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By analogy with the construction of the Furstenberg boundary, the Stone-Cech bound-
ary of SL(3,7Z) is a fibered space over products of projective matrices. The proximal
behaviour on this space is exploited to show that the preimages of certain sequences
have accumulation points that belong to specific regions, defined in terms of flags.
We show that the SL(3,7Z) x SL(3,Z)-quasi-invariant Radon measures supported on
these regions are tempered. Thus, every quasi-invariant Radon boundary measure for
SL(3,7Z) is an orthogonal sum of a tempered measure and a measure having matrix
coefficients belonging to a certain ideal c(((SL(3,Z) x SL(3,Z)), slightly larger than
co((SL(3,Z) x SL(3,Z)). Hence, the left-right representation of C*(SL(3,7Z) x SL(3,%Z)) in
the Calkin algebra of SL(3,Z) factors through 0:6 (SL(3,7Z) x SL(3, Z)) and the centralizer

of every infinite subgroup of SL(3,Z) is amenable.

1 Introduction

In their seminal paper ([2]), Akemann and Ostrand observed an interesting fact con-
cerning the free group F,: while the left-right representation of C*(F, x F,) on I?(F,)
cannot factor through a representation of C}, ;(F, x F,) (this can only happen for
amenable groups), this factorization appears after passing to the Calkin algebra. Groups

for which this phenomenon occurs are said to satisfy the Akemann-Ostrand property

Received April 29, 2022; Revised October 20, 2022; Accepted January 9, 2023
Communicated by Prof. Dan-virgil Voiculescu

© The Author(s) 2023. Published by Oxford University Press. All rights reserved. For permissions, please
e-mail: journals.permission@oup.com.

Gz0z Areniga4 90 uo Jasn ejeblia Jo] elsioAlun AQ Z9€670./7E2/1L/7202/31914./ulWwil/wod dno olwspeoe)/:sdyy Wol) Papeojumo


https://doi.org/10.1093/imrn/rnad014

A Mixing Property for SL(3,7Z) x SL(3,Z) 235

and the associated von Neumann algebras are solid ([18]). Examples are given by
hyperbolic groups and counterexamples by groups containing infinite subgroups with
non-amenable centralizers ([21]). In particular, SL(n,Z) satisfies the Akemann-Ostrand
property for n = 2 and does not for n > 4, while the case n = 3 is still an open problem
to the authors’ knowledge. This work is aimed to a better understanding of the topology
of the image of C*(SL(3, Z) x SL(3, Z)) in the Calkin algebra B(I?(SL(3, Z)))/K(?>(SL(3, Z))).
In contrast with SL(2,7Z), the groups SL(n, Z), with n > 3, all have property T; moreover,
they also share some important rigidity properties (see for instance [23] Chapter 5, [10],
and [11]). The results contained in this work show that the case n = 3 also has some
common feature with the case n = 2, which are not shared in higher rank.

The description of the Stone—-Cech boundary as a fibered space developed here is
inspired by some considerations of Furstenberg appearing in [12]. In order to motivate
the discussion, we briefly review the case of SL(2,Z) within Furstenberg’s approach (cf.
[12] pp. 34-35). Let y,, — oo in SL(2, Z), then at least one of the columns of y,, is eventually
arbitrarily large (up to a subsequence), while the area of the parallelogram constructed
out of these columns is 1. As a consequence, either one of these vectors diverge and
the other remains bounded, or both vectors diverge and their directions get closer. This
implies that for every diffuse faithful measure u on RP!, the y,,-translates of  converge
to a point measure, the Poisson map C(RP!) — I*°(SL(2,7)), f Pﬂ(f)(y) = [fd(yw)
is an injective *-homomorphism, and the right action on its image is trivial; this shows
that the action of SL(2,Z) x SL(2,7Z) on 95SL(2,Z) is amenable. The same approach in the
case of SL(3,7Z) immediately fails, since in this case, the translates of a diffuse measure
under a diverging sequence in SL(3,Z) will not converge in general to a point mass, but
measures supported on “great circles” are also allowed (see [12] 4.6). The description of
the Stone-Cech boundary of SL(3,Z) we give in this work reflects this behaviour and
leads to the study of two different parts of the boundary separately, depending on their
“rank”.

In Section 2, we establish some facts concerning Koopman representations of
discrete groups. In Section 3, we give the description of the Stone-Cech boundary of
SL(3,7Z) as a fibered space and describe its decomposition according to the “rank”. While
the “rank 1” part is an amenable space by construction, the “rank 2" requires some
considerations. The study of this region is performed in Section 4. We consider preimages
of some specific sets, which we call linear sets; these comprise sets of matrices with
range containing a given line and kernel contained in a given plane, called (line, plane)-
sets. We show that the quasi-invariant Radon measures annihilating these preimages

have matrix coefficients that belong to a certain ideal. In the remaining part of Section 4,

Gz0z Areniga4 90 uo Jasn ejeblia Jo] elsioAlun AQ Z9€670./7E2/1L/7202/31914./ulWwil/wod dno olwspeoe)/:sdyy Wol) Papeojumo



236 J.Bassi and F. Radulescu

we show that the quasi-invariant Radon measures supported on these preimages are
tempered. In order to show this, we first prove amenability of the action on orbits
of certain “dynamical atoms” in subsection 4.2 and subsection 4.3; then we extend the
temperedness result to (line, plane)-sets in subsection 4.4.

The construction given here can be generalized to other groups. Some explicit
cases, such as SL(2, Z[1/p]), with p prime, will be discussed in a subsequent paper (cf.

[19] for a related topic).

2 Preliminaries
2.1 Topological dynamics and Koopman representations

This section contains general results that will be used throughout the following chap-
ters, in particular when discussing amenability of the left-right action of SL(3,7Z) x

SL(3,7Z) on the rational and irrational parts of the boundary.

Definition 2.1. Let I" be a countable discrete group acting on a set X. For every Y C X,
we define the global stabilizer of Y to be

I'y:={yel|lyyeY VyeY}.

Lemma 2.2. Let I" be a countable discrete group, X a locally compact I'-space, Y C X a
closed subset such that
i rryr=x,

(ii) for every y;, y, € T', we have

NnYNyY#0 < nY=yY.

Let A be the global stabilizer of Y (which is a group in this situation). If the action

of A on Y is amenable, then the action of I on X is amenable.

Proof. We shall use a convenient description of the dynamical system given by the
action of I' on itself. Choose coset representatives {g;} for I'/A. We can writeI' = I'/A X A;

the left action of I" on itself becomes:

Y(giA, 1) = (g, nh) for yg;A = giA,

where n € A is uniquely determined by the requirement yg;A = g;A. We can give a
similar description of the action of I' on X. In order to see this, let g;¥' N 9;Y #9, then
there is y € Y such that g;y € g;Y and so g;lgiy € Y, which gives, by (ii), g;lgi € A and
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so g;A = g;A. Similarly, if g;¥ N g;Y = {4, then g;A # g;A. Hence, the map from the set
of translates {g;Y} to the coset space I'/A is well-defined and injective (it is surjective
by construction). On the other hand, given y € I', we have yA = g;A for some cose
representative g;; hence glfly € A, which gives (again by (ii)) g;¥ = y Y. It follows from (i)
that the translates of Y are in bijection with the cosets g;A. We thus obtain the dynamical

characterization of X as I'/A x Y, where the action of I is given by

Y (g; A, y) = (g A, ny) for yg;A = giA.

Let now u, : Y — P(A) be an approximate equivariant mean for the action of A on Y
and consider n, : I'/A x Y — P(I'/A x A), 1, ((g;A,y)) = 8g;n X 13 (¥)- This is the desired

approximate invariant mean. |

Let X be alocally compact space and I" a countable discrete group acting on it. For
every quasi-invariant o-finite measure u on X, we can consider the associated Koopman

representation T, of the group on L?(X, ) given, for & € L?>(X, ) and y € I', by

d
(rE)(x) = ,/—dy“ ®EQ (X)),
%

where dyu/du is the Radon-Nikodym cocycle. In the same way, one can consider the
Koopman representation 7, of the full crossed product C*-algebra Cy(X) x I'. Koopman
representations have been studied in several places, see, for example, [5, 9] or [14], where
the concept of temperedness for such representations is also discussed. By a Radon
measure, we mean a Borel measure that is outer regular (Borel sets are approximated
in measure by open larger sets), inner regular (Borel sets are approximated in measure

by smaller compact sets), and finite on compact sets.

Lemma 2.3. Let I' be a countable discrete group acting on a locally compact space X,
and let 4 be a quasi-invariant o-finite Radon measure on X. If the action of I' on X is

amenable, the Koopman representation C*(I') — B(L?(X, v)) factors through Croq (D).

Proof. Denoting by A the left regular representation of I', we have that A ® T, ~A®]1,
where 1 is the trivial representation on L?(X, ). Hence, we need to observe that the
matrix coefficients for =, can be approximated by matrix coefficients for A ® =,. Let
£ € L?>(X, 1), since u is Radon, we can approximate £ by compactly supported functions;
then the matrix coefficients of £ - f; approximate the corresponding matrix coefficient of
&, where f; is extracted from the net of [4] Remark 4.10. [ |
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Lemma 2.4. Let C!(I') be a C*-completion of the group ring of a countable discrete
group I'. Let X be a locally compact space on which I acts and u a quasi-invariant
sigma-finite measure on X. Suppose that u = > 7%, u; with u; L p; are quasi-invariant
finite measures and that the Koopman representations C*(I') — Cj;ﬂi (") factor through
C*(T") — Ci(I') for every i € N. Then the Koopman representation C*(I') — Cj.‘[u (I") factors
through C¥(T") as well.

Proof. Let ¢ be a state on C*(I") associated to a function & € Lf(u); for every i denote by
&; its component on L2(,ui). For every x € C_(I"), we have |(7rui(x)§i,éi)m| < |IxlI.II&;]l. Hence

(7, (08, 6)] = | X307, (0&, &), < Xl 2 1E1% = 11l 1511%. u

2.2 Exotic group C*-algebras

We recall the construction of exotic group C*-algebras of a countable discrete group I'
from I' x I'-invariant ideals in [°°(T"), as developed in [7]. Fix such a group I" and an ideal

I C I°°(") containing c(I).

Definition 2.5 ([7] Definition 2.2). An I-representation of C*(I') is a unitary representa-
tion on a Hilbert space H admitting a dense set of vectors K C H such that for every

&,n € K the associated matrix coefficient {y — (y&,n)} is an element of I.

Define a C*-norm on the group ring by ||x||; = sup{||=(x)|| | = is an I-representation};

the completion of C[I'] with respect to | - ||; is the exotic group C*-algebra associated
to the ideal I and is denoted by Cj(I"). A similar construction can be developed for the
case of crossed products. For more information concerning exotic group C*-algebras and
exotic crossed products, see, for example, [8, 20]. The following will be useful in reducing

our study to a particular region of the Stone-Cech boundary of SL(3, Z).

Lemma 2.6. Let I be a discrete countable group, « : I' — I' a group automorphism and
I C I°°(") an a-invariant ideal, that is, both f o @ and f o «~! belong to I for every f € I.

Then, for every x € C*(I'), we have

X1l = e @)z

where we consider ¢ as a x-automorphism of C*(I'). In particular, the kernel of the

quotient map C*(I') — C;(I") is a-invariant.
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Proof. Let 7 be an I-representation and & a vector in the corresponding Hilbert space
whose associated matrix coefficient q&s belongs to I. Since I is «-invariant, also the matrix
coefficient ¢ o o belongs to I and so o « is a ¢y-representation. The same is true for
7w oa~!; hence every I-representation is of the form 7 o «, where 7 is an I-representation

and for every x € C*(I') we have
Ixll; = sup{llmw o (x)|| | & is an I-representation} = |la(x)|l;,

which is the desired equality. |

Definition 2.7. LetT be a discrete countable group. We define the translation invariant
ideal in I°°(I' x I') given by c{(I' x I') := {f € I*(I" x I') | f(x,,¥,) — 0 whenever both

X, — oo and y,, — oo}.

2.3 Proximal pieces

The concept of proximal (boundary) piece for a discrete countable group was introduced
in [6] as a generalization of the notion of boundary that is small at infinity in order to
study rigidity properties for groups that do not satisfy any negative curvature condition

(see the Introduction in [6]).

Definition 2.8 ([6] Definition 3.7). Let I' be a discrete countable group acting on a
compact space K and n a probability measure on K, which is not invariant under T.
The proximal (boundary) piece associated to (K, n) is the subset of d4I" of elements w
satisfying lim,_, ,((gh) - n — g - 1) = 0 in the w*-topology, for every h € I'. It is denoted
by o,T.

Proximal boundary pieces are closed I' xI'-invariant subsets of 95", the condition
that the measure n is not invariant guarantees that that proximal pieces are actually
subsets of the boundary dgT, rather than the whole Stone—Cech compactification A sl In
the case I' = SL(d,Z), d > 2, natural examples of proximal pieces arise from actions
on Grassmanians, endowed with the unique SO(d)-invariant probability measure; a
proximal piece of this sort admits a concrete description in terms of the multi-index
defining the Grassmanian ([6] Chapter 6). We will eventually be interested in the proximal
piece for SL(3,Z) associated to the full Grassmanian corresponding to the multi-index
(1,2,3), or equivalently, to the Borel subgroup B(R) c SL(3,R) of upper triangular
matrices. Note that in this case the pair (G(R/B(R),n) is the Poisson boundary of
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240 J.Bassi and F. Radulescu

(SL(d, R), u), with u a spherical measure ([12] Theorem 4.1). We will denote this particular
proximal piece by 9SL(3, Z),.

2.4 Calkin states for discrete countable groups

Let ' be a discrete countable group, X be a compact Hausdorff space, and u a I'-quasi-

invariant Radon measure on X. For every y € I', we consider the representation 7, . of
C(X) on L*(w) given by (7, ,(NE)x) = f(y 1 (x))§(x).

Lemma 2.9. Let I' be a discrete group, X be a compact Hausdorff space, and n a I'-
quasi-invariant Radon measure on X. The Koopman representation is the only group

homomorphism u : I' — U(L?(n)) satisfying:

e foreveryy eI',u, is aunitary C(X)-intertwining between the representations

(L*(w), ) and (L2 (), 7,,);
e foreveryy €T, u, sends positive elements in L%(u) to positive elements.

Proof. Note that C(X)NB(L2(n)) = L°(u), hence if U and V are two unitaries in B(L2(u))
that implement the same automorphism of C(X), they differ by a unitary in L>(u). The

positivity condition then entails the result. |

Lemma 2.10. Let X be a compact Hausdorff space, © a Radon measure on X and V C
C(X) alinear space that is closed under passage to the absolute value and whose image in
L%(u) is dense. Then every positive function in L? (1) is approximated by positive elements

coming from V.

Proof. Let & € L?(u), and € > 0. There is a € V such that [|€ —al|3 < €. Let F := {x €
X | a(x) > 0}. Then fX52+fX\F E—al* < [, |§—a|2+fX\F | —al? < €. Define b = (a+|al)/2.
Thenszande|§—b|2=fF§2—fX\F|§—a|2 <e. [ ]

If A is a unital C*-algebra and w € 94N, we denote by A4, := I*(N,A)/I,, where
I,:={ael®®NA)| lim
discrete group, for every w € 9N, there is a surjection ¥, : o (I*(I"),,) — A4I" equivalent
to the diagonal embedding I*°(T") — I*°(I"),,, f — (f,,) = (f).

oo llall = 0}, the ultraproduct associated to w. If I' is a countable

Theorem 2.11. Let I' be a discrete countable group and denote by n, the left-right
representation of C*(I' x T') in the Calkin algebra B(?(I"))/K(%(T")). Let C(I' x ') be a
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quotient of C*(I" x I') such that for every w € 94N the Koopman representation associated
to every I' x I'-quasi-invariant Radon measure on wajl (051) is a C¥(I' xI')-representation.
Then 7,(C*(I'" x I')) factors through C;(T" x I).

Proof. In virtue of [22] 2.3.5 given a dense sequence {£,}, .y of norm-one vectors in the

tne
unit ball of I2(T"), every state ¢ on B(I?(I"))/K(2(I")) is of the form ¢ (x) = lim,,_, , (x&,,&,)
for some » € dgN. Note that the fact that ¢ defines a state on the Calkin algebra
implies that the £,’s converge weakly to zero with respect to w. So let be given such a
sequence {£,} and such an ultrafilter v € N, corresponding to a state ¢. We want to
show that the restriction of ¢ to 7 (C*(I' x I')) is the w*-limit of states associated to
Koopman representations of I' x I' on o (I°°(I'),) given by I' x I'-quasi-invariant finite
Radon measures, supported on v 1(8/6[‘). For it is enough to show that there are a
sequence of finite quasi-invariant Radon measures p; on w;l(aﬂr) and a uniformly
bounded sequence (in the respective | - ||,-norms) of vectors 5, € Lz(uk) such that
¢(y) = limy_, (v g, k)2, for every y € T' x I'. We will show the stronger fact that
there are a unique I' x '-quasi-invariant measure /i and a vector £ € L?(j1) such that for
every y € I' x I' we have (y§,&)2;) = lim,,_, (v, &,). Let {y;};2, be an enumeration of
[ x I with y, = e. For every n € N, let £,(x) := X2, %|Sn|(yi_lx). The &,’s constitute a
uniformly bounded sequence in I?(I"), which converges weakly to zero with respect to .
Let jt be the Radon measure on o (I°(I"),)) induced by the £,'s by ii(f,) = lim,,_,  (f,&,. &),
where (f,,) € I°°(I'),,. Note that this measure is supported on w;l(é)ﬂl‘). First of all, we
shall see that i is I x I'-quasi-invariant. For it is enough to show that forevery y e I' x I’
and every € > 0 there is § > 0 such that for every 0 < f < 1 in I**(I), satisfying i(f) <
we have fi(foy) < €. This is in turn equivalent to the claim thatif 0 < fj, < 1is a sequence
in [°°(I"),, such that lim; i(f;) = 0, then lim; i(f; o y) = O for every y € I' x I'. Now let f;

be such a sequence, then

0= lim lim 3 "(fy), (0&, (0% =lim lim > > 277 (), (016,10 )16, (0)

o —ij -1 -1
= Tim lim 3" 27 (gl o 77 el o 7,
L

from which it follows that for every i, j we have lim; lim,,_,  ((f,),1&,]° ylfl, 1§, |0 yjfl) =0.

Hence, given y € I' x T, for every i,j we have lim; lim, . ((fy),|&,| o (ylfly—l), §,] o
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(yj_lyfl)) = 0, which gives

i 2((Fi 0 v) = lim lim 3727 lenl o 077y lal 0 71y ) =
ij

Let W be the linear subspace of [[,, I°°(T") defined as
wW:={f=(,e Hloo([‘) | for every y € I' x I' there is M,, > 0 satisfying
n
[f oy~ < M, E, for every n}.
Consider classes in L?(f1) of elements in I1,, () of the form (fn/gn) with f = (f,) e W.
Denote the resulting linear subspace of L?(f1) by W;. This is a dense linear subspace of
L%(), which is also an I°(I') ,-module, in fact, if f = (f,,)) € L%(f) is represented by an

element of I°°(I"),, then for every ¢ > 0 there is N = N, such that > 72y, 270 < Je|lf 7t

and so

N
ZIfn( x) — an< )'5”'(” )( D g, ()2 =D I ®E, — D 16,1 )]
X i=0

—Zlfn(x)l | Z 276,10 0P < IF N7 D0 27 D gl (0)1EL ()
i=N+1 ij=N+1 x
<Iful* > 27,
1,j=N+1

and so

N
IF =D 1Eloy " EI5 <e.

i=0

For every y € T' x T, define the map w,, on W C [[,, I°°(T") given by f/&, > f oy /E,. We
want to check that this defines a linear map on W C L?(j1). For suppose that f,g € W C
[1,,1°°() are such that (f,,/€,) = (g, /&,) in L2(ii). Then, lim, > |f, () — g,®)? =0
and so lim,_,, > [f oy ') —goy '@ = Ify, 0 v /&, — g o vy /8,12
is well defined on W; and extends to a unitary intertwining between x, and r,. The

= 0. Hence,

u
¥
dense subspace W, is closed under passage to the absolute value and so it follows from

Lemma 2.9 and Lemma 2.10 that the extension of u, to L?(jv) is the Koopman operator.
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A Mixing Property for SL(3,7Z) x SL(3,Z) 243

Hence, taking £ = (§,,), we can compute

~ ~ ~ o_1 ~
(& /60,8 /B) = lim (6, 0y~ /By /B = lim 3520 Iz

~ £, (x)2

= lim (6, 0y ™", &,).

The result follows. [ |

3 A Suitable Boundary

From now on, we focus on the case of SL(3,Z). This section contains a description of the
Stone-Cech boundary of this group as a fibered space. This will be used in the following
chapters, where we study specific preimages in more details.

Let G = SL(3) and Y be the compact space obtained as the cartesian product of
the space of projective 3 x 3 matrices PM; = (M3\{0})/R_, with itself, ¥ = PM; x PMj.
This space is endowed with an action of G(R) x G(R) given, for (g,,g9,) € G(R) x G(R),
by (g,,9,)(m;, m,) = (glmlgz_l/R;éo,gzngl_l/R#O). The G(Z) x G(Z)- equivariant map
¢:G(Z) — Y given by y > (y/R 4, y‘l/]R#)) is continuous and extends to a continuous
G(Z) x G(Z)-equivariant map from the Stone-Cech compactification A pG(Z) of G(Z)to Y.
Let Y; C Y be the subset of pairs of projective rank 1 matrices and Y, C Y be the subset
of pairs of projective matrices (m;, m,) such that either rank(m,;) = 1, rank(m,) = 2 or
rank(m,;) = 2, rank(m,) = 1 and m;m, = m,m; = 0 (matrix multiplication).

To every action of a countable discrete group on a compact space and probability

measure on it, it is possible to associate a proximal boundary piece ([6], 3).

Proposition 3.1. Let dG(Z), be the proximal boundary piece associated to the action of
G(Z) on the Poisson boundary (G(R)/B(R), ) of G(R). Then

¢ (V) = {w € 34G(2) | p(w) € Y} € IG(Z),.

Moreover, ¢ (d5G(Z)) C Y, UY,. ¢ '(Y)) is a closed subset of 9,G(Z) and ¢! (Y,) is open.
The action of G(Z) x G(Z) on Y, is amenable.

Proof. Let g, be a diverging sequence in G(Z), then det(g,/llg,l) = ||gn||_3 tends to
zero, as well as det(g,,!/llg,' ). Hence, }lyg(z) takes values in pairs of non-invertible

matrices. Moreover, since the product of matrices is continuous on M5(R), it follows that

for lim,,(g,/1lg, 1. 9 /195 1) = (m;, m,), we have m;m, = lim, g,,9,'/(9,Illg;;*I) = 0
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and so ¢(0G(Z)) C Y; UY,. Let now w € dpG(Z) be such that ¢(w) belongs to Y;. For
every g € G(Z), let s;(g), i = 1,2,3 be the eigenvalues of \/gT ordered in such a way
that s;(g) > s,(9) > s3(g) (cf. [6], 6.1). Consider the functions f} , : g = s;(9)/s,(g9) and
fa3 0 g = 55(9)/s3(g)- Suppose that f; ,(w) = ¢ < oo. Then there is a sequence g,, with
lim, f; ,(9,) = ¢ and lim, ¢(g,,) € Y;. Following [6] Lemma 6.1 for every n € N, we can

write

Sy, O 0
9n = AnSpb, =ay, 0 San 0 by,
0 0 s3,

where a,,b, € SO3,R) and s;,, = s;(g,) fori € {1,2,3}. Up to taking a subsequence,
we can suppose that a, — a, b, — b in SO(3,R), thus also lim, ¢(s,) exists and
lim, ¢(a,s,b,) = lim, a,¢(s,)b, = alim, ¢(s,)b; but the condition lim, f} ,(g,) = ¢
entails rank(¢(w)) = rank(lim, s, /[ls,[l)) = 2. In a similar way, if f, 3(w) = ¢ < oo, then
there is a sequence g,, with lim, ¢(g,) = ¢(w) and lim, f, 3(g,) = fo3(w) = ¢ < oo,
but then g;l/llgﬁ1 || converges to a rank-2 matrix, which is impossible. Hence ¢‘1(Y1) C
dG(Z),y. Note now that the set of pairs of norm-1 matrices (m;, m,) in M3(R) x M5(R)
satisfying m;m, = m,m; = 0 is closed in the product topology of (M5\{0}) x (M5\{0}),
being defined by the zeros of two polynomials. The quotient map (M5\{0}) x (M5\{0}) —
R(M;) x P(Ms;) is open, being obtained from an action of R* x R*; hence Y; is closed.
The amenability of the action of G(Z) x G(Z) on Y, can be shown in the following way:
consider the map ¢ : ¥; - G(R)/B(R) x G(R)/B(R) given by ¢¥(m,, m,) = (ran(m,;) C
ker(m,), ran(m,) C ker(m,)), where we see the inclusions ran(m) C ker(m’) as flags; this

map is G(R) x G(R)-equivariant. |
Note that the subsets of Y, the form My, = {m = (m;,m,) € Y, | rank(m,) =

2, rank(m,) = 1} and Mé,z = {m = (m;,my) € Y, | rank(m,;) = 1, rank(m,) = 2} are

G(Z) x G(Z)-invariant.

Lemma 3.2. The spaces M3'2,M§,2 are homogeneous spaces for the action of G(R) x G(R),

with M3, G(R) x G(R)-homeomorphic to (G(R) x G(R))/P(R), where

P(R) ={(9;,92) € GR) x GR) | 3g € GL(Z,R), t;, 15,81, S, e R,a e R_j :
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g 1] ag 0
g, = tz r go = 0 }r
0 0 det(g)~! s; s, det(ag)”!

and Mé,z ~ (G(R) x G(R))/P'(R), where

P'(R) = {(g;,95) € G(R) x G(R) | 3g € GL(2,R), t;,t,,5,,5, € R,a € R_ :

9 0 ag 5y
91 = 0 v 9o = Sy }.
t, t, det(g)”! 0 0 det(xg)™!

Proof. Let x € M3, be the element

1 0 0 0O
X = 01 ] 0 0 O
0 0 0 01

The stabilizer of this point is P(R). Since the second component of the elements in Mj , is
uniquely determined by the first one, we need to show that the action of G(R) x G(R) on
the space of 3 x 3-projective matrices of rank 2 is transitive. Let m be such a matrix. Using
the singular value decomposition, we can write m = £k, mgk,, where k;, k, € SO(3,R),

and m, is a diagonal matrix of the form

A 0 0
0 0 O

with A; > A, > 0. Then, m, is clearly in the orbit of x and the action is transitive. A
similar argument shows that Méyz = (G(R) x G(R))/P'(R). [ ]

The spaces Mj; , and Mj , are topologically conjugated when we consider on Mj ,

the natural action of G(R) x G(R) and on Méyz the composition of the natural action with

Gz0z Areniga4 90 uo Jasn ejeblia Jo] elsioAlun AQ Z9€670./7E2/1L/7202/31914./ulWwil/wod dno olwspeoe)/:sdyy Wol) Papeojumo



246 J. Bassi and F. Radulescu

the group automorphism « : (g;,9,) — (g3, 9;). We denote this topological conjugacy by
a. At the level of the fibers, we have the following:

Proposition 3.3. Letinv: A pG(Z) — AyG(Z) be the extension of the inverse map to the
Stone-Cech compactification of G(Z). Then inv sets up a topological conjugacy between
¢~ (Mj; ,) endowed with the natural action of G(Z) x G(Z) and ¢_1(M§’2) endowed with
the a-twisted action of G(Z) x G(Z). The result remains true if we equip ¢‘1(M3’2) with

the a-twisted action and ¢_1(Mé ,) with the natural action.

Proof. It is clear that the map inv interchanges the natural action with the «-twisted
action. Let w € ¢! (M3 ,); we want to check that ¢ (inv(w)) belongs to Méyz. For let ¢ (w) =
(m,, my) and let U x V be a product of open setsin Y. The set {y € G(Z) | y € U, ylev)

1

belongs to w. Hence, {y € G(Z) | y € V, y~' € U} belongs to inv(w). Since U and V are

arbitrary, we obtain inv(w) = (m,, m;). The result follows. |

To summarize, we have the following commutative diagram of G(Z) x G(Z)-

equivariant maps (we denote by - the natural actions and by -, the a-twisted actions):

G M), ) X (@I ), )
v _ v
(Map) = (Mhy,y)

For our purposes, we want to verify that a Koopman representation associated
to a measure on ¢! (M3 ,) is a representation of C;,;(G(Z) x G(Z)) if and only if the same
is true for the corresponding Koopman representation on qﬁ_l(Mélz) (under &), endowed
now with the natural action of G(Z) x G(Z). In virtue of Proposition 3.3, this is in turn
equivalent to the fact that the Koopman representation on ¢! (M3 ,) with the a-twisted
action is a quotient of C7_,(G(Z) x G(Z)).

Proposition 3.4. Let u be a o-finite measure on ¢~ '(M;,). Consider the Koopman
representation r, associated to the natural action and the Koopman representation
associated to the a-twisted action. Then, T, factors through C7, ;(G(Z) x G(2)) if and only

if L9 does. Moreover, 7, is a ¢;(G(Z) x G(Z))-representation if and only if L9 is.

m

Proof. For every (g,,9,) € G(Z) x G(Z) and § € L*(u), we have 7%(g;,9,)& = a(g;,gp)é =
(92,91)§. Hence, nr; = 7 oct and ker(nl‘f) =a! (ker(nu)). Let K be the kernel of the quotient
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map C*(G(Z) x G(Z)) — C;,;(G(Z) x G(Z)). Since c,(G(Z) x G(Z)) is a-invariant, it follows
from Lemma 2.6 that also K is a-invariant. Hence, K C ker(rrﬂ) N ker(ng). Suppose now
that H, is a dense set of vectors in L%(n) whose associated matrix coefficients for T,

belong to c,(G(Z) x G(Z)), then the same is true for 7y in place of T, [ |

4 Measures and Linear Sets in Mj ,

We want to study the topology of the image of C*(G(Z) x G(Z)) in the Calkin algebra
of G(Z). In virtue of Theorem 2.11, we are led to consider the Koopman representations
associated to quasi-invariant finite measures on the boundary of the Stone-Cech com-
pactification of G(Z). In order to do so, we find it convenient to split the measures on this
boundary in different classes and treat each type individually. Moreover, it follows from

the previous section that we only need to consider measures supported on ¢! (M3 5).

Definition 4.1. Let V be a 1-dimensional linear subspace of R3; we say that V is a
rational line if it contains a vector whose coordinates are all rational numbers. Let now
W be a 2-dimensional subspace of R3; we say that W is a rational plane if W' is a

rational line.

Let V, W be linear subspaces of R® and define Cy, y, := {(m, m,) € M;, | ran(m,) C
P(V), P(W) C ker(m,)} C M5, Dy = {(my, my) € M3, | P(V) C ran(m,), ker(m,;) C
P(W)} C Mz, Eyy = {(my,my) € M, | P(V) C ran(m,) ker(m;) = P(W)} and
Fyy = {(my,my) € My, | ran(m,) = P(V), ker(m,) C P(W)}. We let C denote the class
of sets of the form Cy, ;, such that 0 < dim(V), dim(W) < 3 (i.e., dim(V) = 2, dim(W) = 1).
Similarly, D is the class of sets of the form Dy, |, where dim(W) = 1, dim(V) = 2, £ is the
class of sets of the Ey, 1, with dim(V) = dim(W) = 1, F is the class of sets of the form
Fy y with dim(V) = dim(W) = 2.

Definition 4.2. Let V and W be linear subspaces of R® with dim(V) = 2, dim(W) = 1.
The set Cy y, € C is called a (plane, line)-set, and the set Dy, ; is a (line, plane)-set. The
(plane, line)-set Cy, y, is rational if V is a rational plane and W is a rational line; it is
irrational if at least one between V and W is irrational. The sets in £ are called (line,
line)-sets and the sets in F are called (plane, plane)-sets. A set that belongs to DUEUFUC
is called a linear set. The union of the inverse image under ¢ of all the rational (plane,
line)-sets is the rational part (of dzG(Z)), and the union of the inverse image under ¢
of the orbit of an irrational (plane, line)-set is an irrational part (of d;G(Z)). A Radon

measure supported on the rational part is called a rational measure; a Radon measure
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supported on an irrational part is called an irrational measure. A Radon measure on

¢! (M3 ,) that annihilates the preimage of every linear set is top-dimensional.

Let now V,V/,W, W’ cC R3 be linear subspaces with dim(V) = dim(V') = 1,
dim(W) = dim(W’) = 2 and denote by (V, V') the linear span of V and V’. We have the the

following possibilities:

DV,W = DV/,W/ fOI‘ V = V/, W == W/,

EV wnw' = EV/ wnw’ for V = V/, w ;ﬁ W/,
DV,W ﬂ DV’,W’ = , ,
F(V,V’),W = F(V,V/>,W/ fOI‘ V 7é V ’ W = W '

Covvywow for V£V, W#W.

If now V, V', W, W’ are all 1-dimensional, we have

EV,W - EV’,W’ fOI‘ V - V/, W = W/,
EywNEyw = 1Cyyyw=Cuyyyw forV#V,w=w,
@ for W £ W'.

Similarly, if V, V/, W, W’ are all 2-dimensional, we have
FV,W = FV,,W/ fOI‘ V = V/, W = W/,
FV,W ﬂ FV/,W/ = CV,WOW’ = Cv/,me/ fOI‘ V = V/, W 75 W/,
Y for V£V

If now V and V' have dimension 2, while W and W’ have dimension 1, we have

CVW:CV/W/ fOrV:V/, W:W/,
CV w N CV/ w’ == ' '
? otherwise .

Consider now the set of linear subspaces of R® endowed with the natural action
of G(Z).
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Lemma 4.3. Let V,V, W, W c R3 be linear subspaces with dim(V) = dim(V’) = 2,
dim(W) = dim(W’) = 1, we have

(G(Z) x G@D)p,,, = CDyy x GL)y,
(G(Z) x G(D)g,, ,, = CDyy x GLyy,
(G(Z) x G@)y, , =GL)y x GL)y,

(G(Z) x G(Z))¢,,, = G(ZL)y x G(ZL)y.
In particular, the global stabilizers of these types of sets are groups.

Proof. Let (y;,y,) € G(Z) x G(Z) and suppose y; ¢ G(Z)y,. Then, y; sets up a bijection
between the planes containing W and the planes containing y, (W) # W. Since these two
sets are different, it follows that there is a plane = containing W whose image under y,
does not contain W. Hence, it is enough to choose a matrix of rank 2 whose image is 7 and
kernel is contained in V in order to see that (y;,y,) cannot belong to (G(Z) x G(Z))DW'V.
In the same way, if y,(V) # V, there is a 1-dimensional subspace r of V whose image
under y, does not belong to V. Hence, for every m with ker(m) = r, we have ker(my, b=
vo(ker(m)) ¢ V and it follows that (G(Z) x G(Z))DW,V = G(Z)y x G(Z)y. The other cases

are proved in the same way. |

4.1 Top-dimensional measures

Inspired by [1] and [13], in this section, we use proximality arguments in order to obtain
information on the decay of matrix coefficients for Koopman representations associated
to top-dimensional measures. Let k € N. We denote by My, —; (R) the compact set of k x k

norm one matrices.

Lemma 4.4. Let k € N, {x,}, {y,,} and {z,,} be sequences in M, (R) such that there are

norm one matrices x, y and z satisfying

X/ Xl = X, Yp/llynll = v Zn/l2,ll — 2, xyz # 0.

Then

(i) :the sequence x,y,Zz,/IX,¥,Z,| converges to a point [ € My =1,
(i) :thereis A € R, \{0} such that = Axyz.

Gz0z Areniga4 90 uo Jasn ejeblia Jo] elsioAlun AQ Z9€670./7E2/1L/7202/31914./ulWwil/wod dno olwspeoe)/:sdyy Wol) Papeojumo



250 J.Bassi and F. Radulescu

Proof. This follows from the proof of [1] Lemma 4.3 (b). We include the details for
completeness. By compactness of M, | ,—; (R), itis enough to show that thereis 0 # 2 € R
such that every convergent subsequence of x,y,z,/lx,¥,2,| converges to Axyz. Up to
reindexing, we can then suppose x,y,,2,/[X,V,Z,|l = ¢ € My =;- Let v € R¥ be such
that xyz(v) # 0. We have

Xnynzn Xnynzn :
—== " (v) - xyz(V), —=22_(v) > c(v) #0 (since [lc(W)| = ||lxyz(v)|). (1)
1, Yy 112, | 1%, Y72, |

Denoting A,, = |x,¥,Z,ll/(x, ¥, lZ,]l) we can rewrite (1) as

PP (y) > o(v) £0, i

ni———— (V) = xyz(v) # 0.
1%, Y72 |l 1%, Y2l

We want to check that under this condition A,, converges to a non-zero real number A.
Indeed, suppose this is not the case, then A,c(v) would not converge, but |A,| < 1 for

every n and so

Il )| 4 |12, 2 X050 () — xyz(v)] - 0.

[Apc(v) —xyz(V)| < [|A,,c(v) — 4
" " "X,V Zn | "XV Zn |

Then there is 0 # A € R, such that A,, — A and so

Xn¥YnZn _ k_lXYZH < ‘ Xn¥nZn _ k_l Xn¥nZn ‘ + H)‘_l Xn¥nZn _A—IXYZ“
1%, Y 2| 1%, Y2 | 1%, 175 11125, 1% 177 11125, 1
< Xn¥nén -1 " Xn¥nZn ’ H -1 Xn¥nZn _ _lxyz ;
1%,V n 2yl 1%, Y nZn 1% 1Y 125,
this inequality shows that xyz = ic. |

In the next Lemma, we will use the following trivial consequence of Lemma 4.4:
ifx,,,y,,and z,, are sequences in M;(R) converging respectively to x, y, and z and xyz # 0,

then P(x,y,z,) — P(xyz).

Lemma 4.5. Let g, = (¥,,1,) be a sequence in G(Z) x G(Z) such that both y,, and 7,

diverge. Then there are a subsequence In, = (ynk, r;nk) and (line-plane)-sets DY, ...,D?n,

Dy,...D; m,l e N,such that for every y € M ,\ U, DY we have

(i) the sequence (y,, ) - y converges;

’ nnk
(ii) the limit limy(y,, , n,,) - ¥ either has rank 1 or belongs to U5:1 D;.
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Proof. It is enough to find sets D; in C U D U £ U F rather than just in D with the
above properties in order to prove the statement. Up to taking a subsequence, we can
suppose that y,/|y,| and n,/lln,|l converge to y = y©@ and n = 7@, respectively.

Given a linear space L C R® denote by P; the orthogonal projection with range L. Let

then y\" := YnPrer(y)r ny) = Pran(y L n- Again, up to taking a subsequence, we can

1) ;. (1)

suppose that both 1,7 /73" and 7 /In"]| converge respectively to ¥ and »%). Since

ker(y)+ c ker(yV), we have ker(y (V)1 c ker(y); similarly, since ran(n’) c ran(n)*, we
have ran(n) ¢ ran(nM)L. If ker(y V)L # ker(y), we have ker(y) N ker(y V) # {0} and we
consider y,(Lz) = YnPrer(y)nker(y(»); UP to taking a subsequence, we have y,(Lz) / ||y,§2)|| —
y@_If ran(y) # ran(n™)L, then ran(n™)* N ran(n)* # {0} and we consider n'? :=
Pran(p nran(yM)L Ty UP to taking a subsequence, we have 12 /1P| — 7@, Again, up to

taking a subsequence, we can suppose that the following sequences converge in RU {c0}:

1V Prery )l In, ] 17, 1P an(n©) - Aran( )L |
“Vn” “Pran(n(o))J. nnll ' ”ynPker(y(O))” ||}7n|| !
17y, I ynPker(yw))ﬂker(V(l)) I I, ”VnPker()/(O))ﬂker(y(l)) I
||Pran(,7(0))ﬂ7n|| ”Vn” ' ”Pran(n(0>)i77n|| ”ynPker(y(O))”
IV ”Pran(r;(O))iﬂran(n(l))l Ml
1V Prery o)l I Pran(y©)L 77|

Note that the following relations hold:

” ynPker(y(o)) ” N 0 ”ynPker(y(O))ﬂker(y(l)) ” N O

’ ’

Iy, |l 1V Prery )l
1Pran(n©)L 1Pran(n©)L Oy Ly |l
ran(n™)-nn || ) ran(n®)-Nran(y'")-"In -0,
17, 1 Pran(n©)+ x|

and that we have the following possibilities for the ranks of these matrices (we assume
y@® =0 if ker(yV)+ = ker(y) and n® = 0 if ran(y) = ran(nV)1):

(rank(y @), rank(y V), rank(y?)) € {(2,1,0), (1,2,0), (1,1, 1)},

(rank(n?), rank(n V), rank(n?)) € {(2,1,0), (1,2,0), (1,1, 1)}.

Suppose now that x is a 3 x 3-matrix of rank 2 and norm 1, which is a representative for

m,, where y = (m, m,) € M3 ,. We distinguish several different cases.
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(i): Suppose yyxny # 0. Then y Oxn©@ = lim,, (y,,xn,,)) /1y, |lIn,, 1) and so the limit
P(y,,xn,,) either has rank 1 (if (rank(y (?), rank(n?)) # (2, 2)) or belongs to Cran(y©) ker(y®)-

(if): Suppose now that

yOxn©® =0, 5 Ox,M —g
yWxn© =0, 5 Wxy® =0,

First of all observe that in this instance we should have rank(n®) = rank(nV) =
rank(y @) = rank(y () = 1. Indeed, if one between @ and 5V has rank 2, the condition
implies ran(x) c ker(y©) N ker(yV), which is at most one-dimensional; on the other
hand, if one between y @ and y has rank 2, then ker(y©@) Nnker(y") = {0} and so the
kernel of x should contain the linear space generated by ran(n'?) and ran(»?’), contra-
dicting the fact that x has rank 2. Now, if x((ran(n?), ran(n"))) = ker(y @) N ker(y ),
then ker(x) C (ran(n®), ran(»")) and so m belongs t0 Dyer(, ) ker(y ), ran(y®),ran(y®))-
(ii1): Consider the case in which

yOxn©® — 0, 5 OxyM £g
yWxp© £ 0,

We have

ynPker(y(O))XPran(n(O)) Mn

’

D 5p© _ ,, 1) © = 1im
yHxn®™ =yWxP ©)7 li
ran(n'®)) Il J/nPker(y(O)) Il 177,

V(O)Xﬂ(l) — lim YnXPran(y©)L1n

1V MIPpan(n©) L M |l
)

Since XPpapn ) = Prer(y ©)XPran(y©), We can write

YnXNn _ ynPker(y(o))XPran(n(O))77n VnXPran(n(O))i Mn

”)/n ” ”Pran(n(o))i r/n ” B ” yn ” ”Pran(n(o))l nn ” ” yn ” ”Pran(n(o))l nn ”

_ ||VnPker(y(°))” ) 7, ynPker(y(O))XPran(n(()))nn
Pranty- el 17l ]~ 17nPrercyon il

V}’LXPran(n(O))l M

”yn ” ”I’ran(rl(o))L nn ” '
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IrnPreronl il
TP rany @) Ll Tynl

Hence, letting 1, = ( ), we have the following possibilities

P(y Wxp©) forx, — oo
lim P(y,xn,) = 1 P(y @xp®) for »,, — 0
Py Dxn©@ +yOxpMy  for a, — A € R\{0}

Hence, in the first two cases, if the limit has rank 2, then it belongs to either
Cran(y ) kern©® OF Cran(,©) ker(;y- Consider the third situation. If both y©@x»® and
yWxn© have rank 1, then their ranges should be linearly independent (if the limit
does not have rank 1) and so the kernel of Ay Dxp© + 5 ©@xy(M is the intersection of
their kernels; hence, if i is such that rank(y®) = 1 and j is such that rank(n?) = 1,
then lim, P(y,x7,) belongs to Dyun o) xer(yo- This is clearly the case if rank(y®) =

rank(n®) = 1 for every i € {0,1}. Suppose that rank(y@) = rank(@®) = 1
and rank(y?) = rank(®n©®) = 2. We have xran(n?) c ker(y?), now the case
ran(xn©®) = ker(y©) is impossible, since this would entail mran(nV) c ker(y©),

which is in contrast with the assumption y@xn() £ 0. Hence, the image under x
of ran(n®) is a 1-dimensional subspace of ker(y®) and so yMxn©@ has rank 1.
Suppose now that rank(y @) = rank(nV) = 2 and rank(yV) = rank(n®) = 1. Then
we can reduce to the above situation by considering ’x, obtaining P(x in© tx 1)@ 4
M tx by ) € Doynenn) xert, o) fOr some i,j. Hence, P(hy Vxn© + y©@xyM) belongs to
Dyer(ty0)* ran( ty®)+ = Drany ) ker(n@)-

(iv): Consider now the case

yOxp©® =0, yOx;M =0
yWxn© £ 0.

In order to deal with this case, we consider several subcases. Suppose
yOxp® — .
Hence, ranx C ker(y @) and so

YnXlln R0 C A G
1V Prercy oy lImp Il 1VnPrery ) [yl
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Suppose now that
yOxn@® £0,  yPxp® £o0.

Then, we can write

YnXn — y”Pker(V(O))XPran(n(o))nn + ynXPran(n(O))J- M
7nPrercyon 5l 1V Prercy ) 11715,

— ynPker(V(O))XPran(n(o))nn J/1’lXPran(n(1>)ﬁran(n(m)i M
17nPrercy ) Il 170 Prercy ) 1715,

VnXPran(n(l))iﬂran(n(o))l- M

1V Prery @) 7yl

_ ynPker(y(O))XPran(n(O))T'In

1V Prercy ) Iy

( ”Pran(n(m)i Nyl ) ynPker(y(‘)))XPran(n(l))77n
7,

1 Prery ©) N1 Pran @)1 1yl

1Vl ”Pran(n(o))l-ﬂran(n(l))l Ml ynXPran(n(O))Lﬂran(n(l))J- N,
17aPrerty o 17 T r———"

Since we have

P, 0) xP (0)
YnLker(y ©)XEran(n©)7n N V(I)Xﬂ(o),
1V Prery ) 1y

YnPrer(y©)XPran(y0)1n

— yWxy®,
ll VnPker(y(O)) ll ”Pran(n(o))l- n |

YnXPran(r0) a0 @)

1Vl ||Pran(y)(0))Lﬂran(n(l))l Nyl

”Pran(n(O))J—nn”

— 0,
17,

we have the following possibilities, depending on the value of the limit A of the sequence
Py 0 Laran Wy Ln
n= TVnPyerc, @, ]

P(y Vxn©) forr=0
lim P(y,xn,) = 1 P(y @xn®) for A = o0
P(y(l)Xn(o) + Ay(O)Xn(Z)) for A # 0, co.
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In the first two cases, the result belongs to a set of the form C,,(, @) ker(;i), While in
the third case both yMxn©@ and y@xn® have rank 1; hence lim, P(y,xn,,) belongs to
Dan(y ) ker(q0y fOT some i,j with rank(y ) = rank(»?) = 1.

Let now
)/(O)XU(O) =0, )/(O)Xn(l) =0, )/(O)Xn<2) £0
y(l)Xn(O) #£0, y(l)Xn(l) =0,
)/(Z)Xn(l) £ 0.
We write
YnXln _ VnX(Pran(n«’)) + Pran(n(o))i)nn
”VnPker(y(O)) ” ” Ny ” “ynPker(y(O)) ” ” Mn ”

VnPker(y(O))XPran(n(O))77n VnXPran(n(O))i n

”ynPker(y(O)) [ 17, 1 ”)’nPker(y(O)) 7,

_ VnPrer(y©)XPran(©)n
1V Prery ) Iyl
ynXPran(n(o))lﬁran(n(l)) Ny ynXPran(n(O))l Aran(n W)L Tn
17nPrercyon 172 Piercy o 1175,

_ ynPker()/(o))XPran(n(o))nn
”ynPker(y(O)) i Mn Il

YnPker(y©)nker(y ) XPran(n®) L nran(;1)In
1V Prery ) Il |

ynXPran(n(O))lmran(n(l))L N

1V Prery @) 7yl

_ ynPker(y(O))XPran(n(O))77”
1V Prercy ) 15

”Pran(n(()))i Nl ||ynPker(y<0>)ﬂker(y(1)) I
”nn ” ”ynPker(y(O)) ”

VnPrer(y ©)nker(y ) XPran(y®) Pran(; )L 1Tn

I VnPker(y(O))ﬂker(y(l)) Il ”Pran(n(‘)))i Ml

IV |1 Pran )L ran( )L T YnXPran(;©) L nran( )L My
” yn ” ”Pran(,](o))Lmran(n(l))L r]n ”

”ynPker(y(O)) 75l
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256 J. Bassi and F. Radulescu

Since

I1Prann©) L Tn 1 Vi Prer(y © )l
lim ran(n©)-+'In nt ker(y O)nker(y () -0,
n 75 11V Prer(y o)l

IR 1P a0y Larany(Dy L l

denoting by A the limit of TnPyore 0, Tim , we obtain
er(y™))
P(y Vxn©@) fora=0
lim P(y,,xn,) = 1 P(y ©xn®) for » = oo

P(y Dxn©@ + 1y ODxy®@)  forr # 0,00

Hence, we are in the same situation of the previous subcase.

Let now

y@xn© =0, yOxyM =0, yOxp@ £g
yWxn© 20, 5 Wxy® =0,
y@xnM =0,

In this case, ran(n") ¢ ker(x) and so we can write

YnXNn . ynXPran(n(O))nn + VnXPran(n<0))lﬂran(n(U)i NMp + VnXPran(n((’))iﬂran(n(l))nn

[ e . 1V Prercy ) 1711

VnXPran(n(O))nn + VnXPraln(n(O))iﬁran(n(l))L My

1V Prercy ) Iy

_ VnPker(y(O))XPran(n(O))77n

1V Prery @) 175l

1Vl ”Pran(n(O))J-mran(n(l))J- Ml VnXPran(n(O))J-ﬂran(n(l))J- Tn
” VnPker(y(O)) ” ” Ny ” ” Yn ” ”Pran(n(o))l-ﬂran(y/(l))l Ny ”

IR 1o 500y Larany Dy Ll

Letting A = lim,, 170 Pyey, @) MTn , we obtain
P(y Vxn©@) fora=0
lim P(y,xn,,) = 1 P(y @xn@) for » = oo

P(yDxn©@ + 1y O@xp@)  for r # 0,00

This situation is thus equivalent to the ones considered above.
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A Mixing Property for SL(3,7Z) x SL(3,Z) 257

(v): Consider now the case

y©@xn© =0, 5 OxpM £,
yWxn© =0,

As above, we will study different subcases. First, we add the condition
)/(Z)XH(O) # 0.

We have

VYnXNn VnXPran(r/‘O))nn + VnXPran(n(()))J-nn

1¥Prer(y©)ker(rd) 117 17 Prerty @ rcortn N1

VnPker(y<0))ﬂker(y(l))XPran(n(O))nn + VnXPran(r;(O))L M

1V Prer(y0)kortrd) 1175

i ynPker(y“)))ﬂker(y(1))XPran(n(0))nn

1 nPrercy ©)nkera) 115l

”yn” ”Pran(n(o))l nn” ynXPran(rl(O))J- Mn
1V Prery©)rier(y ) 7 1l ) 17 I Pran oL 1,11

1R 1P g 0y Ll

Hence, depending on the value of the limit A of . we obtain
[ V”Pker(y(o))mker(y(l)) Mzl
P(y @xn©@) fori=0
lir{n POymxng) = 1 P(yQxyD) for A = c0

P(y@xn©® 4+ 1y©@xyMy  for x #£0,00

Thus, if the limit has rank 2, it belongs to a set of the form D, 0)xerqi) With
rank(y @) = rank(n¥) = 1.

Suppose now that

y©@xn© =0, 5 OxpM £,
yWxn© =0, »@xy©® =,

In this case, ran(n?) ¢ ker(x) and so

VnXTTn _ Yn®Pran(©)1Mn

_ — Oy
” yn ” ”Pran(n(o))i nn ” ” yn ” ”Pran(y](o))lnn ”

Gz0z Areniga4 90 uo Jasn ejeblia Jo] elsioAlun AQ Z9€670./7E2/1L/7202/31914./ulWwil/wod dno olwspeoe)/:sdyy Wol) Papeojumo



258 J. Bassi and F. Radulescu

(vi): Let now

yOxn©® — 0, 5 Ox,® 0,
yWxn©® — 0, Wxy® £,

Suppose first that we also have
yOxn® — 0 @y 20
In this case, we have ran(x) C ker(y?) and we can write

VnXlln _ VnPrer(y©)XMn
1 VnPrery ©)nkery ) Ml 1V Prerty ©)rkercy ) 105l

VnPker(y(O))XPran(n(O)) M

 1nPrerty©)nkercy oy 1175l

VnPker(y(O))XPran(r;(O))L Mn

I VnPrer(y ©)nkery @) 15

. VnPker(y(O))ﬂker(yﬂ))XPran(n(O))nn

I VnPrery ©)nkerey @) 115

Vn]:,ker(y“”)XPran(r;(O))L Mn

I VnPrercy ©)nkery @) 15

I ynPker(y(O))ﬁker(yﬂ))XPran(n(O))77n

l ynPker(y(O))ﬂker(y(l)) [ Mn I

” )/nPkeI'(y(O)) || “Pran(n(o))i nn || ynPker(y(O))XPran(n(O))i T’n
”VnPker(y(O)) I ”Pran(n(o))l U™ I

I VnPrery ©)nkery @) 115

IV Pyar(y ©)) 11Pran 00y L 1l

Hence, depending on the value of the limit A of the sequence ' ,
llyn ker(y(o))mker(y(l))”Hnn”

have

P(y @xn©@) forr =0
lim P(y,,xn,) = 1 P(y Vxn®) for » = oo
P(y@Pxn©@ 4+ 1yWxn®)  for x #0,00

Suppose now that we have

yOxp@ =0, 5 @xy© —
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A Mixing Property for SL(3,7Z) x SL(3,Z) 259

In this case, if x has rank 2, we must have ran(n?) = ker(x) and ran(x) = ker(y©®) and

SOy € Cker(y(o)),ran(nw))'
Now consider the case

yOxn©® — 0, 5 Oxy® —q,
yWxn©® — 0, Wy £,
yOxn@ £, 3 @xy© £,

We shall see that this is impossible, since it would entail rank(x) = 3. For let v €
ran(n?), v, € ran(n!), and v, € ran(y®) be non-zero vectors and note that rank(y ?) =
rank(n®) = 1 for every i = 0,1,2 (since both @ and @ are non-zero). From the
hypothesis, we should have xv, # 0, xv; # 0, and xv, # 0. But xv, € ker(y @) nker(y V),
while xv, € ker(y @)\ ker(y1); moreover, xv, ¢ ker(y?). Hence, the range of x contains
three linearly independent vectors and its rank should be 3.

We are left to consider the case

yOxn©® =0, 5 OxyD =,
yWxn©® =0, 5 Wxy® £,
yOxn@ 20, »@xy© 0,

In this instance, ker(x) = ran(y?), and we can write

YnXNn _ yn‘)d-,l"?:lll(77(0))l "In
1Vn NPran©) L aran@) L Mell 170 HPran @)L arana )L Ml
_ ynXPran(n(O))iﬂran(n(l))l Nn VnXPran(n(l>)Pran(n(0))L Mn
1V 1Pran @)L arany L Tell 1R HIPrann©) Laranamy L Mn l

VnXPran(n(‘)))iﬁran(n(l))l M

” J/n, ” ||Pran(r,(0))l-ﬂran(n(l))J- r]n ”

( 1 Pran @)L M 1V Prcer(y oy )

I Pran (3L aran(n@)- Tl Vel

)/n]:,ker(y(o))XPran(r;(1>)Pran(r)(0))L n

”ynPker(y(O)) l ”Pran(n(o))l M Il
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260 J.Bassi and F. Radulescu

||Pran(,]<0))¢ nnll HVnPker(y(O)) I

Denote by A the limit of the sequence . We have
1Py an (50 Laran W)L T lHlTvell
Py Oxn@) fora=0
lirILnP(J/nXﬂn) = 1 P(yDxnD) for A = 00

P(y Oxn@ 4+ 1yWxn@®)  forx #0,00

This situation is analogous to previous cases. To complete the proof, note that con-
vergence of the translates of m, is guaranteed, since the map from Mj;, to P(My) is a

homeomorphism with its image. |

Proposition 4.6. Let u be a quasi-invariant top-dimensional finite Radon measure on
8ﬂG(Z).Then the Koopman representation T, C*(G(Z) x G(Z)) — B(L?*(w)) is a co(G(Z) x

G(Z))-representation.

Proof. Without loss of generality, we can suppose that u is a probability measure. In
order to reach a contradiction, suppose that {g,,} C G(Z) x G(Z) is a diverging sequence
ande > 0,&,¢ € Lf(aﬁG(Z),u) are given such that |(g§, £yl > € for every g € {g,,}, where
we denote with (-, -),, the scalar product associated to the measure ;.. We now apply the
following reduction: by approximating & and ¢ with essentially bounded functions and
changing the value of ¢, we can suppose that & and ¢ are in L*°(u); now changing again
the value of € and using the inequality [(g€,¢),| < (91,1), 1€l IS ], We can suppose
that the diverging sequence g, = (91(11),9512)) € G(Z) x G(Z) satisfies g,1,1),1 > €
for every n € N. First, we will work with the Radon-Nikodym derivative of the push-
forward of the measure p, considered as a measure on ¢~ '(Mj,). Suppose that g, =
(g%l),g,(lz)) € G(Z) x G(Z) is such that |(g,1, D)yl > € for every n € N. If both components
of g, diverge, up to taking a subsequence, by means of Lemma 4.5, we obtain that
there are (line, plane)-sets D(l), ...,Dg and Dy, ..., D; such that, denoting DO = ;’;1 D? and
D= U§:1 D;, for every m € M3l2\D0, there exists the limit limgg)mgg) and is an element
of D (whenever it belongs to Mj,). It follows from Lebesgue-dominated convergence

Theorem that

lirgngncb*u(f) = lign ¢.u(fog, =0,

for every compactly supported continuous function f that is zero on the finite union

of linear sets C = D U DY, In particular, for every compact set K C M;,\C, we have
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A Mixing Property for SL(3,7Z) x SL(3,Z) 261

lim, g,¢,u(xx) = 0 and so, for every compact set K’ C ¢! (M;z,)\¢~*(C), we have

It (Xg) = Guh(Xp-1px7y) = Ind.(@(K')) — 0.Let U C ¢71(M3,2) be an open set
containing ¢~'(C) with u(U) < €?/9 and K C ¢ '(M3,)\U a compact set such that
,u(qﬁ‘l(M&Z)\(U UK)) < €2/9. We have, by an application of Holder inequality,

[dg,u
1,1), = ——d
<gn >M /¢_1(M3,2) du a
[dg,p / [dg, 1 [dg,n
= P du+ —2—du+ / d
/U du o ¢~ (M3,2)\(UUK) du o K du o

1/2
d 1/2 d
5( Mdu) W2 ¢ / I ) e My )\(UUK))'?
v du ¢ (M 2)\(UUK) di

dgnu 1z 1/2
+(/K i du) w(K)

d 1/2
< w2 + (™ My )\(U UK))2 + ( ; g—”ﬂudu) <3\/e?/9 =¢,

for n large enough. |

4.2 Rational measures

In this section, we show that the Koopman representation associated to a rational
measure on dgzG(Z) is a Cj,;-representation. In order to do so, we will use a convenient
description of G(Z) as a dynamical system over the global stabilizer of a particular
rational plane-line set. This dynamical interpretation reveals the amenability of the
action of this global stabilizer on the boundary preimage of the corresponding plane-

line set, entailing the amenability of G(Z) x G(Z) on the rational part of the boundary.

Lemma 4.7. The action of G(Z) on the set of rational lines is transitive; the same is true

for the set of rational planes.

Proof. Let W be a rational line. Then there is a vector (m,n, k) € Z3N V. Suppose that
m, n, and k are all non-zero. Let g be the greatest common divisor between n and k and

write n = gN, k = gK. It follows from Bézout identity that there are a, b € Z such that
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262 J. Bassi and F. Radulescu

Na — Kb = 1. Letting

N b
9=( ) € SL(2,2),
K a

we have g(1,0)! = (IV,K)!. Hence g~ (V,K)! = (1,0)! and so g~ (n, k)! = (g, 0)!. We thus

have

o
\
_
& S
Il
o

Proceeding in the same way, we find h € SL(2,Z) and u € Z such that h(m, ¢)* = (u,0)

and so
h 0 00 m u
0 0 1 n |=1]20
g
00 0 k 0

Clearly, if one among m, n, and k is zero, the same strategy applies. Let now W be
a rational plane. Note that for every g € G(Z), we have (gW)+ = ‘g~ }(W"). Hence
transitivity of the action on rational planes is guaranteed by the first part of the proof.

|

Let R = (e}, e,) and R = (e;). We have

%]

H, . =G(2Z)g =

~

|g € SL(2,7Z), s,teZy,

o

f

h k

o

H, = G(Z)p = | f € SL(2,Z), hkeZ

—

In particular, (G(Z) x G(Z))y-1(¢, ) = H, x H,. Note that the set C g1 is the subset of

Mj , of pairs of projective matrices (m;, m,) with the property that m, has the form

m, = mod R\0.

o X X
o X X
o O O
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A Mixing Property for SL(3,7Z) x SL(3,Z) 263

We will make use of the map

72 x 72 — M, (Z)

v w v W, V,Ww
vy Wy Vowy VoW,

This map satisfies the following properties for g € SL(2,7), u, v, z € Z*:

A

guAv)=(gu) AV, UAVIg=uA(igv), @)
uU4+vVAz=unrz+vAz UAWV+Z)=UAV+UAZ

The (plane, line)-set we are interested in is Cr z.. We shall now give a dynamical

characterization of G(Z) as H, x H,-space. For let 0 # | € Z, and consider the space
X;:={(x;;m,n) | x; € GL(2,Q), det(x) = I, m,n e 7?, x;+ I'maAane M, (Z)}.

We want to define an action of H, xH, on Xj; itis convenient to use the following compact

form for representing elements in the acting group:

s
if y= I t € H,, V=( ) we write y=gxv;
t
00 1
0
f h , a
if 5= 0 , w= i we write 71 =fxw.

h k 1

Let H, act on Z? through (g x v);(u) := gu + Iv and similarly let H, act on Z?
through (fxw);(uw) = tf~1(u — lw). The action of H, x H, on X, is given by

(g x V), (fxw)) - (x;, m, n) := (QXLf_lr (g x v);(m), (fxw);(n)).
Forl =0, we let

Xy = {(x;)}jo1 € G(Z) | X35 =0}.
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264 J. Bassi and F. Radulescu

Lemma 4.8. The H; x H,-space G(Z) is equivariantly isomorphic to | |;c; X;.

Proof. Lety € G(Z) and write
X m
y:( : ) with x € M, (Z), meZ? neZ?lel.

Note that X, is H, x H,-invariant. Consider the map

GD\Xy — Lliez\10) %1
o
x m
— x—=I0I"'mAn,m,n).
tn 1

A direct computation, using the relations (2), shows that « is H; x H,-equivariant. By

definition, « is injective. In order to check that this map actually takes values in | |;.; X;,
X, X
X :( 11 X1,2 ),
X21 X2.2
- X. —X
% :( 2,2 1,2 );
—Xo1  X11

then we have, using the formula det(x + x’) = det(x) + det(x’) + Tr(kx’) for x, x’ € M,(R),

for

write

det(x — I"'m A n) = det(x) — I Tr([x(m)] A n) = det(x) — "1 (X(m), n),
while
det(y) = ldet(x) — Tr([x(m)] A n) = ldet(x) — (x(m),n) = 1.
Hence

det(x —I"'m An) = det(x) — I" (I det(x) — 1) ="
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In order to show that « is surjective, let I # 0 and (x;, m, n) € X}, then

-1
det( X+ e ’;‘ ) = ldet(x)) + det(x)Tr(lx;  (m)] A n) — det(x)Tr(lx; (m)] A n)
n

This completes the proof. n

In order to prove amenability of the action of H; x H, on ¢! (Cy, 1), we proceed
in the following way: first, we show amenability of the action on | |; 0X;; second, we prove

that the part of ¢_1(CR'R¢) that does not lie in | |;0X; is an amenable H, x H,-space.

Lemma 4.9. Letl € Z\{0}. There exists a sequence ,ug’l) /s ‘P(H,) with the following

property: for every y = g x v € H,, € > 0, there are N € N and K C R? compact such that

A

R Al
lyusP @) — uSP ol < e for every u ¢ IK N Z2.

The compact set K does not depend on the choice of I. A similar result holds for H,.

Proof. Consider the following maps:
(i) «:7Z? — R? a(v) = v/I. This map is H,-equivariant if we consider on Z? the
I-th action and on R? the canonical action of H, given by (g x v)(u) = gu+v.

(i) B : R?\{0} — RP!, B(m,n) = m/n. This map is SL(2,Z)-equivariant. Fix a
metric d on RP! that induces the natural topology, for every g x v € H,, we
have lim, _, ., d(B((g x V)(x,)), B(g(x,))) = O (cf. [17], 2).

(iii) An approximate invariant mean y, : RP! — P(SL(2,7)) (indexed by N) given
by amenability of the action of SL(2,Z) on RP!.

(iv) An approximate invariant mean §, : P(AﬂSL(Z,Z)) — P(H,) (indexed by a
net A) given by the amenability of the action of H, on P(AgSL(2,Z)). Here,
the action on A pSL(2,Z) is intended to be the extension of the natural action
coming from the identification SL(2,Z) = H, /Z?. Note that g x v(h) = gh for
every g X v € H,, h € SL(2,Z).
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Let € > 0, F C H, finite and u € Z*\({0} U U gy p)er{—lg ' ("}). For 2 € A, n € N,

we have

(g % V)8, ypBa(u) — 8, v, Ba((g x V)W)l

= 1@ x V)&, ypBa(u) — 5, (v Ba(w)ll;y (1)
+ 118, (v Ba(w) — 8, v, (gha(w)lly (2)
+ 118, v (@Ba (W) — 8, ¥, B (g, (3
+ 18, v Ba(gu) — 8, v, Bal(g x v) (W)l (4)

There is A € A such that contribution (1) is less than €/3 for A > X, uniformly in u and
n, for g x v € F. Fix such a A. There is 17 € N such that contribution (2) is smaller than
€/3 for every n > 1 (by continuity of §,) uniformly on u, for g x v € F. Fix such an n.
Contribution (3) is identically 0 by SL(2, Z)-equivariance of « and 8. There is a compact
set K ¢ R? (which we assume to contain {0} U U(gw)ep{—g_l(")}) such that contribution
(4) is smaller than €/3 for every a(u) ¢ K (by continuity of 4, ,,8), hence for every u ¢ IK
and g x v € F. We set u?’l) = 3§, y,Bo on 72\{0} and extend arbitrarily on {0}. Taking an
exhaustion of H, by finite sets F,, C F,,,; and a sequence ¢, — 0, we obtain a sequence of
compact sets K,y C K, ,; C R? and of maps ug{\’l) = ,ug'l) : Z? — P(H,) with the property

that

I, ((g x v)(w) — (g X V)(u, (W)l < €, for every u ¢ lKn, geF,.

The first part of the claim is proved. In order to show the same result for H,, note that
the group isomorphism H, — H,, fxw > {(fxw)~! interchanges the H, and H, actions
on Z2. [ |

For the proof of the next result, we need to recall a construction given in [21]. Let

H be the hyperbolic plane endowed with its hyperbolic metric and for a, b € H let
Fop=1{xeH| d(x,la,b]) < 1}.
Fix a reference point x, € H. For g € SL(2,R), let x'(g) be the characteristic function

of Fy gtx0) and x(g9) = x'@/lx' (@, € L?(H). Arguing as in [21], proof of Theorem 4.4,
we note that for every ¢ > 0 and F C SL(2,R) x SL(2,R) finite, there is a compact set
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K c SL(2,R) such that

€
I Xgnr—1 — ¥ xnll2 < 3 for every h ¢ K, (g,f) € F. 3)
Proposition 4.10. For every [l € Z, the action of H; x H, on d4X; is amenable.

Proof. First, we consider the case [ = 0. Let x € X; and write

x=(* ")  withhkez?
tk 0

Let g x v € H,, fxw € H, be such that ((g x v), (fxw))x = x, then gh = h and (f-lk =k,
which shows that the stabilizer of x is an amenable group. Thus, the action of H, x H,
on X, is boundary amenable.

Fix I € Z,1 # 0. In virtue of Lemma 4.9, given an exhaustion of H, by finite
symmetric sets F,, C F, ,, we can find finite subsets C,, C C,,; C Z? and maps u,, :
7% — P(H,) such that

1, ((g % V(W) = (g X VI, Wy < 1/n®  forevery u ¢ Cp, (g x V) € Fy,.

We can suppose that F,,C,, C C,,; for every n. Let now D, := F,C,; then the above
estimate is still true after replacing C,, with D,,. The point is that the sets D,\D,,_, are
“almost” eventually F-invariant for every finite subset F C H,, in the sense that for every
finite set F and n large enough we have F(D,\D,,_;) C D,,;\D,,_,. Consider the map
h: 7% — N given by h(u) := min{n € N | u € D,)} and let u : Z2\D, — P(H,) be given by
(cf. [17], 3)

h(u)—1

1
u(u) = o) ; i (w).

Extend arbitrarily x on the whole Z2. For every F C H, finite and € > 0, there is a finite
set K C Z? such that

ln((@ = VW) — (g x VpW)l, <e  foreveryu ¢ K, (g x v) € F. @

Relation (4) is exactly the boundary amenability of the I-th action of H, on Z? ([15],

Proposition 4.1). Hence, there is an isometry U : I(Z?) — [?(H,) such that

UA(S)U — a2 (s) € K(2(Z%)) forall s € H,,
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where we denote by a,. the unitary representation of H, on I?(Z?). Consider now the
countable discrete space 5(1 given by triples (x;,g x v,u) with x; € GL(2,Q) such that
Ix; e GL(2,Z2),det(x)) =1/l,gxveH,,ue 72 endowed with the action of H, x H, given
by

(g x v,fxw)(x, g x v, u) = (gxf ', (g x v)(G x V), Fxw)w).

Since this action is proper, it is implemented by a representation m, of the reduced
group C*-algebra of H, x H,; in particular it is boundary amenable. It follows from [15]
Proposition 4.1 that there is an isometry W : 1*(X;) — I?(H, x H,) such that

W*A(S)W — my(s) € K(lz(}?l)) for every s € H, x H,. (5)

Let V : I2(X)) — I2(X)) be given by V(5,, ® 8, ® 8,,) = 8(x)) ® U, ® 8,,. Arguing as in [15]
Proposition 4.1 (3 = 2), we have

lim [7g(9)V (8, ® 8 ® 8y) — Verg, (5)(8y ® 8,y @ 8)l, =0 foralls e Hy xH, (6)

Let then ¢ : X; — BE(H, x H,), ™ ((x;,m,n)) = WV (S, ® 5, ® ). Let s € H, x H, and

X = (x;, m,n) € Xj; then

Ix(s)p™ (x) — ™ (sx)lly = |L(8)WVS, — WV

sx||2
< AWV Sy, ® 8y, ® 8,) — Wrg()V (S, ® 8,y ® 8) I

+ ||W7r0(s)V(8Xl ® 68, ®38,) — WVaXl((SXl ® 68, ®38,)5.
Since V is an isometry, it follows from (5) and (6) that

lim IA(8)p™ ((x;, m, n)) — ™ (s(x;, m,n))||l, =0 for every s € H, x H,,.
—00

Putting u® := [¢V|? : X; — I'(H, x H,), we have

lim |Isp™ ((x;, m,n)) — u™ (s(x;, m,n))|l; =0 for every s € H,. (7)
m— o0
In a similar way, we find u”) : X; — I'(H, x H,) such that

lim |su” ((x;, m,n)) — u”(s(x;, m,n))||, =0 for every s € H, x H,,. (8)
n—oo
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Letnow x : SL(2,R) — L%(H) be the map introduced above. Consider the isometry
v’ 12 x;) — L2(H) @ I2 XD 8ymmy > Xsign/T-xi ® 8(x,,m,n)- Let H x X; be endowed with
the proper action of H, x H, given by

(g % v), Fxw) (v, x;,m, n) = gy, gx,f ', (g x v);(m), (Fxw);(n)).

By properness, the Koopman representation on L?(H) ® [?(X)) is a representation r, of
C:ed(H)» X Hp). In virtue of (3), for every € > 0O and F C H, x Hp finite, there is a compact
set K C SL(2,R) such that

(V") (V" — ax, () Gxymn)ll2 < f—} for every x; ¢ K/sign()y/|ll, s€ F.  (9)

By Voiculescu’s Theorem, there is an isometry U” : L>(H) ® lz(Xl) — [2 (H, xH,) such that

(U AU — 7y (s) € K(LA(H) ® 12(X))) for every s € H, x H,,.

Hence, for every e > 0 and finite set F C H, x H,, there is a finite set K’ C X; such that

€
I(U"Y*1(s)U" — ”0(3))(Xsign(l)m-x, ® 8y mm))ll2 < 2 for every (x;, m,n) ¢ K', s € F.

Projecting on the first component, we find that for every € > 0 and finite set ¥ C H, x H,
there is a finite set K; C M,(Z/l) such that

€
ua 1/
(T M(s)U" - ”0(3))(Xsign(l)\/|7|xl ® S, mm)ll2 < 1 for every x; ¢ K;, se F. (10)

Lete > 0and F C H, x H,. Pick compact sets K C SL(2,R) as in (9) and K; C M,(Z/l) as
in (10). Then, for x; ¢ K/sign(l)\/m UK, and s € F, we have
IA(s) U//V”(S(Xl,m,n)) - U//V//OZX, (8) B xymmy) 2
< 1S U" V"G xymmy) = UV sy mmy) 2
N 79OV Gy mym)) — UV g () By i)l 2
< MOV Xgigny /iix © Soamm = U'T0) Xsignay i © Scamm 2

10OV Gy mmy) = V't Gigmmy )z < €/2+€/2 = €.

It follows that the map u* : X; — I'(H, x H,), (x;,m,n) > [U"V"8, ,, 1 |* satisfies:

lim ||SM(XZ)((XZ, m,n)) — M(Xl)(s(xl, m,n))|; =0 for every s € H; x H,,. (11)
X]— 00
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Let now F,, C F,,; be an exhaustion of SL(2, Z) x SL(2, Z) by finite symmetric sets,
and let C,, be an exhaustion of M,(Z/l) by finite sets such that for every n € N we have
F,C, C C,,, and define D,, = F,,C,,; let R : M, (Z/l) — N be given by h*?(x;) = min{n €
N | x; € D,}. Similarly, define exhaustions of H,, H,, 72 and functions h™, h(® . Define
¢ X — I'(H, xH,), w((x, m, n)) = (A% (x) +h® (m) + 1P (n)) "1 (RXD () u*P (x5, m, ) +
h® (m)u™ ((x;, m, n)) + h® (n)u® ((x;, m, n))). We have

lim  [su((x;; m,n)) — u(s(x;, m,n))ll; =0 for every s € H, x H,.
(x;,m,n)— o0

This proves that the action of H, x H, on d4(X;) is amenable. |

Lemma 4.11. Foreveryle Z and k € N, let X := {(x;, m,n) € X; | min{||m]|, [nll} < kll|}.
We have ¢! (Cg 1) N (95G(D\ ez 95X S 395G\ Ukery 95 (Liez X1.0)-

Proof. Observe the following general fact: if A is an infinite subset of G(Z), w € 93A C
G(Z) and {x,} C G(Z) is a net converging to o, then x, eventually belongs to 4; in
order to see this, let X, — o, this means that the principal ultrafilters associated to
x, (the principal ultrafilter associated to an element x is the ultrafilter given by all the
subsets containing x) converge to w; since w € A, by definition, w belongs to the open
set determined by A, that is, the set of ultrafilters containing A; then, eventually, the
principal ultrafilters associated to x, belong to this open set and so A is eventually an
element of these ultrafilters; it follows that the points x, eventually belong to A. On the
other hand, if w € dpG(Z)\0gA, then x, eventually belongs to A€, since G(Z)\9gA = {w €
IsG(2) | A€ € w}. It follows that if w € dg G(Z)\ Lz dgX), any net x; converging to o
should satisfy |(x; )3 3] — oo. Let now x,, be a sequence in G(Z) such that [(x,)3 3| — oo
and ¢(x,) - X € Cgp.. Let x be a representative of X in M3 ,_; (abusing notation, we
are replacing x = (m;, m,) by its first component m,;) and p be the orthogonal projection
on R, then we have pxp = x # 0. It follows from Lemma 4.4 that there is § € R\{0} such
that px,p/|px,pll — 6x. We write

0
X_( 9n Vn) R
n — ¢ 2 - 2
w, I

where v, w,, € 72. Note that since x has rank 2, then g is invertible. Let A, = lpx,pI6,

so that x,,/A, — x, which entails g,/A,, — g, v, /A, - 0, w,/A, — 0,and /A, — 0.
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d -b b
In = " "), where g, = n On .
—Cp an Cn dn

We can write 1 = det(x,,) = [, det(g,,) — (g,,(v,), w,,) for every n; hence, det(g,,)) = (1 +

Denote

(9,(v,), wy,))/L,. Since both A, and |I,| go to infinity, we have (A2],)~! — 0; moreover,

Gn /Ay, converges since the same is true for g, /1,,. But then, the relation

v, ) wy, )
|ln)‘n|1/2 ,lln)‘n|1/2

0 # | det(g)| = lim|det(g, /3,)| = lim ‘é_n (

implies

Tn 0 n 0 (12)
a2 7 070 iz 7 07

We will see how equation (12) entails the claim. Let w € ¢71(CR'RJ_) N (0gG(Z)\ Lz X))
and x, — o. We already observed that |(x;)3 3| = |l;| — oo. Suppose for the sake of
contradiction that o € gy 95|z X1 x)- By the first part of the proof there should be
k € N such that x; eventually belongs to | |;.7 X . Since Mj , is first countable, we can
extract a sequence x,, from the net x, such that ¢(x,,) - ¢(») and |l,| — co. But then the
relations |v,| < |I,|k and [,,/A,, — O would entail v,,/|l,,A,|'/? — 0 and similarly for w,,,

contradicting equation (12). |

Lemma 4.12. Let I" be a countable discrete exact group and X a countable discrete I'-
space. Let Y C dpgX be a closed I'-invariant subset and  : X — P(I') be such that for

every y €', w € Y, and net x, - w, we have

lim [In(yx,) = yn(x,)ll; = 0.

Then the action of I" on Y is amenable.

Proof. (cf.[15] Proposition 4.1) Let 7 : AgX — P(AgDN) be the continuous extension of n
to AgX (P(AgD) is endowed with the w*-topology on the dual of [°°(T")). Since T is exact,
the action of I' on A4I" is amenable. Hence, it is enough to show that 7|y is equivariant.

Forletw e Y,y €T and {x,},., be a net in X such that x, - w.Let ¢ > 0 and f € [*°(I');
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there is A € A such that

lyn(@)(f) —ynx,) (N < €/3, In(rx,)(F) —nlyo)(N)] < €/3,

In(yx,) —ynx)l, < €/GIfID for 1 > 2,

where the first two inequalities follow from the continuity of n and the third one follows

from the assumption on Y in the statement. Hence, for 1 > X, we have

lyn(@)(f) = n(yo)(O)| <lyn@)(F) — ynx)HOI + lynx) ) — n(yx;) ()]
+ In(yx)(f) —n(yw)(f)] <e.

Since € and f are arbitrary, the result follows. |

Proposition 4.13. The action of H, x H, on aﬁG(Z)\(de\](al3 Lliez X100 Y (Uiez dpX)) is

amenable.

Proof. It follows from Lemma 4.9 that there are an exhaustion of H; x H, by finite set

F, C F,,, a sequence of natural numbers k,, — oo, and sequences of maps ,u(A b.g2

PH,), p,(p b.g2 P(H,) such that for every n € N and (y;, y,) € F,,, we have

e @) — w5 (Gl < 5z forevery|ul > llik,, L€ Z\0,
(p.D) _ (p.D) L f lk. leZ
ot @) =t (Wl < 5 or every ||[v| > [k, | € Z)\0.

Take the sequences of map Mn ,;L,({’) from G(Z) = | |; X; to P(H,) and P(H,) respectively
given by u, )((Xl,u V) = un l)(u) and /L(p)((xl,u, V) = (p l)(V) for [ # 0, arbitrary for
[=0.

We define a sequence of maps 7, : G(Z) — P(H, x H,) by

A
= 1 @ .
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We have

1) (0)

57, %) — 0, (5011, < Iyl W) — w (Wl + lyend (v) — uf

((r)Mly

1
< ) for every x ¢ |_| Xk, S= 1. v2) € Fy.
€7\ (0}

Up to taking a subsequence, we can suppose that k,,,; > kZ for every n. Let s € H, x H,.
We will see now that for every y in either H, or H , there is a positive constant M = M(y)

such that for every u € Z? we have:
1
i M < |lyull < Mljul| + [[|M. (14)

In order to check this, note that it is enough to show the existence of positive real

numbers m;, m,, m5, and my, such that for every u € R? we have
myllull — myll] < [lyull < mallull + mylll;

suppose then that y = gx v € H,; in this case, we can take m, = my = ||v||, m3 = ||g||. It is
left to show the existence of m; > Osuchthat ||gu|| > m,|u| foreveryu e R2\{0}. Suppose
such an m, does not exist, then there is a sequence u,, such that | gu,|/llu,|l = 0. Up to
taking a subsequence, we can suppose that u,,/||u, || converges to a point u of norm one;
hence gu = lim, g(u,,/|lu,||) = 0, which is impossible. Suppose now that y = fxw € H,.
In this case, we can take m, = my, = | Fwl, my = I5£~1, and for m;, we can
apply the above reasoning to !f~! in place of g. This proves the desired relation. We
want to show that as a consequence of (14), since we are assuming k%H > k,, there is
N = N(s) € N such that

s(I_le'an\ |_|Xl,kn) C I_le,an\ |_|Xl,kn,1 for everyn > N. (15)
10 10 10 10

In fact, let s = (y;, ¥,) and suppose u € Z? is such that Ik, < llull < |llk,, for some n.

Letting M = M(y, ), in virtue of (14), we have

1Dl < Miull + UM < Mk, + 1) < U2, < lkyy, — for2M <k,

1 1
1ol = -l — Ml = Mlllkn =Ml = |ll\/k,, > UKy, for 2M < | /ky,.
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Hence, for n large enough, we will have |l|k,, _; < [[(y))ull < ||k, . In the same way, we

obtain |l|k,,_; < ||(yp);ull < |llk,,, for n large enough. This proves (15). For every n € N,

define nl |, %, \Leo Xy Lliez X140\ Liez X1, = PH, x Hp) by
1 n
neo) = Zl‘,ni(x)
=

and extend to G(Z), arbitrarily inside | |;.; Xk, - Now s € F,,, for some m € N (hence s
belongs to F,, for every n > m) and so equation 13 is true for s for every n > m. In virtue
of equation (15), for every x € |_|l5‘éo Xl,knﬂ\'_]l;éo Xk, with n > max{N, m}, we have the

following possibilities, depending on where x lands under the action of g:

1< 1< 2N + 1
lgn@) = n(@oll = 1> 0, = — > (@)l < ==,

i=1 =1

N+1 N 1
4

1 n 1 n—1
||gn<x)—n(gx)||1=||;g§m(x)—m§ni@x>lhS n Thnoitw

1 & 1 ! N N+1 1
lgn () = n(gx)ll; = ||Eg§ni(x)—n—+1§m<gx)n1 < T a T TharT

Hence, for every ¢ > 0, there is N'(s, ¢) € N such that

llgn() —n(gx)ll, <e  forevery x ¢ | | X, (16)

1£0

s’

Let now o € dgG(Z)\(Uken(0p Llicz X16) YU (Liez 95X)) and x; — w. As we observed in the
proof of Lemma 4.11, we must have (x;)3 3 # 0 eventually and x; should eventually avoid
every set of the form | |,.; X; . So, for every n € N, there is 1 in the net such that x, ¢
Llic0 Xy, for every A > A. Hence, for every € > 0, there is A such that x;, ¢ | |,.0 X,

(s,€)
for every A > A and so equation 16 entails

lsn(x,) — n(sx;)ll; < € for every A > A;

since ¢ is arbitrary, we have lim, ||gn(x,) — n(gx,)ll; = 0. The result follows from Lemma
4.12. |

Lemma 4.14. Let I' be a countable discrete exact group acting on a compact space X.

Let X = Y U Z be a decomposition of X in I'-invariant sets, with Y closed and Z open.
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Suppose that the restricted actions of I' on ¥ and Z are both amenable. Then the action

of I" on X is amenable.

Proof. By exactness, C(X) x,.I'/Cy(Z) x,.' = C(Y) x,.I". Since Cy(Z) x,.I" and C(Y) x,.T" are
both nuclear, also C(X) %, I is nuclear. Hence, the action of I" on X is amenable in virtue
of [3] Theorem 3.4. [ |

Proposition 4.15. Let u be a G(Z) x G(Z)-quasi-invariant finite rational measure on
g G(Z). Then 7, isa Cr,4(G(Z) x G(Z))-representation.

Proof. In virtue of Proposition 4.10, the action of H, x H, on the open set | |;X; is
amenable; in virtue of Lemma 4.11 and Proposition 4.13, the action of H, x H, on the
closed set ¢_1(CR,RJ_) N (05G(Z)\ Ll X)) is amenable; hence, by Lemma 4.14, the action
of H, x H, on ¢! (Crr)N E)ﬂ G(Z) is amenable. It follows from Lemma 2.2 and Lemma 4.7
that the action of G(Z) x G(Z) on the inverse image under ¢ of the disjoint union of all
the rational (plane, line)-sets is amenable. It follows from Lemma 2.3 that the Koopman

representation associated to u factors through C}, ;(G(Z) x G(Z)). |

4.3 Irrational measures

Parallel to the previous section, in the following, we want to prove amenability of the
action of G(Z) x G(Z) on the orbits of preimages of irrational (plane, line)-sets. Actually,
in this case, we obtain a stronger result, namely the global stabilizers of irrational (plane,
line)-sets act amenably on d4G(Z) (and not just on the preimages of the corresponding

(plane, line)-sets).

Proposition 4.16. Let V be either an irrational line or an irrational plane. Then G(Z),,

is amenable.

Proof. Let V be an irrational line and v € V non-zero. Consider the Q-algebra
A, :={a € M3(Q) | aV C V}. For every a € A, there is a real number A(a) such that
av = A(a)v. The map A, — R, a — A(a) is a character. Up to permutation of the indices,
we can suppose v = (v;,V,,v3)" with v; and v, independent over Q. Consider first the
case in which v, v,, and v4 are linearly independent over Q; then A is injective and the

global stabilizer G(Z),, is abelian. Consider now the case in which v = 0,v; + 6,v, is a
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Q-linear combination of v; and v,. Every element a in the kernel of A must be of the form

a1ty oty —oy
a=\| ay0; ay0, —ay |, for some o}, a0y, 05 € Q.

az0; ozl —ag

In particular, for such a's, we have a(e; +6,e3) = a(e, +6,e3) = 0; on the other hand, any
matrix a satisfying these relations must satisfy A(a) = 0. Denote by p, the orthogonal

projection onto the (real) linear span of e; + 6,e; and e, + 6,e5. Hence,

ker(Ax) ={a €A, | ap, =0}

It follows that ker(1) N p,A p, = {0} and so the restriction of A to p,A, p, is injective,
entailing commutativity of p,A p,. Note now that, since ker(1) is a bilateral ideal and
(1 — py) € ker(), for every a € A,, we have (1 — py)ap, = 0. Up to a change of basis,
performed by an orthogonal matrix in SL(3, Q), we can suppose that p, projects onto the

span of e; and e,; the relation (1 — p,)ap, = 0 translates then to the fact that a has the

form
X X X
X X X (17)
0 0 x

If a € M;4(Q) is invertible and has the form (17), then also p,ap, is invertible. Hence,
the group of invertibles in A, is a subgroup of the semidirect product group of the form

Inv(p,A,p,) x H, where H is the group of matrices of the form

x,y,2€Q, z#0.

S O~
o = O
N NOX

Since H and Inv(p,A p,) are amenable groups, it follows that the group of invertibles in
A, is amenable as well. The case in which V is a rational plane follows as well; indeed,
in this instance, the global stabilizer of V is the transposed of the global stabilizer of

V-, which is amenable. [

Lemma 4.17. Let G be a discrete countable group and H C G an amenable subgroup. If

G is exact, the left-right action of G x H and H x G on BﬁG are amenable.
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Proof. In virtue of [15] Prop. 4.1 (3), it is enough to prove that the action of G x H on G
is amenable. For let uff : {x} — P(H) and MS : G/H — P(G) be approximate invariant
means. Then the maps x +— /,LrGl(XH) ® /ﬂ,f G — P(G x H) constitute an approximate

invariant mean. The other case is similar. [ |

Proposition 4.18. Let u be a quasi-invariant irrational measure on d;G(Z). Then the
Koopman representation T, C*(G(Z) x G(Z)) — B(L?(u)) factors through Croq(G(Z) x
G(Z)).

Proof. The measure y is supported on a union of G(Z) x G(Z)-orbits of (plane, line)-sets.
In virtue of Lemma 2.4, we need to show the result for the orbit of an arbitrary irrational
(plane, line)-set Cy, 1. It follows from Proposition 4.16 and Lemma 4.17 that the global
stabilizer of Cy j, acts amenably on d5G(Z). It follows from Lemma 2.2 and Lemma 2.3

that the Koopman representation 7, isa C},4(G(Z) x G(Z))-representation. |

4.4 From (plane, line)-sets to (line, plane)-sets
We summarize the results of sections 4.2 and 4.3 in the following:

Proposition 4.19. Let u be a G(Z) x G(Z)-quasi-invariant finite Radon measure on
dgG(Z) supported on the orbit of the preimage of a (plane, line)-set. Then the Koopman
representation Ty, C*(G(Z) x G(Z)) — B(L?(w)) is a Cy.q(G(Z) x G(Z))-representation.

r

Proof. Follows from Proposition 4.15 and Proposition 4.18. ]

Now we want to see how a similar result holds when considering measures

supported on orbits of preimages of (line, plane)-sets.

Lemma 4.20. Let A be a set in either £ or 7 and u be a G(Z) x G(Z)-quasi-invariant
Radon measure supported on the orbit of ¢ ~!(4), which annihilates every set in ¢~1(C).

Then the Koopman representation associated to u is a Cy,;(G(Z) x G(Z))-representation.

Proof. We let {e;,e,, e;} be the standard orthonormal basis for R3. It follows from
Lemma 4.3 that the global stabilizer of A is of the form G(Z); x G(Z),, where either
dim(V) = dim(V’) = 1 or dim(V) = dim(V’) = 2. Hence, if at least one between V and V' is
irrational, the global stabilizer of A acts amenably on ¢ ~!(A) in virtue of Proposition 4.16
and Lemma 4.17. Moreover, if both V and V’ are rational, by transitivity (Lemma 4.7), the
orbit of ¢! (A) under G(Z) x G(Z) is the orbit of the preimage of either the set of matrices

whose range is (e, e,) and kernel contained in (e;, e,) in the case dim(V) = dim(V’) = 2,
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or the set of matrices whose range contains e; and kernel is Re;. The global stabilizer of
Fe, en)e1.e0) 18 Hy x H; and the global stabilizer of Ep,, ., is H, x H,. We want to show
that both the action of H, x H, and of H, x H, on d4G(Z) is amenable. Consider first the
case of H, x H,.Let G(Z) = H, U (G(Z)\H,). Then the action of H, x H, on dgH, C BﬁG(Z)

is amenable by [17]. Let now x € G(Z)\H, and we write

Xy m
X:( 0 l ), where x, € M,(Z), m,n cZ7? le’.
n

If g x vand h x w in H, are such that (g x v)x(h x w) = x, then h’(n) = n, hence the
stabilizer of x is a subgroup of the product of G(Z) and an amenable group; since G(Z)\H,
is invariant under taking inverses, it follows that the same reasoning can be applied to

the equality (h x w) " lx1(gx v)" ! =x7!

in order to show that also h x v belongs to an
amenable group (fixed by x) and so the stabilizer of every point in G(Z)\H, is amenable.
It follows that the action of H, x H, on G(Z)\H, is amenable and so the action of H, x H,
on G(Z) is boundary amenable. We shall see now that the boundary amenability of the
action opr xH, on G(Z) follows from that of H, x H,.Infact,let u : G(Z) — P(H, xH,) be
such that for every g = (9,,9,) € H, x H, we have lim,_,  lgu(x) — ,u(glxgz_l)lll =0and
consider the map i : G(Z) — P(H,xH,) given by ji(x)(y) = u( tx~1)(ty~1). Then for every
9=1(9,.92) € H,xH, we have lim,_,  [lgi(x) — ;l(glxgz_l)u1 = 0. The result follows from
[15] Proposition 4.1. Let X be either F, ..,
(hence either H, x H, or H, x H)), let {g;},,
for (G(Z) x G(Z))/A and consider the space (G(Z) x G(Z))/A x ¢~1(X) endowed with the
action of G(Z) x G(Z) given by g(g;A,x) = (g, A, nx), where gg;A = g A and n = g;lggi.

e1.es) OF ERes Re, and A its global stabilizer

cGzxcz) be a set of coset representatives

This dynamical system satisfies the conditions of Lemma 2.2 (with ¥ = (A, ¢~1(X))) and
so the action of G(Z) x G(Z) on this space is amenable. The space (G(Z) x G(Z))¢ 1 (X)
is a G(Z) x G(Z)-equivariant quotient of this space, the quotient map being given by
(9;A,x) — g;x. Let now p be a measure as in the hypothesis. Since the intersections
of (line, line)-sets and (plane-plane)-sets are (plane, line)-sets (see the discussion at the
beginning of Section 4), it follows from the assumptions that the Koopman representation
associated to the pullback measure on (G(Z) x G(Z))/A x ¢$~!(X) and the one associated
to u are unitarily equivalent. It follows that T, is a C* ,(G(Z) x G(Z))-representation. H

red

Lemma 4.21. Let D be a setin D and u be a G(Z) x G(Z)-quasi-invariant Radon measure
supported on the orbit of ¢~!(D), which annihilates every set in ¢~!(£ U F). Then the

Koopman representation associated to u is a C;,;(G(Z) x G(Z))-representation.
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Proof. We proceed as in the proof of Lemma 4.20. Hence, we only need to show that
the global stabilizer A of a set D in D acts amenably on its preimage in dzG(Z). In order
to do so, it is enough to show that for every V, W C R3 with dim(V) = 1, dim(w) = 2,
we have that G(Z)y, x G(Z)y, acts amenably on 7 (Dy 1), where 7 is the map sending a
matrix to the cartesian product of its range and its kernel (this space is endowed with
the quotient topology coming from SL(3,R) x SL(3,R)). In order to do so, observe that the
action of G(R)}, x G(R)yy is transitive on Dy, ;, (since the action of SL(3, R) is transitive
on the Grassmanian); in particular, it is amenable, since the stabilizer of ({e;, e;), Rej) in

70 (DRe, (e5,5)) 18 amenable, being given by products of Borel subgroups. The result followll

We summarize the results of this section in the following:

Proposition 4.22. Let u be a G(Z) x G(Z)-quasi-invariant finite Radon measure on
d3G(Z) supported on the orbit of the preimage of a (line, plane)-set. Then the Koopman
representation T, C*(G(Z) x G(Z)) — B(L3(n)) is a C},;(G(Z) x G(Z))-representation.

Proof. Themeasure y can be decomposed in the orthogonal sum of a measure supported
on the orbit of a (line, plane)-set that annihilates sets in ¢_1 (CUEUF), acountable sum
of quasi-invariant measures supported on (line, line)-sets or (plane, plane)-sets, which
annihilate sets from ¢~!(C) and a countable number of measures supported on (plane,
line)-sets. The result then follows from Lemma 2.4, Proposition 4.19, Lemma 4.20 and
Lemma 4.21. u

5 Statement of the Result

We summarize the previous discussion in the next Theorem. Given two finite measures
u, v on a locally compact space X, we will write 4 = ., + p,,, where u ., is absolutely

continuous with respect to v and p |, is singular with respect to v.

Lemma 5.1. Let X be a locally compact space endowed with an action of a discrete
countable group I" and u a finite Borel measure on X. There are a quasi-invariant finite
measure (i on X and a Borel set A C X of full u-measure such that u = ul, = il,.

Moreover, it is a Radon measure whenever u is.

Proof. Fix an enumeration {y,},cy of the group I'. For every n € N, let ug = u, p,, =
(VnM)J_Z?:—OI i for n > 0. Consider the measure i = > ;. ;27 "u,,. We show that j is quasi-
invariant. Let E be a Borel subset with [i(E) = 0. Then u,(E) = 0 for every n and so

n1,,(E) = 0 for every n. Note now that if > ! 1.(E) = 0 and u, (E) = 0 for some
i=0 "™ =0 ™1 n
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n > 0 then y,u(E) = 0, in fact

Vnt)E) = (k) yn1, (B + Gtt) 51 (B) = () ynn (B) + i (B) = 0.

It follows that (y,,u)(E) = 0 for every n. Hence, given y € I', we have u,(yE) < /,L()/n_lyE) =
0 for every n € N and the result follows. For every 0 < n € N, there is a Borel set A, such
that ©u(X\A,,) = 0, u,(4,) = 0. Let A = (), A4, and let E be a Borel set. Then i(E N
A) =2 02""u,(ENA) = u(ENA). The regularity of the measure i follows from the

construction. [

Theorem 5.2. Every SL(3,7Z) x SL(3,Z)-quasi-invariant Radon measure x on dgSL(3,Z)
decomposes in the sum of two mutually singular quasi-invariant Radon measures Mtop

and p;, such that the associated Koopman representations satisfy:

L is a c(SL(3,Z) x SL(3,Z))-representation (see Definition 2.5, Definition
2.7),

i is a C},;(SL(3,Z) x SL(3,Z))-representation.

In particular, the centralizer of every infinite subset of SL(3,Z) is amenable and

the same property does not hold for SL(n, Z) if n > 4.

Proof. A quasi-invariant measure on d4zSL(3,Z) can be decomposed in the sum of a
measure supported on ¢! (M;,), one supported on q&*l(Méyz) and one supported on
¢~1(Y,). The part supported on ¢! (Y;) is tempered and so, in virtue of Proposition 3.4, it
is enough to study a measure supported on ¢! (M3 ). Let u be a quasi-invariant Radon
measure on ¢_1(M3'2) and decompose it as a sum of a measure supported on preim-
ages of (line-plane)-sets and a top-dimensional measure. The Koopman representations
associated to the orbits of (line, plane)-sets are C},;(SL(3,Z) x SL(3, Z))-representations
in virtue of Proposition 4.22, while the Koopman representation associated to the top-
dimensional measure is a c;(SL(3,Z) x SL(3,Z))-representation in virtue of Proposition
4.6. Let now I" be any countable discrete group satisfying the property of the statement
and let {x,} be an infinite subset of I'; denote by A the centralizer of {x,} in I'. Let
w € 9N and ¢ the associated state on C(dgI") given by ¢(f) = lim,wa(Xn), where f
is any representative of f in C(A4I'). Let i, be the associated Radon measure on 94T
and u its quasi-invariant extension as in Lemma 5.1. Suppose we have a decomposition
W = Ittop + Miin as in the statement. If A is finite, there is nothing to prove, hence we can

suppose that A is infinite. First observe that uy L Piop: indeed, otherwise, we could write
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o =y + g, where u; L pyand 0 # pu; < Ktop- Since the action of A on L? (tg) is trivial,
the same is true for its restriction to L2 (11), but L2 (1) embeds A-equivariantly inside
L2 (1top) and this is the desired contradiction. Hence, we certainly have ug < uy;,. Since
the Koopman representation x, is a Cy,;(A)-representation, we have that the trivial

representation of A is a C;_,;(A)-representation, which entails amenability of A. As a

%k
re
consequence, SL(n, Z) does not satisfy this property for n > 4. |

As the anonymous referee pointed out, the fact that infinite subsets of SL(3,7Z)
have amenable centralizers can also be obtained by elementary algebraic methods ([16],

Example 7).

Corollary 5.3. The Calkin representation n, of C*(SL(3,Z) x SL(3,Z)) is a C:/ (SL(3,7Z) x
0

SL(3,7Z))-representation. Moreover, the same result does not apply to SL(n,Z) for n > 5.

Proof. The proof of Proposition 4.22 relies (see the proofs of Proposition 4.4, Lemma
4.20 and Lemma 4.21) on the fact that the global stabilizers of the preimages in d;G(Z) of
sets from D, C, £, and F act amenably on the respective preimages. Hence, the same proofs
apply for the respective preimages in w;l(aﬁSL(3, 7)) (see the discussion preceding The-
orem 2.11 for the definition of the map ). Therefore, every quasi-invariant finite Radon
measure on w;l(aﬂSL(& 7)) supported on the preimages of (line,plane)-sets is tempered.
Also, Proposition 3.3 admits a generalization to the case at hand, by considering the
map *inv : o (I*°(SL(3,%2),) — o(*°(SL(3,Z),) induced by (f,,) — (f,, o inv) and the first
part of the proof of Theorem 5.2 applies, showing that every SL(3,7Z) x SL(3,Z)-quasi-
invariant finite Radon measure on v l(aﬂ SL(3,Z)) decomposes as the orthogonal sum
of a tempered measure and a measure having cj-matrix coefficients. The result follows
from Lemma 2.4 and Theorem 2.11.

Letnow n > 5 and suppose that the Calkin representation of SL(n,Z) x SL(n,Z) on
B(?(SL(n, Z))/K(?(SL(n, Z)) is a CZ,)(SL(n,Z) x SL(n, Z))-representation. Embed SL(3, Z)

in the upper-left corner of SL(n,Z) x SL(n,Z) via the homomorphism

()G

In virtue of [7] Proposition 2.8, the restriction of the Calkin representation to SL(3,Z) is a
C¢, (SL(3,Z))-representation. But this representation contains the trivial representation
of SL(3,Z) (cf. [21] Remark 4.6) and this would imply a-T-menability of SL(3, Z). ]
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