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FOCK REPRESENTATION OF THE RENORMALIZED HIGHER
POWERS OF WHITE NOISE AND THE
VIRASORO-ZAMOLODCHIKOV~uw,, *LIE ALGEBRA

LUIGI ACCARDI AND ANDREAS BOUKAS

ABSTRACT. The identification of the x—Lie algebra of the renormalized higher powers of
white noise (RHPWN) and the analytic continuation of the second quantized Virasoro—
Zamolodchikov—w,, *—Lie algebra of conformal field theory and high-energy physics, was
recently established in [3] based on results obtained in [I] and [2]. In the present paper
we show how the RHPWN Fock kernels must be truncated in order to be positive definite
and we obtain a Fock representation of the two algebras. We show that the truncated
renormalized higher powers of white noise (TRHPWN) Fock spaces of order > 2 host the
continuous binomial and beta processes.

1. THE RHPWN AND VIRASORO-—ZAMOLODCHIKOV—Ws, *—LIE ALGEBRAS

Let a; and al be the standard boson white noise functionals with commutator

[ag,al] = 6(t —s) -1

where 4 is the Dirac delta function. As shown in [I] and [2], using the renormalization

(1.1) St —s)=0(s)6(t—s), 1=2,3,...

for the higher powers of the Dirac delta function and choosing test functions
f : R — C that vanish at zero, the symbols

arXiv:0706.3397v2 [math-ph] 26 Jun 2007

(1.2) Bl(f) = / f(s)al"abds ; n,ke{0,1,2,..}
R
with involution

(1.3) (BE () = Ba(f)

and
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(1.4) BY(f) = / £(s) ds

satisfy the RHPWN commutation relations

(1.5) [Bi(9), BR(f)lrrpwy = (kN — Kn) Bgigjll(gf)
where for n < 0 and/or k < 0 we define B}'(f) := 0. Moreover, for n, N > 2 and k, K € Z
the white noise operators

A t n—1
By = [ stayebod < +2_at) o) g

satisfy the commutation relations

(1.6) [BE(9)s BR(Dww = (N = 1)k = (n = 1) K) B{TR (9 f)
of the Virasoro—Zamolodchikov—w,, Lie algebra of conformal field theory with involution

(Br(h) = Br(f)

In particular, for n = N = 2 we obtain

1B2(g), B2 (f)lu. = (k — K) B2, (9f)
which are the commutation relations of the Virasoro algebra. The analytic continuation
{B"(f);n > 2,z € C} of the Virasoro-Zamolodchikov-ws, Lie algebra, and the RHPWN
Lie algebra with commutator [, -| gy pwn have recently been identified (cf. [3]) thus bridging
quantum probability with conformal field theory and high-energy physics.

Notation 1. In what follows, for all integers n,k we will use the notation B} := Bj(x1)
where I is some fized subset of R of finite measure p := pu(I) > 0.

2. THE ACTION OF THE RHPWN OPERATORS ON THE FOCK VACUUM VECTOR ®

2.1. Definition of the RHPWN action on the Fock vacuum vector ®. To formulate
a reasonable definition of the action of the RHPWN operators on ®, we go to the level of
white noise.

Lemma 1. For allt > s> 0 andn € {0,1,2,...}

()" (as)" = > sui (af ag)* 6" *(t — )

where s, 1 are the Stirling numbers of the first kind with sopo = 1 and sor = sp0 = 0 for all
n,k > 1.
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Proof. As shown in [4], if [b,b'] = 1 then

k
(2.1) (bH)* (b)F = Z Sk (b7 D)™
m=0
For fixed t,s € R we define b' and b through
(2.2) 5(t— )20 =af, and 6(t — 5)"/%b = a,
Then [b,b'] =1 and the result follows by substituting (Z.2) into (2.]). O

Proposition 1. For all integers n > k > 0 and for all test functions f

(2.3) Bﬁﬂzéﬂﬂ@ﬁﬂdet

Proof. For n > k we can write

(af)" (as)* = (al)"* (a)* (as)*
Multiplying both sides by f(t)d(t — s) and then taking [, [, ...dsdt of both sides of the
resulting equation we obtain

[ [ sy @) se-syasae= [ [ 50 @y b @)t ste - sy dsas
R JR R JR
which, after applying (L.2]) to its left and Lemma [I] to its right hand side, yields
k
BI(f) = ;%;)shnzjé jg(f@><abn—k<a1asrnék—m+l@-—s>dsdt
_ I n—k ;[ . k5 _ dsd
%gééf@W) (a] a2)" (¢ — 5) ds dt
k—1
+ n;) Skm /R /R F(@&) (@)% (af as)™ 6(s) 6(t — s) ds dt

= Skk / F(@) (@)™ " (al a)F dt + 0
R

- Af@«@“%d%fw

where we have used the renormalization rule (L)), f(0) = 0, and s = 1. O
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Proposition 2. Suppose that for all n,k € {0,1,2,...} and test functions f,

0 ifn<korn-k<0
(2.4) BI(f)® = B"‘k(fak) ifn>k>0
e f( tdt® ifn=k

where oy and py are complex valued functwns. Then for alln € {0,1,2,...}

(2.5) on =0y
and

O.n
2.6 y = —
(2.6) o=

Proof. By (2.4) and (L.2)) for £ = 0, and by (L4) for n = k = 0 it follows that oy = py = 1.
For n > 1 we have

(By ()@, B (9)®) = (Br(f)e,
®. B,(f) B
By (g o) By
0+n? Bl
1t

- nZ/anl()

(Bo ()@, Byt (g)®) = (2,B,(f) Bi"'(9)®)
= (@, (B (9) Bo(f) + [Bu(f
= (2, (0+n(n+1)Bi(f9)])

= n(n+1) an(t)f(t)g(t)dt

)

(901
(901
BO

)0
) —

)
+[B,(f), By (go))) @)
a1)]) ®)

f(t)g(t)dt

(
< —
= (@ )
(@, ( fo
)

and also

), B (9)]) @)
@)

i.e., for all test functions h

n?ép%ﬂﬂm@HWMﬁ:nm+lX/pﬂﬂMﬂﬁ

R
which implies that

(2'7> Pn =

n+10'1pn_1:...:
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thus proving (2.6]). Similarly,

[ @ F0gte) = (@817 9)®) = — (@B, Bila) )
= @ (B B9 - i) B @)
= (BB B9 B) = ——(BL(]) @, B9) @)
= (Bl )8, B010) ®) = — (8 B f) Bhor0) )
= (@B ) B0 9))®) = — (8, B(001 f019)®)
= 1 [ A a r g0 d

Thus, for all test functions h

1
n(t) h(t) dt = On—1(2 t) h(t)dt
[ e =— [ aa@aone
therefore
(2.8) (n+1)pp =0p_101
which combined with (28] implies
Op_1 = O'{L_l

which in turn implies that the o,,’s are real and yields (2.5]).
U

In view of the interpretation of aI and a; as creation and annihilation densities respectively,
it makes sense to assume that in the definition of the action of B} on @ it is only the
difference n — k that matters. Therefore we take the function oy (and thus by (2.35) all the
o,’s ) appearing in Proposition 2 to be identically equal to 1 and we arrive to the following
definition of the action of the RHPWN operators on ®.

Definition 1. For n, k € Z and test functions f

0 fn<korn-k<O0
(2.9) Bp(f)®:= ¢ By *(f)® ifn>k>0
L fdt® ifn=k
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2.2. The n-th order RHPWN x—Lie algebras L,,.

Definition 2. (i) L, is the x—Lie algebra generated by B} and BY i.e., Ly is the linear span
of {Bj, BY, B}

(ii) Lo is the x—Lie algebra generated by B2 and BY i.e., Ly is the linear span of { B2, BY, B} }.

(iii) Forn € {3,4,...}, L, is the x—Lie algebra generated by By and B° through repeated com-
mutations and linear combinations. It consists of linear combinations of creation/annihilation
operators of the form By where x —y =kn , k € Z—{0}, and of number operators By with
r>n—1.

2.3. The Fock representation no-go theorem. We will show that if the RHPWN action
on ¢ is that of Definition [ then the Fock representation no-go theorems of [5] and [2] can
be extended to the RHPWN x-Lie algebras £,, where n > 3.

Lemma 2. For all n > 3 and with the action of the RHPWN operators on the vacuum
vector ® given by Definition [1, if a Fock space F,, for L, ezists then it contains both By ®
and B3" ®.

Proof. For simplicity we restrict to a single interval I of positive measure p := p(l). We
have

B°Brd = (BUBY+[BY,B)®=DB'B"d+ 2B =0+l d=npd
n

and

B (B!)?® = B'B!B'®=(B'B’+n’B"-)BI'®
= Bynu®+n?(By B'Z) +[B'-}, By])®
= nuBg‘(I)—l—nQBgH@jann(n—1)32752(1)
n
= 2nuBy®+n(n—1)B) &
= 2nu+n*(n—-1))Bd

and also
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= (By B, +n*B,7)) (By)* @
= BY2npu+n*(n—1)By®+n*(By B +n(n—1)B"*) B) &
= Qnu+n*(n—-1)(B})?®+n*By (BB +n(n—1)B",%)d

+n®(n— 1) (By B3 +n(n—2) B @

= @2nup+n’(n—1))(By)* @ +n’ 5(33)2®+n3(n—1)(33)2®

+nd(n—1) (BY)?® +n*(n—1) (n—2) B3
= 3n(u+n®(n—1)(Bg)*®+n*(n—1)(n—2)B" P

Since BY (By)?® € F,, and (B})?® € F, it follows that B2" ® € F,,.

O

Theorem 1. Let n > 3. If the action of the RHPWN operators on the vacuum vector ® is

given by Definition 1, then L, does not admit a Fock representation.

Proof. If a Fock representation of £,, existed then we should be able to define inner products

of the form

((a B3" +b(B5)")®, (a By" +b(Bg)*)®)

where a,b € R and the RHPWN operators are defined on the same interval I of arbitrarily
small positive measure (7). Using the notation (z) =< @, x ®) this amounts to the positive

semi-definiteness of the matrix

(B, By") < By, (Bp)?)
(B, (B3)?) ((By)* (B)?)

Using (L6) and Definition [l we find that

A=

) 1
(By, Bg") =4n” < Byimy) = 4n® o— () = 2n p(I)

and

(By, (By)?) = <B2an> (By)* ®) = (By By @, By ®)
= 2n*(B*'®, By ®) = 2n* (B} ®, By )
= 2n°(B) By) =2n*n*(B}"])

u(I) =2n® u(I)

= 2n4l
n

and also
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By @, B, (By)* ®) = (By @, (B, By) By ®)
®, (B} BY +n? B'"{) By ®)
B ®, B} BY By ®) +n* (B ®, B~ By ®)
BY By®, BY Bl ®) 4+ n* (By ®, (By B*~{ +n(n—1) B>",?) @)
— (B" 10, B 1®) + nu(I) (By @, By @) +n® (n— 1) (By &, B>",% )

(B (Bp)*) =

(
(By
(
(

= oD l0) (B BE) 0 0= 1) (B )

= W2 (D)’ + 0P (D) (BL) 't (n— 1) (20— 2) (B3 D)
= (I 4 a0+ (n 1) )

= 20? u(1)’ +n* (n — 1) (D)

Thus

2n (1) 2n° u(I)
A—
2n3pu(I) 2n*p(I)*+n*(n—1) (1)
A is a symmetric matrix, so it is positive semi-definite if and only if its minors are non-
negative. The minor determinants of A are

di = 2nu(l)

which is always nonnegative, and

dy =20 u(I)? (2 (1) — n? —n?)

which is nonnegative if and only if

n?(n+1)
u(l) = T

Thus the interval I cannot be arbitrarily small. U

3. THE n-TH ORDER TRUNCATED RHPWN (or TRHPWN) Fock SpPACE F,

3.1. Truncation of the RHPWN Fock kernels. The generic element of the x-Lie alge-
bras L, of Definition 2] is Bj. All other elements of £, are obtained by taking adjoints,
commutators, and linear combinations. It thus makes sense to consider (B2 (f))* ® as basis
vectors for the n-th particle space of the Fock space F,, associated with £,, . A calculation
of the “Fock kernel” ((Bp)* @, (Bp)* ®) reveals that it is the terms containing B2" ® that
prevent the kernel from being positive definite. The B2" ® terms appear either directly or
by applying Definition [l to terms of the form By ® where z —y = 2n. Since £; and £, do
not contain B2 and Bj respectively, that problem exists for n > 3 only and the Fock spaces
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F1 and F; are actually not truncated. In what follows we will compute the Fock kernels by
applying Definition [Il and by truncating “singular” terms of the form

(3.1) ((B3)" @, (By)™ By @)

where nk =nm+x —yand x —y = 2n ie., k —m = 2. This amounts to truncating the

action of the principal £, number operator B"~{ on the “number vectors” (Bg)* ®, which

by commutation relations (IL5) and Definition [l is of the form

Bn—l k& — (H . ) n\k CopRign
w1 (Bg)" @ n—l-k‘n(n 1)) (By) (I>+ZHCZ7]BO o
i>1 j>1
( where for each ¢ not all positive integers \;; are equal to 1) by omitting the
>ois1 s cij B)""™ ® part. We thus arrive to the following;

Definition 3. For integersn > 1 and k > 0,

(3.2) BB = (H Y kn(n— 1)) (Bo)F @
n
i.e., the number vectors (BY)* ® are eigenvectors of the principal £, number operator B!~}
with eigenvalues (& + kn(n—1)).
In agreement with Definition [, for £ = 0 Definition B yields B~ ® := £ ®.

3.2. Outline of the Fock space construction method. We will construct the TRHPWN
Fock spaces by using the following method (cf. Chapter 3 of [13]):

(i) Compute

1(Bg)" @1> = ((B§)* @, (Bf)* ®) := mn (1)
where k£ = 0,1,2,..., ® is the RHPWN vacuum vector, and 7, ;(x) is a polynomial in p of
degree k.

(ii) Using the fact that if k # m then ((BF)*®, (By)™ ®) = 0, for a,b € C compute

(B0 @, e BE p) = Z (ab)

e k! k!
— (ab)*

=2 o ()
k=0 ’

where
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7T77/7k(/“t)
k!

(3.3) P i (p2) =

(ili) Look for a function Gy, (u, 1) such that

(3.4) = %

k=0

Using the Taylor expansion of G, (u, p) in powers of u

oo

(3.5) Z 7“,:,—— t, 1) o

k=
by comparing (3.5]) and ([3.4]) we see that

8k
W Gn(u7 M)‘u=0 = hn,k(ﬂ)

Equation (36) plays a fundamental role in the search for G,, in what follows.

(3.6)

(iv) Reduce to single intervals and extend to step functions: For u = ab, assuming that

(3.7) Golu, ) = et Gn®)

which is typical for “Bernoulli moment systems” (cf. Chapter 5 of [I3] ), equation (3.4])
becomes

= -b
(3.8) prtnen — 3 10

k=0

Take the product of ([B.8]) over all sets I, for test functions f := ). a; x;, and g := ). b; xy,
with I; N I; = © for i # j, and end up with an expression like

(3.9) ole Gr(F() g()dt _ H (B8 B, B )

which we take as the definition of the inner product (¢, (f), 1 (g)). of the “exponential
vectors”

(3.10) Un(f) =] e P80 @

of the TRHPWN Fock space F,,. Notice that & = 1,,(0).
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3.3. Construction of the TRHPWN Fock spaces F,.
Lemma 3. Let n > 1 be fized. Then for all integers k > 0

(3.11) BY (B @ :=n(k+1) (,u+kw> (By): @

Proof. For k =0 we have

BIBy® = (ByBY+[BLB)®=0+n>B®
2 (n— 1)

- n2§q>:wq>:n(o+1) <u+o%) (B1)° ®

Assuming (B.11)) to be true for k£ we have

B, (By)**® = (B, By) (By)"™' ® = (By B, +n* B,7}) (By)*™' @

= By B (B @ n? B (B ®

= Bin(k+1) <u+km

) e B ()

= (n(k‘H) <u+kW) +n’ (%+(k+1)n(n—1))> (By)"' @
n?(n—1)

=n(k+2) <u+(k+1) 5 ) (B2 @

which proves ([BI1]) to be true for k + 1 also, thus completing the induction.

Proposition 3. For alln > 1

(3.12) Toi(it) = (BY)F ©, (BY)F @) = kln® H (M N w )

Proof. Let n > 1 be fixed. Define

k—1 9
o k n*(n—1) .
ap :=kln 11 (u%—#z)
Then

ay =np
and for k> 1

11
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2(n—1
a1 =n(k+1) (u%—k‘%) ay

Similarly, define

b := ((Bg)* @, (By)* @)
Then

by = (B} ®, By ®) = (®, BY By ®) = n*(®, B"~| ®) =n*~ =np

SI=

and for £ > 1, using Lemma [3]

b = ((BY)F@,BY (B ) = n (b + 1) <u+km

= n(k+1) (;Hk:%) by

) (By)* @, (B)* ®)

Thus aj, = by, for all kK > 1.

Corollary 1. The functions h, . appearing in (Z3) are given by

(3.13) hyg = p"
and forn > 2
k—1 9
-1
(3.14) B =" [ <u + % z)
=0

Proof. The proof follows from Proposition Bl and (B.3]).

Corollary 2. The functions G, appearing in (3.4) are given by

(3.15) G1(u, ) = e**
and forn > 2

3 n—1
—;ﬁuln(l—%u)

n®(n—1) )_n? C=t
—

(3.16) Gn(u, p) = (1 — 5

where In denotes logarithm with base e.
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Proof. The proof follows from the fact that for G, given by (B.15) and (3.16), in accordance
with (3.6]), we have

ok A = n’*(n—1)
w Gn(u7ﬂ>|u:0 =n J;JO: (:U’ + f Z)
L]
Corollary 3. The functions G,, appearing in (33) are given by
(3.17) Gi(u) =u
and for n > 2
A 2 n3(n—1)
3.18 G, = n({l————=~
(3.18) ) ==y (1= =)
Proof. The proof follows directly from Corollary 2
O
Corollary 4. The F,, inner products are given by
(3.19) (1(f). a(g)n = el TOoO
and for n > 2
_ 2 n _n3 (n—1) 7
(3.20) () (g = ¢ T (1-224=2 70 at0) )
where | f(t)] < %,/ﬁ and |g(t)| < + ﬁ
Proof. The proof follows from (3] and Corollary 2. O

The function G of (B.10) and the Fock space inner product (3.19) are associated with the
Heisenberg-Weyl algebra and the quantum stochastic calculus of [I5]. For n = 2 the function
G, of (3.16]) and the associated Fock space inner product (3.20) have appeared in the study
of the Finite-Difference algebra and the Square of White Noise algebra in [§], [9], [I1], and
[12]. The functions G, of (B.I6) can also be found in Proposition 5.4.2 of Chapter 5 of [13].

Definition 4. The n-th order TRHPWN Fock space F, is the Hilbert space completion of
the linear span of the exponential vectors ¥, (f) of (310) under the inner product (-,-), of
Corollary[f. The full TRHPWN Fock space F is the direct sum of the F,,’s.
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3.4. Fock representation of the TRHPWN operators.

Proposition 4. For all test functions f =), a; x1, and g :== >, b; x5, with ;N 1; = © for
1% 7, and for allmn > 1

820 B = [ 10s0 @ e+ 2 g+ er g
(3.22) By(7) ¥n(9) = o-lemo g + € )

Proof. By ([B10), the fact that [BY(xy,),e™ %)) = 0 whenever I; N I; = @, and by Lemma
B we have

i=1 7j=1
=2 a [ JT 00 | Bloa) e e
i=1 Jj=1
J#i
S [T e | 32 po) () @
=1 j=1 k=0 k ! l Z
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. 7 b By (x1;) b n’(n—1) n k—1
= [ JT 0| 37 nk () + (k= 1) =5 ) (By(u) ' @
i=1 j=1 k=0
j#i
. M b; By (x1;) o bk n k—1
=2 a [IIe > Gy ) (B @
i=1 j=1 k=1
Ve
- T b Br S (7 T ) _
+Z&i HebJBO(XIj) Z P (Bo(XIz-))k 1 %
1=1 j=1 k=2 ( 2)' 2
J#i
=n Z H i BE () | b By (xry) @
= J#Z
nf(n—1) 5 2 b By (xr;) | bi By (x1;)
+?ZaszoX1 He 0 e’ PO XL
i=1
J#Z

—nZalb,u (HebBon>

71,3 n — 1 e a 2 n
=n f(t) g(t) dt ¢n(9) + Q Z &L: e(eabb +b;) By (x1;) H 6b By (x1;)

= J#Z
3 - m
=n g f(t)g(t)dt ,(g) + w %|E:0 <211 pleai b?+bi)36‘(><1i)) ®
3 _
—n [ 0o v+ O gt esg)
R €

To prove (B.22]) we notice that for n =1 ([B.21]) yields
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/f ) dt (g

ie., BY(f ) A(f) where A(f) is the annihilation operator of Hudson-Parthasarathy calculus
) an

(ct. [13] 50

By r(o) = AT 0) = -leotnly + € )

where AT(f) is the creation operator of Hudson-Parthasarathy calculus thus proving (3.22)
for n = 1. To prove ([B.22)) for n > 2 we notice that by the duality condition (L3)) for all test
functions f, g, ¢

(B3 (1) ta(0). Y (0 = (16 (6), BF) b 9))
=0 [ 7000 dt () a0+ Ly ) vl + e P
= [ 090 dt (0(0). V(o))
+n302—1)£%kﬂﬁ;wniDﬁwno—ﬁ%’”ﬂﬂw+qy%®)ﬁ
=n [ F00)dt (6n0). V(o))
nd(n—1) 7

2 509’
9 (Un(0); ¥n(9))n <_n2 (n—1) /]R I Y (Eg (t) dt)

2

- (n [ Fogyas =D [ 1_,?3{;1) éga)dt) (0(0). ¥ul9))

. fg
_ / =y 5 Bt (16(0). v (o))

= ak:o (Vn(@+€f), Vn(9))n
0

= <a|6=0 wn(q6 +€ f)7 wn(g»n
which implies (3.22).

Corollary 5. For all n > 1 and test functions f, g, h
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(3.23) BL(f g) un(h / £(0)

+n(n—1) 0?
2 Jde dp

le=p=0 (Un(h+eg+p f(h+e9)*) = valh+efh+pg))
Proof.
B (f 9) ) = — [BICS), B3 (9)] ()

L (B2) By(g) - Byle) BUS)) k)

- =

:%(30( )—\_0¢n(h+eg /f B dt i, (h
D8 er i)

zég\_ogoqmmcg ——/f ) dt By(g) (k)

O By vah o+ e 1)

:%%kzo n/ f@) (h+eg)(t)dt Pn(h+eg)
n3(n—1)

Ip otUn(h+eg+p f(h+e€g)?)

— 0 0
__/f t) dt _|—0¢n(h+ 9) — n(n2 1)a\ezoa—p|p=o¢n(h+€fh2+P9)

</f Ot v+ [ ) n t%u:own(meg))
n—1)

82

le—poUn(h+€g+p f(h+eg)?)

2 dedp
——/f Dt oun(h+cg)
—1) 0
n2 )868 ‘—p Own(h+€fh2+pg)
/f ) dt v (h
nin—1) 0

9 Dedp le=p=o (Un(h+eg+p f(h+eg)?)—ta(h+efh*+pg))
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Using the method described in Corollary [ i.e., using the prescription

BIN A 0f) = e (Bilo) BY() — BY(/) Bi(o)

and suitable linear combinations, we obtain the representation of the By (and therefore of
the RHPWN and Virasoro—Zamolodchikov—w,, commutation relations) on the appropriate
Fock space F,.

4. CLASSICAL STOCHASTIC PROCESSES ON F,,

Definition 5. A quantum stochastic process x = {xz(t)/t > 0} is a family of Hilbert
space operators. Such a process is said to be classical if for all t,s > 0, z(t) = z(t)*
and [x(t), z(s)] == z(t) x(s) — z(s) x(t) = 0.

Proposition 5. Let m > 0 and let a quantum stochastic process x = {x(t)/t > 0} be defined
by

(4.1) (1) = 2 ke Cnk B (1)
where cp . € C— {0}, A is a finite subset of {0,1,2,...} and

By (t) := By (x0,) € Fm
If for each n,k € A

(4.2) Cnk = Ckn

then the process x = {x(t) /t > 0} is classical.

Proof. By (L3), x(t) = *(¢) for all ¢ > 0. Moreover, by (LH), [z(t),z(s)] =0 for allt,s >0
since each term of the form cy i ¢, [BR(t), BR(s)] is canceled out by the corresponding

term of the form ¢, ; cn i [BR(t), B¥(s)]. Thus the process x = {z(t) /¢ > 0} is classical.
U

In the remaining of this section we will study the classical process x = {z(t) /¢t > 0} whose
Fock representation as a family of operators on F,, is

2(t) i= BY(t) + BY(t)
By Proposition [

0
(4.3)  By(t)vulg) = E|E=O¢n(g+€><[0,t})

5(n—1) 9

(44)  Bi(t)¢n(g) = n/o g9(s)ds wn(g)ﬂL%akzo%(ngEX[o,ﬂ 9°)
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In particular, for g =0

(4.5 BE(#)Y(0) = -l tiulexion)
(1.6 BY(0)6a(0) = 0

Lemma 4 (Splitting formula). Let s € R. Then forn =1

(4.7) ¢®Bo+BY) ¢ = e%“eSBé o
and forn > 2
2npu
3(n — -y (03D g
(18 oG ( W% >> o

Proof. We will use the “differential method” of Proposition 4.1.1, Chapter 1 of [13]. So let

(4.9) E® = e B+ @ .= V(I B8 (W)

where W, V" are real-valued functions with W (0) = V(0) = 0. Then,
9 n 0 n 0

(4.10) S E®=(Bj +B)E®=Bj E®+ BIED

By Lemma [3] we have

B'E® =B’ V) B JW(s) ¢ — W (s) B V) BY ¢

e gL
. Vi(s)k n(n-—1 B
=My ;,) nk (u+(k—1)7( 5 )) (B @
k=0 ’
3
— 1 n
(nuV(s)+ % V(s)?BY) eV & B V) @
3 _
(nuV(s)+ n’(n—1) V(s)?B)E®

Thus ([@I0) becomes

n3(n —

2

0
(4.11) %E(I): (Bg+an(s)+

D V(s)2Bg) E®
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From (4.9) we also have

(4.12) % E® = (V'(s) B+ W'(s)) E®

From (411 and (412), by equating coefficients of 1 and Bj, we have

(4.13) W'(s) = nuV(s)
3
—1
(4.14) Vi(s) = 1+ % V(s)? (Riccati equation)
For n =1 we find V(s) = s and W(s) = % w. For n > 2 by separating the variables we find

and so

which implies that

thus completing the proof.
O

In the theory of Bernoulli systems and the Fock representation of finite-dimensional Lie
algebras (cf. Chapter 5 of [13]) the Riccati equation (4.14]) has the general form

Vi(s)=1+2aV(s)+BV(s)?
and the values of o and 3 determine the underlying classical probability distribution and
the associated special functions. For example, for « =1 — 2p and § = —4p g we have the
binomial process and the Krawtchouk polynomials, for o = p~! — % and /= ¢gp~? we have
the negative binomial process and the Meixner polynomials, for a # 0 and 8 = 0 we have the
Poisson process and the Poisson-Charlier polynomials, for a? = 3 we have the exponential
process and the Laguerzre polynomials, for & = 3 = 0 we have Brownian motion with moment

generating function e ¢ and associated special functions the Hermite polynomials, and for

a? — 3 < 0 we have the continuous binomial and Beta processes (cf. Chapter 5 of [13] and
also [I4] ) with moment generating function (secs)’ and associated special functions the
Meixner-Pollaczek polynomials. In the infinite-dimensional TRHPWN case the underlying
classical probability distributions are given in the following.
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Proposition 6 (Moment generating functions). For all s > 0

2

(4.15) (ef BEOHBIM) @ ), = ¢!
i.e., {BS(t) + BY(t) /t > 0} is Brownian motion (cf. [13], [15] ) while for n > 2

2nt

3 _ n3 (n—1)
(4.16) (o OO &, @), = <Sec W - Lz ) s)>

i.e., {By(t)+BA(t) /t > 0} is for each n a continuous binomial/Beta process (see Appendiz)

Proof. The proof follows from Lemmal], 14([0,¢]) = ¢, and the fact that for all n > 1 we have
BY(t)® = 0.

O

5. APPENDIX: THE CONTINUOUS BINOMIAL AND BETA PROCESSES

Let

b(n, k) = (Z) (1 —2)"* nke{0,1,2,..}, n>k, xc(0,1)

be the standard Binomial distribution. Using the Gamma function we can analytically
extend from n, k € {0,1,2,...} to z,w € C with Rz > Rw > —1 and we have

_ I'(z+1) w v
v = e T Y Y
_ 1 ['(z+2) £ (1 — 2y
z4+1T(z—w+1)(w+1)
1 I'(z+2)

— (w+1)—-1 1 — (n—w+1)—1
z+1F(z—w+1)F(w—|—1)x (1-=2)

1

where f(w + 1, z — w + 1) is the analytic continuation to ®a > 0 and Re¢ > 0 of the
standard Beta distribution

Fa+c¢) ., .
=——=2"""(1—2)"" ; a>0,c>0
Proposition 7. For each t > 0 let X; be a random variable with distribution given by the

density

271 t4ix t—ix

pt(z) = ﬁ( 9 ' 9

2w )
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Then the moment generating funcion of X; is

(5.1) (ef %) = / e py(z)dr = (secs)’ ; Vt>0,s€R

Proof. See Proposition 4.1.1, Chapter 5 of [13].
Corollary 6. With X; and p; as in Proposition[7, let

3(n—1
vmy [

Then the moment generating funcion of Y; with respect to the density

4y = p_2n

n3 (n—1)

(e571) = (sec (%W 8)) oD

Proof. Since p; is for each t > 0 a probability density function we have

where n € {1,2, ...}, is

/ p(x)de=1; Vt>0

[e.e]

and so for t := — (2nn—1) t

/_ Pjzn [(x)de=1; Vt>0

[e.e]

ie.,

/ @(x)de=1; Vt>0

— 00

so q; is for each t > 0 a probability density function. Moreover, letting t :=

s = /20D ¢ in (5I) we obtain

2
32nt
o] o 3 _ 1 no (n—1)
/ 65\/4 (2 D“qt(x)dl': (sec <\/%S>>

2n

n3 (n—1)

which is precisely the moment generating function (e*¥*) of Y; with respect to g;.

t and
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