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COMBINATORIAL ASPECTS OF CONNES’S EMBEDDING CONJECTURE
AND ASYMPTOTIC DISTRIBUTION
OF TRACES OF PRODUCTS OF UNITARIES

FLORIN RADULESCU

ABSTRACT. In this paper we study the asymptotic distribution of themeats of (non-
normalized) traceqr(w1), Tr(w2), ..., Tr(w,), wherews, wa, ..., w, are reduced
words in unitaries in the groufd (V). We prove that asVv= — oo these variables are
distributed as normal gaussian variablg§1 Z1, . ..,/ Z,, whereji, ..., j- are the
number of cyclic rotations of the words; , . . . , ws leaving them invariant. This extends
a previous result by Diaconis[{[4]), where this it was provibet Tr(U), Tr(U?2), .. .,
Tr(UP) are asymptotically distributed &, V222, . .., /pZp.

We establish a combinatorial formula f¢r| Tr(w1)|2 - - - | Tr(wp)|2. In our com-
putation we reprove some results frdm [1].

1. INTRODUCTION

Connes’s embedding conjecturkl ([3]) for the case of disagebups states that every
discrete groud" can be asymptotically embedded in the algebravoby N matrices,
whenN tends to infinity. As observedihlL0] (see algb [7] anld [5@rtounts to prove that
for every finite subsef’ of T', for everye > 0, there existV and unitarieay | f € F}
iNnU(N) suchthatjay, ar, —ay, 1, ||us < €||Id||us andfi fo € Fforall fi, foin F. Here
by || - ||zs we denote the Hilbert-Schmidt norm

|Allus = Tr(A*A)/2, A e My(C),

Tr being the (non-normalized) trace driy (C). If T is a group with presentatioff. |
R), whereR are the relators, it can be proved (sgel [10]) that the Cosresbedding
conjecture is equivalent to show that for any> 0, wy,ws,...,ws € R, and for any
wo € R, assuming thaiy, w1, ..., ws are the words on the letteds, . . ., aps, there exist
N and unitarie€/;, Us, ..., Up inU(N) such that ifiWy, ..., W, are the corresponding
words obtained by substituting,, . . ., axs with Uy, ..., U, we have (withTr = < Tr)

(1) [tr(Wo)| <e, [te(W)|>1—¢, ..., [tx(Wy)]>1—ce.

Consequently, a natural object to study is the followingt E&; be the free group
with M generatorsiy, as, ...,ap. Let wg,wy,...,ws be the reduced words if’,
and letf,,,. .., fu. be the functions orii/(N))M obtained by evaluating the traces
Tr(Wy), ..., Tr(Wy) of the wordsWy, ..., W, at anM-uple (U, ...,Uss). Then one
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has to determine the joint moments of these functionshieqtiantities (for allv, . . . , a

in N)
/ Fuol®™ | o
(U(N))M

with respect to the Haar measure.
In particular, after normalizing with the fact%, if one determines the measure for
these moments, then one could solve the inequdlity (1).

@ dUy - - dUpy,

*
T181 TpSp

2. COMPUTATION OFfu(N) Uiyjy * Wiy, U

The following computation was first performed by D. Weingart~. Xu, and B. Collins.
At the time of writting the paper we were not aware of the poesiliterature, so we in-
clude our own proof for this computation.

Let S,, be the group ofi-permutations and I1eE[S,,] be the group algebra. As in
[2], we denote byW N the coefficient ofr € S, in the inverse of the elemedt =

3> N*9g € C[S,] (o is the number of cycles in; the elemen®? is invertible as it
oceS,
will be proven bellow forN > n). Thus we take

@M)t=> wl.o
og€Sn
Note that®? is a central element and hence so)s W2 - o. With these notations we

oeSy
have:

Theorem 2.1. For N,nin N, N > n and dU the Haar measure ot (N), letiy, ..., iy,

FlyevesJnsT1y -5 Jn,S1,---,Sn bEindices from to N. Denote the entries of a unitary
by u;; and the entries of its adjoint by;; = ;5. Then

* * _ N
/ Wigry = it oo, AU = ST W
U(N)

with the sum in the right hand side running over allf in S,, such thatj, = i;(),
a=1,2,...,nands, =rgp), B=1,2,...,n.

Proof. Let L?(My(C)™, u?,) be the Hilbert space obtained by endowilg, (C)™ with
the measur@e Tr(AiAN)——Tr(A,4n) (A, .. A,) € My(C)", whereC is a con-
stant, so that the entries functiop, , Ao, ..., A,) — oM .4 have norm. Here

171 inJn’
af.;) are theij-entries of the matrixi® on thet-th component of the producd/ (C))".
Denote, foro in S, by x, the function

N
1 2 n
() Xo = Z 1%('137(1'1)“1('23;(1'2) a 'agni—(in)-

Then, from the theory of symmetric functionsI([6]! [9]), thenctionsy, generate
the subspace functions @i/ (C))™ that are invariant to the diagonal actioniéfn)
on (Mn(C))™: (A1,...,A,) — (UAU*,...,UAU*), U € U(N). Moreover, for
n < N the functionsx,, | o € S, } are independent([9]) and the scalar prodiGt, x,.)
depends only or—; and it is equal taVi© A,



COMBINATORIAL ASPECTS OF CONNES’S EMBEDDING CONJECTURE 3

Consequently{xo, x.)oues, represents the matrix of the convolution withy on
L?(S,). Consequently, the inverse @fy (which exists since the functions are indepen-
dent) is the matriXW,-1,)o.cs,. Let P be the projection fronl.?((My(C))"), u)
onto the space dff(N) invariant functions. Then on one hand, sincés an invariant
measure, it follows thaP is the average ovéf(N) by integration. Hence

1 n * n *
@ Pl el = [, e,
Onthe other hand, as:surﬁ’eam1 ---al(»:;-n): > ¢sXo, Wherec, depends ot . . . , iy,
oeSy

J1,---,Jn- Then, forally € S,

(
<a711;.]1 o ann Z CoXos X,u>

and hence
(3) < 511;1 o E:gyﬂxu Z Co Xoa Xu Vi € Sn

But (a 5131 o 'a‘z(':;?ﬁxﬂ># is t.he vector (indexed) by € S,) with the property that the
u-th componentis equal toif and only if j, = i,,),a =1,2,...,n

Let R, , be the inverse of the matriXo, 1)), ues,, - We have noted before th&t, ,, =
W(f[lu. From [3), by inversion, we deduce thgt= >, Ro,u, where the sum runs over

all psuchthatj, =i, a=1,2,...n. Thus

(4) P(a 11;1 . aln]n Z RopuXo, S ={pe€Sn|ja=rtua,a=12,...,n}
ocES,
nes’
From [2) we obtain that
1 * *
P( g1;1 T aE:;n = / ullrl ’ ulnrna'&}?sl o £2?97Lu31]1 e U/Snjn dU
T1yeeyTn=1 Z/{(N)

S1yeeey Sn=1

— E a g s oyt
- Tlsl Tnsn Wiyry ul"”‘"usljl U/Snjn dU
U(N)

T1yeeeyTp=1
Identifying the coefficients from the last formula wiffl (4gwbtain our statement. [

3. FORMULAFORffu(N Te(Wy) -+ Te(Wy) dU dV

In this section we deduce a formula for the integral of traafesords only in case of
U(N)? (instead o/ (N)M) for simplicity. A similar formula was derived if[1]. Since
the shape of the combinatorial aspect of the formula is itgmbifor the computation of
the asymptotics, we derive our formula directly from thegaiding section.

Let wy, wa, ..., w, be reduced words iy = (a, b), and letW,, Wa, ..., W, be the
corresponding words viewed as functions in the variatléd’) € U/(N)? obtained by
substituting(U, V) for (a, b). We describélr(w,) - - - Tr(w, ) in terms of a permutation
~ and writeTr(wy) - - - Tr(wy,) = Try (w1 - - - wy, ), Wherey is described as follows.
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Letn be the total number of occurrences of the symbal W7, Wg, ..., W,. Letm
be the total numberofoccurrences;oForthemtegraffu N Te(Wy) - - Te(W,) dU dV

to be non-zero it is necessaryl([8]) thaequals the number @f* and thatm equals the

numbers o *. We introduce a set of symbols (indexed by the letters u*, v* respec-
tively)

X = {1u,...,nu,lu*,...,nu*,ly,...,my,ly*,...,nv*}.

ThusX is a set with2(n + m) elements.

Definition 3.1. Givenwy,...,w, andX as above we define a permutatiprof X by
means of the formula

Try (wy - - wp) = Tr(wy) - - - Tr(wp)

N
* *
f— u .« . u u “ e u
E : A1y, Oy (1y,) Ay Goy(ng) © Loyxy(Lyx) Mgy Y (T *)
A1y 5eeeymy, =1
A1 g seensOn v =1
alq;;wwamv:l
A1, x5 @m =1

v v

T ULy (1) Uy e (e ) A dO.
We denote the term on right hand sidedy(U, V'), whereU, V € U(N).

Note that since the words are redueeklas no fixed points.
With these notations we have:

Theorem 3.2. The integral ofTr(w; ) - - - Tr(w,) overU(N)? is

/L(N)z TI"'y(U7 V) dU dV = Z WNOe;lWNUu o 0;1NﬁR(’Y7gu""19u’

Ou
0u,0uE€ES(Luy,y...sny)
04,0,€S(1y,...,ny)

whereR(~, 0., 04, 0., 6,) is the equivalence relation o generated by

[ :'\/(Uu(tu))a Py(tu*) :eu(tu)a t=1,2,...,n

Sor =Y(0u(8v)), Y(spx) =60y(ty), s=1,2,....m
HeretR(v, ou, 04, 0v, 6,) is the number of classes in the equivalence relation.

Proof. Indeed, we have that

/ / Tr., (U, V)dU dV
U(N)?2
= .. *
= < Z / Uay,ayry) " Wany, s, Yoy wr Oy Y ) dU)
A1y eyl =1
ax, *an =1
' ( 2 : / Var, ay(1y) " Vany, ay(ny) v a1 o Oy (L) Uan ok @y (nyx) dV)
A1y seeeyOnyy, =1

A1 5 5eelny =1
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We now apply the formula from the preceding section, intange the summation for-
mula with the summation after,, 6., o, 6,,, whereo,, 6,, are the permutations that ap-
pear in the integrals for the's ando,,, 6, are the permutations that appear in the summa-
tions for thef’s. O

Remark 3.3. Since the words are allays reduced, the equivalence melatio
R(v,0u, 04,04, 0,) has no singleton classes and hefiRéy, 0., 0., 04, 0,) < 1+ m.

4. THE ASYMPTOTICS FOR
JI (W) (Te(Wh))Pr - (Te(W)) 2 (Te (W) dU dV

In this section we show that for all words, . . ., w, in F» by takingWy, ..., W, to
be the corresponding functions b#{ N )? we have that

// (Te(W1)) (Te(0) % - - - (Te(W,,))* (T (W) dU AV
U(N)

is O(&) unlessay = fi,...,a, = f, in which case the integral is;! - !
(J(w1))2t -+ (j(w,))®”, wherej; = j(w;) is the numbers of cyclic rotations of the
word w; which leavew; it invariant. As in [4] this means that the asymptotic distition
of the variableslr(W1), ..., Tr(W,) asM — oo is that of\/j1 21, ..., \/jpZp, Where
Z1, ..., Z, are independent gaussian variables.

Theorem 4.1. Letwy, ..., w, be the words od’ andW4, ..., W, be the corresponding
functions ori/(N)? . An integral of the form
//(Tf(Wl))“l (Te(W1))™ - (Te(W))* (Te(Wp)) P AU dV

is non-zero (modul® (+;)) if and only if it can be written in the form
// | Te(Wh) |2t -+ | Te(W,,)[** dU dV/
U(N)2

in which case it is equal ta! - - - a, 158 -+ - 57, with j; = j(w;) the number of cyclic
rotations of the wordy;, that are leavingw; invariant.

Consequently, Tr(W3), ..., Tr(Ws) have the asymptotic moment distribution
(asN — o0) of /7121, ... ,\/Js Zs, WhereZy, ... Z, are independent normal gaussian
variables.

Proof. We rewrite the formula from the preceding section as follows

/ /umz Te(Wh) - Te(W,) dU dV

_ (1) (n1) (rp-1+1)
(5) - Z // RN 'aﬁnllﬁl a 'aﬁn1;_1+lﬁnp_1+2 o

B1BnyBni+1Bng=1
RN aﬁnpﬂ(”p) L dU dv

np—1+

where the symbols(" - - - a("+) belong to the sefU, V,U*, V*}. Heren; — n;_; is the
lenght of the wordw;, i = 1,2,...,s.
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Denote byU the set of all symbols(?) that are equal to the letter, and S|m|IarIy for
U* v, V*. Because of [8], unlesswrd U = cardU* = n, card V = card V* = m, the
mtegral isO(% ).

Accordmg to the formula in the preceding paragraph thegiratiewill be the summation

over all bijectiono,, : U—=U*0,:U—=U,c,:V —V*0,:V* =V, of
(6) S W, gt W, g N 000)

Ou,0u,00,0y
whereR(o, 04, 04, 0,) is the equivalence relation generated by
ou(i)+1~i, 0,(i)~i+1, o,(i)+1~i 6,(0)~i+1
where by the operatioit 1, we mean successively (Whés:= ny, na, ..., ng)
nm+l=1 ng+1=n1+1, ..., ng+l=ng1+1

(coresponding to the cyclg, ..., n1)(n1 + 1,...,n2)(ns—1 + 1,...,ns)).

The equivalence relation has no singletons and heWig&(o«0«.ov.02) is at most
N7tm™ while the termiV/_ w00, - W, ,o-1 is of the orderN*, wherek < n + m, with
equality if and only ifo,, = 6,1, o, = 0.

This means that the only non zero terms will come from eqeiveé relations of the
form

ou(i)+1~i, o t(i)~i+1, ou(i)+1~i, oy (i) ~i+1.

To obtain the number of terma the sum (6) in this case we need to determine the per-
mutationss,,, o, for which this equivalence relation ha§ all the cla§ses ofekzmgnts.

Denote byy the permutation with the property thatl = o, 7|U* = o, 1, 7|V =
os,7|V* = o, 1. Theny is an involution and the equivalence relation is descritzed a

v(@)+ 1~ (i) ~i+ 1.

Buti ~ (i) +1landi= (i —1)+ 1~ ~(i—1)and hence/ (i — 1) = (i) + 1 for all
1 (since the equivalence relations have only singletonss fieans that if runs over the
elements in a wordy;, thenv(7) must run in the opposite direction over the elements of
the conjugate wora; *.

In consequence, the integral in the statement is non zerdL(mO)(%)) onlyifitis of
the form [ [,y | Te(W1)[** - - | Te(W,,)|**» du dv and in this case the integral is equal
to the number of possible pairing between a word and cyctatian of its inverse. This
completes the proof. O

5. A COMBINATORIAL FORMULA FOR [,/ (x)a | Te(W1)|2 - -+ | Te(W,)|?> dU AV

In this section we establish a formula that is specificallgyzdd for integrals of prod-
ucts of absolute values of traces. Indeed a positive answehé Connes’s embedding

conjecture would require the joint distribution of the adofes| Tr(W5)| - - - | Tr(W,)| as
functions ori/(N).
Thus letw, ..., w, be reduced words i3, and letX be the total set of symbols

of U,U*,V,V*in | Tr(wy)|? - - | Tr(w,)|?, where each element i corresponds to a
specific occurence of the corresponding sysmbo(lir(w: )|? - - - | Tr(w,)|?.
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Assume there are occurences for the symbbl, m occurences for the symbbl, and
hence that the set has2(n +m) elements. As in the preceding sectidnis partitioned
asUUU*UVUV*, wherelU, U*, V, V* are the set of symbols of u*, v, v* respectively
in X.

Let ¥ be the map which associates to each symakial X', which comes from a word
w its corresponding symbal* in w;* and viceversa for a symbalin w; ! it associates
the corresponding symbaf in w;. ThenW is an involution, ¥ mapsﬁ onto U* and
V ontoV*. Let I be the map associating to each symidthe successor 0¥ (a) in the
inverse word. N

Let S; (and respectivelyS;. , Si, Si7.) be the set of permutations of the séfs
(respectivelyU*, V,V*). For eacho, € S, 0, € Sg., 0, € Sp, 0, € Sp. let
(0w, bu,00,0,) be the concatanation of these permutations to a permuatian

With the above notations we have:

Proposition 5.1. Letwy, . . ., w, be words inf; and letWy, ..., W, be the correspond-
ing words as functions ol (IV)?.
Let R be the following element in

C(Sp) ® C(53.) ® C(Sy) @ C(Sy. ) :

R= Y NC0uont)o, 06, 00,00,
0u€ESy, 0uESHx
0y €Sy, 0y ESy«
Note thatr depends only of the cardinalities of the s&t&") N U™, I(U) NV, I(TU) N
Ve LIV NV,
Let @ be the linear map fron€(S;) ® C(Sg.) ® C(Sy) ® C(Sy.) into C which
associates to; ® 61 ® o2 ® 69 the numbewj\j@,wl@wﬁg@,leﬂ. Then

// | Tr(W1)[2 -+ | Te(W,)|? dU dV = @(R).
U(N)?

Proof. Introduce an indexing of the elementsinso that the symbol corresponding to a
termug, ,,, in awordw; to correspond to as_ s for a word inw;’ !, Here we use the
convention that the elements iny have mdexmg afteﬁl,ﬁg, .... Then compating the

integral
// | Te(W1)|? - -« | Te(Wp)|? dU dV
U(N)?

will amount to compute integrals of the form

/ UBsBsy1 " " UBeBr=s """ UEH—lﬁg o 'UET—lﬁT au.
U(N)

Thus here
U={..,5....F}, U'={..,s+1,....,7r—1,...}.
Then the mapl will map s, 7 ontos + 1, r — 1 respectively and | will mag, r into 3,7
respectively.
We use the formula from Section 2 and we have the sum over pationso,, of the
symbols{...,s,...,7}, and permutationg, of the symbolf...,s+1,...,r—1,...}.
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Hence the corresponding equivalence relation correspgridithese permutations (and
the similar permutations fat will be exactly

S~oy(s), TFr~oy(r) and s+1~860,(s+1), r—1~0,F—-1),

which is exactly the equivalence relation correspondingddo.,, 6.,, 0+, 6,,). This com-
pletes the proof. O

) 6. Al\f EXlAMPLElFORlTHE COMPUTA]’IOI;I OF | ,
ffZ/{(N) | Tr(UP1VErUP2VE2 .. UPsa Vs )|2 < [ Te(UPLVEL - UPse Vs )|2 AU dvV

We apply the algorithm in the preceding section for the dalkien of a product of
words in which between powers afof degree at least 3 are intercolated powers of
degreet1. We will describe the structure of the eleméhin such a case since is easy
to be descried in this situation.

Proposition 6.1. For the integral,[p5| > 3, &) = +1,
// | Te(UPAVEUPR VS - UPa Vo )2 | TH(UP VS - UPS V52 AU AV
U(N)

the elemenR is described as follows:

Letn be the total number af’'s andm the total number of’s.

The structure of the elemeRt, viewed as an element 61.5,,) ® C(S,) ® C(Sy,) ®
C(S,,) is described as follows:

Sincep¢ > 1 we have thak > m. Then we have a set

X ={1:,2;,....,(n —m)z} U{1,,2y,...,my} = XoUY

and the first factolS,, is identified withS(z) (permutations o), while the second, is
identified withS(X) where

X ={14,24,...,(n—m), }U{L,,2,,...., My} = XoUY.

We consider also two set$ = {1,,...,m,} andA = {1,,...,m,}. Then the first
factor S,,, is identified withS(A), while the second witl§(A).
The mapl acts onX, U X, by mappingi, into i, andi, into i,, while on the set
Y UY, I mapsi, into i, andi, intoi, (or i, intoi, andi, into,). I is an involution.
Then
R= > N#I(@790) 6 9500 0.

0,6€5(X),8(X),
0,0€S(A),S(A)

Proof. This follows by identifying the setd/, U* from the preceding proposition with
the setsX, X, while V, V* are identified withy”, Y. O

Remark 6.2. The map? can be explicitely describe as a map fréfonto X, in terms
of the alternating signs ipi, <%, ..., p’, %, while on the set” it simply mapsi, intoi,.
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