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Abstract

We present a novel three-layer approach based on multilevel density functional

theory (MLDFT) and polarizable molecular mechanics to simulate the electronic ex-

citations of chemical systems embedded in an external environment within the time-

dependent DFT formalism. In our method, the electronic structure of a target system,

the chromophore, is determined in the field of an embedding inactive layer, which is

treated as frozen. Long-range interactions are described by employing the polarizable

fluctuating charges (FQ) force field. The resulting MLDFT/FQ thus accurately de-

scribes both electrostatics (and polarization) and non-electrostatic target-environment

interactions. Robustness and reliability of the approach are demonstrated by com-

paring our results with experimental data reported for various organic molecules in

solution.
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1 Introduction

The modeling of electronic excitations of molecular systems embedded in an external en-

vironment is a challenging task in theoretical and computational chemistry. In fact, the

large number of degrees of freedom to be considered makes the treatment of the whole sys-

tem with quantum mechanics (QM) rapidly unfeasible. To face this problem, focused models

have been proposed.1–4 The system is divided into at least two interacting parts:5–7 the target

chromophore and the external environment. The computational advantages associated with

such techniques rely on the different levels of sophistication employed to describe the two

parts, assuming that the external environment acts as a perturbation on the chromophore,

modifying but not determining its properties.2 In this vision, the target system is generally

described by means of accurate QM methodologies, while the environment is treated at a

lower level of accuracy.1–4

The most used focused methods belong to the family of the so-called QM/classical ap-

proaches,2–4,8,9 either continuum or atomistic, in which the environment is treated by means

of classical physics. In these methods, the target-environment interaction is fully described at

the classical level, generally by means of electrostatics. The great success of these approaches

is mainly associated with their low computational cost, which is comparable to gas-phase

calculations for a self-consistent field (SCF) wave function. In atomistic QM/molecular me-

chanics (QM/MM) methods,3 the accuracy depends on the energetic terms describing the

QM/MM interaction once the preferred QM level is selected. They are generally limited to

electrostatics (and polarization in polarizable QM/MM approaches).1–3,10 Non-electrostatics

(van der Waals) is instead considered by means of parametrized functions, such as Lennard-

Jones, although a few formulations in terms of the QM density also exist.11–13

To refine the description provided by QM/MM methods, quantum embedding can be ex-

ploited.14–26 In these approaches, the system is generally divided into two parts, active

and inactive, which are both treated at the QM level but at different levels of sophistica-

tion. Many quantum embedding methods have been proposed, ranging from frozen density
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embedding24,27–33 to projected-based approaches.17,18,22,23,34,35 We have recently developed

a novel quantum embedding based on density functional theory (DFT), named multilevel

DFT (MLDFT),36,37 which successfully partitions the system into active and inactive parts

by decomposing the QM density matrix. Due to such partitioning, the problems related to

the definition of non-additive kinetic energy in Frozen Density Embedding (FDE) can be

avoided.38 The approach is remarkably versatile and has been successfully applied to calcu-

lating solvation energies and hyperfine coupling constants in unrestricted formalism.36,37

Similarly to its analogous ML Hartree-Fock (MLHF),39–42 the MLDFT methodology restricts

the MO space to that spanned by the active MOs only, providing a large computational sav-

ing compared to full DFT calculations.36,37 In this work, we exploit this feature to extend

the method to calculate electronic excitations using the time-dependent (TD) DFT formal-

ism.43 To apply the method to real case systems, we couple MLDFT to a third classical

MM layer, described using the polarizable fluctuating charge (FQ) force field,44,45 which

permits a proper description of long-range interactions at a reduced computational cost.26

Furthermore, we introduce the modeling of active-inactive mutual polarization interactions

in TD-MLDFT, which are needed to treat electronic transitions with large transition dipole

moments.26 In fact, similarly to most quantum embedding methods, in MLDFT, the inactive

density (matrix) is kept frozen in the calculation; thus, the polarization relaxation of the

inactive density is generally neglected. To deal with this problem, we reformulate in the

TD-MLDFT/FQ context a recent approach proposed by some of the authors in the frozen

density embedding (FDE) framework.26 Within this approach, the polarization of the inac-

tive layer in the response regime is modeled in terms of classical polarizable force fields, thus

offering an effective yet cost-effective description of active-inactive mutual polarization.

The paper is organized as follows. In the next section, we describe MLDFT, its extension to

TD formalism, and its coupling with a third polarizable FQ layer. After briefly discussing

the computational details, we apply the developed approach to various solvated molecular

systems characterized by electronic transitions of different natures. Some conclusions and
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future perspectives are given at the end.

2 Theory

In MLDFT, the partitioning of the system into two parts is based on a decomposition of the

total density matrix D, and a similar separation in the density function ρ(r) as well:36

D = DA +DB ⇒ ρ(r) = ρA(r) + ρB(r) (1)

where A and B indicate the active and inactive fragments. The partitioning defined in

Eq. 1 is not unique, and different methods to perform such a separation can be exploited.

In this work, we use a partial Cholesky decomposition of the total density matrix for the

active occupied molecular orbitals (MOs), from which the active density matrix DA is cal-

culated.39,46–49 This approach ensures that all active and inactive MOs remain orthogonal

during all the subsequent SCF procedures performed on the active subsystem.50 By using

eq. 1, the electronic energy of the system for a generic hybrid DFT functional can be written

as:

E[DA;DB] = e[DA] + e[DB] + eAB[DA;DB] (2a)

e[DX ] = TrhDX +
1

2
TrDXJ(DX)− 1

2
cxTrD

XK(DX)

+ (1− cx)

∫
ρX(r)εx(ρ

X(r)) dr

+

∫
ρX(r)εc(ρ

X(r)) dr {X = A,B} (2b)

eAB[DA;DB] = TrDAJ(DB)− cxTrD
AK(DB)

+ (1− cx)

(∫
ρA(r)εx(ρ

B(r)) dr+

∫
ρB(r)εx(ρ

A(r)) dr

)
+

∫
ρA(r)εc(ρ

B(r)) dr+

∫
ρB(r)εc(ρ

A(r)) dr+ EAB
non-add (2c)
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where h is the one-electron integrals, J and K are Coulomb and exchange matrices, respec-

tively. εx and εc are the exchange and correlation energy densities per unit particle. The

coefficient cx defines whether pure DFT (cx = 0), or hybrid DFT functionals (cx ̸= 0) are

used. Note that if the SCF converged density matrix D of the full system is decomposed (Eq.

1), Eq. 2 yields the ground state DFT energy of the total system. In MLDFT, we do not

minimize the energy at the full DFT level. Instead, we decompose an approximated density

matrix for the total system, which is obtained by diagonalizing a Fock matrix constructed by

using a density matrix guess (in this work, a superposition of molecular densities, vide-infra).

The last term EAB
non-add originates from the non-linearity of εx and εc, and it is defined as:

EAB
non-add[D

A;DB] = (1− cx)

(∫
ρ(r)εx(ρ(r)) dr−

∫
ρ(r)εx(ρ

A(r)) dr−
∫

ρ(r)εx(ρ
B(r)) dr

)
+

∫
ρ(r)εc(ρ(r)) dr−

∫
ρ(r)εc(ρ

A(r)) dr−
∫

ρ(r)εc(ρ
B(r)) dr

(3)

In Eq. 2, the first four lines define the energy of the active and inactive fragments, whereas

the last three lines define the active-inactive interaction. In MLDFT, the density matrix of

the inactive part DB (and ρB(r)) is frozen, and therefore it acts as an external field on the

active fragment. Therefore, the energy terms containing the B labels are fixed during the

SCF procedure. The total MLDFT Fock matrix is given by functional differentiation with

respect to the active density only since the inactive density is kept frozen:36
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Fµν = hµν

+ Jµν(D
A)− cxKµν(D

A) + (1− cx)

∫
vx(ρ

A(r))χµ(r)χν(r) dr+

∫
vc(ρ

A(r))χµ(r)χν(r) dr

+ Jµν(D
B)− cxKµν(D

B) + (1− cx)

∫
vx(ρ

B(r))χµ(r)χν(r) dr+

∫
vc(ρ

B(r))χµ(r)χν(r) dr

+ (1− cx)

∫
χµ(r)χν(r)[vx(ρ

A(r) + ρB(r))− vx(ρ
A(r))− vx(ρ

B(r))] dr

+

∫
χµ(r)χν(r)[vc(ρ

A(r) + ρB(r))− vc(ρ
A(r))− vc(ρ

B(r))] dr (4)

where, vx(ρ(r)) and vc(ρ(r)) are the exchange and correlation potential densities, respectively.

Note that the two-electron terms associated with the B fragment act as a one-electron term

since the associated density matrix is kept frozen.

To summarize, we remark on an important advantage of MLDFT as compared to full DFT,

which is particularly useful in its extension to the time-dependent formulation. The MLDFT

SCF procedure is performed on the MO basis of the active part only, thus intrinsically

reducing the dimensionality of the problem and the associated computational time.39

2.1 Coupling with a third MM layer

To further increase the applicability of the MLDFT approach, we couple it with a third

MM layer defined in terms of purely electrostatic embedding (fixed charges placed on each

MM atom) or polarizable embedding.3 Among the many polarizable embeddings,13,51–53

in this work we exploit the polarizable fluctuating charges force field. In this method,

each MM atom is endowed with a charge whose value varies as a response to the external

potential and the differences in atomic electronegativities.44,45,54,55 The energy of the resulting

MLDFT/MM(FQ) reads:

E = EMLDFT + EMM + Eint
MLDFT/MM (5)
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where EMLDFT is given in Eq. 2, whereas EMM and Eint
MLDFT/MM are MM and MLDFT/MM

interaction energies, respectively. For both non-polarizable MLDFT/MM or polarizable

MLDFT/FQ, the interaction energy can be written as follows:

Eint
MLDFT/MM =

∑
i

qiVi(D) (6)

where Vi(D) is the electric potential generated by the total QM density matrix (i.e., both ac-

tive and inactive contributions) on the i−th charge (qi). As stated above, for non-polarizable

QM/MM, qi values are fixed, whereas, in QM/FQ, they explicitly depend on the QM density

and are obtained by minimizing the following energy expression:37

E [DA,DB,q,λ] = EMLDFT[DA,DB]

+
1

2
q†
λMqλ + q†

λCQ

+ q†
λV(D) (7)

where qλ indicates a vector collecting FQ charges and a set of Lagrangian multipliers, which

ensure charge conservation on each fragment composing the MM layer (e.g., on each solvent

molecule for solvated systems). The M matrix is the interaction kernel between the FQ

charges, which also contains the Lagrangian blocks,56 and the vector CQ accounts for the

interaction between permanent moments, i.e., χ and charge constraints Q on each FQ moiety.

The FQ charges equilibrated for the MLDFT/FQ systems are obtained by minimizing the

energy functional in Eq. 7. This procedure yields the following set of linear equations:

Mqλ = −CQ −V(D) (8)

In parallel, the MLDFT/MM Fock matrix is defined as:

Fµν = FMLDFT
µν +

∑
i

qiVi,µν (9)
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where FMLDFT
µν is defined in Eq. 4. As for energy contributions, the additional QM/MM term

is fixed and computed only at the first SCF cycle in the case of non-polarizable QM/MM,

whereas it changes in QM/FQ because FQ charges depend on QM densities. Therefore,

MLDFT/FQ contribution to the Fock matrix must be updated at each SCF cycle, ultimately

introducing mutual polarization effects between MLDFT and FQ layers.37

2.2 Time-Dependent Multilevel Density Functional Theory

Besides calculating energy, MLDFT/FQ can be extended to compute molecular properties

and spectroscopies, similar to other multilayer approaches.26 Here, we focus on the excitation

energies of embedded molecules by resorting to Time-Dependent Density Functional Theory

(TD-DFT).43 The extension of MLDFT/FQ to excited states needs to consider the response

of the environment to the electronic excitation taking place in the target molecule, i.e.,

to the molecular density evolving in time as a result of the electronic excitation.57 The

treatment of such a contribution has already been formulated for the QM/FQ model by

explicitly considering the FQ response to the molecular transition density.56 In particular,

in the linear response regime, FQ charges are adjusted to the transition density associated

with the specific electronic excitation under examination.56

The standard way to calculate transition properties in DFT is to resort to TD-DFT.43 In

particular, TD-DFT equations in the Casida formalism read:

 Ã B̃

B̃∗ Ã∗


 X

Y

 = ω

 1 0

0 −1


 X

Y

 (10)

where Ã and B̃ matrices are defined as:

Ãai,bj = (ϵa − ϵi)δabδij + (ai|bj)− cx(ab|ij) + clf
xc
ai,bj + C

QM/FQ
ai,bj (11)

B̃ai,bj = (ai|bj)− cx(aj|ib) + clf
xc
ai,jb + C

QM/FQ
ai,bj (12)
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where (pq|rs) are two electron integrals, ε are the MO energies, and ω are the excitation

energies. cx and cl are coefficients depending on the SCF level exploited (cx = 1, cl = 0 for

HF wavefunctions, cx = 0, cl = 1 for pure DFT).

C
QM/FQ
ai,bj indicates additional contributions to the Ã and B̃ matrices due to the presence of

the FQ layer. Such terms are defined as:

CFQ
ai,bj =

∑
p

(∫
R3

φa(r)
1

|r− rp|
φi(r) dr

)
· qTp (φb, φi) (13)

where p label the MM atoms, qT are the perturbed charges (placed at positions rp), which are

adjusted to the transition density DT
K = XK +YK .

56 φ indicates occupied (i, j indexes) or

virtual (a, b indexes) MO orbitals. In particular, they are obtained by solving the following

linear set of equations:

MqT
λ = −V(DT ) (14)

which is the perturbed version of Eq. 8. The solution of the response equations in Eq. 10

yields excitation energies and transition amplitudes. In MLDFT, the fixed inactive density

B response is not considered. In this formalism, the linear response of the active system is

only indirectly affected by the inactive portion due to the modification of the active MOs

solving the ground state equations (see Eq. 2). Therefore, in the MLDFT/FQ approach,

the frozen density DB only affects the MOs of the fragment A in the ground state, whereas

the FQ response is adjusted to the transition density of the active portion only.

In this picture, the frozen layer separates the active and the FQ subsystems, which instead

dynamically respond to the external time-dependent perturbation. This potentially yields

an unphysical description of the phenomenon and can affect the computed results, in partic-

ular for those electronic transitions where the environmental response cannot be neglected.

An alternative approach involves computing the response of the inactive layer through a

coupled model,.58–60 This means integrating the FQ response with the response functions
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of both active and inactive regions, similar to the methodology proposed in the context of

subsystem DFT.58–60 We here adopt a different strategy, in parallel to that proposed by

some of the present authors in the framework of the FDE/FQ method.26 Specifically, only

for the response equations the inactive atoms are endowed with FQs, and their response is

computed using the same method exploited for the FQ layer. This involves modifying Eq.

13 to account for the charges of both the FQ and inactive atoms in the B region. We denote

this method MLDFTFQ/FQ. This procedure ensures that the entire environment responds

to external perturbation. At the same time, the dimensionality of the linear system in Eq.

10 is maintained, as the response of the static density layer is inherently included within the

Ã and B̃ matrices, rather than through explicit excitations. Note that the perturbed charges

sum to zero on each FQ moiety; thus, there is no extra charge density introduced spuriously

in the inactive MLDFT portion. Finally, we remark that the proposed procedure is general

and can be applied to any environment, pending a reliable parametrization of the FQ force

field.

Calculating the terms of Eq. 13 for both inactive and FQ layers is cost-effective; therefore,

the overall cost of the calculation is not particularly affected. The novel MLDFTFQ/FQ

combines the best aspects of quantum embedding methods and polarizable QM/MM ap-

proaches. In fact, it incorporates the effects of electrostatics, polarization, and quantum

repulsion from the environment on the active system in its ground state. At the same time,

such contributions are cost-effectively included in the response calculations. Note that Pauli

repulsion is explicitly included in the GS and indirectly affects the excitation energies by

modifying the GS MOs. This is consistent with other approaches proposed in the literature

for describing Pauli repulsion effects on linear response.12,13,26,28,61,62

10



3 Computational Details

The TD-MLDFTFQ/FQ method is implemented in a development version of the electronic

structure program eT .63 As in Ref. 36, the DFT grid is constructed using the widely employed

Lebedev grid,64 with the radial quadrature proposed in Ref. 65. All the calculations are

performed using a quadrature of 25th order, and the radial threshold is set to 10−5. The

DFT functionals are implemented using the LibXC library.66,67

In this work, the TD-MLDFTFQ/FQ method is applied to the particular case of chro-

mophores in solution. In all the reported calculations, a TD-MLDFT calculation is performed

by following this computational protocol:

1. Construction of an initial density matrix by means of superposition of molecular den-

sities.27,68 The quantum region is partitioned into Nf fragments, i.e. the various

molecules constituting active and inactive MLDFT parts (active molecule and the

solvent molecules). For each fragment, the DFT energy is minimized in its own AO

basis set, and the total density of the quantum region is then calculated as the direct

sum of the fragment densities:

D =

Nf⊕
i

Di (15)

In other words, the total density matrix is block-diagonal, and the blocks are the

SCF-converged fragment density matrices. By using Eq. 15, an initial Fock matrix

of the total system is constructed and then diagonalized to obtain an idempotent and

physically consistent density matrix. Note that at this step, a part of the active-

inactive polarization energy is introduced. Indeed, in previous works, we have shown

that, for neutral species, the largest part of active-inactive polarization energy is taken

into account by MLDFT.36,37

2. Partitioning of the new density matrix into A and B densities, by using a partial

Cholesky decomposition for the active occupied orbitals.42,49,50,69–71 The Cholesky de-

composition of the total density D into DA and DB is unique if the same pivots are
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used. In this work, the Cholesky decomposition is performed by selecting the diag-

onal elements corresponding to the basis functions, which are centered on the active

atoms:39,47,50

DA
αβ =

∑
IJ

DαID̃
−1
IJ DβJ

=
∑
I

LαILβI (16)

where I and J are the diagonal elements which are decomposed, D̃ is the submatrix

of D containing the selected diagonals, and LαI are the Cholesky orbitals. As a result

of the decomposition, the active Cholesky MOs are obtained, and the active density

matrix DA is trivially constructed (see Eq. 16). The active virtual orbitals are instead

constructed by means of projected AOs (PAOs), obtained from the AOs centered in the

active fragment and orthonormalized through the Löwdin procedure.72,73 The threshold

for removing the linear dependencies is set to 10−6. The inactive density DB is finally

obtained as the difference between the total D and the active DA densities.

3. Calculation of the constant energy terms and the one-electron contributions due to the

inactive density matrix B entering in Eqs. 2 and 4.

4. Minimization of the energy defined in Eq. 2 in the MO basis of the active part A only,

until convergence is reached. All the equations reported in Section 2, expressed in the

AO basis set, are transformed in the active MO basis using the active MO coefficients.

5. Solution of TD-MLDFT equations (Eq. 10). in the reduced active MO space. In the

case of TD-MLDFTFQ/FQ calculations, all atoms of the inactive region are included

in an enlarged FQ part, i.e. they are endowed with atomic electronegativities and

chemical hardnesses. The FQ response matrix M (eq. 7) is thus reconstructed to

include inactive and MM atoms, and Eq. 14 is solved to obtain the perturbed charges

of both regions.
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As a result of the TD-MLDFT procedure, the electronic excitations of the active part only

are obtained as influenced by the presence of the inactive and MM layers.

4 Numerical Applications

Figure 1: Molecular structures of Acrolein (left), 4-aminophthalimide (4AP, middle), and
quinolinium betaine (QB, right).

To validate our novel approach, we apply it to the simulation of the absorption spectra

of various organic systems dissolved in solution: acrolein, 4-aminophthalimide (4AP), and

quinolinium betaine (QB). The molecular structures of the investigated systems are graphi-

cally depicted in Fig. 1. These systems are characterized by increasing electronic complexity,

and their electronic transitions are highly affected by solvent effects.

4.1 Acrolein in aqueous solution

To first validate our approach, we consider the case of acrolein dissolved in aqueous so-

lution. Besides its rather small size, the correct reproduction of acrolein vacuo-to-water

solvatochromic shifts is particularly challenging.12,74–81 Indeed, it has been reported that a

proper description of solute-solvent electrostatics, polarization, and Pauli repulsion effects is

crucial.75 Thus, acrolein in water is ideal for validating our novel TD-MLDFT/FQ approach,

which can, in principle, model all these interactions. In particular, we focus on the opposite

vacuo-to-water solvatochromic shifts exhibited by the first electronic transitions, i.e. n− π∗

and π−π∗. The solute-solvent phase space is sampled by means of classical molecular dynam-

ics (MD) by following the procedure reported in Ref. 12. In particular, the MD simulation is

performed using GROMACS82 exploiting OPLS-AA83 force field to describe both intra- and
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Figure 2: Graphical representation of MLDFT/FQ partitioning for acrolein in aqueous so-
lution. Green: acrolein (active); red: inactive water molecules; silver: FQ water molecules.
The radius of the inactive layer (from 2.0 to 3.5 Å) is reported together with the average
number of inactive water molecules (Nw).
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inter-molecular interactions. The TIP3P force field is used to describe water molecules.84

ChelpG85 scheme is employed to fit acrolein atomic charges for electrostatic interactions,

while Van der Waals contributions are treated by relying on the parameterization proposed

by Georg et al.86 An NPT simulation for 1 ns is performed to obtain uniform distribution,

followed by a 10 ns production run in the NVT ensemble (acrolein is free to move). The MD

analysis and further computational details can be found in Ref. 12

From the last 10 ns of the MD, 100 uncorrelated snapshots are extracted, and a sphere of

radius 15 Å, centered on the solute, is cut.12 The convergence of the computed spectra as

a function of the snapshots is reported in Fig. S1 of the SI. The three-layer MLDFT/FQ

and MLDFTFQ/FQ approaches are then used to calculate the excitation energies of solvated

acrolein, which is treated as active. Thanks to its relatively small size, we also use acrolein as

a test case to study how the dimension of the inactive shell affects the computed excitation

energies. To this end, we include in the inactive region all water molecules that are placed

at 2.0, 2.5, 3.0, and 3.5 Å from each solute atom. This automatically results in an increasing

average number of water molecules (Nw) treated as inactive at the DFT level (see Fig. 2).

Both the active and inactive regions are treated at the B3LYP/aug-cc-pVDZ level of theory.

The remaining water molecules are instead described by means of the FQ force field by using

the parametrization reported in Ref. 87. To analyze whether MLDFT(FQ)/FQ can account

for the largest part of active-inactive polarization effects in the GS, acrolein excitation ener-

gies in aqueous solution are also computed by fully incorporating such effects. This is done

by performing a GS DFT/FQ calculation including in the QM region all atoms defining the

MLDFT portion (i.e. all molecules within this region are treated as active). This is followed

by a Cholesky decomposition (Eq. 16) of the SCF converged density matrix of the full sys-

tem. The obtained MOs are used to construct the active (and inactive) density matrices

and exploited to define the active reduced MO space in TDDFT response equations. In the

response calculations, the inactive layer is endowed with FQ charges as in MLDFTFQ/FQ

method. We name this approach MLDFTFQ-in-DFT/FQ.
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Table 1: Calculated vertical excitation energies for n− π∗ and π− π∗ transitions of acrolein
in vacuo and aqueous solution obtained at the QM/FQ, MLDFT/FQ, MLDFTFQ/FQ, and
MLDFTFQ-in-DFT/FQ levels. MLDFT(FQ)/FQ and MLDFTFQ-in-DFT/FQ results are
given as a function of the inactive radius (from 2.0 to 3.5 Å). Vacuo-to-water solvatochromic
shifts are also provided in parenthesis. The experimental values are recovered from Ref. 74.

Radius Method. En−π∗ (eV) Eπ−π∗ (eV)
vacuo 3.56 6.17
Exp.(vacuo) 3.69 6.42
QM/FQ 4.00 (-0.44) 5.71 (0.46)

2.0Å
MLDFT/FQ 3.94 (-0.38) 5.75 (0.42)
MLDFTFQ/FQ 3.93 (-0.37) 5.71 (0.46)
MLDFTFQ-in-DFT/FQ 3.94 (-0.38) 5.72 (0.45)

2.5Å
MLDFT/FQ 3.94 (-0.38) 5.79 (0.38)
MLDFTFQ/FQ 3.94 (-0.38) 5.74 (0.43)
MLDFTFQ-in-DFT/FQ 3.96 (-0.40) 5.74 (0.43)

3.0Å
MLDFT/FQ 3.94 (-0.38) 5.78 (0.39)
MLDFTFQ/FQ 3.93 (-0.37) 5.68 (0.49)
MLDFTFQ-in-DFT/FQ 3.96 (-0.40) 5.68 (0.49)

3.5Å
MLDFT/FQ 3.95 (-0.39) 5.80 (0.37)
MLDFTFQ/FQ 3.95 (-0.39) 5.69 (0.48)
MLDFTFQ-in-DFT/FQ 3.97 (-0.41) 5.69 (0.48)
Exp.(water) 3.94 (-0.25) 5.90 (0.52)
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The electronic excitation energies calculated at the MLDFT/FQ, MLDFTFQ/FQ, and MLDFTFQ-

in-DFT/FQ levels as a function of the inactive radius are reported in Tab. 1. Let us first

focus on the dark n − π∗ electronic transition (see Fig. S2 in the SI). The vertical excita-

tion energies computed by the three approaches provide almost the same excitation energy

independently of the considered inactive radius, with the largest discrepancy reported for

r = 3.0Å. However, also in this case, the difference between the three approaches is below the

chemical accuracy (∼ 0.04 eV). The almost perfect agreement between the fully polarized

(in the GS) MLDFTFQ-in-DFT/FQ and the other methods show that the latter are able to

account for the largest part of GS polarization active-inactive polarization effects. In addi-

tion, we note that the almost equal description provided by MLDFT/FQ and MLDFTFQ/FQ

methods is due to the nature of the n − π∗ excitation. In this case, the solvent dynamic

polarization introduced in MLDFTFQ/FQ in the linear response formalism is negligible since

the transition is dark (transition dipole moment ∼ 0). This is in agreement with previous

studies that exploit different solvent models.79,88 We also note that the computed n − π∗

excitation energy values rapidly reach convergence as a function of the inactive radius since

only slight variations are reported for radii larger than 2.0 Å.

A different outcome is obtained for π−π∗ transition energies (see Tab. 1 and Fig. S2 in the

SI). In fact, the inclusion of polarization effects in the linear response (MLDFTFQ/FQ vs.

MLDFT/FQ) yields a general decrease in the excitation energies. Such decrease becomes

more significant as the inactive radius is increased from 2.0 Å to 3.5 Å. This is particu-

larly evident for the largest radii (3.0 Å and 3.5 Å), for which polarization effects shift

MLDFT/FQ results of 0.09 and 0.12 eV, respectively. A substantial response polarization

effect is expected for π − π∗ excitations due to the associated large transition dipole mo-

ment. The obtained shifts are in agreement with previous data reported in the literature

for other polarizable classical embedding approaches,74,75,88 demonstrating the robustness of

our developed approach. Furthermore, MLDFTFQ/FQ data are perfectly in agreement with

the reference MLDFTFQ-in-DFT/FQ, with the largest discrepancy (0.01 eV) reported for
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the smallest inactive radius (2.0 Å). This again demonstrates that GS polarization effects

are considered in MLDFTFQ/FQ approach, and that the commented differences with re-

spect to MLDFT/FQ can be ascribed to the inclusion of polarization effects in the response

equations.

To better highlight the effect of the inactive layer, our results can be compared with the

QM/FQ method, in which both the ground and linear response calculations are calculated at

the QM/FQ level, including acrolein only in the QM region. Within QM/FQ, solute-solvent

interactions are classically described and are thus limited to electrostatics and polarization.

Differently, in MLDFTFQ/FQ, the solute-solvent interactions include electrostatics, polariza-

tion, and Pauli repulsion effects, which act as a quantum confinement of the solute density.

Consequently, the difference between MLDFTFQ/FQ and QM/FQ results is primarily re-

lated to solute-solvent Pauli repulsion effects and, secondly, to the refined electrostatic (and

polarization) descriptions provided by MLDFTFQ/FQ. As it can be appreciated from the re-

sults reported in Tab. 1, MLDFTFQ/FQ n−π∗ excitation energies are systematically higher

than QM/FQ ones, while the opposite holds for π − π∗ transition (for inactive radii ≥ 3.0

Å). Such a finding agrees with what has been reported previously by some of us exploiting

a QM/MM treatment of Pauli repulsion effects.12

To better analyze our results and quantify solvent effects on electronic transitions, the

vacuo-to-water solvatochromic shift is also evaluated as the difference between the calcu-

lated excitation energies in vacuo and water. Acrolein gas-phase geometry is optimized at

the B2PLYP/cc-pVTZ level in agreement with Ref. 75, while vertical excitations are ob-

tained at the B3LYP/aug-cc-pVDZ level. Computed solvatochromic shifts are compared

with experimental data reported in Ref. 74. The computed DFT energies for both n − π∗

and π − π∗ transitions are shifted with respect to the experimental reference. This is asso-

ciated with the well-known systematic error of DFT functionals. However, this error can be

substantially reduced by comparing computed and experimental energy differences, such as

solvatochromic shifts.89 The latter are given in brackets in Tab. 1. We first note that the
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inclusion of solvent effects has an opposite trend for the two studied transitions, yielding

to a red- or blueshift for n − π∗ and π − π∗ excitations, respectively. All computed solva-

tochromic shifts for n− π∗ excitation deviate from the experimental reference. This can be

ascribed to the fact that a linear response formalism cannot account for a proper description

of state-specific electronic solvent relaxation, which is required to accurately describe sol-

vent effects on n− π∗ excitations.12,88 However, it is worth remarking that the introduction

of confinement effects in MLDFT(FQ)/FQ shifts the computed results towards the experi-

mental reference as compared to QM/FQ, thus reducing the computed error. By moving

to π − π∗, the MLDFTFQ/FQ computed results show a notable agreement with the experi-

mental solvatochromic shift, especially for the largest inactive radii. In particular, including

response polarization effects (MLDFTFQ/FQ vs. MLDFT/FQ) is crucial to obtain an almost

perfect agreement with the reference. This demonstrates the robustness of our modeling of

such effects. Confinement effects, which can be estimated by comparing MLDFTFQ/FQ

and QM/FQ results, instead play a minor role compared to response polarization effects.

However, for inactive regions larger than 3 Å, they shift the computed solvatochromic shift

towards the experiment, reducing QM/FQ error to just 0.04 (3.0 Å) and 0.03 (3.5 Å) eV.

4.2 4-aminophtalimide in aqueous solution

To further test our novel MLDFT(FQ)/FQ approach, we apply it to simulate the electronic

excitations of 4-Aminophthalimide (4AP) dissolved in aqueous solution. Also in this case,

MLDFT(FQ)/FQ is compared to QM/FQ by calculating the UV-Vis spectrum on 50 uncorre-

lated snapshots extracted from a classical MD simulation. The MD simulation is performed

according to Ref. 90, by using GROMACS,82 with the GAFF91,92 force field to describe

intra- and inter-molecular interactions and CM5 charges for electrostatic interactions. The

TIP3P-FB force field is used to describe the water molecules.93 To obtain a uniform distri-

bution, an NPT simulation is performed, followed by a 100 ns production run in the NVT

ensemble, with 4AP free to move. The MD analysis and further computational details are
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given in Ref. 90.

Each snapshot is cut in a spherical shape with a radius equal to 17 Å. The convergence of the

computed spectrum as a function of the number of snapshots is reported in Fig. S3 in the

SI. In MLDFT(FQ)/FQ calculations, 4AP is treated as active at the B3LYP/aug-cc-pVDZ

level. The water molecules within 3.5 Å from each 4AP atom are included in the inactive

layer and are treated at the B3LYP/cc-pVDZ level. All the remaining waters are described

by means of the FQ force field exploiting the parametrization reported in Ref. 87.

Figure 3: (top) MLDFTFQ/FQ absorption stick spectrum of 4AP in aqueous solution, and its
Gaussian convolution (FWHM = 0.3 eV). (bottom) Computed QM/FQ, MLDFT/FQ and
MLDFTFQ/FQ absorption spectra of 4AP in aqueous solution together with the gas-phase
absorption spectrum.

Figure 3 reports the computed spectra in the gas phase and in solution obtained using
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QM/FQ, MLDFT/FQ, and MLDFTFQ/FQ. In all cases, the first six excited states are con-

sidered in the TDDFT response. In the upper panel, the MLDFTFQ/FQ raw data extracted

from each snapshot are graphically depicted as stick spectra, together with their Gaussian

convolution (FWHM = 0.3 eV). A large variability in both excitation energies and intensi-

ties as a function of the snapshot is reported. This results from the coupling between fully

atomistic techniques, such as QM/FQ and MLDFTFQ/FQ, with the dynamical sampling of

the solute-solvent phase-space provided by the classical MD simulation. When convoluted,

this variability translates into inhomogeneous band broadening, which is thus automatically

included within our methodology.

The lower panel highlights the crucial role of solvent effects by comparing embedding meth-

ods with the vacuo result. 4AP gas-phase geometry and the first six excitation energies are

calculated at the B3LYP/aug-cc-pVDZ level. The gas-phase spectrum is dominated by two

main peaks at about 3.6 and 5.2 eV. A similar outcome is obtained for the computed spectra

in solution, for which a significant redshift in the peaks is reported. This result highlights

the relevance of solvent effects for 4AP in aqueous solution. This is not unexpected and can

be related to 4AP molecular structure. In fact, its nitrogen and oxygen atoms can strongly

interact with water molecules via hydrogen bonding. Furthermore, its diffuse π-electron

cloud suggests that other interactions might also play a significant role. These effects can

be analyzed by comparing the selected embedding models. By focusing on the first elec-

tronic transition (at about 3 eV), the inclusion of Pauli repulsion effects in MLDFT(FQ)/FQ

blueshifts the peak of about 0.15 eV as compared to the purely electrostatic polarizable

QM/FQ band. For this peak, associated with a HOMO-LUMO transition with n− π∗ char-

acter (see Fig. S4 in the SI), MLDFTFQ/FQ and MLDFT/FQ methods provide very similar

excitation energy, with a slight discrepancy in the intensities. By considering the main band

of the spectrum at about 4.6 eV, we observe that QM/FQ and MLDFTFQ/FQ yield the

same excitation energies (4.59 eV). In comparison, a redshift of about 0.07 eV is reported for

MLDFT/FQ, remarking the relevant of polarization effects in response equations. This band
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results from the convolution of several transitions, all characterized by a π − π∗ character

(see Fig. S4 and Tab. S1 in the SI). Therefore, the results obtained for 4AP perfectly agree

with those reported for acrolein, highlighting the diverse physicochemical contributions of

solute-solvent interaction terms on electronic transitions.

Figure 4: Calculated absorption spectra of 4AP in aqueous solution obtained at the QM/FQ,
MLDFT/FQ, and MLDFTFQ/FQ levels. The experimental spectrum, reproduced from Ref.
94, is also graphically depicted. All calculated spectra are shifted to match the main exper-
imental band at about 250 nm.

We now compare our results with the experimental spectrum of 4AP in aqueous solution.

The experiment, reproduced from Ref. 94, is reported in Fig. 4 together with QM/FQ,

MLDFT/FQ, and MLDFTFQ/FQ computed spectra. Note that the computed spectra are

shifted to match the main band of the experiment. The computed absolute excitation ener-

gies are, in fact, affected by DFT systematic errors. The experimental spectrum is charac-

terized by two main peaks at about 250 and 370 nm. All embedding approaches reproduce

this feature of the experiment. However, MLDFTFQ/FQ better reproduces the relative ener-

gies of the peaks and their relative intensity. In fact, both MLDFT/FQ and QM/FQ bands

at about 400 nm are redshifted and lower in intensity than the experiment. This confirms

the reliability and robustness of the MLDFTFQ/FQ approach, which accurately considers
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solute-solvent electrostatics, polarization, and Pauli repulsion effects. Finally, note that the

experimental spectrum presents a small band at about 300 nm, which is not reproduced by

any embedding approaches. This is consistent with previous results reported in the literature

obtained at various levels of theory (ranging from QM/PCM to QM/FDE/FQ).26,90 Thus,

the reported discrepancy can probably be associated with the lack of vibronic effects in the

modeling or the improper description of electron correlation provided by DFT, requiring

highly correlated methods, such as coupled cluster theory.

4.3 Solvatochromism of Quinolinium Betaine

Figure 5: (top) Graphical representation of MLDFT/FQ partitioning for QB in the selected
solvents (DIO, THF, ACN, MET and WTR). Green: QB (active); red: inactive solvent
molecules; silver: FQ solvent molecules. For each solvent, the polarity parameters (ϕ and
AN) are also provided, together with the average number of inactive solvent molecules.
(bottom) MLDFTFQ/FQ stick spectra of QB in the various solvents, alongside their Gaussian
convolution (FWHM = 0.3 eV). The FWHM of the convoluted band is also given.

Quinolinium betaine (QB, see Fig. 1c) exhibits a zwitterionic character, making it highly

hydrophilic. Its absorption spectrum is primarily governed by the transition from the dipolar

GS to an ES with significantly reduced polarity. Consequently, the GS is highly stabilized in
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polar solvents, thus manifesting positive solvatochromism due to increased transition energy

as the solvent polarity increases. As a final test application, we investigate the solvatochromic

shift of QB when dissolved in various solvents of increasing polarity, namely 1,4-dioxane

(DIO), tetrahydrofuran (THF), acetonitrile (ACN), methanol (MET), and water (WTR).

In this work, the polarity of the selected solvents is expressed in terms of the polarity scale

proposed in Ref. 95 (Reichardt’s normalized parameters - ϕ) and the acceptor number (AN)

proposed in Ref. 96 (see Fig. 6, where a graphical representation of QB dissolved in the

selected solvents is also provided). To describe solvent effects in the diverse solvents, we

use QM/FQ and MLDFTFQ/FQ embedding methods. In particular, for each method and

solvent, we focus on QB lowest bright excitation, which corresponds to the HOMO-LUMO

transition with partial Charge Transfer character (see Fig. S5 in the SI). QM/FQ and

MLDFTFQ/FQ excitation energies are calculated on 50 (DIO) and 60 (THF, ACN, MET,

WTR) uncorrelated snapshots extracted from the last 2 ns of classical MD simulations

performed according to Ref. 10 (the convergence of the computed spectra is reported in Fig.

S6 in the SI). The MD is performed by using GROMACS,82 with the GAFF force field for

intra and intermolecular interactions,91,92 RESP charges for electrostatic interactions97 and

the TIP3P force field for water molecules.98 Considering QB rigid structure, the solute is

constrained in its minimum energy structure during the MD run. An NPT simulation of 1 ns

is performed for equilibrating the system. Then, a 2.5 ns NVT production run is performed.

The MD analysis of the trajectory and further computational details are reported in Ref.

10.

For each solvent, the snapshots are cut in a spherical shape with a radius equal to 20 Å. In

MLDFTFQ/FQ, the solvent molecules within 2.5 (DIO and THF) and 3.5 Å (ACN, MET,

WTR) are included in the inactive portion, while QB is treated as active. All the remaining

solvent molecules are described using the FQ force field and the parameters reported in Ref.

10. The average number of inactive solvent molecules (Nsolv) for each solvent is reported in

Fig. 5, where a graphical description of each system is also provided.
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In Fig. 5, the computed MLDFTFQ/FQ stick spectra and their Gaussian convolution

(FWHM = 0.3 eV) are graphically depicted. For each solvent, a large variability in fre-

quency and intensity is reported as a function of the snapshot. Such fluctuations increase

as the polarity of the solvent increases. This can be analyzed by fitting the spectrum with a

Gaussian function. The FWHM of the fitting Gaussian, which is a quantitative measure of

band broadening, increases from 0.34 eV (DIO) to 0.44 eV (WTR). As expected, the nature

of the solvent substantially affects the band broadening. Polar, protic solvents, such as MET

and WTR, can establish hydrogen bonding interactions with QB, yielding to a larger spread

in energies and intensities as compared to apolar, nonprotic solvents, such as DIO and THF.

The calculated QM/FQ and MLDFTFQ/FQ excitation energies as a function of the solvent

polarity (ϕ) are graphically depicted in Fig. 6a, together with their experimental counter-

parts from Ref. 99 (raw data are given in Tab. S2 in the SI). Both embedding approaches can

effectively reproduce the experimental trend, which displays a huge positive solvatochromic

shift as the polarity of the solvent increases. For ϕ < 0.5, the QM/FQ excitation energies

are in closer agreement with experimental values than MLDFTFQ/FQ. For the most polar

solvents, QM/FQ excitation energies are instead larger than the experiments, while the op-

posite is valid for MLDFTFQ/FQ results. As commented above, the good agreement and

the reported discrepancies can be attributed to systematic errors stemming from the cho-

sen level of theory. Therefore, we now compare computed and experimental solvatochromic

shifts, which are obtained as energy differences and are thus less susceptible to systematic

errors.

In Fig. 6b, the solvatochromic shifts are computed with respect to excitation energies com-

puted and measured for the lowest polar solvents since experimental QB gas-phase spectra

are not reported in the literature (raw data are given in Tab. S3 in the SI). In particular,

we report the solvatochromic shifts with respect to DIO (top) and THF (bottom), which

are the lowest polar solvents in the ϕ and AN polarity scales, respectively. We first note

that both QM/FQ and MLDFTFQ/FQ solvatochromic shifts in THF/DIO, i.e., the lowest
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Figure 6: a) QM/FQ and MLDFTFQ/FQ QB excitation energies as a function of the solvent
polarity ϕ ; (b) QM/FQ and MLDFTFQ/FQ solvatochromic shifts calculated by taking DIO
(top) or THF (bottom) excitation energies as a reference. The experimental values are
reproduced from Ref. 99.
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polar solvents in the two scales, are incorrectly predicted in terms of the sign. However, the

QM/FQ error can be considered acceptable, being approximately 0.08 eV (∼ 1.86 kcal/mol)

in both reference scales, which is reduced by 0.01 eV by using MLDFTFQ/FQ. Indeed, we

note that QM/FQ shifts are systematically larger than the experimental counterpart, in

particular for the most polar solvents (MET and WTR), and by taking THF as a reference.

Indeed, the inclusion of solute-solvent quantum interactions, such as Pauli repulsion, de-

creases the computed shifts, bringing them towards the experiment, especially for MET and

WTR. This demonstrates the crucial role of quantum interactions and the reliability of our

novel MLDFTFQ/FQ, which can provide an almost perfect agreement with the experiments.

5 Summary and Conclusions

In this paper, we have introduced a novel three-layer approach based on multilevel density

functional theory to simulate the electronic excitations of chemical systems embedded in an

external environment. Our method is defined within the framework of quantum embedding

approaches, where the electronic structure of the target system is determined in the field

of an embedding inactive layer treated as frozen. To cost-effectively describe large systems,

the immediate surroundings are described at the QM level, while long-range interactions

are accounted for by employing the polarizable fluctuating charges force field. The resulting

MLDFT/FQ approach thus accurately describes both electrostatics (and polarization) and

non-electrostatic interactions. The method is extended to the time-dependent DFT formal-

ism to describe electronic excitations of the target system. A notable feature of our model

is its capability to consider the environment response of the inactive part by exploiting the

classical FQ force field in the response equations. Consequently, the ground state electronic

structure is evaluated at the MLDFT/FQ level, while the response equations are solved by

modeling the entire environment (inactive layer+FQ) at the FQ level. This approach enables

us to consider the full polarization effects of the environment without including the inactive
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layer in the response equations, which would substantially increase computational costs. At

the same time, our methodology retains MLDFT advantages for the ground state, such as

active-inactive non-electrostatic effects, which are of purely quantum origin and are thus

neglected in QM/classical approaches.

The developed MLDFT/FQ method has been validated by simulating the electronic absorp-

tion spectra of organic molecules in solution, which are characterized by increasing com-

plexity. Our results demonstrate that our novel approach can effectively reproduce the

experimental spectra and the measured solvatochromic effects, making it valuable for sys-

tems where non-electrostatic effects, typically disregarded in QM/classical calculations, play

a significant role. To conclude, the developed approach is particularly versatile and has the

potential to be applied to more complex systems. Specifically, it may be applied to systems

where non-electrostatic interactions are expected to play a major role, for instance, adsorbed

moieties on nanostructured plasmonic materials.
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