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Recently Kosaki proved an inequality for matrices that can be seen as a kind of new
uncertainty principle. Independently, the same result was proved by Yanagi et al. The
new bound is given in terms of Wigner—Yanase—Dyson informations. Kosaki himself
asked if this inequality can be proved in the setting of von Neumann algebras. In this
paper we provide a positive answer to that question and moreover we show how the
inequality can be generalized to an arbitrary operator monotone function.
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1. Introduction

If A, B are selfadjoint matrices and p is a density matrix, define
Covy(4, B) i= Re{Tr(pAB) — Tr(pA) - Tr(pB)},
Var,(A4) := Cov,(A4, A).
The uncertainty principle reads as
Var,(A)Var,(B) > i|Tr(p[A7B])|2.
This inequality can be refined as

Var, (4)Var,(B) ~ Covy(4, B? > 1|Tr([4, B)),
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(see [5, 12]). Recently, a different uncertainty principle has been found [11, 9, 10,
8,13, 1]. For 8 € (0,1), define S-correlation and S-information as

Corr, 5(A, B) := Re{Tr(pAB) — Tr(p’ Ap* " B)},
I, 3(A) := Corr, 5(A, A) = Tr(pA?) — Tr(p? Ap' =P A),

where the latter coincides with the Wigner—Yanase-Dyson information. It has been
proved that

Var,(A) Var,(B) — Cov,(A, B)? > I, 5(A)I, 5(B) — Corr, 5(A, B)?. (1.1)

The quantities involved in the previous inequality make a perfect sense in a
von Neumann algebra setting (see, for example, [7]). In [8], Kosaki asked if the
inequality (1.1) is true in this more general setting.

In this paper we provide a positive answer to Kosaki question and moreover we
show that, once the inequality is formulated in the context of operator monotone
functions, the result can be greatly generalized.

2. Preliminaries

Denote by M, s, the space of complex self-adjoint n X n matrices, and recall that
a function f : (0,00) — R is said operator monotone if, for any n € N, any A, B €
M, sq such that 0 < A < B, the inequalities 0 < f(A) < f(B) hold. Then,
f:(0,00) — R is operator monotone if and only if for any A, B € B(H) such that
0 <A< B, f(A) < f(B) holds. An operator monotone function is symmetric if
f(z) :=xf(x~1) and normalized if f(1) = 1. We denote by § the class of positive,
symmetric, normalized, operator monotone functions.

Examples of operator monotone functions are the so-called Wigner—Yanase—
Dyson functions

(z—1)?

fa(z) == B(1 - p) (28 — 1) (2= — 1)

G e (0,1).

Returning to a general f € §, we associate to it a function f € § [2] defined by

f() 1=%((x+1)—(x—1) %) x> 0.

For example,

fola) = 3(a® +219).

The left and right multiplication operators are defined as L,(A) := pA and
R,(A) := Ap.
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Definition 2.1. For A, B € M, s, f € §, and p a faithful density matrix, define
f-correlation and f-information as

Corr/ (A, B) := Re{Tr(pAB) — Tr(R,f(L,R,")(A) - B)},
f — f
I7(A) := Corry (A, A).
Recall that f-information is also known as metric adjusted skew information
(see [4]). The following generalization of inequality (1.1) is proved in [2].
Theorem 2.2. Var,(A) Var,(B) — Cov,(4, B)? > I}f(A)I}f(B) - Corrg(A, B)%.

In the next section, we prove that the above inequality holds true in a general
von Neumann algebra, thus answering, in particular, the question raised by Kosaki
in [8], and recalled above. A different generalization of Theorem 2.2 has been proved
in [3].

3. The Main Result

Let M be a von Neumann algebra, and w a normal faithful state on M, and denote
by H,, and &, the GNS Hilbert space and vector, and by S,,, J,, and A, the modular
operators associated to w.

The proof of the main result is divided in a series of lemmas. In order to deal
with unbounded operators, we introduce some sesquilinear forms on H,,, and take
[6] as our standard reference.

Definition 3.1. Let f € § and define the following sesquilinear forms
&(&,n) = (AL, AL %),
E1(&m) = E(&m) + (&),

FHEm) = (F(AL)2E, F(AL) ),
57 (6,m) = 2er(Em) — T (Em).

It follows from [6, Example VI.1.13] that &, &, Ff are closed, positive and
symmetric sesquilinear forms.

Lemma 3.2. Let {,n € D(Al/Q)7 and {&,}, {nn} C D(AL) be such that &, — &,
E(&n — &6 — &) — 0 as n — oo, and analogously for n, and n. Then

8(67 7]) = nh—{go 8(5117 nn) = nh_>ngo<§"’ Awnn>7

Frem) = lim 57 (&, ma) = Tim (&, F(D0)00)-

Proof. It follows from [6, Theorem VI.2.1] that D(A,) is a core for D(E) =
D(A&/Q), so that, from [6, Theorem VI.1.21], for any { € D(A&/z) there is
{&.} € D(A,) such that &, — & and (&, — &, — &) — 0 as n — oo. Then
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E(&n — &msn — &n) — 0 as m,n — oo. Now observe that 0 < f(x) < %(x +1), for
x > 0 [2], so that

F (& — bmrbn — &) =

(A2 (& — &)y F(AL)Y2(En — Em))
gn - fmv JF(AM)(&L - gm»

(En = Emn = Emd + 560 — Ems Buln — )

o~ o~

IN
— N =

1
= §||€n —&mll + 58(511 —&myén —Em) — 0 as m,n — .

This implies £ € D(F/) and FF (&, — €, &, — &) — 0 as n — oo.

Therefore, if &,n € ZD(Ai/Q), and {&,}, {m} C D(A,), approximating &, 7
in the above sense, we obtain, from [6, Theorem VI.1.12], that F/(&,n) =
lim,, oo (&0, 1n), and analogously for €. O

Lemma 3.3.

(i) D(F) > D(AL?),
(ii) §7 is a symmetric sesquilinear form on D(S/) D D(Aiﬂ), which is positive on
D(AY?).

Proof. (i) It follows from the proof of the previous lemma.

(ii) We only need to prove positivity. To begin, let & € CD(A ). Then, setting
g(a) 1= §(r+1) = f(x) > 0, for all = > 0, we have §7(€,6) = 1£1(6,€)~97(€,6) =
566 + 56 Au8) — (€, F(BL)E) = (€, 9(AL)6) > 0.

Moreover, if £ € D(A}/Q), and &, € D(A,) is such that &, — &, and
E(&n — &6, — €) — 0, then, from Lemma 3.2, it follows Gf(£,€) = lim, o
gf(fmfn) > 0. Oa

We can now introduce the main objects of study. In the sequel, we denote by
TEM the fact that T is a closed, densely defined, linear operator on ¥, and is
affiliated with M.

Definition 3.4. For any A, BEMy,, such that ¢, € D(A)ND(B), and any f € F,
we set Ag := A — (£, AL,), By := B — (£, BE,), and define the bilinear forms

Cov, (A, B) := Re(Ap&,, Bo&w),

Var, (A) := Cov, (4, A),

Corrl,(A, B) := Re(Aoku, Bobw) — Re(f(AL) /2 Aoku, f(AL)2Bok),
IJ(A) := Corrf (A, A).

Remark 3.5. Observe that in the matrix case w = Tr(p-), for some density matrix
p, and A, = L,R; 1 so that the previous definition is a true generalization of
covariance and f correlation in the matrix case.
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For the reader’s convenience, we prove the following folklore result.

Lemma 3.6. D(AY?) = {T¢, : TEM, &, € D(T) N D(T*)}.

Proof. (1) Let us first prove that D(Ai,m) C {T¢, : TEM, &, € D(T) ND(T*)}.
Indeed, let n € D(Ai,ﬂ), and define the linear operator Ty : 2’¢, € M'E, — 2'n €
H.,, which is densely defined, and affiliated with M. Let us show that if is preclosed:
indeed, if 2/,£, — 0, and x],n — (, then, for any ' € M', we get

(Gy/€w) = Tim (27n,y/8) = Tim (n,2;,"y'&) = lim (1, S5(y" 2780))

= lim <y/*$%§w,5w7]> = lim (27,60,y'Swn) =0,
which shows that Tp is preclosed. Let T;, := To. Then, TnéM, and T8, = n. It
remains to be proved that &, € D(T}7). Since S,n € D(Ai}/ 2), we can also consider
Ts,n- Let us show that T, C T Indeed, for any 2,3y’ € M', we have

<TSwan£w7y/£w> = <xlswn7ylfw> = <Sw77»xl*ylfw>
= <y/*x/§w777> = <x/§w7yln> = <x/§w7Tny/£w>~

Then, &, € D(Ts,,) C D(T}), which shows that D(ALY?) C {T¢, : TEM,E, €
D(T)ND(T*)}.

(2) Let us now prove that D(A}/Q) D {T¢, : TEM,E, € D(T)ND(T*)}. Indeed,
if T€M is such that &, € D(T) N D(T*), we can consider its polar decomposition
T = v|T|, and let e, := Xx[o,n)(|T]), Tn := v|T|ey, for any n € N. Since £, €
D(T), we have T,,&, = ve,|T|& — T&,. Moreover, since &, € D(T*), we have

Tréw = |Tlenv*&, = e T, — T*E,. Since S, is a closed operator, it follows
that T¢, € D(S.) = D(AY?) [and S,TE, = T*&,], which is what we wanted
to prove. 0

Lemma 3.7. For any A, BEM,, such that &, € D(A)ND(B), and any f € §, we
have

(i) Cov,(A,B) = %Re &1 (Aow, Bokw) is a positive bilinear form.
(ii) Corr! (A, B) = Re G/ (4oL, Bot.,) is a positive bilinear form.

Proof. (i) Observe that
(Bolw, Aokw) = (Bjlu, Ajln) = (JuAY?Bolu, JuAL? Agts)
= (AY2 Aok, AY?Boty) = E(Aow, Botu).

The result follows from this and the fact that D(A&/ 2) = {T¢&, : TEM,E, €
D(T)ND(T*)}.
(ii) Tt follows from (i) and Lemma 3.3(ii). |
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Lemma 3.8. Let &, € H,, A, = foootde(t) and define, for Q a Borel subset of
[0,00), pen(€2) := Re(€, e(Q)n) and

[13= fige @ [y + fan © pee — 2fign @ flgy-

Then u is a bounded positive Borel measure on [0,00)2.

Proof. Let 21,2 be Borel subsets of [0, 00), and set e; := e(€2;), j = 1, 2. Observe
that | Re(¢, exn) - Re(§, ean)| < [lexd]| - [lexn]| - [[e2€][ - [e2n]], so that

(1 x Q2) > [leré]? - lean]l® + lle2€]|* - lexn]?
—2[lex|l - llexnll - lle€]l - llean]| > 0.

The result follows by standard measure theoretic arguments. O

Theorem 3.9. For any A, BEM,, such that £, € D(A) N D(B) and any f € F,
we have

Var,, (A) Var,, (B) — Cov,, (A, B)? > I7(A)I?(B) — Corr! (A, B)?.
Proof. Set
G(A, B) := Var,(A) Var,(B) — Cov,, (4, B)?> — I/ (A)IJ(B) + Corr! (A, B)?

2
9 L1 (Aot o) - 31 (Boor Bote) — (5 Rer(Aoke o)

— (%81(‘4051&7 AO&U) - grf(AOfwv AO&A’))

X (%El(Bofw, B()fw) — gjf(BOé-w» BOfw))

2
+ (% Re 81 (AO&W BOSQJ) —Re ?f(A0§w7 Bofw))

= %El(Aofw, Aofw) . EFf(BOé-w7 BOSQJ)
+ %?f(Aofw, Aofw) . 81(B0§w7 BOfw)

— F/ (Ao&u, Aoks) - F (Bokw, Bobw)
— Re &1 (Aoéw, Bols) - Re F/ (Ao, Bo&u)
+ (ReF/ (Ao&w, Botw))?,

where in (a), we have used Lemma 3.7. Let us now introduce the function, for
172
&n e DAY,

H(&n) = %81(575) - F (n,m) + %?f(f,é“) Ex(n,m) — FI(EE) - F(n,m)

— Re&1(&,1) -ReF’ (€,1) + (Re T (£,m))",
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and recall that D(A}/Q) ={T¢, : TEM, &, € D(T)ND(T*)}, so that, if A, B are as
in the statement of the theorem, we obtain G(A, B) = H(Ao&,, Bo&. ), and to prove
the theorem it suffices to show that H(&,n) > 0, for all £,n € D(Alﬂ) Observe
that, for £,n € D(A,), we get

H(gn) = 5(& (1+A0)8) - (n, f(Aw)n) + %@7, (14 Au)m) - (€ F(AL)E)

- <§7 f(Aw)§> : <777 f(Aw)n>
— Rel€, (1+ Au)n) - Rel€, F(AL)n) + (Rel€, F(AL)n)

“”;/ (5 +1) duee(s / F) i (1)

/ f(s) dpee(s /(t+1)dunn(t)

/ F(5) dpee (s / Ft) dpin )

_5/ (s+1)due,(s /f ) dpen(t)

| —

/ 7(s) dugn s / (t+1) dpgn(t)
[ F e [0 duey 0
O3 [ (4 D70+ (4 176 — 27670 diee i (5.1
[0,00)2
__/[O )2((3+1)f(t)+(t+1)f(8)—2f(8)f(t))dugn®ugn(s,t)

@l s f f(s) —2f(s)f S
B 4//[0,00)2“ +)F () + (t+ 1) f(s) = 2f () ](2)) ducs, ),

where we used in (b) notation as in Lemma 3.8, in (c) Fubini-Tonelli theorem, and
in (d) the symmetries of the first integrand and notation as in Lemma 3.8.
Since p is a positive measure, and

(s +1)J () + (t+ 1) (s) = 2f()f (1) = (s + 1 = () () + (¢ +1 = f(£))f(s) 2 0
we obtain H(§,n) > 0, for any &, € D(A,).

It follows from Lemma 3.2 that, for any £, € D(A}/Q), we have H(&,n) =
lim,, o0 H(&5,mn) > 0, which ends the proof. O
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