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1. Introduction

We consider large n x n non—-Hermitian matrices X with independent, identically
distributed (i.i.d.) centred entries, with the standard normalization E|X;;|* = 1 (i.i.d.
matrices). While the eigenvalue statistics of fairly general large Hermitian random ma-
trices have been very well understood in the last fifteen years, those of i.i.d. matrices
have only been understood very recently both in the bulk [42,61,65] and at the edge [24]
of the spectrum; see also [2,20,33,59,60,75] for recent results for deformed models of the
form A + X, where A is a deterministic matrix. One of the main difficulties in under-
standing the eigenvalue statistics in the non—-Hermitian setting is the high instability of
the spectrum, which is partly manifested by the behaviour of their eigenvectors. While
in the Hermitian case, e.g. for GOE/GUE? matrices for simplicity, the eigenvectors are
distributed according to the Haar measure, for Ginibre* matrices the left /right eigenvec-
tors are strongly correlated and difficult to grasp even for the Gaussian case (the general
ii.d. case is expected to be even much harder). Recall that in general, a non—Hermitian
matrix X has a two sets of eigenvectors l;, r;, which, assuming that each eigenvalue o;
of X is simple, are defined by

Xr; = o1y, I'X =ojll, i=1,2,...,n. (1.1)

We normalize the left/right eigenvectors to form a bi-orthogonal basis, i.e. (I;,7;) =
l;ri = 0;5. Instead of studying the eigenvectors directly, one usually considers the scale-
invariant quantity

Oij = <rjvri><lj’li>v (1'2)

called eigenvector overlaps. For random matrices, overlaps emerge in many problems
both in mathematics [13,15,46,37,62,72] and physics [5,6,12,21-23,52,48,51,47,49,58,68].
Two of their most prominent motivations are:

(1) O;; determine the correlation of the evolution of the eigenvalues o; under a non-
Hermitian analog of the Dyson Brownian motion, which was rigorously derived in
[15, Appendix A] (see also [19,54]).

(2) For i = j, the quantity /O, is known as the eigenvalue condition number in
numerical analysis, as it determines how sensitive o; is to small perturbation (espe-
cially relevant in the context of smoothed analysis [69] via random matrices, see e.g.
[10,27)).

3 We say that an n x n random matrix W is a GUE (resp. GOE) matrix if it is Hermitian W = W*, the
entries above the diagonal Wj;; are such that \/ﬁWij are independent standard complex (real) Gaussian
random variables, and the diagonal entries are real Gaussian random variables of variance 1/n (resp. 2/n).

4 We say that an n X n random matrix is a complex (resp. real) Ginibre matrix if its entries are centred
complex (resp. real) Gaussian random variables with variance 1/n.
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Despite the central role of the overlaps, rigorous results about their size and distribu-
tion have appeared only recently. Inspired by the seminal work of Chalker and Mehlig [21]
computing the expectations of the O;; for the complex Ginibre ensemble, Bourgade and
Dubach [15] also computed the second moment of the off-diagonal overlap and diagonal

overlap,
1— |z ?) (1 — |2f%)
E Ol 2 i = s i = ~ ( y 1.3
[| J| |U %1, Oj 22] |Z1 — 22|4 ( )
E[Oii(/)jj’Ui =2z1, 0 = 22} ~ n2(1 — |21‘2)(1 — |22‘2), (14)

identifying a power law (quadratic) decay of O;; for far away eigenvalues. Beyond Ginibre
ensembles, Benaych-Georges and Zeitouni [13] showed that the closely related quan-
tity /n(o; — o;)(ri,r;)/||rilll|7;]| is sub-Gaussian (uniformly in n) for more general
non-normal matrices defined by an invariant distribution, and explicitly compute its
distribution in the complex Ginibre case. Both results identify a quadratic decay, how-
ever their proofs rely on the invariance (or even Gaussianity) of the underlying matrix
ensemble.

Is this quadratic decay ubiquitous, in particular does it extend to general real and
complex i.i.d. matrix ensembles without invariance properties? In this paper we answer
affirmatively by proving that the optimal bound (modulo the n¢ factor) as indicated by
(1.3)-(1.4)

O] _ nt
V0ii0j; ~ nloi — o +1

holds uniformly in the spectrum with very high probability for any small & > 0. Previ-

(1.5)

ously, only two non-optimal bounds were available. In [30, Theorem 3.1] it was shown
that [0y;]/1/0:i0;; < n=¢ for bulk eigenvectors, if |o; — ;| > n~1/2+¢ which is off by
almost an entire factor n for far away eigenvalues. Close to the edge of the spectrum,
loil,|oj| = 1, half of the optimal decay, 1/(v/n|o; — o;|), was obtained in [35, Corol-
lary 3.4]. We remark that the quadratic decay bound obtained in (1.5) is better than
1/(v/nlo; — o)) if |o; — o] > n~1/2T¢€. Neither proof can be directly improved and the
optimal bound (1.5) requires to resolve two new challenges.

We now explain the novelties in our proof of (1.5). The main inputs are the so-called
multi-resolvent local laws for products of resolvents of the Hermitisation of X — z. Since
the non-Hermitian eigenvectors l;, r; are not accessible directly, we relate them to the
eigenvectors w? = ((u?)*, (v7)*)* € C?" of the (2n) x (2n) Hermitized matrix

2 K2

H* = ((on)* on) (1.6)

Note that u?,v7 € C™ are also the left/right singular vectors corresponding to the
singular value A7 of a family of matrices X — z parametrized by z € C. We assume that
the singular values A7 are labelled in an increasing order.
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Eigenvectors of X and singular vectors of X — z are not related in general, except in
the special case when z is an eigenvalue. Simple algebra shows that

7 =0<=0¢€ Spec(H?) <= 0 € Spec(X — z) < z € Spec(X), (1.7)

and in this case the eigenvectors of X with eigenvalue z and the singular vectors of X —z
with singular value zero coincide. This fundamental relation will be our starting point to
study the eigenvalues and the eigenvectors of the non—Hermitian X via the study of the
spectrum of the Hermitized matrix H*. Our goal is thus to estimate quantities of the
form |(ui', ui?)|, |(v7', v]?)| with high probability simultaneously for every |z1],|z2| < 1.
In fact, if we have the desired bound on these quantities, by choosing 21 = 03, 22 = 03,
we can readily conclude (1.5). By spectral decomposition, one can easily see that for the
desired bound on [(ui*, ui?)|, [(v]', vi?)], it is actually enough to estimate

(T G ()T G (i) § -2, G (i) = (H* =) ™", (L8)
for appropriate choices of 71,72 (eventually 7; is chosen a bit above the local fluctuation
scale of the eigenvalues of H* close to zero). Here p; denotes the local density of the
eigenvalues of H?*.

Although we only need the upper bound (1.8) for (1.5), along the way in Theorem 3.5
we will prove a stronger result, called two-resolvent local law, that even identifies the
leading term in the relevant regime of n;’s:

(Im G** (i ) Im G (in,) — M12>’ - o(ﬂ), (1.9)
|21 — 22
where M9 is a deterministic matrix computed from the underlying Dyson equation.

To prove (1.9), we rely on the zigzag strategy [30,28], which involves three main steps: i)
controlling (Im G** (in; )Im G*2(ing) — M2) for large values of iy, 2 ~ 1, ii) [zig-step] using
the method of characteristics (introduced in this form in [1,14,56] for single resolvents,
see [31, Section 1.4] for more history) to show that this bound can be propagated down
to optimally small spectral parameters n; at the price of adding a Gaussian component to
the matrix X, iii) [zag-step] using a version of the Green’s function comparison theorem
(GFT) to remove the Gaussian component. While on a high level this approach has
been used quite extensively, in the current paper we face a novel challenge: we need
to extract an additional small factor of order p coming from Im G* (compared to G*)
close to the edge of the spectrum in the context of two different spectral parameters
21, z2. This requires to study the evolution of (Im G1Im Gs), with G; := G* (in;), along
the characteristics flow, which is more delicate than the one for (G;G3) investigated in
[30,28] and also requires a more delicate analysis at the GFT level. A bound on this
quantity was estimated in [35, Part B of Theorem 3.3] close to the edge of the spectrum
with a non-optimal decay 1/|z1 — z2|. This non-optimality is a consequence of bounding
(G1G3) and then writing 2ilm G = G — G*, rather than analyzing (Im G1Im G5) directly
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and extract a cancellation between G and G* near the edge, as we do instead in the
current paper.

The second challenge we resolve in this paper is to estimate optimally the deterministic
M-terms, such as M1, in (1.9), even for longer resolvent chains that naturally arise along
the zig-flow (we need three-resolvent chains). In fact, the precision of the zigzag method
ultimately depends only on such estimates on M-terms. While an explicit recursion is
available for expressing the M-terms, the formula is inherently unstable in the small 7
regime as it contains delicate cancellations. In [35] these cancellations were unravelled but
only outside of the spectrum and without the extra p-factors. Now we find the optimal
estimate uniformly in the spectrum and with the correct p factors.

We remark that the analogue of the quadratic decay in z;3 — 25 in (1.8), and hence
in (1.5), appears in a related Hermitian model as well. In [31] the authors study a
Wigner matrix W with two different (deterministic) deformations, W+ Dy and W + Ds.
They show that the product of their resolvents (G1Gs), hence their eigenvector overlap,
exhibits essentially a quadratic decay 1/((D; — D5)?), although the precise statement
is modulated by the difference in the spectral parameters as well. However, the results
therein are optimal only within the bulk of the spectrum, again because the smallness
coming from Im G* was not exploited.

The central role that (1.8) plays in studying overlaps underlines the importance of
multi-resolvent local laws in the theory of random matrices. For many years, single
resolvent local laws have been the technical workhorses behind the proofs of Wigner-
Dyson-Mehta and related universality results on local eigenvalue statistics since they
provided almost optimal a priori bounds on individual eigenvalues and eigenvectors.
These are the standard rigidity and delocalisation results used regularly in arguments
based on the Dyson Brownian motion (DBM) and the Green function comparison the-
orems (GFT). A lot of relevant information on random matrices, however, are not
accessible via a single resolvent. Key physical concepts such as eigenvector overlaps,
thermalisation phenomena, out-of-time-order correlations etc. are inherently connected
with multi-resolvent chains of the form G1A1G2A, ..., where G; are random resolvents
and A;’s are deterministic matrices. Besides these obvious motivations, the recent results
on bulk universality of eigenvalues and eigenvectors for i.i.d. matrices, initiated by the
breakthrough papers [61,65] using the partial Schur decomposition, also heavily rely on
multi-resolvent local laws as a priori technical inputs. The Schur decomposition method
is powerful to prove the universality of the distribution of the diagonal overlaps O;; [67],
but it cannot yet access to off-diagonal overlaps. Our result gives (1.5) an optimal a priori
bound on O;; and we also expect that multi-resolvent local laws will play an important
role in resolving the open conjecture on the universality of O;; for i.i.d. matrices.

We close this introduction with a quick overview of the recent vast literature about
overlaps (1.2) for various random matrix ensembles. With the exception of [15], all these
works concern only diagonal overlaps O;;. Long after the classical paper [21], the two
main works that revived the interest in overlaps of non—-Hermitian eigenvectors in the
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context of random matrix theory are [15,46] on Ginibre ensemble. Besides the results on
the off-diagonal overlaps in [15] that we already described, the distribution of O;; and the
correlation of O;0;; for bulk eigenvalues in the complex case have also been computed
in that paper. In [46] the author computes the distribution of O;; both in the bulk and at
the edge of the spectrum for complex matrices, as well as for overlaps corresponding to
real eigenvalues of real Ginibre matrices. Expectation of overlaps for complex eigenvalues
was covered in [73]. Beyond Gaussian ensembles, in the context of general i.i.d. matrices,
the precise (in terms of n—dependence) size of O;; was identified in [32,44] (see also
for previous non-optimal results in terms of the n—dependence [10,57,71]), and more
recently even the universality of its distribution has been established [67]. Two very
recent results [43,66] also prove the universality of the Gaussian fluctuations directly for
the eigenvectors’ entries of i.i.d. matrices. Eigenvector overlaps have also been studied
for several other models even beyond i.i.d. matrices, including deformed Ginibre matrices
[11,69,76], symplectic Ginibre matrices [5,7], non-Hermitian Brownian motion [18,45],
the elliptic ensemble [39,38,50,70], spherical and truncated unitary ensembles [40,41,64],
and non-normal dynamical systems [63].

Acknowledgment. We thank Yan Fyodorov for pointing out the reference [58] and for
useful comments. We also thank the anonymous referee for their several comments that
substantially improved the presentation of this manuscript.

Conventions and notations. For integers k,l € N, with k£ < [, we use the notations
[k,1] :={k,...,l} and [k] := [1, k]. For positive quantities f, g we write f < gand f ~ g
if f <Cgorcg < f<Cg,respectively, for some constants ¢, C' > 0 which depend only
on the constants appearing in (2.1). We set f A g = min{f, ¢} and fV g = max{f, g}.
Furthermore, for n—dependent positive quantities f,, g, we use the notation f, < g, to
denote that lim, o (frn/gn) = 0. Throughout the paper ¢, C' > 0 denote small and large
constants, respectively, which may change from line to line. We denote vectors by bold-
faced lower case Roman letters x,y € C¢, for some d € N. Vector and matrix norms,
lz]] and || A]|, indicate the usual Euclidean norm and the corresponding induced matrix
norm. For any d x d matrix A we use (A) := d~!TrA to denote the normalized trace of A.
Moreover, for vectors &,y € C? we define the usual scalar product {x,y) := Z?:l TiYi,
and use (A)gzy to denote the inner product (x, Ay).

We define the following special 2n x 2n matrices

10 0 0 10 01
E1 = (O 0), EQZ <0 1)7 Ei = EliEQZ (0 i1), F = (0 0),

(1.10)

in particular, F; is the 2n—dimensional identity matrix.
We will often use the concept of “with very high probability” for an n-dependent
event, meaning that for any fixed D > 0 the probability of the event is bigger than
1 —n~Pif n > no(D). Moreover, we use the convention that ¢ > 0 denotes an arbitrary
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small positive exponent which is independent of n. We recall the standard notion of
stochastic domination: given two families of non-negative random variables

X = <X(")(u) :neNue U(")> and Y = (Y(")(u) : nEN,uEU(”))

indexed by n (and possibly some parameter u in some parameter space U (")), we say
that X is stochastically dominated by Y, if for any &, D > 0 we have

sup P [X(”)(u) > an(")(u)} <n P (1.11)
uelU ™)
for large enough n > ng(§, D). In this case we use the notation X <Y or X = O4(Y)
and we say that X (u) < Y (u) holds uniformly in u € U™.

2. Main results

We consider i.7.d. matrices X € C™*™ (complex case) or X € R™*" (real case), i.e.

n X n matrices with independent and identically distributed (i.i.d.) entries x4 4y 2y,
where the distribution of y satisfies the following assumptions:

Assumption 2.1. We assume that Ex = 0, E|x|? = 1, additionally Ex? = 0 in the
complex case. Furthermore, we require that for any p € N, there exists a constant
Cp > 0 such that

BN <G, (2.1)

Temporarily assuming that the spectrum {o;}?_; of X is simple, X can be diag-
onalized with left eigenvectors {l;}_; and right eigenvectors {r;}? ;. For example, if
X is a continuous random variable, then the spectrum is simple with probability one.
We normalize the left and right eigenvectors so that they form a bi-orthogonal basis
(Li,rj) = &, Vi,j = 1,...,n. Due to the non-Hermiticity of X, {l;}7; and {r;}1,
typically differ and they are not orthogonal. To quantify their relation we consider the
scale invariant quantity, called overlap,

Oij = <l¢,lj><’!’i7’f’j>. (22)

While diagonal overlaps, i.e. Oy = |[I;]|?||r;]|?, have been understood fairly well by
now [15,32,46,44,67], much less is known for general O;;. Previous to the current work,
the only results for O,;, with ¢ # j, were computation of their expectation [21] and
variance [15] (see also [13] for the distributional limit of a related quantity) in the special
case of the complex Ginibre ensemble, i.e. when y is a standard complex Gaussian
random variable in Assumption 2.1. Our main result is a high probability upper bound
for the normalized version of O;; for general i.i.d. matrices, which holds uniformly in the
spectrum:
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Theorem 2.2. Assume that X is a real or complex i.i.d. matrix satisfying Assumption 2.1
and that, for simplicity, its spectrum is simple (see Remark 2.3). Let O;; be the overlaps
defined in (2.2). Then, with very high probability, for any small £ > 0, we have

\<7°z"7‘j>\2 \(lzwlj)\Z

sup (nlo; — o] +1 < nb. (2.3)
i.jen] (o =2 ) Irall?llesl1> lEl> 12511
In particular, by a Cauchy-Schwarz inequality, this implies
sup (o — o, 04 ¢
p (nlo; — o> +1) < nt. (2.4)

i,j€[n] V0i 055

Remark 2.3. For simplicity of notation we stated Theorem 2.2 for matrices X with
simple spectrum. However, we do not need this assumption in the proof (see the end
of Section 3.3). In fact, from the same proof it follows that for any left/right eigenvectors
I,7 and I, r' with corresponding eigenvalues o, o’, respectively, for any small £ > 0, we
have

[ )* ) né
[l l2{le]12 (222 | ~ nlo—o'2+ 1

(2.5)

This bound holds with very high probability simultaneously for all eigenvectors of X.

The bound (2.4) is optimal (up to the n® error), as it can be seen from the vari-
ance computation in [15] in the complex Gaussian case. The optimality of the stronger
bound (2.3) follows from [13], where the authors proved that v/n(c;—oc;)(ri, 7;)/||vill||v;
is uniformly (in n) sub-Gaussian for a large class of invariant non-normal matrix ensem-
bles and even compute its distributional limit in the complex Ginibre case. While our
result gives only an upper bound, it holds for more general i.i.d. matrices satisfying
Assumption 2.1. In fact, (2.3) is the analog of the upper bound in the display below
[13, Eq. (5)]. While these results from [13,15] are similar to ours, the proof methods are
completely different.

Remark 2.4. In Theorem 2.2 we proved an (almost) optimal bound for the overlaps of
matrices X with i.i.d. entries as in Assumption 2.1. However, inspecting our proof it is
clear that this argument can easily be extended to more general models, i.e. to deformed
models X + A, where X is an i.i.d. matrix and A is a deterministic deformation belonging
to a large class of matrices (see e.g. [32, Section 2.1}, [20, Assumption 2.8] for bulk and
edge eigenvectors, respectively). More precisely, the arguments of Sections 4-5 work
verbatim in this more general case as well, once the deterministic bounds in Lemma 3.3
are established.

In Theorem 2.2 we show that the normalized overlap O;;/+/O;;O;; can be estimated
in high probability sense, in particular its tail probability is very small. The same is not
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true for O;;, because overlaps themselves are expected to have a heavy tail, similarly to
what it has been shown for the diagonal overlaps O;; [15,46,67]. In the following corollary
we present a bound on O;; which holds only in a first moment sense using the analogous
bounds on the diagonal overlaps O;; given in [44, Theorems 2.7, 2.9] to account for the
normalisation.

Corollary 2.5. Consider an i.i.d. matriz X satisfying Assumption 2.1. Furthermore, we
assume that x has a bounded density g and in the complexr case Rex,Im x are inde-
pendent. Fiz any small constants 1,6, > 0 with € < €/10 and any large constant
D > 0. Set DS C C to be the disk centred at z € C with radius n=*/?*¢. Then for
any z; € C (i = 1,2) with |z;] <14+ n"Y2 7 and |21 — 2zo| > n~V/2%¢ there is an event
E with very high probability, i.e. P(Z) >1—n"%, such that

n8¢
E( E |O;5] - 15) < o=l [Complez case] (2.6)
0:€D%, ,0,€DS,
n8¢ 1
E( O;; -1=) < : , Real 2.7
Z 1Ol -12) 5 |21 — 22|12 [Im 21| A [Im 25| [Real case] (2.7)

0,€DE, ,0,€DS,

Furthermore, in the complex case in the bulk regime, i.e. if |z1|, |22| < 1—7, the event
E s trivial, i.e. (2.6) holds without 1=. In the real case we have a special bound for the
real eigenvalues oy, 0, near zy, z2:

a¢
n
E( o 1/2) < 2.8
> 10ul) S g (2.8)
UiG'DzlﬂR
o;€DE,NR

Remark 2.6. From the local circular laws (see [16, Theorem 2.2], [17, Theorem 1.3], [74,
Theorem 1.2], and [9, Theorem 2.3]), we know that with very high probability there are
eigenvalues close to z1 and zy. More precisely, fix any small 7,£ > 0 with 7 < £/10, then
for any |z;| < 1+mn"/2%7  there exist eigenvalues o; € D, and o; € DS, with very high
probability. Hence, the summations in (2.6)—(2.7) are not empty, in fact they typically
contain roughly n?¢ x n?¢ eigenvalue pairs. Our result holds for the corresponding overlap
for any of these pairs.

We conclude this section explaining another interesting result one can obtain using
the two—resolvent local law in (3.26) and using very similar techniques to the ones used
to prove (3.26) in Section 4. We will not present the complete proof for brevity, but we
indicate the key points and what steps need more work.

Mesoscopic Central Limit Theorem uniformly in the spectrum: Fix a reference point
|z0] < 1, an exponent a € [0,1/2) and a smooth and compactly supported test function
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f:C — C. Then the (centred) linear statistics of the eigenvalues o; around z; at scale

n=4,

L(f) = Zfzo,a@—i) - EZ Froa(@)y  froa(2) = F(n%(z — 20)),

satisfy a Central Limit Theorem (CLT) [29,30,25]. In particular, while in the macroscopic
case [29,25], i.e. a = 0, f,, o was allowed to be supported anywhere in the complex plane,
in the mesoscopic case [30], i.e. @ € (0,1/2), f,.« had to be supported in the bulk of the
spectrum. Thus the mesoscopic CLT close to the edge (when a > 0 and |z9| = 1) was
not covered in [29,30,25]. Inspecting the proofs in [29,30,25], it is clear that their main
inputs are averaged local laws for products of two resolvents (see [30, Theorem 3.3]) as
in (3.26) and singular vector overlaps bound (see [30, Theorem 3.1]) as in (3.28), below.
We claim that using this bound as an input, after proving a Wick theorem exactly as in
[29, Section 6] and replacing the Dyson Brownian motion analysis [29, Section 7] with
the one presented in [34, Section 7], one can routinely prove a mesoscopic CLT for test
function supported also close to the edge. More precisely, for reference points |zg| = 1
one would get that L,(f), for a € (0,1/2), converges to a centred Gaussian random
variable L(f) with the following variance (for simplicity we consider only the complex
case)

2

BILUI = 17 [ 19fual@)l* @4 5 3 Wl Fratbl (29)

D keZ
where Jio\a denotes the Fourier transform of the restriction of f,, , to the unit circle,
and D the open unit disk. In particular, one can see that compared to [30, Theorem 2.1]
one gets an additional contribution from eigenvalues close to the edge, as it was already
observed in the macroscopic case in [29, Theorem 2.2]. Similarly, one can extend the
time—dependent version of the CLT [18, Theorem 2.3] down to the optimal mesoscopic
scale at the edge.

3. Proof strategy: multi-resolvent local laws

In this section we recall some preliminary inputs and present the main new technical
results to obtain the overlap bound in Theorem 2.2. More precisely, in Section 3.1 we
recall the single resolvent local law and the rigidity estimate for the eigenvalues. Then, in
Section 3.2 we present local laws for products of two resolvents. Finally, in Section 3.3 we
show that the in the regime when the limiting density of states is small we can improve
the averaged local law from Section 3.2, and use this result to prove Theorem 2.2 and
Corollary 2.5.
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3.1. Local laws for the resolvent

Note that z € C lies in the spectrum of X if only and if the least singular value of
X — z is zero. Hence we link the eigenvalues (resp. eigenvectors) of X with the singular
values (resp. singular vectors) of matrix X — z. As already mentioned in the Introduc-
tion, let (A?)I; denote the singular values of X — z labelled in a non-decreasing order,
and {u?}? ,,{v#}?"_; denote the corresponding left and right singular vectors of X — z
normalised such that ||u?|* = ||vZ||? = 1/2. In the same spirit of [53], we consider the
Hermitisation of X, i.e.,

z X_Z n n
H::(X* = "o )e(CQXQ, z€C. (3.1)

—Z

Simple algebra (also called chiral symmetry) shows that H? has a symmetric spectrum
given by (AL,)i; = (£A?),, with the corresponding (orthonormal) eigenvectors given
by wi; = ((u?)*, £(vi)*)* € C?". Note that u?,v? are the left and right singular vectors
of X — z. Eigenvalues of H* in general have no direct relation with the eigenvalues of X,
however, from the trivial relation (1.7) it is clear that eigenvectors of X with eigenvalue
z and the singular vectors of H* with singular value zero coincide.

Let G* be the resolvent of the Hermitisation of X — z, i.e.,

0 X —z

G*(w) :== (H* —w)™ !, H? = <X*E 0

>, weC\R, zeC. (3.2

Define the deterministic approximation of G*(w) as an (2n) x (2n) block constant matrix
given by

; A mFw)l, —zuF(w)l, . W () m*(w)
M*(w) := <—Euz(w)ln m*(w) 1, >, with (w) : —w+mz(w)’ (3.3)

where m?*(w) is the unique solution of the scalar cubic equation with side condition

1 . |22
—wmw) - —
w + m#(w)

m#(w) Im[m*(w)]Imw > 0. (3.4)

In fact, M*(w) is the unique solution of the Matriz Dyson equation (see e.g. [4])
—[M*(w)] "' = w+ Z + S[M*(w)], Z = (g S) ) (3.5)

satisfying the side condition Im M*(w) - Imw > 0, where

S[:=(E\)Ey — (E_YE_ =2(-E1)Ey + 2(-E2)Ey,  S:C?* o C?"*3" (3.6)
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is the covariance operator of the Hermitisation of X. Additionally, we define the self-
consistent eigenvalue density of H* by (see e.g. [8])

1
p°(E):= lim —Im (M?*(F+1in)), E €R. (3.7)
n—0t+ T
As summarised in [34, Section 3.1] (see references therein), the density p*(FE) has the
following properties:

1) if |z| < 1, then p*(E) has a local minimum at E = 0 of height p*(0) ~ (1 — |2|?)'/?;

2) if |z] = 1, then p*(F) has an exact cubic cusp singularity at F = 0;

3) if |z| > 1, then there exists a small gap [-A/2, A/2] in the support of the symmetric
density p*(E), with A ~ (|z|> —1)3/2.

Moreover, extending to the complex plane, if |z| < 1, then for any w = E + in, we have

pF(w) =7 Im (MF(w)| ~ (1= [2) > + (|E[+m)"?,  |E[<e, 0<p<1,
(3.8)

for some small ¢ > 0, while in the complementary regime |z| > 1, for any w = % + Kk +in,
we have

<n<l (3.9)

) o [0 EHA )0 ko
P ke [=A/2,0]

n
(At[s[+m)t/8(Js[+n)t/2”

In this paper we focus on the imaginary axis, i.e., w = in, and we may often drop
the superscript z and the argument w = in for brevity. For instance, we may write
m = m?(in) for brevity. In particular,

0<n<l. (3.10)

|Im m| {n1/3+ 11— |2[2]7/2, 2| <1
p:: —_—
v

n )
ISR Izl >1

Now we state the local law for the resolvent; see [16, Theorem 3.4] for |z] < 1—7 and
[34, Theorem 3.1] for ||z| — 1| < 7 (see also [17]), where 7 > 0 is a small constant.

Theorem 3.1. There is sufficiently small constants 7,7 > 0 such that for any z € C with
|z| <147 and for any w = E + in with |E| < 7/ we have

|<w,<GZ<w>—MZ<w>>y>|<||m||||y||( prlw) 1 ) (3.11)

nlnl " nlnl

(G (w) — M*(w)) A)| < %, (3.12)
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uniformly in spectral parameter |n| > 0, deterministic vectors x,y € C**, and matrices
Ac (CQnX2n.

Using standard arguments in e.g. [3, Corollary 1.10-1.11], we obtain the following
rigidity estimates on the eigenvalues from Theorem 3.1; see also [34, Corollary 3.2] for
|z] > 1 only.

Corollary 3.2. Fiz a small constant T > 0 and pick z such that |z| <14 7. Then there
exists a small constant ¢ > 0 such that

1 Al/g
{7 o)

[AZ —~7] < max{ } ) li] <en (3.13)

with A denoting the size of the gap around zero in the support of p* (in particular A =0
if |z| < 1), where v7 is the i-th quantile of p* given by

v )
/pz(x) dz = — vE = =7, i € [n]. (3.14)
0

In addition, there exists a small constant ¢ > 0 such that

Eo
#{j: E1 <A < Ep} — Qn/pz(x)daj‘ <1, |Ei| <, i=1,2. (3.15)

Ey

8.2. Local laws for multiple resolvents

The main technical result of this manuscript is local laws for the product of two Green
functions

G* (in1 ) AG*2 (iny), AeC™xn . GFiin) € C™*3n = 1,2,

with different parameters z; € C and n; € R\ {0} (i = 1,2), which yield the overlap
bounds of the eigenvectors stated in Theorem 2.2. Before we state the local laws, we first
introduce the deterministic approximation matrices of G**(in)AG*2(ins), i.e.,

My == Miy(in1, 21,in2, 22) = Byt |M™ (im) AM ™ (1772)]a (3.16)

(C2n><2n N CQnX2n

where the two—body stability operator Bis : is given by

312 = Blg(zl,wl, ZQ,LUQ) =1- M~ (W1>S[']MZ2 (LUQ), (317)
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with the covariance operator S[-] defined in (3.6); see also (4.10) later for the definition
of B;; with general i,j € N. Using the identity InG = (G — G*) twice and the
definition of M7} in (3.16), we further define the deterministic approximating matrix of
Im G* (in; ) AIm G*2(iny) as a fourfold linear combination of Mis(+£in;, 21, £ine, 22) as
defined in (3.16), i.e.,

My =Ml (i1, 21,12, 22)
ZE(M{‘%(im, 21, —ina, 20) + Miy(—iny, 21,102, 22) — M{s(im, 21,102, 22)
— M{y(=in1, 21, —in2, 22)). (3.18)
To approximate the product G**(in;)A1G?2(ing) A2 G (iny), we also define
M 1= Bt [ M# (i) A Mgy + M= (i) S [M{Y ] M3 | (3.19)
with Mg} = M} (ina, z2,1n1, 21) defined as in (3.16).
The proof of the following lemma is presented in Appendix A.

Lemma 3.3. For any bounded deterministic matrices Ay, Ay € C2"X2" e have

. . 1
||]\4'1AQ1 (1771’ 21,172, 22)” 5 ;7 (320)
(M5! (i1, 21, in2, 22) A2)| S %, (3.21)
. . . 1
M2 (i1, Ay, iz, Ao )| S ——, (3.22)
Uel
uniformly for any |z;| < 10 and 0 < |n;| < 10, where 1, := min;—1 2 |7;| and
p* i=max;_12 |pi| with p; :== 7~ Imm?* (in;)|, and the following parameters:
) 2 2
( ) |21 — 2| +P1|n1|+02|n2\+(%) +(Z—§> 5.23)
= ~(im, z1,in2, 29) := , 3.23
Y =Y, 21,112, 22 |21_22|+P%+P§+Z_1+%
n 2 n 2
~ . 1 2
q =i, 21,102, 22) 1= |21 — 22> + p1|m| + palne| + (p_) + (p—) . (3.24)
1 2

Theorem 3.4. Fix small constants e,7 > 0. Then, for deterministic matrices ||A;|] < 1
and vectors ||z||, ||y]| < 1, the following isotropic local law:

1
NG

’<:c, (G* (im) A1 G™ (in2) — Mf;l)y>‘ =< (3.25)

and the averaged local law:
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1 N 1
Vnly  nn?’

hold uniformly for any |z;| <1+ 71 and £ > n= %€ with 1, = min;_1 2 |0,

‘((Gzl (i) A1 G2 (ing2) — M{‘;)A2>’ < (3.26)

¢ := min;—1 2 p;|ni|, and the deterministic matriz My = M{(in, z1,in9, 22) is defined
in (3.16).

3.3. Improved local law at the edge

We state the following improved local law for Im G** AIm G*2 than (3.26), with Im G =
(G — G*), up to the edge regime |z;| < 1+n~1/27,

Theorem 3.5. Fiz small constants e, > 0 with0 < 7 < €/10. Then, for any deterministic
matrices | A;|| < 1, the following local law

. 2o /s = 1
’((Im G (i) A Im G (in)2) — Mél)/b)‘ ~< ﬁ”%”, (3.27)
holds uniformly for any z; € C and n; € R (i = 1,2) such that |z;| < 14+ n=1/247
and ¢ = min;—y 2 p;|n;| > n=1F, with § given by (3.24), and the deterministic matriz
My = M{ (i, 21,19, 22) defined in (3.18).

By a standard argument, we obtain the following optimal bound for the overlaps
between singular vectors of X — z; for different z;, 22 € C. The proof is similar to [30,
Theorem 3.1] for |z| < 1—7 and [35, Corollary 3.4] for 1 < |z;| < 1+n~"/?*7. The only
difference is to replace the non-optimal local law for Im G**Im G*2 (e.g., [35, Theorem
3.3]) with the optimal version stated in Theorem 3.5.

Corollary 3.6. Fiz a small constant T > 0. Then there ezists a small 0 < w, < 7/10 such
that, for any z; € C (i = 1,2) with |z;| < 1+n~Y?*7 the following holds with very high
probability,

—1427

n . .
[(uf, i) + (o] v3) P < lil, 3] < n*e. (3.28)

i 2% Nm?

We conclude this section by showing that the bound (3.27) readily implies those in
Theorem 2.2 and Corollary 2.5. Actually, Corollary 3.6 is obtained as a by-product in
the proof of Theorem 2.2 (see (3.32) below).

Proof of Theorem 2.2. Let e = n¢(z) denote the local fluctuation scale of the eigenvalues
of H? close to zero, which, for |z| <1 is implicitly defined by

Ui

/pz(x)dx = %

—nt



16 G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180

From (3.10), note that ny ~ n~! when |2| < 1 and 7 ~ n~%/* when |2| = 1. For
|z| > 1 the density p* develops a gap A® around zero, and one can see that in this case
ne ~ |A%|Y9/n?/3 and |A%| ~ (2|2 = 1)3/? (see e.g. [34, Appendix A] and references
therein). Fix a small £ > 0, and define 7; := nn¢(2;), for z; € C. Then, by (3.27) and
(3.21), we obtain

i _| (Im G (i) Tm G2 (in2))| < 1, (3.29)
1] 22| <14n=1/247 P1P2

with very high probability. Here p; = 7~ Imm? (in;)| and ¥ = J(iny, 21,12, 22). We
point out that to obtain the supremum bound in (3.29) we used (3.27) and a standard
grid argument using the Lipschitz continuity of z — Im G*.
Next, by the rigidity estimate of the eigenvalues of H# in (3.13), we have
max vl <1, (3.30)
7| <nee 77f( )
with very high probability, for some small constant 0 < w. < £/10. Note that for any
J € [n], A% is the j-th non-negative eigenvalue of H* in the non-deceasing order and
We notice that by the spectral decomposition of Im G = (G — G*)/(2i) and the chiral
symmetry of H? in (3.1), we have

4 ome ([ u?) P+ (7, v) )
(Im G* (i) Im G*2 (in)) = — 1J J ) (3.31)
w0 R OTE 4 )
where (A;')7_; are the non-decreasing singular values of X — z; with ¢ = 1,2, and

{ui }_q, {vi'}]_, are the corresponding left and right singular vectors normalized
such that [[u}*|[* = [[v5'||* = 1/2. Then, on the very high probability event on which
(3.29)-(3.30) hold, we obtain (recall n; := nén¢(2;))

sup (21 — zo? + 1) [[(u]*, ui?) [ + [(v], v72) 7]
|21],]| 22| <14n—1/2+47
< sup (nlz1 — 22* 4 1) (nmum2) Im G (i1 ) Im G (i)
[z1],|22|<14n—1/2+47 (3.32)
21 — 29| =+ n~1
S sup %(nmm)(ﬂngm) <,

|z1],|22|S14n—1/247 v

with very high probability, where in the last inequality we used (3.24) to show that
< n* by the definition of 7y above

~

(Jlz1 — 222 + n71) /7 < 1 and we used that nn;p;
(3.29) (note that ¢ has the property that nnep*(ing) ~ 1).

Recall the basic relation (1.7) that z € Spec(X) if and only if the least singular value
Af is zero. Moreover, if z € Spec(X), then the left and right eigenvector of X associated
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to the eigenvalue z are exactly the left and right singular vector of X — z. This implies
that

2 2
[(ri, )] (L, )]

sup (nlo; — o> +1
i,je[n]( Y )\|7‘z‘\|2||7"j||2 1L [1>112511

=4 sup  (nfz =2 F D[], wi)? + (0], 07) ], (3.33)
z1,22€Spec(X)

where uj* and v]* (i = 1,2) are the left and right singular vectors associated to the least
singular value of X — z;, normalized such that ||u{*||? = ||[v$"||> = 1/2. Note that with

very high probability the spectrum of X lies inside the disk |z| < 14 n~1/2+7 (see [9,
Theorem 2.1]). Hence, with very high probability,

2 2
|(ri, ;)| (L. 1)

sup (nlo; —oj* +1 +
Sup (nlos =i+ 1) | g L P

S sup (nlzr — z2f* + 1) [[{uf’ ui)[* + [0, 07) 7] (3.34)

|z1],|22| <14n—1/2+7

This, together with (3.32), immediately implies (2.3)—(2.4) and concludes the proof. 0O

Proof of Corollary 2.5. Fix any small £ > 0. From (2.4), we know that for any 4, j € [N],
with very high probability,

ng

105 < 00y

n|ai — O'j|2 + ].

3

< v
~nlzp — 292+ 1

where the last step follows if we assume that the corresponding eigenvalues o; € D; and
oj € DE,, with |21 — 2| > n~1/2+¢ and € < ¢/10. Moreover, from the local law mentioned
in Remark 2.6, for any z € C, with very high probability,

#{0; € Spec(X) : 0; € DS} < n*. (3.36)

We next recall various bounds on the expectation of the diagonal overlaps from [44,
Theorems 2.7, 2.9]. For example, in the complex case, using [44, Eq (2.14)], there exists
an event = with very high probability, i.e. P(Z) > 1 —n~", such that for any 2 € C,

E( 3 |(9“-|.1E) < plt3e, (3.37)
UiEDg

Combining the very high probability bound (3.35)-(3.36) with the expectation bound
(3.37) and using a simple Cauchy-Schwarz inequality, we obtain the desired result in
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(2.7) for the complex case. The remaining statements of Corollary 2.5 follow similarly
by combining (3.35)-(3.36) with the corresponding expectation bounds from Eq (2.15),
Eq (2.17), and Eq (2.18) of [44], respectively. This finishes the proof. O

4. Zig flow

In this section we show that if certain local laws (see [29, Theorem 5.2]) hold for n ~ 1
(for simplicity in this introductory paragraph we focus on |z| < 1), then they can be
propagated down to n > n~! using the Ornstein-Uhlenbeck and characteristic flows.
The main results of this section (Propositions 4.3-4.4) are the fundamental inputs to
prove Theorem 3.4. In fact, they show that if the local laws from Theorem 3.4 hold on a
global scale (n ~ 1), then they also hold down to the optimal n-scale (n>> 1/n), at the
price of adding a Gaussian component. This Gaussian component will then be removed
in Section 5 using a Green’s Function Comparison Theorem (GFT). We point out that
some parts of this section, like the definition and properties of the characteristics flow and
the analysis of the flow in the averaged case, are very close to [35, Section 5]; however,
we decided to present the details here for the convenience of the reader. Consider the
Ornstein—Uhlenbeck flow

dXt:—%Xtdt—k %7 Xo=2X, (4.1)
where X is an i.i.d. matrix satisfying Assumption 2.1. Here B; is an n X n matrix
with entries being real or complex standard i.i.d. Brownian motions, depending on the
symmetry class of X.

We now define the characteristics flow associated with (4.1). Define the Hermitisation
of X; by

0 X
W, = (X;tk Ot> , (4.2)

and consider the spectral parameters A € C27*2" defined by

_(in =z
A'_<Z 177)’ n € R, z e C. (4.3)
Throughout this section we consider spectral parameters being 2n x 2n block—constant
matrices, i.e. we consider A’s consisting of four n x n blocks each one of them being
a constant multiple of the n—dimensional identity matrix. The main object of interest
within this section is the resolvent (W; — A;)~!, with W; from (4.2) and A; being the
solution of the characteristic flow:
Ay
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with S being the covariance operator from (3.6) and M(A;) := M*(in;). Note that if
Ay is constant in each of its four blocks so is A; for any ¢ > 0, hence the equation (4.4)
reduces to two scalar equations:

At

<3 (4.5)

Oy = —Imm? (in) — %, Oz =
We point out that there is a one to one correspondence between (7, 2z;) and A;. For
this reason throughout this section we may refer to one or the other interchangeably.
The ny—characteristics are decreasing in time, for this reason, throughout this section,
we only consider the characteristics up to the first time they touch the real axis

T*(no, z9) := sup {t >0:sgn(n) = sgn(no)}. (4.6)

Even if not stated explicitly, in the reminder of this section we always consider initial
conditions such that |ng| + |z0| < 1, which is equivalent to ||Ag|| < 1. In the following
(trivially checkable) lemma we summarize several properties of the characteristics (4.5)
(cf. [35, Lemma 5.1]):

Lemma 4.1. Fiz Ay with || Ao|| < 1, and let Ay be the solution of (4.4) with initial condition

Ao. Define My := M*(in;) and p; := 7~ '[Immy|, then for any 0 < s <t < T*(no, 20)
we have

Zp = ef(tfs)/zzs, M, = e(tfs)/QMs, Zt = eSth;f — (1 —e57h). (4.7)
t s

Additionally, the maps t — |ne|, t — |nelps, and t — |ne|/pe are strictly decreasing, and
for any a > 1 there is a constant Cy, such that

t
C 0 : |: (ns> ts:|
dr=—|log| — | — . 4.8
/ e S 1, find w2 ) "2 (48)

Additionally, by standard ODE theory we have (cf. [35, Lemma 5.2]):

Lemma 4.2. Fiz any T <1 and pick A of the form (4.3) with |n| > 0 and ||A]| < 1. Then
there exist Ao with ||Ao|| S 1 and T*(no, 2z0) > T', and the solution A, of (4.4) with initial
condition Ao is so that Ar = A. Furthermore, there exists an N —independent constant
¢« > 0 such that dist(ing, supp(p®°)) > c.T.

In the rest of this section we will consider times ¢ < T* := min; T,*(7;,0, 7i,0). Note
that by the first two relations in (4.7), for s,t < T*, it follows

|21,6 — 22,s| ~ |21,6 — 22,45 Ps ~ P (4.9)
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We are now ready to state the two main results of this section. We first state the
averaged case, whose statement is very similar to [35, Proposition 5.4] (note the difference
in the definition of « in (4.13)), and then we state the isotropic case. For deterministic
matrices A;, Ay € C?*2" we define the deterministic approximations for the product
of two and three resolvents (using the notation M; := M#i(in;))

M1A21 L= 6;21 [M1A1M2]7 BZJH =1- MZS[]MJ (410)
Mg s = Byt [ My A Mgy + My S[M | Mg (4.11)
where S : C2n*2n —, C2NX2N g the covariance operator defined in (3.6). If we replace

M; by M;, = M#-t(in; ;) in (4.10)—(4.11), we then denote the corresponding quantities
by M{g{t, Méll’f?. We are now ready to state the main results of this section:

Proposition 4.3. Fixz small n—independent constants T,w., e > 0, and for i = 1,2 fix
spectral parameters

Ao = <m4i’0 o0 > ; (4.12)

Zio im0

with |z 0] < 10, |mi0] < wi. Fort < T* let A;y be the solution of (4.4) with initial
condition N;o. Let Gy == (Wi — Aiy)™t, and let Mﬁt be defined in (4.10). Define the
following control parameters and their time-dependent versions’:

t= 5(771, 21,725 22) = 1121112 pi|7h'|, by = 4(7717,5, 21,6, M2,t5 227,5),

Y= 7(7717 21,72, 22)

2 2
|21 — 22| + pa|m| + pa|n2| + (%) + (’72>

P2
3 5 1 2 ) Ve = Y(N,t5 21,85 M2t 22,t)-
o1 =zl +pitpp+ B+ 2

(4.13)

Assume that for some small 0 < & < €/10, with very high probability, with G§(in) =
(HE —in)~%, it holds

Vnloyo  nlmine|

, where £y,vy are evaluated at®

[((G5° (im) A G™>° (in2) — M5 (m1, 21,0, 12, 22,0)) A2)| <

(4.14)

uniformly in ||A;]| < 1 and for any |n;| € [|ni 0], n'%

(M, 21,0, M2, 22,0)- Then,

5 Recall that p; = p*i(in;), and so in the time dependent case we have p; + = p*"*(in; ). For example,
using these notations, ¢; := min;—1,2 pi,¢Ni,¢-

6 We point out that we require (4.14) for (11, 21,0, M2, 22,0), with |n:| € [|mi,0],n*°°], and not only for
Mi = MNi,0-
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n?¢
vnﬁ 7 e
with very high probability uniformly in || A4;]] < 1 and all t < T* such that nl; > nc.

’<(G1,tA1G2,t - 12t)z42>‘ (4.15)

We now briefly comment on the significance of the two control parameters (4.13).
The condition nf = 1 denotes the local fluctuation scale of the eigenvalues. We prove
local laws always in the regime nf > 1, i.e. above the fluctuation scale. The parameter
~ represents a control on the stability operator. In fact, v is chosen so that (see (3.20))

A
) < L2,

(4.16)

uniformly in the spectrum. Furthermore, we also point out that the explicit formulas for
£,~ simplify when A; are in the bulk of the spectrum; in fact in this case we have

ENg}nQImI, v~ |z =z + || + m2l. (4.17)

Close to the edge of the spectrum, i.e. when |z;| &~ 1, we instead have v ~ |21 — 22| +
2/3 2/3
+ 5.

We now state the local law in the isotropic case. We state it in a slightly more general
form as it will be needed later in the zag-part of the proof in Section 5, but we point
that the most delicate regime is b = 1, since is the regime when we gain the most from
the parameter .

Proposition 4.4. Fix small n—independent constants T,w., e > 0, and for i = 1,2 fix
spectral parameters A; o as in (4.12). Fiz an exponent b € [0,1]. Fort < T* let A;; be
the solution of (4.4) with initial condition A, . Let G == (Wy — Aiyt)*l, and let Mé,tr
Mlgll’fz be defined in (4.10) and (4.11), respectively. Let £y, v be from (4.13), and assume
that for some small 0 < & < €/10, with very high probability, it holds

5 ;
z . z . n 2
[, (G () A1 G52 (i) — MY (1, 21,00 22.0)) )| < To2L T
nns? g
3
. . 10/ n
(2, (GG (1) AL G5 (72) A2Go™ (1) — M5y ™2 (1, 21,0, M2, 22,0) ) y)]| < SRV
% 0
(4.18)
where 1, = 1| A |n2|, uniformly in || As]] <1, ||| + ||yl £ 1, and for any
ni| € [|mi.0], n'°], where £o,vo are evaluated at (m, z1,0,m2,22,0). Then,
A n(pf) "=
}<$’ (Gl,tAlGQ,t - MlQ,t)y>| S 3-b b
\/577*,% PYt2 (419)

n2é
‘<:c, (G1,t41G21 AsGry — Méﬁ’,?) >| = 7b’
77* t) '7
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where Ny == |N1¢| A |n2,e|, with very high probability uniformly in all t < T* such that
nly 2 nf, |Aill <1, and x| + [ly[| S 1.

Note that the estimate on the three-resolvent isotropic chain is far from optimal,
it shows only that the random chain can be bounded by the size of its deterministic
approximation Mjaq, see (3.22). This will, however, be sufficient for our purpose since
for the quadratic variation we anyway need only a bound on the random chain itself. We
are now ready to present the proofs of Propositions 4.3—4.4. We first present the proof
in the averaged case and then consider the isotropic case.

Proof of Proposition 4.3. The proof of this proposition is very similar to [35, Proposition
5.4], in fact, given the bounds on the smallest eigenvalues of the stability operator from
Lemma A.1, the proof is the basically the same as the proof of [35, Proposition 5.4].
While in the edge regime it is necessary to follow very precisely two bad directions, as
a consequence of the instability of the cusp regime (see e.g. [35, Eq.s (5.46)—(5.47)]),
in the bulk there is only one bad direction to follow rendering the argument easier and
simpler to follow. For this reason we refer the reader to [35, Proposition 5.4] for a general
proof which works everywhere in the spectrum, once the input Lemma A.1 is given, and
here we present the simpler proof in the bulk for reader’s convenience. Since there are
still similarities with estimates performed in the proof of [35, Proposition 5.4], here we
highlight the main differences and omit several technical details that can be found in
[35, Section 5].

Recall the definition G;; = (W; — A;4)™!, then for any A;, Ay € C2"*2" by Itd’s
formula, we have

d((G1,tA1Go — MlAQl,t)A2>
2n

dB,
= Z O0ub(G1,tA41G2,1 Ag) \/ﬁbt <(G1,tA1G2,t—M1gl,t)A2>dt
a,b=1

+2 (G114 A1Goy — M3, ) (M3 Ej)dt

73 (4.20)
+2) (MY, Ei)(GaiAsGhy — M3y, Ej)dt

i#£]
+23 ((G14A1Gay — M{5)E)((Go, AsGhy — M3y?,) Ej)dt

i#£j

+ <(G17t — M17t)><GitA1G2’tA2>dt + <(G2,t - M27t)><G§)tA2G17tA1>dt.

Here 0, denotes the directional derivative in the direction (W})ap, Bap: denotes the
(a,b)-entry of the matrix Brownian motion By from (4.1), and 2, denotes a sum-
mation over the pairs (i,5) € {(1,2),(2,1)}. We point out that here we also used the
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following lemma describing the evolution of the deterministic approximation for the
product of two resolvents:

Lemma 4.5 (Lemma 5.5 [30]). For any matrices Ay, As € C2NV*2N e have
A A A A
O (M5 Ag) = (M5! Ag) + (S[M75! | M3%). (4.21)

For concreteness, in the remainder of the proof we assume 7; 12+ < 0, the other case
being completely analogous. Define

Y; = G1.4B1Gay — MB')B,)Y|, 4.22
LS e X B }!<( 1,tB1G2t — Mi3Y,) B) (4.22)
and the stopping time
: 2¢ * 1 1
= mf{tz():Y}:n at}/\T , oy = A . (4.23)

nlnenzel  Vnliy

Recall that by (4.17) in the bulk regime v ~ |z14 — 22.¢|> + [n1.4] + |92.¢|. From the
monotonicity of ¢ — |n:| (see Lemma 4.1), and (4.9) it also follows that s 2 for s < ¢t.
If [214 — 224| > n7°, for some very small fixed 0 < § < £/10, then the desired result
follows by a simple (almost) global law (see e.g. [30, Lemma 5.4]). For the remainder of
the proof we thus assume |21, — 22| < n~°. Note that |21, — 20| ~ |21.6 — 22| for
any s,t, by (4.9), it thus makes no difference at which time we impose conditions on

Writing

Ey (B +E_), Ey (B —E_), (4.24)

l\DI»i
l\DlH

and proceeding similarly to [35, Egs. (5.28)—(5.41)], from (4.20) we readily obtain

d((G1,A1G2 — M1Agft)A2>
= (G1,1 A1 G — M3 ) (M3y2)dt — (G, A1 Gay — M{3' ) E_) (M3 E_)dt
+ (M{y ) (Ga, AsGr e — M3y )dt — (M{y, E_){((G2,4AsG1 — M3y, ) E_)dt

+ ht dt + det.
(4.25)
Here ey, hy are a martingale and a forcing term such that
tATL 1/2
/ ‘h | ds + /de5 < nfat/\n, (4.26)

tATY
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with very high probability. Here [-]; denotes the quadratic variation process.
By explicit but fairly tedious computations we find (see (A.35) in Appendix A) (recall
4l < 1)

_ —0 —0
iy < ozl e < B+ 0 (”—) a2
Yt Yt Vt

Integrating (4.25) in time (from 0 to ¢ A 71) and using (4.27) to estimate the
Mo, Moi y—terms in (4.25), we thus obtain

tATL

s
Yinm < Yo+ / <2|<M2E1+s>‘ + 7—> Yy ds + nfainr, - (4.28)
Furthermore, by [30, Eq. (5.31)], we have
t
E 7
exp 2/ |(Myyf)|dr | < ? (4.29)
¢

Finally, by (4.29), using Gronwall inequality and with (4.18) to estimate Yy < aynr,, we
obtain Yipr, < ngamn. We point out that here we also used (recall the definition of «y
from (4.23))

¢
1 2

/045—7—82 ds < oy, (4.30)

0

which follows by simple explicit computations. Note that the exponent 2 in (4.30) is
very important in the regime v, ~ |n1s| + |12,5], in fact, in this regime, (4.30) would
not be correct if (vs/4:) had any other exponent larger than 2. In the regime when
vs ~ |21,s — 22,5|%, the exact power of (75/v:) does not matter. This proves 7 = T™* with
very high probability, concluding the proof. O

Proof of Proposition 4.4. Within this proof we use that the averaged local law from
Proposition 4.3 is already proven. In fact the evolution of averaged quantities does not
contain isotropic quantities, but the evolution of isotropic quantities contains both av-
eraged and isotropic ones.

We now write the evolution of isotropic products of two and three resolvents G;; =
(Wi — A; )1 along the flow (4.1). Let Ay, Ay € C?"*2n then, by [td’s formula, we have
the following equations. For products of two resolvents we have:
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d(G1,tA1Goy — M1A21,t)my
=d& + (G1,A1Gay — Méft)mydt +2 Z<Mé1,tEi>(G1>tEjG2>t - Ml%;t)mydt

i#]
+QZ 12t Gl tA GQt MlAQl’t)E»dt (431)
i#]
+23 (G140 A1Gay — MY ) (G BiGay — M3, )oydt
i#j

+ <G1,t — m1’t>(G%tA1G2’t)mydt + <G2,t - m17t>d(G1’tA1G§’t)mydt
with

2n

1
= a , t)xeydDab,t- .
7 > 9ab(G1.4A1G24)wydBab,t (4.32)
a,b=1

d(c;t =
Here we recall that 0, denotes the directional derivative in the direction (W;)ap, Bab.t
denotes the (a, b)-entry of the matrix Brownian motion By from (4.1), and }_,,; denotes
a summation over the pairs (i,7) € {(1,2),(2,1)}. For products of three resolvents we

have:
(G140 A41G2, 1 AsGrs = Mi3 7 )y
= d& + §(G1 tA1G2, 1 AsGhp — éll’f2)wydt (4.33)
+ (LT) + (EI) + (E1I) + (EIII),
with
2n
~ 1
d&; = ﬁ Z Oab(G1,tA1G2,1 A2G1 1) 2y dBab (4.34)
a,b=1
and

(LT) s = > (M3 Ei) (G A1 Ga Gy — Mg )aydt
i#]
+ > (MY B (GrEjGa i AsGre — Migys? )aydt
i#]
(EI): =Y ((G1441G2,1AsG1 i — My 1) E) (M7 ey + (G14E;G1— My )ay] dt
i#]
+ 3 (MR ENGriE Gy — MY )aydt
i#j
(EIT): = ((G14A1Gay — Miy ) E) (M2 1) ey
i#£]
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+ (G1,0BjGay AsGry — M3 1)y dt

2 Ay, Ej
+ Z<(G2,tA2G1,t - Mﬁ,t)Ei> [(M121,t )wy

i#]
Al,Ej
+(G1,4A1Go EiGry — M)y )ay]

(EIIT) : = (G14 — m14)(G] ;A1G24 AsGh p)aydt + (Go it —m ) (G1,eA1G3 ; AsGl t) oydt
+ <G17t - ml,t>(Gl,tAlGZ,tAQGit)mydt (435)

We point out that in the derivation of (4.31)—(4.33) we also used the following lemma
whose proof is postponed to Appendix A.

Lemma 4.6. For any matrices Ay, Ay € C*N>2N and vectors x,y € C*N, we have

at(Mlgl,t)wy = (M1A21,t)wy + (8[M1A21,t]M211,t)my7
A1, A Ap A A1,A I,A
(M7 )wy = (MighVs? )ay + (S[Mio7s 2]M{1,t)my + (S[Méft}Mml,i))w (4.36)
A
+ (Mlzﬁi)S[Mzﬁ%Dwy

‘We now introduce the short—hand notations

Y12,t(Bl) P= (G1,tBlG2,t - Mleft)my’

. (4.37)
Yio14(B1, B2) : = (G14B1G2,: B2G1t — Mi3y " )y

where the vectors x, y are fixed and omitted from the notation, and define the times

T5 =T (Mi0,2i0) :=min{t > 0: Nn; 1p;+ = n} (4.38)
such that n; ¢p;; reaches the threshold nn; rep; ¢ = n°. For the deterministic approxi-
mations we have the bounds (see (3.20) and (3.22) of Lemma 3.3)

ZAEH

MAL| <
[ M5 |l —

Aq,A
[ M5y < (4.39)

[ A4 ]]
¢ )
From now on, for simplicity of the presentation, we assume that b = 1, which is anyway

the most delicate regime, as we pointed out before the statement of Proposition 4.4.

Define the stopping time

X n2 % n2¢
Ty :=inf ¢t >0:supYio; = — supYior s = =——= p ATT ATy, (4.40)
70 YNt 70 Tt 7t
where
Yig s = max ’YIZ,t(Bl) , Yio1,t = max |Y121,4(B1, B2)|-
} B1,B2€{A1,A2,E1 E_}

Bie{A1,E4 E_
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Here 4 := v(Th.t, 21t N2.t5 Z2,1), With 7; ¢ being the solution of (4.5) with initial condition

7,0, and Zt, 7., are defined similarly. The supremum sup* is taken over all the initial

conditions 7,0 with 7,0 € [7;,0,w«]. We point out that in (4.40) we need to take the

supremum over a larger set of initial conditions 7); o only because at some point (see

(4.60) below) we need to consider quantities involving |G|, and for |G| we use an integral

representation which requires integration over an entire segment of spectral parameters.
In the following, for ¢ < 7o, we will often use the bound

sup [\/ N1t Y12, + ﬁ*,t:)’tylm,t} <n*, (4.41)

N, e <1 <wa /2

with very high probability. Here ¥, := (71, 21,4, 2, 22,), and Z,, 7« are defined similarly.
We point that in (4.41) we also used that, as a consequence of (4.2), for any fixed
t <Tf ATy and any 1; € [1;,0,ws/2] there is a 7; o € [1;,0,ws] such that 7; ; = 7;.

We now estimate the terms in the rhs. of (4.31)—(4.33) one by one. We first present
the estimates for (4.31) and then for (4.33).

Estimates for (4.31): We start computing the quadratic variation of the stochastic

term

1
d[5t7 gt] = n—2 (Im Gl,t)ma: (G;ﬁtAllm Gl)tAng’t)yydt

Uhe

) (4.42)
+ 2 (Gl,tAllmGQ,tAlGit)wa:(ImG2,t)yydt-
2.t
Using (4.41) together with the second bound in (4.39), we estimate
2¢ 2
[, &) < P NP2t g, (4.43)

2 2
NN MtV U5 Tt Ve

We point out that in the following we will often use several properties of the charac-
teristics from Lemma 4.1 even if not stated explicitly. By the Burkholder-Davis—Gundy
inequality we thus obtain

TAT2 tATy 35/2
1
sup / d&,| < n3¢/? / — p;,s + pg,s ds < n—, (4.44)
0<r<t NNx,sYs \ T,s n2,s VIVEAT Tt AT

where we used v4 2 vz, for s < ¢, and the first relation in (4.8).

The second term in the rhs. of (4.31) can be neglected since, by considering the
evolution of e *(Gy ;1 A1G2s — Mﬁft)my, it amounts to a simple, negligible, rescaling of
size e! ~ 1. Next, by Proposition 4.3, we estimate the terms in the second line of (4.31)
by
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1 né né
— - N—5— ds
Vs Vv nes s ml*,s
né 1
< )
nleye — /MYt

¢
/(MIEZJ;S)EZJ«GLSAlGQ,s - Méfs)Ei>ds
0

N
o— .

(4.45)

A

where in the last inequality we used that \/f;y; > .. In the second inequality we also
used s = ¢, for s < t and the first relation in (4.8). Similarly, using the definition of
stopping time 72, we estimate
tATo
n% 1

G1. A Goy — MY )ENG1 EjGas — Mi3 )ayds| < :
<( 1,s441432, 12,) >( 1,sbvjr2, 12,)y \/n_ﬁs \/mn*’mﬁ

1
S —7
VYA T st AT

0

(4.46)

where in the last inequality we used that /nf, > n/? > n%.
For the terms in the last line of (4.33), by spectral decomposition, for ¢ < 7, we use

1 n\/pri
2 1/2 ¢ = 1/2 )
(G 1A1G2,)ay| < o (Im G1,4) o2 (G5, A1 Im G A1 Goy )37 S - (4.47)
We thus estimate those terms by

t t

¢ nf ¢
/ (Grs — m1s) (G A1 G g )ayds| S / - Plegsg— — (448)
o ’ 0 nMm,s M,s+/Mx,sVs VIVt t

From (4.31), writing E1, F5 as in (4.24), combining (4.44)—(4.48), and using (4.27),
we conclude

A
(Gl,t/\TQAlGQ,t/\TQ - M12ft/\7'2)wy

tAT2

= (G1041G20 — M{3))ay + / (Mi5,)(G1,sGa,s — My oy ds
0

nSf/Q
+0 (—) . (4.49)
vV n’Yt/\Tz 77*,15/\7'2

From now on we assume that A; € {E,, F_} without loss of generality, for presenta-
tional simplicity. In fact, if this is not the case then we can decompose

Ay = (MEE, + (A \E_)E_ + A., (4.50)
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with A, so that HMSCtH < 1, uniformly in ¢ > 0. This last inequality holds since the
subspace corresponding to the smallest eigenvalues of the stability operator is spanned
by E_, E; (see e.g. Appendix A).

Finally, using (4.18) to estimate the initial condition in (4.49), we obtain

tAT2

3¢/2
Yig.nm (Ey) = / M) Yo o(By) + (Miy' E_) Y12 (E_)] ds+O (n—>
12,tA 2( +) J [< 12, > 12, ( +) < 12, > 12, ( ):I \/m,r]*’t/\7_2
Y, E T ME VY J(E ME- BV (B dsgo [ —22
12,t/\72( —) - / [< 12,s> 1275( +) 7< 12,s —> 1273( —)] s+ (\/mn*)t/v_z)'

(4.51)

0

We are now ready to conclude the estimate for Yis;. In the following we omit some
details and present only the main steps since this is very similar to the proof in [35, Egs.
(5.43)—(5.46) and Eqgs. (5.58)—(5.59)]. First, we introduce the short-hand notations

y.:<muM¢E”> Mo (M) (ML B
L Yig,inm (E-) )’ b (Mlb;js> —<M1E;TSE,) ’

and
Fi = last three lines of (4.31).

Then, from (4.31), combining (4.42)—(4.50), we can rewrite (4.51) in the more precise

form
tAT2 tATo
Vinr, = / MYs ds + / [Fods +d&], (4.52)
0 0
with
tATo 2 tAm s
Juzdas) + [repass " —. (453)
0 ) NYeAT T tAT,

Here C; denotes the 2 x 2 covariance matrix of the martingale £. Next, we recall that
from [35, Egs. (A.14)—(A.16)] it follows that (M1b;+9> > —(ME:QE_% for n1 sm2,s < 0 and
that (M E’isb}) is purely imaginary.

We are now ready to conclude the proof by an integral Gronwall inequality as in [35,
Lemma 5.6]. Define

1

o = —, = (M), 4.54
t ’_n')/tn*,t ft < 12,t> ( )
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Then, by [35, Egs. (A.14)—(A.16)], it is easy to see that (4.52) satisfies the hypothesis of
[35, Lemma 5.6]. We can thus apply a matrix Gronwall inequality from [35, Lemma 5.6]
and obtain Yigar, = |Virr IS 7%/2/(\/W%inrs N ,tnr,)- We point out that in this last
inequality we used

exp / fedr 5% (4.55)

which follows from f; < v/p1,rp2,r/ (M +112.r) and /01 4712,/ (11.4712,) ~ e,/ (for this
second relation, see the similar proof [30, Eq. (5.32)]), and

L s g 1 (4.56)

Vs Nes Vs Net Nt

where we used that [(1/v,) < 1. Note that in the averaged case we used the more
involved estimate (4.29), instead here we used the weaker and simply obtainable bound
(4.55) which is enough for the proof of the isotropic law. We conclude the estimate of the
isotropic estimate of the product of two resolvents by pointing out that a similar proof
goes through for the case b € [0,1), with the difference that (4.56) can be replaced with

t

(ps)” T s (pe)*

L L P Vi 2y (4.57)
b b b b

O/ \/—m(:%s )/2 /2 Yo Nt \/—773/2 /2°

A similar comment applies to isotropic chains of three resolvents below, even if we will
not point it out explicitly.

Estimates for (4.33): Similarly to the two resolvent case above, we notice that the
second term in the rhs. of (4.33) can be neglected from the analysis, since it only amounts

3t/2 ~ 1. Several of the following estimates are similar to

to a simple rescaling of size e
the estimates that we preformed in the rhs. of (4.31), for this reason we omit some easily
checkable details. In particular, we point out that throughout we will use properties of
the characteristics from Lemma 4.1 even if not stated explicitly.

We now compute the quadratic variation of the stochastic term in (4.33):

d[&, &) =

(Im Gl,t)ww(GT7tA2G;7tAllm Gl,tAlGQ,tAQGl,t)yy

Mt
+ (G17tA1G27tA2]:m Gl,tA2G;,tA1GT,t)mm (Im Gl,t)y'y dt

1
P) (Gl,tAllm G2,tA1G>1k7t)mm (GitAQIm GQ,tAQGl,t)yydt

nnz.

+
(4.58)
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Note that (the first two lines of) the quadratic variation process in (4.58) contains chains
with more than three resolvents, we thus rely on the following reduction inequalities to
shorten these chains.

Lemma 4.7 (Reduction inequalities). For any Q1,Q2,Qs, R1, Ry € C?"X2" it holds

|(Q1G(w1)Q2G(w2)Q3)zy|

S VN(Q1IG(wn)| Q1) (Qs]G (w2)|Q5)3f (|G w) Q2] G (w2)| Q5) 2
(|G (w1)| By G (w2) Ro| G (w1)[ Ry G (w2)" Ry)

S NG (w1)[R1|G(w2) | R ) (|G (w1)| R3| G (w2) | Ra),

(4.59)

Note that the reduction inequalities above involve |G| as well. For this reason in the
following we need to show that if a bound holds for certain products of resolvent then
the same bound also holds if one (or more) G is replaced by |G| (see (4.61) below).

To estimate (4.58), for ¢ < 75, we use (4.59) in the form

nl+2¢

77*,th1,‘2 .
(4.60)

We point out that in the last inequality of (4.60) we used that for ¢ < 75 we have

(GitAQG;,tAlIm Gl,tA1G2,tA2G17t)yy 5 n(G’it |G27t|G1)t)yy (Im Gl,t |G27t

RS

n%€logn logn
(G 4|Ga |G )y S 2 (Im Gy 4| Ga) S —22. (4.61)
N £Vt Yt

This follows by [35, Appendix A] (see also [26, Section 5]) and the fact that the same
bound holds for the quantities with |G| replaced with G (see e.g. [35, Proof of Eq. (5.32)
in Appendix A] and [32, Lemma 4.10]). By (4.58) and the BDG inequality we thus obtain

rAT2 tAT2 35/2
~ 1
sup / d&,| < n3¢/? / — P;,s + % ds S ni, (4.62)
0<r<t Mx,s7Vs 771,5 772,5 T t AT VAT

0
with very high probability, where we used that the third line of (4.58), by the definition
of 73, is bounded by n*/(nnt 47) < 1/(n3,77) (recall that £ < ¢/10).
We now explain how to estimate the remaining terms in (4.33). By spectral decom-
position, Proposition 4.3, and (4.39), we have

1
|<G1,tA1G2,tA2G1,t>| + ’<M114211’7?2>’ N n—<lm G, A1|Ga | A7) (Im Gy A |Gy | AS) 2

~Y
1,t

1
MA17A2 <
+ [ 121, )| < —

with very high probability. We can thus estimate the terms in (EI) of (4.33) by
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tAT2

1 s 1
Psgg — = (4.63)

~Y b
5 n*,s'ys 771,3 n*,t/\'rz ’yt/\rg

where we also used that || M} || S (p1.e/m1e) IA]l-
Then, by Proposition 4.3, we estimate the terms in (EII) of (4.33) by

tATy 9 9
n2é < n2¢ 1

1
: s < : .
O/ VM, sVs  Tx,s7s VI tATe Tt AT VAT

(4.64)

We now consider the terms in (EIIT) of (4.33). For these terms, by (4.59), we estimate
(we just consider one of those term for concreteness)

1
|(GitA1G2,tA2Gl,t)my| § T(Im Gl,t);/a?(GitAQG;,tAllm Gl,tAlGQ,tAQGl,t);(yQ

)

_ n'/2€ /ot
~ T, Yt

where in the last inequality we used (4.60). We can thus estimate the terms in (EIII) of
(4.33) by

¢ 1/2+¢
/ L niovie g oo 1 (4.65)

Mes Mt Ve ~ vt

From now on, without loss of generality, for simplicity we assume that A;, Ay €
{E+,E_} (see (4.50)).

Combining (4.62)—(4.65) and using (4.18) to estimate the initial condition, from (4.33),
using the short—hand notation Tti’i = Y121,+(E+, E+), we obtain

tAT2
3¢/2
E E - B 5 -
it = / [2(My )T — (M E)Y ™ — (M, LE)YF]ds+ O (n m) ’

0
tATo

— E E_ — E_ E N
thr = [ (08 — QELED)TE + ()T — (5B ds
0
3¢/2
+0 (n )
Mt Ve
tATo

Tinr = / [((Myy) = (M5 B)) Y0 4+ (M5 ) Y5 — (My,E) T ds

S S

0

3¢/2
+O (n ) :
N tVt
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tAT2
— B - B - B -
Tikr = / [ = 2(Myg (BE_)Y + (Myy (B )Y + (Myy (B )Y ] ds
0

+0 (”35/2 > . (4.66)

Nt Vt

We are now ready to conclude the estimate of Y721 +. We present only the main steps
and omit some details, since this proof is analogous to the one presented in (4.51)—(4.56)
and to the one in [35, Egs. (5.43)—-(5.46) and Eqgs. (5.58)—(5.59)]. From (4.33), combining
(4.58)—(4.65), in order to conclude the proof we can now proceed as in (4.51)-(4.56) and
apply [35, Lemma 5.6] to a linear system of the form

tATo tAT2

5)\15/\7'2 = / -/T/l\sys ds + / [ﬁs ds + dgs]7 (467)
0 0
with
tATy R 2 tATy R n3§
/ | Fsll ds | + / [Cs]| ds £ ———— =: dpr,, (4.68)
0 r n’yt/\Tzn*,tA-rQ

where CAt denotes the 4 x 4 covariance matrix of the martingale éA’t Here we also used the

notations
+,+
Tt 2a+ ¢ iby —iby 0
%) Tzﬁi 'on ibt7 Ay ¢t —A— ¢ O —ibt
yt = 'I‘;Hr ? Mt = *lbt 7 O , a+7t — CL_7t lbt (469)
Tt_7_ 0 —lbt lbt 2a,7t,
where
E E_
Ayt 2= <M12Tt>’ a—¢ = <M12,tE—>’

and b; is real and defined in [35, Eq. (A.14)]. Note that the matrix M, is exactly the
same as the one [35, Eq. (5.44)], and that ayn,, defined in (4.68) is different compared
to the one defined in (4.54). We can thus use again the matrix Gronwall inequality from
[35, Lemma 5.6] for «; defined in (4.68) and f; := 2<M1E2+t> (note that here we redefined
ft, i.e. there is an additional factor of 2 compared to (4.54)). By (4.55), we thus conclude

38/2]
n ogn
Yior.inm = | Viarll S — .
n*,t/\Tg’Yt/\'rQ

We point out that to obtain this inequality we also used



34 G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180

: 2
/ 1 772 5 ds < logn logn
; Nx,s7Vs ’73 i ¢ T, t'Yt

Conclusion: In the previous two parts we proved that

13 36/2

n n ogn

Yionm S ————, Yiorinm S oo oen (4.70)
vV n’)’mmﬁ* tATo n*,tATQ’YtATQ

These two bounds together prove the desired estimate for the initial conditions 7; . A
completely analogous proof holds if we consider any other initial condition 77; 0 € [7:,0, W),
obtaining exactly the same bounds (4.70) (with tilde on all quantities, i.e. v — 7, etc...).
This, together with the definition of 75 in (4.40) shows that 7 = TY A T with very high
probability. O

4.1. Improved local law at the edge of the spectrum

In this section we present the proof of the averaged local law at the edge of the
spectrum, including Im G’s. While in the bulk of the spectrum there is no difference
between G and Im G, we will see that close to the edge there will be an improvement
(proportional to the local density) if we replace one (or more) G by Im G. For brevity, we
present this proof only in the averaged case, since this is what gives the optimal bound
on the eigenvector overlaps in Theorem 3.6. The result from Proposition 4.8 below is the
main technical input to prove Theorem 3.5 (see the beginning of Section 4 for a related
explanation).

Proposition 4.8. Fix small n—independent constants T,w., e > 0, and for i = 1,2 fix
spectral parameters A; o as in (4.12), with |z 0] < 10, ;0| < we. Fort < T* let Ay be
the solution of (4.4) with initial condition A;o. Let Gi¢ = (Wy — Ai)™1, and let ]/W\f%,t
be the deterministic approzimation of Im G1 4 Alm Go 4 from (3.27). Let ¢ from (4.13),
and define the control parameter

2 2
A =7(n, 21,02, 22) = |Z1—22\2+Pl|771|+P2\T]2\+ <%> + <@> )
1

P2 (4.71)
ﬁt = /’?(771,1:, 21,5 M2t 22,t)-
Assume that for some small 0 < & < €/10, with very high probability, it holds

’<(II11 G1 OA IHl G2 0 — )A2>| n£P1,0P2,0 AN ng (4 72)

Mido) 42} <~

uniformly in || A;|| < 1 and for any |n;| € [|ni.0,n'%°]. Then,

— 2¢ 28

[(Im G1,¢A1Im Gop — Mél,t)Aﬁ! < Moot T ) (4.73)

- vV nﬂ,ﬁt
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with very high probability uniformly in || A;|| <1 and all t < T* such that nl; > nc.

Proof. To keep the presentation simple, we only consider the case A1, Ay € {E,,E_}.
By (4.20) we have

d((Im G, ArTm Gy — M{3,) As)

2n
dB, —
= > Oap(Im Gy A1 Tm Gyt Ay) \/?’:vt + (I G1, AT Gap — My ) As)dt  (4.74)
a,b=1

+ (LT)+ (EI) + (EII) 4+ (EIII),
where we defined

(LT): =2 {(G] A1Gay — Miy ) Ei)(Mgy?, )t

i#]
+2> (Im G AT Gy — My, Ei) (Myy2 ) dt
iF£j
— 4 (MY B){(Im Ga g AsT Gy — Myy,) Ej)dt
i#]
— 43 ((Im Gy ¢ ArIm Gy — My,)) E) (Mg, Ej)dt
i#]
(BI): =2 (M, Ei)(Im Ga  AsTm Gr y — M3y, Ej)dt
i#£]
—l-QZ ImG1 tA]_ImGQt - {4275) ><(G2 tAQGlt ﬁt)EJ>dt
7]
(BIT): =2 (G} A1Gay — My ) Ei)((Im Goy AT Gy 4 — M) Ej)dt
i#j
+23 (MY, E)(G3, AsGry — MﬁQt)E Vdt
i#]
— 4 {(Im Gy 4 Ay Im Goy — Miy)E;){(Im Gy AyIm Gy — My?,)) Ej)dt
i#j

(EIII) L= <(G1)t — M17t)><1m Gl)tAllm GQ)tAQGLt)dt

=+ <(G2,t — M27t)><lm G27tA2]:m G17tAng7t>dt
+ <(G1,t - Ml,t)*> <IH’1 Gl,tAllm GQ?tA2G>1k7t>dt
+ <(G2,t - M2 t)*> <Im GQ’tAQIm Gl’tAlG;’t>dt

+

(<Im G]_ t — Im M1 t> + <Im Gg,t —Im Mg’t>

) (Im Gl,tAllm G27tA2>.
2.t

(4.75)
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We point out that here we used that by the chiral symmetry of H* for any diagonal
Bj, By we have (G1B1Im G3Bs) = i{Im Gy B1Im G2 Bs).

We now present the estimate of all the various terms in the rhs. of (4.74). These
estimates are very similar to the ones presented in [35, Section 5.1], hence we omit some
details. Throughout the proof we use that 75 2 7, vs = 1, for s < ¢, and (4.8) even if
not mentioned explicitly. For simplicity of notation we also assume that n; ; > 0.

Define the stopping time

=inf{t>0: Im G, AT Go p — M{y,) Ag)| = %G, o AT
T3 m{ - Al,AQIen{%ﬁE_}Wm 1AM G ¢ 19)A2)| = n*a, :

. 1 P1,602,t

Conlnuenad] T VG

(4.76)
Recall (see (3.21) of Lemma 3.3) that for the deterministic term we have the bound

—~ 1
M50l S = (4.77)
Vt

We start with the estimate of the stochastic term in (4.74). Its quadratic variation
process is bounded by

1 2 2
o (Im G Ay T Gy AgTm Gy AgTin Gy Ayt S [ — it p PLP2E ) gy
noNi NN M2 MK

(4.78)
where to obtain the second term in the rhs. we used the averaged reduction inequality
(4.59) to estimate the trace of the product of four G’s in terms of the product of two
traces involving two G’s each. To estimate the traces involving two resolvents we then
used (4.77) and the definition of the stopping time 73 in (4.76). By the BDG inequality
we thus obtain

TAT3 on
dBabs ~
sup Oup(Im G s A1 Im Gy s Ag) —=— gnfa - 4.79
SEAN PRI v R

Notice that the second term in the second line of (4.74) can be neglected, since it
just amounts to a simple rescaling of a factor e/ ~ 1. Next, using that by spectral
decomposition we have

1
|(Im G4 A1Im G2,1 A2G1 )| S — (Im Gyt A1Im G A7)/ (Im G 4 AoTm G 1 A3)/2,

Mt
(4.80)
and using the single resolvent local law [(G;; — M; ;)| < n&/(nm; ), we estimate the term
in (EIII) by
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tAT3

3
n n < . —~
_ Pl,sApz,s ds < ) Pl,mnfz,mn < Giprs (4.81)
”77*,5 Vs net/\T:; Yt

where in the last inequality we also used that £ < €/10.
Next, using the definition of the stopping time 73 in (4.76) and the local law

A né né
[((G1,4A41Gay — Miy',) As)| T A N (4.82)
we estimate the terms in (E1I) by
e ns ns ns nép1 spa,s n%
n1,s712,s " \/n_fs7s> (mh,sﬁz,s " \/n_ésﬁ ) e linrs o (459
Furthermore, using (4.77) and (4.82), the terms in (EI) are estimated by
/tpl’sp“.( nt  ,_o >d < nfa (4.84)
J . Ay s < ntay. .

We are thus left only with the linear terms (LT) in the rhs. of (4.74). These terms will
be Gronwalled, giving the desired bound. This last step is the only place where there is a
relevant difference compared to [35, Section 5]. In fact, in [35] when we considered G1Ga,
to deal with the two bad directions for the stability operator F_, E,, we studied a 4 x 4
system of equations, corresponding to the four choices Ay, A2 € {F,, E_}. Instead, for
Im G1Im G2, due to additional symmetries of Im G (see (4.85)) it is enough to study a
scalar equation. Indeed, by the chiral symmetry of H* we have

(Im Glth_Im GQ,tE_> = <IH1 GLtIm G27t>7 (4 85)
(Im Gy E_Im Gay) = (Im G dIm G E_), (M55 Ex) = 0.

This shows that it is enough to only consider two cases: (A1, A2) = (E4, E4) and
(A1, A3) = (B4, E_). We first consider the case (41, As2) = (E4, E4). By inspecting
(4.74), one can easily see that the equation for (A1, As) = (E4, E4) is self-contained; in
fact, the terms containing (E, F_), which naturally emerge in the rhs. of (4.74), cancel
algebraically. More precisely, defining

Y o= [((Im Gy By Im Goy — M5 B4,

and combining (4.79)—(4.84), we obtain

t
~ ~ 1 S ~
Tinry = Tt 5 [ [0ty + (0l )+ (0l )+ (0l )] ds 4 Gy (450)
0
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By a Gronwall inequality, using that by explicit computations (see e.g. [35, Lemma 5.7])

t t
1
exp [ 5 [ Lt + )+ () + (il ) ar | < e ([ 00

S

2 ~52
Sh~ 5 (4.87)
it Vi

and proceeding similar arguments as in the end of [35, Secion 5.1] starting from Eq. (5.58)
therein, we obtain }Afmm < n8Qinr,- This concludes the proof for (Ay, Ay) = (B4, E).
Given the result for (A1, As) = (E+, E1), the estimate in the case (A1, A3) = (E4, E_)
is completely analogous obtaining the bound n¢@,, in this case as well. This concludes
the proof showing that 73 = T with very high probability. O

5. The zag step: proofs of Theorem 3.4 and Theorem 3.5

In Section 4 (zig step), we proved in Proposition 4.3 that if the local laws from
Theorem 3.4 hold on a global scale 1 ~ 1, then they also hold down to the optimal local
scale n > 1/n, at the cost of adding a Gaussian component. This section (zag step)
is devoted to remove this added Gaussian component using a Gronwall argument (see
Lemma 5.4 and (5.49) below) and hence prove Theorem 3.4. The proof of Theorem 3.5
near the edge is similar to Theorem 3.4 using (5.75) below to remove the Gaussian
component added in Proposition 4.8.

The outline of this section is as follows. We first present the proof of the isotropic
local law (3.25) and the averaged law in Section 5.1 and 5.2 respectively. In Sections 5.3,
we prove standard local laws without |z — 29| decay stated in Proposition 5.1 below,
which serve as an input to prove Theorem 3.4. The proof of Theorem 3.5 is presented in
Section 5.4 using Theorem 3.5 as an input.

Before we prove Theorem 3.4, we introduce the local laws for G* (in)A1G52(in2)
without gaining from the |z; —z2|-decorrelations. The proof of these local laws is standard
and thus postponed to Section 5.3.

Proposition 5.1. Fiz small constants e,7 > 0. The following hold

Vo

N
oy /e 2o/ 1

(67 (i) 41G™ (im2) — M) Az)| < ot (5.2)

*

‘ (GZ1 (17]1)A1GZ2 (17]2) — M1A21) =<

(5.1)

Yy

uniformly for any |z;| < 1+ 7, min?_ {|n;|p:} > n=1T¢, any deterministic matrices

| A1l + || A2]| <1 and unit vectors x,y. Here p; := p* (in;), . := minZ_; |,
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p* = max2 | p;, and M} is given in (3.16). Moreover, recalling Méll"% defined in
(3.19), we also have the following estimate for three resolvents

1
—2.

‘(G21 (im) A1 G2 (i) Ao G™ (i) — M5, U]

=< (5.3)

)y

Next we aim to improve Proposition 5.1 to Theorem 3.4 gaining from the |21 — 22]-
decorrelation.

5.1. Proof of the isotropic local law in (3.25)

We start with proving the isotropic local law in (3.25), using Proposition 5.2 below
iteratively. In this iteration procedure we gradually replace a small power of 7, /p* with
~v. We will focus on the regime that v 2 7,/p*, otherwise the desired local law follows
directly from Proposition 5.1.

Proposition 5.2. Fiz small constants e,7 > 0. Assume that for any z; € C and n; € R

satisfying |z;) < 147, minZ_ {|ns|p:} > n~'1T¢, v = n./p*, the following hold for some
0<b<1,ie.,

(™ (i) 416G (in2) — M)

o : (5.4)

1
2—b
*

—, (5.5)
ny

‘ (G= (i) A1 G (in2) AsG™ (i) — M5y ™*2)

Yy

uniformly for any deterministic bounded matrices A; (i = 1,2) and unit vectors x,y,
where ~ is defined in (3.23) and M{5', M{yy** are defined in (3.16), (3.19). Then the
following also hold for a larger b’ = min {b + 6, 1} with some 0 < 6 < €/10,

. . (p")5"
G* (im) A G (i) — M) | < — o, (5.6)
{ Benl R T
. 2o (s z1 (3 1,42 1
‘(Gzl (im ) A1 G? (i) Ao G (i) — MSIA )wy =< T (5.7)

uniformly for any deterministic bounded matrices A; (i = 1,2) and unit vectors x,y.

Proof of (3.25). Note that Proposition 5.1 implies that the initial assumptions in
(5.4)-(5.5) with b = 0 are satisfied. Starting from (5.4)-(5.5) for b = 0 as the initial
step and iterating Proposition 5.2 for at most O(f~!) times by gradually increasing
b from 0 to 1, we have proved the isotropic local law for G** A;G*2 in (3.25) modulo
Proposition 5.2 that we will prove shortly. For a graphical illustration of this iterative
procedure we refer to Fig. 2. O
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Note that as a by-product, we also obtained the following isotropic version for three
resolvents. This Lemma 5.3 will be needed as an auxiliary estimate in the next section
to prove the averaged local law in (3.26).

Lemma 5.3. Fiz small constants €, > 0. For any deterministic matrices || A1 ||+ 42| <1
and vectors |||, [|ly]| < 1, the following holds

1
‘<$, (Gzl (i’l]]_)Alez (in2>A2G21 (1771) — M1A2117A2)y>‘ =< 7]*"}/7 (58)

€

uniformly for any |z;| <1+ 7 and min?_, {|n;|p:} > n=1+e.

Before we give the actual proof of Proposition 5.2, we introduce the following short-
hand notations and a preliminary lemma for zag step (see Lemma 5.4 below). Define

R™ = (G1AGy — Mfy), . S = (Gi1A1GaAsGr — Mgy ™) (5.9)
with G; := G*i(in;), i = 1,2, and set the following control parameters
() = A
&y = — , Ep i= ———, bel0,1]. (5.10)
NIUBERE Ul oy
It is easy to check that, for any 0 < b <V < 1,
* 1 ~ ~ 1
S&w <& < @/2, Sy <& < . (5.11)
AVALRL/E /nni N+ Up

With the above short-hand notations, we aim to prove, for any z; € C and n € R
2 nS and y 2 0./ p%,

~

satisfying |z;| <147, n|n:|p;
[R™| <&, |S™| <&, Y =min{b+0, 1}, (512)

assuming that |R™Y| < & and |S*| < &, for some 0 < b < 1.

The proof of Proposition 5.2 will be a Gronwall argument [zag step| together with
Proposition 4.4 [zig step]. The bounds (5.6) and (5.7) are already known from Propo-
sition 4.4 (together with the global laws needed as an initial input that will be stated
later in (5.18)—(5.19)) whenever X has a small Gaussian component. We show that this
Gaussian component does not change the estimate up to the relevant order by running
an Ornstein-Uhlenbeck flow to remove the small Gaussian component. We will work with
the time evolution of high moments of R;Y, S;Y. The key of the Gronwall argument is to
give an estimate on the time derivative of these high moments in terms of themselves,
this will be the content of Lemma 5.4 below.
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We now setup this flow argument. Given the initial ensemble H* in (3.2) for fixed
z € C and X satisfying Assumption 2.1, we consider the following Ornstein-Uhlenbeck
matrix flow

z 1 z 1 L 0 zl L 0 Bt
dH} = —§(Ht + Z)dt + %ch Z = (EI 0 ) , Bi:= (Bt* 0 ) ,  (5.13)
with initial condition H7_, = H?, where B, is an nxn matrix with i.i.d. standard complex
valued Brownian motion entries. Indeed, the matrix flow H} interpolates between the
initial matrix H? and the same matrix with X replaced with an independent complex
Ginibre ensemble, i.e.,

X, Le 52X +/1— e 'Gin(C). (5.14)
The corresponding time-dependent resolvent of H;* (i = 1,2) is denoted by
Giw=Gi' (i) = (H —in;)™!,  i=12,

which we use to define time dependent R;Y, S;¥ as in (5.9). For notational brevity, we
will not keep track of the dependence of ¢ in the notations G; from now on. Note that
the parameters z; € C, ; € R are fixed and hence the deterministic matrices M{3 and
M{3*? in (5.9) are independent of the time ¢.

Lemma 5.4. Fiz small constant e,7 > 0 and any integer m > 1. For any |z| < 1+ 7
and n; € R satisfying min?_, {|n;|p:} > n=1*¢ and v 2 n./p*, assuming’ that for some
0<b<1,

BIRP" < (&)™, R = (GiAG: - M),
EISIYP™ < (&)™, S¢¥ = (G1A1G2A2Gy — My ™

3

)y

uniformly for any t > 0, any deterministic bounded matrices A; (i = 1,2) and unit
vectors x,y, then the followmg hold for b = min{b + 0, 1}, 0 < 6 < ¢/10, and the
prefactor Cp, := 1+ ﬁ,

s
’w‘ <Cn (E|Rzy’ +0<(5bf)2m), (5.15)
’M‘ SCn (E|5$yl2m+0<(5b/) ) (5.16)

7 We remark that stochastic domination < and upper bounds of arbitrarily high moments of a random
variable are equivalent for random variables bounded by some n® which is always true in our case, i.e., for
|X| < n€ we have that X < ¥ if and only if E|X|?*™ < n®¥?™ for any m > 1 and £ > 0. We frequently
use this fact in the proof without mentioning it.
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uniformly for any t > 0, any deterministic bounded matrices A; (i = 1,2) and unit
vectors x,vy.

The proof of Lemma 5.4 will be postponed till the end of this section. Now we are
ready to use Proposition 4.4 (zig-step) and Lemma 5.4 (main technical input for zag-step)
to prove Proposition 5.2.

Proof of Proposition 5.2. Recall that the matrix flows X;, W; defined in (4.1)-(4.2) and
the characteristic flow A(t ) := A; defined in (4.4). The corresponding resolvent is given
by G7(in;) = (Hf* —iny) ™!, where H;* is defined as in (3.1) with time dependent z; and
X:. We remark that one should not confuse this notation with G(in) = (Hf — in)~*
defined below (5.14), where both 7 € R and z € C are fixed.

Fix any |z;| < 147 and n; with n|n;|p; 2 n® where p; := p* (in;). Choose a small T' ~ 1.
By Lemma 4.2, there exist initial conditions A;(0) satisfying dist(in;(0), supp(p:(0))) = 1
such that at time t =T, z;(T') = z; and n;(T') = 7;. We also remark that from Lemma 4.1,
the initial conditions 7;(0), z;(0), p;(0) have the following properties:

7:(0

Oor  w@~n@. w0 ==ma+om). (617
We next state the following global laws, i.e., for any spectral parameters with
dist (in;, supp(p*)) ~ 1,

1
Vv’
21 (s Zo z1 A17A2

‘(G (in1) A1 G (in2) A2 G™ (im1) — M5 ™)

‘ (G (i) A1 G (in2) — M{Y), | <

(5.18)

(5.19)

The proof of these global laws is standard and similar to [31, Proposition 4.1] (see also
[26, Appendix B]) with the only exception that in the current case we need to consider
the 2 x 2 block structure due to the chiral symmetry, but this can be done with very
minor changes in the proof, and so omitted. These global laws directly imply that the
initial condition (4.18) of Proposition 4.4 at ¢t = 0 is satisfied, hence from this proposition
we obtain the desired local laws at t =T ~ 1, i.e.,
[ sov) < 2 n(T) = mi, (T) = 2. (5.20)
VT Ty ' v '
This completes the zig step and it proves Theorem 3.4 for X being a Gaussian divisible
matrix, albeit with a large Gaussian component, i.e., X1 Le-FX+ V1 = e~TGin(C),
with T~ 1.
Next we aim to use Lemma 5.4 to remove the Gaussian component 7" ~ 1. However

the differential inequalities in (5.15)-(5.16) are only effective in the Gronwall argument
when the pre—factor C), is bounded, which means that 7, needs to be somewhat large.
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n
0 g &
Ebto
nv(fl) < €b+9
Eb+o

(2)
o ——

=

N

Fig. 1. The shaded square indicates the region in the (7, t) plane where the local law holds with an error
bound &, as given in assumption (5.4). Starting from the global law at the initial black dot (n&o) ~ 1),
the slanted line downward indicates the zig step using Proposition 4.4, while the horizontal line leftward
indicates the zag step using Lemma 5.4 and a Gronwall argument. Iterating finitely many zig-zags until
reaching the final red point (niK> ~ 1., K= O(efl)) yields the improved local law with an improved error
Epto for any min?_, |n;|p; > n~ . (For interpretation of the colours in the figure(s), the reader is referred
to the web version of this article.)

So we will need an iterative procedure to handle the smaller 7, regime using a smaller
Gaussian component, hence smaller T, so that the larger prefactor C,, is compensated
by the shorter integration time.

In the first step, we assume that [n,| > n~1/?t¢/2  then the prefactor C,, < C for
some constant C' > 0. Using Gronwall’s inequality for 7' ~ 1, we have

T
B|RSVP™ < ol Cdt g Ravem / el 1O (&))" ds = 0L (&)™, (5.21)
0

where we also used (5.20) and (5.11). One can handle S;¥ in a similar way. This hence
proves (5.12) for any |z;| <147 and || = n=1/2T</2 je.,

|R§y’ < 81;/, ‘Sgy’ < gbh V‘ml Z 7’L71/2+6/2. (522)

This completes the zag step.

To extend the above results to smaller |n.| < n~1/2+€/2 e use zig-zag iteratively as
follows (see the illustration in Fig. 1). In each iteration step k > 1, we use the superscript
(k) to indicate the step number, e.g., we denote the spectral parameters by ni(k) e R,
zi(k) € C and the time by T®*) € R*. Recall that our final goal is to prove (5.12) for any
fixed |z;| < 14 7 and n|n;|p; 2 nc. We also recall from Lemma 4.1 that the size of p;

does not change along the characteristic flow in (4.4) by more than a constant factor.
Note that (3.10) and n|n;|p > n¢ imply that |n;| > n~='*T¢ and n=1/2t¢/2 < p; < 1. Then
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we set p, = min?_, p; ~ n~% with 0 < ¢, < 1/2 — ¢/2. In general for any k > 1, we
define the scales recursively as follows:

1
2 Q-1 — Cx
€
1+5

(5.23)

|~
N

(k) . -
N =N ak, ag = ) a; =

We will stop the iterations if n&k) reaches 7, = minZ_, ;] = n™'*¢ so ap > 1 —e.
The number of iteration steps is denoted by K. It is straightforward to check that aj is
increasing in k at least up to 1 using that 0 < ¢, < 1/2 —¢/2.

In the k-th step, we fix \ngk)| > nik) =n~% and |zz(k)| < 1+7 with pgk) ~ p;. Assume
that in the previous step, we have proved (5.22) for any |n§k71)| > n,(kkfl) = p %1
and |z§k_1)| < 1+ 7 with pgk_l) ~ p;. Recall the characteristic flow A(t) = A; in
(4.4) and choose T®*) ~ 77£k_1)/p* = n~%-17¢% From Lemma 4.1, there exist initial
conditions |z (0)] = |z§k)\ + O(T™®) and |n;(0)] = p.TH) = nikil) = n~ %=1 such
that n;(T*)) = T]Z(k) and z(T®) = zl(k). The result from the previous step in (5.22)
ensures that the assumption (4.18) of Proposition 4.4 (with b playing the role of b)
is satisfied for any |77i(k71)| pe n&kil) = n~ %=1, Thus Proposition 4.4 implies that for
t =T ~ pTOk—1tex

T x o k k
IR | <&, ST <&, z(@®) =2 @)y =n®,  (5.24)

with \zi(k)| < 147 and |n£k)| > n£k) = n~* such that pgk) ~ p;. Then we apply Gronwall’s
inequality to (5.15)-(5.16) similarly to (5.21) to remove the Gaussian component T'%) ~

—an_ N _ 1 .
n~%-1%¢_ Note that the prefactor C,, = 1 + TR)TE satisfies

(k)
el Cndt < 1 L PR E <1 4 pakoabes (1 n (5.25)

s w7mer) S 1
using (5.23) and that ¢, < 1/2 —€/2 < a;, for any k > 1. Hence we extend (5.22) down
to the regime |zl(k)| <1l+4r, |n§k)| Pe M = p-ax, pgk) ~ p; in the k-th iteration step.

We iterate the above process and stop at K-th step when 7)£K) reaches 7, = minZ_; |n;|.
The number of iterations K indeed depends on ¢, and 7, but it always remains n-
independent. For example, if both 21 and 2z are in the bulk |z;| < 1—7 and 7, = n=1F¢,
hence ¢, = 0, then we only need to iterate twice using (5.23). The same also applies if
both are at the edge |z;| = 1+0(n~/2) and 7, = n=3/47¢_in which case ¢, = 1/4—¢/4.
However, if z; is in the bulk and z5 is at the edge with ¢, = 1/4 — ¢/4 and 7, = n-1lte,
then we need to iterate for three times. The worst situation is when |z1] = 1 — 7 and
|z2| =1+ 7 with ¢, = 1/2 — €¢/2 and 7, = n~'"¢. Then from (5.23), we know that

a1+ 3 el—ak_1< o

U —0g—1 = —/——— —Qk—1 = ;7 S €
1+5 2 1+ ’

using that aj, < 1 — e. This implies that we need to iterate for at most O(e~2) times to
extend (5.22) down to the final regime n|n;|p; = n°. O
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Fig. 2. In each step we use the same zig-zag as explained in Fig. 1 to improve the local law obtained in the
previous step (with the error bound £_1)s indicated on the upper right corner of the shaded square) to
the next order bound &g (indicated along the zigzag lines). Starting from Theorem 5.1 as the initial input,
we iterate this process for [%] times to improve the a priori error bound &g to the desired &;.

To summarize the proof of the isotropic local law, we use Fig. 2 to illustrate both the
zig-zag iteration used in the proof of Proposition 5.2 and the b-iterations used to prove
(3.25).

Finally, we end this section with the proof of Lemma 5.4.

Proof of Lemma 5.4. To simplify the notations, we assume that || ~ |n2] ~ n and
p1 ~ pa ~ p for some 1, p. The proof for general 7; and p; is essentially the same with 7,
p below replaced by 7., p*.

We first apply It6’s formula to |RYY[>™ = (RTY)™(RZY))™ and perform the cumulant
expansions (see e.g., [55, Lemma 7.1]) as below. Without loss of generality, we may
assume in the following that all the cumulants of the normalized entries of /nX are

equal to one. We thus obtain

AE|R™ P o
|d4§f‘ — Z Eﬂ“ + 0L (n—loOm)
k=3

Ko k
_ Z % Z Z 776(51,--- 181) + 04 (n—100m)) (5.26)
k=3

=1 s1+-+s1=k;s;>1

with the k-th order cumulant expansion term given by

1

n

n 2n
glsnis) E[(0°RY) - (0" R (R, 521, (5.27)
p ( ) ) (R7Y)

a=1 B=n+1

NE

where 0% denotes the s;-th directional derivative either in the direction h,p or in h,pg,
with (hue)u,ve[2n) = Hf given by (5.13). Note that for a,b € [n] and A, B € [n + 1,2n],
the corresponding entries {ha} and {hap} all equal to zero. For notational brevity, we
will not distinguish between 0h,p and dhp, and use the notation 0 to indicate either
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0/0hgp or 3/0hp,. From now on, with a slight abuse of notation R;Y indicates either
R;Y € C itself or its complex conjugate ﬁ Here we stopped the cumulant expansions
in (5.26) at a sufficiently high power Ky = O(m), and the last error term O (n~100m)
was estimated using the moment condition in (2.1) and that ||G|| < |n|~!. This argument
is quite standard and already used in many previous works, e.g., below [35, Eq. (7.6)],
so we omit the details.

By a direct computation, we obtain that

OR}Y
oh tB - ((Gl)mea (GlAGQ)eBy + (GlAGQ)mea,(GQ)EBy)' (528)

In general for any s > 1, each partial derivative 9°*R;? contains a product of s Green

function entries [];_; (G)u, v, and one factor (G1AG2)u,, v, , With u;,v; (1 <i<s+1)
chosen from {x,y,e,, ep}. Moreover, the choice of  and y only appears once, while
both a and B appear s times. For instance, we list below several examples of 9> R;” and
PR, i.e.,

PR (G1)ees(G1)aa(G1AG2)epy,  (G1)ae, (G1AG2)BB(G2)e,y; (5.29)
aSRfy : (Gl)zea (Gl)aa(Gl)BB(GlAGQ)eBya (Gl)mea (Gl)aa(GlAG2)BB(G2)eBy~
(5.30)

Moreover, we introduce the following estimates on the products of Green function entries.
Note that using (3.3) and (3.20), we have

2n 2n 1 \/ﬁ
S IM)ue, IF S1+Vnlpzr, D> N(M{3)ue, [ S - + 7]11@:1, (5.31)
=1 j=1

for any k£ > 1 and any bounded deterministic vector u € C™. Note that for £ = 1 we
also used the Cauchy-Schwarz inequality. As a consequence of (5.31), combining with
the isotropic local law in (3.11) and the assumption in (5.4), we have

2n

k
>l @ual <n(([2) 414 Vi,
i=1 "
o (5.32)
> [(G1AG)ue, © < ngf + ik + @nkzl,
-1 vy 04

for any k£ > 1 and any bounded deterministic vector u € C™. We remark that the above
estimates hold simultaneously for all ¢ > 0. This follows by a standard grid argument
using the Lipschitz continuity of G; = (H;—in)~! for t € [0, Tp] with Ty = 100 log n, while
for t > Tp, Gy is almost the resolvent of a Ginibre ensemble up to an error O(n~19).
Without specific mentioning, the estimates in the following hold uniformly for all ¢.
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Now we are ready to look at the most critical third order terms given by (5.27), i.e.,
7;)(3) ZT(l’l’l) + T(L?) + T(S)
T 2m—3 T m 2m—2 x zy\2m—1
3/2215[33 V(R ORY (9 RYY) (R (R ().
(5.33)

Using (5.28) and (5.32) for k = 3, the first part T(l’l’l in (5.33) is bounded by

| 3171’1)| 3/2 ZEK’ (G1)ae, GlAGQ)"‘By 3)|Rtmy|2m73}

+ ‘ (GlAGQ)mea GeB'y

*(,f,:; t %) (& + %7_3>E}Rf”|2m_3
S(1+ ) (BRI + 0 (60)™) (531

where in the last step we used Young’s inequality and the following bounds from

(5.10)-(5.11):

1ys v
S() gb,5f<m, (5.35)

with b = min {b +0, 1}, 0 < 0 < ¢€/10, using that v < p~2 from (3.23) and v = n/p.
We next consider the second part 75(1’2) in (5.33). Recall the second derivative terms

b —b
5o (7) 7 s

for instance in (5.29). One of the most critical term (containing the least off-diagonal
entries of G) is given by

1 wy | 2m—
(*) = W Z E [(Gl)wea (GlAGQ)eBy(Gl):ceB (Gl)aa(GlAGQ)eBy) ‘Rt ! |2 2} :
a,B
(5.36)
Using (3.11) and by a Cauchy-Schwarz inequality, such term is bounded by
| | <—E \/Z| Gl :ceB| Z| GlAG2 eBy| ’Rfy‘Qm 2]
9 S_b 1 oy | 2m—2
= (\/ﬁn i nnv2)E|Rt |
1 Ty |2m 2m
5(1 + W> (E|Rty| + 0 (&) ) (5.37)

where we used (5.32) for k¥ = 2,4 in the second step and (5.35) in the last step. The
other terms in 75(1’2) can be bounded similarly as in (5.37) even with less efforts. Then
we conclude that
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7] 5 (1+ \/f_m%*) (Bl " + 0= (&)™), (5:38)

We finally consider the last part 73(3) in (5.33). Recall the third derivative terms in (5.30).
We only look at one of the worst terms (with the least off-diagonal entries of G), i.e

(k) ‘ 3/2 ZE[ G1) we“<G1>“a<G1)BB(G1AG2)eBy(Rfy)gm_l}‘

<’W ZE[(Gl)mea(Gl — M1)aa(G1 — Ml)BB(GlAGz)eBy(Rfy)m—l} ’
a,B

3/2

2 2
p p p oy 2m—1

+ ( &+ —+ ) RYY 5.39
/1 iy o onny ‘ ¢ ’ ( )

where we used the following isotropic bounds

‘\Fz . <1+\/777 ]%Z (G1AGS), (< +&,  (540)

B
from (3.11), the assumption (5.4) and (5.31). Using (5.32) for k = 1, we obtain that

3/2 3/2

p L p? ay|2m—1
(el < (o + Tt T+ )L

Ty |2m 2m
5(1 + W) (E\Rt”| +O0(&) ) (5.41)
where we also used (5.35) and Young’s inequality in the last step. The other terms in
’75(3) can be handled similarly as above even with less efforts. Hence we obtain the same
upper bound for 75(3) as in (5.38).
To sum up (5.34)-(5.41), all the third order terms in (5.33) are bounded by

7] 5 (1+ ﬁ) (B[R +0<(&)™). (5.42)

Note that the higher order terms in the cumulant expansion in (5.27) with k& > 4 can be
bounded similarly using the differentiation rule (5.28) and the bound (5.32) with much
less efforts, since we gain an additional n~'/2 from the moment condition in (2.1), so we
omit the details. Therefore, we conclude

[ S0+ ) (IR 0t)™). wa

This proves the first inequality in (5.15).
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The proof of the second inequality (5.16) is similar to (5.15), actually with less ef-
forts, so we only sketch the modifications. We perform similar arguments on S;¥ as in
(5.26)-(5.43). The corresponding differentiation rule in (5.28) is then replaced with

oSy
8ht3 = _((Gl)wea (G1A1G1A2G2)epy + (G1A1G2)ge, (G2A2G1) ey

+ (G141G2AG ) ge, (G1)epy)- (5.44)

Similarly to (5.32), we obtain from the assumption (5.5) and the deterministic bound

(3.22) that

= Ea 1 vn
Y |(G1A41G2A2G Jue, | < nEF + — + Y Tpmr. (5.45)
= ()% my

Moreover, we have the analogue of (5.35), i.e., for ¥’ = min {b+9, 1} with 0 < 6§ < ¢/10,

g v —b 1 \6 1
& _ (1) < (T) 7 <1 (5.46)
Ey n pen €y

Using (5.32), (5.44)-(5.46), and repeating similar arguments above, we obtain the analog
of (5.43)

1

This proves the second inequality (5.16) and completes the proof of Lemma 5.4. O

dE|STY ™

TR (1+ ) (Bl + 0<(8)™"). (5.47)

5.2. Proof of the averaged local law in (3.26)

The proof of the averaged local law in (3.26) is similar to the proof of (3.25) in
the previous subsection, with the difference that now we additionally use (3.25) and
Lemma 5.3 as technical inputs. Note that we focus on the regime that v > n./p*, while
for the complementary regime the desired local law follows directly from (5.2).

We first establish a similar differentiation inequality as Lemma 5.4. Define, for brevity,
the notations

Rt = <(G1A102 — M{421>A2>, Gi = G?(l?’]z) = (thl — i’l]i)_l, 7= 1,2. (548)

For any |z;| < 1+ 7 and n; € R satisfying £ = min?_; {|n:|p;} > n='F¢ and v > n./p*,
we claim

dE|R,>" _ 1 om 12,
TN(1+W) E|R/| +0<(\/_TM) . (5.49)
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Assume (5.49) is proved. Then the desired local law (3.26) follows from using similar
zig-zag arguments as in the proof of Proposition 5.2 above. The only difference is to
replace Proposition 4.4 with Proposition 4.3, and replace the global law in (5.18) with
its averaged version from [29, Theorem 5.2], i.e.,

1
‘<(GZ1 (im ) A1 G2 (ina) — M{gl)A2>‘ <= dist(in, supp(p?)) ~ 1. (5.50)

This finishes the proof of (3.26), hence the proof of Theorem 3.4, modulo the differenti-
ation inequality in (5.49) that we will prove below. O

Proof of (5.49). For notational simplicity, we assume |n1| ~ |2 ~ n and p; ~ pa ~ p.
The proof for general n; and p; is essentially the same with 1, p replaced by 7., p* in the
following. We apply Itd’s formula to |R;|*™ and perform the cumulant expansions as in
(5.26)-(5.27). As explained below (5.27), for notational brevity, we will use d to indicate
either 0/0hqp or 0/0hp,, and with a slight abuse of notation R; indicates either the

complex number R; or R;. By a direct computation, we obtain that

1 1
= ((G1A1G2A2G1)Ba + (GQAZGlAlGQ)Ba) =04 (7”77’7)7 (5.51)

ORy
ahaB

where we also used (3.22) and (5.8) in the last step. In general for s > 2, each partial
derivative 9° R; contains s+ 2 Green functions. The resulting terms have two forms: 1) a
product of s—1 Green function entries Hf;ll(G)uqm and one factor (G1A1G242G1)u.v.;
2) a product of s —2 Green function entries Hf;f (@), v, , one factor (G1A1G2)u, v, 1
and another factor (G2A42G1)u, v, With u;,v; (1 < i < s) chosen from {e,, ep}. Note
that both choices of e, and ep appear exactly s times. For instance, we list below several
examples of 9°R; and 0>Ry, i.e.,

1 1
O*Ry : E(GIAIGQAQGl)aa(Gl)BBu E(GIAIGQ)aa(G2A2G1>BB§ (5.52)
1 1
PRy : E(GlAlGQAQGl)aB(Gl)aa(Gl)BBa E(G1A1G2A2Gl)aa(G1)BB(Gl)aBa
(5.53)

1 1
E(GlA1G2)aa(G2A2G1)BB(G1)aB7 E(G1A1G2)aB(G2A2G1)aa(G1)BB~

(5.54)
Note that from the 1G local law (3.11) and (3.3), we have
2
wix wax { | Gaal, |G sl (Gasl, 1Gial } S 0+ Lpzain, (5.55)

for nnp 2 n°. Further using 2G local law (3.25) and (3.20), we have
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} ER (5.56)
Vin

(G2A2G1 )i

max {‘(GlAng)ij ,

1<i,j<2n

while the 3G bound (5.8) and (3.22) imply that

1
G1A1GaAsGh )i GAGAG«~} - 5.57
lgﬂlﬂjagx%{‘( 1A41G2 A2 1)1;7 (G2A2G1 Ay 2)1; 4777 ( )
Therefore, we obtain that
th ps—l ps—2 ps—2 ps
< 7 - > 1, 5.58
‘5h31 Oh%, 1 nmy " ny? - n2yn? ~ nnpy STt (5:58)

where we also used that v > Z + and nnp 2 n°. Thus using (5.58), the k-th order term
7;(31"" ) with s, 4 -+ + s, = k given as in (5.27) is bounded by

k
‘7;(517...780’ ) 14 ( 1 )ZE’Rt’}m_l

Hence for any k > 4, we obtain that

T8 0| < BRI + O o (5.60)
k ~ t < \/W’Y

where we also used nnp > 1 and p < 1. For the third order terms with k = 3 and [ > 2

we also have

(51, ,81) p_2 2m 1 2m
7, S T <E|Rt| +0( mm) ) (5.61)

() with & = 3 and [ = 1. Recall the third

We next focus on the only remaining term 7y
derivative terms in (5.53). By a direct computation, 7})(3) is bounded by

2
@) =# S E [(y(GlAegA*Gl)Bay + ](GQAGlA*Gg)BaD R, 1}

R E|Rt{2’"’1) +0<(HL;2E|R42’"*1). (5.62)

To bound the error terms in the last line above, we used the estimates (5.55)-(5.57),
together with that |G,p| < + 144n=p. Using the Cauchy-Schwarz inequality and
Ward identity, the leading term on first line above is bounded by



52 G. Cipolloni et al. / Journal of Functional Analysis 290 (2026) 111180

nps—iz > E[([(G1AGLA" 1) | +|(G2AGLA™Go) s ) | B[

2 *
p (Im G1 AG2 A*Im G1 AG5 A*) 2m—1 2m—1
S‘n?’/QE[\/ 77% |Rt’ } = 713/277 \/—E}Rt| ) (5'63)
where in the last step, we also used that
2n
. B 1 . . 1 1 1
(G1AGA*GLAGLA*) = - D (G1AGLA*)ii(G1AG2A™);i < e + o < e (5.64)
i,j=1

which follows from (3.25), (5.31) for k = 2, and that v 2 7 2 7. Therefore we obtain
from (5.62)

2 3/2
(3) ( P P P ) 2m—1
< — |E|R
|75 | n3/2772\ﬁ + nn3/2~ + ny>? | t|

s(1+ ﬁ) (E}Rtf”’ + 0. (\/7%7>2m> : (5.65)

where we also used that 1 <y S p =2 from (3.23) and nnp = n¢. Combining (5.65) with
(5.60) and (5.61), we have proved the differentiation inequality in (5.49). O

5.3. Proof of Proposition 5.1 without |z1 — z2|-decorrelation

In this part, we aim to prove the local laws for G** (in; ) AG*2 (in2) without gaining from
the |z1 — z9|-decorrelations. The proof is similar to the proofs in the previous subsections
with less efforts, so we only sketch it.

Proof of Proposition 5.1. Note that the averaged local law (5.1) has already been proved
in [29, Theorem 5.2]. Moreover, the last statement (5.3) follows directly from using the
bound (3.22) and that

(G2 AImG=A}(G=)")  (ImG=),

" 22 (s 21 (s < zz vy < L
‘(G (im)A1G*2 (in2) A2G (1771))my‘ N\/ o S e
(5.66)

by Schwarz inequality and Ward identity. So we will only consider the isotropic local
law (5.2). As explained in the proof of Proposition 5.2, it suffices to derive a similar
differentiation inequality as in Lemma 5.4, i.e.,

dE|RtMJ|2m 1 w1 2m \/ﬁ 2m
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The proof uses the same strategy as Lemma 5.4. Actually it is much easier since we
do not want to gain from |z; — z3]-decay. Again we also assume |n1| ~ |n2| ~ 1 and
p1 ~ p2 ~ p to simplify the notations.

We repeat the same cumulant expansions as in (5.26)-(5.27). Recall the differentiation
rules in (5.28)-(5.30) and the third order terms in (5.33). From [35, Lemma D.2] we know

}(GlAlGZ)uv’ =< %, |(GlA1G2A2G1)uv’ < 77_/72, (568)

for any deterministic unit vectors u,v. Then (5.32) is now replaced with the following

2n
& k k k—1 n
3 1(G)ue, | <n(,/n%) 1+ Vil Z‘(GlAGQ)M <5k+1+ n_gnk:h
=1 i=1

(5.69)

where the second inequality follows from (5.68) and the Ward identity.
Using (5.69) for k = 3, the first term T(l’l’l) in (5.33) is bounded by

) < — ZEM (C1)wer (G1AG:)eny| + 3)|Rfy|2m73}

‘(GlAG2)weaGeay

p7/?
= (nznn/z + n3/2

2m—3

1) EIR (5.70)

For the second term 7?3(1’2) in (5.33), it then suffices to check the worst term in (5.36),

i.e.,
1 . m—
() = =575 D B|(Gi)ae, (G14C2)ery(G1)aes (G = Mi)ua (CrAGa ey | BT[]
B
p2 Ty | 2m—2 p2 Ty | 2m— 2
+0. (n—m)E|Rﬂy < (W o )E|R y| (5.71)

where we used the first isotropic bound in (5.40), (5.68), and (5.69). For the last term
73(3) in (5.33), we focus on the worst term as discussed in (5.39). Using (5.68), (5.69)
and the first isotropic bound in (5.40), such term is bounded by

(%) :# > E [(Gl)mea(GH - Ml)aa(Gl)BB(GlAGz)EBy(Rfy)zmil]
B

5/2 3/2 5/2
P E|R™ 2m—1 1Y 14 E|R™Y 2m—1
O<(\/ﬁn3/2) 7| <m75/2 \/ﬁng‘/?) |7 - 672

Suming up and using Young’s inequality, all the third order terms in (5.33) are
bounded by
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1 2m \/ﬁ 2m
— ) (B[R 0o (-X55) ) 5.73
\/577)( IR+ 0\ e >7)

Moreover, all the higher order terms (k > 4) in (5.27) can be bounded similarly with
—1/2

17l S(1+

less efforts, since we gain additional n from the moment condition in (2.1). Hence

we conclude with (5.67) and finish the proof of Proposition 5.1. O
5.4. Proof of Theorem 3.5: local law for ITm G** Alm G*2

In this section, we will prove Theorem 3.5, showing an improvement close to the edge
of the spectrum when the resolvent G is replaced by Im G, using Proposition 4.8 and
Theorem 3.4, Lemma 5.3 as technical inputs.

Proof of Theorem 3.5. From (3.10) we know that p; 2 771-1/3 for |z < 14 n=1/2F7
and ¢ := minZ_, {|n;|p;} = n~1*€ with 0 < 7 < €/10. This further implies that p, =

—1/4=¢/4_ To prove Theorem 3.5, we will focus on the regime |z; — 25|? >

min?_; p; 2 n
P11 + pan2, which also implies that v 2 Z—i from (3.23). For the complementary regime
|21 — 22|2 < p1m + panz, the desired local law follows directly from Proposition 5.1
without gaining from the |z; — z5|-decay.

We define the following short-hand notations

R = (ImG A Im Gy — M{Y)As), Gy = GF(in) = (GF —im) ™", i=1,2,
(5.74)

with the time dependent matrix Hf defined in (5.13). Then we claim the analogue of
Lemma 5.4, i.e.,

dE|R, ™™
dt o

’ Bo2m 1L pip2\2m I 1
o (E|Rt] +0<(m . ) > L Gl (5T5)
for any |z;| <147, nl Zn v 2 %, and |p;| 2 n~ % with 0 < ¢, <1/4 —€/4.

We will prove (5.75) below. Assuming it now, similarly to the zig-zag arguments used
in the proof of Proposition 5.2, we use (5.75) and Proposition 4.8 iteratively to prove
(3.27). In the first step, for any fixed |Z§1)| <1+, \n§1)| > nil) = n~1 with pgl) ~ pi, We
choose a small constant 7™M ~ 1 so that dist(in;(0), supp(p;(0))) > 1 from Lemma 4.2.
Then the global law (5.50) and Proposition 4.8 yield the local law (3.27) at time ¢ = 7).
Using (5.75), ps = n~ Y4
TM ~ 1 can be removed, i.e.,

, and similar arguments as in (5.21), the Gaussian component

|RB’ < Lpllb

Vol 7

In general for any k& > 1, we define the scales recursively by

mi| 20t =n~5. (5.76)

1 1
nik) =n %, ap = Gg—1 + 57 2¢4, ar =7 (5.77)
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recalling that p, = n~% with 0 < ¢, < 1/4—¢/4. Clearly ay, is increasing and ax —ag—1 >
€/2. Replacing Proposition 4.4 with Proposition 4.8, the k-th iteration step is similar to
the k-th step explained in the proof of Proposition 5.2. Using the new scales defined in
(5.77), we obtain the analogue of (5.25), i.e.,

7 (k)

oo Ot < T(k)C:l < okt (1 + (5.78)

W)> SRS
where we used that 0 < ¢, < 1/4 — ¢/4. We stop the iterations when m@ reaches
N = min?_, |n;| = n~1*€. In the worst case when z; is in the bulk and 25 is at the edge
—1/4=¢/4 and 5, = =1, the number of iterations needed is at most O(1/e).
This hence proves Theorem 3.5 modulo the proof of (5.75) that we will do below. O

with ¢, = n

Proof of (5.75). We apply Itd’s formula to |]/%\t|2m and perform the cumulant expansions
as in (5.26). Note that from (5.8) we have

OR, 1
a Bt = —Q—m((GlAllm G2A2G1)Ba — (G’{Allm GQAQGT)Ba

1
+ (GQAQIm GlAlGQ)Ba - (G;AQIm GlAlG;)Ba) = 0< <n77 ’Y).
(5.79)

We remark that, even though some of Im G; are preserved after taking derivatives, we
do not need to gain extra smallness from Im G; for these isotropic terms. In general for
any s > 1, the partial derivative 9°R, has a similar form as described in (5.51)-(5.53),
Wit/li certain G’s replaced with Im G’s. Thus the same bound as in (5.58) also applies to
0°Ry, i.e.,

SRt

‘ (p*)s—l
Oh>pOh,

.y

) s=1s51+s2>1, (5.80)

where we also used nf 2 n® and v 2 Z— Using (5.80), the corresponding k-th order

cumulant expansion term as in (5.27), denoted by 7“;(51,--- *) with sp 4 -+ 5 = k, i
bounded by

N *\k 1 _ -
|7;€(S17~“,Sl)’ 5(/1}4 ( 1 ) E|Rt‘2m l

n-z \NNP*Y

1 1 \! —2m 1 pip2 2m)
<~ (—) (ER i , 5.81
Nn’“;“(p*)l(./ng) ( [Be| Jr(,/ng 3 ) (5:81)

where we also used that nn.p* > nl > n, p* < 1, and k > I. Using that p, > n~ /4,

the above naive estimates are already good enough to prove (5.75), for the terms with
5 <k < 7and!l < 2k — 8, as well as all the high order terms with £ > 8. For the
remaining terms, we need the finer estimates below.
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If there exists at least one s; such that s; = 1, then, using (5.79), (5.80), the Cauchy-
Schwarz inequality and the Ward identity, we obtain

o <2

(nn*lpw)l_l (LZB E m (G1A1Im G2 A2Gh) pal

+ (G AT Gy A2Ga) o ) [ ||

*\k—1 1 -1 o
n 2 ’]7* %
*\k—1 1 1—1 e
L) ( - p*w> E|(Im Gy AyTm G o) R, (5.82)
n 2 ’]7* %

where in the last step we also used the following inequality (from Eq. (4.59))
<Im GlAllm GQAQIHI GlA;Im GQAT> S n(Im GlAlIm G2A2>2. (583)

Recall from (5.74) and (3.21) that

(Im Gy Ay Tm G As)| < |Ri| + p%pz.

Thus we conclude that, if there exists at least one s; = 1, then

sy s *)k—1 1 -1 _ -
‘7;( 5 7<l)| <(p 22 ( " ) (E|Rt|2m7l+1 + p1/1\02E|Rt|2m7l)
. Py q

n o2 .
1 L\t 5 |2m L pip2 2’")

< E|R A 5.84

Nnka;?n*(p*)"l(\/ﬁ) ( = +(\/@ g ) .

We remark that if there exist at least two indices such that s; = s; = 1, then using the

same strategy, we gain a bit more, i.e.,

—2

Tlvs0) < p:)
7 | n2 (14)?

1 1 12 1
S e <E|Rt| +0-(="%) ) (585)

Using that p, > n~1'/4 it is straightforward to check that the above finer bounds (5.84)
and (5.85) are good enough to prove (5.75), for terms with 5 < k < 7,1 < 2k — 8, as well
as the third and fourth order terms: 7;(1’1’1) 7\'3(1 2) 7\'(1 bh 1), ﬁ(l’m), ﬁ(l’S). It then
suffices to check the remaining terms, i.e., ’73( 7'(4), ’7;2 2)

We start with the third order term 7:° with k& = 3 and [ = 1. Recall the third

derivative terms as in (5.53). Except for the terms with (G1A1Im G2A3G1).p that can

() elme Ao
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be bounded similarly using (5.84), the most critical and representative terms are given
by

Tji=— /2 ZE[ (G1A1G2A2G1)aa (G1) 55 (G1)an (Re)™™ 1}, (5.86)

, (5.87)

Trr = 5/2 ZE{ G141G2)aa(G2A2G1)BB(G1)aB (Rt)Qm 1}

and all the other terms can be bounded similarly. Using the isotropic local law (3.11)
and (5.31),

|Ty| < 5/2ZE[G1A G2A2G1 — M121)aa(G1 — M) BB(G1 — Ml)aB(Rt)Zm 1]

+ —E|Rt|2”“1
.y

p* p* = |2m—1.
= <n3/2( )27y + .y )E|Rt‘ ; (5.88)

|Tr1] < 5/2 ZE[ (G1A1Gy — M12)4a(G2A2G1 — Mi2)gp(G1 — M1)uB (Rt)

a,B

2m— 1:|

+ E[R

1 ‘Qm—l
(ny)3/ 21,

NG 1 —2m—1
< (712(77*)5/27 + e E|R| : (5.89)

where we also used (3.20), (3.22) and (5.31) to bound the M-terms. Therefore, we obtain
that

~(3) p* r ve* 1 2m—1
77 K(ng’/?(n*)?v T n%(n.)5/2y " (ny)3/21). )E’Rt‘
1 1 1 pipa\2m
< 1 E|R 0) % , 5.90
N\/ﬁ( +x/ﬁn*p*)( R+ <(\/ﬂ 0l ) ) (5.50)

using that /v <1, v 2 Z—: and n¢ > 1. One could obtain a similar bound for ﬁ(4) and

ﬁ(2’2) using (3.25) and (5.8) easily, since we gain additional n~'/2 from the fourth order
cumulants. This finishes the proof of (5.75). O

Appendix A. Proof of several lemmas and estimates in Section 4

We start with proving Lemma 3.3, whose proof relies on the following Lemma A.1.
Recall the structure of the M matrix from (3.3) and the notations (1.10). We use m; =
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m? (in;) and u; = u? (in;), j = 1, 2. It was proven in [30, Appendix B] that the two-body
stability operator Bis defined in (3.17) has two non-trivial (small) eigenvalues

B+ = B(z1,m,22,m2) := 1 —ugusRe [2172] + /s, 5 :=mim3 — uiu3(Im [21%3])?,
(A.1)
with the standard complex square root taken in the branch cut C \ (—oo,0], while the
remaining eigenvalues are trivially equal to one. The corresponding (right) eigenvectors
of =+ are given by

Bi2[R+] = B+ R+,

2
— mizZa2u2MmMm2
R. : ( —U1UQR6 Z122 + \/g Z1uimeo + m ) (AQ)
:l: — m22 3
= 2Z1U1Mmy mimo _ =
Zougmy + o =5 Turastm 21523F\/§( ujusRe 2122 + 1/s)

and Bya[F®)] = F®), Note that By, is not self-adjoint, and its adjoint operator is given
by

By := 1= S[(M*)"- (M*)"], (A-3)

with corresponding (left) eigenvectors given by

" N —_— iujuolm z1 2o F/s 0
1o[LL] =B+ LY, Ly := ( mlom2 1) . (A4)

Lemma A.1. Fiz any |z| < 10 and 0 < |n;| < 10 (¢ = 1,2). On the imaginary azis, both
the product B4 P and sum By + B are positive and

0 5 2 my? , (12)?
< BB ~F =l —nl ol 4okl + () + () (A)
1 P2
2 2 o Iml | [ne
0 <B4+ 8-~z — 2 +/71+/72+7p JFT)Q- (A.6)
1

Furthermore, 5y + f— — P P— is also positive and

0<ﬁ++ﬂf—ﬁ+ﬁf~p§+p§+%+% (A7)

Moreover, B+ — B_ is either real-valued or purely imaginary and
0 <Re (B4 — B-) < p1p2, 0<Im(By—p-) < |z — 2. (A.8)
Finally, we have

2 2
|21 = 22| + palm| + pa|na| + (%) + (Z—j)

min{|B+|} 2 v =
|21 — 2| + o+ 4 3 4 L2

(A.9)
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Proof of Lemma A.1. We start with proving the upper bound of 5;5_ in (A.5). Using

that 2Re (2122) = |21)% +|22]? — |21 — 22| and that m? = —u+u?|z|? from (3.4), we have
BiB- =1 —2ujusRe (21%3) + uiu3|z1|?|2z2|* — mim3

=1 —wuz (|21 + 22/ = 21 = 22]?) + uiud|z1[*|22|* — mim]

=1- U1u2(1 + |Zl|2(1 — Ul) -+ |22‘2(1 - UQ) - |Zl - 2’2|2)

u
=ujug|z; — 2] — m1 " 2(1—uy) — m%u—;(l —u2)+ (1 —u1)(1 —u2). (A.10)

From (3.10) we know p = |n| and hence

|y
Inl+Im[  p
Thus we conclude that
Bef~ |z = 2+ prlm] + palna] + [ 72 (A11)
102

This proves the upper bound in (A.5) for any z by a simple Cauchy-Schwarz inequality.
To obtain the comparable lower bound in (A.5), we split the discussion into two cases.
For |z| < 1, it follows directly from (A.11) and that p* > |n| from (3.10). For the
complementary regime |z| > 1, since p> < |n|, the desired lower bound in (A.5) was
already obtained in Appendix A (Lemma A.1) of the gumbel paper.

We continue to prove the remaining estimates. Similarly to (A.10) we have

u U
By + B =2 — 2ujusRe [21 5] =uquslzs — 2|? — u—2m% — u—lmz +1—u;+1—us
1 2
N|Zl — ZQ|2 + pl |771| + p + — |772| (A12)
P2
This proves (A.6). Combining (A.10) with (A.12), we have

By + B — BB =1 —ujus — usmi — uym3 ~ pi + |Z—1|+ + |Zz|

2
which proves (A.7). Similarly, we have B, — B_ = 2y/m?m?% — u3u3(Im [21%3])2 in the

standard branch cut C\ (—oco, 0]. Note that m3m3 —u?u3(Im [223])? is real valued, which
implies that 5y — [_ is either real or purely imaginary. More precisely, we have

Re (4. — 5-) =2Re (\/mim3 — wud(Im [ 32])2) < 2p1p2,

m (B4 — B_) =2Im (\/mfmg — vw2u2(Im [zlﬁ]ﬁ) < 2ujuz|Im [2173]] < |21 — 22,
(A.13)
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which prove (A.8).
Finally it still remains to prove (A.9). Combining (A.7) with (A.5), we obtain that

11 B+ B — BB AR Ry
CHR T R T (z)
- + = |21—22|2+P1|771|+P2|772|+(%) +(Z—§)
(A.14)
Similarly, combining (A.8) with (A.5), we obtain that
TRV PP o
- P+ +P= |21 — 22| + pr|m| + p2(n2| + (%) + (2—2)

Therefore, we obtain that

— 2 4 Iml 4 2 4 Il
ENPIEu R . A R Sl el B
Pl 0 Bl I BT e sk ]+ palal + (22) + (2)
(A.16)
which finishes the proof of Lemma A.1. O
Proof of Lemma 3.3. Recall from (3.16) that
Mih = B! [M (im) AM* (i) . (A.17)
Then (3.20) directly follows from (A.9), i.e.,
IMA S 1B < S = (A15)
1211 ~ 12 Il = mln{‘ﬁ:l:” ~ ~

Moreover, M {4 is a fourfold linear combination of M{y(4n1, 21, 12, 29) using the identity
Im G = 5 (G — G*) twice. To prove (3.21), it suffices to show that

(B [ () A M ()| Az ) — (B! [ M7 ) Au b= (i) | Ao | £ P22
(A.19)

We will focus on the worst case when A;, As are along the bad directions L. Note that
L are linear combinations of F . It then reduces to prove (A.19) for A1, Ay € {E,, E_}.
By a direct computation from (A.4), we obtain

(A.20)

1 1_Zlu1§2%2im1m2 0
(BT2) [Ei} = ( _0 * mlmzi(1—21u122u2)> .
BB+
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Hence using (A.20) and (3.3), we obtain that

(B [M# (i) B M7 (i) | B ) = ((Bo) ™ [B), M* (i) B M (i) )

. mim3 £ myms + Re [z1Z2]ugug — |21 2| 222 uiud
B+B- ’
(A.21)
(B [ M7 ) B M (i) | By ) = — (B [M# (in) By M* (i) | E- )
- —ilm [le_z]ul’UQ (A 22)

B1B-

Using that u(—in) = u(in) and m(—in) = —m(in), we obtain the following cancellation

(B [0 (im) Av b (i) | Az ) — (B [M () A (i) Ao )| € 2222 < 222,

T BB A
(A.23)
for any A, As € {E;, E_}, which proves (3.21).
We next prove the last statement (3.22). Recall from (3.19) and (3.6) that
M =Bt [My ALY + My ((M{Y BBy — (M BB )Mz | (A24)
From [29, Eq. (3.8)], we know Bj; has two small eigenvalues
= ~ —77 = ~ —n 2
6* = 57(277772:’77) Imm’ ﬁ . B+(Z7naz777) Imm + (Imm) ) (A25)

with the left eigenvectors given by E_ and E,, respectively. It then suffices to test the
above matrix against these two directions {F, E_}, i.e.,

(i B
(M{y E{ W ELMiEL M52 — (Miy E_Y(EL M E_Mgy?) + (By My Ay Msy?)
B+ (21,11, 21,m) '

(A.26)
Note that using (A.25) and (A.18) the last term above is easily bounded by
P1
EL M A MY < 2 A.27
ﬁ(*)< 1414491 > Ay ( )

For the remaining terms, using (A.17), we further write
(M{y EL )W EL M ELMy?) — (Miy E_)(Ey My E_Mj?)
=((B12) "' [E], MiA1 M2 ){(B3y) "' [E My BL], My Ay My)
—{((Bfy) ' ET], M1 A1 M) {((Byy) " [E* MY EYL], My Ao My ). (A.28)
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Using My = m1 Ey — z1u F'—Z1u; F'*, the matrices of the form EY M EY can be written
as linear combinations of E1, F and F'*. Then we introduce the following estimates. To
simplify the notations, we may assume p ~ p; ~ po and n ~ 1; ~ 12. The same upper
bound estimates below also apply to general n; and p;, with p and n replaced by p* and

-

. l—zlégimﬂﬁnz-‘rO(n/p) 0
(BTQ) [Ei} = ( 5_0 * mlmgi(l—zlzz-i-O(n/p))) ’ (A29)
B-B+
. mQ(Zﬁ_iH—O(n) 1
(Biy) [F]= o ma(z5-=)+0(n) | - (A.30)
B-B+
. m1(z26722)+0(n) 0
(BTQ) [F*] = 71 i ma(z1—22)+0(n) | > (A.31)
BB+

which follow directly from (A.3)-(A.4) and that v = 1+ O(n/p). By direct computations
using (A.29)-(A.31) and (A.25), we obtain that

< 1 p° +plz1 = 2z < P

‘ (MY B ) (B ML B MG2) — (M) (B M E_ M)

B ~p? (7)? ~oR
(Miy By ){(E-MiEy Mgy*) — (M{y E_)(E_MiE_My*) | _ pplzs — 20> _ p?
B oo (32 T
(A.32)
for |z| < 1, where we also used p> > 1, ¥ = B_B+ = |21 — 22| + pn, and
m? = |z[*~1+0(pn), 2Re (2172) = |21+ |22|* — |21 — 2%, [Im (2123)[ ~ [21—22].
Plugging the above estimates and (A.27) into (A.26) we obtain that
*\2 1
(M EL) 5 W) o L (A.33)
UEel my -y

It hence proves (3.22) for |z| < 1. The proof for the complementary regime 1 < |z| < 10
is similar and actually easier using that p3 < 7, so we omit the details. We hence finish
the proof of Lemma 3.3. O

Proof of (4.27) for 71712 < 0. Note that for |z;] <1 — ¢, from (A.1) and (A.4) we know
that, 84 ~ 1, f_ ~ v, and L_ is the only bad direction. Recall from [30, Eq. (B.6)] that

Ei = (140(|]z1 — 22)) Lao 4+ O(|21 — 22|) Lo, o = sgn(ninz). (A.34)
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Decomposing the matrix A as A = (AE{)E, + (AE_)E_ + A., we obtain that

(MAE_)| < |(MEF B_o)| + [(ME-E_ )| + | (M E_0)| < [(ME-~E_)| + ';—'
(A.35)

|21 — 22

(MBE,)| < (M E)| + [(M{y E)| + (MY E,)| < .

This proves (4.27) for mm2 < 0. Similar upper bounds also hold for n;n2 > 0 with
switched signs. O

Proof of Lemma 4.6. The first relation for M;2 was proved in Eq. (A.26) in the Appendix
A.5 of [30]. The second relation for My then follows by a so-called meta argument
[36,32], using recursive Dyson equations for chains of product of resolvents, see e.g. [32,
Lemma D.1]. O

Data availability
No data was used for the research described in the article.
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