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Abstract

Bioprinting is an emerging technology belonging to the class of additive manu-
facturing (AM) techniques applied to the biofabrication of living tissues. Through
the computer-aided design (CAD), cell-laden biocompatible materials are deposited
layer-by-layer in 3D scaffolds, miming the complex 3D micro-environment of the
extra-cellular matrix (ECM), and allowing cells to proliferate, maturate, differen-
tiate and secrete its own ECM in order to achieve the tissue growth [1–3].

The main aims of bioprinting are declined in several research fields such as
tissues and organs transplantation [2], study of pathological conditions in human
diseases [4], drug discovery and personalized-medicines development [5], and more
recently printing of cultured meat [6] and support to the human space exploration
[7].

The main component of this technology is the bio-ink composed by the fluid
phase, made up of polymers cytocompatibles and additive chemicals to improve
the printing process, and by the solid phase represented by the cells of the specific
tissue to reproduce. Among all available bioprinting processes, they can be prin-
cipally grouped in three categories based on the printing physical principle: the
droplet-based bioprinting [8], which uses thermal, piezoelectric or acoustic sources
to generate and deposit droplets onto a substrate; the light-assisted bioprinting
[9], employing a laser source to irradiate a specific coated metal ribbon to pro-
duce droplets falling onto a substrate; the extrusion-based bioprinting (EB) [10],
which uses mechanical screw-driven motors or a pneumatic systems to extrudes
continuous filaments through a nozzle, usually a syringe equipped with a piston.

In particular, this thesis addresses the extrusion-based process which compared
to the other technologies presents the advantage to have an affordable and simple
setup, and a wide arrays of bio-inks in terms of viscosity and chemical properties.
It is a multi-disciplinary application across biology, chemistry, medicine and en-
gineering disciplines and it presents a multi-scale nature ranging between the cell
and the nozzle dimensions. Due to the high number of variables intervening during
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Abstract 6

Figure 1: Graphical abstract of the modelling approaches presented in this thesis.

the process and specific for each bio-ink, the experimental trial and error optimiza-
tion is very expensive. Therefore, computational models would allow to reduce the
optimization costs accelerating the scale-up process, and to better understand the
phenomena occurring during extrusion.

By focusing on the phase upstream the nozzle outlet, several works are present in
literature describing the extrusion process by assuming different rheological models
for the bio-ink and using different numerical techniques [11–15]. They consider the
bio-ink as a homogeneous fluid and characterize its rheological behaviour through
non-Newtonian inelastic models. Among the models used, the Bird-Cross-Carreau-
Yasuda (BCCY) model provides a more accurate relationship and better fitting
capabilities of experimental data. On the other hand, it necessitates an ad hoc
optimization procedure for the calibration of model parameters. This requirement
is due to its intrinsic problem of parameters identifiability as analysed by Gallagher
et al.[16], which could in addition determine unreliable flow solutions. Regarding
the fluid-structure interaction (FSI) analyses between the fluid and cells, so far only
few examples has been found in literature [17–19]. In particular, Abedini et al.[17]
analysed the cell viability of only a single cell aggregate flowing in a cylindrical
nozzle within a power law fluid, and Müller et al.[18] evaluated the stress and
strain only of a single cell flowing out the nozzle exit.

As shown in Fig. 1, the main aims of this thesis are:

• the presentation of an alternative rheological model developed to solve the pa-
rameters identifiability problem of the BCCY model, to have a more physical
rheological relationship, and to derive reliable and approximated analytical
solutions for bio-ink flows.

• the proposal of a quasi-analytical framework developed to provide a simple
and ready-to-use solution for bio-inks flowing in cylindrical and slightly ta-
pered nozzles.

• the presentation of a numerical FSI approach based on the immersed bound-
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ary method (IB) developed to have a more detailed description of stresses ex-
perienced by a population of cells during the extrusion through a convergent-
shaped nozzle and flowing in a BCCY fluid, at the expense of a higher com-
putational cost.

Specifically, the alternative model presents a more reliable physical interpreta-
tion of rheological parameters and very good fitting capabilities with a coefficient of
determination R2

LMAPE of 93.1 %. The quasi-analytical solution applied to cylin-
drical nozzles has been validated through parametric comparisons with numerical
results, showing in the worst case a maximum error on the extrusion velocity about
3.5 %. It has been also applied and validated to reproduce an experimental bio-
printing setup through a conical nozzle, giving a pressure drop 6.4 % greater than
the experimental value. Regarding the FSI model, the comparison between the
numerical results and the classic approach about the cell shear stresses shows a
very different behaviour. In the convergent region of the nozzle, the FSI analyses
report unsteady results with peak values of shear stresses. Next, in the following
needle part of the nozzle, the classic solution overestimates and underestimates the
mean and maximum shear stresses acting on cells respectively. In particular, the
maximum to mean shear stress ratio can reach a value of 328 %, highlighting the
need of a FSI approach to have a more accurate and detailed analysis of the cell
dynamics during the extrusion.

Keywords. Extrusion-based bioprinting; rheological modelling; quasi-analytical
solutions; FSI in particle flows; immersed-boundary method.
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Chapter 1

Introduction

This chapter introduces the main bioprinting technologies currently employed to
reproduce human tissues through the 3D printing of cell-laden scaffolds. It focuses
in particular on the extrusion-based bioprinting processe assisted by a pneumatic
system, namely through the application of a dispensing pressure on the printing
nozzle. The Section 1.2 briefly recalls the typology of used bio-inks made up by
the biocompatible polymeric fluid and cells. In particular, it describes the most
common hydrogel-based bio-inks and the crosslinking strategies adopted in extru-
sion process. Next, the Section 1.3 illustrates the biological structure of the human
eukaryotic cell. Then, the Section 1.4 presents a summary on the state-of-the-art
on the computational modelling of extrusion bioprinting. The chapter ends with
the thesis organization and goals reported in Section 1.5.

1.1 Bioprinting

Bioprinting is the class of tissue engineering technologies based on the additive
manufacturing process for the fabrication of cell-laden scaffolds. As shown for
example in Fig. 1.1, through the computer-aided (CAD) technology living material
is deposited layer-by-layer with an established organization [10, 20, 21].

The main aims of bioprinting technology are the tissues and organs transplan-
tation [2], the understanding of pathological conditions in human diseases [4, 23–
25], the study of drug action mechanisms and the development of patient-specific
medicines [5], and more recently the printing of cultured meat [6, 26]; furthermore,
since its relevant potentials this technology is also researched to support the human
space exploration [7, 27].

11



Chapter 1. Introduction 12

Figure 1.1: Bioprinting of a biological scaffold through the extrusion-based pro-
cess [22].

The suitable scaffold must guarantee an optimal 3D environment for cells to
adhere, proliferate, differentiate ans secrete extra cellular matrix [20], by satisfying
several and cross disciplinary requirements. It must have a favourable cytocompat-
ibility in terms of pH, absence of toxic agents, degradation capability in the human
body, by ensuring an optimal geometrical porosity and interconnectivity to allow
the oxygen and nutrient diffusion and metabolic waste removal. It must support
the cell adhesion, migration, vascularization and new tissue ingrowth. Further-
more, it must present a structural integrity to not collapse on itself, but at the
same time to be soft enough to limit cellular damages during the printing and to
increase the deposition velocity in order to scale-up the process.

Among all the bioprinting technologies, they can mainly be grouped in three
categories based on their printing principle [20, 28]: the droplet-based bioprinting
[8], which uses thermal, piezoelectric or acoustic sources to generate local pressure
increments in a cartridge containing the biomaterial to form and deposit droplets
onto a substrate with a volume in the magnitude order of pl; the light-assisted
bioprinting [9], which employs a laser source to irradiate a coated metal ribbon
overlying the biomaterial film to generate droplets settling onto a substrate; and
the extrusion-based bioprinting (EB) [10], which prints continuous filaments in
cylindrical form through a nozzle, usually a syringe, by using or a mechanical
screw-driven motor, or a pneumatic system through the application of a dispensing
pressure on a piston. In particular, this work is focused on the extrusion-based bio-
printing with a pneumatic system, which compared to the other processes present
the advantages to have an affordable and simple setup, a high deposition speed,
a room temperature process avoiding so thermal damages to the cells, and a wide
variety of printing materials in terms of viscosity and chemical properties [20]. On
the other hand, it is affected by a lower printing resolution (the smallest nozzle
diameter used is in the order of 100µm), the nozzle clogging defect at higher cell
densities, and the difficulty to print highly complex shapes with overhangs and
voids [29].

Regardless the specific technology used, the main component of bioprinting is
the bio-ink composed by the fluid phase, made up of polymers cytocompatibles
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and additive chemicals to improve the printing process, and by the solid phase
represented by the cells of the specific tissue to reproduce. Therefore, the bio-ink
has to satisfy simultaneously both types of requirements deriving from the specific
fabrication process chosen and from the biological constraints of cells [30]. So far,
a wide variety of bio-inks has been developed by the biological researchers working
in bioprinting field and they can be classified in four main categories [10]. The
first and most commonly used group is represented by the hydrogel-based bio-inks,
which thanks to their capability to retain a high water-content and to be degraded
upon chemical, physical, or enzymatic stimuli offer a suitable microenvironment
for the tissue growth. Then, there are the decellularized-extra cellular matrix
(dECM) bio-inks [31] obtained through the removal of cell content from the ECM
of tissue target. They naturally simulate the complex biological microenvironment
formed by the functional and structural proteins, but may cause immunoreactions
when implanted and present low mechanical properties, indedd they are usually
co-printed with other polymers such as the polycaprolactone (PCL) to obtain a
better structural integrity of the scaffold [32, 33]. Recently, another class of bio-inks
has been developed by using micro-carriers with different geometries to load and
cluster multiple cells together and print them by using a hydrogel medium. They
have a great potential to scale-up the process thanks to their high cell proliferation
properties but are still limited difficulty to degrade without generate toxic molecules
for cells and by the risk of nozzle clogging [10]. The last class is represented by
the cell aggregates (also termed cell constructs) composed by an extremely high
cell densities. They do not envisage the scaffold generation since they are usually
printed via tissue spheroids in a confined space to form in more rapid amount of time
the tissue generation, without expect the degradation of the hydrogel. Despite this
advantage they present loading problems in the bioprinter cartridge and a tendency
to fuse each other during the deposition process. Regarding the kind of cells to
load in the bio-ink they should be autologus and patient specific, and available
at high density in order to allow a suitable tissue growth [34]. The theoretically
could be collect directly as mature cells from the patient, but this method would
imply an invasive procedure and the risk of cell damage during the removal. Thus,
researchers usually sample stem cells which can be expanded and differentiated in
vitro in multiple cell lineages [35]. Commonly stem used are: embryonic stem cells
(ESCs), induced pluripotent stem cells (iPSCs) and multipotent adult stem cells
[36].

1.2 Hydrogels employed in bioprinting

The hydrogels are a class of materials characterized by hydrophilic polymer chains
with a high water content [37] which mimics the natural hydrated crosslinked net-
work of the extra-cellular matrix (ECM) [38]. They can be tailored by adding
cell-adhesion motifs and cell-proteolytic domains to improve their biological prop-
erties in terms of cell adhesion, proliferation and differentiation, and biodegrada-
tion allowing the cells to undergo self-assembly and self-organization to form the
own natural ECM. In addition, they usually present viscosity properties with a
shear-thinning behaviour which reduces the hydraulic resistance during the print-
ing process, resulting in a lower dispensing pressure and lower shear stresses applied
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to cells. Furthermore, thanks to their printability can be printed in vascularized
networks enabling the perfusion of cell culture media, nutrients, and metabolic
waste removal [39]. Based on the origin materials, the hydrogels can be divided
into two groups: the natural polymer-based hydrogels and synthetic polymer-based
hydrogels. The natural hydrogels in general present better biocompatibility char-
acteristics, but with lower mechanical properties. Common employed hydrogels
deriving from natural proteins are: the collagen, used for connective tissue regen-
eration with a low gelation temperature; and the gelatin (Gel), with a high num-
ber of cell adhesion motifs and a reversible thermal gelation due to the hydrogen
bonds [40], in addition it is approved by the Food and Drug Administration (FDA)
and it is widely used in the meat industry at low cost [41]. Then, other natural
polysaccharides-based hydrogels are: the alginate extracted from brown algae with
the main characteristic to have a fast gelation rate in ionic solutions such as CaCl2
baths; the hyaluronic acid (HA), used for cartilage and connective tissues; and
the chitosan, with antibacterial properties mainly used for wound dressing. While
the synthetic hydrogels present better mechanical properties and are more easily
processable with the different bioprinting processes. The most common synthetic
hydrogel used are: the polyethylene glycol (PEG), which can be crosslinked in ionic
solutions and it is approved by FDA; and the pluronic, formed by two hydrophilic
blocks (PEO) and a hydrophobic block (PPO) and presents a thermally sensitive
sol-gel transition.

In order to improve the structural stability of the hydrogel scaffold, beside to
modify the other process variables such as bio-ink composition determining its rheo-
logical behaviour, or varying the geometry of the scaffold, the most important strat-
egy is the crosslinking process [42] that consists of increasing the bonds between the
polymer chains. Depending on nature of the polymeric backbone and functional
groups, the hydrogels could be crosslinked through physical or chemical methods.
The physical crosslinking take places through the formation of not-covalent re-
versible bonds based on hydrogen bonds, hydrophobic effects, ionic bonds through
the use of polar solutions (e.g. for the alginate-based bio-inks crosslinked in CaCl2
baths), polymeric chain entanglements or thermally induced sol-gel transition (e.g.
for the gelatin-based bio-inks) [43]. They present a better cytocompatibility, even if
a lower mechanical improvement of the scaffold. While chemical crosslinking meth-
ods form stronger covalent and not reversible bonds, usually through the addition
of a crosslinker. One of the most common used crosslinker is the photoinitiator
methacrylate (MA) which is activated by the UV light exposure; for example, it
is added to gelatin (GelMA) and hylarunic acid (HA-MA) hydrogels to increase
their mechanical properties. Their drawback is the inclusion of chemical additives
which may be toxic for the cells. In extrusion-based bioprinting the crosslinking is
performed downstream the nozzle outlet, and it will not be taken into account in
this work.

1.3 Biological description of the human cell

The human cells are a complex and dynamic system. They are part of the eu-
karyotic cells class which are characterized by an internal nucleus as opposite to
the prokaryotic cells. The human cells have typically a mean diameter D̄cell =
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Figure 1.2: The main components of an eukaryotic cell: the phospholipid mem-
brane, the organelles immersed in cytoplasm and the nucleus [45].

5µm − 20 µm, and their dimensions can vary from the smallest ones with a
Dcell ' 2 µm, as for the sperm and red blood cells, to the biggest ones with a
Dcell ' 120 µm, as for the fat and oocyte cells [44]. Starting from outside towards
the inside, the essential parts of the human cell are the cellular membrane, the
cytoplasm with the immersed organelles and the nucleus as shown in Fig. 1.2.

The cell membrane chemically protects the internal environment from the out-
side space. It is mainly made up of phospholipids which have a hydrophilic head
and two hydrophobic fatty acid tails, which tend to shape a closed surface ex-
cluding water molecules from the hydrophobic part and forming a lipid bilayer.
In addition, there are also lipid cholesterol molecules in a minor part contribut-
ing to stiff the membrane. The lipid bilayer has a very small thickness of around
2 nm− 10 nm, and even if the water molecules inside and outside the cell prevent
the membrane lipids from leaving, nothing stop them to swap position each other,
giving the membrane a fluid behaviour [44, 46].

In the middle part of the cell there are the organelles, specialized subunits for
one or more specific functions (such as mitochondria, ribosomes etc.) which occupy
about the 10% of the cell volume and the cytoplasm representing the greater part
with a volume around 70% of the cell. The cytoplasm is composed by the cytosol, a
water-based gel mainly made up of water with large and small functional molecules,
and by the cytoskeleton [44]. The cytoskeleton is an intricate network of protein
filaments constituting the mechanical structure of the cell by supporting the large
volume of the cytoplasm. It is a not a static structure since the filaments assemble
and disappear their self in a matter of minutes depending on the external stimuli
and life functions of the cell. The cytoskeleton is anchored to the inner surface of the
cell membrane through the spectrin vertices. It is composed by the actin filaments,
responsible of the motion and contractive force of the cell, by the microtubules,
which help to sort the chromosomes during the cell division, and by the intermediate
filaments, which mechanically strength the cell and protect it from the mechanical
strains [44]. Then, there is the nucleus with a dimension about the 20% of the cell
volume, enclosed within two concentric membranes forming the nuclear envelope.
In the nucleus centre there is the nucleolus region wherein the ribomosomal RNA
is synthesized afterwards to form ribosomes. The whole nucleus is the information
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and control centre of the cell, storing the extremely long polymers of DNA that
become visible during the cellular mitosis phase by compacting in chromosomes
[44].

1.4 Computational modelling of extrusion bioprint-
ing

As described in Sections 1.1, 1.2,1.3, bioprinting is a multi-disciplinary application
across biology, chemistry, medicine and engineering disciplines. Furthermore, it
presents a multi-scale nature ranging between the cell and the nozzle dimensions.
Due to the high number of variables intervening during the process and specific
for each bio-ink, the experimental trial and error optimization is very expensive.
Therefore, computational models would allow to reduce the optimization costs
accelerating the scale-up process. In addition, they could help to have a better
understanding of phenomena taking places at cellular microscales since allowing to
characterize cell mechano-biological stimulus during extrusion. Among the different
bioprinting technologies described in the first paragraph of this chapter, this thesis
is focused on the extrusion-based bioprinting, and more specifically on the process
assisted by a pneumatic dispensing system.

Several computational approaches have been developed recently to provide in
silico answers to support the decision of extrusion bioprinting process variables [47–
49]. However, it is not possible to model with a single framework all the phases of
extrusion bioprinting process, namely the preprinting phase with the development
and characterization of bio-ink, the printing phase to form the biological scaffold
and the postprinting phase with the crosslinking and incubation stage [50]. The
extrusion of bio-ink is a fluid dynamic problem, with a fluid showing both non-
Newtonian inelastic and viscoelastic behaviours characterized by a non-linear me-
chanical response. Furthermore, it is a heterogeneous material mainly composed by
the two polymeric and cellular phases, and depending on the nozzle geometry, and
on the cell dimensions and density, fluid-structure phenomena may significantly in-
fluence the extrusion process. For example, the non-negligible cell dimensions could
decrease the flow section, causing a local velocity gradients increment correspond-
ing to greater shear stresses. Afterwards the nozzle outlet, two-phases interaction
takes place between the extruded filament and the surrounding air with the surface
tension phenomenon influencing the droplet/fiber deposition [48, 51]. Then, the
bio-ink is structurally stabilized by crosslinking mechanism which significantly alter
their mechanical behaviour, to a such point that is preferable to move from a fluid
dynamic description to one based on solid mechanics. After this point, cell activity
and tissue generation models should be introduced in the numerical framework to
describe the tissue growth.

By focusing on the phase upstream the nozzle outlet, several computational
models are present in literature to describe the extrusion process by assuming dif-
ferent rheological models for the bio-ink and using different numerical techniques.
Billiet et al.[11] and Chiesa et al.[12] carried out parametric analyses to study the
influence of printing parameters such as dispensing pressure, nozzle diameter, cell
density, and temperature on the scaffold printability, by describing the bio-ink vis-
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cosity through the non-Newtonian inelastic power law model and using a finite
element method (FEM) numerical solver (COMSOL). Gòmez et al.[13] analysed
the droplet/fiber formation and the influence of material viscosity on the dispens-
ing pressure by assuming a Newtonian behaviour for the bio-ink and adopting
a FEM solver (COMSOL) coupled with a level-set method (LT) to describe the
two-phase flows dynamics between the bio-ink and air. Ingelsten et al.[14] studied
the extrusion and laydown of fibers describing the fluid through the viscoelastic
PTT model, and using both a finite volume method (FVM) solver coupled the im-
mersed boundary technique (IB), and a volume of fluid method (VOF) to model the
two-phase flow. Williams et al.[15] analysed a two phase coaxial flow, comparing
immiscible and miscible computational models, describing the fluids with inelastic
rheological laws (Bird-Cross-Carreau-Yasuda (BCCY) and Carreau respectively),
by using a FVM solver (Ansys fluent) coupled with the VOF technique for the
immiscible analysis, and a FEM solver (COMSOL) for the miscible model. Re-
garding the fluid-structure interaction analysis between the fluid and cells, so far
only few examples has been found in literature [17–19]. Abedini et al.[17] assessed
the cell viability of only a single cell aggregate flowing in a cylindrical nozzle by
analysing its strains during the extrusion. They assumed a power law behaviour
for the fluid and a Neo-Hookean material model for the cell aggregate, consider-
ing as elastic constant values those of a single cell nucleus. About the numerical
treatment of the fluid-structure coupling at the interface, they used an arbitrary
Lagrangian-Eulerian (ALE) formulation. Müller et al.[18] evaluated cell stress and
strain caused by the elongational stresses of the flow at the nozzle exit, describing
the fluid rheological behaviour through the inelastic BCCY model and a hypere-
lastic neo-Hooken model for cells. They used a Lattice-Boltzmann solver coupled
with a IB algorithm for the fluid and a FEM solver for cells.

1.4.1 Limitations of the state-of-the-art

State-of-the-art approaches generally assume that the bio-ink is a homogeneous
fluid with a rheological behaviour described by the simple power law model [11, 12],
thus neglecting the viscosity plateau at low and high shear rates usually exhibited
by bio-inks. When more refined relationships are employed, the literature is limited
to the five-parameters BCCY model, such as in [15]. However, this approach
requires an ad hoc optimization procedure for the parameters calibration, since
it suffers from an intrinsic problem of parameters identifiability as reported by
Gallagher et al.[16], and it may lead to unreliable flow solutions (see results in
Section 3.4). Finally, very limited is the literature that considers the bio-ink as
heterogeneous and analyses the FSI between the fluid and cells. To the best of
author knowledge, only few studies are available, that is [17–19]. In detail, Abedini
et al.[17] evaluated the extrusion of a single cell aggregate flowing in a cylindrical
nozzle and immersed in a power law fluid, Das et al.[19] assume the fluid with a
Newtonian behaviour, whereas Müller et al.[18] analysed the extrusion of a single
cell within a BCCY fluid at the nozzle outlet.
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1.5 Thesis organization and goals

The work carried out in this research starts with the Chapter 2 introducing the
modelling assumptions made and the theoretical basis needed to develop the math-
ematical models presented. It describes the balance laws in fluid mechanics and
the non-Newtonian inelastic modelling of the generalized Newtonian fluids. In
particular, it presents the shear rate-based model (SRB) developed to solve the
indeterminacy problem own by one of the most used inelastic rheological model
present in literature (the BCCY model), with the aim to have a more physically-
consistent model, and to derive reliable and quasi-analytical solutions for bio-ink
flows. Next, it briefly describes the interaction phenomena occurring in multi-
phase flows made up of spherical particles dispersed in a Newtonian fluid. Then,
the Chapter 3 presents the quasi-analytical framework developed in order to have
a simple and ready-to-use solution considering the bio-ink as a homogeneous ma-
terial. It evaluates with a good accuracy the main flow problem variables such as
the extrusion velocity, the dispensing pressure, and the fluid shear stress applied
on cells as a function of nozzle geometries and of rheological material proprieties
of bio-ink. Specifically, it provides a quasi-analytical solution for inelastic fluids
flowing in cylindrical and slightly tapered nozzles, with an application of the lat-
ter case to an experimental setup. Then, the Chapter 4 presents the numerical
modelling of fluid-structure interaction implemented to accurately reproduce the
fully 3D phenomena occurring at local scale between the polymeric fluid and cells.
In particular, it is well known in literature the fluid shear stresses may cause cell
damages by decreasing the cell vitality and affecting its proliferation capability [49,
52–56]. They may cause cell apoptosis by triggering reactive oxigen species [57,
58], mechanobiological transduction signals in cells and nucleus [59, 60] or direct
deformation and rupture of cell membranes [61]. Therefore, through the developed
FSI model, a high-fidelity and quantitative measure of the shear stresses has been
performed, by statistically analysing the load history of a cell population, with
densities typically used in application, immersed in GelMA and extruded through
a nozzle with standard commercial sizes [49, 62]. In particular, the mean shear
stress acting on the cell surface and the maximum shear stress have been analysed
and compared with the classic estimate present in literature [49]. Finally, the thesis
concludes with a remark on the developed models and obtained results and with
the future steps.



Chapter 2

Theoretical framework

This chapter introduces the physical and mathematical background from which
the research work to model the extrusion bioprinting process started. The Section
2.1 describes the modelling assumptions made to develop the approaches presented
in the Chapter 3 and in the Chapter 4. Next, the Section 2.2 presents the con-
servation equations derived from the Reynolds transport theorem to describe the
fluid dynamics of the bio-ink through the Eulerian approach. Then, the Section
2.3 describes possible choices on the constitutive models used in the literature
to characterize the mechanics of bio-inks flow. In particular, it introduces the
shear rate based (SRB) model developed to solve the indeterminacy problem of
the BCCY model parameters [16], and to derive reliable and quasi-analytical so-
lutions for bio-ink flows presented in the next Chapter 3. The Section 2.4 reports
the Navier-Stokes equations governing bio-ink fluid dynamics. Finally, the Section
2.5 briefly recalls the dynamics of multi-phase flows describing the behaviour of
particles flowing in a confined fluid.

2.1 Modelling assumptions

This section presents the assumptions made to model the two phases of the bio-ink:
the fluid phase made up of the polymeric hydrogel, and the solid phase composed
by the cells.

Fluid phase. The mathematical frameworks presented in this thesis to model
the bio-ink flow dynamics are based on the hypothesis to consider its polymeric

19
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fluid phase as a continuum medium. It assumes that the local control volume
used to study the macroscopic physical quantities of the fluid (such as the velocity,
viscosity etc.) is small enough to analyse the local value of the of the quantity of
interest, and at the same time large enough to contain a large number of molecules
so that the molecular fluctuations have no effect on the value of the measured
physical quantity [63].

A useful dimensionless number which quantify the validity of the continuum
hypothesis is the Knudsen number, defined as the ratio between the mean free
path λ of molecules constituting the fluid and the characteristic length L of the
problem

Kn =
λ

L
. (2.1)

It is also used as reference to verify the no-slip boundary condition between the
fluid and a wall. Commonly, when Kn < 10−4 the continuum hypothesis and the
no-slip boundary conditions are assured [64].

In extrusion bioprinting based on hydrogel bio-inks, the main component of the
fluid phase is water [43, 65–67], which has a mean free path about λ ' 10−1 nm
[64]; and the lowest needle diameter commonly used is D ' 100µm [68]. Thus,
the Knudsen number is of the order of Kn = λ/D ' 10−6, thereby justifying the
continuum assumption made in the following models.

Solid phase. Regarding the immersed cells within the hydrogel and constituting
the solid phase of bio-ink they determine in general a multi-phase nature of the
bio-ink flow. In particular, by considering a typical cell density employed in bio-
printing of 106 cells/ml and a mean cell radius Rcell = 5µm (see Section 1.3), the
corresponding volume fraction of the solid phase results equal to 0.0523% � 1%,
thus indicating a disperse flow [69]. In this kind of flows, depending on the ratio
tcell/tF between the time tcell required for the cell to reach its steady velocity Vcell
within the nozzle, and the characteristic flow time tF = L/V0 with L ' 10mm the
nozzle length and V0 = 20mm/s the extrusion velocity, two main flow regimes can
develop. The first is the quasi-static regime, characterized by a tcell/tF � 1 and
a negligible influence of the dispersed phase (the cells) on the continuum phase
(the hydrogel). In this case the relative motion between the two phases can be
neglected. The second one is the transient regime characterized by a tcell/tF � 1
wherein the relative motion has to be taken into account since it affects the flow
dynamics [69]. In practice it is not possible to evaluate a priori the tcell and Vcell
values. Alternatively, the flow regime can be qualitatively predicted by the size
parameter

X =
Rcell
L

∣∣∣∣1− ρcell
ρ

∣∣∣∣ , (2.2)

and the density parameter

Y =

∣∣∣1− ρcell
ρ

∣∣∣
1 + 2ρcellρ

, (2.3)
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with ρ the density of the fluid phase and ρcell the density of the cellular solid phase.
When X/Y 2 � 1 the flow presents a quasi-static regime [69] and the bio-ink can
be modelled as a homogeneous fluid. Conversely when X/Y 2 & 1 the flow has a
transient regime and it has to be considered as a heterogeneous flow.

Considering the reference values above, and a ρcell = 1.1 ρ (the hydrogel is a
water-based fluid)[70–72], the ratio between the size and density parameters turns
out X/Y 2 = 5.12 · 10−2, indicating in this case the possibility to model the bio-ink
as a homogeneous fluid. This hypothesis has been assumed to develop the quasi-
analytical approach presented in the Chapter 3. Whereas, by considering larger
cells, for example with a Rcell = 15µm, the previous ration results X/Y 2 = 0.154
starting to undermine the homogeneous fluid assumption and suggesting to treat
the bio-ink as a heterogeneous flow. This case has been treated in the Chapter 4
wherein the cells have been modelled as deformable spheres immersed in a hydrogel.

2.2 Balance laws in fluid mechanics

Reynolds transport theorem. The fluid motion is governed by conservation
equations of physical quantities transported by the fluid which describe its evolution
in time and space.

Considering the fluid as a continuum media, it is possible to consider the set of
points constituting the volume occupied by the fluid as fluid elements, namely that
each point corresponds to a large quantity of fluid molecules. With this assumption
is possible to consider the variables associated to the physical quantities of interest
as continuous and differentiable functions.

Focusing on a control volume V of a space region of the moving fluid, it is
possible to analyse the variation of the extensive property Ψ of the fluid associated
to own specific field per mass unit ψ, namely

Ψ =

∫
V

ψρdV , (2.4)

where ρ is the mass density of fluid. The time variation of Ψ occurring within of
the control volume V can be evaluated through the Reynolds transport theorem
[63]

dΨ

dt
=

d

dt

∫
V

ρψdV =

∫
V

[∂ (ρψ)

∂t
+∇ · (ρψvvv)

]
dV , (2.5)

where vvv is the fluid velocity field.

Mass conservation. Applying the Eq. (2.5) to the fluid mass m, the conjugated
specific field turns out to be the unity ψ = 1, and the mass conservation equation
holds

dm

dt
=

d

dt

∫
V

ρdV =

∫
V

[∂ρ
∂t

+∇ · (ρvvv)
]
dV = 0 . (2.6)

An useful form of the previous equation is the differentiable form which can be
obtained considering the arbitrariness of the choice of the control volume V and
applying the localization lemma, obtaining the equation
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∂ρ

∂t
+∇ · (ρvvv) = 0 , (2.7)

also known as continuity equation.
In case of incompressible fluids with constant density ρ the previous equation

simplifies in

∇ · vvv = 0 , (2.8)

indicating in this case a solenoidal velocity field.

Momentum conservation. Considering the Newton’s second law applied to
control volume V , we obtain the momentum conservation equation. In this case,
the conjugated specific field of the momentum Q is the velocity ψ = vvv. This
equation states that the momentum variation of the fluid element is equal to the
sum of the resultants of volume forces Fv and of surface forces Fs applied to the
volume V

dQ

dt
=

d

dt

∫
V

ρvvv dV =

∫
V

ρfvdV +

∫
S

σσσndS = Fv + Fs , (2.9)

where fv is the volume force per mass unit, S is the boundary of V , namely S ≡ ∂V ,
and σσσ is the Cauchy stress tensor associated to the surface element dS with normal
n.

By applying the Reynolds transport theorem and the divergence theorem to the
surface integral term in Eq. (2.5), the momentum conservation equation holds∫

V

[∂ρvvv
∂t

+∇ · (ρvvvvvv)
]
dV =

∫
V

[
ρfv +∇ · σσσ

]
dV . (2.10)

Analogously to the previous case of mass conservation, by using the localization
lemma the differentiable form of the momentum conservation results

∂ρvvv

∂t
+∇ · (ρvvvvvv) = ρfv +∇ · σσσ . (2.11)

A simpler form of the previous equation can be obtained by using the mass con-
servation in Eq. (2.7) obtaining

ρ
∂vvv

∂t
+ ρ(vvv · ∇)vvv = ρfv +∇ · σσσ . (2.12)

The stress tensor σσσ results symmetric for the balance of the angular momentum
and in fluid dynamics it is usually decomposed in two terms

σσσ = −pI + τττ . (2.13)

The first term −pI is the hydrostatic part related to the internal pressure of the
fluid element p, it is evaluated through the first invariant I1 of the Cauchy stress
tensor

p = −I1
3

= −σx + σy + σz
3

, (2.14)
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and it quantifies the space average of normal stress distribution acting on the fluid
particle [63]. The second term τττ is the deviatoric part related to the velocity field
of the fluid element and to the tangential stresses acting on it.

Thus, by using the stress tensor decomposition in Eq. (2.13) and by neglecting
the volume force contributes, the momentum conservation Eq. (2.9) turns out into

ρ
∂vvv

∂t
+ ρ(vvv · ∇)vvv = −∇p+∇ · τττ . (2.15)

2.3 Constitutive models

To solve the momentum balance Eq. (2.15) a constitutive relationship between
the stress tensor σσσ, in particular its deviatoric part τττ , and the velocity field vvv
is needed. In fluid dynamics, the constitutive laws are also referred as rheological
models, and a first general classification is between viscous inelastic and viscoelastic
fluids. The former after the load removal do not show a deformation or a memory
effect and remain still. Frequent inelastic effects present in bio-inks are the shear
thinning (pseudoplastic fluid), shear thickening (dilatant fluid) and yield stress
(Bingham fluid) for example [73]. While the latter present memory effects with a
time dependent behaviour, and after the load removal show a deformation for a
specific relaxation time. In this work the bio-ink will be approximated as a viscous
inelastic fluid.

Generalized Newtonian fluids. The reference inelastic models are the gener-
alized Newtonian fluids which are an extension of Newtonian fluids [74]. Assuming
a homogeneous and isotropic fluid, these models present a constitutive relationship
for the deviatoric stress tensor

τττ = 2µ(γ̇)E− 2

3
µ(γ̇) (∇ · vvv) I , (2.16)

where I is the identity matrix, E is the strain rate tensor defined as the symmetric
part of the velocity gradient

E = Sym(∇vvv) =
∇vvv + (∇vvv)T

2
. (2.17)

µ(γ̇) is the fluid viscosity which is non-constant in general and it is in function of
the strain rate tensor magnitude γ̇ defined as

γ̇ =

√
1

2
||2E||2 =

√
2 Tr(EET ) =

√
2J2 , (2.18)

where J2 is the main second invariant of the strain rate tensor. In a classic Couette
flow in x direction with a velocity vector vvv = [vx 0 0]T and vx = αy, with α a
constant, the Eq. (2.18) reduces to the basic definition of shear rate γ̇ = |∂vx/∂y| =
|α|.

By assuming a fluid with constant density and using the Eq. (2.8), the consti-
tutive relationship Eq. (2.16) for Generalized Newtonian fluids simplifies into
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Figure 2.1: Rheological model examples. BCCY model: µ0 = 10 mPas, µ∞ =
1 mPas, λ = 5 s, n = 0.5, a = 2; Power law model: K = µ0λ

n−1 =
4.47 mPas0.5, n = 0.5.

τττ = 2µ(γ̇)E. (2.19)

The modelling of inelastic effects for non-Newtonian fluids is obtained through the
definition of specific rheological models correlating the strain rate tensor magnitude
to the corresponding viscosity value µ = µ(γ̇).

From the experimental viewpoint, the relationship between viscosity µ and shear
rate γ̇ for a viscous inelastic fluid can be obtained by means of rotational shear
test through a rheometer. By using conversion factors, the viscosity and shear
rate values can be derived from the measured torque and the applied rotational
speed. Thus, imposing different rotational speeds, relationship between µ and γ̇ is
obtained from Eq. (2.19) as µ(γ̇) = τ(γ̇)/γ̇, where τ is the deviatoric stress tensor

magnitude defined as τ =
√

1
2 ||2τττ ||

2
.

Power law model. The simplest inelastic rheological model is the two-parameters
power law model [75, 76]

µ = Kγ̇n−1 , (2.20)

where K is the consistency index (with units of Pasn) and n is the dimensionless
power law exponent describing the slope of the viscosity curve as shown in Fig.
2.1. Depending on the value of n, the fluid shows a shear-thinning/pseudo-plastic
behavior (for 0 < n < 1), a classical Newtonian behaviour with constant viscosity
(for n = 1), or a shear-thickening/dilatant response (for n > 1). Limitations of
this model are the singularity at zero shear rate and to do not well describe the
viscosity at high shear rates when compared with experimental data [16].
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Bird-Cross-Carreau-Yasuda model. A more accurate relationship is the five-
parameters Bird-Cross-Carreau-Yasuda model (BCCY) [16]

µ = µ∞ +
µ0 − µ∞

[1 + (λγ̇)
a
]
1−n
a

, (2.21)

where µ0 and µ∞ are the zero-shear rate and infinity-shear rate viscosity (Pas)
respectively, λ is the relaxation time constant (s), a a dimensionless parameter and
n is the power law index. The BCCY model is usually known in literature simply
as the Carreau-Yasuda model; but as analysed by Gallagher et al.[16] it was first
reported in the reference textbook of Bird et al.[74] and thus it is a combination
of the Cross, Carreau and Yasuda models.

As reported in Fig. 2.1, a fluid governed by a BCCY viscosity model behaves
as a Newtonian fluid with a constant plateau viscosity µ0 at low shear rates (γ̇ <<
1/λ), as a power law fluid at intermediate shear rates (γ̇ > 1/λ) with a K ' µ0λ

n−1

[74], and again as a Newtonian fluid but with viscosity µ∞ for high shear rates;
the parameters n and a regulate the transition between the power law region and
the two viscosity plateau. Considering a = 2 and a null infinite-shear rate viscosity
(i.e. µ∞ = 0 Pa s) Eq. (2.21) turns into the simpler three-parameters Carreau
equation [77]

µ =
µ0[

1 + (λγ̇)
2
] 1−n

2

. (2.22)

2.3.1 Shear rate based model

Despite the BCCY model is among the most effective ones in describing the shear
thinning behaviour and it has been applied in a wide range of applications (such
as blood flow modelling [78], plastic manufacturing [79], lubrificants production
[80] and food processing [81]), it requires an ad hoc optimization procedure for
the parameters calibration, since it suffers from an intrinsic problem of parameters
identifiability as reported by Gallagher et al.[16]. In particular, to small varia-
tions of the cost function value of the model calibration procedure may correspond
significant differences of tuned parameters and thus unreliable flow solutions [16].

Moreover, even considering simple geometries such as flat channel or a cylin-
drical pipe, the analytical solutions of the flow rate-pressure drop relationship and
velocity profiles are possible only for the power law [73] and Ellis models [82], and
not for BCCY-like models.

To overcome the indeterminacy problem of rheological parameters and to de-
rive a reliable and an approximated analytical solution for cylindrical and slightly
tapered nozzle flows, leading to the evaluation of the main flow problem variables
(as presented in Sections 3.2 and 3.3), an alternative rheological model has been
developed.

The model is based on an extension of the BBCY model in Eq. (2.21) which
can be rewritten in its equivalent form
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µ (γ̇) = (µ0 − µ∞)


1 +

[
δ

a
1−n +

(
γ̇
γ̇∞

)a] (1−n)
a

[
1 +

(
γ̇
γ̇0

)a] (1−n)
a

 , (2.23)

where δ = µ∞/(µ0 − µ∞), γ̇0 = 1/λ and γ̇∞ = γ̇0/(δ
1

1−n ). With this form it
is possible to estimate the corresponding shear rate value after which the second
Newtonian plateau µ∞ is approached. Even if this rewritten form of the BCCY
model allows an estimation of the infinity-shear rate γ̇∞ value, necessary for the
flow solution presented in Section 3.2, it still presents the inferring problem of the
model’s parameters reported by Gallagher et al.[16] and the requirement of an ad
hoc optimization procedure of parameter values.

Hence, in order to have a sound estimation of the γ̇∞ value directly derived
from the experimental data and to limit the indeterminacy problem of parameters,
the main idea is to replace µ∞ parameter of the BCCY model by inserting a second
time constant λ∞ (s)

µ (γ̇) = µ0

[
1 + (λ∞γ̇)

a

1 + (λ0γ̇)
a

] (1−n)
a

. (2.24)

In this way, as λ0 determines the beginning of the power law region in the BCCY
model (λ0 = λ), λ∞ models the power law region’s ending. In this manner, the two
characteristic shear rate values γ̇0 = 1/λ0 and γ̇∞ = 1/λ∞ are highlighted and the

corresponding infinity-shear rate viscosity results µ∞ = µ0 (γ̇0/γ̇∞)
1−n

. For this
reason, the model in Eq. (2.24) is referred to as the Shear Rate-Based model (SRB)
and besides allowing a direct evaluation of the γ̇∞, it reduces the identifiability
parameters’ problem and allows to derive a reliable and quasi-analytical solution
for bio-ink flows as shown in Section 3.4.

It is worth nothing that the SRB model can also describe two other possible
rheological behaviours of shear-thinning fluids. The first sub-model, corresponding
to the Yasuda model [83], applies to fluids with a viscosity characterized by an
initial constant plateau at low shear rates followed by a shear-thinning branch at
high shear rates. It is obtained from Eq. (2.24) with a λ∞ → 0 (corresponding to
a γ̇∞ →∞ and a µ∞ → 0)

µ (γ̇) =
µ0

[1 + (λ0γ̇)
a
]
(1−n)

a

. (2.25)

The second sub-model applies to fluids with a viscosity characterized by an initial
shear-thinning branch and a final constant plateau. It is obtained from Eq. (2.24)
by neglecting the first Newtonian behaviour at µ0 viscosity, namely by neglecting
the 1/ (λ0γ̇)

a
contribute at the denominator, by obtaining a consistency index

K = µ0/λ
1−n
0 (Pa · sn)

µ (γ̇) =
K

γ̇1−n [1 + (λ∞γ̇)
a
]
(1−n)

a . (2.26)
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2.4 Navier-Stokes equations

The substitution of the Generalized Newtonian fluids definition in Eq. (2.16) into
the momentum balance Eq. (2.15) leads to

ρ
∂vvv

∂t
+ ρ(vvv · ∇)vvv = −∇p+∇ · [2µ(γ̇)E]− 2

3
∇ · [µ(γ̇) (∇ · vvv) I] , (2.27)

which are known as the Navier-Stoke equations, valid for non-Newtonian inelastic
fluids, with non-constant viscosity. By considering incompressible fluids with a
solenoidal velocity field ∇ · vvv = 0, such as the bio-inks used in bioprinting, the
previous equation simplifies into

ρ
∂vvv

∂t
+ ρ(vvv · ∇)vvv = −∇p+∇ · [2µ(γ̇)E] . (2.28)

By rewriting the viscosity law for a generic inelastic fluid as

µ(γ̇) = µref + ∆µ(γ̇) , (2.29)

where µref is a reference viscosity constant, the Navier-Stokes equations turns into

ρ
∂vvv

∂t
+ ρ(vvv · ∇)vvv = −∇p+ µref∇2vvv +∇ · [2∆µE] . (2.30)

For BCCY-type models a common choice (adopted in what follows) is µref = µ∞.

2.4.1 Non-dimensional form

Usually, the Navier-Stokes equations are solved in non-dimensional form in order
to have a better and more general understanding of the phenomena taking place as
a function of non-dimensional numbers (e.g. the Reynolds number), both through
analytical or numerical methods. They are obtained by scaling the problem vari-
ables by reference values which depend on the specific case. Considering a fluid
flowing in a pipe such as for the extrusion bioprinting process, by choosing as refer-
ence values a diameter D of the nozzle outlet, an extrusion velocity V0, a pressure
p0 = ρV 2

0 and an infinity-shear rate viscosity µ∞ of the bio-ink, the corresponding
non-dimensional form of Navier-Stokes Eqs. (2.30) together the mass conservation
Eq. (2.8) result

∂vvv′

∂t′
+ (vvv′ · ∇′)vvv′ = −∇′p′ + 1

Re∞
∇′2vvv′ + 1

Re∞
∇′ · [2∆′µ′E′] , (2.31)

∇′ · vvv′ = 0 , (2.32)

where ∇′ = ∇/D, vvv′ = vvv/V0, t′ = tV0/D, p′ = p/(ρV 2
0 ), ∆µ/µ∞, and Re∞ =

ρV0D/µ∞ is the Reynolds number referred to the infinity-shear rate viscosity µ∞.
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2.5 Extrusion bioprinting as particulate flows

As described in Section 2.1, depending on the size parameter X and the density
parameter Y of the cells suspended within the bio-ink, the extrusion bioprinting
can be modelled either as a homogeneous flow, or as a heterogeneous particulate
flow [84, 85]. In general cells have a geometrical shape depending on their own
phenotype [44], and thus specific to each printed tissue; but as first study, they
can be modelled as spherical capsules [86–88]. The following paragraph briefly
describes the interaction phenomena occurring in multi-phase flows made-up of
suspended spherical particles flowing in a confined liquid channel studied to better
understand the results presented in the Chapter 4.

Radial equilibrium position. Considering the case of neutrally buoyant par-
ticles flowing in a confined channel (both with a circular or rectangular section)
in a low Re number regime, such for the extrusion bioprinting process, if the flow
is modelled as a Stokes flow without the convective-inertial terms, theoretically a
particle will not cross fluid streamlines since the reversibility properties of the lin-
ear Stokes equation [89–91]. But because of presence oft small but not zero inertial
terms of the Navier-Stokes equations, a spherical rigid particle flowing in a pipe
experiences two kinds of lift force. A shear-induced inertial lift force, also known as
tubular pinch, directed towards the nozzle wall and caused by the parabolic lami-
nar Poiseuille flow; and a wall-induced inertial lift force towards the axis caused by
the asymmetric waves around the particles near the wall. The balance of the two
forces leads the particle to reach a radial equilibrium position away from the nozzle
axis [92, 93]. Indeed, the first evidence of the particle radial migration has been
reported by the experimental work of Segré and Silberberg [94] for a dilute sus-
pension of neutrally buoyant particles with a particle diameter to nozzle diameter
ratio ranging between Dp/D = 0.07−0.1, where they reported a radial equilibrium
position req = 0.6D/2. Next, Han et al.[95] demonstrated that the radial migra-
tion appears also for particle suspensions with a volume ratio value up to φ = 0.2.
Regarding the theoretical modelling, Saffman developed a solution with a lift force
of the particle proportional to its slip velocity relative to the streamlines passing
through its centre [90, 96]. Then, other experiments showed that particles lagging
the fluid velocity have an equilibrium position shifted towards the axis, contrarily
to particles leading the flow with an equilibrium position shifted towards the noz-
zle wall (see the references in [90]). In addition, Matas et al.[90] reported that for
particle flows with particle diameter ranging between Dp/D = 0.02− 0.12 , if the
fluid velocity and thus the Reynolds number are increased, the radial equilibrium
position moves closer to the wall than 0.6D/2, and that heavier particles present
the same equilibrium position. In all these cases, the radial equilibrium position
is highly influenced by the particle relative size to the nozzle diameter Dp/D, and
specifically from the particle Reynolds number defined as Rep = Re(Dp/D)2.



Chapter 3

Quasi-analytical modelling

This chapter presents the quasi-analytical models developed to analyse the bio-
ink flow during the extrusion process. They assume the bio-ink as a disperse flow
with a quasi-static regime with a negligible influence of the dispersed phase (the
cells) on the continuum phase (the hydrogel), and therefore describing the bio-ink
as a homogeneous fluid (see Section 2.1). The models presented are derived from
the Stokes flow approximation valid at low Reynolds numbers, and describe the bio-
ink’s rheological behaviour through non-Newtonian inelastic constitutive models.
The Section 3.1 introduces the piecewise model (PWM) approximation necessary
to derive the quasi-analytical solutions for inelastic fluids flowing in cylindrical and
slightly tapered nozzles presented respectively in Sections 3.2 and 3.3. Then, the
Section 3.4 presents the obtained results, and the Section 3.5 reports the validation
of the developed models.

3.1 Piecewise rheological approximation

The rheological SRB model in Eq. (2.24) can be approximated with a piecewise
model (PWM) approximation

µ (γ̇) =


µ0 for γ̇ ≤ γ̇0, τ ≤ τ0
Kγ̇n−1 for γ̇0 < γ̇ ≤ γ̇∞, τ0 < τ ≤ τ∞
µ∞ for γ̇ > γ̇∞, τ > τ∞

, (3.1)

where K = µ0λ
n−1
0 = µ∞λ

n−1
∞ (Pa · sn) is the consistency index and µ∞ =

µ0 (γ̇0/γ̇∞)
1−n

(Pa · s) is the infinity-shear rate viscosity. From Eq. (3.1) shear

29
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Figure 3.1: SRB model: µ0 = 10 mPas, λ0 = 5 s, λ∞ = 0.05 s, n = 0.5, a = 2;
PWM approximation: µ0 = 10 mPas, γ̇0 = 0.2 s−1, γ̇∞ = 20 s−1,
n = 0.5, K = 4.47 mPas0.5.

stresses read

τ (γ̇) =


µ0γ̇ for γ̇ ≤ γ̇0, τ ≤ τ0
Kγ̇n for γ̇0 < γ̇ ≤ γ̇∞, τ0 < τ ≤ τ∞
µ∞γ̇ for γ̇ > γ̇∞, τ > τ∞

, (3.2)

where τ0 = µ0γ̇0 (Pa) and τ∞ = µ∞γ̇∞ (Pa) are denoted as the zero-shear rate
stress and the infinity-shear stress respectively.

This approximation identifies three main viscosity regions depending on the
working shear rates and shear-stress applied to the fluid: an initial constant New-
tonian viscosity region characterized by µ0, an intermediate power-law viscosity
region characterized by K and n, and a final constant Newtonian viscosity region
characterized by µ∞. In the (µ, γ̇) graph, these three regions are represented by
three lines intersecting at two points

X0 = (γ̇0, µ0) , X∞ = (γ̇∞, µ∞) , (3.3)

and in the (τ, γ̇) graph, at two points

Y0 = (γ̇0, τ0) , Y∞ = (γ̇∞, τ∞) , (3.4)

as shown in Fig. 3.1.
A similar approximation has been reported also by Müller et al.[97] for the

shear stress analysis in cylindrical nozzles used in bioprinting.
Furthermore it is noteworthy that the viscosity function µ (γ̇) can be interpreted

as the transfer function between the stress τ of the fluid and the applied shear rate γ̇.
With the rheological model in Eq. (2.24) it is possible to highlight the characteristic
values of the viscosity transfer function: µ0 assumes the meaning of a static gain
and the shear rate values γ̇0 = 1/λ0

(
s−1
)

and γ̇∞ = 1/λ∞
(
s−1
)

behave like a
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pole and a zero respectively. It is noteworthy that, the PWM approximation in
Eq. (3.1) can be seen as the Bode diagram for viscosity.

The PWM rheological form in Eqs. (3.1)-(3.2) will be used to derive semi-
analytical solutions of fluid flow within cylindrical and slightly tapered nozzles,
respectively in Sections 3.2 and 3.3.

3.2 Viscous-inelastic flows in cylindrical nozzles

By considering a bio-ink flow in a cylindrical nozzle with inner radius R and length
L � R in a cylindrical coordinate system, and an axial symmetric stationary
flow, the velocity solution is vvv = [0 0 vz (r)]

T
. Furthermore, the only non-zero

component of the deviatoric stress tensor is τzr, and the strain-rate tensor mag-
nitude in Eq. (2.18) is equal to the absolute value of the shear rate component
γ̇ = |γ̇zr| = |2Ezr| =

∣∣∂vz
∂r

∣∣. Thus, through a force equilibrium in the axial compo-
nent of a cylindrical control volume of length L and radius r, the scalar relationship
between τzr and γ̇zr reads [98, 99]

τzr (r) = −∆p

2L
r = µ (γ̇) γ̇zr (r) = µ (γ̇)

∂vz (r)

∂r
, (3.5)

where ∆p is the pressure drop between the inlet and the outlet of the nozzle.
By inserting the above assumptions in the momentum balance Eq. (2.15) the

left-hand side inertial terms are null (Stokes flow equation) and the pressure solu-
tion results

r)
∂p

∂r
= 0 −→ p = f1(θ, z) (3.6a)

θ)
∂p

∂θ
= 0 −→ p = f1(r, z) = f1(θ, z) = f1(z) (3.6b)

z)
∂p

∂z
=

1

r

∂

∂r
(rτzr(r)) = g1(r) =

∂f1(z)

∂z
= const = c1 (3.6c)

which implicates a linear variation of the pressure along the axis

p(z) = c1z + c0 = −∆p

L
z + pin (3.7)

where pin is the pressure value at the nozzle inlet.
From Eq. (3.5) and by using the PWM approximation in Eq. (3.2), it is possible

to determine the two radius values R0 and R∞ delimiting the three annular sections
of the three viscosity regions (see Fig. 3.2(c))

R0 =
2L

∆p
τ0 , R∞ =

2L

∆p
τ∞ . (3.8)

Depending on the operating conditions of the extrusion process (∆p, flow rate Q),
the needle geometry (R, L) and the rheological properties of the fluid (τ0, τ∞),
according to the PWM approximation three main flow conditions can develop as
represented schematically in Fig. 3.2:
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(a) (b) (c)

Figure 3.2: The three main flow conditions of PWM approximation: (a) Low-
shear rate flow, (b) Medium-shear rate flow, (c) High-shear rate flow.

• a low-shear rate (LSR) flow characterized by Newtonian behaviour with a
wall shear rate |γ̇wall| ≤ γ̇0 and a wall shear-stress |τwall| = ∆pR/(2L) ≤ τ0
(Fig. 3.2(a);

• a medium-shear rate (MSR) flow characterized by a mixed Newtonian/power-
law behaviour with a γ̇0 < |γ̇wall| ≤ γ̇∞ and a τ0 < |τwall| ≤ τ∞ (Fig. 3.2(b);

• and a high-shear rate (HSR) flow characterized by a mixed Newtonian/power-
law/Newtonian behaviour with a |γ̇wall| > γ̇∞ and a wall shear-stress |τwall| >
τ∞ (Fig. 3.2(c).

For example, for a given geometry and fluid, by increasing the pressure drop ∆p
the R0 and R∞ values decrease and the flow gradually passes from the condition
in Fig. 3.2a to the one in Fig. 3.2c.

By integrating Eq. (3.5) along the radius and imposing the symmetric flow
boundary condition (i.e. ∂vz/∂r|r=0 = 0), the no-slip boundary condition at the
wall (i.e. vz (R) = 0) with the continuity condition between each viscosity zone (i.e.,
vz,LSR (R0) = vz,MSR (R0) and vz,MSR (R∞) = vz,HSR (R∞)), the expressions of
the velocity, shear rates and flow rates can be obtained, reading:

• Low-shear rate (LSR) flow, |γ̇wall| ≤ γ̇0, |τwall| ≤ τ0

vz,LSR (r) =
∆pR2

4Lµ0

[
1−

( r
R

)2
]
, γ̇zr,LSR (r) = − ∆p

2Lµ0
r, (3.9a)

Q = QLSR =

∫ R

0

2πrvz,LSRdr =
∆pπR4

8Lµ0
. (3.9b)

• Medium-shear rate (MSR) flow, γ̇0 < |γ̇wall| ≤ γ̇∞, τ0 < |τwall| ≤ τ∞
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For r ≤ R0,

vz,LSR (r) = A0 −
∆p

4Lµ0
r2, γ̇zr,LSR (r) = − ∆p

2Lµ0
r, (3.10a)

QLSR =

∫ R0

0

2πrvz,LSRdr = πR2
0A0 −

∆pπR4
0

8Lµ0
, (3.10b)

A0 =
1

α

(
∆p

2LK

) 1
n

(Rα −Rα0 ) +
∆pR2

0

4Lµ0
; (3.10c)

for r > R0,

vz,MSR (r) =

(
∆p

2LK

) 1
n Rα − rα

α
, γ̇zr,MSR (r) = −

(
∆p

2LK

) 1
n

r1/n,

(3.10d)

QMSR =

∫ R

R0

2πrvz,MSRdr =
2π

α

(
∆p

2LK

) 1
n

[
Rα
(
R2 −R2

0

)
2

− Rβ −Rβ0
β

]
,

(3.10e)

Q = QLSR +QMSR. (3.10f)

• High-shear rate (HSR) flow, |γ̇wall| > γ̇∞, |τwall| > τ∞

For r ≤ R0,

vz,LSR (r) = A0 −
∆p

4Lµ0
r2, γ̇zr,LSR (r) = − ∆p

2Lµ0
r, (3.11a)

QLSR =

∫ R0

0

2πrvz,LSRdr = πR2
0A0 −

∆pπR4
0

8Lµ0
, (3.11b)

A0 =
1

α

(
∆p

2LK

) 1
n

(Rα∞ −Rα0 ) +
∆p

4L

(
R2

0

µ0
+
R2 −R2

∞
µ∞

)
; (3.11c)

for R0 < r ≤ R∞,

vz,MSR (r) = − 1

α

(
∆p

2LK

) 1
n

rα +A1, γ̇zr,MSR (r) = −
(

∆p

2LK

) 1
n

r
1
n ,

(3.11d)

QMSR =

∫ R∞

R0

2πrvz,MSRdr = A1π
(
R2
∞ −R2

0

)
− 2π

αβ

(
∆p

2LK

) 1
n (

Rβ∞ −R
β
0

)
,

(3.11e)

A1 =
∆p

4Lµ∞

(
R2 −R2

∞
)

+
1

α

(
∆p

2LK

) 1
n

Rα∞; (3.11f)
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for r > R∞,

vz,HSR (r) =
∆p

4Lµ∞

(
R2 − r2

)
, γ̇zr,HSR (r) = − ∆p

2Lµ∞
r, (3.11g)

QHSR =

∫ R

R∞

2πrvz,HSRdr =
∆pπ

8Lµ∞

(
R2 −R2

∞
)2
, (3.11h)

Q = QLSR +QMSR +QHSR, (3.11i)

where α = (n+ 1)/n and β = (3n+ 1)/n.

Regarding the SRB sub-models in Eqs. (2.25, 2.26) both cases can be described
by the PWM approximation in Eq. (3.1). In particular, the flow expressions in
Eqs. (3.9-3.10) also apply to the sub-model in Eq. (2.25), since it can been seen as
the SRB model in Eq. (2.24) with a γ̇∞ → ∞ and therefore with a τ∞ → ∞ and
a R∞ →∞.

Whereas for the sub-model in Eq. (2.26), the analytical expressions of the
velocity profiles, shear rate profiles and flow rates are similar to the Eqs. (3.10)-
(3.11).

Damage wall-shear stress value. In the extrusion bioprinting process, it is
desirable to limit the shear stress acting on cells and its maximum value occurring
at the nozzle wall (the wall-shear stress, see Eq. (3.5)), since they may cause cell
damages [49, 52–56]. The SRB model and PWM approximation allow to design
a safety operating condition to limit the wall-shear stress during the extrusion.
For example, by taking as reference the infinity-shear stress τ∞ of the SRB model,
considering a damage shear stress of the cell τdam. = φτ∞ with φ R 1 corresponding
to the the scalar ratio between τdam. and τ∞, through the PWM approximation
a safety operating condition could be to ensure a wall-shear stress lower than the
damage shear stress of the cell, reading

τmax = τwall =
∆p

2L
R ≤ τdam. = φτ∞ = φµ0γ̇0

(
γ̇∞
γ̇0

)n
. (3.12)

Eq. (3.12) establishes a relation between the operating conditions ∆p (or im-
plicitly Q), the needle geometry L and R, the rheological properties of the fluid
(µ0, γ̇0, n, γ̇∞), and the damage shear stress of the cell (φ = τdam./τ∞).

The corresponding damage extrusion velocity V̄dam. can be computed from the
flow rate Eqs. (3.9b), (3.10f), (3.11i) depending on the value of φ, reading

V̄dam. =
Q(∆p

L |dam.)
πR2

,
∆p

L

∣∣∣∣
dam.

=
2φµ0γ̇0

R

(
γ̇∞
γ̇0

)n
. (3.13)

A parametric analysis of the damage extrusion velocity V̄dam. has been carried out
in Section 3.4.
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Figure 3.3: A tapered nozzle geometry.

3.3 Viscous-inelastic flows in slightly tapered noz-
zles

This section presents the solution of a flow in a slightly tapered nozzle. Initially a
Newtonian fluid is addressed then, of a power law fluid is considered. Finally, the
flow solution of a non-Newtonian inelastic fluid described by a PWM approximation
in Eq. (3.1) is presented.

Conical flow of a Newtonian fluid. The first analysis regards the flow of a
Newtonian fluid in a slightly tapered channel, for example within a cone with a
linear reduction of the radius

R(z) = Rin − z tan θ ' Rin − θz, (3.14)

with a length L, an inlet and outlet radii Rin and Rout respectively and a small
opening angle θ ' (Rin − Rout)/L, as reported in Fig. 3.3. The following demon-
stration of the Newtonian case is based on that one reported in [74] and derived
from the lubrification approximation [100]. The cross section reduction requires a
not null flow in the radial direction and an acceleration along the axis. By using
a cylindrical coordinate system and assuming an axial symmetric stationary flow,
the velocity solution is vvv = [vr(r, z) 0 vz(r, z)]

T . The corresponding mass and
momentum conservation Eqs. (2.8), (2.30) (considering µref = µ and ∆µ = 0)
result

1

r

∂

∂r
(rvr) +

∂vz
∂z

= 0 , (3.15a)

r) ρ

(
vr
∂vr
∂r

+ vz
∂vr
∂z

)
= µ

[
∂

∂r

(
1

r

∂

∂r
(rvr)

)
+
∂2vr
∂z2

]
− ∂p

∂r
, (3.15b)

z) ρ

(
vr
∂vz
∂r

+ vz
∂vz
∂z

)
= µ

[
1

r

∂

∂r

(
r
∂vz
∂r

)
+
∂2vz
∂z2

]
− ∂p

∂z
. (3.15c)
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By performing an order of magnitude analysis, the axial velocity and its axial
derivative can be estimated as [74]

vz ∼ O
(

Q

πR2
out

)
= O (Vz) , (3.16a)

∂vz
∂z
∼ O

(
1

L

(
Q

πR2
out

− Q

πR2
in

))
= O

(
Vz
L

(
1− χ2

))
, (3.16b)

where Q is the flow rate, Vz is the reference axial velocity value, Rin and Rout the
inlet and outlet radius and χ = Rout/Rin. Then, from the mass conservation Eq.
(3.15a) the estimate of the reference radial velocity Vr turns out

O (Vr/Rout) +O

(
Vz
L

(
1− χ2

))
= 0 −→ Vr = Vz

Rout
L

(
1− χ2

)
. (3.17)

Next, for the momentum balance equation, by neglecting the smaller terms such
as the second viscous terms in the square brackets, the magnitude order analysis
results

r) O

(
ρV 2

z Rout
L2

(
1− χ2

))
= O

(
µVz
RoutL

(
1− χ2

))
+O

(
∂p

∂r

)
, (3.18a)

z) O

(
ρV 2

z

L

(
1− χ2

))
= O

(
µVz
R2
out

)
+O

(
∂p

∂z

)
. (3.18b)

Thus, the comparison of the inertial to the viscous terms gives the following rela-
tionship

O (inertial terms)

O (viscous terms)
= Re

Rout
L

(
1− χ2

)
, (3.19)

with the Reynolds number defined as Re = ρVzRout/µ.
In case of bioprinting flows, the previous equation indicates the inertial terms are

negligible than the viscous ones, since the Re numbers are almost always lower than
1 (Re� 1), due to the high viscosity values and small velocities and diameters. But
it is worth nothing that even with non-negligible Reynold numbers, the geometrical
factor Rout(1−χ2)/L ensures the negligibility of the inertial terms. Furthermore, in
case of a cylindrical nozzle (χ = 1) it returns that the inertial terms are identically
null as in Eqs. (3.6).

Next, the comparison of the pressure gradients terms turns out

O

(
∂p

∂r

)
O

(
∂p

∂z

) =
Rout
L

(
1− χ2

)
, (3.20)
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showing that in case of a slightly tapered nozzle also the radial pressure gradient
can be neglected.

Thus, by neglecting the smaller terms the momentum balance Eqs. (3.15b)-
(3.15c) result

r)
∂p

∂r
' 0 −→ p(r, z) ' p(z) , (3.21a)

z)
∂p

∂z
' dp

dz
' µ

[
1

r

∂

∂r

(
r
∂vz
∂r

)]
, (3.21b)

which are the equivalent form of the Eqs. (3.6) of the cylindrical case for a New-
tonian fluid.

The integration of the Eq. (3.21b) in an arbitrary axial section of the nozzle with
the application of the symmetric flow boundary condition (i.e. ∂vz/∂r|r=0 = 0)
and the no-slip boundary condition at the wall (i.e. vz(r = R(z), z) = 0) gives the
flow rate equation

Q = −dp
dz

(z)
πR4(z)

8µ
, (3.22)

which is equivalent to the Hagen-Poiseuille law for cylindrical flows, but with the
substantial difference of a non-constant radius. Therefore, also the pressure gradi-
ent varies along the axis in order to satisfy the flow conservation in each section.
Thus, given a flow rate value, from the previous equation and by knowing the ge-
ometric function describing the cross section variation of the nozzle along the axis
in Eq. (3.14), the pressure solution results

p(z) = pin −
Q8µ

π3θ

[
1

(Rin − θz)3
− 1

R3
in

]
= pin −

Q8µ

πR4
in

z

[
1 +

2θz

Rin
+

∞∑
m=3

(
−3

m

)
(−1)m

3

(
θz

Rin

)m−1
]
,

(3.23)

where in the third member assuming a |θz/Rin| < 1 the Taylor expansion has
been applied to highlight the conical contribution with respect to the cylindrical
case (with a linear variation of the pressure), which vanishes for a null taper angle
θ = 0◦.

Next, the velocity, shear rate, shear stress and flow rate solutions turn out
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vz(r, z) = −dp
dz

(z)
R2(z)

4µ

[
1−

(
r

R(z)

)2
]

= 2V̄ (z)

[
1−

(
r

R(z)

)2
]
, (3.24)

γ̇zr(r, z) ' γ̇(r, z) = − 4Qr

πR4(z)
= −4V̄ (z)r

R2(z)
, (3.25)

τzr(r, z) ' τ(r, z) = − 4Qµr

πR4(z)
= −4V̄ (z)µr

R2(z)
, (3.26)

Q = −dp
dz

(z)
πR4(z)

8µ
=

∆p

L

3π (Rin −Rout)

8µ
(

1
R3

out
− 1

R3
in

) =
∆p

L

πR4
in

8µ

(
1− 1 + χ+ χ2 − 3χ3

1 + χ+ χ2

)
,

(3.27)

where V̄ (z) is the mean velocity in the specific axial section.
By summarizing, the conical flow for a Newtonian fluid can be described by the

same governing equations of a flow in a cylindrical nozzle. In particular,the axial
momentum balance Eq. (3.21c) is equivalent to Eq. (3.6), as long as the conditions
in Eqs. (3.19), (3.20) are satisfied. In this case, the radial velocity component and
gradient pressure variation can be neglected in relation to the homologous axial
counterparts. The axial velocity assumes a parabolic profile linearly proportional
to the mean velocity value in each section as in the cylindrical case, and the main
difference is in the pressure solution with a non-constant axial pressure gradient
along the nozzle axis.

Conical flow of a power law fluid. As for the previous case of a Newtonian
fluid, by using a cylindrical coordinate system and assuming a stationary flow, the
velocity solution sought is vvv = [vr(r, z) 0 vz(r, z)]

T . Given the same assumptions
on the nozzle geometry with a slight taper angle θ, the magnitude relations in
Eqs. (3.16), (3.17) derived from the mass conservation equation are still valid. The
corresponding strain rate tensor results

E =

Err 0 Ezr
Eθθ 0

sym Ezz

 =


∂vr
∂r

0
1

2

(
∂vr
∂z

+
∂vz
∂r

)
vr
r

0

sym
∂vz
∂z

 , (3.28)

with a magnitude order analysis equal to

O (E) =


O

(
Vz(1− χ2)

L

)
0 O

(
Vz
Rout

)
O

(
Vz(1− χ2)

L

)
0

sym O

(
Vz(1− χ2)

L

)

 . (3.29)
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By comparing each components, it is possible to note how the greatest term is
Ezr ' ∂vz/∂r, which allows to approximate the strain rate tensor norm as in the
cylindrical case in Eq. (2.18)

γ̇ '
∣∣∣∣∂vz∂r

∣∣∣∣ . (3.30)

From the constitutive law, by assuming a non-Newtonian fluid described by the
power law model in Eq. (2.20)

µ(γ̇) = Kγ̇n−1 , (3.31)

the corresponding stress tensor turns out

τττ = 2µ(γ̇)E = 2Kγ̇n−1E =

 τrr 0 τzr
τθθ 0

sym τzz

 , (3.32)

with a corresponding magnitude order analysis equal to

O (τττ) =

O (ζ) 0 O

(
K

(
Vz
Rout

)n)
O (ζ) 0

sym O (ζ)

 , (3.33)

where ζ = K

(
Vz
Rout

)n
Rout(1− χ2)

L
.

It is worth nothing that how for a null taper angle (i.e. θ = 0◦, χ = 1), the
diagonal components of the strain rate and stress tensors vanish as in the case of
a flow in a cylindrical nozzle.

Then, the momentum balance Eqs. (2.15) expressed in term of the stress tensor
components result

r) ρ

(
vr
∂vr
∂r

+ vz
∂vr
∂z

)
=

[
1

r

∂

∂r
(rτrr) +

∂τzr
∂z
− ∂τθθ

∂r

]
− ∂p

∂r
, (3.34a)

z) ρ

(
vr
∂vz
∂r

+ vz
∂vz
∂z

)
=

[
1

r

∂

∂r
(rτzr) +

∂τzz
∂z

]
− ∂p

∂z
, (3.34b)

with a magnitude order analysis corresponding to

r) O

(
ρV 2

z Rout
L2

(
1− χ2

))
= O

(
K

(
Vz
Rout

)n (1− χ2
)

L

)
+O

(
∂p

∂r

)
,

(3.35a)

z) O

(
ρV 2

z

L

(
1− χ2

))
= O

(
K

Rout

(
Vz
Rout

)n)
+O

(
∂p

∂z

)
. (3.35b)
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The comparison of the inertial to the viscous terms gives the following relation-
ship

O (inertial terms)

O (viscous terms)
= Re(K,n)

Rout
L

(
1− χ2

)
, (3.36)

where Re(K,n) is the Reynolds number specified for a power law fluid as reported
in [101]

Re(K,n) =
ρV 2−n

z Rnout
K

. (3.37)

While the comparison of the pressure gradients terms gives the same previous
relation in Eq. (3.20)

O

(
∂p

∂r

)
O

(
∂p

∂z

) =
Rout
L

(
1− χ2

)
. (3.38)

Thus, also for a power law fluid when the Reynolds numbers and the geometrical
factor Rout(1−χ2)/L are small, as in the in case of bioprinting flows, it is possible
to neglect the inertial terms and the radial pressure gradient in the momentum
balance equations, as in the previous paragraph for Newtonian flows in slightly
tapered nozzles.

Therefore, the momentum balance Eqs. (3.34) turn out

r)
∂p

∂r
' 0 −→ p(r, z) ' p(z) , (3.39a)

z)
∂p

∂z
' dp

dz
' 1

r

∂ (rτzr)

∂r
. (3.39b)

The integration of the Eq. (3.39b) in an arbitrary axial section of the nozzle with
the application of the symmetric flow boundary condition (i.e. ∂vz/∂r|r=0 = 0)
and the no-slip boundary condition at the wall (i.e. vz(r = R(z), z) = 0) gives the
flow rate equation

Q =

(
−dp
dz

(z)
1

2K

) 1
n πRβ(z)

β
, (3.40)

where β = (3n+ 1)/n.
Given a flow rate value and by knowing the geometric function describing the

cross section variation of the nozzle along the axis in Eq. (3.14), from the previous
equation the pressure solution results

p(z) = pin −
(
Qβ

π

)n
2K

3nθ

[
1

(Rin − θz)3n
− 1

R3n
in

]
= pin −

(
Qβ

π

)n
2K

R3n+1
in

z

[
1 +

(3n+ 1)θz

2Rin
+

∞∑
m=3

(
−3n

m

)
(−1)m

3n

(
θz

Rin

)m−1
]
,

(3.41)
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where in the third member assuming a |θz/Rin| < 1 the Taylor expansion has
been applied to highlight the conical contribution with respect to the cylindrical
case (with a linear variation of the pressure), which vanishes for a null taper angle
θ = 0◦.

Then, the velocity, shear rate, shear stress and flow rate solutions turn out

vz(r, z) =

(
−dp
dz

(z)
1

2K

) 1
n R(z)α

α

[
1−

(
r

R(z)

)α]
=
β

α
V̄ (z)

[
1−

(
r

R(z)

)α]
,

(3.42)

γ̇zr(r, z) ' γ̇(r, z) = −βQ
π

(
r

R3n+1(z)

) 1
n

= −βV̄ (z)

(
r

Rn+1(z)

) 1
n

, (3.43)

τzr(r, z) ' τ(r, z) = −
(
βQ

π

)n
Kr

R3n+1(z)
= −

(
βV̄ (z)

)n Kr

Rn+1(z)
, (3.44)

Q =

(
−dp
dz

(z)
1

2K

) 1
n π

β
Rβ(z) =

(
∆p 3n

2LK

) 1
n π

β

(
Rin −Rout

1
R3n

out
− 1

R3n
in

) 1
n

(3.45)

=

(
∆p

2LK

) 1
n πRβin

β

(
1− 1− χ3n − 3n(1− χ)χ3n

1− χ3n

)
,

where α = (n+ 1)/n, β = (3n+ 1)/n and V̄ (z) is the mean velocity in the specific
axial section. It is interesting to note how the shear rate expression in Eq. (3.43)
evaluated at the nozzle wall (i.e. for r = R(z)) recurs in the simplest case of the
wall shear rate for a cylindrical nozzle as reported in [102].

Conical flow of an inelastic fluid: general relationships. By taking into
account a Generalized Newtonian inelastic fluid flowing in a slightly tapered noz-
zle and with a shear-thinning viscosity described by a rheological law µ = µ(γ̇),
its constitutive relationship can be approximated through the SRB model in Eq.
(2.24), and in particular through the PWM approximation in Eq. (3.1), which is a
combination of a Newtonian and a power law model.

Thus, the flow analyses in the previous paragraphs, considering the same geo-
metric assumptions, are still valid. In particular, from the integration of the axial
momentum balance Eq. (3.39b) here reported

dp

dz
=

1

r

∂ (rτzr)

∂r
=

1

r

∂

∂r

(
rµ
∂vz
∂r

)
(3.46)

the shear stress distribution turns out

τzr(r, z) =
dp

dz
(z)

r

2
, (3.47)

which is equivalent to the cylindrical flow case, with the substantial difference of
a non-constant axial pressure gradient along the nozzle axis. Integrating the Eq.
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(3.46) along the radius R(z) of a generic cross section and applying the symmetric
flow boundary condition (i.e. ∂vz/∂r|r=0 = 0) and the no-slip boundary condition
at the wall (i.e. vz(r = R(z), z) = 0) the general velocity solution results

vz(r, z) = −dp
dz

[∫ R(z)

0

ψdψ

2µ[γ̇(ψ)]
−
∫ r

0

ψdψ

2µ[γ̇(ψ)]

]
, (3.48)

with a flow rate corresponding to

Q =

∫ R(z)

0

vz2πrdr = −dp
dz
π

∫ R(z)

0

[∫ R(z)

0

ψdψ

2µ[γ̇(ψ)]
−
∫ r

0

ψdψ

2µ[γ̇(ψ)]

]
rdr ,

(3.49)
wherein the dependence of the viscosity on the shear rate µ = µ(γ̇) has been
highlighted.

It is interesting nothing that the previous Eq. (3.48) for Generalized Newtonian
fluids is analogous to the scalar Generalized Ohm’s law

j = σE , (3.50)

where j is the current density, σ the electric conductivity and E the electric field.
In particular proceeding by comparison between the two physical systems, the axial
pressure gradient F = −dp/dz and the pressure drop ∆p correspond to E and the
voltage ∆V respectively

∆p =

∫ L

0

Fdz =

∫ L

0

−dp
dz
dz ↔ |∆V | =

∫ L

0

Edx =

∫ L

0

−dV
dx

dx , (3.51)

and the velocity corresponds to the current density

vz = σhydF = σhyd

(
−dp
dz

)
↔ j = σE (3.52)

where σhyd is the hydraulic conductivity

σhyd =

∫ R(z)

0

ψdψ

2µ[γ̇(ψ)]
−
∫ r

0

ψdψ

2µ[γ̇(ψ)]
, (3.53)

which depends on the fluid viscosity, the nozzle geometry and also on the operating
conditions, such as the flow rate, since it is in function on the shear rate.

Furthermore, by integrating the Eq. (3.47) the axial pressure gradient turns
out

dp

dz
(z) =

4

R2(z)

∫ R(z)

0

τzr(r, z)dr , (3.54)

which shows how the axial pressure gradient value in each section of the nozzle is
determined by the distribution of the shear stress along the section.
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(a) (b)

Figure 3.4: The two main flow conditions of PWM approximation in Eqs. (3.57)
and (3.58) for a Carreau fluid flowing within a conical nozzle: (a)
Low-shear rate flow, (b) Medium-shear rate flow.

Conical flow of a Carreau fluid. Considering an inelastic fluid flowing in a
slightly tapered nozzle, for example within a cone with a linear reduction of the
radius as in Eq. (3.14)

R(z) = Rin − z tan θ ' Rin − θz, (3.55)

and fitted by by the SRB model with a null λ∞ = 0 s and an a = 2, namely
described by the Carreau model [77] in Eq. (2.22)

µ (γ̇) =
µ0[

1 + (λ0γ̇)
2
] (1−n)

2

, (3.56)

in order to find a semi-analytical solution of the flow problem based on the conical
flow solutions of the previous paragraphs and on the cylindrical flow solutions with
low-shear rates of Eqs. (3.9a), (3.9b), and medium-shear rates of Eqs. (3.10a)-
(3.10f), it is possible to approximate its constitutive relationship through the PWM
approximation in Eqs. (3.1)-(3.2)

µ (γ̇) =

{
µ0 for γ̇ ≤ γ̇0, τ ≤ τ0
Kγ̇n−1 for γ̇ > γ̇0, τ > τ0

, (3.57)

τ (γ̇) =

{
µ0γ̇ for γ̇ ≤ γ̇0, τ ≤ τ0
Kγ̇n for γ̇ > γ̇0, τ > τ0

. (3.58)

As for the previous case of the cylindrical nozzle, from the Eq. (3.47) and by
using the PWM approximation, it is possible to determine the radius value R0(z)
delimiting the two annular sections of the two viscosity regions (see Fig. 3.4(b)) in
each axial section

R0(z) =
2τo∣∣∣dpdz (z)

∣∣∣ , (3.59)

which compared to the cylindrical nozzle case, it is non-constant and it is a function
of the axial coordinate z, since the axial pressure gradient is no longer constant
and it increases along the conical nozzle axis.
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Depending on the operating conditions of the extrusion process (∆p, flow rate
Q), the needle geometry (Rin, Rout, L, θ), the rheological properties of the fluid
(τ0), and in addition to the cylindrical flow case also on the axial coordinate z,
according to the PWM approximation two main flow conditions can develop as
represented schematically in Fig. 3.4:

• a low-shear rate (LSR) flow characterized by a Newtonian behaviour with a
|γ̇wall(z)| ≤ γ̇0 and a |τwall(z)| = |dp/dz|R(z)/2 ≤ τ0 (Fig. 3.4(a));

• and a medium-shear rate (MSR) flow characterized by a mixed Newtonian/power-
law behaviour with a |γ̇wall(z)| > γ̇0 and a |τwall(z)| > τ0 (Fig. 3.4(b)).

By integrating the Eq. (3.46) along the radius R(z) of a generic axial sec-
tion of the nozzle z and imposing the no-slip boundary condition at the wall (i.e.
vz (R(z)) = 0) with the continuity condition between the two viscosity zones (i.e.,
vz,LSR (R0(z)) = vz,MSR (R0(z)), the expressions of the velocity, shear-rates and
flow rates read:

• Low-shear rate (LSR) flow, |γ̇wall(z)| ≤ γ̇0, |τwall(z)| ≤ τ0

vz,LSR (r, z) = −dp
dz

(z)
R2(z)

4µ0

[
1−

(
r

R(z)

)2
]
, (3.60a)

γ̇zr,LSR (r, z) =
dp

dz
(z)

r

2µ0
, (3.60b)

Q = QLSR =

∫ R(z)

0

rvz,LSRdr = −dp
dz

(z)
πR4(z)

8µ0
. (3.60c)

• Medium-shear rate (MSR) flow,|γ̇wall(z)| > γ̇0, |τwall(z)| > τ0

For r ≤ R0(z),

vz,LSR (r, z) = A0(z) +
dp

dz
(z)

r2

4µ0
, γ̇zr,LSR (r, z) = −dp

dz
(z)

r

2µ0
,

(3.61a)

QLSR(z) =

∫ R0(z)

0

rvz,LSRdr = πR2
0(z)A0(z) +

dp

dz
(z)

πR4
0(z)

8µ0
, (3.61b)

A0(z) =
1

α

(
−dp
dz

(z)
1

2K

) 1
n

(Rα(z)−Rα0 (z))− dp

dz
(z)

R2
0(z)

4µ0
; (3.61c)
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for r > R0(z),

vz,MSR (r, z) =

(
−dp
dz

(z)
1

2K

) 1
n Rα(z)− rα

α
, (3.61d)

γ̇zr,MSR (r, z) = −
(
−dp
dz

(z)
1

2K

) 1
n

r1/n, (3.61e)

QMSR(z) =

∫ R(z)

R0(z)

rvz,MSRdr = (3.61f)

2π

α

(
−dp
dz

(z)
1

2K

) 1
n

[
Rα(z)

(
R2(z)−R2

0(z)
)

2
− Rβ(z)−Rβ0 (z)

β

]
, (3.61g)

Q = QLSR(z) +QMSR(z), (3.61h)

where α = (n + 1)/n and β = (3n + 1)/n. Eqs.((3.60)-(3.61) are equivalent to
the corresponding Eqs. (3.9-(3.10) for the cylindrical flow, with the difference
to present a dependence from the axial coordinate z, since in this case the axial
pressure gradient is not longer constant along the nozzle axis.

Furthermore, compared to the conical flow cases of a Newtonian and a power
law fluid of the previous paragraphs, given a nozzle geometry and a flow rate Q, it is
not possible to evaluate a priori the axial pressure gradient from Eqs. (3.22),(3.40).
Thus, to compute the axial pressure gradient of a Carreau fluid approximated by
the PWM approximation in Eqs. (3.57), (3.58) and flowing in a conical nozzle with
a flow rate Q, and to evaluate the pressure drop applied to the nozzle, an iterative
semi-analytical procedure is necessary.

Iterative procedure. Taking into account as example an inelastic fluid de-
scribed through the PWM approximation in Eqs. (3.57), (3.58), given a flow rate
Q, the flow regime (LSR or MSR) in each axial section z of the nozzle is determined
by the wall-shear rate |γ̇wall(z)| and the wall-shear stress |τwall(z)| values whether
they are smaller or larger than the values of the Y0 = (γ̇0, τ0) point (respectively).

Then, by considering the Eq. (3.54)

dp

dz
(z) =

4

R2(z)

∫ R(z)

0

τzr(r, z)dr , (3.62)

and looking to the stress plot in Fig. 3.5 it is possible to write∣∣∣∣dpdz (z)

∣∣∣∣
PWM

≤

{∣∣∣∣dpdz (z)

∣∣∣∣
Newtonian

,

∣∣∣∣dpdz (z)

∣∣∣∣
power law

}
, (3.63)

since in each axial section whatever the operating wall-shear stress τwall(z) =
τmax(z), the shear stress distribution τzr(r, z) along the cross section of the PWM
approximation is lower or at most equal to the corresponding sub-cases of the
Newtonian and power law fluid.
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PWM

Newtonian

Power law

Figure 3.5: PWM approximation example: µ0 = 10 mPas, γ̇0 = 0.2 s−1, n =
0.5, K = 4.47 mPas0.5. The corresponding sub-models: Newtonian
model with µ = µ0 and power law model with K and n. Y0 = (γ̇0, τ0)
delimiting the LSR and MSR regions (τ0 = 2 mPa).

Thus, once evaluated the axial pressure gradients of the corresponding Newto-
nian and power law sub-cases of the PWM approximation from the Eqs. (3.22),(3.40)

dp

dz
(z)

∣∣∣∣∣
Newtonian

,
dp

dz
(z)

∣∣∣∣∣
power law

, (3.64)

a possible iterative procedure to compute the axial pressure gradient of the PWM
approximation based on the conservation of the flow rate Q in each axial section is
reported in the Algorithm 1, wherein∣∣∣∣dpdz (z)

∣∣∣∣
PWM,0

= min

{∣∣∣∣dpdz (z)

∣∣∣∣
Newtonian

,

∣∣∣∣dpdz (z)

∣∣∣∣
power law

}
(3.65)

is the first guess value of the iterative root-finding procedure

QLSR

[
dp

dz
(z)

]
+QMSR

[
dp

dz
(z)

]
−Q = 0 . (3.66)
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Algorithm 1: Algorithm to compute the axial pressure gradient of the
PWM approximation in Eqs. (3.57),(3.58).

The nozzle axis z is divided in n intervals such that ∆z = zi+1 − zi, with
i = 1, 2, ..., n+ 1, z1 = zin and zn+1 = zout.

At the inlet: zi = z1 = zin∣∣∣dpdz (zin)
∣∣∣
PWM

=
∣∣∣dpdz (zin)

∣∣∣
Newtonian

;

if
∣∣∣dpdz (zin)

∣∣∣
PWM

> 2τ0
Rin

then∣∣∣dpdz (zin)
∣∣∣
PWM

: QLSR(zin) +QMSR(zin)−Q = 0

with
∣∣∣dpdz (zin)

∣∣∣
0

= min

{∣∣∣dpdz (zin)
∣∣∣
Newtonian

,
∣∣∣dpdz (zin)

∣∣∣
power law

}
end
Along the axis: zin < zi ≤ zout
if
∣∣∣dpdz (zi−1)

∣∣∣
PWM

> 2τ0
R(zi−1) then∣∣∣dpdz (zi)

∣∣∣
PWM

: QLSR(zi) +QMSR(zi)−Q = 0

with
∣∣∣dpdz (zi)

∣∣∣
0

= min

{∣∣∣dpdz (zi)
∣∣∣
Newtonian

,
∣∣∣dpdz (zi)

∣∣∣
power law

}
else

if
∣∣∣dpdz (zi−1)

∣∣∣
PWM

≤ 2τ0
R(zi−1) then∣∣∣dpdz (zi)

∣∣∣
PWM

=
∣∣∣dpdz (zi)

∣∣∣
Newtonian

if
∣∣∣dpdz (zi)

∣∣∣
PWM

> 2τ0
R(zi)

then∣∣∣dpdz (zi)
∣∣∣
PWM

: QLSR(zi) +QMSR(zi)−Q = 0

with
∣∣∣dpdz (zi)

∣∣∣
0

= min

{∣∣∣dpdz (zi)
∣∣∣
Newtonian

,
∣∣∣dpdz (zi)

∣∣∣
power law

}
end

end

end

3.4 Results

3.4.1 Identifiability properties of the SRB model

Direct extrapolation from experimental data. To demonstrate the capa-
bility of the SRB model in Eq. (2.24) to reduce the identifiability problem of the
BCCY model in Eq. (2.21), a calibration of viscosity data for a cell-laden hydro-
gel [103] has been performed by extrapolating values of model parameters directly
from experimental data (fixing a = 2), and comparing the fitting capabilities of
the SRB and BCCY models. Specifically, referring to data in Fig. 3.6 the direct
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Figure 3.6: Fitting capability comparison between SRB and BCCY models, with
first guess parameters derived experimentally. Experimental data are
taken from Colosi et al.[103].

calibration procedure consists in the following steps:

1. read the limit values µ0,exp and µ∞,exp as the values close to the first and
last measuring points respectively (dotted lines in Fig. 3.6);

2. identify two suitable data points X1(γ̇1, µ1) and X2(γ̇2, µ2) for the start and
the end of the power law region (in this case the 4th and the 11th has been
chosen), and trace the power-law line between them (dashed line in Fig. 3.6);

3. derive Kexp and nexp values from X1 and X2

KL,exp =
µL,1γ̇L,2 − µL,2γ̇L,1

γ̇L,2 − γ̇L,1
, nexp = 1 +

µL,2 − µL,1
γ̇L,2 − γ̇L,1

, (3.67)

where the footnote fL denotes fL = log10 f (e.g. µL,1 = log10 µ1);

4. derive γ̇0,exp and γ̇∞,exp from the intersections of the two dotted lines with
the dashed line, namely

γ̇0,exp =

(
µ0,exp

Kexp

)1/(nexp−1)

, γ̇∞,exp =

(
µ∞,exp
Kexp

)1/(nexp−1)

. (3.68)

The derived parameters from the viscosity data are reported in Table 3.1. As
reported in Fig. 3.6, the SRB model shows good fitting capability already with
experimentally derived parameters. Whereas the BCCY model exhibits only a
good fit near the first viscosity data, but then it does not catch data in the power-
law and in the infinity-shear rate viscosity regions. Accordingly, the BCCY model
intrinsically requires an ad hoc optimization step for model parameters, and their
final values may have not a reliable physical interpretation [16].
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Table 3.1: Experimentally derived parameters for SRB and BCCY models from
viscosity data in Fig. 3.6.

µ0,exp γ̇0,exp Kexp nexp γ̇∞,exp µ∞,exp

60 mPas 0.172 s−1 28.171 mPasn 0.571 18.822 s−1 8 mPas

Fitting capabilities based on optimization procedures. Another test of the
fitting capabilities of the SRB model can be performed by investigating whether,
after the SRB and BCCY model parameters have been calibrated through the
solution of an optimization problem, they can be used directly for the PWM ap-
proximation, which is necessary for the quasi-analytical flow solutions presented
in Sections 3.2 and 3.3. Given the wide ranges of viscosities, model calibration
is performed via minimization of the lognormal mean absolute percentage errors
(LMAPE)

LMAPE =
1

N

N∑
i=1

∣∣∣∣ log fi
log ai

− 1

∣∣∣∣ (3.69)

between the N experimental data ai of the hydrogel reported in Colosi et al.[103]
and model values fi. Accordingly, the coefficient of determination has been evalu-
ated by means of LMAPE

R2
LMAPE = 1−

N∑
i=1

∣∣∣ log fi
log ai

− 1
∣∣∣

N∑
i=1

∣∣∣ ȳL−log ai
log ai

∣∣∣ , (3.70)

with ȳL =
∑N
i log ai/N .

Table 3.2: Primary (black) and derived (red) fitting values of the SRB, PWM
and BCCY models; µx[mPas], γ̇x [s−1], n [−], a [−], LMAPE [−],
R2 [%].

Model µ0 γ̇0 n µ∞ γ̇∞ a LMAPE R2
LMAPE

SRB 60.0 0.174 0.573 8.14 18.819 2 0.0155 93.1
BCCY 60.1 0.266 0.289 7.70 14.848 2 0.0034 98.5

The fitting values of primary and derived model parameters are reported in
Table 3.2, together with the LMAPE value at optimum, as well as the coefficient of
determination R2

LMAPE . Even if the individual LMAPE errors are slightly higher
than the BCCY model, the coefficient of determination R2

LMAPE shows very good
fitting capabilities for the SRB model. However, if the optimal values of the BCCY
model are used in the PWM approximation, a bad fitting is obtained (see Fig.
3.7), and that would result in a large error in the evaluation of the approximated
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Figure 3.7: Comparison between the PWM model with SRB parameters (Table
3.2) (PWM (SRB)) and the PWM model with BCCY parameters
(Table 3.2) (PWM (BCCY)).
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Figure 3.8: Comparison between the velocity profile solutions of the SRB, BCCY
and PWM models for the power law flow analysed. The model pa-
rameter values are reported in Table 3.3.

analytical solutions presented in Sections 3.2 and 3.3. On the other hand, the
PWM fitting is accurate by employing the optimal values obtained for the SRB
model, confirming that the SRB approach solves the identifiability issue of BCCY.

Power law velocity profiles. One may ask if these identifiability issues of the
BCCY model may or not be relevant in terms of velocity profiles and thus of bio-ink
flow solutions. In particular, taken as reference a nozzle with a radius R = 100µm
and an extrusion velocity V̄ = 20mm/s, by using the PWM approximation, the
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Table 3.3: Primary (black) and derived (red) parameter values of the SRB and
BCCY model used for the flow analysis in Fig. 3.8; µx[mPas], λ [s],
γ̇x [s−1], n [−], , a [−].

Model µ0 λ γ̇0 n γ̇∞ µ∞ a

SRB 60.0 9.58 · 10−2 10.4 0.573 1128 8.14 2
BCCY 60.1 6.27 · 10−2 16.0 0.289 891 7.70 2

parameter sets of the BCCY and SRB model in Table 3.2 has been varied in order
to have a power law flow in the nozzle. This procedure led to the parameter set
reported in Table 3.3. The PWM approximation parameters have been chosen
equal to those of the SRB model. As indicated by the PWM velocity solution in
Fig. 3.8, the Newtonian low-shear rate region (LSR) extends only to a tiny region
below the 0.75 % of the nozzle radius R; while the power law medium-shear rate
region (MSR) covers all the domain. Therefore, the axial velocity solutions of the
SRB and BCCY models should almost coincide with those of the corresponding
power law velocity profiles reading

vz, PL(r) =
3n+ 1

n+ 1
V0

[
1−

( r
R

)n+1
n

]
, (3.71)

with r as radial coordinate of the nozzle. Figure 3.8 shows that the power law
velocity profile with n = nSRB = 0.573 in Eq. (3.71) approximates well the exact
numerical SRB and BCCY solutions, while employing n = nBCCY = 0.289 leads to
a significant error. This outcome further proves identifiability capacity of the SRB
model to capture the physical interpretation of the power law index n, and the
inferring problem of the the BCCY model on that parameter, which consequently
affects the reliability and accuracy of the quasi-analytical solutions presented in
Sections 3.2 and 3.3.

3.4.2 Flow dynamics in a cylindrical nozzle

Rheological data & Reference operating conditions. The PWM approx-
imation in Eqs. (3.1)-(3.2) with the experimentally derived parameters reported
in Table 3.1 and the fluid dynamic expressions in Eqs. (3.9)-(3.11) have been ap-
plied to an extrusion bioprinting process. The gelatin methacroyl-alginate (GelMA)
based cell-laden hydrogel presented by Colosi et al.[103] has been taken as reference
fluid. Regarding the geometry and the operating conditions, common extrusion-
based bioprinting values have been chosen [49, 104] by considering a cylindrical
needle with a R = 420 µm inner radius and an extrusion velocity V̄ ranging be-
tween 0− 12 mm/s.

Flow analysis. The extrusion velocity V̄ = Q/(πR2) of the bioprinting process
calculated from Eqs. (3.9b), (3.10f), (3.11i) is shown in Fig. 3.9 (left axis) as
function of the pressure drop per unit length ∆p/L applied to the nozzle. Moreover,
Fig. 3.9 (right axis) shows the R0 and R∞ values in Eq. (3.8) corresponding to
the applied ∆p/L.
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Figure 3.9: Extrusion velocity in function of the applied pressure drop per unit
length (black, left axis); corresponding R0 and R∞ values (red, right
axis) (see Eq. (3.8)).

It is possible to note how the flow immediately exits from the LSR condition at
very low pressure drop values. Indeed, R0 in Eq. (3.8) quickly drops down and the
LSR regime for the ∆p/L−V̄ relationship is barely visible. This behaviour is due to
the low value for |γ̇0| and the inner radius values at hand, which determine |γ̇wall| >
|γ̇0| at very low values of ∆p/L, causing the viscosity to leave the LSR region. Then,
the flow is characterized by a MSR regime up to an extrusion velocity of about
2 mm/s, and enters in the HSR regime. For instance, for an extrusion velocity
of 12 mm/s, the power-law zone radius results R∞ ' 0.2R. By investigating the
slope of the extrusion velocity curve, it is interesting to see the linear relationship
between V̄ and ∆p/L in the HSR flow condition referring to the Newtonian relation
∆P/L = 8µ∞V̄ /R

2, and how the shear-thinning properties of the bio-inks in the
MSR flow condition allow to increase extrusion velocity slope compared to the
initial Newtonian µ0 zone.

Velocity profiles. The velocity profiles in Eqs. (3.9)-(3.11) have been computed
in Fig. 3.10 for each of three flow conditions LSR, MSR and HSR. In particular,
three points have been selected in Fig. 3.9: the last point of the LSR regime
with a pressure drop per unit length ∆p/L = 4.91 · 10−2 Pa/mm corresponding
to an analytical extrusion velocity V̄1 = 1.81 · 10−2 mm/s and R0 = R; a second
point in the MSR regime with a ∆p/L = 1.97 · 10−1 Pa/mm corresponding to a
V̄2 = 1.73 · 10−1 mm/s and R0 = 0.25R; and a third point in the HSR regime with
a ∆p/L = 2.39 Pa/mm corresponding to a V̄3 = 6.57 mm/s and R∞ = 0.30R.

The flow starts with a Newtonian profile (Fig. 3.10a) with an axial velocity
equal to 2V̄1, then assumes a flat outline with an axial velocity smaller than 2V̄2

typical of the shear-thinning fluid (Fig. 3.10b), and a dominant Newtonian profile
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Figure 3.10: Velocity profiles for the three main flow conditions: (a) LSR, (b)
MSR and (c) HSR.

with a power-law bulk flow in the latter case (Fig. 3.10c).

Table 3.4: Percentage errors of the PWM solution for the three main flow condi-
tions LSR, MSR and HSR analysed in Fig. 3.10.

LSR (Fig. 3.10a) MSR (Fig. 3.10b) HSR (Fig. 3.10c)

eV̄%
[%] 1.98 0.10 0.59

eVaxial,%
[%] 9.73 1.73 5.37

All the profiles have been compared with the numerical solutions obtained by
solving Eq. (3.5) for the SRB model (i.e. the non-approximated version of PWM)
with the same ∆p/L, by analysing the extrusion velocity percentage error eV̄%

and
the axial velocity percentage error eVaxial,%

between the analytical (PWM) and
numerical (SRB) solutions

eV̄%
=

1
R2

∫ R
0

2r |vz,PWM (r)− vz,SRB(r) | dr
V̄SRB

, eVaxial,%
=
|vz,PWM (0)− vz,SRB(0) |

vz,SRB(0)
.

(3.72)
The obtained errors are reported in Table 3.4. Even if the maximum error of
PWM solution on the axial velocity for the LSR case is about 10 %, the maximum
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(a) varying µ0 (b) varying γ̇0

(c) varying n (d) varying γ̇∞

Figure 3.11: Parametric analysis of the extrusion velocity percentage error (Eq.
(3.72)) by varying one by one the parameter values in Table 3.1
considered as nominal values. (a) varying µ0, (b) varying γ̇0, (c)
varying n, and (d) varying γ̇∞.

extrusion velocity error is less than 2%, since the axial velocity values have a lower
weight on the extrusion velocity computation than the velocity values near the
wall, resulting in a good agreement between the PWM and SRB solutions. For the
application at hand, the errore decreases in the HSR regime and is minimum in
the MSR one.

Next, another validation of the analytical solution (PWM approximation) has
been performed through the parametric campaign shown in Fig. 3.11, wherein the
analytical extrusion velocity V̄ and the extrusion velocity percentage error eV̄%

in
Eq. (3.72) have been computed. Each rheological parameter (µ0, γ̇0, n, γ̇∞) have
been varied in a range of ± 20 % from its nominal value while keeping the others
fixed with extrusion velocities ranging between 0− 40mm/s.

The maximum extrusion velocity error is about 2.5%, except in the parametric
analysis of the power-law index n which shows an error about 3.5%. For each
analysis, the maximum error is reached in the region of the extrusion velocity close
to 2mm/s, corresponding to the final value of the MSR regime (see Fig. 3.9);
then, the errors decrease as the extrusion velocity increases and moving the flow
condition to the HSR regime. Furthermore, it is interesting to note in Fig.3.11c
how the error decreases as the the power-law index increases, since the fluid tends
to the Newtonian behaviour.
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Figure 3.12: Wall shear-stress as a function of the extrusion velocity for different
flow conditions (Eqs. (3.9)-(3.11)). The LSR solution is negligible
since the fluid quickly leaves the LSR regime in Fig. 3.9 for the
application at hand.

Wall-shear stress. As described in Section 3.2, in extrusion bioprinting, it is de-
sirable to limit shear stress acting on cells and thus its maximum value occurring at
the nozzle wall, namely the wall-shear stress (see Eq. (3.5)), which has been plotted
in Fig. 3.12 as a function of extrusion velocity. Due to the low GelMA viscosity
values, the maximum shear-stress value corresponding to 12 mm/s extrusion ve-
locity is limited to a very low 900 mPa value. Analogously to the afore-introduced
considerations, a linear relationship in the HSR regime is observed, like for a fully
Newtonian flow V̄ = τwallR/(4µ), as well as a reduction in the wall shear-stress
slope because of the GelMA shear-thinning properties.

Next, two parametric analyses has been carried out in Fig. 3.13 for the damage
extrusion velocity V̄dam. in Eq. (3.13), by imposing a τwall ≤ τdam. = τ∞ =
151mPa in Fig. 3.13 (a-b), and a τwall ≤ τdam. = φτ∞ = 1Pa in Fig. 3.13 (c-d).
Then, the parameters have been varied in pairs in a range of ± 75% from their
nominal values in Table 3.1, while keeping the others fixed. It is possible to note
how the zero-shear rate viscosity µ0 and the zero-shear rate γ̇0 have a negligible
influence on the damage extrusion velocity V̄dam. which remains constant at about
1.66mm/s and 13.1mm/s for the two damage shear stress values respectively.
This outcome arises since the flow leaves the LSR regime at very low extrusion
velocities. On the other hand, for the lower damage shear stress, variations in the
power-law index n and the infinity-shear rate γ̇∞ determine greater variations of
the V̄dam.. While for the higher damage shear stress value, only the γ̇∞ parameters
influences the damage extrusion velocity, since in this case the flow is almost entirely
Newtonian.
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(a) varying µ0 and γ̇0; τdam. = τ∞ (b) varying n and γ̇∞; τdam. = τ∞

(c) varying µ0 and γ̇0; τdam. = φτ∞ (d) varying n and γ̇∞; τdam. = φτ∞

Figure 3.13: Parametric analyses of the damage extrusion velocity (Eq. (3.13))
by varying the parameter values in Table 3.1 and assuming as dam-
age shear stress τdam.: (a-b) τ∞ = 151mPa; (c-d) φτ∞ = 1Pa.

Figure 3.14: Geometry of the nozzle used in the experimental setup.

3.5 Reproduction of an experimental setup and
validation

The quasi-analytical solution for a non-Newtonian inelastic fluid flowing in a ta-
pered nozzle and described in Section 3.3 has been employed to analyse experimen-
tal data on the bioprinting process provided by LaBS at Politecnico of Milan, Belgio
et al.[105]. In particular, they used an extrusion bioprinter with a conical nozzle
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Figure 3.15: Viscosity data of the SA-G fluid [105] and the corresponding fitting
obtained through the PWM approximation in Eq. (3.57).

geometry shown in Fig. 3.14, by setting as printing parameters an outlet diameter
Dout = 410µm, an extrusion velocity referred at the outlet V̄out = 10mm/s with a
corresponding dispensing pressure applied to the nozzle ∆pexp ' 25 kPa (the pres-
sure drop between the cartridge and the nozzle can be neglected since the cartridge
has a greater diameter of 9.5mm). A mixture of sodium alginate gelatin bio-ink
is used. This hydrogel presents a high cytocompatibility [106, 107], a low sol-gel
transition temperature around 20◦C, a cross-linking capability in CaCl bath. Cell
density varies between 1 − 5 · 106 cells/ml. Regarding the rheological properties

Table 3.5: Fitting values of the PWM model; µ0, γ̇0 , τ0, n, K.

µ0 γ̇0 τ0 n K

822.7 Pas 0.260 s−1 213.9 Pa 0.111 248.2 Pasn

of the bio-ink, the viscosity measures of the SA-G fluid has been reported in Fig.
3.15 together the fitting obtained through the PWM approximation in Eq. (3.57).
It shows a high viscosity at low shear rates which supports the scaffold structure to
not collapse after the printing, and a high shear-thinning behaviour reducing the
hydraulic resistance during the extrusion (see Eq. (3.53)). The fitting values of
the PWM approximation parameters are reported in Table 3.5. In addition, it has
been investigated whether or not the presence of the cells in the fluid can influence
the rheological properties of the bio-ink, and the results showed that there were no
statistical differences between the two cases accordingly to the Kruscal-Wallis test.

Flow dynamics. As described in Section 3.3, there are analytical solutions for
a conical nozzle flow only for a Newtonian or a power law fluid, while the SA-G
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Figure 3.16: Axial pressure gradient (a), pressure (b) and percentage radius
R0(z)/R(z) (in Eq. (3.59)) delimiting the Newtonian annular sec-
tion as a function of the nozzle axial coordinate.

exhibits an intermediate behaviour. Thus, in order to evaluate the axial pressure
gradient value along the nozzle axis it has been implemented the procedure pre-
sented in Algorithm 1, by setting a flow rate Q = 1.32mm3/s corresponding to
the extrusion velocity at the outlet imposed experimentally. As one can note in
Fig. 3.16(a), due to the radius reduction along the axis, the axial pressure gradient
presents very small values at the inlet region, with a fast increase at the out-
let, accordingly to the radius-pressure gradient relationship in the flow rate Eqs.
(3.22), (3.40). Furthermore, it shows an almost overlapped solution to the power
law flow case. Regarding the pressure drop applied to the nozzle, first prelimi-
nary estimates considering the SA-G flowing in cylindrical nozzles with a radius
R = Rin = 2.175mm and R = Rout = 205µm, and the same length L = 32mm
of the conical nozzle, turned out in ∆p|Rin = 11.4 kPa and ∆p|Rout = 156 kPa
respectively (see Eqs. (3.10)), with very different values from the experimental one
∆pexp ' 25 kPa. Even the estimate assuming a conical nozzle and a Newtonian
fluid with viscosity µ = µ0 has resulted through the Eq. (3.23) to a much larger
wrong value of ∆p = 1736 kPa. Therefore, a one dimensional finite difference
scheme with a second order accuracy has been applied to the axial pressure gradi-
ent solution of the SA-G fluid to derive the pressure solution field in Fig. 3.16(b).
It is noteworthy that it presents a pressure drop estimation ∆p = 26.6 kPa close
to the experimental ∆pexp ' 25 kPa, with a value grater than the 6.4%. Figure
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Figure 3.17: Axial velocity at the inlet (a) and outlet (b) section as a function
of the radial coordinate referred to the radius of the corresponding
section.
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Figure 3.18: Viscosity (a) and shear stress (b) values at the outlet section as a
function of the percentage radial coordinate.

3.16(c) shows the percentage radius R0(z)/R(z) value in Eq. (3.59) delimiting the
Newtonian and power law annular sections of the two PWM approximation’s vis-
cosity regions. Due to the high τ0 value of the SA-G, the flow has a full Newtonian
behaviour up to z = 5mm, then it has an intermediate trend accordingly to the
relation in Eq. (3.63), until it reaches a solution equal to the power law case at
z = 15mm, showing at the outlet a Newtonian annular section with a percentage
radius of 42 %.

The velocity profiles as a function of the percentage radial distance at the
inlet and outlet section have been reported in Fig. 3.17. According to results
in Fig. 3.16, the flow presents a Newtonian parabolic profile at the inlet, and a
flat-plug flow like profile at the outlet typical of power law fluids with a high shear-
thinning index, with a maximum value below the double of the mean velocity
2V̄out = 20mm/s.

Finally, the viscosity and shear stress values at the outlet section have been
plotted in Fig. 3.18. The flow presents a Newtonian viscosity µ = µ0 = 822.7Pas
up to r/Rout = 42%, with a remarkable rapid decrease below 1Pas at the nozzle
wall. The shear stress shows a linear distribution along the radius in accordance
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with Eq. (3.47), with a maximum value at the wall τwall,out = 502Pa. Such value
may cause a cell damage as in literature a shear stress above 1 − 10Pa has been
reported [108]. But the experimental tests performed one day after printing shown
a cell viability above 98 %. A possible explanation could be that during extrusion
the cells generally position away from the nozzle wall and closer to the axis at
lower stress values. In order to investigate this outcome, the Chapter 4 presents
a fluid-structure interaction (FSI) approach adopted to analyse more in detail the
phenomena occurring between the fluid and cells of the bio-ink.

3.6 Limitations

The quasi-analytical framework presented in this chapter provides quasi-analytical
solutions for bio-inks flowing in cylindrical and slightly tapered nozzles. In partic-
ular, the bio-ink is considered as a homogeneous fluid with an inelastic rheological
behaviour described through the PWM approximation in Eq. (3.1). Despite the
developed model presents accurate solutions as proved in Sections 3.4.2 and 3.5, in
general bioprinting nozzles can present more complex geometries. Even remaining
in the case of micro-channels with 2D axial symmetry, a numerical computational
fluid dynamics approach is required. Indeed, nozzles with a non-small taper angle
(see the hypothesis in Eq. (3.14)), or with sharp and local flow section reductions,
present non-negligible radial components in the mass and momentum conservation
Eqs. (2.8), (2.28), and cannot be treated in terms of pressure and velocity so-
lutions through an analytical method [109]. Furthermore, in addition to the cell
damage caused by shear stresses analysed in this approach, also the extensional
stresses arising from flow section variations could reduce the cell viability [49], and
they should be taken into account for a more accurate evaluation. Moreover, as
described in Section 2.1, when addressing higher cell densities and larger cell di-
mensions, the homogeneous flow hypothesis begins to no longer be valid, and the
bio-ink should be treated as a heterogeneous flow to adequately analyse the mutual
influence between the two phases. Therefore, the next Chapter 4 presents the nu-
merical model developed to accurately analyse the phenomena taking place during
the extrusion between the cells and the hydrogel within the bio-ink.



Chapter 4

Numerical modelling of fluid-structure
interaction

This chapter presents the numerical model developed to describe the bio-ink as
a heterogeneous flow (see Section 2.1). It analyses the Fluid-Structure Interaction
(FSI) occurring between the two bio-ink phases corresponding to the polymeric
fluid and the biological cells. This model allows a more detailed description of the
phenomena taking place during the bioprinting process, at the expense of a higher
computational cost. The Section 4.1 introduces the FSI modelling applied to the
extrusion bioprinting case and the contact model used to describe the interaction
between the cells within the bio-ink and the nozzle wall. Then, the Section 4.2
describes the fluid solver used which is based on an immersed boundary technique.
The Section 4.3 presents the structural solver implemented, and the Section 4.4
illustrates the numerical modelling of the mechanical coupling between the two
phases. Finally, the Section 4.6 shows the results of the simulations performed.

4.1 General rationale in bioprinting modelling

The fluid-structure interaction (FSI) is the mutual exchange of forces between a
solid structure and a surrounding fluid taking place at the interface surface between
the two media. In bioprinting, the presence of cells within the bio-ink locally
modifies the velocity and pressure of the fluid phase during the extrusion as shown
in Section 4.6. The velocity and pressure fields in turn determine the stress and
strain of cells because of the mechanical coupling at the interface. Then, the new

61
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Figure 4.1: A standard nozzle geometry used in extrusion bioprinting [49, 62].

deformed configuration of cells affects the fluid solution in a two-way feedback.
The FSI effects are more relevant especially when the cell dimensions are no longer
negligible compared to those of the nozzle, and the cell density is comparable to
that of the fluid due to the added-mass effect. Depending on the cell type and on
the nozzle chosen for the printing, these aspects could be relevant in bioprinting
flows.

In particular, by taking into account a standard nozzle geometry used in bio-
printing and shown in Fig. 4.1, these aspects could be significant in the convergent
region and in the needle part of the nozzle, wherein the cell dimensions could be
comparable to the nozzle ones.

In general, FSI phenomena present an inherently nonlinear and time dependent
nature, which allows the development of analytical and semi-analytical models only
with simplified assumptions and elementary geometries [110]. On the other hand,
in the last decades great advances have been done in the FSI numerical modelling
research, which enables nowadays a reliable and accurate simulation of complex 3D
FSI phenomena [111–116].

The main challenges in computational modelling of FSI problems are: the prob-
lem formulation, taking place at the continuous level and depending on the assump-
tions made it affects the whole numerical solution; the numerical discretization of
the fluid and structure domains, which must take into account and adapt to the
displacements of the moving solid domain; and the fluid-structure coupling, im-
posed through the coupling conditions which ensure the equality of kinematics
and stress of material points lying on the interface surface between the two media
[111]. Therefore, a FSI framework must solve in parallel the set of partial differen-
tial equations and boundary conditions associated to the fluid and structure fields,
and it must guarantee the two domains to not overlap at their interface, which rep-
resents the space region wherein the information exchange takes place between the
Eulerian description of the fluid and the Lagrangian description of the structure.

There are two major classes of FSI numerical models: strongly-coupled (also re-
ferred as monolithic) and loosely-coupled (also referred as partitioned) approaches
[111, 112]. The strongly coupled procedures handle the fluid and structure equa-
tions and the mesh moving with the same mathematical framework and solve si-
multaneously their dynamics in the same time step. The coupling conditions at
the interface are implicitly imposed in the solving algorithm and in general they
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provide a more robust and accurate solution. However, they require more com-
putational resources since the algebraic blocks of the two physical systems are
coupled together resulting in a bigger final left-hand side matrix. Furthermore, the
monolithic algorithm are usually specific for each FSI problem at hand, requiring a
specific code developing for each case. On the other side, the loosely coupled proce-
dures solve the fluid, structure and the mesh moving sequentially. Commonly they
start from the computation of the fluid solution with the current configuration of
the structure; then through the coupling conditions, they transfer to the structure
the fluid dynamics loads at the interface to calculate the new solid deformation;
and as a last step, they update the mesh of two domains. Since in this case the
two physical systems are solved separately, it is possible to adopt existing fluid and
structure solver already validated and used in literature for many complex fluid or
structural problems [112].

Another classification of FSI solvers is based on the treatment of domain meshes
[112, 117]. In the body-fitted mesh (also referred as conforming mesh) algorithms
the interface surface nodes are a part of the solution and they fit the fluid mesh
to the current configuration of the structure mesh. Therefore, due to the structure
motion they require a re-mesh of the fluid domain after each time step integration
[118, 119]. Conversely, the non-body-fitted mesh (also referred as non-conforming
mesh) algorithms consider the interface location and coupling conditions as a con-
straint to impose to the solution through an interpolation procedure, thus not
requiring an update of the fluid mesh [120, 121].

The suitability of the procedure adopted to solve the FSI problem in terms of
solution stability, convergence and accuracy is strictly connected to the physical
properties of the two domains. In case of cells extrusion in bioprinting flows the
two media have a very different characteristic dynamics velocities. Indeed, a typ-
ical extrusion speed for the fluid is V0 = 20mm/s [49, 51, 68] and by taking as
reference for the structure a cell density ρcell = 1.1 g/ml [70–72] and, assuming a
linear elastic behaviour, a Young’s modulus E = 5 kPa [122–126] the corresponding
characteristic velocity for the structure turns out Vs =

√
E/ρcell. Thus, the re-

duce velocity number Vreduced representing the ratio between the two characteristic
velocities results [110]

Vreduced =
V0

Vs
=

V0√
E

ρcell

= 9.38 · 10−3 � 1 , (4.1)

indicating a structure with a much faster dynamics than the fluid. The correspond-
ing reduced time treduced between the two characteristic times turns out

treduced =
tF
tS

=
D/V0

Dcell/Vs
=

D

DcellVreduced
= 711� 1 , (4.2)

where it has been considered as reference a nozzle diameter D = 200 µm [49, 51,
68] and a cell diameter Dcell = 30 µm [45, 127].

Therefore, since the cell presents a much quicker characteristic time than the
fluid, in order to adequately capture the stress and strain of the structure during
the extrusion, a loosely-coupled FSI procedure with a sub-iterative scheme for
the structural solver has been implemented. Furthermore, considering the typical



Chapter 4. Numerical modelling of fluid-structure interaction 64

Figure 4.2: Schematic representation of a sphere approaching to a wall for the
lubrification model reported in [130, 131].

cell density values of bio-inks with an order of magnitude of 106 cells/ml [68],
in order to avoid the numerical issue of fluid grid re-meshing and to apply the
coupling conditions at the interface between the two phases, a non-body-fitted
mesh approach based on an immersed boundary method [128] with a moving-least-
squares (MLS) reconstruction technique has been adopted [117, 129], as reported
in detail in the next Section 4.4.

Contact modelling. As described in Section 2.5, the cells within the bio-ink can
be modelled as suspended spherical particles immersed in a confined flow. When
a sphere approaches to the nozzle wall or to another sphere, the presence of the
interstitial fluid between the two bodies influences their dynamics. In particular,
the squeezing out of the fluid from the gap generates a pressure increment which
tends to push two bodies away from each other [132, 133]. The magnitude of
the repulsive forces generated during the approaching of the bodies is strongly
influenced by the density of intermediate fluid and of bodies. For example, in gas-
fluidized beds of heavy particles experiments a real contact between particles has
been observed [133] and could be modelled through the elastic/inelastic collisions
models based on the impulse theorem [134]. On the other hand, when the fluid
is a liquid with a density comparable to that of the colliding bodies, the particles
actually do not touch themselves, approaching arbitrarily closely with a velocity
great enough [133]. The latter case is that of bioprinting flows wherein the cells
have a density around ρcell = 1.1 ρ of the water-based fluid [70–72]. An explanation
of the not-contact between the colliding bodies can be given through the paradox
based on the evaluation of the external force on a sphere approaching to a wall
in the creeping flow approximation [131, 132, 135, 136], which provides an infinity
pressure build-up as the gap tends to zero and could cause the liquid film rupture,
and also undermine the continuum hypothesis.

In the present work, the contact dynamics between the cells and the nozzle
wall and the cells themselves is described through a proximity model. It assumes
during the approach between bodies the pressure forces are large enough to prevent
their physical contact. It is based on the lubrification model derived from the
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Stokes equation and represented schematically in Fig. 4.2 reported in [130, 131].
Specifically, considering a sphere with radius Rs approaching a wall with a velocity
Vs and immersed in a Newtonian fluid with viscosity µ, the repulsive pressure
acting on the sphere surface in non-dimensional form reads

p′rep =
3

ε′2 (1 + η′2)
2 , (4.3)

where p′rep = prep/(µVs/Rs), ε
′ = dmin/Rs and η′ = r/

(
Rs
√

2ε′
)

.

4.2 Immersed boundary method

To solve numerically the continuity Eq. (2.8) and the momentum Eq. (2.30) it
has been used a non-dimensional flow solver based on a direct-forcing immersed
boundary (IB) method [117, 128] in Cartesian coordinates. Their corresponding
non-dimensional forms in Eqs. (2.31), (2.32) and here reported result

∂vvv′

∂t′
+ (vvv′ · ∇′)vvv′ = −∇′p′ + 1

Re∞
∇′2vvv′ + 1

Re∞
∇′ · [2∆′µ′(γ̇′)E′] + f ′IB , (4.4)

∇′ · vvv′ = 0 , (4.5)

with reference values a nozzle diameter D, an extrusion velocity V0, a time tf =
D/V0, a fluid density ρ, a pressure p0 = ρV 2

0 , an infinity-shear rate viscosity µ∞
of the bio-ink, Re∞ = ρV0D/µ∞ and with f ′IB representing the IB forcing term.
The flow solver is based on the fractional-step method [137–139] and on a centred
finite differences scheme [117, 128]. Thus, the semi-discretized momentum equation
turns out

v̂vv′ − vvv′n

∆t
= −∇′p′n +

3

2
H ′n − 1

2
H ′n−1 +

1

2Re∞
∇′2(v̂vv′ + vvv′n) +G′nNN , (4.6)

where it has been applied an explicit Euler scheme for the pressure term and for
the the non-linear non-Newtonian term G′nNN = ∇′ · (2∆′µ′nE′n) /Re∞, an implicit
Crank-Nicolson scheme for the viscous term and an explicit Adams-Bashforth 2-
steps scheme for the non-linear convective terms H ′. The apex n indicates the
reference time step, v̂vv′ is an intermediate solution and ∆t′ is the fluid simulation
time step. The previous equation can be rewritten in delta form as [117, 128]

(
1− ∆t′∇′2

2Re∞

)
∆v̂vv′ =

(
−∇′p′n +G′nNN +

3

2
H ′n − 1

2
H ′n−1

)
∆t′ +

∆t′∇′2vvv′n

Re∞
,

(4.7)
with ∆v̂vv′ = v̂vv′ − vvv′n and due to the implicit treatment of the viscous term at
the left-hand side it would require the computationally expensive inversion of a
large sparse matrix. Thus, it is possible to use a factorization technique [137–139]
which reduces the computation cost by solving three simple tri-diagonal matrices
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and yielding the intermediate solution v̂vv′. Then, the direct IB forcing term f ′IB is
applied to impose the no-slip velocity boundary condition

vvv′∗ = v̂vv′ + f ′IB∆t′ = v̂vv′ +
(
f ′IB,nozzle + f ′IB,cells

)
∆t′ . (4.8)

The forcing term f ′IB,nozzle models the no-slip boundary condition between the
fluid and the nozzle wall and it reads [128]

f ′IB,nozzle = −RHS′n−1/2 +
v̄vv′bc − v̂vv′

∆t′
, (4.9)

where RHSn−1/2 are the discretized terms of the right-hand side in Eq. (4.6), and
v̄vv′bc is the linear approximation of the desired boundary condition to impose on
the nozzle wall, namely vvv′bc = 0, and applied to the Eulerian node closest to the
immersed boundary [128]. The f ′IB,cells forcing term models the no-slip condition
between the fluid and the cells and it is based on the moving-least-squares (MLS)
reconstruction technique described in detail in the next Section 4.4.

Once vvv′∗ is known, in order to get a divergence-free velocity, namely satisfying
the continuity Eq. (4.5), the solution is updated as

vvv′n+1 = vvv′∗ −∆t′∇′Φ′ , (4.10)

where Φ′ is a scalar quantity satisfying the elliptical equation

∇′2Φ′ =
∇′ · vvv′∗

∆t′
, (4.11)

solved by using the fast-Fourier-transforms (FFTs) on the radial directions of the
nozzle to decrease the computational cost [117]. Next, the pressure solution results

p′n+1 = p′n + Φ′ − ∆t′

2Re∞
∇′2Φ′ . (4.12)

Viscous numerical instability. The explicit time discretization of the non-
linear non-Newtonian viscous term G′nNN = ∇′ · (2∆′µ′nE′n) /Re∞ in Eq. (4.6)
even if it avoids the more complex treatment through an implicit Newton-Rhapson
method, it implies unfortunately a more severe limitation on the time step than the
CFL condition [109, 138]. By taking as example the non-dimensional 3D parabolic
Burger’s equation

Dψ′

Dt′
=

1

Re
∇′2ψ′ , (4.13)

where ψ′ is a generic scalar variable (e.g. one of the three velocity components),
after the explicit discretization of the Laplacian viscous term, a standard stability
analysis [109] leads to the following limitation of the time step

∆t′

∆s′2Re
<

1

2d
=

1

6
→ ∆t′ <

∆s′2Re

6
, (4.14)

wherein d = 3 indicates the space dimensions of the differential problem, and
∆s′ = 3

√
∆x′∆y′∆z′ is measure of the local Eulerian grid size.

In case of the Eq. (4.6), the G′nNN term can be written as
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G′nNN =
1

Re∞
∇′ · (2∆′µ′nE′n) =

∆′µ′n

Re∞
∇′2vvv′n +

2E′n

Re∞
∇′ (∆′µ′n) , (4.15)

by resulting in a time step limitation corresponding to

∆t′ <
∆s′2Re∞
6∆′µ′n

. (4.16)

Since the Reynolds numbers are usually very small in bioprinting and the cells
have a small dimension compared to the nozzle ones, this condition strongly limits
the simulation time step. In addition, the rheological properties of bio-inks may
also present a large ∆µ, further limiting the time step. Fortunately, this is not a
global condition, since the ∆µ′ � 1 usually only near the nozzle axis where the
shear rates are lower, by permitting a larger global time step since for ∆µ′ → 0
the G′nNN → 0.

4.3 Structural modelling of the cell

Due to the intrinsic complexity and multi-scale nature of the cell, its theoretical
mechanical modelling is still a research challenge [140]. For anucleate cells, as
for red blood cells, a lot of mechanical models are present in literature [141–145],
theoretical frameworks including the mechanical contributions of all three main
parts of the cell (nucleus, cytoplasm and bi-layer membrane) are still lacking [146].

The measure of cellular mechanical properties is not standardised and the ex-
perimental values are specific to the measure technique adopted. The experimental
measure methods usually used are single-cell techniques, such as the atomic force
microscopy (AFM) [122–125], the micropipette aspiration [46, 147], the compres-
sion between two plates [46, 148] the optical tweezer [149], the magnetic twisting
cytometry [148] and the microfluidic real-time deformability cytometry [150]. In
particular, the AFM is one of the most technique used [123] owing to its great
spatial resolution providing very local stiffness values. It involves the application
of a spherical or conical nano-indenter over the cell surface, and by comparing the
force applied and the corresponding deformation it extracts the cell stiffness. On
the other hand, its main drawback is the “bottom-effect” artefact arising from the
substrate stiffness which influences the measured value [122, 123]. The cell stiffness
measurements performed through the AFM technique usually derive from the fit-
ting of the theoretical model of the axisymmetric bending of the annular thick plate
[151] which is a mechanical continuum model. Thus, given the small dimensions of
the cell is reasonable to question whether or not the continuum media assumption
still applies [46]. By focusing on the plasma membrane, it can be modelled as a
continuum media only along the two dimensions describing the surface, since in
the third dimension of the thickness it presents a discontinuous structure. Indeed,
in order to apply the continuum hypothesis it is necessary that the space scale are
large enough to include a sufficient number of molecules such that the molecular
fluctuations are small enough. By taking for the membrane molecules a reference
mean area of 100 Å[46], since the fluctuations is inversely proportional to the square
root of the number of molecules included in the considered range, in order to have
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Figure 4.3: Discretization of the cell surface.

a fluctuation lower than 1% the continuum scale has to be greater than 0.1 µm.
Therefore, given a cell usually has a mean diameter of D̄ = 5− 20 µm, depending
on the numerical discretization adopted the problem scale is intermediate between
the continuum and mesoscopic level.

In first analysis, assuming a linear elastic behaviour of the cell for small strains,
the representative value of the whole cell stiffness ranges between E = 0.1−100 kPa
[122–126]. In particular in a qualitative way, the plasma membrane due to its small
thickness presents a small compression stiffness and a negligible bending strength
[46]. Its mechanical resistance derives from the underlying spectrin mesh which
transfers the mechanical loads to the cytoskeleton which adapts dynamically to
the external stimuli. The cytoplasm shows an incompressible behaviour since the
water based cytosol occupies about the 70% of the cell volume, and the nucleus
presents a higher mechanical strength than the other cell units with a nuclear
stiffness higher of 1.4 to 10 times than the cytoplasm [124, 152, 153].

Furthermore, the mechanical cell properties depend not only on the cellular
type, but also on the physiological/pathological state of the cell. For example
malaria red blood cells present higher stiffness values than the healthy counter-
parts [154], whereas tumor cells show lower stiffness values which increment their
deformability and migration potential raising the metastatic risk [154–156].

In addition to the complexity of the mechanical modelling of the cell, another
issue arises from the fluid dynamics modelling of the non-Newtonian polymer in
order to evaluate the hydrodynamics loads acting on the cell surface during the
extrusion. So, one can see how the FSI modelling of bioprinting is an open research
challenge. Indeed, so far only a few models are present in the literature which takes
into account the FSI effects during the extrusion bioprinting process [18, 19, 157].

Thus, in order to reduce the complexity of the problem and to limit the issue of
the continuum assumption validity mentioned before [46, 117], it has been decided
to implement a coarse-graining method [144] which models the whole cell as a
discretized 2D surface with null thickness, whose vertices are associated to the
mean mechanical properties.

In particular, the surface is discretized through triangular elements as shown in
Fig. 4.3 and forming a mechanical spring network based on the interaction potential
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approach [117, 158] which derives from the minimum energy concept associating
elastic potentials to the network elements [158].

In-plane stretching stiffness. Each edge e of the mesh is considered as an
elastic spring, and during the cell deformation caused by the external fluid loads, it
exhibits an in-plane reaction force. The elastic potential Ws,e of the edge associated
to the stretching results [117, 158]

Ws,e =
1

2
ks(le − l0,e)2 , (4.17)

where le and le,0 are the current and the initial length of the edge respectively, and
ks is the stretching spring constant corresponding to [159]

ks =
Eh
∑
j Aj,e

l2e
, (4.18)

where E and h are the Young’s modulus and the thickness of the elastic mem-
brane, and Aj,e are the triangle areas sharing the same edge. By differentiating
the stretching potential with respect to the position vector ri of the two vertices
of the edge, the internal stretching force fs,i turns out

fs,int = −∂Ws,e

∂ri
= −∇riWs,e , i = 1, 2 . (4.19)

Out-of-plane bending stiffness. The elastic spring network can also model the
bending stiffness owned by the cytoskeleton and nucleus of the cell. Each pair of
triangles sharing the same edge are associated to a bending spring connecting the
triangle centroids activated by the variation of the angle θ between the two triangle
normals n1 and n2. The bending potential results [117, 141, 144, 160]

Wb,e = kb [1− cos(θ − θ0)] , (4.20)

where θ0 is the free-stress angle between n1 and n2. The bending spring constant
kb is based on the bending model reported in [145, 161] and due to the triangular
discretization turns out [144]

kb = D
2√
3
, D =

Eh3

12(1− ν2)
, (4.21)

where D and ν are to the flexural rigidity [162] and the Poisson coefficient of the
elastic surface respectively. By differentiating the bending potential with respect
to the position vector ri of the four vertices composing the two adjacent triangles,
the internal bending force results

fb,int = −∂Wb,e

∂ri
= −∇riWb,e , i = 1, . . . , 4 . (4.22)

Regarding the thickness value h of the stretching spring constant ks in Eq. (4.18)
and the bending spring constant kb in Eq. (4.21), it is important to note that
since the structural model adopted reduces the whole mechanical properties of the
cell on the surface, its value it is not related to the plasma membrane (which is
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around 10 nm), but it has to be calibrated in order to represent the mean whole
mechanical stiffness of the cell obtained from experimental measures, as reported
in next chapter of results.

Volume conservation constraint. Since the presence of the water based cy-
tosol in the cytoplasm, the cell behaves like an incompressible material [141, 144,
146, 152]. Thus, a possible volume potential associated to the volume variation of
the cell may be written as [158]

Wv =
1

2
kv

(
V − V0

V0

)
V0 , (4.23)

where V and V0 are the current and the initial cell volume respectively, and kv is
the volume conservation constant. The corresponding internal volume force results

fv,int = −∂Wv

∂ri
= −∇riWv,l , i = 1, 2, 3 . (4.24)

where ri is the position vector of the three base vertices of each tetrahedron com-
posing the cell. By tuning the kv constant with a value large enough, it is possible
to guarantee the cell volume conservation during the simulation.

Area conservation constraint. The cell membrane may presents also a sur-
face area conservation due to near-incompressibility property of the phospholipid
bilayer [46, 163]. Even if this property is in doubt in literature since the exo-
and endocytosis membrane processes [164, 165]. A possible area potential may be
written as [158]

Wa =
1

2
ka

(
A−A0

A0

)
A0 , (4.25)

where A and A0 are the current and the initial surface area of the cell respectively,
and ka is the area conservation constant. The corresponding internal area force
results

fa,int = −∂Wa

∂ri
= −∇riWa,l , i = 1, 2, 3 . (4.26)

where ri is the position vector of the three base vertices of each tetrahedron com-
posing the cell. By tuning the ka constant with a value large enough it is possible
to guarantee the cell area conservation during the simulation.

4.4 Loose coupling of fluid-structure interaction

As described in the introduction paragraph, since the faster dynamics of cell struc-
ture and to avoid the re-meshing issue of the CFD grid due to cell displacements
and high cell density values of the bio-ink, a loosely-coupled FSI algorithm has
been implemented with a sub-iterative structural solver and based on the immersed
boundary (IB) method.
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Figure 4.4: The schematic domain of the MLS technique [117].

In particular, the numerical treatment of the cell surface immersed in the fluid
is based on a direct-forcing IB method with a moving-least-squares (MLS) recon-
struction technique [117, 129] used to apply the coupling no-slip velocity boundary
condition between the two media. The MLS reconstruction mitigates the possible
numerical instabilities deriving from spurious hydrodynamics oscillations caused
by the motion and deformation of the structure in the fluid [117, 129, 166, 167].

The moving-least-squares (MLS) reconstruction technique. Once the in-
termediate velocity solution v̂vv has been computed from the Eq. (4.7), the IB direct-
forcing is applied to impose the no-slip boundary condition between the fluid and
the walls of the nozzle and cells getting so the updated solution vvv∗

vvv∗ = v̂vv + (fIB,nozzle + fIB,cells) ∆t , (4.27)

where fIB,nozzle is the IB force in Eq. (4.9), fIB,cells is the IB force based on the
MLS reconstruction technique and ∆t is the simulation time step of the fluid.

In particular, the cell surface is discretized through a triangular mesh and to
each triangle centroid is associated a Lagrangian marker as schematically shown in
Fig. 4.4 [117]. The no-slip boundary condition between the cell surface and the fluid
is applied on the Eulerian location corresponding to the Lagrangian marker position
through the FIB,cells IB force and then is transferred back to the neighbouring
Eulerian nodes of the fluid grid through fIB,cells. To compute the fIB,cells force,
the first step is to individuate the closest fluid node to the triangle marker and to
associate it a CFD cubic support domain with a range in the three space direction
ri = 1.5∆xi, with ∆xi corresponding to the CFD grid steps which involves Ne = 27
fluid nodes in the 3D space. Then, the projection of the intermediate fluid solution
V̂ at each Lagrangian marker is approximated by component as [117]

V̂i(x) = pT (x)a(x) , (4.28)
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where pT (x) = [1 x y z] is the linear basis function vector approximating the
solution, and x is the position vector of the marker. a(x) is the vector of coefficients
resulting from the minimization of the L2-norm J defined as

J =

Ne∑
k=1

W (x− xk)
[
pT (xk)a(x)− v̂ki

]2
, (4.29)

where the suffix k indicates the variable is evaluated at Eulerian point k constituting
the CFD support domain with Ne nodes, and W (x− xk) is an exponential weight
function defined as

W (x− xk) =

{
e−(rk/ε)

2

rk ≤ 1

0 rk = 0
, (4.30)

where ε = 0.3 and rk = |x− xk|/ri.
The minimization leads to solving the linear system

A(x)a(x) = B(x)v̂vvk (4.31)

with the matrices A and B depend on the weight function W (x−xk) [117]. Thus,
the intermediate fluid solution V̂ at the Lagrangian marker can be rewritten as

V̂i(x) = φφφT v̂vvi =

Ne∑
k=1

= φlk(x)v̂ki , (4.32)

where φφφT = pT (x)A−1(x)B(x) is the transfer operator between the intermediate
fluid solution v̂i and its projection V̂ ki at the Lagrangian marker l position con-

taining the shape functions values φlk. Once V̂i is known, it is possible to apply the
first coupling condition of the no-slip velocity between the two media

vvv(t)f = vvvs(t) , on Γint.(t) (4.33)

where vvvf and vvvs are the velocities of the fluid and solid material points lying on
the interface surface Γi(t).

In particular, the application of the direct IB force Fi,IB,cells to the position in
the fluid grid corresponding to each Lagrangian marker location

Fi,IB,cells =
V bci − V̂i

∆t
, (4.34)

ensures the no-slip velocity between the fluid and cells, where V bci is the i-th com-
ponent of the desired boundary condition to be imposed, namely the velocity of
the Lagrangian marker of the previous time step. Then, the IB force Fi,IB,cells is
transferred back to the associated Eulerian nodes k resulting by component as

fki,IB,cells =

Nl∑
l=1

clφ
l
kF

l
i,IB,cells , (4.35)

where l and Nl indicating the Lagrangian markers associated with the k Eule-
rian node, i.e. whose Lagrangian points having the k Eulerian node in the own
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support fluid domain. The cl scaling coefficients are determined by imposing the
conservation of the volumetric IB force during the transfer

Ne,tot∑
k=1

fki ∆V k =

Nl,tot∑
l=1

F li∆V
l , (4.36)

where Ne,tot are the total Eulerian nodes involved in the IB forcing, ∆V k =∏3
i=1 ∆xki the corresponding Eulerian grid volume, Nl,tot the total Lagrangian

markers of the immersed body, ∆V l = Alhl the volume associated to each marker
with Al the triangle area and hl =

∑Ne

k=1 φ
l
k(
∑3
i=1 ∆xki )/3 the average mesh size

at the marker location. An important note about the MLS technique is that in
order to have an accurate and stable solution it requires a Lagrangian spacing of
the immersed cell about 0.7 the Eulerian one [117].

Evaluation of hydrodynamics forces on the cell surface. After the appli-
cation of the first coupling condition of the no-slip velocity between the cell and the
fluid is through the Eq. (4.34), it is possible to apply the second coupling condition
of stress equivalence on the interface surface

σσσf (t) · nf (t) + σσσs(t) · ns(t) = 0 , on Γint.(t) (4.37)

where σσσf and σσσs, and nf and ns, are the stress tensors and the outward normals
of the fluid and solid material points respectively lying on the interface surface
Γint.(t). In particular, by nothing that nf = −ns on Γint. the coupling condition
turns out in ensuring σσσf = σσσs on the cell surface.

Thus, the external hydrodynamic viscous and pressure forces acting on the cell
surface are evaluated on the Lagrangian marker location, resulting

f lext =
(
τττ l · nl − plnl

)
Al , (4.38)

where τττ l and pl are the deviatoric stress tensor and the internal pressure of the
fluid and nl is the marker normal. Their values are computed through the use
of a probe normal to the marker at a distance hl from the triangle surface [117]
and by adopting the MLS reconstruction technique. Therefore, by projecting the
momentum balance Eq. (2.15) along nl, the pressure pl turns out [129, 168]

pl = pe − ∂p

∂n
hl = pe + hl

Dvvv

Dt
· nl , (4.39)

where pe is the pressure evaluated at the probe point. The deviatoric tensor τττ l is
assumed equal to the τττe evaluated at the probe location, namely assuming a linear
variation of the velocity near the cell surface, coherently to the MLS technique
adopted. Then, the external forces of each triangle are transferred to the three
composing vertices dividing them by three.

The proximity model between cell-to-wall and cell-to-cell. Regarding the
modelling of the collision dynamics between the cells and the nozzle wall and the
cells themselves, the discretized Eq. (4.6) of motion theoretically takes into account
the repulsive pressure and viscous forces during the approaching phase, since it is
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Figure 4.5: Schematic representation of a cell approaching to the nozzle wall.

resolved through a direct numerical simulation. But due to the discretization of the
problem a contact model, or more properly a proximity model is needed. Indeed,
when the gap d between the two bodies decreases below the 2∆ value, with ∆ cor-
responding to the local average space grid step, the MLS reconstruction technique
starts to interfere and to increase the solution error, since it involves a support
domain in the three space directions of 27 Eulerian nodes [117, 132]. Therefore,
assuming that the lubrification forces are large enough during the collision, and
with the aim to prevent the numerical overlap during the simulation between the
cells and the nozzle and the cells themselves, a proximity model based on that
one described in Section 4.1 has been implemented. More specifically, it activates
when the gap d goes below a threshold value δ and provides a repulsive pressure
distribution based on the model in Eq. (4.3) for a spherical particle approaching
a wall in a creeping flow reported in [130, 131], namely based on the lubrification
approximation [169].

In particular, when a vertex of the cell approaches a distance d equal to or lower
than d ≤ δ = 3∆ to the other body (the nozzle wall or another cell) as shown in
Fig. 4.5 (usually depending on the case δ may vary from ∆ to 3∆ [133, 167]), a
linear repulsive pressure distribution is activated on the portion of the cell surface
in proximity, and which ranges between a null value, corresponding to a vertex
distance d = δ from the other body, and a maximum value prep,max, corresponding
to the minimum vertex distance from the other body. Considering the case of a
cell-to-wall collision, the prep,max results [130, 131]

prep,max =
3µVcell,⊥Dcell

2d2
min

, (4.40)

where µ is the fluid viscosity, Vcell,⊥ and Dcell are the transversal component of
the velocity to the wall and the diameter of the cell respectively, and dmin is
the minimum distance of the cell vertex closest to the wall. Since the FSI solver
used computes the Navier-Stokes equations in non-dimensional form with reference
variables a diameter D of the nozzle outlet, an extrusion velocity V0, a pressure
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p0 = ρV 2
0 and an infinity-shear rate viscosity µ∞ of the bio-ink, the corresponding

non-dimensional p′rep,max results

p′rep,max =
3

Re∞
V ′cell,⊥

D′cell
2

1

(d′min)
2 , (4.41)

with Re∞ = ρV0D/µ∞. Thus, the linear distribution of the repulsive pressure over
the cell vertices in proximity to the other body implemented turns out

p′rep(d
′) = p′rep,max

δ′ − d′

δ′ − d′min
. (4.42)

In the cell-to-cell approaching case, the scheme implemented for the repulsive pres-
sure is analogous to the cell-to-wall case, but with the corresponding maximum
pressure value divided of a factor 4 and corresponding to [169]

p′rep,max,cell2cell =
3

4Re∞
V ′cell2cell,⊥

D′cell
2

1(
d′min,cell2cell

)2 , (4.43)

where in this case d′min,cell2cell is the minimum relative distance between the two
cells and V ′cell2cell,⊥ is the non-dimensional component of the cell-to-cell relative
velocity transversal to the unit vector connecting the two cell barycentres r′cell2cell,
namely

V ′cell2cell,⊥ = |(vvv′cell,1 − vvv′cell,2) · r′cell2cell| . (4.44)

The linear distribution of the repulsive pressure over the cell vertices in proximity
to the other cell results

p′rep,cell2cell(d
′
cell2cell) = p′rep,max,cell2cell

δ′ − d′cell2cell
δ′ − d′min,cell2cell

, (4.45)

where d′cell2cell is the relative distance between the vertex of a cell and the surface
of the other cell.

Next, since the repulsive pressure scales as 1/Re∞ and the Reynolds number
are small in bioprinting, it may happen that its value could increase excessively
causing the divergence of the numerical solution. Therefore it has been setted a
limit value to the maximum repulsive pressure evaluated through the Eq. (4.41)
by considering a d′min = ∆/D.

Then, the corresponding repulsive force acting on the cell vertex has been mod-
elled as a force directed towards the cell centre which reads

f ′rep = − r′i − r′B
|r′i − r′B |

p′repA
′
i , (4.46)

where r′i and r′B are the position vectors of the vertex and of the cell barycentre
respectively, and A′i is the area associated to each vertex which corresponds to the
sum of the triangle areas sharing the same vertex divided by three.
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Figure 4.6: Geometry of the FSI simulations [49, 62].

Time integration algorithm. Once the sum of the external forces fext,i in Eqs.
(4.38), the internal forces fint,i in Eqs. (4.19),(4.22),(4.24),(4.26) and the repulsive
forces frep,i in Eqs. (4.42), (4.45) have been evaluated for each vertex composing
the cell surface, the structural dynamics of the cell motion and deformation have
been computed through an explicit Adam-Bashforth 2-steps method with a second
order accuracy [109], resulting

r̈ni =
(
fnext,i + fnint,i + fnrep,i

)
/mi , (4.47a)

ṙn+1
i = ṙni +

(
3

2
r̈ni −

1

2
r̈n−1
i

)
∆ts , (4.47b)

rn+1
i = rni +

(
3

2
ṙni −

1

2
ṙn−1
i

)
∆ts , (4.47c)

where the apex n indicates the time step reference, r̈i, ṙi and ri are the acceleration,
velocity and position vector of each vertex respectively, mi = mcell/Nv is the mass
of each vertex derived from the division of the cell mass mcell by the Nn vertices
composing the cell surface, and ∆ts = ∆tf/Nsub is the sub-iterative time step of
the structure composed of Nsub sub-iterations with respect to the fluid time step
∆t.

4.5 Simulation parameters & boundary conditions

Table 4.1: Geometry parameters of the nozzle.

Dout Din Dcell Lin Lcr Ln α

100− 330µm 800µm 30µm 552µm 138µm 1.3− 3.0mm 36◦

Geometry. The simulations have been carried out on a standard nozzle geometry
used in extrusion bioprinting [49, 62] reported in Fig. 4.6 and with dimensions given
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Figure 4.7: Experimental data of the hydrogel simulated from Colosi et al.[103]
and the corresponding fitting obtained through the BCCY model in
Eq. (2.21).

in Table 4.1. The nozzle is mainly composed by three parts: an entrance region with
an inlet diameter Din = 800µm, a convergent region characterized by a conical
angle α = 36◦, and a sharp cross section reduction from the cartridge connection
to needle, the latter is characterized by a straight cylindrical shape and an outlet
diameter ranging between Dout = 100− 330µm, determining the resolution of the
bioprinting process. Due to the computational cost, the needle length Ln has been
varied depending on the memory availability. The cells have been modelled as
spheres with a diameter Dcell = 30µm [45, 127]. The uniform structured CFD
mesh has been varied from 181x181x380 to 181x181x704 nodes accordingly to the
Ln value, and the cell mesh has been designed with almost equilateral triangles
adopting a Lagrangian marker spacing about 0.7 the Eulerian grid size [117] (see
Section 4.4).

Table 4.2: Rheological parameters of the BCCY model used to fit viscosity data
in Fig. 4.7.

µ0 µ∞ λ n a R2

59.8mPas 7.8mPas 3.42 s 0.259 1.76 99.8 %

Fluid parameters. The fluid properties have been derived from viscosity data
of a low-viscosity hydrogel of gelatin methacryloyl (GelMA) present in literature
[103] and reported in Fig. (4.7). They have been fitted with the BCCY model
in Eq. (2.21) through the minimization of the mean absolute percentage error
(MAPE) [170]. The best-fitting values are reported in Table 4.2 with the coefficient
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of determination R2 [170]. It has been assumed as reference a hydrogel density
ρ = 103 kg/m3, that for an outlet diameter D = 100µm and an extrusion velocity
V0 = 20mm/s results in Reynolds number ranging between

Re∞ =
ρV0D

µ∞
= 2.56 · 10−1 and Re0 =

ρV0D

µ0
= 3.34 · 10−2 . (4.48)

Since the low Reynolds numbers the non-dimensional fluid time step has been
increased at the limit of the viscous numerical instability (see Section 4.2) corre-
sponding to ∆t′ = ∆tD/V0 = 10−4.

Structure parameters. For the cell it has been chosen a Young’s modulus E =
5 kPa corresponding to an intermediate value of those reported in literature ranging
between 0.1 kPa − 100 kPa [122–126], and with a near incompressible behaviour
with a Poisson coefficient ν = 0.48. The volume conservation constant has been
setted as kv = 1000 by performing numerical tests and measuring the volume
percentage variation.

The thickness value h included in the stretching and bending spring constants
ks and kb (see Section (4.3)) has been chosen by performing a calibration procedure
based on simulations of a single cell immersed in a Newtonian Couette shear flow,
which compares the net strain of the cell ∆ε corresponding to different capillarity
numbers Ca defined as

∆ε =
dmax −Dcell

Dcell
, Ca =

µγ̇

G
, (4.49)

where dmax is the maximum elongation between two vertices, µ is the viscosity
of the Newtonian fluid, γ̇ is the constant shear rate between the bottom and top
planes of the Couette flow and G = E/[2(1 + ν)]) is the elastic shear modulus of
the cell.

Table 4.3: Net cell strains ∆ε corresponding to different Ca numbers reported in
[157].

Ca ∆ε

0.1 13.8 %
0.2 27.7 %
0.3 40.9 %

The data of the net strain-capillarity number relationship have been extrapo-
lated from the comparison between the model developed by Müller et al.[157] and
the analytical 3D calculations carried out by Gao et al.[171] in the linear elastic
range (see Fig. 8b in [157]) and are reported in Table 4.3.

In particular, the same simulation setup of Müller et al.have been replicated in
the non-dimensional framework of the finite difference solver employed as shown
in Fig. 4.8, by ensuring the dimensional similarity between the two numerical
frameworks through the imposition of the same Re and Ca numbers.
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Figure 4.8: Simulation of a single cell in a Couette shear flow performed to cali-
brate the thickness h value. The tangential velocity vx and cell shear
stress are in non-dimensional form.
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Figure 4.9: Exponential fitting of the net strain ∆ε in function of the thickness
h for Ca = 0.3.

Thus, once the fluid and the cell elastic parameters have been setted, given a
Ca number the h value has been calibrated in order to reproduce the same net
strain value ∆ε listed in Table 4.3. To limit the computational cost, the simulation
results of the net strain value in function of the non-dimensional time have been
fitted through the exponential equation
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Figure 4.10: Calibration procedure of the thickness value h in function of Ca
compared with the results reported in [157]

.

∆ε (t) = ∆ε (1− e−t/τ ), (4.50)

where τ is the characteristic time constant of the cell deformation. The fitting is
reported in Fig. 4.9.

Results of the calibration procedure are shown in Fig. 4.10, leading to the
choice of the optimal thickness value h = 2.68µm. Regarding the cell density of
the bio-ink, it has been immersed 163 cells in the inlet and in the convergent region
of the nozzle, resulting in cell density equal to 0.663 · 106 cells/ml.

Table 4.4: Structural parameters of cells.

E ν h kv ncells bio-ink cell density

5000Pa 0.48 2.68µm 1000 163 0.663 · 106 cells/ml

The structure parameters are summarized in Table 4.4, and the structure time
step has been setted as 5 · 107 in order to have 200 sub-iterations of the structural
solver for each fluid time step.

Boundary conditions. For the differential problem of the fluid, it has been ap-
plied an axial velocity profile vvv = [0 0 vz]

T at the inlet for a power law fluid in order
to guarantee the desired velocity extrusion at the needle outlet and corresponding
to

vz(r) = V0

(
Rout
Rin

)2(
3n+ 1

n+ 1

)[
1−

(
r

Rin

)n+1
n

]
, (4.51)
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where V0 is the extrusion velocity, Rin and Rout the inlet and outlet radius respec-
tively and n is the power law index. At the outlet a convective velocity condition
is imposed

∂vvv

∂t
+ V0 (∇vvv · n) = 0 , (4.52)

where n is the normal vector at the outlet. Along the radial directions x and y,
a periodic boundary condition is applied such to use the fast-Fourier-transform
(FFT) and a no-slip boundary condition at the nozzle wall through the IB method
(see Section 4.2). For the structure, a no-slip boundary condition between the cells
and the fluid is applied through the MLS reconstruction technique (see Section
4.4). A null value of the pressure in the axial position at the outlet is also enforced.

Regarding the initial condition at the time t0, a null initial condition for the
velocity and pressure of the fluid, and for the velocity and acceleration of the
structure are applied. The initial positions of the cells have been setted with an
uniform distribution in the inlet and convergent region of the nozzle, by modelling
a perfectly mixed bio-ink.

4.6 Results

The following section presents the results of the FSI simulations carried out to
analyse the interaction phenomena occurring between the polymeric fluid and cells
within the bio-ink during the extrusion. First, the Section 4.6.1 investigates the
flow dynamics of the fluid without cells, and then the dynamics and kinematics of
a single flowing cell. In particular, it analyses the mean and the maximum shear
stresses acting on the cell surface defined as

τmeanshear,cell =
1

S

∫
S

|(σσσ · n) · t| dS , τmaxshear,cell = max
S

(|(σσσ · n) · t|) , (4.53)

where σσσ = −pI + τττ is the stress tensor of the fluid evaluated on the cell surface S
through the MLS technique, and n and t are the normal and tangential unit vectors
of each triangular areola composing the cell mesh. Moreover, the FSI solution is
compared with the classic estimate of shear stresses computed by using the Eq.
(3.5) [49] and reading

τ classiccell =
∆p

2L
rcell,id =

∆p

2L
0.6Rout , (4.54)

where the pressure drop ∆p/L is evaluated from the fluid simulation. It assumes a
homogeneous fluid and an ideal radial equilibrium position rcell,id = 0.6Rout based
on the particle transport analysis in Stokes flows (see Section 2.5).

Then, the Section 4.6.2 statistically analyses the load history of a cell popula-
tion corresponding to bio-ink densities typically used in extrusion bioprinting. In
particular, it also evaluates the powers of the external pressure and viscous forces
of the fluid acting on the cell surface and reading
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Figure 4.11: Velocity magnitude of the fluid.

Ppress,cell =

∫
S

−pn · ṙdS Pvisc,cell =

∫
S

(τττ · n) · ṙdS , (4.55a)

Ptot,cell = Ppress,cell − Pvisc,cell (4.55b)

where ṙ is the velocity vector of the cell surface point and Ptot,cell the total external
power.

Finally, the Section 4.6.3 presents the results of the parametric analyses per-
formed by varying the outlet diameter and the flow conditions, with respect to
those of the previous section taken as reference case.

4.6.1 Single cell extrusion

In order to better understand the phenomena taking place during the extrusion,
the case of single cell extrusion has been considered. The initial position of the cell
is close to the nozzle axis at the beginning of the convergent region, with a nozzle
outlet diameter Dout = 200µm.

Fluid dynamics of the bio-ink. Starting from the fluid results, Fig. 4.11 shows
that due to the cross section reduction Dout/Din = 4 between the inlet and the
outlet of the nozzle, the fluid velocity magnitude increases in the needle part, by
reaching a maximum value Vmax = 2V0 = 40mm/s. This outcome indicates a
parabolic velocity profile and thus the reaching of the second Newtonian plateau
at viscosity µ∞ of the fluid rheological characteristic shown in Fig. 4.7. Indeed,
by looking to the viscosity field and deviatoric stress tensor magnitude field shown
in Fig. 4.12 one notes as at the inlet zone due to the lower shear rates there is a
viscosity zone around 20mPas in the power law region of the BCCY model with
negligible deviatoric stress values; next, in the convergent region there is a viscosity
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(a) Viscosity field of the fluid.

(b) Stress field of fluid.

Figure 4.12: Viscosity (a) and deviatoric stress (b) fields of the fluid in logarith-
mic scale.

decrement and a stress increment with peak values nearby the sharp corners, and
then, a linear deviatoric stress distribution in the needle zone accordingly to the
Eq. (3.5)

τ ' τzr (r) = −∆p

2L
r . (4.56)

Cell dynamics. Analysing the cell dynamics during the extrusion, Fig. 4.13
reports the axial velocity of the cell and its percentage radial position referred to
the nozzle outlet radius Rout. To ease results interpretation, the axial coordinates
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(a) Radial cell position.
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(b) Axial cell velocity.

Figure 4.13: Percentage radial position rcell and (a) axial velocity vz,cell (b) of
the cell as a function of the nozzle axial coordinate z.
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Figure 4.14: Mean and maximum shear stress of the cell.

have been centred at the end of the convergent region, as highlighted through the
two vertical dashed lines. The cell starts with a null velocity and then acceler-
ates rapidly in the convergent region to reach a quasi-stationary value of 38mm/s
around the maximum fluid velocity Vmax = 40mm/s along the axis reported in
Fig. 4.11. During the extrusion, the cell remains close to the axis region under the
1% of the outlet radius (Fig. 4.13(a)), but it presents a lower velocity value since
its inertia.

Moving to the stress experienced by the cell, Fig. 4.14 shows the mean and
the maximum shear stress defined in Eq. (4.53). The cell presents a peak mean
shear stress in the convergent region and then a quasi-stationary value about
0.59Pa. The maximum shear stress shows significantly higher values, increas-
ing by (τmaxshear,cell − τmeanshear,cell)/τ

mean
shear,cell ' +159%. Moreover, the classic estimate
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Figure 4.15: Surface percentage variation of the cell.

of shear stress computed by using the Eq. (4.54) is reported. It is remarkable how
the classic solution overestimates the mean and the maximum shear stress and is
unable to follow the trend of the FSI solution in the convergent region.

Cell kinematics. Analysing the cell deformation, the surface percentage varia-
tion ∆S = (S−S0)/S is reported in Fig. 4.15, with S0 corresponding to the initial
surface. The deformation shows low values, with an increment in the convergent
region, followed by an linear trend in the needle, which recalls the beginning region
of the exponential trend of the Couette shear flow in Fig. 4.9. Indeed, in the
needle part, the fluid flow is a shear flow, contrarily to the convergent region where
is characterized by an extensional regime [74]. The low deformation value could
be also qualitatively predicted by the evaluation of the capillarity number. In the
needle part the flow is Newtonian and the wall shear rate results from Eq. (3.25)
(which is also valid for cylindrical flows) γ̇wall = 4V0/Rout = 800 1/s resulting in
a Caneedle = µ∞γ̇wall/G = 3.74 · 10−3. Thus, from the analysis of the capillarity
number-net strain relationship in Fig. 4.10 one can derives that the deformations
are almost negligible in this case. Therefore, since the surface variation is in the
order of 0.1 %, the cell deformations have been neglected in the following results.

4.6.2 Multiple cells extrusion

Initial position influence. A first study with multiple cells immersed in the
bio-ink regards the analysis of the initial position influence on the cell dynamics
during the extrusion process. In particular, four cells with the same initial position
coordinates z′0,cell = 5.2/D and y′0,cell = 0, and different x′0,cell coordinates starting
from x′0,cell 1 = 0 to x′0,cell 4 = 3 with unit step have been simulated. In Fig.
4.16 it is possible to note how higher x0,cell positions (namely closer to the nozzle
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(a) Radial cell position.
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(b) Axial cell velocity.

Figure 4.16: Percentage radial position rcell (a) and axial velocity vz,cell (b) of
the four cells considered as a function of the nozzle axial coordinate
z.
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Figure 4.17: Mean shear stress of the four cells considered.

wall) correspond to a greater radial equilibrium position in the needle, and thus to
lower velocities determined by the flow streamlines. Next, the analysis of the mean
shear stress in Fig. 4.17 shows how the most external cell (cell 4) presents a high
peak in the convergent region around 7.33Pa and corresponding to a percentage
increment in respect to the cell 1 around ∆τmeanshear,cell 1,4/τ

mean
shear,cell 1 ' +307%. This

stress peak is due to the higher flow resistance encountered by the cell 4, which
during the simulation has been blocked at the needle entrance, causing a local flow
section reduction, and thus a fluid stress increment nearby the cell. While in the
needle part, the outer cells present a higher shear stress, accordingly to the trend
of Eq. (4.56).

Reference case. Next, it has been performed a more realistic simulation by
considering 163 cells immersed in the fluid and corresponding to a bio-ink cell



87 4.6. Results

(a) Radial position. (b) Axial velocity.

Figure 4.18: Percentage radial position r̄cell (a) and axial velocity v̄z,cell (b) of
the cell population as a function of the nozzle axial coordinate z,
with the average value (continuous line) and the standard deviation
(shaded area).
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Figure 4.19: External powers acting on the surface of the cell population.

density of 0.663 · 106 cells/ml as reported in Table 4.4. In order to take into
account the load histories of all cells, a statistical analysis on the cell population
has been carried out. The average values of the quantities of interest have been
marked as f̄ , and reported together the corresponding standard deviation values
(SD).

In Fig. 4.18(a) the radial equilibrium position of the cell population has been
reported reaching a value of 44% of the nozzle outlet radius. The velocity plot in
Fig. 4.18(b) shows an a rapid acceleration in the convergent region and a stationary
value of 30mm/s, coherently to the radial position.

Then, in Fig. 4.19 it has been calculated the powers of the external forces
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Figure 4.20: Mean and maximum shear stress of the cell population.

Figure 4.21: Deviatoric stress field τ of the fluid.

of the fluid acting computed through Eqs. (4.55). One can notes how nearby
the convergent region the total power is positive accordingly to the acceleration
reported in Fig. 4.18(b), and then rapidly vanishes in the needle wherein the
viscous forces balance the pressure ones.

Next, the shear stress analysis reported in Fig. 4.20 shows for the mean shear
stress a SD value about the 45% of the average in the peak of the convergent region
and around the 33% in the needle zone. While the maximum shear stress notably
presents an increment of the average value around +189% in the convergent region
and +228% in the needle than the mean value counterparts, with a SD value about
+204 % larger. This increment is due to the local flow section reduction caused
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Figure 4.22: Pressure of the cell population and of the fluid along the nozzle axis.

r̄cell/Rout v̄z,cell τ̄meanshear,cell τ̄maxshear,cell τ̄maxshear,cell/τ̄
mean
shear,cell

avg. 44 % 29.9mm/s 1.91Pa 6.26Pa 328 %
SD/avg. 37 % 16 % 50 % 44 % -

Table 4.5: statistical analysis results of the cell population at z = 0.6mm.

by the presence of cells which modify the local stress field as shown in Fig. 4.21.
As for the single cell case, the classic solution overestimates the shear stress with
a value of 3.84Pa greater than 98 % of the mean stress, since in this case the
effective radial equilibrium position computed through the FSI approach is lower
and corresponding to about 44 % of the needle radius.

In Fig. 4.22 the pressure acting on the cell surface is reported and compared to
the fluid solution along the axis. The cell population presents an almost negligible
SD with exception in the initial nozzle part, and it nearly overlaps to the fluid
solution. Assuming a needle length of 12 mm, the extrapolation of the pressure
drop along all the nozzle gives a value of about 1.6 kPa. While the pressure drop
in the convergent region is about 20 Pa, and therefore can generally be neglected.

As a summary, the main results of the interest variables are reported in Table
4.5.

4.6.3 Parametric analyses

For the reference case simulation reported in the previous paragraph the computa-
tional cost in terms of simulation time has been around 522 hours (on a workstation
equipped with Intel Xeon W-1290 10 cores, 3.2-5.2 GHz, 64 GB RAM), due to the
limitation on time step described in Section 4.2. Therefore, to allow for parametric
studies, simulations have been performed by adopting a scaling procedure based on
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Dout r̄cell/Rout v̄z,cell τ̄meanshear,cell τ̄maxshear,cell τ̄maxshear,cell/τ̄
mean
shear,cell

100µm 27 % 33.5mm/s 2.88Pa 11.4Pa 396 %
200µm 44 % 29.9mm/s 1.91Pa 6.26Pa 328 %
330µm 49 % 27.5mm/s 1.26Pa 3.71Pa 294 %

Table 4.6: Average values of the parametric statistical analysis on the needle
diameter at z = 0.6mm.

Reynolds’ number equivalence concepts (see Appendix A). Such procedure allowed
to reduce the simulation time down to 41 hours with a loss of accuracy of 6%.

Needle diameter influence. A first parametric analysis has been performed
in Fig. 4.23 by simulating an extrusion with a needle diameter Dout of 100µm,
200µm and 330µm, and comparing it with the reference case Dout = 200µm.

By starting form the smallest to the largest outlet diameter, the cells tend
to reach a greater radial equilibrium position, with a r̄cell,100µm/Rout = 27 %,
r̄cell,200µm/Rout = 44 % and r̄cell,330µm/Rout = 49 % respectively, and thus a larger
axial velocity. This trend can be explained with the decrease of the reduced cell
size Dcell,red. = Dcell/Dout, which reduces from 30 % to 9.1 % determining cells to
get closer to the theoretical value r̄cell,id = 0.6Rout which is referred to particles
with a negligible diameter compared to the channel dimension [89].

Analysing the shear stress in Fig. 4.24, one can note how for the same extrusion
velocity V0, a larger diameter leads to lower mean shear stress, even if the cell
population moves to a larger percentage radial position where the stress are higher.
This is due to the inverse quadratic dependence of pressure drop on needle diameter
∆p/L = 32µ∞V̄ /D

2
out, which if inserted in the momentum balance Eq. (3.5) results

τ̄cell =
∆p

2L
r̄cell =

16µ∞V0

D2
out

r̄cell . (4.57)

The classic estimates (accordingly to the Eq. (4.54)) are also reported in Fig. 4.24,
confirming that these overestimate the effective mean shear stresses and underesti-
mate the maximum shear stress shown in Fig. 4.25. The detailed average values of
the stress analysis together the radial equilibrium position and axial velocity anal-
ysis as a function of needle diameter are reported in Table 4.6 and in Fig. 4.26. In
particular, the Figure 4.26 highlights the greater decrement of the maximum shear
stress in respect to the mean value for increasing needle diameters.

Power law regime in the needle. Next, it has been analysed the influence of
the flow regime on cell stresses, leaving the same printing settings and geometries
of the reference case simulation, and varying the fluid rheological properties in
order to to obtain a power law regime in the needle. This procedure resulted in
choosing the rheological parameters of the BCCY model reported in Table 4.7. In
particular the λ parameter has been decreased until to obtain a value for the γ̇0

and γ̇∞ of the BCCY model in Eq. (2.23) almost coinciding with the shear rates
of the printing window γ̇printmin = 10.4 1/s and γ̇printmax = 1128 1/s. The corresponding
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(a) Radial position.

(b) Axial velocity.

Figure 4.23: Parametric analysis on the needle diameter Dout. Percentage radial
position r̄cell (a) and axial velocity v̄z,cell (b) of the cell population,
with the average value (continuous line) and the standard deviation
(shaded area).

rheological curve is shown in Fig. 4.27 together the shear rates of the printing
window represented by the vertical dashed lines.

As a proof, the shear rate field is plotted in Fig. 4.28, with legend limits
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Figure 4.24: Mean shear stress of the cell population of the parametric analysis on
the needle diameter Dout. The dotted lines are the classic estimates
computed through the Eq. (4.54).
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Figure 4.25: Maximum shear stress of the cell population of the parametric anal-
ysis on the needle diameter Dout.

corresponding to γ̇printmin and γ̇printmax . One can note as only at the corners of the
convergent region the fluid exceeds the γ̇printmax value, indicating a full power law
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Figure 4.26: Mean and maximum shear stress (black, left axis) and percentage
radial position r̄cell/Rout (blue, right axis) of the cell population as
a function of the needle diameter Dout reported in Table 4.6.

Table 4.7: Rheological parameters of the BCCY model plotted in Fig. 4.27 and
used to simulate a fluid with a power law regime in the needle.

µ0 µ∞ λ n a

59.8mPas 7.8mPas 5.7 · 10−2 s 0.259 1.76

flow in the needle region.
Comparing the results of the cell population with the reference case, Fig. 4.29

shows that the radial position and the axial velocity show almost the same value.
On the other hand, the mean shear stress in Fig. 4.30 presents in the needle
an average value of 3.44Pa about 80 % greater than the reference case, since the
current fluid has a greater γ̇0 = 1/λ value (see Fig. 4.27) which increases the
hydraulic resistance of the flow and thus a the dispensing pressure.

Extrusion velocity. A parametric analysis by varying the extrusion velocity
from 10mm/s to 40mm/s and comparing the results with the reference case (with
an extrusion velocity of 20mm/s) has been performed. As shown in Fig. 4.31, the
simulation with a faster velocity of 40mm/s presents a radial equilibrium position
similar to the reference case. While in the slowest extrusion the cells move closer
to the nozzle wall. Next, analysing the mean shear stress in Fig. 4.32 it is possible
to note a quasi-linear trend in the needle part between the three cases accordingly
to the relationship between the shear stress and extrusion velocity in Eq. (4.57);
the values at z = 0.6mm compared to the reference case have been reported in
the second column of the Table 4.8. While in the convergent region, the faster
extrusion case shows a maximum peak value of 6.7Pa about +171 % larger than
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Figure 4.27: Rheological curve of the BCCY model in Eq. (2.21) (solid line), and
shear rate values of the printing window (dashed lines) for the fluid
in the power law regime simulated in the parametric analysis.

Figure 4.28: Shear rate field obtained in the needle for the fluid in the power law
regime (see Fig. 4.27).

the reference case.

As a summary, in Table 4.8 the average values of the percentage radial position
and of the mean shear stress compared to the reference case have been reported
for all the parametric analysis with the same outlet diameter Dout = 200µm.
The radial position shows a small deviation from the reference case within ±5 %,
indicating that the fluid regime has, in our simulated cases, a minor influence on cell
position within the nozzle. Finally, the Figure 4.33 shows the maximum and mean
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(a) Radial position. (b) Axial velocity.

Figure 4.29: Percentage radial position r̄cell (a) and axial velocity v̄z,cell (b) of the
cell population, in the parametric analysis of the needle power law
regime, with the average value (continuous line) and the standard
deviation (shaded area).

Figure 4.30: Mean shear stress of the cell population in the parametric analysis
of the needle power law regime.

shear stresses together the radial position of the cell population in the needle at
z = 0.6mm for increasing extrusion velocities. It is noteworthy that the maximum
shear stress presents a greater slope than the mean value of about +380 %.
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Figure 4.31: Percentage radial position r̄cell of the cell population, in the para-
metric analysis on the extrusion velocity, with the average value
(continuous line) and the standard deviation (shaded area).

Figure 4.32: Mean shear stress of the cell population in the parametric analysis
on the extrusion velocity.
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case r̄cell/Rout τ̄meanshear,cell/τ̄
mean
shear,cell,20mm/s

V0 = 10mm/s 49 % 59%
V0 = 20mm/s 44 % 100 %
V0 = 40mm/s 42 % 190 %

needle pow. law flow 45 % 180 %

Table 4.8: Average values of the parametric statistical analyses on the extrusion
velocity and on the power law flow in the needle at z = 0.6mm.
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Figure 4.33: Mean and maximum shear stress (black, left axis) and percentage
radial position r̄cell/Rout (blue, right axis) of the cell population as
a function of the extrusion velocity V0 reported in Table 4.8.





Conclusions

In this work two kinds of mathematical approaches for extrusion bioprinting
process have been presented. The first one is a quasi-analytical model and assumes
the bio-ink as a homogeneous fluid. In literature, several works adopt this assump-
tion and they usually employ simple rheological models, such as the Newtonian
model [13] or the power law model [11, 12]. Other works adopt more accurate
relationships to describe the rheological behaviour of bio-inks, such as the five-
parameters Bird-Cross-Carreau-Yasuda (BCCY) model [15]. However, this model
requires an ad hoc optimization procedure for the parameters calibration, since
it suffers from an intrinsic problem of parameters identifiability and may lead to
unreliable flow solutions [16].

With the aim to overcome this problem, the shear rate based (SRB) model in
Eq. (2.24) has been developed in Section 2.3.1, in order to have a more physically-
consistent rheological relationship than the BCCY model, and to derive reliable
and quasi-analytical solutions for bio-ink flows. In particular, it is able to capture
the physical meaning of the shear thinning index n in respect than the BCCY
model as shown in the fitting tests reported in Figs. 3.6, 3.7 and in the power law
velocity profiles analysis shown in Fig. 3.8. Furthermore, it shows very good fitting
capabilities at the expense of a maximum coefficient of determination R2

LMAPE

reduction of 5% as reported in Table 3.2.

Next, through the PWM approximation in Eqs. (3.1), (3.2) quasi-analytical
solutions of the main flow problem variables for cylindrical and conical nozzles have
been provided in Eqs. (3.9)-(3.11) and in Eqs. (3.60)-(3.61) together the Algorithm
1 respectively. In particular for cylindrical flows, the Figure 3.9 allows a direct
assessment of the pressure drop applied to the nozzle and of the corresponding
extrusion velocity, together to the evaluation of the Newtonian/power law flow
conditions of the bio-ink. Regarding the velocity profiles, the comparison reported
in Fig. 3.11 between the quai-analytical solution and the finite difference numerical
one showed a robust consistency of the analytical approach, with a maximum error
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on the computed extrusion velocity well below engineering approximations. The
proposed quasi-analytical solution is a novel tool for fast and ready-to-use screening
evaluations on the mutual impact of main process variables in the planning of
bioprinting. Finally, the quasi-analytical model for slightly tapered nozzles has
been applied for the reproduction of an experimental setup, and it showed a good
agreement with the experimental data on the pressure drop value (error 6 %).

The Chapter 4 presents the second mathematical approach considering the bio-
ink as a heterogeneous flow, and addressing the complex FSI taking place between
the fluid and cellular phases within the bio-ink. In this regard, so far only few
examples has been found in literature [17–19]. In particular, Müller et al.[18]
evaluated the stress and strain only of a single cell flowing out the nozzle exit.

The numerical model proposed in this thesis allowed a detailed full-3D dynamic
evaluation of the cell extrusion by analysing the radial equilibrium position, the
axial velocity and the load history through statistical analysis on the cell popula-
tion extruded through a nozzle with standard commercial sizes [49, 62]. Results
of the FSI simulations have been focused on the mean and maximum shear stress
experienced by cells during the bioprinting process and have been compared with
the classic approach, which considers a homogeneous fluid and a radial equilib-
rium position at 0.6Rout, with Rout the outlet nozzle radius. The results of the
reference case with an outlet diameter Dout = 200µm showed how the classic so-
lution overestimates the mean shear stress computed through the FSI approach,
and underestimates the maximum shear stress in the needle region. In particular,
the FSI solution presents a maximum to mean shear stress ratio up to +328 %.
Furthermore, the classic approach is not able to follow the unsteady behaviour
of the shear stresses in the convergent region, where the FSI solution reports the
maximum peak value. In addition, the numerical solution presents a radial equi-
librium position of the cell population at 0.44Rout different from the theoretical
value 0.6Rout. This could be explained since the not-negligible dimensions of cells
considered in respect to the nozzle ones; while the theoretical solution is referred
to smaller particle sizes. Next, the parametric analysis results performed by vary-
ing the outlet diameter from 100µm to 330µm report in Table 4.6 a shift of the
radial equilibrium position towards the nozzle wall for increasing diameters and
approaching the theoretical value 0.6Rout, since the decreasing Dcell/Dout ratio
with Dcell the cell diameter. Finally, by increasing the extrusion velocity the Fig-
ure 4.33 shows a maximum shear stress with a greater slope than the mean value
about +380 %.

Future steps

A next step for the quasi-analytical model presented in the Chapter 3 could be
to derive a solution for the extensional stresses of the fluid, since in addition to
cell damage caused by shear stress damage, also extensional stresses (sometimes
referred as elongational stresses) could affect cell vitality as reported in the liter-
ature [18, 49, 55, 172–174]. Furthermore, for the flows in slightly tapered nozzles,
the solution developed in Section 3.3 could be improved by an approximated solu-
tion for the radial velocity component vr, obtainable by not neglecting the radial
gradient terms in the momentum balance Eq. (3.15b). This improvement could
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shed a light on the radial positioning of cells during extrusion, as analysed in the
Chapter 4.

Regarding the numerical FSI model presented in the Chapter 4, next simulations
could be to consider higher cell densities, and less stiff cells with lower Young’s
modulus values to investigate the influence of cell deformations on the extrusion
dynamics. Next, the proposed model could be used to support the optimization
of the nozzle shape in order to limit the shear stresses experienced by the cells.
Another step could be to improve the analysis of cell stresses by taking into account
also the extensional contributes, which arise in the convergent region of the nozzle.
Then, a further enhancement could be to develop a cell damage criteria based on
mechanobiological stimuli applied to local cell surface. Another future step could
be to tackle the analysis of more complex process such as the co-axial bioprinting
[175, 176], by analysing in addition the extensional stresses arising at the nozzle
outlet [18]. Furthermore, thanks to the large amount of parallelism in graphics
hardware [177, 178], the numerical solver could be moved in a high performance
computing-GPU environment in order to decrease the computational cost of the
FSI simulations.

In addition, both for the quasi-analytical and numerical FSI model, a visco-
elastic rheological model of the fluid might allow for a better description of the
constitutive response of bio-inks mechanics, and then for a higher fidelity in the
analysis of stresses and strains experienced by cells during extrusion.





Appendix A

Scaling property of Stokes flows

Considering a non-Newtonian inelastic fluid with a constitutive relationship ap-
proximated through the PWM model in Eq. (3.1), and thus with a viscosity range
delimited by the zero-shear rate µ0 and infinity-shear rate µ∞ viscosity, taking as
reference values a diameter D, an extrusion velocity V0, the infinity-shear rate vis-
cosity µ∞ and a pressure p0 = µ∞V0/D, the non-dimensional momentum balance
Eq. (2.15) results

Re∞
Dvvv′

Dt′
= −∇p′ +∇ · τττ ′ , (A.1)

where the apex f ′ indicates the corresponding non-dimensional variable and Re∞ =
ρV0D/µ∞. Thus, considering a flow at low Reynolds number the previous equations
turns out in the Stokes’ flow equation

0 = −∇p′ +∇ · τττ ′ . (A.2)

Then, considering as geometry a cylindrical nozzle, and thus implicating a Poiseuille
velocity profile vvv′ = [0 0 v′z(r

′)]T , with flow conditions such as to lead shear rate
values high enough to approximate the viscosity with the constant µ = µ∞ value,
such as the bioprinting flows analysed in Section 4.6 (the same following demon-
stration cab be performed by considering low shear rate flows with µ = µ0), the
previous equation projected along the axial direction turns out

z′) 0 = −dp
′

dz′
+

1

r′
d

dr′

(
r′
dv′z
dr′

)
. (A.3)

Next, applying the symmetric flow boundary condition on the nozzle axis and the
no-slip boundary condition at the wall, the solutions of the axial velocity and shear
stress modulus result
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Figure 34: Mean and maximum shear stress of the cell.

v′z(r
′) = 2

[
1−

(
r′

R′

)2
]
, (A.4)

τ ′shear(r
′) = |τ ′z′r′(r′)| =

∣∣∣∣dv′zdr′ (r′)
∣∣∣∣ , (A.5)

with R′ the non-dimensional nozzle radius.
Thus, the corresponding dimensional shear stress reads

τshear(r) =
µ∞V0

D

∣∣∣∣dv′zdr′ (r′)
∣∣∣∣ =

ρV 2
0

Re∞

∣∣∣∣dv′zdr′ (r′)
∣∣∣∣ , (A.6)

showing how for Stokes’ flows in cylindrical nozzles the shear stress modulus is
inversely proportional to the Reynolds number. This property has been used in the
parametric analyses carried out in Section 4.6.3, to scale the results of simulations
performed with the same geometry and extrusion velocities, but at lower viscosity
values corresponding to higher Reynolds numbers, but always in the Stokes’ flow
regime, in order to reduce the limitation on the time step imposed by the condition
in Eq. (4.16).

As a proof, in Fig. 34 the shear stress results of two test simulations performed
at greater Reynolds number with viscosity values decreased respectively of a factor
10 (with label Re10x) and 50 (with label Re50x), and compared to those of the
reference case in Section 4.6.2 (with label Re1x) have been reported. In particular,
the mean shear stress acting on the cell population of the two test simulations has
been scaled accordingly to the Eq. (A.6), (the non-dimensional term |dv′z(r′)//dr′|
does not influence the results, since the geometry and the Poiseuille velocity profiles
are the same for all the three simulations). It is possible to note how the three
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solutions report almost the same values with a loss of accuracy of 6 % in the needle
region, thus validating the scaling procedure adopted.

Considering flow conditions such that to have shear rates intermediated between
the γ̇0 and the γ̇∞ values of the PWM model, corresponding to a viscosity ranging
between µ0 and µ∞, namely a power law flow characterized by a consistency index
K = µ∞γ̇

1−n
∞ and a power law index n, the demonstration in analogous to the

previous case and the Eqs. (A.4)-(A.6) turn out

v′z(r
′) =

3n+ 1

n+ 1

[
1−

(
r′

R′

)n+1
n

]
, (A.7)

τ ′shear(r
′) = |τ ′z′r′(r′)| =

KV n−1
0

µ∞Dn−1

∣∣∣∣dv′zdr′ (r′)
∣∣∣∣n = SRn−1

∞

∣∣∣∣dv′zdr′ (r′)
∣∣∣∣n , (A.8)

τshear(r) =
ρV 2

0

Re∞
SRn−1
∞

∣∣∣∣dv′zdr′ (r′)
∣∣∣∣n , (A.9)

where SR∞ = V0/(Dγ̇∞) is the ratio between the shear rate of the flow and
the rheological infinity-shear rate of the fluid, indicating an inversely proportional
relationship between the shear stress and the Reynolds number also in this case.
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Albrecht, et al. “A hyperelastic model for simulating cells in flow”. Biome-
chanics and modeling in mechanobiology 20 (2021), pp. 509–520.

[158] Masao Tanaka, Shigeo Wada, and Masanori Nakamura. Computational biome-
chanics: theoretical background and biological/biomedical problems. Vol. 3.
Springer Science & Business Media, 2012.

[159] Allen Van Gelder. “Approximate simulation of elastic membranes by trian-
gulated spring meshes”. Journal of graphics tools 3.2 (1998), pp. 21–41.

[160] Yacov Kantor and David R Nelson. “Phase transitions in flexible polymeric
surfaces”. Physical Review A 36.8 (1987), p. 4020.

[161] David H Boal and Madan Rao. “Topology changes in quid membranes”
(1992).

[162] Stephen Timoshenko, Sergius Woinowsky-Krieger, et al. Theory of plates
and shells. Vol. 2. McGraw-hill New York, 1959.
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