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Abstract

LetAjq, ..., Ay becomplex self-adjoint matrices and let p be a density matrix. The Robertson uncertainty
principle

det{Cov,(Ap, Aj)} = det {—%Tr(,o[Ah, Aj])}

gives a bound for the quantum generalized variance in terms of the commutators [Ay, A ;]. The right side
matrix is antisymmetric and therefore the bound is trivial (equal to zero) in the odd case N = 2m + 1.

Let fbe an arbitrary normalized symmetric operator monotone function and let (-, -) . s be the associated
quantum Fisher information. We have conjectured the inequality

[
2

det{Covp(Ap, Aj)} > det{ (ilp. Apl.ilp. Aj])p,f}
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that gives a non-trivial bound for any N € N using the commutators [p, Aj]. In the present paper the
conjecture is proved by mean of the Kubo—Ando mean inequality.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let M, sq := My 54(C) be the space of all n x n self-adjoint matrices (observables) and let 9,11
be the set of strictly positive density matrices (faithful states). Given A, B € M), 5, and p € 9/,11
define the (symmetrized) covariance as Cov,(A, B) :=1/2[Tr(pAB) + Tr(pBA)] — Tr(pA) -
Tr(pB) and the variance as Var,(A):=Cov,(A, A). In this context the Heisenberg uncertainty
principle is the inequality

Var,(A)Var,(B) > %|Tr(,o[A, B))%. (1.1)
Schrddinger and Robertson improved this result to

Var, (A)Var,(B) — Cov,(A, B)* > %|Tr(p[A, B> (1.2)
Robertson himself realized that for N observables Ay, ..., Ay one can prove the general result

det{Cov,(Ap, Aj)} > det {—%Tr(p[Ah, Aj])} (1.3)

(see [12,14,25-27]). The left hand side is known as the (quantum) generalized variance of the
random vector (A1, ..., Ay). Let us refer to the inequality (1.3) as the “standard” uncertainty
principle to distinguish it from other inequalities like the “entropic” uncertainty principle and
similar inequalities. It is difficult to overestimate the importance of the uncertainty principle in
quantum physics. Examples of recent references where inequality (1.3) plays a role are given by
[2,3,13,28-30].

It is worth to write the inequality (1.3) in a different way. Let (V, g(-, -)) be a real inner-
product vector space and suppose that vy, ..., vy € V.Thereal N x N matrix G :={g(vs, v;)}is
positive semidefinite and one can define Vol® (vy, .. ., vy) :=,/det{g (vs, v;)}. If the inner product
depends on a further parameter in such a way that g(-, -) = g, (-, -), we write Vol® (vy, ..., vy) =
Volf, (v1, ..., vy). With these definitions the inequality (1.3) takes the form

0, N =2m+1,

~ 1 (1.4)
det{—iTr(p[As, A;])}2, N =2m,

VoIS™V(Ay, ..., Ay) = {
since the matrix {—é—Tr(,o[Ah, Aj1])} is antisymmetric. The above formulation clarifies that for
an odd number of observables the standard uncertainty principle states nothing more than the
classical property of non-negativeness of the generalized variance.

In order to search for an uncertainty principle which is not trivial for an odd number of
observables, one is naturally lead to consider the commutators [p, Aj] (to see this consider the
case N = 1).

Let 7 op be the family of symmetric normalized operator monotone functions. To each element
f € Fop one may associate a p-depending scalar product (-, -),, s on the self-adjoint (traceless)
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matrices, which is a quantum version of the Fisher information (see [22]). Let us denote by VOl,{;
the associated volume. In the paper [5] we conjectured that, for any N € N (this is one of the

main differences from (1.4)) and for arbitrary self-adjoint matrices Aq, ..., Ay, one has
N
0\ 2 .
VOIS (A, ... Ay) > (%) Vol Gilp. Ail. ... ilp. Ax1). (15)

We conjectured inequality (1.5) inspired by the cases N = 1, 2 which have been proved by
the joint efforts of a number of authors in several papers: Luo [17,18], Luo and Zhang [19-21];
Kosaki [15]; Yanagi et al. [31]; Hansen [11]; Gibilisco et al. [4,5,10]. We refer to [5] for more
detailed credit.

The main result of the present paper is the proof of inequality (1.5).

It is well known that the standard uncertainty principle is a consequence of the Cauchy—
Schwartz inequality. It is worth to note that the same role in (1.5) is played by the Kubo—Ando
inequality

1
2471+ BTH T <my (A, B) < S(A+ B)

that says that any operator mean is larger than the harmonic mean and smaller than the arithmetic
mean.

The scheme of the paper is as follows. In Section 2 we describe the preliminary notions of
operator monotone functions, matrix means and quantum Fisher information. In Section 3 we
discuss a correspondence between regular and non-regular operator monotone functions that is
needed in the sequel. In Section 4 we state our main result, namely the inequality (1.5); we also
state other two results concerning how the right side depends on f € % and the conditions to
have equality in (1.5). In Sections 5, 6 7 we prove some auxiliary results. In Section 8§ we prove
the main results. In Section 9 we compare the standard uncertainty principle with the inequality
(1.5).

2. Operator monotone functions, matrix means and quantum Fisher information

Let M, := M, (C) (resp. My, sqa := M} 5a(C)) be the set of all n x n complex matrices (resp. all
n x n self-adjoint matrices). We shall denote general matrices by X, Y, ... while letters A, B, ...
will be used for self-adjoint matrices, endowed with the Hilbert—Schmidt scalar product (A, B) =
Tr(A*B). The adjoint of a matrix X is denoted by XT while the adjoint of a superoperator
T : (M, (-,-)) > (My, (-, -)) is denoted by T*. Let &,, be the set of strictly positive elements of
M,, and 9,11 C 2, be the set of strictly positive density matrices, namely 9,11 ={p e M,|Trp =
1, o > 0}. If it is not otherwise specified, from now on we shall treat the case of faithful states,
namely p > 0.

A function f : (0, 400) — Ris said operator monotone (increasing) if, foranyn € N, and A,
B € M,, such that 0 < A < B, the inequalities 0 < f(A) < f(B) hold. An operator monotone
function is said symmetric if f(x) = xf(x~') and normalized if f(1) = 1.

Definition 2.1. 7, is the class of functions f : (0, +00) — (0, +00) such that

o fA)=1,
() tfe~h = f@),

(iii) f is operator monotone.



P. Gibilisco et al. / Linear Algebra and its Applications 428 (2008) 1706—1724 1709

Example 2.1. Examples of elements of 7 ¢, are given by the following list:

1+ﬁ>2
2 9

. 2x .
SRLD(X) =TI fwy ()= (

o l4x . (x — 1)? 1
fsLp(x) =— Sfwypg) (x) ;=81 — B) P DI F_1D)’ Be <0, §> :

We now report Kubo—Ando theory of matrix means (see [16]) as exposed in [24].

Definition 2.2. A mean for pairs of positive matrices is a function m : &, x I, — %, such
that

) m(A, A) = A,
(ii) m(A, B) = m(B, A),
(iii) A< B=—= A <m(A,B) < B,
(iv) A< A’, B<B = m(A, B) <m(A’, B),
(V) m is continuous,
(vi) Cm(A, B)C* < m(CAC*, CBC*), forevery C € M,,.

Property (vi) is known as the transformer inequality. We denote by .#p the set of matrix
means. The fundamental result, due to Kubo and Ando, is the following.

Theorem 2.1. There exists a bijection between M op and F op given by the formula

m (A, B):=A? f(ATIBAZ)AZ.
Example 2.2. The arithmetic, geometric and harmonic (matrix) means are given respectively by

1
AVB = E(A + B),
o 1 R R |
A#B :=A2(A"2ZBA"2)2A2,
AB :=2(A"'+ B~1H)~L.

They correspond respectively to the operator monotone functions ’%‘, X, xz—jfl

Kubo and Ando [16] proved that, among matrix means, arithmetic is the largest while harmonic
is the smallest.

Proposition 2.2. For any f € 7, one has

1
247"+ B H P <mys(A, B) < ;A +B),

which is equivalent to

2x 1+x
< <
Trx S/ s—

Vx > 0.
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In what follows, if 4" is a differentiable manifold we denote by T,.4" the tangent space to
" at the point p € 4", Recall that there exists a natural identification of T, % ,11 with the space of
self-adjoint traceless matrices; namely, for any p € @,ll

T,9) = {A € M,|A = A*, Tr(A) = 0}.

A Markov morphism is a completely positive and trace preserving operator 7 : M, — M,,.
A monotone metric is a family of Riemannian metrics g = {g"} on {95}, n € N, such that

&y (TX, TX) < gh(X. X)

holds for every Markov morphism T : M, — M,,, for every p € 9,11 and for every X € Tp@,ll.
Usually monotone metrics are normalized in such a way that [A, p] = 0 implies g,(A, A) =
Tr(p~'A?). A monotone metric is also said a quantum Fisher information (QFI) because of
Chentsov uniqueness theorem for commutative monotone metrics (see [1]).

Define L,(A):=pA, and R,(A) :=Ap, and observe that they are commuting positive super-
operators on M, 5. For any f € &, one can define the positive superoperator m ¢(L,, R,).
Now we can state the fundamental theorem about monotone metrics.

Theorem 2.3 (see [22]). There exists a bijective correspondence between monotone metrics (quan-
tum Fisher informations) on ,?2,11 and normalized symmetric operator monotone functions f €
F op- This correspondence is given by the formula

(A, B)p,r:=Tr(A-my¢(L,, Rp)fl(B)).

The metrics associated with the functions fz are very important in information geometry and
are related to Wigner—Yanase—Dyson information (see for example [6—9] and references therein).

3. The function f and its properties

For f € Fp define f(0):= lim,_¢ f(x). The condition f(0) # O is relevant because it is a
necessary and sufficient condition for the existence of the so-called radial extension of a monotone
metric to pure states (see [23]). Following [11] we say that a function f € #, is regular iff

f(0) # 0. The corresponding operator mean, associated QFI, etc. are said regular too.

Definition 3.1. We introduce the sets
={f € Foplf(0) #0}, F5,:={f € Foplf(0) =0}.

Trivially one has &, = F, U97 op

Proposition 3.1 [4]. For f € F g and x > 0 set

_ 1y f(O)]

~ 1
f(x)~=§[(x+1)—( I

Then f € F"

By the very definition one has the following result (see Proposition 5.3 in [4]).
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Proposition 3.2. Let f € gp. The following three conditions are equivalent:

Let us give some more definitions.

Definition 3.2. Suppose that p € ,@}1 is fixed. Define Xg:=X — Tr(pX)I.

Definition 3.3. For A;, Ay € M, 5, and p € ,,@,11 define covariance and variance as
Covy(Ar, A2) == %[Tr(pAlAz) + Tr(pA2A0)] — Tr(pAy) - Tr(pA2)

1
= E[TI(P(AI)O(AZ)O) + Tr(p(A2)0(A1)o)] = Re{Tr(p(A1)o(A2)0)},
(3.1)
Var, (A) :=Cov,(A, A) = Tr(pA?) — Tr(pA)* = Tr(pA}).

Suppose, now, that Ay, Ay € My, 54, p € 9,11 and f € 7 gp. The fundamental result for our
present purpose is given by Proposition 6.3 in [4], which is stated as follows.

Theorem 3.3

0
fé )(i[p, A1l ilp, Aal)p.r = Covy (A1, A2) = Tr(m 7(Lp, Rp)((A1)0)(A2)0).

As aconsequence of both the spectral theorem and Theorem 3.3 one has the following relations.

Proposition 3.4 [4]. Let {¢;} be a complete orthonormal base composed of eigenvectors of p,
and {A;} the corresponding eigenvalues. To self-adjoint matrices Ay, Ay we associate matrices

AT = o (p), Jj = 1,2, whose entries are given by ‘Q/l]d ={((A)owkler).
We have the following identities.

1
Cov, (A1, A2) = Re(Tr(p(A1o(A2)0)} = 5 D (ki + h)Relsy /)
k,l

f) . . 1
S ilp. Arlilp. Al s = 5 ;@k + ADRel{ ), A3}

-> m (ki Aj)Re{}.A%).
k,l

We also need the following result (Corollary 11.2 in [4]).

Proposition 3.5. On pure states

Tr(m 7(Lp, Rp)((A1)0)(A2)0) = 0.
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4. Volume theorems for quantum Fisher informations

Given a matrix A = {Ay}, we denote its determinant by det(A) = det{Ay;}. Let (V, g(-, -))
be a real inner-product vector space. By (u, v) we denote the standard scalar product for vectors

u,v € RY. One has

Proposition 4.1. Let vy, ..., vy € V. The real N x N matrix G :={g(vs, v})} is positive semi-
definite and therefore det{g(vy, v;)} > 0.

Motivated by the case (V, g(-,:)) = (RN , {+, -)) one can give the following definition.

Definition 4.1
Vol® (v1, ..., vN):=,/det{g(vy, v))}.
Remark 4.1

(i) Obviously,

Volé (v, ...,vy) =0,
where the equality holds if and only if vy, ..., vy € V are linearly dependent.

(ii) If the inner product depends on a further parameter so that g(-,-) = g,(-, ), we write
Vol§(vy, ..., vy) = Volé (v, ..., vN).

(iii) In the case of a probability space (V, g,(-, ")) = (5’%{(9, %, p), Covy(-,-)) the number
VolgoV (A1,...,An)? is known as the generalized variance of the random vector
(A1, ..., AN).

In what follows we move to the noncommutative case. Here Ay, ... Ay are self-adjoint matri-

ces, p is a (faithful) density matrix and g(-, -) = Cov, (-, -) has been defined in (3.1). By Vol;’: we
denote the volume associated to the quantum Fisher information (-, -),, s given by the (regular)
normalized symmetric operator monotone function f.

Definition 4.2. The function

0
1} = Lol Gt AD =

is known as the metric adjusted skew information or f-information (see [4,11]).

0
f(2 )(i[p,A],i[p,A])p,f

LetN e N, f € 9721,,,0 € 3@,11 and Ay, ..., Ay € M, s, be arbitrary. We shall prove in Section

8 the following results.

Theorem 4.2

o)

N
2
> ) Vol (i[p, Arl.....ilp, AND. @1

VoISV(Ay, ..., Ay) = (

Theorem 4.3. The above inequality is an equality if and only if Ay, . .., Ang are linearly depen-
dent.
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Theorem 4.4. Fix N € N, p € 9, and Ay, ..., AN € My, sq. Define for f € 74,

o d
V(f):= <%) Volf{(i[p, Atl, ..., ilp, AND).
Then, for any f, g € g,

f<g = V(H=Vi.

Remark 4.2. The inequality
det{Cov,(Ap, Aj)} = det [COVp(Ah: Aj) = Tr(m (L, Rp)((Ah)O)(Aj)O)}
also makes sense for not-faithful states, which is true by continuity as a consequence of Theorem

8.1.

Because of Proposition 3.5 one has (by an obvious extension of the definition) the following
result.

Proposition 4.5. If p is a pure state, then for any N € N, f € fgp, Ay, ..., ANy € My, 54 one
has

N
0\ 2?2
VoIS (A, ..., Ay) = (%) Vol Gilp, A1l, .., ilp, AND).

5. Some combinatorics

The following simple combinatorial results are needed in order to prove the main results. For
the sequel, set n:={1, ..., n} and denote by SV the symmetric group of order N. Furthermore,
given z € C, we shall introduce the operator

Re(z) ifk=0,

k —
C@= {Im(z) k=1

Given a finite set X ¢ N and N € N, for any tensor {Q]]?} one has

N N
[1>0=> [1ef" 5.1)

j=lkex uexN j=1
Therefore, taking X = {0, 1} and Q'; = C*k (z;)C k(w i), one gets the following result.

Lemma 5.1. If z;, w; € C then
N N

[T| X cfepctwp|= > [TV eEpcPw)

j=1 \ke{0,1} uelo, )X \Jj=1

Indeed, with similar arguments (5.1) can be generalized to a tensor { Q,{ ;1> so that one obtains
the following lemma.
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Lemma 5.2. For a finite set X C N and N € N one has

N

N
[T{ > eu|= 2 |IT2us0

j=1 \k,lex a,BeXxN \j=1

For finite X, consider a bijection g : X — X. For any function r : X — R one has

D or@) =Y rg). (5.2)

xeX xeX

From this result, one obtains the following proposition.

Proposition 5.3. Let X be a finite set and let G be a group of bijections g : X — X. For any
functionr : X — R one has

Zr(x) = rlG) Z Zr(g(X)).
xeX

xeX geG
Now consider X := {0, 1} which can be identified with the power set of N. If u € {0, 1},
each permutationo € Sy canbe seenasabijectiono : X — X defining o (1) :=u o o. Therefore,

from (5.2) we get the following lemma.

Lemma 5.4. For any function r : {0, 1YY — R and for any o € Sy one has

Yoorw= ) rlow)).

uel{0, 1} uel{0, 1}~

6. The function H

Let Ry :=(0, 400) and x = (x1,...,xn), ¥y = (V1,--., YN) € Rﬁ. In the sequel, we need to
study the following function.

Definition 6.1. For any f € 7, set

Nty e (x v
f _||¥_|| J S (v v
H’ (x,y):= 5 ( > mf(x],y])>.

j=1 j=1

Proposition 6.1. For any # € ?gp, X,y € RY,

Hf(x, y) > 0.

Proof. Since for any x,y € RY,

Xj+yj

j=1,..., N,
3 J

0 <mz(xj,yj) <

we have
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N N
Xjityj Xjtyj
(52 =) < TT 52

Jj=1 j=1

so that we obtain the result. [

Proposition 6.2
f<3@

‘ U
H'(x,y) < H8(x,y) Vx,yeRY.

Proof. Since for any x, y > 0

Y ey = @ —y* fO
2 fre sl 2 x\)’
rr()

we have

N

Wiy = [[ 212 S gl e y’)z o
L L Ty
Because of Proposition 3.2 we have
f(O) g(O)
ﬂﬂ g@

f\ vt > 0;

hence, we obtain
H (x, y) < H8(x,y) Vx,ye€ [R{{X

by elementary computations. [J

Corollary 6.3. Forany f € F op,

N
1
0< HSLD(x,y) < Hf(x,y) —Nl_[ Xj+y;)) VX, ye Rﬁ.

(g::@ﬂ:{(xl,...,xlv):xie{l,...n},i:l,...,N}.

1715

6.1)

Definition 6.2. Fix (A1,...,A;) € IR"JF. Given o, f € € = Qﬂ, let HJ;ﬁ ::Hf()w, Ag), where

Ao i=ays s hay)s Agi=(Ag, ..., Agy)-

Proposition 6.4. For all o € SV one has

e

f
H B

a(0).B(0)

Proof. It is left to the reader. [
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7. The function K

In order to prove the main result of this paper, we introduce some notations. Let {¢; } be a com-
plete orthonormal basis composed of eigenvectors of p, and {A;} the corresponding eigenvalues.
As in Proposition 3.4, set

A =(Apogrle), j=1,....,N; k,i=1,...,n.

Note that .o/ 1{1 =/ ljk, since the Aj’s are self-adjoint; namely
Re{/])} = Re{/}}, Im{e/}}) = —Im{/]}.
Since
Re{zw} = Re{z}Re{w} — Im{z}Im{w},

we obtain the following lemma.

Lemma 7.1

Re{.s],. ]} = Re{./] JRe{ .1} + Im{.o/] Yim{.o/ 7).

Ifa,f €4 =n"ando € SN wedefinea N x N matrix %P7 setting

(#°Fo)); :=Re{.s ) Lohj=10. N adey, Boy = 1, n.

J
Ao () Bo (h) &//30(11) o (h)

When o :=1 is the identity in Sy, we shall simply denote by /), 5, h =1,... N, and 2*F
the corresponding matrices.

Definition 7.1
Kap:=Kap(p: Ar,.... Ay)i= ) det(@P).
geSy

Definition 7.2. If u € {0, 1}M anda, B € € = Qﬁ we definean N x N matrix D(u; o, B) setting
(D &, Bynj}:={C" DAy g}, hj=1,...,N.

Proposition 7.2. We have

Kup= . det(D;a, ) >0.
ue{0,1}N

Proof. Applying: Lemmas 7.1, 5.1 and 5.4 to the function
N
— — u(j) g7 u(j) o7t
r(u) =ro.c ()= 1_[1C P a0y by C P oy botiy
j:

we get

Ko p= Z det 8% Po

oeSy



P. Gibilisco et al. / Linear Algebra and its Applications 428 (2008) 1706—1724 1717

3D sgmnm )t

oeSy TeSN

7(j)
Z Z sent l_[ Re { Ao (j)s ﬂaw)&/ﬂa(j)»%u)}
oeSy TeESy

j=1
N
j () ()
Z Z sgnt l—[ (Reﬂ%m ﬂm)Re‘Q{%m’ﬂam+Im9/aa< ):Pa <;>Imﬂ%(1)sﬁam>

(TESN ‘L’ESN j=

N
Z Z sgnrl_[ Z C'o/ an(,) Bs(i) C“M;(f(;)’ﬁd(j)

—_

oeSy TeSy Jj=1 \u€{0,1}

u(/) u(j) ()
S S X 1V 0, 00,
oeSy teSy uef{0, )X j=1

N
u(o (j) 7 u(o () 77
Z ngnr Z HC ‘Q/%wﬂn(/)C d“a(_/»ﬁa(./‘)'

oeSy TeSy ue{0,1}Y j=1

Hence, since for any £ = {Ej} and o € SN, sgno - det{Eq(jyk} = det(E), one has

Ko p

Z det 8% -Po

o€eSN

2. X ngnfl_lc”‘””” aa(,mﬂ,)l_lc“(""’” L i ot

ue{0,1}N o0 €Sy T€SN

u@ () oy u(o () o7 T(h)
Z Z sgno 1_[ ¢ %m Bs() SN Z sgnt l_[ ¢ “a(h%ﬁﬂh)

uel0, 1)V oSy TeSy

u(e(j)) u(o(h))
> (o T sl o, | (enrae et )

ue{0,1}V \oeSy Jj=1

> defe ot Nae|c e,
ue{0,1}V

3 (det{C”(j)&/Zj’ﬁj})z
uef{0,1}N

Z det(D(u; a, B))>. U

uef0,1}V
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Lemma 7.3. If&fl, AN e M, sq are linearly independent then there exist o, B € € and u €
{0, Y such that
det(D(u; o, B)) = det{C”(f)Jz/zj’ﬂj} + 0.

Proof. Note that the independence hypothesis implies N < dimg(M, 54) = n2. Therefore the
N x n? matrix

1 1 1 1 1 1
&{%1 i &/%1 M%n &/’51 Mg"
”Q{II T "Q/In ej%21 e ‘Q/Zn e ejjnl e "Q/nn

N N N N N N
“Q{ll ”Q{ln %21 ‘Q{Zn ‘%nl JZ{nn

has rank N because it has N independent rows. This means that there exist N columns that are
linearly independent, which is, in turn, equivalent to say that there exists «, 8 € % such that the
matrix

1 1 1
&/%lﬁl ‘52/%2/32 o M%NﬂN
JZ{0!1/31 &{azﬂz o JZ{011\//31\/

N N N
‘Q{Otlﬂl ‘Q{azﬁz Y ‘Q{aNﬂN

has rank N. This implies that the N x 2N matrix

1 1 1 1 1 1
Re,szialﬁl Im;zigm31 Re;zfgm32 Im;z/gm82 Re;z{gNﬁ Im;z{gNﬁN
Re;z/mﬁl Im;z{om31 Re;z/ozzﬂ2 Im&/mﬁ2 Re”da/vﬂ/v ImVQ{mNﬁ}v

N N N N N N
Retsz/o[lﬂl Im;z{al 8 Re;z{mzﬂ2 Imtsz/az/62 Re;z{aNﬂN Im;z{aNﬂN

has rank N, so that this matrix must have also N independent columns. This last assertion is
equivalent to the desired conclusion. [

Corollary 7.4. If (A1)o, ..., (AN)o € M, 54 are linear independent then there exist o, B € €
and u € {0, 1} such that

det(D(u; o, B)) = det{C”(j),sz{Zj’ﬁj} +0.

Proof. By definition of .//, j = 1, ..., N, the hypothesis of linear independence of
(Ao, .-, (An)o

implies the linear independence of
R AN L

Hence, by Lemma 7.3 there exist o, § € ¥ and u € {0, 1}M such that
det(D(u; o, B)) = det{cuﬁwgﬁﬂj} +0. O

8. Proof of the main results

Theorem 8.1. Let N e N, f € ffzp, o€ @,ll and Ay, ..., AN € My sq be arbitrary. Then

VoISV (A1, ..., Ay) > (@)2 Volf (ilp. A1l.....ilp. AnD).
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Proof. Theorem 8.1 is equivalent to the following inequality:

det{Cov,(Ap, Aj)} > det { AC)

(ilp, Anl,ilp, Ajl)p, f}

If pand Ay, ..., Ay are fixed we set

0
F(f):=det{Cov,(Ap, A;)} — det { f(2 )(i[,o, Anl,ilp, A,-]>p,f} .

Because of Theorem 3.3 one has
F(f) = det{Cov, (A, 4))) = det {Cov, (An, A}) = Trlm ;(Lp, Rp)((An0)(A)0)}
so that Theorem 8.1 is equivalent to

F(f) =0

From Proposition 3.4, we have

1 .
Covp(An. Aj) = Re{Tr(p(An)o(Aj)o} = 5 YO+ A)Re( Ay )
k.l

(ilp, Anl.ilo, AjDp.r =5 Z()\k‘i‘}»l)Re{&/kl&/lk} > m G AORe A AL ).
k,l k,l

f (0)

and therefore one has

0
F(f)= Z sgno l_[COVp(AijO'(])) - l_[ A ) i[p, A ] i[p, Ao(])])
geSy j=1 Jj=1
= Z sgno &y,
UESN
where

n

N
Ak —|—)\] A+ A i j
- 1 2 Re{o/), /7)) — | [ § [ m;()\k,/\z)] Re{.o/{,/ 7).
j=1k,I=1

j=1k,l=1

From Definition 6.2 and applying Proposition 5.2 to the case X = n we get

N n
1—[ Z Ak-zl—)»l {Q/il 0(1)} 1—[ Z [Ak+k1 f(kk’kl)]Re{Q/il&/G(”}

SU:
j=1k,I=1 j=1k,I=1
N
Aaj +Ap; i o) haj +Ap;
=2 H T Relay, ﬂ,a,}—n[f‘"’f(mﬂﬁﬂ]
a,Bet | j=I1 j=1

J (@)
X Re{;z/ot]/3 Z};/}}

+ /3/ )““J +A/31

/%D j j
HRe 0‘//3/ /31“1}_ l_[ [f_mf()\af’kﬁf)]

i=1 j=1

I
—_—
~
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N
l_[ U(])}
‘7‘//3/ /310‘1
N

oy +hg e+ A N ;
%: |:1_[ e R 1_[( o J _mf"()»aj,)\‘ﬂj ):| 1—[ { ajpc g,(é),}
o,BeC i=1

j=1 j=1

Z aﬂHRe’ @B Z,(é),]

o,feb

Hence, applying Proposition 5.3 to the case G =SV , X =% x % and r(x):=r(a, B) =
HOJ; 8 det %# and Proposition 6.4 we get

F(f)= Z sgno Z ﬁHRe{ y/;f&?}

oESN o,BeF
=2 H ﬂngml'[Re{ ot )
o,feC oeSy
= > H] detp?
aﬂe((’
=i X T dete
aﬁeff oeSy
'aﬁe’é

By Corollary 6.3, H,, f B is strictly positive; on the other hand, Proposition 7.2 ensures the
nonnegativity of K g, so that we obtain the result. [

Theorem 8.2. LetN € N, f € .701,, pE J and Ay, ..., AN € My sq bearbitrary. The inequal-
ity

N
VOIIC)OV(AL L AN) 2 (%) VOlk’)((i['O’Al]""’i[p’AN])

is an equality if and only if (A1)g, - .., (ANn)g are linearly dependent.

Proof. Since
Cov, (A1, A2) = Tr(p(A1)o(A2)0) = Cov,((A1)g, (A2)o),
we have that
Cov, (A1, Az) = Cov,((Apo, (A2)o).
From this it follows
VoISV (Ay, ..., Ax) = VoIS (Ao - ... (An)o)-
Therefore, if (A1)g, ..., (An)g are linearly dependent then
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0 = VoIS™((A1)g. - ... (An)g) = VoISV (A, ..., An)

N
> (@) VOl Glp, Ail.....ilp. AvD) > 0

and we are done.

Conversely, suppose that (Aj)g, ... (Ay)o are not linear dependent; then we want to show
that F'(f) > 0. Since for any o, 8 € €, Hy g is strictly positive and K g is nonnegative, this is
equivalent to prove that K, g is not null for some o, 8 € %. Because of Proposition 7.2, this is,
in turn, equivalent to show that det(C*(/ )JZ/le’ s, is not null for some «, B € ¢ and u € {0, 1A,
This is a consequence of Corollary 7.4. [0

Theorem 8.3. Define

N
0\ 2

V()= (%) Vol (ip, A1l ..., ilp, AND).
Then

f<g = V(H=Vi.

Proof. Because of Proposition 6.1 and Proposition 6.2, one has that
f<g=0<H,<H],
Since K¢ g = 0 does not depend on f and
1 f
F(N =7 D HapKap
o,BEF
we get that
0< F(f) < F(g).
By definition of F, we obtain the thesis. [

9. Relation with the standard uncertainty principle

In this section we prove that the inequality (1.5) cannot be seen as a refinement of the Robertson
uncertainty principle and viceversa.

Theorem 9.1 (Hadamard inequality). If H € My s, is positive semidifinite then
N
det(H) < ]_[h,j.
j=1
Particular cases of the theorem below have been proved by Kosaki (N = 2, f = fwyp(g); see

[15]), Yanagi—Furuichi—-Kuriyama (N = 2, f = fwy; see [31]) and Gibilisco-Imparato—Isola
(N =2, f arbitrary; see [4]).
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Theorem 9.2. Let f € F (’)p. The inequality

£Q) . : i
det > (ilp, Anl,ilo, Aj1)p, r ¢ = det —ETT(,O[Ah, Al
is (in general ) false for any N = 2m.

Proof. Let n = N = 2m. By the Hadamard inequality it is enough to find Ay, ..., Ay € My 54
and a state p € Z} such that

N

i
l_[Ig(Aj) <det{—§Tr(p[Ah,Aj])}. ©.1)
j=1
Let p:=diag(rq, ..., An), Where o] < Ay < ... < Ay. The aim is to construct Ay, ... Ay that

are block-diagonal matrices, each matrix consisting of exactly one non-null block equaltoa?2 x 2
Pauli matrix.

More precisely, given h = 2qg + 1, where g = 0, ... N — 1, define the Hermitian matrices A,
and Apyy such that (Ap)pn1 =i = (A r+1hs (AntDnnt1 = 1= (AprDnr1n and (Ap)g =
(Ap+1)k = 0 elsewhere.

Since the state p is diagonal and A;, are null diagonal matrices, A, = ;z/h, where (&/h ki =
((Ap)odx, ¢r1) is defined as in Proposition 3.4. Therefore, say, if 4 is odd one obtains from Prop-
osition 3.4

1
1] (AN = 5 D G+ 2l g = D Jm O )l

K Kl
=M A Ayt = 2m 7 (Ans Any1)
= I (Aps1).

Suppose now that 4 is odd and & < k. We have

Tr(plAn A=Y pji((A)im (A mj — (Aim (An)m))

j.lm
j.m

= Z)\j((Ah)jm(Ak)mj — (AK) jm (AR mj)
j.m

= 2i O — D)8,

where 82‘“ denotes the Kronecker delta function. Since Tr(p[Ay, Ax]) = —Tr(p[Ak, Ar)),

0 Al — Ao 0 0

M — M 0 Ay — A3 0

i 0 A3 — A 0 0
0 0 AN_1 — AN

0 0 AN —AN—1 0

so that
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i 2
det {—ETr(p[Ah, Aj])} = [1 CGan—m?
h<N,h=2g+1
Finally, since for any f € 97;[, the function mf.(-, -) is a mean, one has A, < mf.(kh, Ant1) <
An+1. This implies, for any odd 4, ' '
IJ(Ap) = I] (Apt1) = hi + dng1 — 2m (s A1) < Ant1 = An,

so that one can get (9.1) by taking the product over all A. [J

Theorem 9.3. Let f € 7. The inequality

0 .
det { f; )(i[p, Al ilp, Aj])p,f} < det {—%Tr(,o[Ah, Aj])}

is (in general) false for any N = 2m.

Proof. It suffices to find selfadjoint matrices Ay, ... Ay which are pairwise commuting but not
commuting with a given state p and such that [p, A1], ...[p, An] are linearly independent.
Consider a state of the form p = diag(Aq, ..., A,) where the eigenvalues A; are all distinct.
Let Ay,... ANy € My 5a(R) be N linearly independent symmetric real matrices such that
(Aj)ik =O0forany j =1,... Nandk =1, ..., n.Note that the linear independence of Ay, ... Ay
implies the condition n(n — 1)/2 > N.
Obviously, [A;, Al =0forany j,m =1, ... N, while a direct computation shows that

([o, AjDu = Zpkh(Aj)hl — Z(Aj)khphl

h=1 h=1
= (A (A — A1)

Observe that also [p, A1]...[p, Ay] are linearly independent. Suppose, in fact, that there
exists a vector « € RY such that

N
> ajlp. Aj1=0,
j=1

thatis, forany k,/ = 1,...n

N N
0= a;(lp, AjDu = G — ) Y j(Aj)u-

j=1 j=1

This implies that o j(Aj)x =0, and hence o = 0, because of the linear independence of
Ay, ..., ApN.
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