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A B S T R A C T

We present a theoretical model to investigate the hydrodynamics of a floating flexible circular wave energy
converter (WEC). Decomposition in rigid and bending elastic modes of the plate allows us to investigate power
extraction efficiency in monochromatic incident waves. We show that plate elasticity increases the number of
eigenfrequencies, which has a positive beneficial effect on power output. We also show how plate radius and
power take-off (PTO) distribution affect the response of the system and the consequent absorbed energy. This
work highlights the need to extend theoretical studies and experimental investigations on flexible devices,
currently seen as the future of WEC technology.
1. Introduction

Ocean waves are huge untapped renewable energy resources. A
large number of wave energy conversion concepts have been proposed
since the 1790s (Clément et al., 2002). In recent decades, due to
the energy crisis and climate change, wave power has received more
attention and has been developed faster than before. In spite of this,
the levelised cost of energy (LCOE) of wave energy converters (WECs)
is still high, and wave energy has struggled to have the same success as
other renewable energies, such as solar and wind power (Collins et al.,
2021).

One of the effective ways to increase the LCOE of WECs is to
enhance their wave power absorption efficiency. It has long been
known that there is a theoretical limit for wave power absorption by
axisymmetric WECs operating in rigid-body motion (e.g., see Budal
and Falnes, 1975; Evans, 1976). For an axisymmetric WEC capturing
wave power due to heave motion in regular waves, the theoretical limit
of the wave power capture width, which is defined as the absorbed
wave power with respect to that contained in a unit length of an
incident wave crest, is equivalent to 𝜆∕(2𝜋), where 𝜆 denotes the
wavelength. For the device capturing wave power through surge and/or
pitch motions, the wave power capture width doubles to 𝜆∕𝜋. The
power capture width can be further increased to 3𝜆∕(2𝜋) should both
heave and surge/pitch be adopted for wave power absorption. Very
recently, Porter et al. (2021) proposed that it was theoretically possible
to extend the capture width for axisymmetric WECs without bound
through the use of generalised (non-rigid-body) modes of motion. They
reported that a vertical cylinder, whose surface is surrounded by an
array of narrow vertical absorbing paddles, could achieve well in excess
of the standard limit of a capture width of 3𝜆∕(2𝜋) for rigid-body
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motion, and for some specified wave conditions, the capture width
could be as large as 4𝜆∕𝜋.

Compared with the conventional rigid-body-based WECs, the WECs
made from flexible materials are not only advantageous for the larger
potential of wave power absorption but also believed to offer improved
performance/survivability and reduced cost in respect to steel/concrete
alternatives. In the last decade, there has been a growing trend towards
flexible body WECs, e.g., flexible plate WECs (Renzi, 2016), bulge wave
devices (Farley et al., 2012), and SQ devices (Kurniawan et al., 2017).
A comprehensive overview of the current state of the technology of
flexible body WECs can be referred to Renzi et al. (2021) and Collins
et al. (2021).

Among the different kinds of flexible body WECs, the flexible plate
WEC could be one of the most simple and is expected to have a
range of potential applications. Michele et al. (2020) developed a
mathematical model and carried out a series of experiments on a
two-dimensional flexible device with the goal of decreasing the LCOE
of wave power generation and analyse the corresponding hydrody-
namics. Renzi (2016) analysed the coupled hydro-electromechanic re-
sponse of a two-dimensional piezoelectric device and showed that the
piezoelectric plate can extract sufficient energy for low-power devices,
like sensors, LEDs, computers, and wireless routers. Hydrodynamic
characteristics of the piezoelectric plate WECs in other circumstances
have also been investigated, e.g., a piezoelectric plate WEC mooring
on a seabed-mounted/floating breakwater (Buriani and Renzi, 2017;
Zheng et al., 2021), and an offshore disk-shaped piezoelectric plate
WEC (Zheng et al., 2020a). The piezoelectric plate WECs were ob-
served to be effective for a narrow frequency bandwidth. Zheng et al.
(2020d,b,c) developed theoretical models to study wave interaction
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Fig. 1. View from above and horizontal cross-section of the flexible circular WEC.
c

w
t

with floating/submerged elastic plates and demonstrated profound po-
tential of elastic plates for wave power extraction. It should be pointed
out that the power take-off (PTO) system in their work was represented
as the porosity of the elastic plates, which is not related to any specified
PTO system.

Several studies on floating or submerged circular bodies in waves
have already been developed by several authors, with applications
in different fields. For example, Meylan (2019, 2021) have recently
investigated the motion of a circular elastic plate in the time-domain,
theoretical and experimental validations of floating elastic disks to
regular waves have been carried out by Montiel et al. (2013b,a).
Theoretical studies on the scattering of gravity waves by a circular
dock are developed in Miles and Gilbert (1968), Garrett (1971) and
Cho and Kim (1999) investigated the hydrodynamics of a submerged
flexible circular membrane, the case of a circular ice plate has been
analysed by Meylan and Squire (1996) and Adrianov and Hermans
(2005) applied an integro-differential equation method to study the
diffraction of incident surface waves by a floating elastic circular plate,
whereas (Martin and Farina, 1997) analysed the radiation problem of
a heaving submerged disk by applying hypersingular integral equa-
tions. Liang et al. (2021) constructed a hypersingular integral equation
to model the interaction between water waves and plates of small
thickness, whereas (Gayathri and Behera, 2021) examined the wave
force acting on a circular flexible plate in the presence of a vertical
surface-piercing flexible porous membrane.

To the best of our knowledge, applications of elastic circular plates
for wave energy extraction have not been well investigated yet. In this
paper, a floating elastic circular plate connected to the sea bed through
a series of vertical PTO mechanisms is proposed. Compared with the
wave power absorption by the ‘‘porosity’’ of elastic plates (Zheng et al.,
2020d,b), the PTO system of the present work is much more realistic.
It is expected that this device holds a wider frequency bandwidth
than the piezoelectric plate WECs (Renzi, 2016; Zheng et al., 2020a).
To study the performance of the proposed circular flexible WEC, a
mathematical model is developed in this paper by means of free-edge
dry mode expansion of plate motion (Newman, 1994; Michele et al.,
2020). This approach shows explicitly the effects of natural modes
on plate motion (Reddy, 2007) and is useful to analyse the plate
response in detail. The radiation and diffraction velocity potentials in
the fluid domain are solved by matching the respective eigenfunctions
at the common boundaries (Linton and McIver, 2017; Yeung, 1981),
whereas the plate response is found by solving for the modal com-
plex amplitudes of each natural mode. Then we derive the theoretical
Haskind–Hanaoka relation to check numerical computations (Mei et al.,
2005) and apply the theory to cases of practical interest. We show
that plate elasticity has positive effects on power extraction efficiency
because of the shifting of bending modes towards smaller frequencies.
In particular, rigid plates are much less efficient than flexible devices
and are characterised by smaller efficiency bandwidth. Furthermore,
we analyse different PTO distributions and plate dimensions and show
that they can have both constructive and destructive effects on power
extraction.
2

2. Mathematical model

With reference to Fig. 1, consider a floating elastic circular WEC of
radius 𝑅 and small thickness ℎ𝑝 ≪ 𝑅 in open sea of constant depth ℎ.
Let us define a Cartesian reference system with the 𝑥 and 𝑦-axes coin-
cident with the undisturbed free-surface level and the 𝑧-axis pointing
vertically upward. The WEC is connected to the seabed through vertical
PTO mechanisms, each with constant damping coefficient 𝜈𝑃𝑇𝑂 and
located in (𝑟𝑖, 𝜃𝑖), 𝑖 = 1,… , 𝐼 , where 𝑟 =

√

𝑥2 + 𝑦2 represents the radial
oordinate and 𝜃 is the angular coordinate positive anticlockwise. Since

the thickness of the plate is assumed to be much smaller than the radius
of the plate 𝑅, the elastic vibration of the floater can be described by
the following dynamic equation (Reddy, 2007)

𝐷∇4𝑊 = 𝑞 − 𝜌𝑝ℎ𝑝𝑊𝑡𝑡, 𝑟 ∈ [0, 𝑅], (1)

here 𝑊 represents the plate displacement, 𝑡 denotes time, 𝑞 is the
ransverse distributed load positive in the 𝑧-direction, 𝐷 = 𝐸ℎ3𝑝∕12(1 −
𝜈2) represents the flexural rigidity, 𝐸 is the Young’s modulus of the
plate material, 𝜈 is the Poisson’s ratio, ∇4 denotes the biharmonic oper-
ator in cylindrical–polar coordinates, 𝜌𝑝 is the plate density whereas the
subscripts denote differentiation with respect to the relevant variable.
For later convenience, let us define the following vertical fluid surface
representing the gap under the plate

𝑆𝑓 = {𝑟 = 𝑅, 𝜃 ∈ [0, 2𝜋], 𝑧 ∈ [−ℎ, 0]} . (2)

We assume also inviscid fluid and irrotational flow, hence the
velocity potential 𝛷(𝑥, 𝑦, 𝑧, 𝑡) satisfies Laplace’s equation in the fluid
domain 𝛺 = 𝛺𝑖 ∪𝛺𝑒, where 𝛺𝑖 represents the fluid domain below the
plate confined by the surface 𝑆𝑓 , whereas 𝛺𝑒 is the fluid domain for
𝑟 > 𝑅. On the free surface, we have the linearised kinematic and mixed
boundary conditions

𝜁𝑡 = 𝛷𝑧, 𝛷𝑡𝑡 + 𝑔𝛷𝑧 = 0, 𝑧 = 0, 𝑟 > 𝑅, (3)

where 𝜁 is the free-surface elevation and 𝑔 is the acceleration due to
gravity. In addition, we require tangential fluid velocity at the seabed

𝛷𝑧 = 0, 𝑧 = −ℎ. (4)

By using the thin-plate approximation (Linton and McIver, 2017), the
kinematic boundary conditions on the wetted surface of the plate reads

𝛷𝑧 = 𝑊𝑡, 𝑧 = 0, 𝑟 ∈ [0, 𝑅]. (5)

Since the system is forced by monochromatic incident waves of fre-
quency 𝜔, we assume the following harmonic expansion

{𝛷, 𝜁,𝑊 } = Re
{

(𝜙, 𝜂,𝑤)𝑒−i𝜔𝑡
}

, (6)

with i being the imaginary unit. We are now ready to write the
governing equations in terms of the spatial variables only

∇2𝜙 = 0, in 𝛺, (7)

𝜙𝑧 = −i𝜔𝜂, 𝑧 = 0, 𝑟 > 𝑅, (8)

𝜙𝑧 =
𝜔2

𝜙, 𝑧 = 0, 𝑟 > 𝑅, (9)

𝑔
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𝜙𝑧 = −i𝜔𝑤, 𝑧 = 0, 𝑟 ∈ [0, 𝑅], (10)

𝜙𝑧 = 0, 𝑧 = −ℎ, (11)

and require the velocity potential 𝜙 be outgoing for 𝑟 → ∞. Follow-
ng Newman (1994) and Michele et al. (2020), we now decompose
he displacement of the device into a set of rigid (heave and pitch)
nd elastic dry modes, i.e., in the absence of fluid or added mass. By
onsidering incident waves propagating along the 𝑥-axis and symmet-
ical PTO distributions with respect to 𝑥, the plate response will show
nly symmetrical motion. This means that the plate will oscillate only
hrough a combination of axisymmetric modes. Hence

= 𝜁ℎ𝑤ℎ + 𝜁𝑝𝑤𝑝 +
∞
∑

𝑚=0

∞
∑

𝑛=0
𝜁𝑚𝑛𝑤𝑚𝑛, (12)

where 𝜁𝛼 represents the complex amplitude of each modal shape 𝑤𝛼 ,
heave and pitch modal shapes are simply

𝑤ℎ = 1, 𝑤𝑝 = 𝑟 cos 𝜃, (13)

whereas the elastic dry mode eigenfunctions are given by the solution
of the following boundary value problem (Reddy, 2007)

𝐷∇4𝑤𝑚𝑛 − 𝜌𝑝ℎ𝑝𝑤𝑚𝑛𝜔
2 = 0, 𝑟 ∈ (0, 𝑅), (14)

𝜕2𝑤𝑚𝑛

𝜕𝑟2
+ 𝜈

𝑅2

𝜕2𝑤𝑚𝑛

𝜕𝜃2
+ 𝜈

𝑅
𝜕𝑤𝑚𝑛
𝜕𝑟

= 0, 𝑟 = 𝑅, (15)

𝜕3𝑤𝑚𝑛

𝜕𝑟3
+ 2 − 𝜈

𝑅2

𝜕3𝑤𝑚𝑛

𝜕𝑟𝜕𝜃2
+ 1

𝑅
𝜕2𝑤𝑚𝑛

𝜕𝑟2
− 3 − 𝜈

𝑅3

𝜕2𝑤𝑚𝑛

𝜕𝜃2
− 1

𝑅2

𝜕𝑤𝑚𝑛
𝜕𝑟

= 0, 𝑟 = 𝑅, (16)

where conditions (15)–(16) represent zero moment and shear stress
at the edge 𝑟 = 𝑅, respectively. Separation of variables yields the
following solution of the 𝑚𝑛-th axisymmetric natural elastic mode

𝑤𝑚𝑛 = cos 𝑛𝜃
[

𝐽𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

− 𝐼𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

𝑇𝑚𝑛

]

, 𝑛 = 0, 1,… , 𝑚 = 0, 1,…

(17)

where

𝑇𝑚𝑛 =
𝐽 ′′
𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

− 𝑛2𝜈
𝑅2 𝐽𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

+ 𝜈
𝑅𝐽

′
𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

𝐼 ′′𝑛
(

𝜆𝑚𝑛𝑟
𝑅

)

− 𝑛2𝜈
𝑅2 𝐼𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

+ 𝜈
𝑅 𝐼

′
𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

|

|

|

|

|

|

|𝑟=𝑅

, (18)

𝑛 and 𝐼𝑛 are the Bessel function and the modified Bessel function of
rder 𝑛, primes indicate the derivative with respect to the radial coor-
inate 𝑟, 𝜆4𝑚𝑛 = 𝜌ℎℎ𝑝𝑅4𝜔2

𝑚𝑛∕𝐷 is the root of the eigenvalue condition
[

𝐽 ′′
𝑛 − 𝑛2𝜈

𝑅2
𝐽𝑛 +

𝜈
𝑅
𝐽 ′
𝑛

]

𝑟=𝑅
×
[

𝐽 ′′′
𝑛 − 2 − 𝜈

𝑅2
𝑛2𝐽 ′

𝑛 +
𝐽 ′′
𝑛

𝑅
+ 3 − 𝜈

𝑅3
𝑛2𝐽𝑛 −

𝐽 ′
𝑛

𝑅2

]

𝑟=𝑅

−
[

𝐼 ′′
𝑛 − 𝑛2𝜈

𝑅2
𝐼𝑛 +

𝜈
𝑅
𝐼 ′
𝑛

]

𝑟=𝑅
×
[

𝐼 ′′′
𝑛 − 2 − 𝜈

𝑅2
𝑛2𝐼 ′

𝑛 +
𝐼 ′′
𝑛

𝑅
+ 3 − 𝜈

𝑅3
𝑛2𝐼𝑛 −

𝐼 ′
𝑛

𝑅2

]

𝑟=𝑅
= 0,

(19)

whereas 𝜔𝑚𝑛 is the relative eigenfrequency. Note that the arguments
of the Bessel Functions in (19) are omitted for brevity and that the
natural modes 𝑤𝑚𝑛 satisfy the orthogonal property with respect to the
weighting function 𝑟, i.e.

∫

𝑅

0
𝑟 d𝑟∫

2𝜋

0
𝑤𝑚𝑛𝑤𝑝𝑞 d𝜃 ≠ 0, 𝑚 = 𝑝 ∧ 𝑛 = 𝑞. (20)

ollowing the method of Mei et al. (2005) we are now in a position
o decompose the velocity potential 𝜙 in diffraction and radiation
omponents, i.e.

= 𝜙𝐷 + 𝜁ℎ𝜙ℎ + 𝜁𝑝𝜙𝑝 +
∞
∑

𝑚=0

∞
∑

𝑛=0
𝜁𝑚𝑛𝜙𝑚𝑛, 𝜙𝐷 = 𝜙𝐼 + 𝜙𝑆 , (21)

here

𝐼 = −
i𝐴𝑔 ∞

∑

𝜖𝑛i𝑛𝐽𝑛
(

𝑘0𝑟
) cosh 𝑘0 (ℎ + 𝑧)

cos 𝑛𝜃, in 𝛺𝑒, (22)
3

𝜔 𝑛=0 cosh 𝑘0ℎ
is the incident wave potential expressed in terms of Bessel functions
and propagating along the 𝑥-axis, 𝐴 is the amplitude of the incoming
waves, the wavenumber 𝑘0 is the real root of the dispersion relation

𝜔2 = 𝑔𝑘0 tanh 𝑘0ℎ, (23)

𝜙𝑆 is the scattering potential, 𝜙𝐷 is the diffraction potential satisfying
(10) with 𝑤 = 0, 𝜙ℎ is the heaving radiation potential, 𝜙𝑝 is the pitching
radiation potential, whereas 𝜙𝑚𝑛 is the radiation potential related to the
𝑚𝑛-th elastic mode.

We shall now derive the boundary value problem in each fluid
domain. Let 𝜙(𝑖)

𝐷 (𝜙(𝑖)
𝑅 ) be the diffraction (radiation) velocity potential

in the internal domain 𝛺𝑖, and 𝜙(𝑒)
𝐷 (𝜙(𝑒)

𝑅 ) be the diffraction (radiation)
velocity potential in the external domain 𝛺𝑒. The boundary value
problem for the fluid domain 𝛺𝑒 is given by

∇2𝜙(𝑒) = 0, in 𝛺𝑒, (24)

𝑔𝜙(𝑒)
𝑧 − 𝜔2𝜙(𝑒) = 0, 𝑧 = 0, 𝑟 > 𝑅, (25)

𝜙(𝑒)
𝑧 = 0, 𝑧 = −ℎ, (26)

𝜙(𝑒) = 𝜙(𝑖), on 𝑆𝑓 , (27)

𝜙(𝑒)
𝑟 = 𝜙(𝑖)

𝑟 , on 𝑆𝑓 , (28)

whereas the boundary value problem for the subdomain 𝛺𝑖 is governed
y
2𝜙(𝑖) = 0, in 𝛺𝑖, (29)

𝜙(𝑖)
𝐷𝑧

= 0, 𝑧 = 0, (30)

𝜙(𝑖)
𝑅𝑧

= −i𝜔𝑤, 𝑧 = 0, (31)

𝜙(𝑖)
𝑧 = 0, 𝑧 = −ℎ, (32)

nd the matching conditions (27)–(28). In the following section we
etermine the diffraction and radiation velocity potentials in both
omains by applying a matched eigenfunction expansion approach.

.1. Diffraction velocity potential solution

Similarly to Michele et al. (2019a), the general solution in the
xternal domain reads

(𝑒)
𝐷 = −

i𝐴𝑔
𝜔

∞
∑

𝑛=0
cos 𝑛𝜃

⎧

⎪

⎨

⎪

⎩

cosh 𝑘0(ℎ + 𝑧)
cosh 𝑘0ℎ

⎡

⎢

⎢

⎣

𝜖𝑛i𝑛𝐽𝑛(𝑘0𝑟) +𝐷
0𝑛

𝐻 (1)
𝑛 (𝑘0𝑟)

𝐻 (1)′
𝑛 (𝑘0𝑟)

|

|

|𝑟=𝑅

⎤

⎥

⎥

⎦

+
∞
∑

𝑙=1
𝐷

𝑙𝑛
𝐾𝑛(𝑘𝑙𝑟) cos 𝑘𝑙(ℎ + 𝑧)

𝐾 ′
𝑛(𝑘𝑙𝑟)

|

|

|𝑟=𝑅
cos 𝑘𝑙ℎ

⎫

⎪

⎬

⎪

⎭

, (33)

where the 𝑘𝑙 ’s denote the roots of the dispersion relation related to the
evanescent components

𝜔2 = −𝑔𝑘𝑙 tan 𝑘𝑙ℎ, (34)

𝐻 (1)
𝑛 is the Hankel function of first kind and order 𝑛, 𝐾𝑛 is the modified

Bessel function of second kind and order 𝑛, whereas 𝑙𝑛 are unknown
complex constants. Similarly, the solution in the fluid domain below
the circular plate is given by

𝜙(𝑖)
𝐷 = −

i𝐴𝑔
𝜔

∞
∑

𝑛=0
cos 𝑛𝜃

{

𝐷
0𝑛

( 𝑟
𝑅

)𝑛
+

∞
∑

𝑙=1
𝐷
𝑙𝑛
𝐼𝑛(𝜇𝑙𝑟) cos𝜇𝑙(ℎ + 𝑧)
𝐼 ′𝑛(𝜇𝑙𝑟)||𝑟=𝑅 cos𝜇𝑙ℎ

}

,

𝑙 =
𝑙𝜋
ℎ
,

(35)

where 𝐷
𝑙𝑛 are unknown coefficients. Substituting (33)–(35) in the

matching conditions (27)–(28) and integrating over 𝑧 ∈ [−ℎ, 0], 𝜃 ∈
[0, 2𝜋], yields an inhomogeneous linear system in the complex constants
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𝐷
𝑙𝑛, 

𝐷
𝑙𝑛 which can be solved numerically. The detailed numerical pro-

cedure, not reported here for brevity, is standard and already present in
several papers and textbooks (Linton and McIver, 2017; Michele et al.,
2020).

3. Radiation velocity potential solution

The general solution in 𝛺𝑒 for each radiation velocity potential 𝛼 is
similar to (33)

𝜙(𝑒)
𝛼 =

∞
∑

𝑛=0
cos 𝑛𝜃

⎧

⎪

⎨

⎪

⎩

𝛼
0𝑛
𝐻 (1)

𝑛 (𝑘0𝑟) cosh 𝑘0(ℎ + 𝑧)

𝐻 (1)′
𝑛 (𝑘0𝑟)

|

|

|𝑟=𝑅
cosh 𝑘0ℎ

+
∞
∑

𝑙=1
𝛼

𝑙𝑛
𝐾𝑛(𝑘𝑙𝑟) cos 𝑘𝑙(ℎ + 𝑧)

𝐾 ′
𝑛(𝑘𝑙𝑟)

|

|

|𝑟=𝑅
cos 𝑘𝑙ℎ

⎫

⎪

⎬

⎪

⎭

, (36)

where the term 𝛼 refers to the heave mode, the pitching mode or
the 𝑚𝑛-th bending elastic mode. The radiation potential solution in
the fluid domain 𝛺𝑖 is given by the homogeneous part 𝜙(𝑖)

𝛼ℎ and a
particular solution that accounts for the plate vibration in 𝑧 = 0. The
omogeneous component reads (Linton and McIver, 2017)

(𝑖)
𝛼ℎ =

∞
∑

𝑛=0
cos 𝑛𝜃

{

𝛼
0𝑛

( 𝑟
𝑅

)𝑛
+

∞
∑

𝑙=1
𝛼
𝑙𝑛
𝐼𝑛(𝜇𝑙𝑟) cos𝜇𝑙(ℎ + 𝑧)
𝐼 ′𝑛(𝜇𝑙𝑟)||𝑟=𝑅 cos𝜇𝑙ℎ

}

, 𝜇𝑙 =
𝑙𝜋
ℎ
,

(37)

whereas the structure of each particular solution differs from one
another. By applying separation of variables, the particular solution for
the rigid heave mode is given by Yeung (1981)

𝜙̃ℎ = − i𝜔
2ℎ

[

𝑧2 + 2ℎ𝑧 − 𝑟2

2

]

, (38)

the pitching mode yields

𝜙̃𝑝 = − i𝜔𝑟 cos 𝜃
8ℎ

[

4𝑧2 + 8ℎ𝑧 − 𝑟2
]

, (39)

hereas the particular solution for each bending elastic mode is given
y

̃𝑚𝑛 = −i𝜔𝑅 cos 𝑛𝜃
𝜆𝑚𝑛

⎧

⎪

⎨

⎪

⎩

cosh 𝜆𝑚𝑛(ℎ+𝑧)
𝑅 𝐽𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

sinh 𝜆𝑚𝑛ℎ
𝑅

+
cos 𝜆𝑚𝑛(ℎ+𝑧)

𝑅 𝐼𝑛
(

𝜆𝑚𝑛𝑟
𝑅

)

sin 𝜆𝑚𝑛ℎ
𝑅

𝑇𝑚𝑛

⎫

⎪

⎬

⎪

⎭

,

𝑛 = 0, 1,… (40)

nd satisfies (17) in 𝑧 = 0. As in the previous section, by matching
he velocity potentials in 𝑆𝑓 yields a sequence of linear systems in the
nknowns 𝛼

𝑙𝑛, 
𝛼
𝑙𝑛 forced by the particular solutions 𝜙̃ℎ, 𝜙̃𝑝 and 𝜙̃𝑚𝑛,

respectively.

3.1. Plate response and Haskind–Hanaoka relation

Given the effect of all the external forces, the dynamic equation (1)
can be expanded as

𝐷∇4𝑊 + 𝜌𝑝ℎ𝑝𝑊𝑡𝑡 + 𝜌𝑔𝑊

+

[ 𝐼
∑

𝑖=1

1
𝑟
𝛿
(

𝑟 − 𝑟𝑖
)

𝛿
(

𝜃 − 𝜃𝑖
)

+ 1
2𝜋𝑟

𝛿 (𝑟)

]

𝜈𝑃𝑇𝑂𝑊𝑡 + 𝜌𝛷𝑡 = 0, (41)

where 𝜌 is the fluid density. The third term represents the hydrostatic
pressure, the fourth term denotes the effects of localised forces due
to the PTO systems, 𝛿 is the Dirac delta function and the last term
represents the dynamic pressure exerted by the wave field. Note that
the second term in the brackets takes into account a localised force
given by a PTO device located in 𝑟 = 0, therefore the Dirac delta
function is defined differently. By using both harmonic expansion (6)
4

and dry mode decomposition (12) we get after some straightforward
algebra

∞
∑

𝑚=0

∞
∑

𝑛=0
𝜁𝑚𝑛

⎧

⎪

⎨

⎪

⎩

𝑤𝑚𝑛

{

𝐷𝜆4𝑚𝑛
𝑅4

− 𝜌𝑝ℎ𝑝𝜔
2 + 𝜌𝑔 − i𝜔𝜈𝑃𝑇𝑂

×

[ 𝐼
∑

𝑖=1

1
𝑟
𝛿
(

𝑟 − 𝑟𝑖
)

𝛿
(

𝜃 − 𝜃𝑖
)

+ 1
2𝜋𝑟

𝛿 (𝑟)

]}

−i𝜔𝜌
∞
∑

𝑛=0
cos 𝑛𝜃

∞
∑

𝑚=0

⎧

⎪

⎨

⎪

⎩

𝑚𝑛
0𝑛

( 𝑟
𝑅

)𝑛
+

∞
∑

𝑙=1
𝑚𝑛
𝑙𝑛

𝐼𝑛(𝜇𝑙𝑟)
𝐼 ′𝑛(𝜇𝑙𝑟)||𝑟=𝑅

− i𝜔𝑅
𝜆𝑚𝑛

⎡

⎢

⎢

⎢

⎣

𝐽𝑛
(

𝜆𝑚𝑛𝑟
𝑅

)

tanh 𝜆𝑚𝑛ℎ
𝑅

+
𝐼𝑛

(

𝜆𝑚𝑛𝑟
𝑅

)

tan 𝜆𝑚𝑛ℎ
𝑅

𝑇𝑚𝑛

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

⎫

⎪

⎬

⎪

⎭

+
(

𝜁ℎ𝑤ℎ + 𝜁𝑝𝑤𝑝
)

{

−𝜌𝑝ℎ𝑝𝜔2 + 𝜌𝑔 − i𝜔𝜈𝑃𝑇𝑂

×

[ 𝐼
∑

𝑖=1

1
𝑟
𝛿
(

𝑟 − 𝑟𝑖
)

𝛿
(

𝜃 − 𝜃𝑖
)

+ 1
2𝜋𝑟

𝛿 (𝑟)

]}

− i𝜔𝜌

⎧

⎪

⎨

⎪

⎩

𝜁ℎ
⎡

⎢

⎢

⎣

ℎ
00 +

∞
∑

𝑙=1
ℎ
𝑙0

𝐼 (1)0 (𝜇𝑙𝑟)

𝐼 (1)′0 (𝜇𝑙𝑟)
|

|

|𝑟=𝑅

+ i𝜔𝑟2
4ℎ

⎤

⎥

⎥

⎦

+ 𝜁𝑝 cos 𝜃
⎡

⎢

⎢

⎣

𝑝
01

𝑟
𝑅

+
∞
∑

𝑙=1
𝑝
𝑙1

𝐼 (1)1 (𝜇𝑙𝑟)

𝐼 (1)′1 (𝜇𝑙𝑟)
|

|

|𝑟=𝑅

+ i𝜔𝑟3
8ℎ

⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

= 𝐴𝑔𝜌
∞
∑

𝑛=0
cos 𝑛𝜃

{

𝐷
0𝑛

( 𝑟
𝑅

)𝑛
+

∞
∑

𝑙=1
𝐷
𝑙𝑛

𝐼𝑛(𝜇𝑙𝑟)
𝐼 ′𝑛(𝜇𝑙𝑟)||𝑟=𝑅

}

. (42)

he complex modal amplitudes 𝜁ℎ, 𝜁𝑝 and 𝜁𝑚𝑛 can be found by mul-
iplying both sides of (42) by each of the modal shape functions 𝑤𝛼
nd then integrating with respect the plate wetted surface 𝑟 ∈ [0, 𝑅],

𝜃 ∈ [0, 2𝜋]. The resulting system can be written in the following matrix
form

𝐌 {𝜁} = {𝐹 } , (43)

here 𝐌 is the coefficient matrix, {𝐹 } is the exciting force vector,
hereas {𝜁} is the vector containing the unknown modal amplitudes.
or additional details about the numerical procedure above we refer
o Linton and McIver (2017), Michele et al. (2020) and Newman
1994). As in the case of arrays of WECs, the structure of (43) suggests
hat the continuous floating plate is equivalent to a system of linear
oupled forced harmonic oscillators. Consequently, the natural modes
f the WEC coupled with the surrounding fluid are evaluated by equat-
ng to zero the determinant of the real components of the coefficient
atrix 𝐌 (Michele et al., 2016), i.e.

Re {𝐌}| = 0, (44)

hich represent all the inertial and stiffness effects. Solution of the
atter equation gives the numerical value of each eigenfrequency.

Now, we apply the Haskind–Hanaoka formula to check the numer-
cal computations of the diffraction and radiation velocity potentials.
y applying Green’s theorem, the expression valid in three-dimensional
omains reads (Mei et al., 2005; Linton and McIver, 2017)

𝛼 = 4𝜌𝑘−10 𝐶𝑔𝐴𝛼 , (45)

here the term 𝐹𝛼 represents the exciting force given by the following
ntegral

𝛼 = i𝜔𝜌
2𝜋

d𝜃
𝑅
𝑟𝑤𝛼 𝜙(𝑖)|

| d𝑟, (46)
∫0 ∫0 𝐷
|𝑧=0
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𝐶𝑔 is the group velocity

𝐶𝑔 = 𝜔
2𝑘0

(

1 +
2𝑘0ℎ

sinh 2𝑘0ℎ

)

, (47)

hereas 𝛼 is the amplitude of radiated waves at large distance from
he plate by mode 𝛼, for unit modal amplitude and in the direction
pposite the incident waves 𝜃 = 𝜋, i.e.

𝛼 =
∞
∑

𝑛=0

i𝑛𝑅
0𝑛

𝐻 (1)′
𝑛 (𝑘0𝑟)

|

|

|𝑟=𝑅

, (48)

in which 𝑅
0𝑛 represents the first complex coefficient in (36). Theoreti-

cal expression (45) relates the diffraction and radiation wave field and
is used to perform numerical checks.

3.2. Wave power extraction

Once the response of the system is found, the average generated
power by the plate is simply

𝑃 = 1
2
𝜈𝑃𝑇𝑂𝜔

2
𝐼
∑

𝑖=1

|

|

|

𝑤
(

𝑟𝑖, 𝜃𝑖
)

|

|

|

2
, (49)

where 𝑤
(

𝑟𝑖, 𝜃𝑖
)

represents the amplitude of plate oscillations corre-
sponding to the PTO location (𝑟𝑖, 𝜃𝑖). Then, we measure the system
efficiency as the following ratio (Mei et al., 2005)

𝐶𝑊 =
𝑘0𝑃
𝐸𝐶𝑔

, 𝐸 = 1
2
𝜌𝑔𝐴2, (50)

where 𝐸 is the total energy. In the next section we will evaluate the
ratio 𝐶𝑊 for different plate configurations and PTO distributions.

4. Results and discussion

In this section we examine the effects of plate stiffness, plate ge-
ometry and PTO configuration on the hydrodynamic behaviour and
energy extraction efficiency. For the sake of example, let us consider
the following fixed parameters: 𝐴 = 1 m, ℎ = 10 m, ℎ𝑝 = 1 m,
= 0.3 and 𝜌 = 1000 kg m−3. Since in the expressions for the velocity
otentials and elastic modes there are infinite terms, the summations
ust be truncated up to a maximum to perform the computations. The

onvergence analysis performed in Section 4.4 shows that by using
= 40 evanescent modes, 𝑁 = 5 angular-terms and the first 𝑀 = 5 dry

elastic modes for each 𝑛th component, convergence of the numerical
results is reached with good accuracy.

4.1. Effects of the PTO system

In this section we investigate the effects of the PTO coefficient
𝜈𝑃𝑇𝑂 and PTO distribution on power extraction efficiency. The Young’s
modulus of the plate material is 𝐸 = 0.1 GPa, the plate radius is

= 10 m, whereas the range of frequency interest is 𝜔 ∈ [0.1, 6] rad
−1. Fig. 2 shows the surface plot of the ratio 𝐶𝑊 (50) versus incident

wave frequency and PTO coefficient for two different PTO distributions.
Fig. 2(a) refers to the case of five PTO devices located in 𝑟 = 0 and
𝑖 = 𝑅, 𝜃𝑖 = [0, 𝜋∕2, 𝜋, 3𝜋∕2] rad, whereas Fig. 2(b) shows the case
f a single PTO device located at the centre of the plate. When the
umber of the PTOs increases, the bandwidth of 𝐶𝑊 increases too
nd the system also becomes more efficient. This suggest that there
ould be an optimal distribution of PTO devices maximising power
xtraction. From a theoretical point of view, this distribution should
aximise the radiated waves in the direction opposite the incident
aves (Mei et al., 2005; Linton and McIver, 2017). Several peaks

haracterised by values larger than 𝐶𝑊 = 1 are shown. We remark
hat this theoretical value corresponds with the maximum of an axis-
ymmetric WEC in heaving motion (Mei et al., 2005), therefore plate
lasticity and pitching motion further increase power extraction. The
5

fact that multiple degree of freedom WECs are more efficient than
rigid devices has also been confirmed in the case of floating elastic
plate in two-dimensional domains (Michele et al., 2020). Note also that
maxima shown in Fig. 2(a) are located in correspondence with the first
eigenfrequencies of the system, i.e. 𝜔 = [1.4, 4.2] rad s−1. As in the case
of oscillating wave surge converters, oscillating water columns and two-
dimensional plates, resonance of natural modes is beneficial in terms of
power extraction efficiency (Michele and Renzi, 2019; Michele et al.,
2020, 2019a,b).

Since the PTO system plays a dominant role on the 𝐶𝑊 behaviour,
e now investigate two additional different configurations, charac-

erised by smaller 𝑟𝑖 and greater number of devices, respectively.
ig. 3(a) shows the case of a single PTO device in 𝑟 = 0 and a sequence
f 8 PTO equally spaced in 𝑟𝑖 = 𝑅, 𝜃𝑖 = [0, 𝜋∕4, 𝜋∕2, 3𝜋∕4, 𝜋, 5𝜋∕4, 3𝜋∕2,
𝜋∕4]. The overall behaviour is similar to that shown in Fig. 2(a), except
or a larger value of the capture width ratio.

Fig. 3(b) shows the case of a PTO device in 𝑟 = 0 and 4 PTO devices
n 𝑟𝑖 = 𝑅∕2, 𝜃𝑖 = [0, 𝜋∕2, 𝜋, 3𝜋∕2]. The behaviour of 𝐶𝑊 shows a single
arge peak close to the second eigenfrequency 𝜔 = 4.2 rad s−1 and PTO
oefficient 𝜈𝑃𝑇𝑂 = 3 × 105 kg s−1. The value of this peak is almost
𝑊 ∼ 2.5, i.e. larger than the values shown so far. This result further
onfirms the role of the PTO distribution to maximise power extraction
fficiency.

.2. Effects of plate flexural rigidity

In order to evaluate the effects of plate stiffness on the generated
ower, a parametric analysis is performed for a softened plate charac-
erised by a smaller value of the Young’s modulus 𝐸 = 0.05 GPa and

an idealised rigid plate. The 5 PTO devices are located in 𝑟 = 0 and
𝑟𝑖 = 𝑅, 𝜃𝑖 = [0, 𝜋∕2, 𝜋, 3𝜋∕2] rad whereas the plate radius is 𝑅 = 10 m.

Fig. 4(a) shows the case of the softened plate. When the flexural
rigidity of the plate decreases, the efficiency of the system increases sig-
nificantly. This is due to the shifting of the bending mode eigenfrequen-
cies towards smaller frequencies and the fact that these frequencies
tend to be much closer one another. Specifically, their numerical values
are now 𝜔 = [1.4, 3.26, 4.67] rad s−1. Differently from the case shown in
Fig. 2(a), there are now 4 peaks in which the ratio 𝐶𝑊 is larger than
one. Note that the numerical value of the first eigenfrequency is still
unaffected because it represents the eigenfrequency of the rigid mode.

When the plate is rigid, or characterised by very large stiffness,
there are no contributions from the bending modes and the dynamics
is governed by pitching and heaving motion only. Fig. 4(b) shows that
there is one maximum around the first eigenfrequency 𝜔 = 1.4 rad s−1

with value 𝐶𝑊 ∼ 1.4. The overall efficiency is clearly smaller with
respect to the cases shown so far because we reduced the number of
eigenfrequencies and the resonances of the natural bending modes.
Again, this highlights the beneficial effects of the bending elastic modes
on power extraction efficiency.

4.3. Effects of plate dimensions

Here we investigate the effects given by two different values of
plate radius 𝑅 = [15; 5] m, fixed Young’s modulus 𝐸 = 0.1 GPa and
fixed PTO distribution. The 5 PTO devices are located in 𝑟 = 0 and
𝑟𝑖 = 𝑅, 𝜃𝑖 = [0, 𝜋∕2, 𝜋, 3𝜋∕2] rad, i.e. there is one PTO device at the plate
centre and four equally spaced PTO devices at the plate boundary.

Fig. 5(a) shows 𝐶𝑊 for the case of larger radius 𝑅 = 15 m. By
comparing the same figure with Fig. 2(a) we recognise the presence
of several additional peaks, larger efficiency bandwidth and also larger
values of 𝐶𝑊 . This is mainly due to the increased number of eigen-
frequencies in the range of interest 𝜔 = [1.1, 2.1, 2.8, 4.0, 5.1] rad s−1

which, in addition, are very close to each other. On the contrary,
the case of smaller radius 𝑅 = 5 m represented in Fig. 5(b), shows
smaller overall efficiency with a single visible peak not far from the

−1
first eigenfrequency 𝜔 = 1.8 rad s .
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Fig. 2. Behaviour of 𝐶𝑊 versus frequency of the incident waves 𝜔 and PTO-Coefficient 𝜈𝑃𝑇𝑂 . (a) 5 PTO devices located in 𝑟 = 0 and 𝑟𝑖 = 𝑅, 𝜃𝑖 =
[

0, 𝜋∕2, 𝜋, 3𝜋∕2
]

rad. (b) Single
PTO device located at the centre of the plate.
Fig. 3. Behaviour of 𝐶𝑊 versus frequency of the incident waves and PTO-Coefficient. (a) PTO system characterised by a single PTO device in 𝑟 = 0 and 8 PTO devices equally
spaced in 𝑟 = 𝑅; (b) The case of 5 PTO devices located in 𝑟 = 0 and 𝑟𝑖 = 𝑅∕2, 𝜃𝑖 =

[

0, 𝜋∕2, 𝜋, 3𝜋∕2
]

rad.
Fig. 4. Behaviour of 𝐶𝑊 versus frequency of the incident waves and PTO-Coefficient. (a) Flexible plate with Young’s modulus 𝐸 = 0.05 GPa; (b) The case of a rigid plate. The 5
PTO devices are located in 𝑟 = 0 and 𝑟𝑖 = 𝑅, 𝜃𝑖 =

[

0, 𝜋∕2, 𝜋, 3𝜋∕2
]

rad.
These results suggest that the plate radius 𝑅 plays an important
role on power extraction efficiency, however one should take care of
its effects on plate structural resistance that could penalise the overall
behaviour and durability in real seas. In fact, larger dimensions mean
also larger loads.

4.4. Numerical convergence analysis

In this Section we show how the maximum number of vertical
eigenfunctions 𝐿, angular modes 𝑁 and radial modes 𝑀 affects the
convergence of numerical results. For the sake of brevity let us assume
the case of a single PTO device in 𝑟 = 0 m with damping coefficient
𝜈𝑃𝑇𝑂 = 106 Kg s−1, Young’s modulus of the plate material 𝐸 = 0.1 GPa
and plate radius 𝑅 = 10 m. Fig. 6 shows the behaviour of 𝐶 versus
6

𝑊

frequency of incident waves 𝜔 for different values of 𝐿, 𝑁 and 𝑀 .
Specifically, Fig. 6(a) represents the case of fixed 𝑁 = 𝑀 = 5 and four
values of 𝐿 = [10, 20, 30, 40], whereas Fig. 6(b) represents the case of
fixed 𝐿 = 40 and four values of 𝑁 = 𝑀 = [2, 3, 4, 5]. The same figures
show that numerical convergence is reached when: (1) the maximum
number of vertical eigenfunctions is 𝐿 > 30; (2) the maximum number
of angular and radial bending modes is (𝑁,𝑀) > 3. For this reason, in
the numerical evaluations above we set 𝐿 = 40 and 𝑁 = 𝑀 = 5.

5. Conclusions

The purpose of this work is to show how circular flexible devices
can be used for wave energy extraction. The mathematical model is
based on a linearised potential-flow theory, whereby the method of
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Fig. 5. Behaviour of 𝐶𝑊 versus frequency of the incident waves and PTO-Coefficient. (a) Plate radius 𝑅 = 15 m; (b) Plate radius 𝑅 = 5 m. The 5 PTO devices are located in 𝑟 = 0
and at the plate boundary 𝑟𝑖 = 𝑅, 𝜃𝑖 =

[

0, 𝜋∕2, 𝜋, 3𝜋∕2
]

rad.
Fig. 6. Behaviour of 𝐶𝑊 versus frequency of the incident waves for Young’s modulus 𝐸 = 0.1 GPa, plate radius 𝑅 = 10 m and single PTO device in 𝑟 = 0 m with fixed coefficient
𝜈𝑃𝑇𝑂 = 106 kg s−1. (a) Dependence on the maximum number of eigenfunctions for 𝑁 = 𝑀 = 5; (b) Dependence on the maximum number of bending modes for 𝐿 = 40. The figures
above show that numerical convergence can be reached for 𝐿 > 30 and (𝑁,𝑀) > 3.
dry modes is combined with matched eigenfunction expansions, in
order to solve the hydrodynamics of radiation and diffraction velocity
potentials. The main results of the analytical model show that the effect
of the plate elasticity is to increase the number of resonant frequencies
with respect to a rigid plate, whereas wave power extraction and the
bandwidth of the capture factor become larger. The location of each
PTO device plays a significant role, and it is seen that, by increasing
the number of PTO devices or modifying the PTO distribution, modal
optimisation occurs and the overall efficiency of the system improves.
Then we investigated the effect of the plate radius and found that larger
plate dimensions yield larger efficiency caused by an increase in the
number of resonant frequencies. Given the promising results shown
by the mathematical model, our results highlight the need to scale-up
experimental investigations on flexible wave energy converters, which
are still a small minority, compared to those on rigid converters. An
experimental campaign on the hydrodynamics of a constrained circular
flexible disk is being developed. This will allow quantification of the
plate response in real seas and in presence of submergence and fluid
viscosity.
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