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Abstract: The increasing interest in metamaterials stems from the ability to expand the
design space for material properties by tailoring the material architecture. Spinodal
decomposition-inspired topologies are an emerging class of minimal surface-based metama-
terials with promising properties. The diffusion process of the binary mixture is modeled
using the Cahn–Hilliard equation, which is typically approached with a statistical method
(superimposition of Gaussian random fields) that is well founded only for its initial stages.
In this work, a fast and efficient computational method based on the finite difference
method is employed to simulate the entire 2D dynamic evolution. Next, the solution
field is converted into a CAD model forming the metamaterial. The elastic properties
are assessed using a computational homogenization in which both homogeneous dis-
placement and periodic boundary conditions have been applied for comparison. Finally,
results from experimental testing confirm the accuracy of the FE homogenization procedure
developed here.

Keywords: mechanical behavior of metamaterials; spinodal topology; finite element analysis;
Cahn–Hilliard equation; structural homogenization

1. Introduction
Over the past two decades, the research and development of metamaterials have

been fostered by advancements in additive manufacturing [1]. The mechanical properties
of these materials, different from traditional materials, are mostly determined by their
geometry rather than their chemical composition or thermomechanical treatments [2–4].
This convenient feature allows us to design materials with unique properties such as
negative Poisson’s ratio, vanishing shear modulus, and negative thermal expansion, making
them appropriate for a broad range of applications [5–7].

Mechanical metamaterials are commonly classified into beam-based, plate-based, and
minimal surface-based structures, each offering distinct advantages [8]. The latter has been
emerging as a promising alternative to the first two options since they suffer from stress
concentrations at the junctions of their structural elements, leading to decreased strength
and structural premature failure [9–11]. Shell-based topologies, due to their bicontinuous
and smoothly curved architecture, do not experience this issue [12–14]. Furthermore, these
thin structures also when undergo biaxial bending keep a beneficial stretching-dominant
behavior [15], which brings advantages to the overall stiffness of the structure. Despite their
undeniable advantages, the performance of shell metamaterials heavily depends on their
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symmetry and periodicity, making them significantly sensitive to imperfections [16,17], for
instance, the surface roughness attributable to the 3D printing process.

Spinodal metamaterials are non-periodic, leading to a mitigation of the issues re-
lated to manufacturing inaccuracies and an enlargement of the design space to achieve
anisotropic mechanical properties [18–22]. Moreover, these structures have demonstrated
superior stiffness-to-density scaling compared to traditional truss and plate-based configu-
rations, resulting in a desirable stretching-dominated behavior [22]. The primary challenge
in generating a spinodal metamaterial is solving the equation modeling the spinodal trans-
formation, namely the Cahn–Hilliard equation [23,24], which is deemed computationally
challenging by many researchers [20,21]. Consequently, it is generally approached with a
statistical approach employing Gaussian random fields (GRF) [25], which lead to an exact
result only in the first instants of the simulation. Another common approach is the finite
difference method (FDM) [22,26], which is adopted in this work in an efficient and fast
way. The key innovation of our approach lies in utilizing a convolution-based method to
compute the double Laplacian operator, which significantly reduces computational costs.

Finally, the elastic properties of the designed metamaterials are obtained through nu-
merical homogenization, imposing both homogeneous displacement and periodic boundary
conditions for comparison. These results are then validated through experimental testing.

2. Methodology
In this section, the methodology employed in this study is outlined. First, the mathe-

matical modeling to solve the Cahn–Hilliard equation is briefly delineated (Section 2.1).
Next, the computational homogenization procedure using FEM is described (Section 2.2),
and to conclude, the experimental testing setup is illustrated (Section 2.3).

2.1. Mathematical Modeling: Cahn–Hilliard Equation

The spinodal decomposition is a diffusional process involving the separation of a
homogeneous mixture into two coexisting phases (Figure 1) while maintaining their initial
volume fractions (50–50%).
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The mathematical model underlying this phenomenon is the Cahn–Hilliard equa-
tion [23,24,27,28], which is generally regarded as computationally demanding due to its
nonlinearity. In this paragraph, the model and the numerical algorithm used to approach it
are briefly summarized for context, with full details provided in [29].

Typically, the equations governing the above-mentioned phenomenon are the following:{
µ = −δ∇2

xϕ − γϕ
(
1 − ϕ2)

∂ϕ
∂t = D∇2

xµ
(1)

where µ is the chemical potential,
√

δ is the interphasic thickness interface, γ is a dimen-
sionless energy parameter, ϕ is the dimensionless concentration, and D is the diffusion
(mobility) coefficient. In this form, the model involves three parameters, i.e., δ, γ, and D.

As for the boundary conditions, the same concentration ϕ has been imposed on the
opposite faces of the cubic domain, i.e., periodic boundary conditions have been applied.
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These conditions are essential for assembling the obtained unit cell with others of the same
type later in order to construct the metamaterial structure. Additionally, as the initial
condition, an equal random distribution of the two phases (i.e., same volume fraction) has
been considered.

Aiming at reducing the number of parameters, making the design and the subse-
quent optimization more straightforward, in our approach, Equation (1) has been made
dimensionless and, consequently, the number of parameters has been reduced to only two.
Equation (1) can be reviewed as follows:{

µ̃ = −αβ ∇2
x̃ ϕ − βϕ

(
1 − ϕ2)

∂ϕ
∂t̃ = ∇2

x̃ µ̃
(2)

where t̃, x̃, and µ̃ are the dimensionless time, space, and chemical potential, respectively,
whilst α and β are the newly introduced dimensionless independent parameters.

Equation (2) must be solved with a numerical approach, specifically the finite differ-
ence method (FDM). In [20,21], an approximated method based on Gaussian random fields
is commonly employed to address the complexity of Equation (2), though it tends to lose
accuracy over time. To provide an overview of our method [29], here are the key points:
the time derivative is handled with an explicit forward Euler scheme, while the Laplacian
operator is computed using a 9-point stencil [30].

2.2. Computational Homogenization

Mechanical properties of the designed metamaterial have been evaluated through
computational homogenization, where they are obtained as the averaged properties within
the representative volume element (RVE). This method involves the formulation of a local-
ization problem to establish a relationship between the stress or strain at the macroscopic
(homogeneous material) and the microscopic scale (heterogeneous material) [31]. The
accuracy of the results obtained through this approach largely depends on the proper
definition of the boundary conditions applied to the RVE. Commonly, three types of bound-
ary conditions can be imposed: homogeneous displacement boundary conditions (DBCs),
homogeneous traction boundary conditions (TBCs), and periodic boundary conditions
(PBCs) [32,33]. Below, they are briefly summarized, highlighting their advantages and
disadvantages to guide the selection of the most appropriate boundary conditions when
dealing with complex RVE topologies.

The first type of boundary condition involves the imposition of a uniform displacement
on the boundary of the RVE, representing a strain-controlled approach. In the literature,
it is well known that these boundary conditions tend to overestimate the actual material
properties [32–34] and lead to a non-equilibrated solution. These findings have been
verified by comparing the FE homogenization results using DBCs with those published
in [35,36], which have been assumed as a benchmark.

The second type is prescribed by enforcing a uniform traction over the RVE boundaries.
Typically, these boundary conditions underestimate the material’s effective properties and
culminate in an equilibrated solution but not compatible. In the current study, this case has
been excluded due to the unacceptable mismatch with the benchmark results.

The former strategy addresses the issues mentioned above providing both an equili-
brated and compatible solution to the localization problem of the RVE. Periodic boundary
conditions require that opposite boundaries of the RVE exhibit the same deformation
profile. While these conditions are regarded as the most accurate to assess the effective
material properties, they are more complex to apply in a FE model compared to other
methods. In fact, imposing the same displacement field on the corresponding boundaries
of the RVE implies that each node on one side has its counterpart on the opposite one. In
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the case here proposed, the mesh conformity is completely ensured by the periodicity of
the concentration imposed in Equation (2): by imposing a periodic concentration, since
the metamaterial structure is derived from the solution field, the structure itself will also
be periodic. In cases where the mesh is not perfectly periodic, several approaches are
suggested in the literature, including polynomial interpolation [37] and the master–slave
technique [38].

To validate the homogenization algorithm, out of all the possible samples generated
by varying α and β, the structure corresponding to α = 1.45 and β = 650 has been selected as
RVE (Figure 2). This sample has been obtained by extruding along the Z direction the area
derived from the solution field. As stated above, homogenized mechanical properties have
been calculated by imposing DBCs and PBCs on the boundary of the cell. To enforce the
PBCs multi-point constraints have been used on the homologous sides of the structure. The
results from these methods have been compared with experimental testing to determine
which provides more accurate outcomes.
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2.3. Experimental Testing

In order to assess the accuracy of the results arising from the FE simulations, static flat
compression tests have been conducted in a compression machine equipped with a pair
of compression plates. Prior to examining the mechanical response of the metamaterial
sample, the printing material (PLA) has been characterized. For this purpose, a compression
test has been performed on a cube with a volume of 8 cm3 (Figure 3a). According to the
stress–strain curve resulting from this testing (Figure 3b), Young’s modulus of PLA is equal
to 1.57 GPa.
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The experimental setup described above has been used to analyze the mechanical
behavior of the metamaterial in Figure 2 by performing a compression test in all three
spatial directions (Figure 4) to calculate the Young moduli of the metamaterial sample.
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3. Results and Discussion
In this section, the results are summarized and discussed to offer insights into which

method for applying boundary conditions on the RVE boundary is most accurate when
dealing with complex geometries. Finally, the validation of the homogenization algorithm
through experimentation is shown.

3.1. FE Homogenization Results

The solid model shown in Figure 2 has been created using FE software (Ansys Me-
chanical APDL 23.1). The mesh, consisting of solid elements with eight nodes, is shown in
Figure 5. In the FE analyses, the material has been assumed to be linear and isotropic with
a Young modulus E of 1.57 GPa (derived from PLA characterization) and a Poisson ratio ν

equal to 0.3.
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As for the boundary conditions, six independent load cases have been considered both
under DBCs and PBCs to completely determine the stiffness matrix of this material and to
derive its mechanical properties.

Table 1 summarizes the Young moduli (EX, EY, and EZ) and bulk moduli resulting
from the FE analyses above. The material properties calculated using DBCs are higher than
those calculated by PBCs. In this case, both the Young and bulk moduli are overestimated.
Notably, the two methods yield the same value for Young’s modulus only along the extru-
sion direction. This is intricately linked to the fact that the derived spinodal architecture
has a complex topology, and 3D printing technology cannot guarantee a material with
homogeneous behavior, as in the FE model. The print direction with parallel oblique lines,
as well as the thermal effects during printing, also influence the result. Nevertheless, the
goal of this work is to develop a reliable methodology for assessing the mechanical prop-
erties of metamaterials derived from the solution field of Equation (2), with the intention
of extending it to the more complex three-dimensional case. Indeed, the two-dimensional
case is easier to manage when identifying troubles in both the equation-solving algorithm
and the homogenization procedure.

Table 1. Mechanical properties (in GPa) resulting from the FE homogenization applying DBCs
and PBCs.

DBCs PBCs

EX 0.073 0.018
EY 0.383 0.319
EZ 0.949 0.949

GXZ 0.119 0.079
GYX 0.019 0.010
GYZ 0.294 0.162

For the sake of clarity, in Figure 6, bar plots are shown, visually proving this trend.
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3.2. Experimental Validation

By comparing the results summarized in Table 1 with the experimental data, it is
evident that periodic boundary conditions (PBCs) yield more accurate results, which aligns
well with the existing literature.
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Table 2 lists the Young moduli obtained from compressive tests and FE homogeniza-
tion using PBCs. Along the extrusion direction, the discrepancy between these results is
minimal. In contrast, along the other two directions, the discrepancy is greater but still
reasonable, considering that the tests have been conducted without LVDTs, which may
improve the accuracy.

Table 2. Comparison of Young’s moduli (in GPa) resulting from compression tests and FE homoge-
nization applying PBCs.

Test FEM ∆%

EX 0.020 0.018 9.55
EY 0.300 0.319 6.25
EZ 0.950 0.950 0.02

4. Conclusions
This work focuses on deriving a metamaterial based on the solution field of the

bidimensional Cahn–Hilliard equation, which models the spinodal decomposition process.
It is important to emphasize that the evolution of this phenomenon is of particular interest.
However, in our work, the interest in the chemical phenomenon itself is limited to the extent
that its solution is useful for modeling a metamaterial. The approach here used, based on
the finite difference method, can completely simulate this transformation as opposed to
the statistical method based on Gaussian random fields, which is commonly used in the
literature.

The process of creating the metamaterial involves converting the solution field into
a CAD model; to this end, a dedicated MATLAB (R2023b) code was developed. Subse-
quently, computational homogenization was performed by imposing both homogeneous
displacement and periodic boundary conditions. This dual approach was essential to
understand which method yields the most accurate results when dealing with complex
topologies such as those proposed in this paper. The homogenization procedure was
validated through experimental testing, which proved that periodic boundary conditions
provide more reliable results.

For future developments, the design of this metamaterial can be guided solely by
the two dimensionless parameters introduced in this study. This allows the mechanical
properties to be analyzed entirely through these parameters, enabling an inverse design
and homogenization of the metamaterial. Future work will involve extending the design
and analysis of a metamaterial derived from the 3D solution (Figure 7).
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