt

t is defined as in (3.1) with time dependent zt and 
Xt. We remark that one should not confuse this notation with Gz

t (iη) = (Hz
t − iη)−1

defined below (5.14), where both η ∈ R and z ∈ C are fixed.
Fix any |zi| ≤ 1+τ and ηi with n|ηi|ρi ≳ nϵ where ρi := ρzi(iηi). Choose a small T ∼ 1. 

By Lemma 4.2, there exist initial conditions Λi(0) satisfying dist(iηi(0), supp(ρi(0))) ≳ 1
such that at time t = T , zi(T ) = zi and ηi(T ) = ηi. We also remark that from Lemma 4.1, 
the initial conditions ηi(0), zi(0), ρi(0) have the following properties:

ηi(0) 
ρi(0) ≳ T, ρi(0) ∼ ρi(T ), zi(0) = zi(T )(1 + O(T )). (5.17)

We next state the following global laws, i.e., for any spectral parameters with 
dist(iηi, supp(ρzi)) ∼ 1, ⃓⃓⃓(︁

Gz1(iη1)A1G
z2(iη2) −MA1

12
)︁
𝒙𝒚

⃓⃓⃓
≺ 1 √

n
, (5.18)⃓⃓⃓(︁

Gz1(iη1)A1G
z2(iη2)A2G

z1(iη1) −MA1,A2
121

)︁
𝒙𝒚

⃓⃓⃓
≺ 1. (5.19)

The proof of these global laws is standard and similar to [31, Proposition 4.1] (see also 
[26, Appendix B]) with the only exception that in the current case we need to consider 
the 2 × 2 block structure due to the chiral symmetry, but this can be done with very 
minor changes in the proof, and so omitted. These global laws directly imply that the 
initial condition (4.18) of Proposition 4.4 at t = 0 is satisfied, hence from this proposition 
we obtain the desired local laws at t = T ∼ 1, i.e.,

|Rxy
T | ≺ 1 √

nγη∗
, |Sxy

T | ≺ 1 
η∗γ

, ηi(T ) = ηi, zi(T ) = zi. (5.20)

This completes the zig step and it proves Theorem 3.4 for X being a Gaussian divisible 

matrix, albeit with a large Gaussian component, i.e., XT
d = e−

T
2 X +

√
1 − e−TGin(C), 

with T ∼ 1.
Next we aim to use Lemma 5.4 to remove the Gaussian component T ∼ 1. However 

the differential inequalities in (5.15)-(5.16) are only effective in the Gronwall argument 
when the pre–factor Cn is bounded, which means that η∗ needs to be somewhat large. 
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Fig. 1. The shaded square indicates the region in the (η, t) plane where the local law holds with an error 
bound ℰb, as given in assumption (5.4). Starting from the global law at the initial black dot (η(0)

∗ ∼ 1), 
the slanted line downward indicates the zig step using Proposition 4.4, while the horizontal line leftward 
indicates the zag step using Lemma 5.4 and a Gronwall argument. Iterating finitely many zig-zags until 
reaching the final red point (η(K)

∗ ∼ η∗, K = O(ϵ−1)) yields the improved local law with an improved error 
ℰb+θ for any min2

i=1 |ηi|ρi ≳ n−1+ϵ. (For interpretation of the colours in the figure(s), the reader is referred 
to the web version of this article.)

So we will need an iterative procedure to handle the smaller η∗ regime using a smaller 
Gaussian component, hence smaller T , so that the larger prefactor Cn is compensated 
by the shorter integration time.

In the first step, we assume that |η∗| ≳ n−1/2+ϵ/2, then the prefactor Cn ≤ C for 
some constant C > 0. Using Gronwall’s inequality for T ∼ 1, we have

𝑬|Rxy
0 |2m ≤ e

∫︁ T
0 Cdt𝑬|Rxy

T |2m +
T∫︂

0 

e
∫︁ T
s

CdtO≺
(︁ℰb′)︁2mds = O≺

(︁ℰb′)︁2m, (5.21)

where we also used (5.20) and (5.11). One can handle Sxy
0 in a similar way. This hence 

proves (5.12) for any |zi| ≤ 1 + τ and |η∗| ≳ n−1/2+ϵ/2, i.e.,⃓⃓
Rxy

0
⃓⃓ ≺ ℰb′ , 

⃓⃓
Sxy

0
⃓⃓ ≺ ˜︁ℰb′ , ∀|ηi| ≳ n−1/2+ϵ/2. (5.22)

This completes the zag step.
To extend the above results to smaller |η∗| ≲ n−1/2+ϵ/2, we use zig-zag iteratively as 

follows (see the illustration in Fig. 1). In each iteration step k ≥ 1, we use the superscript 
(k) to indicate the step number, e.g., we denote the spectral parameters by η(k)

i ∈ R, 
z
(k)
i ∈ C and the time by T (k) ∈ R+. Recall that our final goal is to prove (5.12) for any 

fixed |zi| ≤ 1 + τ and n|ηi|ρi ≳ nϵ. We also recall from Lemma 4.1 that the size of ρi
does not change along the characteristic flow in (4.4) by more than a constant factor. 
Note that (3.10) and n|ηi|ρ ≳ nϵ imply that |ηi| ≳ n−1+ϵ and n−1/2+ϵ/2 ≲ ρi ≲ 1. Then 
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we set ρ∗ = min2
i=1 ρi ∼ n−c∗ with 0 ≤ c∗ ≤ 1/2 − ϵ/2. In general for any k ≥ 1, we 

define the scales recursively as follows:

η
(k)
∗ := n−ak , ak =

1
2 + ak−1 − c∗

1 + ϵ 
2

, a1 = 1
2 − ϵ 

2 . (5.23)

We will stop the iterations if η(k)
∗ reaches η∗ = min2

i=1 |ηi| ≳ n−1+ϵ, so ak ≥ 1 − ϵ. 
The number of iteration steps is denoted by K. It is straightforward to check that ak is 
increasing in k at least up to 1 using that 0 ≤ c∗ ≤ 1/2 − ϵ/2.

In the k-th step, we fix |η(k)
i | ≳ η

(k)
∗ = n−ak and |z(k)

i | ≤ 1+ τ with ρ(k)
i ∼ ρi. Assume 

that in the previous step, we have proved (5.22) for any |η(k−1)
i | ≳ η

(k−1)
∗ = n−ak−1

and |z(k−1)
i | ≤ 1 + τ with ρ(k−1)

i ∼ ρi. Recall the characteristic flow Λ(t) = Λt in 
(4.4) and choose T (k) ∼ η

(k−1)
∗ /ρ∗ = n−ak−1+c∗ . From Lemma 4.1, there exist initial 

conditions |zi(0)| = |z(k)
i | + O(T (k)) and |ηi(0)| ≳ ρ∗T (k) = η

(k−1)
∗ = n−ak−1 such 

that ηi(T (k)) = η
(k)
i and zi(T (k)) = z

(k)
i . The result from the previous step in (5.22)

ensures that the assumption (4.18) of Proposition 4.4 (with b′ playing the role of b) 
is satisfied for any |η(k−1)

i | ≳ η
(k−1)
∗ = n−ak−1 . Thus Proposition 4.4 implies that for 

t = T (k) ∼ n−ak−1+c∗ ,⃓⃓
Rxy

T (k)

⃓⃓ ≺ ℰb′ , 
⃓⃓
Sxy
T (k)

⃓⃓ ≺ ˜︁ℰb′ , zi(T (k)) = z
(k)
i , ηi(T (k)) = η

(k)
i , (5.24)

with |z(k)
i | ≤ 1+τ and |η(k)

i | ≳ η
(k)
∗ = n−ak such that ρ(k)

i ∼ ρi. Then we apply Gronwall’s 
inequality to (5.15)-(5.16) similarly to (5.21) to remove the Gaussian component T (k) ∼
n−ak−1+c∗ . Note that the prefactor Cn = 1 + 1 √

n(η(k)
∗ )1+

ϵ 
2

satisfies

e
∫︁ T (k)
0 Cndt ≲ 1 + T (k)Cn ≲ 1 + n−ak−1+c∗

(︂
1 + 1 

n1/2−ak(1+ ϵ 
2 ) )

)︂
≲ 1, (5.25)

using (5.23) and that c∗ ≤ 1/2 − ϵ/2 ≤ ak for any k ≥ 1. Hence we extend (5.22) down 
to the regime |z(k)

i | ≤ 1 + τ , |η(k)
i | ≳ η

(k)
∗ = n−ak , ρ(k)

i ∼ ρi in the k-th iteration step.
We iterate the above process and stop at K-th step when η(K)

∗ reaches η∗ = min2
i=1 |ηi|. 

The number of iterations K indeed depends on c∗ and η∗ but it always remains n
independent. For example, if both z1 and z2 are in the bulk |zi| ≤ 1− τ and η∗ = n−1+ϵ, 
hence c∗ = 0, then we only need to iterate twice using (5.23). The same also applies if 
both are at the edge |zi| = 1+O(n−1/2) and η∗ = n−3/4+ϵ, in which case c∗ = 1/4− ϵ/4. 
However, if z1 is in the bulk and z2 is at the edge with c∗ = 1/4 − ϵ/4 and η∗ = n−1+ϵ, 
then we need to iterate for three times. The worst situation is when |z1| = 1 − τ and 
|z2| = 1 + τ with c∗ = 1/2 − ϵ/2 and η∗ = n−1+ϵ. Then from (5.23), we know that

ak − ak−1 =
ak−1 + ϵ 

2
1 + ϵ 

2
− ak−1 = ϵ 

2
1 − ak−1

1 + ϵ 
2

≲ ϵ2,

using that ak ≤ 1 − ϵ. This implies that we need to iterate for at most O(ϵ−2) times to 
extend (5.22) down to the final regime n|ηi|ρi ≳ nϵ. □
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Fig. 2. In each step we use the same zig-zag as explained in Fig. 1 to improve the local law obtained in the 
previous step (with the error bound ℰ(k−1)θ indicated on the upper right corner of the shaded square) to 
the next order bound ℰkθ (indicated along the zigzag lines). Starting from Theorem 5.1 as the initial input, 
we iterate this process for ⌈ 1 

θ ⌉ times to improve the a priori error bound ℰ0 to the desired ℰ1.

To summarize the proof of the isotropic local law, we use Fig. 2 to illustrate both the 
zig-zag iteration used in the proof of Proposition 5.2 and the b-iterations used to prove 
(3.25).

Finally, we end this section with the proof of Lemma 5.4.

Proof of Lemma 5.4. To simplify the notations, we assume that |η1| ∼ |η2| ∼ η and 
ρ1 ∼ ρ2 ∼ ρ for some η, ρ. The proof for general ηi and ρi is essentially the same with η, 
ρ below replaced by η∗, ρ∗.

We first apply Itô’s formula to |Rxy
t |2m = (Rxy

t )m(Rxy
t ))m and perform the cumulant 

expansions (see e.g., [55, Lemma 7.1]) as below. Without loss of generality, we may 
assume in the following that all the cumulants of the normalized entries of 

√
nX are 

equal to one. We thus obtain

d𝑬|Rxy
t |2m

dt =
K0∑︂
k=3

1 
k!𝒯k + O≺

(︁
n−100m)︁

=
K0∑︂
k=3

1 
k!

⎛⎝ k∑︂
l=1 

∑︂
s1+···+sl=k;si≥1

𝒯 (s1,··· ,sl)
k

⎞⎠ + O≺
(︁
n−100m)︁

, (5.26)

with the k-th order cumulant expansion term given by

𝒯 (s1,··· ,sl)
k := 1 

n
k
2 

n ∑︂
a=1

2n ∑︂
B=n+1

𝑬
[︂(︁
∂s1Rxy

t

)︁ · · · (︁∂slRxy
t

)︁(︁
Rxy

t

)︁2m−l
]︂
, si ≥ 1, (5.27)

where ∂si denotes the si-th directional derivative either in the direction haB or in haB, 
with (h𝔲𝔳)𝔲,𝔳∈[2n] := Hz

t given by (5.13). Note that for a, b ∈ [n] and A,B ∈ [n + 1, 2n], 
the corresponding entries {hab} and {hAB} all equal to zero. For notational brevity, we 
will not distinguish between ∂haB and ∂hBa and use the notation ∂ to indicate either 
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∂/∂haB or ∂/∂hBa. From now on, with a slight abuse of notation Rxy
t indicates either 

Rxy
t ∈ C itself or its complex conjugate Rxy

t ). Here we stopped the cumulant expansions 
in (5.26) at a sufficiently high power K0 = O(m), and the last error term O≺(n−100m)
was estimated using the moment condition in (2.1) and that ∥G∥ ≤ |η|−1. This argument 
is quite standard and already used in many previous works, e.g., below [35, Eq. (7.6)], 
so we omit the details.

By a direct computation, we obtain that

∂Rxy
t

∂haB
= − (︁

(G1)𝒙𝒆a
(G1AG2)𝒆B𝒚 + (G1AG2)𝒙𝒆a

(G2)𝒆B𝒚

)︁
. (5.28)

In general for any s ≥ 1, each partial derivative ∂sRxy
t contains a product of s Green 

function entries 
∏︁s

i=1(G)𝒖i,𝒗i
and one factor (G1AG2)𝒖s+1𝒗s+1 with 𝒖i,𝒗i (1 ≤ i ≤ s+1)

chosen from {𝒙,𝒚, 𝒆a, 𝒆B}. Moreover, the choice of 𝒙 and 𝒚 only appears once, while 
both a and B appear s times. For instance, we list below several examples of ∂2Rxy

t and 
∂3Rxy

t , i.e.,

∂2Rxy
t : (G1)𝒙𝒆B

(G1)aa(G1AG2)𝒆B𝒚, (G1)𝒙𝒆a(G1AG2)BB(G2)𝒆a𝒚; (5.29)

∂3Rxy
t : (G1)𝒙𝒆a

(G1)aa(G1)BB(G1AG2)𝒆B𝒚, (G1)𝒙𝒆a
(G1)aa(G1AG2)BB(G2)𝒆B𝒚.

(5.30)

Moreover, we introduce the following estimates on the products of Green function entries. 
Note that using (3.3) and (3.20), we have

2n ∑︂
𝔧=1 

|(M)𝒖𝒆𝔧
|k ≲ 1 +

√
n1k=1, 

2n ∑︂
𝔧=1 

|(MA
12)𝒖𝒆𝔧

|k ≲ 1 
γk

+
√
n

γ
1k=1, (5.31)

for any k ≥ 1 and any bounded deterministic vector 𝒖 ∈ Cn. Note that for k = 1 we 
also used the Cauchy-Schwarz inequality. As a consequence of (5.31), combining with 
the isotropic local law in (3.11) and the assumption in (5.4), we have

2n ∑︂
𝔧=1 

⃓⃓
(G)𝒖𝒆𝔧

⃓⃓k ≺ n
(︂√︃ ρ 

nη

)︂k

+ 1 +
√
n1k=1,

2n ∑︂
𝔧=1 

⃓⃓
(G1AG2)𝒖𝒆𝔧

⃓⃓k ≺ nℰk
b + 1 

γk
+

√
n

γ
1k=1,

(5.32)

for any k ≥ 1 and any bounded deterministic vector 𝒖 ∈ Cn. We remark that the above 
estimates hold simultaneously for all t ≥ 0. This follows by a standard grid argument 
using the Lipschitz continuity of Gt = (Ht−iη)−1 for t ∈ [0, T0] with T0 = 100 logn, while 
for t ≥ T0, Gt is almost the resolvent of a Ginibre ensemble up to an error O≺(n−10). 
Without specific mentioning, the estimates in the following hold uniformly for all t.
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Now we are ready to look at the most critical third order terms given by (5.27), i.e.,

𝒯 (3)
3 =𝒯 (1,1,1)

3 + 𝒯 (1,2)
3 + 𝒯 (3)

3

= 1 
n3/2

∑︂
a,B 

𝑬
[︂(︁
∂Rxy

t

)︁3(︁
Rxy

t

)︁2m−3+ ∂Rxy
t

(︁
∂2Rxy

t

)︁(︁
Rxy

t

)︁2m−2+ (∂3Rxy
t )

(︁
Rxy

t

)︁2m−1
]︂
.

(5.33)

Using (5.28) and (5.32) for k = 3, the first part 𝒯 (1,1,1)
3 in (5.33) is bounded by

⃓⃓𝒯 (1,1,1)
3

⃓⃓
≲ 1 
n3/2

∑︂
a,B 

𝑬
[︂(︂⃓⃓⃓

(G1)𝒙𝒆a(G1AG2)𝒆B𝒚

⃓⃓⃓3
+
⃓⃓⃓
(G1AG2)𝒙𝒆aG𝒆B𝒚

⃓⃓⃓3)︂⃓⃓
Rxy

t

⃓⃓2m−3
]︂

≺
(︂ ρ3/2

nη3/2 + 1 √
n

)︂(︂
ℰ3
b + 1 

n
γ−3

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−3

≲
(︂
1 + 1 

nη3/2+ ϵ 
2

)︂(︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︁ℰb′)︁2m)︂

, (5.34)

where in the last step we used Young’s inequality and the following bounds from 
(5.10)-(5.11):

ℰb
ℰb′ =

(︂ργ
η

)︂ b′−b
2 ≲

(︂ 1 
ρη

)︂ θ
2 
, 

γ−1

ℰb′ ≲
√
nη√
γ

≲ √
nηρ, (5.35)

with b′ = min
{︁
b + θ, 1

}︁
, 0 < θ ≤ ϵ/10, using that γ ≲ ρ−2 from (3.23) and γ ≳ η/ρ.

We next consider the second part 𝒯 (1,2)
3 in (5.33). Recall the second derivative terms 

for instance in (5.29). One of the most critical term (containing the least off-diagonal 
entries of G) is given by

(∗) := 1 
n3/2

∑︂
a,B 

𝑬
[︂
(G1)𝒙𝒆a

(G1AG2)𝒆B𝒚(G1)𝒙𝒆B
(G1)aa(G1AG2)𝒆B𝒚

)︂⃓⃓
Rxy

t

⃓⃓2m−2
]︂
.

(5.36)

Using (3.11) and by a Cauchy-Schwarz inequality, such term is bounded by

|(∗)| ≺ ρ3/2

n
√
η
𝑬
[︂√︄∑︂

B

⃓⃓
(G1)𝒙𝒆B

⃓⃓2 ∑︂
B

⃓⃓
(G1AG2)𝒆B𝒚

⃓⃓4⃓⃓
Rxy

t

⃓⃓2m−2
]︂

≺ρ2
(︂ ℰ2

b√
nη

+ 1 
nηγ2

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−2

≲
(︂
1 + 1 √

nη1+ ϵ 
2

)︂(︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︁ℰb′)︁2m)︂

, (5.37)

where we used (5.32) for k = 2, 4 in the second step and (5.35) in the last step. The 
other terms in 𝒯 (1,2)

3 can be bounded similarly as in (5.37) even with less efforts. Then 
we conclude that
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⃓⃓⃓
𝒯 (1,2)

3

⃓⃓⃓
≲

(︂
1 + 1 √

nη1+ ϵ 
2

)︂(︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︁ℰb′)︁2m)︂

. (5.38)

We finally consider the last part 𝒯 (3)
3 in (5.33). Recall the third derivative terms in (5.30). 

We only look at one of the worst terms (with the least off-diagonal entries of G), i.e.,

(∗∗) :=
⃓⃓⃓ 1 
n3/2

∑︂
a,B 

𝑬
[︂
(G1)𝒙𝒆a

(G1)aa(G1)BB(G1AG2)𝒆B𝒚

(︁
Rxy

t

)︁2m−1
]︂⃓⃓⃓

≺
⃓⃓⃓ 1 
n3/2

∑︂
a,B 

𝑬
[︂
(G1)𝒙𝒆a

(G1 −M1)aa(G1 −M1)BB(G1AG2)𝒆B𝒚

(︁
Rxy

t

)︁2m−1
]︂⃓⃓⃓

+
(︂ ρ3/2
√
nη

ℰb + ρ2
√
nγ

+ ρ2

nηγ

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−1
, (5.39)

where we used the following isotropic bounds

⃓⃓⃓ 1 √
n

∑︂
a 

(︁
G
)︁
𝒙𝒆a

⃓⃓⃓
≺ 1 +

√︃
ρ 
nη

, 
⃓⃓⃓ 1 √

n

∑︂
B

(︁
G1AG2

)︁
𝒆B𝒚

⃓⃓⃓
≺ 1 

γ
+ ℰb, (5.40)

from (3.11), the assumption (5.4) and (5.31). Using (5.32) for k = 1, we obtain that

|(∗∗)| ≺
(︂ ρ3/2

nη3/2 ℰb + ρ3/2
√
nη

ℰb + ρ2
√
nγ

+ ρ2

nηγ

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−1

≲
(︂
1 + 1 √

nη1+ ϵ 
2

)︂(︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︁ℰb′)︁2m)︂

, (5.41)

where we also used (5.35) and Young’s inequality in the last step. The other terms in 
𝒯 (3)

3 can be handled similarly as above even with less efforts. Hence we obtain the same 
upper bound for 𝒯 (3)

3 as in (5.38).
To sum up (5.34)-(5.41), all the third order terms in (5.33) are bounded by

⃓⃓𝒯3
⃓⃓
≲
(︂
1 + 1 √

nη1+ ϵ 
2

)︂(︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︁ℰb′)︁2m)︂

. (5.42)

Note that the higher order terms in the cumulant expansion in (5.27) with k ≥ 4 can be 
bounded similarly using the differentiation rule (5.28) and the bound (5.32) with much 
less efforts, since we gain an additional n−1/2 from the moment condition in (2.1), so we 
omit the details. Therefore, we conclude

⃓⃓⃓d𝑬|Rxy
t |2m

dt 

⃓⃓⃓
≲
(︂
1 + 1 √

nη1+ ϵ 
2

)︂(︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︁ℰb′)︁2m)︂

. (5.43)

This proves the first inequality in (5.15).
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The proof of the second inequality (5.16) is similar to (5.15), actually with less ef
forts, so we only sketch the modifications. We perform similar arguments on Sxy

t as in 
(5.26)-(5.43). The corresponding differentiation rule in (5.28) is then replaced with

∂Sxy
t

∂haB
= −(︁(G1)𝒙𝒆a

(G1A1G1A2G2)𝒆B𝒚 + (G1A1G2)𝒙𝒆a
(G2A2G1)𝒆B𝒚

+ (G1A1G2AG1)𝒙𝒆a
(G1)𝒆B𝒚

)︁
. (5.44)

Similarly to (5.32), we obtain from the assumption (5.5) and the deterministic bound 
(3.22) that

2n ∑︂
𝔧=1 

⃓⃓
(G1A1G2A2G1)𝒖𝒆𝔧

⃓⃓k ≺ n˜︁ℰk
b + 1 

(ηγ)k +
√
n

ηγ 
1k=1. (5.45)

Moreover, we have the analogue of (5.35), i.e., for b′ = min
{︁
b+θ, 1

}︁
with 0 < θ ≤ ϵ/10,

˜︁ℰb˜︁ℰb′ =
(︂γ
η

)︂b′−b

≲
(︂ 1 
ρ2η

)︂θ

, 
1 

ηγℰb′ ≲ 1. (5.46)

Using (5.32), (5.44)-(5.46), and repeating similar arguments above, we obtain the analog 
of (5.43)

d𝑬
⃓⃓𝒮xy

t

⃓⃓2m
dt ≲

(︂
1 + 1 √

nη1+ ϵ 
2

)︂(︂
𝑬
⃓⃓𝒮xy

t

⃓⃓2m + O≺
(︁˜︁ℰb′)︁2m)︂

. (5.47)

This proves the second inequality (5.16) and completes the proof of Lemma 5.4. □
5.2. Proof of the averaged local law in (3.26)

The proof of the averaged local law in (3.26) is similar to the proof of (3.25) in 
the previous subsection, with the difference that now we additionally use (3.25) and 
Lemma 5.3 as technical inputs. Note that we focus on the regime that γ ≥ η∗/ρ∗, while 
for the complementary regime the desired local law follows directly from (5.2).

We first establish a similar differentiation inequality as Lemma 5.4. Define, for brevity, 
the notations

Rt := ⟨(︁G1A1G2 −MA1
12

)︁
A2⟩, Gi = Gzi

t (iηi) = (Hzi
t − iηi)−1, i = 1, 2. (5.48)

For any |zi| ≤ 1 + τ and ηi ∈ R satisfying ℓ = min2
i=1{|ηi|ρi} ≥ n−1+ϵ and γ ≳ η∗/ρ∗, 

we claim

d𝑬|Rt|2m
dt ≲

(︂
1 + 1 √

nη∗

)︂(︃
𝑬
⃓⃓
Rt

⃓⃓2m + O≺
(︂ 1 √

nℓγ

)︂2m
)︃
. (5.49)
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Assume (5.49) is proved. Then the desired local law (3.26) follows from using similar 
zig-zag arguments as in the proof of Proposition 5.2 above. The only difference is to 
replace Proposition 4.4 with Proposition 4.3, and replace the global law in (5.18) with 
its averaged version from [29, Theorem 5.2], i.e.,

⃓⃓⃓⟨︁(︁
Gz1(iη1)A1G

z2(iη2) −MA1
12

)︁
A2

⟩︁⃓⃓⃓ ≺ 1 
n
, dist(iη, supp(ρz)) ∼ 1. (5.50)

This finishes the proof of (3.26), hence the proof of Theorem 3.4, modulo the differenti
ation inequality in (5.49) that we will prove below. □
Proof of (5.49). For notational simplicity, we assume |η1| ∼ |η2| ∼ η and ρ1 ∼ ρ2 ∼ ρ. 
The proof for general ηi and ρi is essentially the same with η, ρ replaced by η∗, ρ∗ in the 
following. We apply Itô’s formula to |Rt|2m and perform the cumulant expansions as in 
(5.26)-(5.27). As explained below (5.27), for notational brevity, we will use ∂ to indicate 
either ∂/∂haB or ∂/∂hBa, and with a slight abuse of notation Rt indicates either the 
complex number Rt or Rt. By a direct computation, we obtain that

∂Rt

∂haB
= − 1 

n

(︂
(G1A1G2A2G1)Ba + (G2A2G1A1G2)Ba

)︂
= O≺

(︂ 1 
nηγ

)︂
, (5.51)

where we also used (3.22) and (5.8) in the last step. In general for s ≥ 2, each partial 
derivative ∂sRt contains s+2 Green functions. The resulting terms have two forms: 1) a 
product of s−1 Green function entries 

∏︁s−1
i=1 (G)𝒖i,𝒗i

and one factor (G1A1G2A2G1)𝒖s𝒗s
; 

2) a product of s−2 Green function entries 
∏︁s−2

i=1 (G)𝒖i,𝒗i
, one factor (G1A1G2)𝒖s−1𝒗s−1 , 

and another factor (G2A2G1)𝒖s𝒗s
, with 𝒖i,𝒗i (1 ≤ i ≤ s) chosen from {𝒆a, 𝒆B}. Note 

that both choices of 𝒆a and 𝒆B appear exactly s times. For instance, we list below several 
examples of ∂2Rt and ∂3Rt, i.e.,

∂2Rt : 1 
n

(G1A1G2A2G1)aa(G1)BB , 
1 
n

(G1A1G2)aa(G2A2G1)BB; (5.52)

∂3Rt : 1 
n

(G1A1G2A2G1)aB(G1)aa(G1)BB, 
1 
n

(G1A1G2A2G1)aa(G1)BB(G1)aB,

(5.53)
1 
n

(G1A1G2)aa(G2A2G1)BB(G1)aB, 
1 
n

(G1A1G2)aB(G2A2G1)aa(G1)BB .

(5.54)

Note that from the 1G local law (3.11) and (3.3), we have

n max
a=1 

2n max
B=n 

{︂
|Gaa|, |GBB |, |GaB |, |GBa|

}︂
≲ ρ + 1B=a+n, (5.55)

for nηρ ≳ nϵ. Further using 2G local law (3.25) and (3.20), we have
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max 
1≤i,j≤2n

{︂⃓⃓⃓
(G1A1G2)𝔦𝔧

⃓⃓⃓
,
⃓⃓⃓
(G2A2G1)𝔦𝔧

⃓⃓⃓}︂
≺ 1 

γ
+ 1 √

nγη
, (5.56)

while the 3G bound (5.8) and (3.22) imply that

max 
1≤i,j≤2n

{︂⃓⃓⃓
(G1A1G2A2G1)𝔦𝔧

⃓⃓⃓
,
⃓⃓⃓
(G2A2G1A1G2)𝔦𝔧

⃓⃓⃓}︂
≺ 1 

ηγ
. (5.57)

Therefore, we obtain that

⃓⃓⃓ ∂sRt

∂hs1
aB∂h

s2
Ba

⃓⃓⃓
≺ ρs−1

nηγ 
+ ρs−2

nγ2 + ρs−2

n2γη2 ≲ ρs

nηργ
, s = s1 + s2 ≥ 1, (5.58)

where we also used that γ ≳ η
ρ and nηρ ≳ nϵ. Thus using (5.58), the k-th order term 

𝒯 (s1,··· ,sl)
k with s1 + · · · + sl = k given as in (5.27) is bounded by

⃓⃓𝒯 (s1,··· ,sl)
k

⃓⃓ ≺ ρk

n
k−4
2 

(︂ 1 
nηργ

)︂l

𝑬
⃓⃓
Rt

⃓⃓2m−l

≲ ρk

n
k−4
2 

(︂ 1 √
nηρ

)︂l
(︃
𝑬
⃓⃓
Rt

⃓⃓2m + O≺
(︂ 1 √

nηργ

)︂2m
)︃
. (5.59)

Hence for any k ≥ 4, we obtain that

⃓⃓𝒯 (s1,··· ,sl)
k

⃓⃓
≲ 𝑬

⃓⃓
Rt

⃓⃓2m + O≺
(︂ 1 √

nηργ

)︂2m
, (5.60)

where we also used nηρ ≫ 1 and ρ ≲ 1. For the third order terms with k = 3 and l ≥ 2, 
we also have

⃓⃓𝒯 (s1,··· ,sl)
k

⃓⃓
≲ ρ2

√
nη

(︃
𝑬
⃓⃓
Rt

⃓⃓2m + O≺
(︂ 1 √

nηργ

)︂2m
)︃
. (5.61)

We next focus on the only remaining term 𝒯 (3)
3 with k = 3 and l = 1. Recall the third 

derivative terms in (5.53). By a direct computation, 𝒯 (3)
3 is bounded by

⃓⃓𝒯 (3)
3

⃓⃓
= ρ2

n5/2

∑︂
a,B 

𝑬
[︂(︂⃓⃓

(G1AG2A
∗G1)Ba

⃓⃓
+
⃓⃓
(G2AG1A

∗G2)Ba

⃓⃓)︂⃓⃓
Rt

⃓⃓2m−1
]︂

+ O≺
(︂ ρ3/2

nη3/2γ
𝑬
⃓⃓
Rt

⃓⃓2m−1
)︂

+ O≺
(︂ ρ 
nγ2𝑬

⃓⃓
Rt

⃓⃓2m−1
)︂
. (5.62)

To bound the error terms in the last line above, we used the estimates (5.55)-(5.57), 
together with that |GaB| ≺

√︂
ρ 
nη + 1a+n=B. Using the Cauchy-Schwarz inequality and 

Ward identity, the leading term on first line above is bounded by
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ρ2

n5/2

∑︂
a,B 

𝑬
[︂(︂⃓⃓

(G1AG2A
∗G1)Ba

⃓⃓
+
⃓⃓
(G2AG1A

∗G2)Ba

⃓⃓)︂⃓⃓
Rt

⃓⃓2m−1
]︂

≲ ρ2

n3/2𝑬
[︂√︄ ⟨ImG1AG2A∗ImG1AG∗

2A
∗⟩

η2
1

⃓⃓
Rt

⃓⃓2m−1
]︂
≺ ρ2

n3/2η2√γ
𝑬
⃓⃓
Rt

⃓⃓2m−1
, (5.63)

where in the last step, we also used that

⟨G1AG2A
∗G1AG2A

∗⟩ = 1 
n

2n ∑︂
𝔦,𝔧=1

(G1AG2A
∗)𝔦𝔧(G1AG2A

∗)𝔧𝔦 ≺ 1 
η2γ

+ 1 
γ2 ≲ 1 

η2γ
, (5.64)

which follows from (3.25), (5.31) for k = 2, and that γ ≳ η
ρ ≳ η. Therefore we obtain 

from (5.62)

⃓⃓𝒯 (3)
3

⃓⃓ ≺(︂ ρ2

n3/2η2√γ
+ ρ3/2

nη3/2γ
+ ρ 

nγ2

)︂
𝑬
⃓⃓
Rt

⃓⃓2m−1

≲
(︂
1 + 1 √

nη

)︂(︃
𝑬
⃓⃓
Rt

⃓⃓2m + O≺
(︂ 1 √

nηργ

)︂2m
)︃
, (5.65)

where we also used that ηρ ≲ γ ≲ ρ−2 from (3.23) and nηρ ≳ nϵ. Combining (5.65) with 
(5.60) and (5.61), we have proved the differentiation inequality in (5.49). □
5.3. Proof of Proposition 5.1 without |z1 − z2|-decorrelation

In this part, we aim to prove the local laws for Gz1(iη1)AGz2(iη2) without gaining from 
the |z1−z2|-decorrelations. The proof is similar to the proofs in the previous subsections 
with less efforts, so we only sketch it.

Proof of Proposition 5.1. Note that the averaged local law (5.1) has already been proved 
in [29, Theorem 5.2]. Moreover, the last statement (5.3) follows directly from using the 
bound (3.22) and that

⃓⃓⃓(︁
Gz1(iη1)A1G

z2(iη2)A2G
z1(iη1)

)︁
𝒙𝒚

⃓⃓⃓
≲

√︄(︁
Gz1A1ImGz2A∗

1(Gz1)∗
)︁
𝒙𝒙

(︁
ImGz1

)︁
𝒚𝒚

η1η2
≲ 1 

η2∗
(5.66)

by Schwarz inequality and Ward identity. So we will only consider the isotropic local 
law (5.2). As explained in the proof of Proposition 5.2, it suffices to derive a similar 
differentiation inequality as in Lemma 5.4, i.e.,

d𝑬|Rxy
t |2m

dt ≲
(︂
1 + 1 √

nη∗

)︂(︃
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︂ √

ρ√
nη3/2

)︂2m
)︃
. (5.67)
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The proof uses the same strategy as Lemma 5.4. Actually it is much easier since we 
do not want to gain from |z1 − z2|-decay. Again we also assume |η1| ∼ |η2| ∼ η and 
ρ1 ∼ ρ2 ∼ ρ to simplify the notations.

We repeat the same cumulant expansions as in (5.26)-(5.27). Recall the differentiation 
rules in (5.28)-(5.30) and the third order terms in (5.33). From [35, Lemma D.2] we know⃓⃓

(G1A1G2)𝒖𝒗

⃓⃓ ≺ ρ 
η
, 

⃓⃓
(G1A1G2A2G1)𝒖𝒗

⃓⃓ ≺ ρ 
η2 , (5.68)

for any deterministic unit vectors 𝒖,𝒗. Then (5.32) is now replaced with the following

2n ∑︂
𝔧=1 

⃓⃓
(G)𝒖𝒆𝔧

⃓⃓k ≺ n
(︂√︃ ρ 

nη

)︂k

+ 1 +
√
n1k=1, 

2n ∑︂
𝔦=1 

⃓⃓⃓
(G1AG2)𝒆𝔦𝒗

⃓⃓⃓k
≺ ρk−1

ηk+1 +
√︃

nρ

η3 1k=1,

(5.69)

where the second inequality follows from (5.68) and the Ward identity.
Using (5.69) for k = 3, the first term 𝒯 (1,1,1)

3 in (5.33) is bounded by

⃓⃓𝒯 (1,1,1)
3

⃓⃓
≲ 1 
n3/2

∑︂
a,B 

𝑬
[︂(︂⃓⃓⃓

(G1)𝒙𝒆a
(G1AG2)𝒆B𝒚

⃓⃓⃓3
+
⃓⃓⃓
(G1AG2)𝒙𝒆a

G𝒆B𝒚

⃓⃓⃓3)︂⃓⃓
Rxy

t

⃓⃓2m−3
]︂

≺
(︂ ρ7/2

n2η11/2 + ρ2

n3/2η4

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−3
. (5.70)

For the second term 𝒯 (1,2)
3 in (5.33), it then suffices to check the worst term in (5.36), 

i.e.,

(∗) = 1 
n3/2

∑︂
a,B 

𝑬
[︂
(G1)𝒙𝒆a

(G1AG2)𝒆B𝒚(G1)𝒙𝒆B
(G1 −M1)aa(G1AG2)𝒆B𝒚

⃓⃓
Rxy

t

⃓⃓2m−2
]︂

+ O≺
(︂ ρ2

nη3

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−2 ≺
(︂ ρ2

n3/2η4 + ρ2

nη3

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−2
, (5.71)

where we used the first isotropic bound in (5.40), (5.68), and (5.69). For the last term 
𝒯 (3)

3 in (5.33), we focus on the worst term as discussed in (5.39). Using (5.68), (5.69) 
and the first isotropic bound in (5.40), such term is bounded by

(∗∗) = 1 
n3/2

∑︂
a,B 

𝑬
[︂
(G1)𝒙𝒆a

(G1 −M1)aa(G1)BB(G1AG2)𝒆B𝒚

(︁
Rxy

t

)︁2m−1
]︂

+ O≺
(︂ ρ5/2
√
nη3/2

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−1 ≺
(︂ ρ3/2

nη5/2 + ρ5/2
√
nη3/2

)︂
𝑬
⃓⃓
Rxy

t

⃓⃓2m−1
. (5.72)

Suming up and using Young’s inequality, all the third order terms in (5.33) are 
bounded by
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|𝒯3| ≲
(︂
1 + 1 √

nη

)︂(︃
𝑬
⃓⃓
Rxy

t

⃓⃓2m + O≺
(︂ √

ρ√
nη3/2

)︂2m
)︃
. (5.73)

Moreover, all the higher order terms (k ≥ 4) in (5.27) can be bounded similarly with 
less efforts, since we gain additional n−1/2 from the moment condition in (2.1). Hence 
we conclude with (5.67) and finish the proof of Proposition 5.1. □
5.4. Proof of Theorem 3.5: local law for ImGz1AImGz2

In this section, we will prove Theorem 3.5, showing an improvement close to the edge 
of the spectrum when the resolvent G is replaced by ImG, using Proposition 4.8 and 
Theorem 3.4, Lemma 5.3 as technical inputs.

Proof of Theorem 3.5. From (3.10) we know that ρi ≳ η
1/3
i for |zi| ≤ 1 + n−1/2+τ

and ℓ := min2
i=1{|ηi|ρi} ≳ n−1+ϵ with 0 < τ < ϵ/10. This further implies that ρ∗ =

min2
i=1 ρi ≳ n−1/4−ϵ/4. To prove Theorem 3.5, we will focus on the regime |z1 − z2|2 ≳

ρ1η1 + ρ2η2, which also implies that γ ≳ η∗
ρ∗ from (3.23). For the complementary regime 

|z1 − z2|2 ≲ ρ1η1 + ρ2η2, the desired local law follows directly from Proposition 5.1
without gaining from the |z1 − z2|-decay.

We define the following short-hand notations

ˆ︂Rt := ⟨(︁ImG1A1ImG2 − ˆ︂MA
12
)︁
A2⟩, Gi = Gzi

t (iηi) = (Gzi
t − iηi)−1, i = 1, 2,

(5.74)

with the time dependent matrix Hz
t defined in (5.13). Then we claim the analogue of 

Lemma 5.4, i.e.,

d𝑬|ˆ︂Rt|2m
dt =C ′

n

(︃
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m + O≺
(︂ 1 √

nℓ

ρ1ρ2ˆ︁γ )︂2m
)︃
, C ′

n := 1 + 1 √
nη∗ρ∗

, (5.75)

for any |zi| ≤ 1 + τ , nℓ ≳ nϵ, γ ≳ η∗
ρ∗ , and |ρi| ≳ n−c∗ with 0 ≤ c∗ ≤ 1/4 − ϵ/4.

We will prove (5.75) below. Assuming it now, similarly to the zig-zag arguments used 
in the proof of Proposition 5.2, we use (5.75) and Proposition 4.8 iteratively to prove 
(3.27). In the first step, for any fixed |z(1)

i | ≤ 1+τ , |η(1)
i | ≳ η

(1)
∗ := n− 1

4 with ρ(1)
i ∼ ρi, we 

choose a small constant T (1) ∼ 1 so that dist(iηi(0), supp(ρi(0))) ≳ 1 from Lemma 4.2. 
Then the global law (5.50) and Proposition 4.8 yield the local law (3.27) at time t = T (1). 
Using (5.75), ρ∗ ≳ n−1/4, and similar arguments as in (5.21), the Gaussian component 
T (1) ∼ 1 can be removed, i.e.,⃓⃓ˆ︂R0

⃓⃓ ≺ 1 √
nℓ

ρ1ρ2ˆ︁γ , |ηi| ≳ η
(1)
∗ = n− 1

4 . (5.76)

In general for any k ≥ 1, we define the scales recursively by

η
(k)
∗ := n−ak , ak = ak−1 + 1

2 − 2c∗, a1 = 1
4 , (5.77)
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recalling that ρ∗ = n−c∗ with 0 ≤ c∗ ≤ 1/4−ϵ/4. Clearly ak is increasing and ak−ak−1 ≥
ϵ/2. Replacing Proposition 4.4 with Proposition 4.8, the k-th iteration step is similar to 
the k-th step explained in the proof of Proposition 5.2. Using the new scales defined in 
(5.77), we obtain the analogue of (5.25), i.e.,

e
∫︁ T (k)
0 C′

ndt ≲ T (k)C ′
n ≲ n−ak−1+c∗

(︂
1 + 1 

n1/2−ak−c∗
)
)︂
≲ 1, (5.78)

where we used that 0 ≤ c∗ ≤ 1/4 − ϵ/4. We stop the iterations when η(k)
∗ reaches 

η∗ = min2
i=1 |ηi| ≳ n−1+ϵ. In the worst case when z1 is in the bulk and z2 is at the edge 

with c∗ = n−1/4−ϵ/4 and η∗ = n−1+ϵ, the number of iterations needed is at most O(1/ϵ). 
This hence proves Theorem 3.5 modulo the proof of (5.75) that we will do below. □
Proof of (5.75). We apply Itô’s formula to |ˆ︂Rt|2m and perform the cumulant expansions 
as in (5.26). Note that from (5.8) we have

∂ˆ︂Rt

∂aB
= − 1 

2ni

(︂
(G1A1ImG2A2G1)Ba − (G∗

1A1ImG2A2G
∗
1)Ba

+ (G2A2ImG1A1G2)Ba − (G∗
2A2ImG1A1G

∗
2)Ba

)︂
= O≺

(︂ 1 
nη∗γ

)︂
.

(5.79)

We remark that, even though some of ImGi are preserved after taking derivatives, we 
do not need to gain extra smallness from ImGi for these isotropic terms. In general for 
any s ≥ 1, the partial derivative ∂sˆ︂Rt has a similar form as described in (5.51)-(5.53), 
with certain G’s replaced with ImG’s. Thus the same bound as in (5.58) also applies to 
∂sˆ︂Rt, i.e.,

⃓⃓⃓ ∂sˆ︂Rt

∂hs1
aB∂h

s2
Ba

⃓⃓⃓
≺ (ρ∗)s−1

nη∗γ 
, s = s1 + s2 ≥ 1, (5.80)

where we also used nℓ ≳ nϵ and γ ≳ η∗
ρ∗ . Using (5.80), the corresponding k-th order 

cumulant expansion term as in (5.27), denoted by ˆ︁𝒯 (s1,··· ,sl)
k with s1 + · · · + sl = k, is 

bounded by

⃓⃓ ˆ︁𝒯 (s1,··· ,sl)
k

⃓⃓
≲ (ρ∗)k

n
k−4
2 

(︂ 1 
nη∗ρ∗γ

)︂l

𝑬
⃓⃓ˆ︂Rt

⃓⃓2m−l

≲ 1 

n
k−4
2 (ρ∗)l

(︂ 1 √
nℓ

)︂l
(︃
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m +
(︂ 1 √

nℓ

ρ1ρ2ˆ︁γ )︂2m
)︃
, (5.81)

where we also used that nη∗ρ∗ ≥ nℓ ≳ nϵ, ρ∗ ≲ 1, and k ≥ l. Using that ρ∗ ≳ n−1/4, 
the above naive estimates are already good enough to prove (5.75), for the terms with 
5 ≤ k ≤ 7 and l ≤ 2k − 8, as well as all the high order terms with k ≥ 8. For the 
remaining terms, we need the finer estimates below.
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If there exists at least one si such that si = 1, then, using (5.79), (5.80), the Cauchy
Schwarz inequality and the Ward identity, we obtain

⃓⃓ ˆ︁𝒯 (s1,··· ,sl)
k

⃓⃓ ≺ (ρ∗)k−1

n
k+2
2 

(︂ 1 
nη∗ρ∗γ

)︂l−1 ∑︂
a,B 

𝑬
[︂(︂⃓⃓

(G1A1ImG2A2G1)Ba

⃓⃓
+
⃓⃓
(G2A1ImG1A2G2)Ba

⃓⃓)︂⃓⃓ˆ︂Rt

⃓⃓2m−l
]︂

≤ (ρ∗)k−1

n
k−1
2 η∗

(︂ 1 
nη∗ρ∗γ

)︂l−1
𝑬
[︂√︂

⟨ImG1A1ImG2A2ImG1A∗
2ImG2A∗

1⟩
⃓⃓ˆ︂Rt

⃓⃓2m−l
]︂

≲ (ρ∗)k−1

n
k−2
2 η∗

(︂ 1 
nη∗ρ∗γ

)︂l−1
𝑬
[︂
⟨ImG1A1ImG2A2⟩|ˆ︂Rt|2m−l

]︂
, (5.82)

where in the last step we also used the following inequality (from Eq. (4.59))

⟨ImG1A1ImG2A2ImG1A
∗
2ImG2A

∗
1⟩ ≤ n⟨ImG1A1ImG2A2⟩2. (5.83)

Recall from (5.74) and (3.21) that

|⟨ImG1A1ImG2A2⟩| ≺ |ˆ︂Rt| + ρ1ρ2ˆ︁γ .

Thus we conclude that, if there exists at least one si = 1, then

⃓⃓ ˆ︁𝒯 (s1,··· ,sl)
k

⃓⃓ ≺ (ρ∗)k−1

n
k−2
2 η∗

(︂ 1 
nη∗ρ∗γ

)︂l−1(︂
𝑬|ˆ︂Rt|2m−l+1 + ρ1ρ2ˆ︁γ 𝑬|ˆ︂Rt|2m−l

)︂
≲ 1 

n
k−2
2 η∗(ρ∗)l−1

(︂ 1 √
nℓ

)︂l−1
(︃
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m +
(︂ 1 √

nℓ

ρ1ρ2ˆ︁γ )︂2m
)︃
. (5.84)

We remark that if there exist at least two indices such that si = sj = 1, then using the 
same strategy, we gain a bit more, i.e.,

⃓⃓ ˆ︁𝒯 (s1,··· ,sl)
k

⃓⃓ ≤ (ρ∗)k−2

n
k
2 (η∗)2

(︂ 1 
nη∗ρ∗γ

)︂l−2
𝑬
[︂
⟨ImG1A1ImG2A2⟩2|ˆ︂Rt|2m−l

]︂
≲ 1 

n
k
2 (η∗)2(ρ∗)l−2

(︂ 1 √
nℓ

)︂l−2
(︃
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m + O≺
(︂ 1 √

nℓ

ρ1ρ2ˆ︁γ )︂2m
)︃
. (5.85)

Using that ρ∗ ≳ n−1/4, it is straightforward to check that the above finer bounds (5.84) 
and (5.85) are good enough to prove (5.75), for terms with 5 ≤ k ≤ 7, l ≤ 2k− 8, as well 
as the third and fourth order terms: ˆ︁𝒯 (1,1,1)

3 , ˆ︁𝒯 (1,2)
3 , ˆ︁𝒯 (1,1,1,1)

4 , ˆ︁𝒯 (1,1,2)
4 , ˆ︁𝒯 (1,3)

4 . It then 
suffices to check the remaining terms, i.e., ˆ︁𝒯 (3)

3 , ˆ︁𝒯 (4)
4 , ˆ︁𝒯 (2,2)

4 .
We start with the third order term ˆ︁𝒯 (3)

3 with k = 3 and l = 1. Recall the third 
derivative terms as in (5.53). Except for the terms with (G1A1ImG2A2G1)aB that can 
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be bounded similarly using (5.84), the most critical and representative terms are given 
by

TI := 1 
n5/2

∑︂
a,B 

𝑬
[︂
(G1A1G2A2G1)aa(G1)BB(G1)aB

(︁ˆ︂Rt

)︁2m−1
]︂
, (5.86)

TII := 1 
n5/2

∑︂
a,B 

𝑬
[︂
(G1A1G2)aa(G2A2G1)BB(G1)aB

(︁ˆ︂Rt

)︁2m−1
]︂
, (5.87)

and all the other terms can be bounded similarly. Using the isotropic local law (3.11) 
and (5.31),

|TI | ≺ 1 
n5/2

∑︂
a,B 

𝑬
[︂
(G1A1G2A2G1 −M121)aa(G1 −M1)BB(G1 −M1)aB

(︁ˆ︂Rt

)︁2m−1
]︂

+ ρ∗

nη∗γ
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m−1

≺
(︂ ρ∗

n3/2(η∗)2γ
+ ρ∗

nη∗γ

)︂
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m−1; (5.88)

|TII | ≺ 1 
n5/2

∑︂
a,B 

𝑬
[︂
(G1A1G2 −M12)aa(G2A2G1 −M12)BB(G1 −M1)aB

(︁ˆ︂Rt

)︁2m−1
]︂

+ 1 
(nγ)3/2η∗

𝑬
⃓⃓ˆ︂Rt

⃓⃓2m−1

≺
(︃ √

ρ∗

n2(η∗)5/2γ
+ 1 

(nγ)3/2η∗

)︃
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m−1
, (5.89)

where we also used (3.20), (3.22) and (5.31) to bound the M -terms. Therefore, we obtain 
that

⃓⃓ ˆ︁𝒯 (3)
3

⃓⃓ ≺(︂ ρ∗

n3/2(η∗)2γ
+ ρ∗

nη∗γ
+

√
ρ∗

n2(η∗)5/2γ
+ 1 

(nγ)3/2η∗

)︂
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m−1

≲ 1 √
nℓ

(︂
1 + 1 √

nη∗ρ∗

)︂(︃
𝑬
⃓⃓ˆ︂Rt

⃓⃓2m + O≺
(︂ 1 √

nℓ

ρ1ρ2ˆ︁γ )︂2m
)︃
, (5.90)

using that ˆ︁γ/γ ≲ 1, γ ≳ η∗
ρ∗ and nℓ ≫ 1. One could obtain a similar bound for ˆ︁𝒯 (4)

4 and ˆ︁𝒯 (2,2)
4 using (3.25) and (5.8) easily, since we gain additional n−1/2 from the fourth order 

cumulants. This finishes the proof of (5.75). □
Appendix A. Proof of several lemmas and estimates in Section 4

We start with proving Lemma 3.3, whose proof relies on the following Lemma A.1. 
Recall the structure of the M matrix from (3.3) and the notations (1.10). We use mj =
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mzj (iηj) and uj = uzj (iηj), j = 1, 2. It was proven in [30, Appendix B] that the two–body 
stability operator ℬ12 defined in (3.17) has two non-trivial (small) eigenvalues

β± = β±(z1, η1, z2, η2) := 1 − u1u2Re [z1z2] ±
√
s, s := m2

1m
2
2 − u2

1u
2
2(Im [z1z2])2,

(A.1)
with the standard complex square root taken in the branch cut C \ (−∞, 0], while the 
remaining eigenvalues are trivially equal to one. The corresponding (right) eigenvectors 
of β± are given by

ℬ12[R±] = β±R±,

R± :=
(︄

−u1u2Re z1z̄2 ±
√
s z1u1m2 + m2

1z2u2m2
iu1u2Im z1z̄2∓√

s

z̄2u2m1 + m2
2z̄1u1m1

iu1u2Im z1z̄2∓√
s

m1m2
iu1u2Im z1z̄2∓√

s
(−u1u2Re z1z̄2 ±

√
s)

)︄
,

(A.2)

and ℬ12[F (∗)] = F (∗). Note that ℬ12 is not self-adjoint, and its adjoint operator is given 
by

ℬ∗
12 := 1 − 𝒮[(Mz1)∗ · (Mz2)∗], (A.3)

with corresponding (left) eigenvectors given by

ℬ∗
12[L∗

±] =β±L∗
±, L± :=

(︃ iu1u2Im z1z̄2∓√
s

m1m2
0

0 1

)︃
. (A.4)

Lemma A.1. Fix any |zi| < 10 and 0 < |ηi| < 10 (i = 1, 2). On the imaginary axis, both 
the product β+β− and sum β+ + β− are positive and

0 < β+β− ∼ ˆ︁γ = |z1 − z2|2 + ρ1|η1| + ρ2|η2| +
(︂η1

ρ1

)︂2
+
(︂η2

ρ2

)︂2
, (A.5)

0 < β+ + β− ∼ |z1 − z2|2 + ρ2
1 + ρ2

2 + |η1|
ρ1

+ |η2|
ρ2

. (A.6)

Furthermore, β+ + β− − β+β− is also positive and

0 < β+ + β− − β+β− ∼ ρ2
1 + ρ2

2 + η1

ρ1
+ η2

ρ2
. (A.7)

Moreover, β+ − β− is either real-valued or purely imaginary and

0 < Re (β+ − β−) ≲ ρ1ρ2, 0 < Im (β+ − β−) ≲ |z1 − z2|. (A.8)

Finally, we have

min{|β±|} ≳ γ =
|z1 − z2|2 + ρ1|η1| + ρ2|η2| +

(︂
η1
ρ1

)︂2
+
(︂

η2
ρ2

)︂2

|z1 − z2| + ρ2
1 + |η1|

ρ1
+ ρ2

2 + |η2|
ρ2

. (A.9)
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Proof of Lemma A.1. We start with proving the upper bound of β+β− in (A.5). Using 
that 2Re (z1z2) = |z1|2 + |z2|2−|z1−z2|2 and that m2 = −u+u2|z|2 from (3.4), we have

β+β− =1 − 2u1u2Re (z1z2) + u2
1u

2
2|z1|2|z2|2 −m2

1m
2
2

=1 − u1u2
(︁|z1|2 + |z2|2 − |z1 − z2|2

)︁
+ u2

1u
2
2|z1|2|z2|2 −m2

1m
2
2

=1 − u1u2
(︁
1 + |z1|2(1 − u1) + |z2|2(1 − u2) − |z1 − z2|2

)︁
=u1u2|z1 − z2|2 −m2

1
u2

u1
(1 − u1) −m2

2
u1

u2
(1 − u2) + (1 − u1)(1 − u2). (A.10)

From (3.10) we know ρ ≳ |η| and hence

1 − u = |η| 
|η| + |m| ∼

|η|
ρ 
.

Thus we conclude that

β+β− ∼ |z1 − z2|2 + ρ1|η1| + ρ2|η2| +
⃓⃓⃓η1η2

ρ1ρ2

⃓⃓⃓
. (A.11)

This proves the upper bound in (A.5) for any z by a simple Cauchy-Schwarz inequality. 
To obtain the comparable lower bound in (A.5), we split the discussion into two cases. 
For |z| < 1, it follows directly from (A.11) and that ρ3 ≳ |η| from (3.10). For the 
complementary regime |z| > 1, since ρ3 ≲ |η|, the desired lower bound in (A.5) was 
already obtained in Appendix A (Lemma A.1) of the gumbel paper.

We continue to prove the remaining estimates. Similarly to (A.10) we have

β+ + β− = 2 − 2u1u2Re [z1z2] =u1u2|z1 − z2|2 − u2

u1
m2

1 −
u1

u2
m2

2 + 1 − u1 + 1 − u2

∼|z1 − z2|2 + ρ2
1 + |η1|

ρ1
+ ρ2

2 + |η2|
ρ2

. (A.12)

This proves (A.6). Combining (A.10) with (A.12), we have

β+ + β− − β+β− = 1 − u1u2 − u2m
2
1 − u1m

2
2 ∼ ρ2

1 + |η1|
ρ1

+ ρ2
2 + |η2|

ρ2
,

which proves (A.7). Similarly, we have β+ − β− = 2
√︁
m2

1m
2
2 − u2

1u
2
2(Im [z1z2])2 in the 

standard branch cut C\(−∞, 0]. Note that m2
1m

2
2−u2

1u
2
2(Im [z1z2])2 is real valued, which 

implies that β+ − β− is either real or purely imaginary. More precisely, we have

Re (β+ − β−) =2Re
(︂√︂

m2
1m

2
2 − u2

1u
2
2(Im [z1z2])2

)︂
≤ 2ρ1ρ2,

Im (β+ − β−) =2Im
(︂√︂

m2
1m

2
2 − u2

1u
2
2(Im [z1z2])2

)︂
≤ 2u1u2|Im [z1z2]| ≲ |z1 − z2|,

(A.13)
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which prove (A.8).
Finally it still remains to prove (A.9). Combining (A.7) with (A.5), we obtain that

1 
β−

+ 1 
β+

− 1 = β+ + β− − β+β−
β+β−

≲
ρ2
1 + |η1|

ρ1
+ ρ2

2 + |η2|
ρ2

|z1 − z2|2 + ρ1|η1| + ρ2|η2| +
(︂

η1
ρ1

)︂2
+
(︂

η2
ρ2

)︂2 .

(A.14)

Similarly, combining (A.8) with (A.5), we obtain that

⃓⃓⃓ 1 
β−

− 1 
β+

⃓⃓⃓
=

⃓⃓⃓β+ − β−
β+β−

⃓⃓⃓
≲ max{ρ1ρ2, |z1 − z2|} 

|z1 − z2|2 + ρ1|η1| + ρ2|η2| +
(︂

η1
ρ1

)︂2
+
(︂

η2
ρ2

)︂2 . (A.15)

Therefore, we obtain that

⃓⃓⃓ 1 
β±

⃓⃓⃓
≲

⃓⃓⃓ 1 
β−

+ 1 
β+

⃓⃓⃓
+
⃓⃓⃓ 1 
β−

− 1 
β+

⃓⃓⃓
≲

|z1 − z2| + ρ2
1 + |η1|

ρ1
+ ρ2

2 + |η2|
ρ2

|z1 − z2|2 + ρ1|η1| + ρ2|η2| +
(︂

η1
ρ1

)︂2
+
(︂

η2
ρ2

)︂2 ,

(A.16)

which finishes the proof of Lemma A.1. □
Proof of Lemma 3.3. Recall from (3.16) that

MA
12 = ℬ−1

12

[︂
Mz1(iη1)AMz2(iη2)

]︂
. (A.17)

Then (3.20) directly follows from (A.9), i.e.,

∥MA
12∥ ≲ ∥ℬ−1

12 ∥ ≤
1 

min{|β±|} ≲ 1 
γ
. (A.18)

Moreover, ˆ︂MA
12 is a fourfold linear combination of MA

12(±η1, z1,±η2, z2) using the identity 
ImG = 1 

2i (G−G∗) twice. To prove (3.21), it suffices to show that⃓⃓⃓⟨︂
ℬ−1

12

[︂
Mz1(iη1)A1M

z2(iη2)
]︂
A2

⟩︂
−
⟨︂
ℬ−1

12

[︂
Mz1(iη1)A1M

z2(−iη2)
]︂
A2

⟩︂⃓⃓⃓
≲ ρ1ρ2ˆ︁γ .

(A.19)

We will focus on the worst case when A1, A2 are along the bad directions L±. Note that 
L± are linear combinations of E±. It then reduces to prove (A.19) for A1, A2 ∈ {E+, E−}. 
By a direct computation from (A.4), we obtain

(︁ℬ∗
12
)︁−1[E±] =

(︄ 1−z1u1z̄2u2±m1m2
β−β+

0
0 m1m2±(1−z̄1u1z2u2)

β−β+

)︄
. (A.20)
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Hence using (A.20) and (3.3), we obtain that⟨︂
ℬ−1

12

[︂
Mz1(iη1)E±Mz2(iη2)

]︂
E±

⟩︂
=
⟨︂(︁ℬ∗

12
)︁−1[E±],Mz1(iη1)E±Mz2(iη2)

⟩︂
= ± m2

1m
2
2 ±m1m2 + Re [z1z2]u1u2 − |z1|2|z2|2u2

1u
2
2

β+β−
;

(A.21)⟨︂
ℬ−1

12

[︂
Mz1(iη1)E−Mz2(iη2)

]︂
E+

⟩︂
= −

⟨︂
ℬ−1

12

[︂
Mz1(iη1)E+M

z2(iη2)
]︂
E−

⟩︂
=−iIm [z1z2]u1u2

β+β−
. (A.22)

Using that u(−iη) = u(iη) and m(−iη) = −m(iη), we obtain the following cancellation⃓⃓⃓⟨︂
ℬ−1

12

[︂
Mz1(iη1)A1M

z2(iη2)
]︂
A2

⟩︂
− 
⟨︂
ℬ−1

12

[︂
Mz1(iη1)A1M

z2(−iη2)
]︂
A2

⟩︂⃓⃓⃓
≲ ρ1ρ2

β+β−
≲ ρ1ρ2ˆ︁γ ,

(A.23)

for any A1, A2 ∈ {E+, E−}, which proves (3.21).
We next prove the last statement (3.22). Recall from (3.19) and (3.6) that

MA1,A2
121 =ℬ−1

11

[︂
M1A1M

A2
21 + M1

(︂
⟨MA1

12 E+⟩E+ − ⟨MA1
12 E−⟩E−

)︂
MA2

21

]︂
. (A.24)

From [29, Eq. (3.8)], we know ℬ∗
11 has two small eigenvalues

β∗ := β−(z, η, z, η) ∼ η

Imm
, β := β+(z, η, z, η) ∼ η

Imm
+ (Imm)2, (A.25)

with the left eigenvectors given by E− and E+, respectively. It then suffices to test the 
above matrix against these two directions {E+, E−}, i.e.,⟨︂

MA1,A2
121 E±

⟩︂
=

⟨︁
MA1

12 E+
⟩︁⟨︁
E±M1E+M

A2
21

⟩︁− ⟨︁
MA1

12 E−
⟩︁⟨︁
E±M1E−MA2

21
⟩︁

+
⟨︁
E±M1A1M

A2
21

⟩︁
β±(z1, η1, z1, η1) 

.

(A.26)

Note that using (A.25) and (A.18) the last term above is easily bounded by⃓⃓⃓⃓
1 

β(∗)

⟨︁
E±M1A1M

A2
21

⟩︁⃓⃓⃓⃓
≲ ρ1

η1γ
. (A.27)

For the remaining terms, using (A.17), we further write⟨︁
MA1

12 E+
⟩︁⟨︁
E±M1E+M

A2
21

⟩︁− ⟨︁
MA1

12 E−
⟩︁⟨︁
E±M1E−MA2

21
⟩︁

=
⟨︁
(ℬ∗

12)−1[E∗
+],M1A1M2

⟩︁⟨︁
(ℬ∗

21)−1[E∗
+M

∗
1E

∗
±],M2A2M1

⟩︁
− ⟨︁

(ℬ∗
12)−1[E∗

−],M1A1M2
⟩︁⟨︁

(ℬ∗
21)−1[E∗

−M
∗
1E

∗
±],M2A2M1

⟩︁
. (A.28)
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Using M1 = m1E+−z1u1F −z1u1F
∗, the matrices of the form E∗

±M
∗
1E

∗
± can be written 

as linear combinations of E±, F and F ∗. Then we introduce the following estimates. To 
simplify the notations, we may assume ρ ∼ ρ1 ∼ ρ2 and η ∼ η1 ∼ η2. The same upper 
bound estimates below also apply to general ηi and ρi, with ρ and η replaced by ρ∗ and 
η∗.

(︁ℬ∗
12
)︁−1[E±] =

(︄ 1−z1z̄2±m1m2+O(η/ρ)
β−β+

0
0 m1m2±(1−z̄1z2+O(η/ρ))

β−β+

)︄
, (A.29)

(︁ℬ∗
12
)︁−1[F ] =

(︄
m2(z1−z2)+O(η)

β−β+
1

0 m1(z2−z1)+O(η)
β−β+

)︄
, (A.30)

(︁ℬ∗
12
)︁−1[F ∗] =

(︄
m1(z2−z1)+O(η)

β−β+
0

1 m2(z1−z2)+O(η)
β−β+

)︄
, (A.31)

which follow directly from (A.3)-(A.4) and that u = 1+O(η/ρ). By direct computations 
using (A.29)-(A.31) and (A.25), we obtain that⃓⃓⃓⃓
⃓
⟨︁
MA1

12 E+
⟩︁⟨︁
E+M1E+M

A2
21

⟩︁− ⟨︁
MA1

12 E−
⟩︁⟨︁
E+M1E−MA2

21
⟩︁

β

⃓⃓⃓⃓
⃓ ≲ 1 

ρ2
ρ5 + ρ|z1 − z2|2

(ˆ︁γ)2 ≲ ρ2

ηˆ︁γ ,⃓⃓⃓⃓
⃓
⟨︁
MA1

12 E+
⟩︁⟨︁
E−M1E+M

A2
21

⟩︁− ⟨︁
MA1

12 E−
⟩︁⟨︁
E−M1E−MA2

21
⟩︁

β∗

⃓⃓⃓⃓
⃓ ≲ ρ 

η

ρ|z1 − z2|2
(ˆ︁γ)2 ≲ ρ2

ηˆ︁γ ,
(A.32)

for |z| ≤ 1, where we also used ρ3 ≳ η, ˆ︁γ = β−β+ ≳ |z1 − z2|2 + ρη, and

m2 = |z|2−1+O(ρη), 2Re (z1z2) = |z1|2+|z2|2−|z1−z2|2, |Im (z1z2)| ∼ |z1−z2|.

Plugging the above estimates and (A.27) into (A.26) we obtain that

⟨︂
MA1,A2

121 E±
⟩︂
≲ (ρ∗)2

η∗ˆ︁γ + ρ1

η1γ
≲ 1 

η∗γ
. (A.33)

It hence proves (3.22) for |z| ≤ 1. The proof for the complementary regime 1 < |z| ≤ 10
is similar and actually easier using that ρ3 ≤ η, so we omit the details. We hence finish 
the proof of Lemma 3.3. □
Proof of (4.27) for η1η2 < 0. Note that for |zi| ≤ 1 − c, from (A.1) and (A.4) we know 
that, β+ ∼ 1, β− ∼ γ, and L− is the only bad direction. Recall from [30, Eq. (B.6)] that

E± =
(︁
1 + O(|z1 − z2|)

)︁
L±σ + O(|z1 − z2|)L∓σ, σ := sgn(η1η2). (A.34)
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Decomposing the matrix A as A = ⟨AE+⟩E+ + ⟨AE−⟩E− + Ac, we obtain that

⃓⃓⟨MA
12E−σ⟩

⃓⃓
≲

⃓⃓⟨ME+
12 E−σ⟩

⃓⃓
+
⃓⃓⟨ME−

12 E−σ⟩
⃓⃓
+
⃓⃓⟨MAc

12 E−σ⟩
⃓⃓
≲

⃓⃓⟨ME−σ

12 E−σ⟩
⃓⃓
+ |z1 − z2|

γ
,

⃓⃓⟨MA
12Eσ⟩

⃓⃓
≲

⃓⃓⟨ME+
12 Eσ⟩

⃓⃓
+
⃓⃓⟨ME−

12 Eσ⟩
⃓⃓
+
⃓⃓⟨MAc

12 Eσ⟩
⃓⃓
≲ |z1 − z2|

γ
. (A.35)

This proves (4.27) for η1η2 < 0. Similar upper bounds also hold for η1η2 > 0 with 
switched signs. □
Proof of Lemma 4.6. The first relation for M12 was proved in Eq. (A.26) in the Appendix 
A.5 of [30]. The second relation for M121 then follows by a so-called meta argument 
[36,32], using recursive Dyson equations for chains of product of resolvents, see e.g. [32, 
Lemma D.1]. □
Data availability

No data was used for the research described in the article.
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