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Abstract

All the almost periodic solutions for nonintegrable PDEs found in the literature
are very regular (at least C*°) and, hence, very close to quasiperiodic ones. This fact
is deeply exploited in the existing proofs. Proving the existence of almost periodic
solutions with finite regularity is a main open problem in KAM theory for PDEs.
Here we consider the 1-dimensional NLS with external parameters and construct
almost periodic solutions which have only Sobolev regularity both in time and space.
Moreover, many of our solutions are so only in a weak sense. This is the first result
on existence of weak (i.e., nonclassical) solutions for nonintegrable PDEs in KAM

theory.
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1. Introduction

We present here the first result on existence of weak (i.e., nonclassical) solutions for
nonintegrable PDEs in KAM theory. More precisely, we study NLS equations on
the circle finding almost periodic solutions, that is, solutions which are limit (in the
uniform topology in time) of time-quasiperiodic functions. We work on models with
external parameters of the form

i +ug, —Vxu+ f(|u|2)u =0, u(t, x) =u(t,x + 2n), (NLSy)

where i = ~/—1 and f(y) is real analytic in y in a neighborhood of y = 0 with
f(0) =0. Given V = (Vj)jeZ € [—1/4,1/4)% C £*°(R), the Fourier multiplier V * is
defined as the bounded' linear operator V* :  (£!) — F (£1) by’

u(x) =Y uje > (Vru)(x) =Y Viue*, (1.1)

jez jez

where F (£1) is the Wiener algebra of 27-periodic functions® having Fourier coef-
ficients in €' = €'(C) 1= {u 1= (u;) ;c;; € C¥: uly := 3y |uj| < 0o} endowed
with the corresponding norm [u(-)|g 1y := [u|s1. Note that the choice of the ball
[—1/4, 1/4]7 is rather arbitrary and any other ball is acceptable.

Besides classical solutions—namely, functions u admitting continuous deriva-
tives u; and u,, solving (NLSy )—we are particularly interested in weak solutions
according to the following.

Definition 1.1 (Global-in-time weak solutions)

A function u : R? — C which is 27 -periodic in x and such that the map ¢ > u(z,-) €
F (1) is continuous is a weak solution of (NLSy/) if for any smooth compactly sup-
ported function y : R? — R one has

/2(—i)(t+)(xx)u—(V*u—f(|u|2)u))(dxdt:0. (1.2)
R

Note that according to our definition a weak solution is a continuous* function
on R2.

Local well-posedness for equations as (NLSy/) is well known even in lower reg-
ularity (see, e.g., [9], [10]). In the context of integrable PDEs there are various results
on weak almost periodic solutions, we mention [31] and [32] for the KdV and mKdV
equations, [24] for the Szeg6 equation, and [23] for the Benjamin—Ono equation. In

!Clearly, the operator norm is |V || (s o1y, 5 e1)) = |V |oo 1= sup; |V 1.

2More precisely, (V * u)(z,x) := (V xu(z,-))(x) for every t €R.

3Note that all such functions are continuous.

*Indeed, |u(?, x) —u(to, x0)| < |u(z,-) —ulto, ") # 1) + lulto, x) —ulto, xo)|.
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this article, we work close to the elliptic fixed point u = 0 and consider (NLSy/) as a
small (nonintegrable) perturbation of the (integrable) linear Schrodinger equation and
prove the persistence of almost periodic solutions.

THEOREM 1

For almost every Fourier multiplier V, there exist infinitely many small amplitude
weak almost periodic solutions of (NLSy ). Infinitely many such solutions are not
classical and infinitely many are classical.

Here by almost every we mean a full measure set with respect to the product prob-
ability measure on [—1/4,1/4]%. The Borel sets on such a measure are with respect to
the product topology on [—1/4,1/4]% (see Appendix B). This theorem will be derived
in Section 3 from Theorems 2 and 3, stated below.

Before describing our results in more detail, we briefly motivate why one is inter-
ested in almost periodic solutions and particularly in those of low regularity.

In the study of finite-dimensional nearly-integrable Hamiltonian systems KAM
theorems play a pivotal role, casting a light that illuminates the picture quite clearly.
Indeed, under some (generic) nondegeneracy assumptions most of the phase space of
such systems is foliated by maximal invariant tori, whose dimension is half of the one
of the whole space. In particular, the system is not ergodic, and the majority of initial
data give rise to quasiperiodic solutions that densely fill some invariant torus and are,
therefore, perpetually stable. Possible chaotic behavior is restricted to a set of small
measure.

On the other hand, in the infinite-dimensional setting, for example, in the PDEs
case, the general picture is so far rather obscure and the main questions still remain
unanswered. The typical solutions of an infinite-dimensional integrable system are
the almost periodic ones that lie on maximal infinite-dimensional invariant tori. What
is their fate under perturbation? Is it still true that the majority of initial data produce
perpetually stable solutions? The meaning and possible answers to these questions are
deeply related to the regularity of the phase space in which one looks for solutions.
These questions are completely open and only very partial answers are available. In
particular, the known results are on spaces of very high regularity (contained in C *°).
On the other hand, finite regularity solutions appear naturally and are widely studied
in the PDE context. For instance, the persistence of Sobolev almost periodic solutions
is the first open problem on KAM for PDEs mentioned by Kuksin in [35] (see, e.g.,
Problem 7.1). Even though our solutions are quite special, being mainly supported on
a sparse set of Fourier’s modes, the present work can be seen as a first step forward in
this direction.
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As is usual in KAM theory, a key point in the study of the dynamics in the neigh-
borhood of these invariant tori consists in controlling the spectral properties of appro-
priate linear operators and dealing with the connected problem of small divisors. The
main difficulty is then to guarantee that suitable arithmetic (Diophantine) conditions
on the frequencies are fulfilled all along the scheme, so that small divisors can be
bounded accordingly and the almost periodic dynamics controlled. Extending Dio-
phantine (or similar) estimates, which strongly depend on the dimension, to the infi-
nite dimension is not straightforward. In fact, all the results on almost periodic solu-
tions for PDEs only deal with special model cases and consider parameter-dependent
equations.

Parameter versus regularity issues. Quoting Bourgain: “The role of this param-
eter is essential to ensure appropriate nonresonance properties of the (modulated)
frequencies along the iteration” [13, p. 63].

As we shall see below, in all the existent literature, the external parameters have
rather low regularity (giving a good frequency modulation), while the almost periodic
solutions have an extremely fast decay in their Fourier coefficients, which approach
zero superexponentially, exponentially, or subexponentially (Gevrey). This means that
those solutions are “very close” to quasiperiodic ones. For example, Poschel in [38]
studies an NLS with a multiplicative potential in L? (producing an infinite set of
free parameters) and smoothing nonlinearity and constructs almost periodic solutions
iteratively, through successive small perturbations of finite (but at each step higher)
dimensional invariant tori. This leads to a very strong compactness property: in order
to overcome the dependence of the KAM estimates on the dimension, the distances
of these tori have to shrink superexponentially, leading to very regular solutions. (See
also [22] for a generalization of Poschel’s approach to the analytic category by using
Toeplitz—Lipschitz function techniques.) In his pioneering work [13] on the quintic
NLS with Fourier multipliers (providing external parameters in £°°), Bourgain pro-
posed a different approach which does not rely on approximations by quasiperiodic
functions by working directly in Fourier space, and relying on a Diophantine condi-
tion which is tailored for the infinite dimension. For most choices of the parameters,
this leads to the construction of almost periodic invariant tori which support Gevrey
solutions (see also [8], [17]). In any case, all the above results are valid for most
choices of the (infinitely many) external parameters. An open question is whether one
can achieve a similar result by modulating finitely many parameters. This would lead
to applications to more natural PDEs.

Of course, the most challenging scenario is represented by a fixed PDE, where
the parameters should be “extracted” from the initial data.

Almost periodic solutions for a fixed PDE. Again, quoting Bourgain: “In the
absence of exterior parameters, these [nonresonance] conditions need to be realized
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from amplitude-frequency modulation and suitable restriction of the action-variables.
This problem is harder. Indeed, a fast decay of the action-variables (enhancing con-
vergence of the process) allows less frequency modulation and worse small divisors”
[13, p. 63].

Summarizing, the possibility of constructing almost periodic solutions for a fixed
PDE, that is, “eliminating” the external parameters through amplitude-frequency
modulation, appears to be intimately related to the regularity issues. Moreover, in the
context of completely integrable PDEs, the invertibility of the amplitude-frequency
map is known only in spaces of very low regularity (see [30]). It then becomes
fundamental to look for almost periodic solutions in lower regularity spaces if we
want to bypass the introduction of external parameters. While it is possible to lower
the regularity beyond the Gevrey class (see [15]), up to now all the known solutions
are at least C°°. On the other hand, finding finite regularity solutions appears to be a
very difficult question, due to extremely small divisors.

Comparable difficulties in tackling the Sobolev case appear in Birkhoff normal
form theory for PDEs leading to two different types of results. In the analytic or
Gevrey case one has subexponential stability times (see [19] and [16]), whereas in the
Sobolev case the stability times appear to be controlled by the Sobolev exponent (see
(21, [51, [6], [201, [21D).

The counterpart of total and long-time stability results is the construction of
unstable trajectories, which undergo growth of the Sobolev norms (see [11], [14],
[251-27D.

Comparison with the quasiperiodic case. In the context of quasiperiodic solu-
tions there is a wide literature regarding the finite regularity case (starting from the
seminal paper [34]). A good strategy, which works also for fully nonlinear PDEs, is to
apply a Nash—Moser scheme and prove tame estimates on the inverse of the linearized
equation at an approximate solution. This method was proposed in [3] (generalizing
the seminal works [12] and [18] concerning the analytic case) via multiscale analysis
(see also [1] or [4] for a reducibility approach).

Note that in the existing KAM literature finite regularity solutions are always
classical and due to finite regularity nonlinearities. Typically, one looks for an invari-
ant embedded finite-dimensional torus in a fixed phase space of x-dependent func-
tions. Then the regularity of the embedding is clearly related to the one of the nonlin-
earities, which, in the Nash—Moser schemes, is required to be high enough increas-
ing with the dimension of the torus. This is not surprising since in n-dimensional
Hamiltonian systems the minimal regularity of the Hamiltonian vector field in order
to construct a maximal Diophantine torus is essentially C” (see [29], [33], [39]). For
analytic nonlinearities one obtains analytic (or, at least, C *°) embedded tori and hence
smooth-in-time solutions. By bootstrap arguments, smoothness in space follows. We
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finally stress that in the integrable case one can construct even periodic solutions with
very low regularity (see, e.g., [23]).

In comparison, most of the almost periodic literature concentrates on the con-
struction of the solutions rather than the invariant objects. Inspired by [13], a concep-
tual novelty of [8] was to look directly for an infinite-dimensional invariant torus.’
The strategy developed in [8] applies also to nonmaximal tori both of infinite and finite
dimension. The persistence result was achieved through an abstract normal form the-
orem “a la Herman” (in finite-dimensional systems; see [36], [37]), whose estimates
are uniform in the dimension of the considered torus (see [8, Theorems 3, 7.1]).

Note that in looking for infinite-dimensional tori the topology of the phase space
plays a fundamental role. In particular, the analyticity of the embedded torus does not
necessarily imply the analyticity in time of the solution, at least if the frequencies are
unbounded as is typical in PDEs.

Small divisors for infinite frequencies in finite regularity. As discussed above,
lowering the regularity of the phase space requires dealing with very small divisors.
In order to apply the general approach of [8] in a phase space with finite regularity,
one needs to look at the problem from a novel perspective and introduce new ideas.
The starting point is to look for special tori which are approximately supported, in
Fourier space, on a sparse subset of Z called “tangential sites”(see Definition 2.2),
then prove that our solutions are supported on such sites (see (3.2)) up to a close
to identity change of variables. The crucial fact is that the choice of tangential sites
provides an extra set of parameters which can be used, for instance, to avoid reso-
nances or simplify small divisor estimates (see, e.g., [28], [41]). In fact, we prove that
an appropriate choice of the tangential sites (see Definition 2.2) allows us to impose
very strong Diophantine conditions (see Definition 2.3) so that our small divisors can
be controlled similarly to the Gevrey case of [8] and [13].

Having constructed an invariant torus contained in the phase space, we show
that it is the support of weak almost periodic solutions (according to Definition 1.1).
Finally, we prove that many tori support almost periodic solutions which are not clas-
sical.

2. Main results

It is convenient to exploit the Hamiltonian nature of (NLSy ). As was shown by Bour-
gain in [13], it is most convenient to use a product space as phase space. To this
purpose, we introduce the scale of Banach spaces®

3In the infinite-dimensional case, whether this is an embedding depends strongly on the chosen topology. See
the discussion in Section 2.1.

5Obviously, one could also take the more standard weight {j) := max{1, | j|} instead of | j |, which generates
the same Banach space, namely w,, = £°°*”. We made such choice for merely technical reasons (see proof of
the monotonicity property given in Proposition 4.3 contained in [6, Proposition 6.3]).
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wp = {u:= ;) €L'(C): ul, = §1€IIZ)|uj|Lij <o}, p>1, (21
where |j| := max{2,|j|}. We look for solutions in the Fourier-Lebesgue space
F (wp) of 2m-periodic functions whose Fourier coefficients belong to w,. In the fol-
lowing, we will identify functions and sequences writing, for example, £! instead of
F (£Y) or w), instead of F (w,) and so on. Moreover, we have the following standard
immersion properties.” For 0 < k < p — 1, we have C? C H? Cw, C C* with the
estimate

cmax{[[u®||zoe, ullzoc} < ul, <2max{[u'® |12, [u]| 2}, 2.2)

where the first inequality holds for # € w, and the second one holds for v € C? and
where ™! =3 | j]F7P.

We endow w, C £? with the symplectic structure i ) ; du; A dii; inherited from
£2. We define the NLS Hamiltonian

Hy (1) := Z(ﬁ +Vp)u,;[*+ P, with
JEZ

P .= —/TF();ujeijx

Note that w, is a Banach algebra with respect to convolution and, moreover, V * :
wp — W), is a linear bounded operator with norm |V |. This implies that (2.3) is an
analytic function onw, N H 1 (see Proposition 4.2).

By (2.2), if p > 3/2, thenw, C H'. Otherwise, for 1 < p < 3/2 we might have
infinite energy. Anyway, for our purposes, we only need that the Hamiltonian vector
field

2 y
)dx, F(y)::/0 f(s)ds. (2.3)

X§) =iy, Hy =i(j% + Vj)u, +ids, P

is well defined componentwise. For completeness, we remark that the flow of Hy is
locally well posed on w,, for p > 1. Indeed, in Proposition 4.2 (see also (4.4)) we will
show that the Hamiltonian vector field X p is a uniformly bounded map from a suit-
able ball around the origin of w,, to wp; therefore, by standard variation of constants,
we obtain the local well-posedness on w.

The proof of Theorem 1 is based on the construction of an analytic change of
variables on the phase space w,, which conjugates the nonlinear dynamics to a linear

"For u € wp, we have |lullLoo, [u® |l Leo < 3 (jY¥lu,l < 3, Lil¥~Plul.,. Moreover, if u € H?,
then by Parseval’s equality, ) ; 17122 u;|? = ||u(1’)||2L2 and ) ; |u; |2 = ||1,4||2L2 so that sup ; | j|?|u | <
l?|| ;2 and |ug| < ||u]l .2, proving the second inequality in (2.2).
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one, supported on an invariant flat torus. The regularity of the solution in the origi-
nal variables is then deduced from the dynamics on the flat torus. Since these issues
require some care, we find it instructive to first discuss the linear case, where the key
difficulties become transparent.

2.1. The linear case
When f = 0 the Hamiltonian reduces to its quadratic part ) ;<7 (J 24+ Vi)uj|? so
that the linear actions |u ;| are constants of motions and the dynamics is

uj(t) =u;(0) ™, ez, v=))jez. vji=j2+ V]

Letuscall 85 :={j € Z s.t. u;(0) # 0}. If &, is a finite set, then the correspond-
ing solution u(t, x) := Y ;c; u; (1)e!’* is quasiperiodic and analytic both in time and
space. If &, is infinite, then the regularity of u(¢, x) obviously depends on the one
of the initial datum. If u(0) := (u;(0)) ez € £!, then u(z, x) is a weak solution of
(NLSy) in the sense of (1.2). Moreover, such solution is a time almost periodic func-
tion, being limit in % (£') of the quasiperiodic truncations )" ; -, u;(0)e™/*+/* as
n — oo. Furthermore, if (1;(0)) ez € wp, then t — u(t,-) € ¥ (w,) and its trunca-
tions converge® in w, with 1 < p’ < p.

Note that if p > 3, then we have classical solutions (recall (2.2)). Otherwise, if
p <2, then one can easily produce nonclassical solutions. Indeed, take any infinite
subset 84 of Z, and set u ; (0) = (j)~” for j € 8, and u;(0) = O otherwise. Then, if
p=2,

1imsupj2|uj(t)| zlimsupjz}uj(0)| >0, (2.4)
1

/=00 jl—>o00

sou(t,-) ¢ H?. Finally, if 8, = Z and p <3/2, thenu(t,-) ¢ H'.
The support of each solution is an invariant torus in the following sense. Given
1 :=(l})jez €wpp with I; > 0, we define the flat torus

Tr:={uecwy,:|uj>=1;Vjel} (2.5)
and the set
81:={j €Zst.I;>0}. (2.6)

Then the map i : T3/ — 77 Cwp, ¢ = (¢;) jes, = i(p), with

{ij(go):z Ve forj €8,

. 27
ij(p):=0 otherwise,

8Note that the convergence does not necessarily hold in w . See the examples below.
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is an analytic immersion’ provided that we endow T/ with the £>°-topology (see
Lemma B.2 below for details). By construction, the linear dynamics on the torus 77
isg — ¢+ vt.

Since the map ¢ — vt € T3/ is not even continuous (endowing T/ with the £°°-
topology), the regularity of ¢ — i(vt) depends on the choice of the actions /;. In the
examples discussed above, it is not continuous with respect to the strong topology '’
(see also [32]). In contrast with the finite-dimensional case, even if v has rationally
independent entries, it is not straightforward to understand whether this invariant torus
is densely filled'' by the solution’s orbit or not. In fact, this issue is related to the

asymptotic behavior of v. We will discuss this in Lemma B.3.

Definition 2.1 (Invariant flat torus)
Let I € ws,, and let 77 be defined as in (2.5). Consider a vector field X = (X(j))j ez "
77 — CZ. We say that 77 is an invariant flat torus for X with frequency v € R? if

()= XD u@),  u;t):=u;0)"", VieR,

2 ;
;O =1;. jeL
Note that the frequency v; is uniquely defined only for j € &;.

2.2. The nonlinear case

In the nonlinear setting, as explained in the introduction, our invariant tori are
approximately supported on &; contained in an appropriately sparse set 8§ C
Z.

Definition 2.2 (Admissible tangential sites)

(a) An infinite subset § of N, referred to as the set of tangential sites in N, is said
to be admissible if there exists a smooth strictly increasing function'” s : [0, +-00) —
[0, +00) with the following properties:

. 8 =s(N),
. there exists ix > 21 such that
s(@) > e(logi)l+n, Vi > iy, for some given 1 <7 <?2; (2.8a)

9 Assuming also that inf ; \/E (7)? > 0, the map i is an embedded torus. Otherwise, i is a homeomorphism on
the image only if we endow both source and target spaces with the product topology.

!ONote that the map is continuous endowing w, with the product topology, which coincides with the weak *
topology on bounded sets.

"n the product topology such solutions are always dense.

12The function s(i) is obviously not unique, but its restriction to § is unique. The same holds for its inverse

i(s).
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s +i")y>s0) +s@), s(thi)>hs(i), Yh>1,i,i'’>is; (2.8b)
s(i?) > 523), Vi >is. (2.8¢)

We denote by i (s) the inverse function of s(7).

(b) An infinite subset § of Z, referred to as the set of tangential sites, is said to be
admissible if there exist a finite subset §¢ of Z and two admissible sets of tangential
sites 81, 8> C N so that & is one of the following subsets:

81, -1, (—81) U 8o, 81 U8 (—81) U8, U 8.

Remark 2.1
Definition 2.2 above gives a quantitative control on how “sparse” the set § should be.
In particular, by (2.8a), the function s(i) must grow faster than any polynomial.

Examples of admissible tangential sites in N. 8 := {2/ :i € N}; choose (see [7])
s(x) =2%. Or, given n > 0 as above, set § := {[e(]ogi)l+n] :1 € N} ('] being the inte-
ger part), and choose s(x) = [e(]"gx)l+n], for any x > 0.

In what follows, given a sequence indexed over Z, we systematically decompose
itover § and 8¢ :=Z\ §; for example, for the potential V' we write

V =(Vs,Vse), Vs = (Vj)jes, Ve :=(Vj)jese.

Analogously, we define the set of tangential frequencies as
) 1
Qs = {vz(v,-),-eg eR5:|v,-—]2|<§}. (2.9)

The cube @g inherits the product topology'® and the product probability measure
measg ; from [—1/2, 1/2]% through the map

Vi1 Qs — [-1/2, 1215, where Vs () i=v; — j%.jes. (2.10)

Moreover, the above map also endows @ g with the £°°-metric, which induces a finer
topology.

Finally, we denote by B, (w,) the open ball of radius r centered at the origin of
wp, and for r > 0 we define the tangential actions

d(p,r) = {I € Bpa(wpp):1; =0for j € 8°,1; >0 for j eé’}. (2.11)

We are now ready to state our main dynamical result regarding the existence of invari-
ant KAM tori, parameterized by I, Vgc and by the frequency v.

BRecall that if X;, i € I are topological metrizable spaces, then the product topology on X :=[];c; X; is

the topology of the pointwise convergence, meaning that a sequence x %) = (x;k')) iers converges if and only if
(k)

x;"" converges foralli € I.
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THEOREM 2
Assume that 8§ C 7 is an admissible set of tangential sites, that p > 1, and that r > 0
is sufficiently small. Moreover, assume that

Ied(p.;r)  and  Vge=(V})jese € [—1/a,1/a]5°.

Then there exists a Cantor-like set € C Qg (recall (2.9)) of positive measure such
that for any frequency v € €, there exist

Vs =(V)jes €[-1,1]%

and a symplectic diffeomorphism ® analytic on a small ball in v, such that, for all
vEE,

Tr={uewy:|u;|>*=1;Vjel}

is an invariant flat torus of frequency v (recall Definition 2.1) for the Hamiltonian
vector field of Hy o ®, with V = (Vg, Vge).

Theorem 2 above contains cubes of three different sidelengths, [—1/4, /4%, @3,
and [—1, 1]%. While the choice of the lengths 1/2, 1, and 2 is rather arbitrary, the fact
that we need three different scales is unavoidable (see Remark 2.2).

By Theorem 2, equation (NLSy) has invariant tori on which the dynamics is the
linear translation by v¢. The statement above is a typical KAM theorem regarding
the existence of an invariant torus. The fact that we are looking for an infinite torus,
however, introduces various new difficulties, in particular related to the regularity of
the dependence on v, I, Vgc. This appears immediately when one wishes to prove that
the Cantor set € of “good frequencies” is measurable (and of positive measure) with
respect to the product probability measure measg, on &g. The o-algebra of such
measure, which is the natural one in this context, is given by the Borel sets of the
product topology, which is coarser than the one induced by the £°°-metric. Then a
crucial point is that a function f : @ § — R which is Lipschitz (with respect to the
£°°-metric) might be noncontinuous with respect to the product topology and, hence,
nonmeasurable. As typical in KAM schemes, € is defined as the intersection of sets of
the form {| f(v)| > o > 0} (see (9.1), (9.2)) and f : @ s — R is a Lipschitz function.
As explained above, this does not assure measurability. 14

So we reformulate our theorem in a more technical way, carefully keeping track
of the regularity with respect to all the parameters. To avoid working with functions
defined only on a Cantor set, we suitably (see Lemma 4.1) extend all the functions so

4This problem does not appear if f actually depends only on a finite number of variables as in the case of
maximal tori, where f(v) = v - £, with |£]| < oco.
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that they are defined for v € @ 5. To summarize, the parameter dependences we need
to control are:
- continuity with respect to the product topology for measure estimates both in
vandin V;
- Lipschitz dependence (w.r.t. the £°°-metric) for implicit function theo-
rems/contractions/extensions (see Lemma B.1).
The smallness condition (i.e., how close are our solutions to zero) is tied to the
size of the nonlinearity and to the regularity of the solution we are looking for. Recall
that since f is analytic, for some R > 0, we have

SN =Py | fle=)_ IS PR <. (2.12)
d=1 d=1

THEOREM 3
Let px > 1 and 0 <y < min{l/4,|f|z}. There exist e+ = +(px) > 0 and C =
C(px) > 1 such that, for all r > 0 satisfying

£:= ﬁrz < 4 (2.13)
YR
and for every
1
p*; <p<ps (2.14)

the following holds. There exist:
(i) a map

Vs Qg x [~1/4,1/4)% x d(p.1) > [-1,1]3,
(v, Vse, 1) > Vs(v, Ve, I)

(2.15)

which is continuous in v, Vgc with respect to the product topology and Lipschitz in all
its variables with respect to the £°°-metric (in particular, Vg is Lipschitz Cey-close
with respect to v to the map Vy);

(ii) a map

@ :B3,(wp) x Qs x [~1/2,1/a]%" x I (p,1) —> Bar(wp),
(u;v,Vge, I) > ®(u;v, Vge, I)

which is Lipschitz in all its variables and r/16-close to the identity with respect to
u:ls

5Namely, |®(u; v, Vse, 1) —u|, <1/16 on B3 (wp) X @ x [—1/4,1/4]%° x (p,1).



SMALL AMPLITUDE WEAK ALMOST PERIODIC SOLUTIONS FOR THE 1D NLS 2655
(iii) a Cantor-like Borel set € =€ (Vge,1,y) C Qg, with'®

measgg (Qs \ €(Vse,1,y)) < Coy.

(2.16)
meas(_y/, 1/5]8 (Vs(Qs \€(Vse,1.y),Vse. 1)) < Coy,

for a suitable absolute constant Cy > 0.

Moreover, for any I € J(p.r), Vgec € [—1/4,1/4]%, and v € €(Vge,1,y), the
map ®(-;v, Vge, 1) is an analytic symplectic change of variables.

Finally, for v e €(Vge,1,y), T7 defined in (2.5) is a KAM torus of frequency v
for Hy o ® with V = (Vg(v,Vge,I), Vge).

Remark 2.2

In Theorem 3 above, the map Vg has oscillations of order Cey, so the target cube
could be [-1/2—Cey, 1/2+ Cey], but in any case must have sidelength greater than 1.
On the other hand, in order to achieve the second estimate in (2.16), we need the
sidelength of @ g to be greater than 1/2. This is the reason for choosing three distinct
sidelengths (see comments after Theorem 2).

Note that the parameter y comes from a Diophantine condition (see Defini-
tion 2.3) and consequently controls the measure estimates (2.16). Of course, this esti-
mate is meaningful only for small y.

We now reformulate our result in terms of the Fourier multiplier V' (for the proof
see Section 9).

COROLLARY 2.1
For I € d(p,1), with p,r as in Theorem 3, let

G(1,y):={V =(Vs,Vse) € [~1/a,1/4]" : Vs € Vs(C(Vse,1,y),Vge,I)}.

9(1,y) is a Borel set in [—1/4,1/4)% with measure greater than 1 — Coy (Cy is the
constant in (2.16)).

Therefore, for all I € d(p,r) and all V € §(/,y), the equation (NLSy ) has an
invariant torus.'”

Invariant tori and regularity of our almost periodic solutions. The flat torus 77
in the original variables is realized by the analytic immersion ¢ — ®(i(p); v, Vge, I)
with i defined in (2.7). By construction, the NLS dynamics on the torus 77 is ¢ > ¢ +

1We denote by meas@ ¢ and meas;_1/,.1/4]s the product probability measures on @ s and [—1/4, 1/4]% , respec-
tively. For brevity, we write measg 5 (4) for measg 5 (A N @ ) and similarly for meas;_1/,,1/45 .

170f course, in the linear case one has ® =1d, Vg =V}, €= Q5,8 = [—%, %]Z~
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vt, so our candidate for an almost periodic solution is u(z,-) := ®(i(vt);v, Vge, 1),
as discussed in Section 3. We wish to stress that analyticity of ®(i(¢)) in the angles
does not imply analyticity in time, since the map ¢ — vt € T¥ is not even continuous
(endowing T¥ with the £°°-topology). On the other hand, since ® is analytic, the
regularity issues are the same as in the linear case (recall Section 2.1). In particular,
for p > 3 our solutions are classical, while for p <2 we can construct also merely
weak solutions (see the proof of Theorem 1).

The Cantor set €. We can be rather explicit in our description of the set € of
Theorem 3. We start by fixing the hypercube

1
(Q:z{wz(wj)jERZ:|wj—j2|<§}, Q=Qs x Qse, 2.17)

endowed with the product topology, and by introducing the following closed set.

Definition 2.3 (Diophantine condition)
Let y > 0. We say that a vector w € @ belongs to D, g if it satisfies'®

1
o-tzy [l e

VE:0<|l]<oco, D 6;j|<2. m(t)=m(l)=0, (2.18)

jesc¢
where'” i (s) is the inverse function of s(i), w(£) :==Y_ jez J€j is the “momentum,”

and m({) := ) ; ;¢ is the “mass.”

THEOREM 4

Under the hypotheses of Theorem 3, there exists a Lipschitz map Q2 : Qg X
[—1/4,1/4]3 x J(p.r) — Qgc which is continuous with respect to the product
topology on Qg x [—1/4,1/415 and™ for every j € 8 satisfies

12, (v, Ve, I)— j2—V;| <Cye (2.19)

and the Lipschitz estimates

|Qj(V,V8c,I)—Qj(l),,Vgc,Iﬂ <

. <Ces,
v/ #v [V — V|00
Qi(w,Vge,I)—Q;(v, Ve, I' (2:20)
sup 12,0 Vse. )_, sV, Vse. Tl <Cyr’e.
I'#£1 |1 =1l

31nstead of 3/2 one can put every exponent T > 1.
19 As usual, for integer vector £ € ZZ we set |£| = > ienlll.
20The constant C is the one of Theorem 3.
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Moreover, we can choose in Theorem 3
€(Vge, 1,y):={ve Qg :w(v,Vse,I) €Dy 3},
where (v, Vge, I) := (v, Q(v, Vge, I)). (2.21)

In this way, the torus T7 defined in (2.5) is an elliptic invariant torus in the sense that
its linearized dynamics in the “normal” directions is w; =1iQ ju; for j € 8°.

Remark 2.3

Note that (2.18) is a much stronger Diophantine condition than the one proposed in
[13] (or [8]), where the denominators were of the form 1 + |€;]?;2. Of course the
reasons that we can impose such strong Diophantine conditions—still obtaining a
positive measure set—are the structure of the set § and the fact that we only need to
consider denominators with } ;o gc [£,] <2.

2.3. Plan of the paper, strategy, and main novelties

Deducing Theorem | from Theorems 3 and 4 is a self-contained argument, which we
present in Section 3. The proof is developed as follows. Vge and I € d(p,r) being
fixed, we first construct a set €' (Vsc, I,y) € @ of large relative measure such that
for all v € €'(Vge,I,y) the map ¢ +— u(t,-) := ®({(v?t);v, Vge,I) € w, is almost
periodic in w,, with 1 < p’ < p since it is the uniform limit of quasiperiodic functions
just as in the linear case (see Section 2.1). Such approximating functions are in fact
classical solutions of the approximate equation (NLSy,,) with V,, = V,(v) — V(v).
Second, we show that u is a weak solution in the sense of (1.2), for such V = V(v).
We next reformulate our result in terms of the external parameters V' instead of the
frequencies v; namely, we prove that for every V' in a large measure set §(/,y) C
[—1/4,1/4]% we can solve (1.2). A main point is to show that §(/,y) is measurable.
Next, taking the union over y we obtain a full measure set, thus showing that for a.e.
V there exists at least one solution. Finally, moving § and suitably choosing I we
produce, for a.e. V', countably many different solutions.

In order to prove Theorems 3 and 4 (see the end of Section 6), we follow the
general strategy of [8]. As recalled in Section 6, this consists of three main steps: the
introduction of a suitable functional setting and degree decomposition, a formulation
in terms of a counterterm theorem, solving a homological equation, and proving the
fast convergence of a KAM scheme. Regarding the first issue, the main additional
difficulty in the present setting is to keep track of the regularity with respect to all the
parameters. To this purpose, in Section 4 we start by defining the Poisson algebra of
“regular Hamiltonians” (basically a space of normally analytic functions H such that
the corresponding Hamiltonian vector field X g is a normally analytic map B, (w,) —
wp) and further introduce the space of parameter-dependent regular Hamiltonians
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(see Definitions 4.3 and 4.4). In particular, we set our ambient space as the closure,
with respect to a suitable norm (see (4.9) together with (4.12)—(4.13)), of functions
depending only on a finite number of frequencies. A Lipschitz extension result is
given in Lemma 4.1.

Theorems 3 and 4 will be derived in two steps, through a technique known as
elimination of parameters, first introduced by Riissmann and Herman in the 1980s.
This strategy consists in introducing some extra parameters (i.e., the counterterms
A ) in the perturbed Hamiltonian, in order to compensate its degeneracies (absence
of twist properties, for instance) and conjugate the modified Hamiltonian to one that
admits the desired invariant KAM torus. This first normal form step contains the hard
analysis. Then we prove that we can eliminate the counterterms using the potential,
by means of the classical implicit function theorem in Banach spaces.

Hence, in our case, we first put Hy in (2.3) in a suitable normal form with coun-
terterms in the spirit of Herman through Theorem 5, which contains the main KAM
difficulties in dealing with Sobolev regularity.

Roughly speaking, this normal form theorem states that, under appropriate small-
ness conditions, for all w € D, g, Vgec € [-1/4, 1/4]56, and I € J(p,r) there exist
A € £°° and a symplectic change of variables W (see (6.3)) such that

(Z(w, AP+ P) oW ="wjlu;P + O(jul> ~ 1),

JEZ JEZL

where R = O(|u|?> — I)? means that R is a regular Hamiltonian which has a zero
of order at least 2 at the torus 77 defined in (2.5) (we formalize this definition in
Section 5, introducing an appropriate degree decomposition). In order to deduce The-
orems 3 and 4, we need to eliminate the counterterms (see equations in (6.9)): the
main point is that we can solve with respect only to the tangential variables Vg «~s v.

Coming back to the counterterm Theorem 5, let us explain the main new issues
related to Sobolev regularity.

As is habitual, the map W is constructed as the composition of a sequence of
changes of coordinates whose generating function S at every step is determined by
solving a homological equation

LoS = {Zw,-|uj|2,s} —F, (2.22)
J

where F' is a given analytic function on the phase space w,, (see Definition 4.4) which
is at most quadratic in the normal variables (j ¢ &). At a formal level, a solution S =
L,1F of (2.22) is readily determined. In order to prove that S is in fact analytic, one
has to control the contribution given by small divisors (i.e., the eigenvalues of L,).
This is possible by imposing the arithmetic Melnikov conditions on the frequencies
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(2.18), where the constraint } ;. gc [£;] <2 comes from the fact that F is at most
quadratic in the normal variables, while the zero mass and momentum conditions
come from the presence of the corresponding quadratic constants of motion.

Also in this Sobolev context, due to the presence of small divisors, one bounds
the solution S at the cost of some “loss of information.” More explicitly, if the Hamil-
tonian vector field X r maps B, (wp) — wp, then Xg maps B, (wp4s) — wpys (With
8 > 0); this means that S is analytic in a smaller domain, since wj4s C wp. Then, at
each iteration, one is able to define the solutions S only on a (ball of a) smaller phase
space of the Banach scale (w,),>1, the target space shrinking accordingly. Resem-
bling the finite dimensional case, we call § the loss of regularity.

Of course, the convergence of a KAM scheme is achieved only if one loses a
summable amount of regularity 8§, at each step n. Nonetheless, the typical character-
istic of the Sobolev case is the presence of a lower bound on the loss of regularity, so
that a KAM scheme based only on such a bound cannot converge. In KAM schemes
for quasiperiodic Sobolev solutions, a similar problem arises but it is bypassed by
using tame estimates or approximation by analytic functions. In the present context
it is not clear whether one can exploit similar ideas, since we are already working
with analytic nonlinearities. Our point of view is to bypass this problem by taking full
advantage of the fact that the tangential sites set § is sparse (recall Definition 2.2).
In order to get an intuition of our strategy, take for simplicity § = {s(i) = 2/,i € N},
and start by considering a toy model with a nonlinearity for which the set

Us:={ucwy,:u; =0V, ¢ 8}~ {velTst sup |v; |2'P < oo} (2.23)
ieN

is invariant for the dynamics so that we may study the equation restricted to &§. Then
we are essentially in the analytic case (or Gevrey or slightly less if we take a slower
growth for s(i)), and the Bourgain strategy in [13] (or [8], [15]) applies.”' Of course
for the NLS equation (NLSy/) the set Ug is not invariant and the main difficulties
arise from interaction between tangential and normal modes.

In the Diophantine estimates, to deal with the terms £ not supported only on
the tangential sites, we use the constants of motion and the dispersive nature of the
equation (wy ~ k?). Once one has guessed the correct Diophantine conditions (2.18),
the proof of Proposition 7.1 (i.e., controlling the solution of the homological equation
(2.22)) is the real core of our result. Again, the proof is simple if F is supported only
on & or 8¢; on the other hand, dealing with the interaction between tangential and
normal sites requires a careful case analysis.

The final goal is to control the norm of X as amap B, (wp4s) — Wp4s, for arbi-
trarily small §. This should be compared with the corresponding estimate on Xg in

2INote that Bourgain’s Diophantine condition reads |@ - £] > ¥ [T; (1 + £7(i)?)~". This coincides with
(2.18) when £ is supported only on &, modulo the renaming of the indexes in (2.23).
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[6, Proposition 7.1, item (M)]. In the latter paper we take § = Z and then, to control
L;lF , we cannot take any § > 0 but instead must require § > &4, where 6, > 0 is
some fixed quantity. As one might expect, the less sparse § is, the worst bounds one
gets. The quantitative condition in Definition 2.2 is needed in order to ensure conver-
gence of the iterative KAM scheme. We suitably choose the values of the parameter at
each iterative step n € N; in particular, the loss of regularity §,, must be summable, for
example, 6, ~n~¢, for some ¢ > 1. Then the divergence due to small divisors, which
is of order exp(exp(n¢/™)) by (7.3) and with 7 defined in (2.82), must be compensated
by the superexponential convergence exp(—exp(Cn)) given by the KAM quadratic
scheme. This forces c < nand n > 1.

The superlinearity assumptions (2.8b) and (2.8c) are essential for our estimate on
the homological equation to work. The asymptotic growth in (2.82a) is only needed
in the KAM step. A slower growth would give rise to a too large estimate on the
solution of the homological equation which would not be compensated anymore by
the quadratic convergence of the KAM scheme.

3. Proof of Theorem 1

The solutions of Theorem 1 are constructed as the limit of sequences of smooth
quasiperiodic functions. Fix p, > 1 and an admissible set of tangential sites §. Fix
y > 0, and take r such that (2.13) holds. For any potential Vgc € [—1/4,1/4]% and
I € J(p«,1), we apply Theorem 3 and obtain, for all frequencies v € €(Vgc, I, y), an
invariant torus.

Now define 7™ = (1{") by setting I = I; if |j| <n and I|” =0
otherwise. We apply Theorem 3 with [ ~» I™  y ~s y/2 and set V() :=
(Vs (-, Vge, I™) Vge) a ®,(;-) := (-, Ve, I ™). We have obtained a sequence
of NLS equations with potentials 'V (v) for v € [—1/4,1/4]%; each equation admits
a finite-dimensional invariant torus with frequency v, for all v € €(Vge, 1™, y/2).
It is not hard to see that each torus supports a smooth quasiperiodic solution.

The idea is to show that (at least up to a subsequence) the limit over #n is the
desired almost periodic solution.

First step (construction of the Cantor set). In order to apply Theorem 3 for each
n (with the same frequency), we take the “good frequencies” in the (countable) inter-
section of the Cantor-like sets where all the tori are defined. Correspondingly, we
define the set of “good potentials.” This is the content of the following result, which
is proved in Section 9.

LEMMA 3.1
There exists a subsequence ny — oo (independent of Vgc) such that the following
holds. Defining the Borel sets
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€' (Vse. 1.y) :=C(Vse, 1.y) [ €(Vse. 170 y/2),
keN

G5 (Vse, 1,y) :=[=V/a,1/4]* (| Vs (€' (Vse, Ly), Vse, 1),
G(1y):={V =(Vs,Vsc) € [Va,1/a]" 5.t. Vg € §5(Vse, 1, 7))},
we have the estimates
meas(_i/y,iyas (95 (Vse. 1.y)) = 1 = Coy, 3.1)
meas|_1/, 1/42(§ (1. 7)) = 1 = Coy.
where Cy is defined in Theorem 3.
Second step (construction of the convergent subsequence). We now prove that
for every V € §(1,y), we can solve (1.2) with V = (Vg, Vgc). Indeed, for every

Vg € §5(Vge, 1,y) there exists v € €' (Vge, I,y) such that Vg(v, Vge,I) = Vg. We
claim that

u(f,x) ;= CI>(v(t,x); v, Vgc,]), where v (¢, x) := Z ,/Ijei(ijrv-ft), (3.2)
jes

satisfies (1.2) and, moreover, it is the uniform limit of the C *°-quasiperiodic functions

ug (t,+) := Py, (vic(t,);v),  where vg (7, x) 1= Z ‘/Ijei(jx”f’).

Je€8.ljl=nk

Note that by construction v,u € wp, while ¢ > ®,, (Vi(t,-);v) =: ug(t,-) is
a classical (actually C°°-) quasiperiodic solution of (NLSy@;)) with Y o) =
(V@) (1), Vge). Thus each uy satisfies (1.2) with V&) in place of V.

Taking p < p« satisfying (2.14), we get

ck:= sup /I;|j|? =0, ask— oo,

l7l>nk
and, for every 7 € R,

o) = o), = e 11 =102 =cf.

Since the map I — Vg (v, Ve, I) is Lipschitz, then V) — V in £>°. Moreover,
since @ is also Lipschitz (w.r.t. u and 1), for every ¢ € R,

|ll(t, ) —ug (2, )ip = {<I>(v(t,-); v, Vse, 1) — @(vk(t, );v, Ve, ](nk))|p

< L([v@t.) = vk )|, + 11 = 17F]3p) < Lcx + )



2662 BIASCO, MASSETTI, and PROCESI

for a suitable’” L > 0. Then u; — u uniformly”’ in R2. To prove that u satisfies (1.2),
we have to show that

[ i+ =0 =V s u= VO suy = (£ (uP)u

— f(lugl)ug) x dx dt
tends to zero as k — oo. This follows since uy — u uniformly and we observe that

||V(”k) kU — V *u poogey < |V("k) xu — V *ul,
k—o00
< VO — Voo ug|p + [V]eoo lu — ug |, — 0.

This proves the claim in (3.2).

Third step (A set of good potentials). We now show that for almost every
V € [~1/4,1/4]% there exists at least one solution of (1.2). For every integer
h > 1, take y, = |f|g/h and rp such that (2.13) holds as an equality, namely
Ty = Js*th/|f|R = \/E*R/h. For every given sequence Iy, € d(p«,13), we set

g:=JgUn.m). (3.3)

h>1

By (3.1), € has full measure in [—1/4,1/4]%. This implies that for almost every V €
[—1/4,1/4]% there exists an integer 4 > 1 such that V € §(Ij,, y3). Then (3.2) (with
I = Iy) gives a solution of (1.2).

Fourth step (Abundance of solutions). In order to find infinitely many solutions
for almost every V in [—1/4,1/4]%, we proceed as follows. First, we choose in (3.3)
\/(T)j = %rh |7 |7P*. All the above construction depends on the choice of the set
& of admissible tangential sites; in particular, this holds for the set ¥ above. Let
us now consider two distinct admissible sets § and §’, and let us denote by §,§’
the corresponding sets of potentials. We claim that for each ¥V € € N'§’ there exist
(at least) two distinct almost periodic solutions. Indeed, there exist &, 4’ such that
Vesg(y,yn) NG (Iy,yn), where §(1,y),5'(I,y) are the sets defined in Lemma
(3.1) corresponding to -§,8’. Let us call u,v, ® and u’,v’, ®’ the functions defined
in (3.2) for § and §’, respectively,. Since by Theorem 3(ii) the maps ® and &’ are
/16-close to the identity, where T := max{ry, 3}, then

lu(t,-) —v'(, .)|p* > |v(t,-) —v'(t, .)|p* —7/8>7/2—-1/8>0.

The same holds for any translations u(¢ + ¢y, x + xo) and w’(z, x). Let us now con-
sider a countable infinity of distinct admissible sets &, and call G, the countable

22We can take L = 2 since ® is C e-close to the identity.
BGiven f :R2 — C, we have || f || oo w2y = sup;er | F ¢, ) Lo ®) < sup;er | £, )] forevery p > 1.
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intersection of the corresponding sets §. The set G, has full measure in [—1/4, 1/4]%
as well. Then for every V' € §, we construct infinitely many solutions corresponding
to different §’s.

Regularity. By (3.2) and (2.2), we know that if p, > 3, then v; and vy, are
continuous functions on R?. Moreover, by analyticity of v — ®(v;v, ), u; and uy,
are also continuous functions on R?. Therefore, u is a classical solution. On the other
hand, when p, <2 and \/E = (r/2)(j)~?* for all j € &, for every ¢ the function
W, (7,-) is not in L?. Otherwise its Fourier coefficients (uyx(,-)); = —j2(u(t,-));
would belong to ;. As in the linear case (recall (2.4)), we claim that

limsupjzi(u(t,-))j‘ > 0.

|jl—o00

Indeed, since @ is close to the identity (in wp,) & = Id 4+ &, with ||®| uniformly
r/16-small, we have that u(z,-) := ®(v(z,-)) = v(¢,-) + ®1(v(z,-)) and its Fourier
coefficients satisfy |(u(z,-));| > (r/4)(j) ?* forall j € §. Since & is an infinite set,
this is a contradiction.

4. Functional setting
Let us introduce the spaces of Hamiltonians used in the paper.

Definition 4.1 (Multi-index notation)

In the following, with abuse of notation, we denote by NZ the set of multi-indexes
a, B, and so on such that |e| := ) ;5 &, is finite. As usual, a!:= Hjez,aﬁéo ol
Moreover, & < 8 means that e ; < 8, for every j € Z; then (5) = % Finally,
take j; < jo <--+ < j, suchthat e; # 0 if and only if j = j; for some 1 <i <n;as
usual, we set 3% f := A 35}’;’ f, and analogously for Bgf.

ujl

Definition 4.2 (Regular Hamiltonians)
Consider a formal power series expansion

Hw)= Y Hypu®if u*:=]]u}. 4.1)

(a.B)eM jez

where

Mi={(@.B) €N x N st fal = Bl < +00. Y jle; ~B,) =0}, (42)

jez
satisfying the reality condition

Ha,ﬂ = Fﬂ,a, V(oc,ﬂ) € M. (4.3)
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We say that H € H, , for p > 1,r > 0if

1
|H|r’p:=;( sup |X£|p)<oo, 4.4)

lu|,<r

where X g denotes the Hamiltonian vector field, intrinsically defined through the stan-
dard symplectic form @ =i} du; A dii; as

ixp@():=w(, Xg)=dH(),

H being the associated majorant Hamiltonian H (1) := >, geu |Hy glu®uf of
H(u), and i x,, being the usual contraction of a differential form with a vector field.

We denote by #, ,(C) the space of H satisfying (4.1) and (4.4) but not neces-
sarily the reality condition (4.3).

Finally, given any F,G € #, ,(C), we define in the usual manner the Poisson
brackets as {F,G} := w(XF, Xg).

For details on the symplectic structure and Hamiltonian vector field, see, for
instance, [6].

Note that by [8, Lemma 2.1],

1 e
Hlpp=5sup Y [Haplle; +Bu5 "% 4.5)
I (@.B)em
where u , = u,(r) is defined as
up,j(r):=rlj]=". (4.6)

Remark 4.1

Regarding M in (4.2), we note that the condition || = |B], that is, m(ax — 8) = 0,
corresponds to mass conservation; namely, the H -Poisson commutes with the mass
D jez |u j|?. Moreover, > jezjlaj—B;) =0, thatis, m(a« — B) = 0, corresponds
to momentum conservation; namely, the H-Poisson commutes with the momentum
> jezJ |u 2.

Note that | - |,. ,, is a seminorm on ;. , and a norm on its subspace
Ky, :={H € H,, with H(0) =0}, 4.7)

endowing Jf,o’ p» With a Banach space structure. Moreover, the space #;, , enjoys the
following algebra property with respect to Poisson brackets of Hamiltonians.
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PROPOSITION 4.1 (Poisson structure)
Forany F,G € H, 4, p, with p >0, one has {F,G} € J(,(fp with the bound

(F.GY, <8max{ }|F|,+pp|G|,+pp (4.8)

The proof is given in Appendix A. Of course, the same estimates hold in #,, ,(C).
The next result controls the norm of the NLS nonlinearity P defined in (2.3) and
it is based on the algebra property of w,, p > 1, with respect to convolution.

PROPOSITION 4.2 ([8, Proposition 2.1])
There exist ¢1,cy > 1 continuously depending on p > 1 such that if c;r? <R, then
(recalling (2.12))
L/ IR 2
2———

|P|rp<c

4.1. Parameter families of regular Hamiltonians
Throughout the paper, our Hamiltonians will depend on two parameters, the fre-
quency w € D, g C @ and the action [ € d(p,r). In order to control the regularity
with respect to these parameters throughout the iterative scheme, we will introduce
an appropriate weighted norm as follows.

Given y > 0, a closed (w.r.t. the product topology) subset @ C @, and an open
subset J of some Banach space, for f : O x d — C, (w,I)— f(w,I) we set’

Lf1Y =1 f 0= sup |fl@.D]|+y sup |Aww fl. 4.9)
w#w' €O
IGJ Ied

where as usual

py o oo J@D=S@ D) @i

| — [

Definition 4.3

Given O and d as above, let Cy;,(O x ) be the Banach space of functions f : @ x
d — C, which have finite norm | 79> and which are:

. continuous with respect to the product topology in O;

. analytic in J.

In Crip(O x ), we consider the subalgebra F(O x ) of functions which depend
only on a finite number of w;’s. The subalgebra F(O x d) can be described as fol-
lows. Given f € F(O x d), which depends only on the variables (w—g, . .., ), there

24We put y in front of the Lipschitz seminorm for dimensional reasons. See Definition 2.3.
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exists a function f : P¢(O) x 4 — C, where Py is the projection Py : RZ — R2k+1
defined as Py (w) := (w—_g,...,wk),suchthat f(w, 1) = f(a)_k, ...,ok, I') for every
(w,1)e O xd.

Finally, denote the closure of F(O x d) in Ci,(O x d) by F(O x J).

The spaces Cpip(@ x d) and F (O x ) are Banach algebras (i.e., multiplicative
algebras with constant equal to 1) with respect to the norm | - [-9*4.

The following extension result will be proved in Appendix A.

LEMMA 4.1 (Lipschitz extension)

Given O C @Q and a ball B,, in some complex Banach space E and f € ¥ (O x B,),
there exists an extension f : @ x B,/» — C such that | 7@ Bos2 < 2| f7-O%Bo f
is continuous with respect to the product topology in @, and f is Lipschitz on Byjs
with estimate

|fl.D)= flo.I)|<4p7 | f17OBo| I —T'|g. Yo €@.1.1'€ By,

In the following, we mainly consider 4 = J(p,r) (see (2.11)); however, to use
Lemma 4.1 we need to pass to the complex. Then we define

J(C)=J(p.r.C):={I € B,2(wap) with I; =0 for j € §° }, 4.11)

which we systematically identify with the open ball of radius 2 centered at the origin
of the Banach space {w = (w;) jes : sup es lw;||j]?? < oo}.

Definition 4.4 (Real and complex Hamiltonians)

Let 0 <rg<r, po>p>1.Let # p, = Jf,‘?;" with J = d(po,re) be the space
of parameter-dependent real regular Hamiltonians H : @ x 4 3> (w,I) — H(w,I) €
Hr, p such that

Hype#(Oxd), VYa,feM and

Hyi= Y [Hoglu"f € %, . (4.12)
o,BEM
We set
1H |lrp = 1HIE 5
@5 1 1 B—2e;
= Hylrp S 5500 Y [Hagl (ej + B P (@13
T (@.B)eM

Respectively for 4 (C) = d(po, 7o, C), we define the space H;,,(C) = J(,(? e 1O of
parameter-dependent complex Hamiltonians H : @ x J(C) 3 (w,I) — H(w,I) €
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Hr p(C) satisfying (4.12) with #(C) instead of 4 and veritying the reality condition
H(w,I)e H, , when I € d.

Finally, we denote by J(’,(f » (resp., Jfr(f »(C)) the subspace of H,, (resp., of
Hr,p(C)) such that H),—¢ = 0.

The following result is proved in Appendix A.

LEMMA 4.2
(](2 > Illr,p) is a Banach—Poisson algebra in the following sense:

(1) (](’r(fp, Il-,p) is a Banach space.

2) Forany F,G € ¥, p, the following bound holds:

r
[{F.631,, = 8max{t. N IFlripplGlripp 14
PROPOSITION 4.3 (Monotonicity)
The norm || - ||, p is monotone decreasing in p and monotone increasing in r:

” : ||r,p+8 =< ” : ||r+p,p Vp,S > 0. (4.15)

The fact that this norm is increasing in r follows directly from mass conservation
and the fact that H(0) = 0. Concerning the monotonicity in p, we refer the reader to
[6, Proposition 6.3], where the proof is contained, written in the case of | - |, ,. The
fact that it holds also in the Lipschitz frame follows trivially.

PROPOSITION 4.4 (Hamiltonian flow)

Let S € Hyypp = HEON! with

P

IS1lr+0.p =8

Then for all (w,1) € O x d, the time 1-Hamiltonian flow of S = S(-,w, 1) is well
defined, analytic, and symplectic; more precisely, CD}S, i Br(wp) = Bryp(wp) with

p
sup [ @) —ul, , <+ P)ISllr+pp = 7 (4.17)

ueB;(wp)

Forany H € Hy 1, p, we have that™ H o @} = eSYH € J, ,, eSYH —H € Jr’€2p
and

BelSIH =Y eyadk (H)/ k!, where ads = {S,}.



2668 BIASCO, MASSETTI, and PROCESI

'SV H |y p <21 H llr 4. (4.18)
|3 —1)H |, , <87 1S lr+p0 I H llr+p.p: (4.19)
1
|57 —1d—(s, ) H], , < E5‘2(||S||r+p,p)2||H lrtpp.  (4.20)

More generally, for any h € N and any sequence (ci )ren with |cx| < 1/ k!, we have

| cxad§ ()| <20l (1S4p,/28)". (“21)
k>h ’

where adg (-) :={S,}.

The proof is based on (4.14) and on the Lie series expansion for e} (see [6,
Proposition 2.1, Lemma 2.1] for details).

Remark 4.2

If we are working in #;, ,(C), all the estimates in Lemma 4.2, Proposition 4.3, and
Proposition 4.4 still hold except for (4.17) which holds only for real /. Indeed, without
the reality condition (4.3) the generating function S no longer defines a Hamiltonian
flow satisfying the reality condition u(r) = u(r).

5. Degree decompositions, projections, and normal forms
We want to prove that, in suitable variables, 77 introduced in (2.5) is an invariant
torus on which the flow is linear. To this purpose, we introduce a suitable degree
decomposition, whose main idea is to make a power series expansion in the variables
|v|?> — I and z, which control the distance to the torus 77, in order to highlight the
terms which prevent 77 from being a KAM torus. In the case of finite-dimensional
tori, one typically introduces action-angle variables, but it is well known that this pro-
duces a singularity at / = 0. In the infinite-dimensional case, this should be avoided
and requires some care. An effective strategy is the expansion described below, first
introduced in [13] and further formalized in [8, Section 4]. For the convenience of
the reader, we sketch here the main features of this decomposition. The main novelty
here is to control the regularity with respect to the parameters.

Fix & as in (2.2). Consider a Hamiltonian H(u) expanded in Taylor series at
u = 0, and tautologically rewrite H as

H= Y Huapab
m,a,BeN?
aﬂﬂ=0‘
a,bGNgL

v phzazb, (5.1)
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where, by slight abuse of notation,”® u = (v,z) with v = (v;) ;g := (1) ;g and
z= (Z/)jeé’c = (”j)jegc- Moreover, by « N 8 = @, here and in the following, we
mean that «; # 0 implies f; = 0.

Then introduce the auxiliary action variables w = (w;)jes substituting
|2m

|v @3B 7070 s ™ y* 5P 2225 in (5.1). Now we Taylor expand the Hamiltonian

with respect to w and z at the point w; = I; for j € § and z = 0, respectively.

Definition 5.1 (Degree decomposition)
Let I € d(p,r) (recall (2.11)). For every integer d > —2 and any regular Hamiltonian
H € H, ,, we define the projection (IT¢ H)(u) = (H‘Ii H)(u) = HD@u) as

HD ) := > Hpapab (';) (w2 = 1)* v b2z, (5.2)

m,a,B,8eNS a,beNS*
anNB=0, 8<m
2[8|+lal+|bl=d+2
where § < m means that §; < m; for any 5 € 8, [v|?> = (Jvs|?);es, While the multi-
index notations are introduced in Definition 4.1. We also set TT=4 := Y9, _ 114’
and T129 ;= 1d — I1<¢ analogously for T1<¢ and I1>?. Moreover, we define, for
example, HED = H(<d)H and also Jfr‘{p =14 Hy,p and, for example, %:g =
=4, ,.

Note that if § = Z, then the projections coincide with the ones of Section 4 of
[8], while if 8 = @, then H D represents the usual homogeneous degree at z = 0.
In this way, given H € ¥, , then

H=HEY g =-pg2 4 g-bh L gO 4 H(Zl)’ (5.3)

where H 2 consists of terms which are constant with respect to both z and the aux-
iliary action w = |v|2 , H™Y is independent of the action but linear in the z i, while
H© contributes with two terms: the first one linear in the action and independent of
z, the second one quadratic in z and independent of the action. Finally, H &Y is what
is left and X g (=1) vanishes on 77.

The operators 19 define continuous projections (see Section 4 of [8] and also
Proposition 5.1) satisfying TI4TT¢ = I1¢ and n4'n? =mn4mn4 =o for every d’ #
d, d’ > —2. Moreover, this decomposition enjoys all the crucial properties required
for a KAM scheme to converge; in particular they behave well with respect to Poisson
brackets, that is,

VE.G e J, {F.G=1}"? =

26Consisting in a reordering of the indexes J .
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and

F =0 — (FG=0&"

=0,
FED—o= 2 _— {F,GZI}(SO) -0

Note also that if [T<¢1 F = 1<% G = 0, then [1<?1+42{ F, G} = 0. (For all the prop-
erties of the projections, see [8, Propositions 4.1 and 4.2].)
As is standard, on #, , we define the projections

O%H := )" Hyolul*, N®H .= H-101%H, (5.4)

aeNZ

which are continuous on #; ,.
Correspondingly, we define the following subspaces of ¥ ,:

HE ={Hed, N"H=H) K7 :={HeH ,:I"H=H} (55

Moreover, J(’f;,)"ﬂ = J(’f;,) N J(’;,Rp. Note that J(’;{; CkerL, and if w € D, g, then
the two spaces coincide.
Note that by (5.2) and (5.4), we have

dodd = KK =10} (5.6)
In [8, Lemma 4.3], we proved that the map A — A defined by
A=Y "2l P=1) + D Ajlzl? (5.7)

JjES jese
is a linear isometry from £°° to J{’,(f },‘K for every r, p. Note that, taking A as above,
H={AGY} — H=HYD, (5.8)

The projections defined in (5.2) naturally extend to H € ¥, , or H € ¥, ,(C)
setting

(MY H)(u,0,1) = (TI¢ H(w, 1)) (w). (5.9)

Similarly for (5.4).
The following result is proved in Appendix A.

PROPOSITION 5.1
For everyd e NU{—-2,—1} and H € ¥,/ p, = J(r(?;‘], where d = J(p,r) withr’ >
V2r, the following hold.
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(i) The projection operators T1¢ : Hy p = Hyr,p are continuous with bound
d 441
11 H||r/,p§32+ IHl,p- (5.10)
(ii) Moreover, the following representation formula holds:

=9 H(u) = 3 (WP = 1)’ 220 Hs(u)  forjul, <r'.  (5.11)

§eN¥ a,peN5¢
2|8|+|al+|b|=d+2

where the Hg (u) are analytic in B,(wp) and can be written in totally convergent
power series in every ball [u|, < kyr’ with ks« < 1.

Analogous statements hold for the complex case H € H, ,(C) =
where J(C) = d(p,r,C) (recall formula (4.11)).

Oxd4(C)
w3

’

As above, for #,. ,, we define the corresponding subspaces Jfr‘{p, ,}’{’;{;, J(’;";, and
so on of J, ,; analogously for the complex case H; ,(C). In particular, we discuss

the subspace ;) ,1;76.

Definition 5.2
We denote by %% = 795 (@ x 4) the space of maps

Oxd3(w,1)—>Aw,I)el®R) withd; e F(OxJ)VjeZ,
endowed with the norm (recall (4.9))

[Alloo :=sup|A;|”. (5.12)
jez

Then by (5.7), #%% is isometrically equivalent to J(’,O, };K for all r, p. Similarly in the
complex case H %% (C) = #%% (9 x 4(C)).

Since are we mainly interested in the decomposition (5.3), we remark (see Propo-
sition 5.1) that for H € Jr’(rO,;Jf with d = J(p,r) and r' > +/2r, p’ < p, one has

IO H [l pr 1% Hlloo < 311 H 1, .
”H_IH”r/,p/’ ||H_2H||r’,p’ <Hllw.p, ||HZIH||r/,p/ <6|H|r p-

Analogous estimates hold in the complex case H € J(’r@,;;'f(c) with J(C) = d(p,r,C)
(see (4.11)).
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6. Proofs of Theorems 3 and 4

Definition 6.1 (Normal forms)
For w € @, let”’

D:w+ D(w):= Za)j|uj|2.
JEZ
LetO<r <rg, 1 <po=<p,andletd =dJ(p,r)asin (2.11). We will say that N is
an analytic family of normal forms it N — D € J;252>* . We denote such affine sub-
spaces by Ny, po = Nr(g”;'f). The same definition holds in the corresponding complex
spaces.

Remark 6.1
Given N € Nr(g,’;;f), for every w € O and I € d(p,r), the flat torus 77 is invariant for

the dynamics of N(w, I).
Let us state our counterterm KAM result.

THEOREM 5
Fix0<y<1, 8 asin(22), r>0 and p>1. Set O =D, g and 4 = d(p,r).
Consider ro, p,§ > 0 and pg > 1 with

< ro—r ro P — Do

, <—, 5 < . 6.1
P="7 =3 4 ©.D

There exist €,1/C > 0, decreasing functions of p/ro and § such that the following

holds. Consider Ny € e/\fr(z;'f), H—-De J@rao,’;‘f), and assume that

1+ @)56 <€, where

€:= y_l sup ||H — Nollry,po- ®:= y_l sup [|D — Nollrg,po- (6.2)
I€d(p,r) I1€d(p,r)

Then there exist a p/4-close to the identity symplectic diffeomorphism in u, Lipschitz
in w and analytic in 1

W Bry—p(wp) x O xd = Bry(wp), (uiw,I)—Y(u;0,1) (6.3)
and a counterterm A € H%* (O x d), where

A=Y "2 (uiP=1;). Ao = Cy(1+©)%e, (6.4)
J

?Note that D is a linear map into the space of formal quadratic polynomials.
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such that V(T7;w, I) is an invariant torus for the dynamics of AM(w, 1) + H(w) for
everyw €Dy g and I € d(p,r).

More precisely, there exists an analytic family of normal forms N € Nr(gfi Po+8
such that

(A+ H)oW—N =0. (6.5)

Finally, if No and H admit a complex extension on d(p,r,C) satisfying (6.2), then
also the counterterm A extends to a holomorphic map in %% (9 x d(p, r,C)) sat-
isfying (6.4).

Remark 6.2
(i) The map W is p/4-close to the identity; namely,
|W(u;0,1) —u|p <p/4, VY;0,1)€ Bry—p(wy) x O x 4.

(ii) By (6.4) and Cauchy estimates, we get that A is uniformly Lipschitz in d(p,r/2)

Mw, I) — Mo, T
[ =15,

!/
Voo <41+ @)2yr 2. (6.6)
forallw €Dy 5,1, 1" € d(p,r/2),1 #1'.

Proofs of Theorems 3 and 4
Theorem 3 follows from Theorem 5 in a straightforward way. Fix po = p—(p—1)/2,
ro =2r =4r, p=r/8,and § = (p« — 1)/16. Note that by these choices

the constants € and C depend only on pi. (6.7)

One first rewrites Hy in (2.3)as D + A + P’, where P' = P + 3, A;1;, by setting
Aj=j*—wj+Vj.Set H=D + P’ and Ny = D so that by definition ® = 0.
Since the Hamiltonian P € #,,,,(C) does not depend on w, I, trivially one has
P’ € Hrp,p0(©) and [ P' 10,0 = | Pllro.po = 1Py o

Since by hypothesis y < | f|, we have by (2.13) that 12 /R < &4; then the hypoth-
esis ¢;1?> < R of Proposition 4.2 holds for all p satisfying (2.14) taking &4 small
enough. Then, by Proposition 4.2,

€=V " "UP llrpo =¥ IPlropo <V P lar(putaya Sc(pe)e  (6.8)

for some c(p«) > 1 by (2.13).”® Again taking e+ = &4(p+) in (2.13) small enough,
condition (6.2) is satisfied and Theorem 5 gives us the desired change of variables
provided that A € #¢%% (C) is fixed accordingly.

28Note that the constants ¢, ¢ in Proposition 4.2 continuously depend on p, which belongs to the compact
[(p« +1)/2, p«].
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Now we denote w; = v; if j € § and w; = Q; otherwise. We get the equations

{sz,- +A0,Q,. ) =2+ V; ifjese, ©9)

l)j—i-lj(l),Q,I):jz—}-Vj if j €8,

for w € Dy g and I € J(p,r,C). By Lemma 4.1, we Lipschitz extend the map A to
the whole @ x d(p, 1, C) (recall that r = r/2) in such a way that (6.4) and (6.6) hold
for w,w’ € @ (with C ~~ 2C). From now on, we can work only on the real’’ case I €
J(p,r). By (6.4) and taking &4 (p«) small enough such that 2Ce < 2Cc(px)ex(px) <
1/2 (recall (6.8)), we use the contraction lemma (recall Lemma B.1)*" to solve the
first equation finding Q2 : Qg x [—1/4,1/4]% x J(p,r) = @sgc which is continuous in
the product topology of @ x [—1/4,1/4]3 and satisfies

| (v, Vse, 1) — j>—Vse ;| <2Cye,
|Qj(V,Vgc,1) —Q_,‘(V/,V,gc,l)l <

sup - _466,
v/#v [V — V0o
Qi(v, Vs, I)—Q;(v,Vge, I _ (6.10)
sup | j(V 8 /) J(V 8 )|S4C,
VSC/¢V8L' |V8L _V/Sc|00
Qi(w,Vge,I)—Qi(v,Vge,I' _
sup| j(v,Vse,I) : j(v. Vs )|§2Cyr_26,
I'#£1 [T —=1']5,

forevery j € 8¢ and where the first three estimates follow from (6.4) (recalling (5.12)

and (4.9)) and the last one follows from (6.6). By (6.10) and (6.8), we prove (2.19)

and (2.20) taking C > 4C c¢(p«). Note that this condition depends only on p.
Finally, the second equation in (6.9) uniquely defines

Vs (v, Ve, I)=vj +A;(v,Q, Vge, I),I)— j> (6.11)

for j € 8.

By Lemma A.1(iii), we can Lipschitz extend the map W : B, _,(wp) X Dy g X
d(p,r) = Byy(wp) on Byy_p(wp) x @ x d(p,r) and set O(u;v, Vge,I) 1= W(u;
(v, Vge,I),1), where w(v, Vge,I) was defined in (2.21). The map & conjugates
the NLS Hamiltonian Hy to normal form for all v such that w(v, Vge,I) € D, g,
namely, for v € € (recalling (2.21)). Then the proofs of Theorems 3 and 4 are con-
cluded provided that one shows that the set € defined in (2.21) satisfies (2.16). This
is the content of Lemma 9.1 proved in Section 9, where all the measure estimates are
discussed. O

29Obviously, the same statements hold also in the complex case.
OWe use it with F; (v, Vse,w) :=—A,;(v,q + Vsc + w), j € 8, where ¢ = (j?) jesc and r := Cye.
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7. Small divisors and homological equation
The proof of Theorem 5 is based on an iterative scheme that kills out the obstruct-

ing terms, namely terms belonging to 2, # 1, and #?

rp s r,p» DY solving homological

equations of the form

LFD =GP GDexd

4. d=-2,-1.0 (7.1)

where, for all w € @, L, is an operator acting on formal Hamiltonians as
Loll:={D()."}. LoH(@.I):=i Y  w-(¢—p)Hep(w uiP.
o,BENZ

The convergence of the iterative KAM scheme comes from a good control of
L71G@ over the set D, .

For w € D, g, the Lie derivative operator L, is formally invertible on the sub-
space J€;’Rp with inverse

_ —iHap(,1)
- w-(a—p)

We now show that the inverse is well defined also at a nonformal level.

(L' H(o, 1))% s (7.2)

PROPOSITION 7.1
Let O =Dy, g and d = J(p,r), and set J€<0 R Jff,?"ﬂ O For every 0 < 8 <1,

(7.2) defines a bounded linear operator L™ 1 : Jf:l(,) R Jf;;)_;_ﬂg with estimate”'

1
L~ H”r P8 = ;exp(exp(gl/n))”H”r,ps (7.3)

where i, 1 were introduced in Definition 2.2 and ¢ = c(ix). The same estimate holds
in the corresponding complex spaces.

Remark 7.1
In this section, by ¢ we denote possibly different constants depending only on i,
introduced in Definition 2.2.

Proof
Let us first show that if Hy g € F (O x 4), then the same holds for (L™ H )y g.
Indeed, since || = |B| < oo, the expression w - (¢ — ) depends only on a finite

number of frequencies w; and hence is continuous with respect to the product topol-
ogy. As for the Lipschitz dependence, @ € D, g implies that 1/w - (& — ) is C* and
the result follows, since the product of Lipschitz functions is Lipschitz.

3'The constant 1 < 5 < 2 was introduced in (2.8a).
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By (7.2) and (4.13), we get

_ 1
L7 H |y pis < ;KHH llr,ps (7.4)

where

N
I, LsJ«s+ﬂs) ’w @—p)

K =ysup sup ( , (7.5)

JEL (@.B)eM;
and (recall that H € J{’,S; R

Mi={@B)eMsratp Y as+B, =20, +6;#0, (16

se8¢

where M was defined in (4.2). We define

M = {(a,ﬁ) €M sit. )Z(us —,BS)s2| <23 ey —ﬂs|}, 1.7)

SEZ SEZ
and consider
. 8
Lj 12 1 ¢
Ki=ysup sup ) ‘ ‘ (7.8)
JEL (ot,B)EM; (Hs s |os+Bs o - (ax—p))
and
U2 Ny
K, =y sup sup ‘ ’ . (7.9)
JEZ (@.ByeM;\M), (Hs LSJ"‘“L"’“‘) - (o —p))
Then
K =max{K;, K>}. (7.10)
We now have to give an upper bound on K; and K. First note that, by (2.17),
1
o @=B)| = Y 2@ =B =3 X las =Bl
SEZ SEZ
SO
‘Z(as —ﬂs)SZ‘ 22 oy — Bl = Jo-@—P)|zle—Bl=1. (T.1D)
SEZ SEZ
Remark 7.2

In the following, we will strongly use the fact that the involved functions depend only
on a finite number of w;’s. In this case, the Lipschitz seminorm is bounded by the
£!-norm of the gradient.
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The estimate of K, is trivial. Indeed, since («.B) € M; \ M’;, then
|w - (e — B)| > | — B| = 1. Therefore,

| — Bl
oy @@= B

1 y
o S et
so that, in conclusion,
Ky <2. (7.12)
Let us now study K. Since («, B) € M’;, then (recall Definition 2.3)

1
(14 1€5]2(i (5))2)*/2

with a(¢) := [ |

se8

sup

wWED,, 8

1 ‘ - 2
w-(e—p)| =~ ydla—pB)’
as for the Lipschitz variation, we estimate it as

1 loe — B| 4
vy ; oor s B 220w B = VB

where the last inequality comes from | — 8| < (d(e — B))~'. Note that the sum on
the left-hand side above is over a finite number of indexes j. In conclusion, we have
proved that for (e, B) € M_’.,

‘ 1 "’ 14
S b
w-(ax—p)) y(@(e —p))?

and hence, recalling the definition of 7 in (2.8a), we have

Ky <14K}, where (7.13)

12 §
Kimsup s () T+ s~ 8,

jet @ pyem, Msls|@*hs /- ¢
By (7.4), (7.10), (7.12), (7.13), and the following crucial estimate
log K} < cexp(1356~1/m), (7.14)

Proposition 7.1 follows. U

The rest of this section is devoted to the proof of estimate (7.14). We first need
some preliminaries discussed in the following subsection.



2678 BIASCO, MASSETTI, and PROCESI

7.1. Preliminaries
We first state an elementary result that will be useful below.

LEMMA 7.1
If € € 72, with |£| < oo, satisfies m() = w(£) =0, then |{| is even and || # 2.

Proof

As usual, we write in a unique way £ = {* — £~, where £ > 0 and ¢} ¢; = 0 for

every s € Z. Since m({) = 0, we get |[{T| = [£|; therefore |[£| = |[€*| + |£™| is even.
Now assume by contradiction that [(*| = [¢7| = 1. Then £{* = ¢;,{~ = e, for

some i # j and w(£) =i — j, which contradicts 7 (£) = 0. O

We now need some basic results and notation coming from [6].

Definition 7.1
Given a vector v € NZ, 0 < |v| < oo, we denote by 77 = 71(v) the vector (777);<;
(where I C N is finite) which is the decreasing rearrangement of

{N > h > 1 repeated vy, + v_p times} U {1 repeated vy + v_; + vg times }.
Remark 7.3

A good way of envisioning this list is as follows. Given the set of (commutative)

variables (x;) jez» We consider a monomial (recall (4.1))

=[xV =x;x;--x
- i T M2 X|y|*
i

Then 72(v) is the decreasing rearrangement of the list ((j1),...,(/jy)). As an exam-
ple, consider v = (vj)jEZ
withv_¢ =1,v_3=4,v_1 =v9 = 1,v; = vg =2, and v; = 0 otherwise.

Then 7(v) = (6,6,6,3,3,3,3,1,1,1,1).

Given (e, B) € M with |e| = || > 1, from now on we define
n:=n(a+ B).

We observe that there exists a choice of 0; = £1, 0 such that by momentum conser-
vation

> o =0, (7.15)
l
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with 07 # 0 if 77 # 1. Indeed, we recall that

Y e =B =D h(en+B_y—(a—n+By)

JEZ heN

and that each & > 1 appears exactly oy, + e_p, + B, + B_;, times in the sequence 7.
Hence we assign the value 0 = 1, a, + B_;, times to the 7; = h (and 0 = —1 the
remaining times). The value & = 1 instead appears in the sequence 77, o7 + &—1 +
B+ B_1 + o+ B, times. Hence we assign the value 0 = 1, a7 + B_; times, the
value 0 = —1, ®_; + B times, and o0 = 0 all the remaining times.

From (7.15), we deduce

< Zﬁ,. (7.16)

[>2

Indeed, if 07 = +£1, then the inequality follows directly from (7.15); if oy = 0O, then
n1 = 1 and consequently 77; = 1 V!. Since the mass is conserved, the list 7 has at
least two elements, and the inequality is achieved.

We finally need the following elementary result proved at the end of Appendix A.

LEMMA 7.2
Let x1>xp,>--->xN > 2. Then

ZI<E<N X¢ 4
== E \/H—i_ _
1_[15£5N VXL VX1

7.2. Proof of estimate (7.14)
For j € Z and (a, B) € M, by Lemma 7.2 we can write
P U 00 ysolin] _ 4+ ()
Mls]®s*8s = [Tsolm] = Tliseli) = lezLﬁlj%
3

<—. (7.17)

le3 K

Now, by (7.13), (7.17), and (2.18),
3 d ENY 9/2
Kj <K{:=sup sup (ﬁ) [T+ s -8 . 718
jez(a.Brem; My>3|n1]27 (g
Then (7.14) follows by

log K/ < cexp(1358~1/m), (7.19)

It remains to prove (7.19).
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In the following, we call ji, j» € 8¢ with |j1| > |j2| the possible normal sites.
Set

@ =56y, Pi = Bsay
The quantity on the right-hand side of (7.18) reads
3 5 . 9/2
(ﬁ) [T+ e =82 (7.20)
>3(n1]27 jen

By Lemma 7.1, the constraint ) . ¢c s + B < 2 implies that there exists at
least one s € § such that ey + 8 # 0. We denote the largest in absolute value s € §
with this property as sy and iy 1= i (sy).

In proving (7.19), we often meet the quantity

Ar(8) := Z —gki log|s(i) | +log (1 + (i)%k?). (7.21)

i <iyik;>1

defined for’> k € NZ, which is estimated by the following result, whose proof is post-
poned to Appendix A.

LEMMA 7.3
For every k € N7,

Ar(8) < cexp(458~1/M).
We divide the proof of (7.19) into six cases.

Case 1: 13 > sy
Here, since there are at most two normal sites we get

P 7] = 1—[ Ls(i)Jai+ﬂ['

Recalling that
(i(s))locs — Bl = (i) — Bil < (i) + Bi), ifs=s5(i),i €N,
we get

32Recall Definition 4.1. Note that the sum over i is restricted to the indexes such that k; > 1.
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log K < log(3%)

8
+m?(—§§jwi+ﬂnmgban—+W2§jmgu+wnzwi+ﬂ»%)

i <iy i <iy

= 1og(3%) + 9/2 sup Ax(8) < cexp(455~1/), (7.22)
keNZ

where Aj was defined in (7.21), estimated in Lemma 7.3.

Case 2: 1 > sy = N and only one normal site
We have ) ;. ¢c o¢; + B; = 1 and the normal site must be 7;. Moreover,

Missli) = st ] T [s@)] ™. (7.23)
SO

o~ +Biy—1)8/2 ; o
K =3 suplste) |7 P (0 G — i)
o,

x [TLs@ ]~ 22 (14 i) @ + %), (7.24)

i<iy

If o, = Bi,, and hence iy does not appear in the small divisors, then we proceed as in
case 1.
(a) If o, + Bi, > 2, then we claim that

log(| s (i) |~ P02 (1 4 (i) e, — B, 7)) < (7.25)

c
5
In order to prove our claim, we consider two cases iy < ix and iy > ix. In the first
case, letting x = oj, + Bi, — 1 > 1, the left-hand side of (7.25) is bounded by

9 = -2 2 oo 0

5(—8x10g2 + log(l +iz(x+1) )) with § ;= 9

which is negative for x > ¢/ 52 and, therefore, bounded by c log 5.
Consider now the case iy > ix. By (2.8a), the left-hand side of (7.25) is bounded
by33

9 _ 9
E(—Sx log! iy + log (1+ i2(x + 1)2)) < Ef(iM,x),

with f defined in (A.6). Reasoning as above, we can estimate f(iy, x) by ¢/8 obtain-
ing (7.25). By (7.24) and (7.25), we have

33Recalling that iy > iy > 21 and log21 > 3.
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log K/ < log(3%) + g

8 . 9 .
+ sup(—5 (@i + Bi)log|s(i) | + 5 Y log (14 (i) (e + ﬂ,->2))
.p i <iy i <iy
< log(35) + ¢ + sup Ax(§) < Cexp(458_1/"),
8 keNZ
by (7.21) and Lemma 7.3.

(b) If «;, + Bi, =1 (then |a, — Bi,| = 1), here the second factor in (7.24) is
equal to 1. Thus in order to bound the third factor (i.e., (1 4 (iy)2)%/? < 2%/2i2), we
distinguish two cases: iy < ix and iy > i«. In the first case, 2%/2i2 < 2%/2;? and the
estimate of K| in (7.24) proceeds as in case 1 above. On the other hand, when iy > i«
we need a different argument.

Given u € Z7%, with |u| < oo, consider the set

{j # 0, repeated |u | times},

where D < oo is its cardinality. Define the vector m = m(u) as the reordering of the
elements of the set above such that |m| > |my| >--- > |mp| > 1. Givena # B € N,
with || = |B| < oo we consider m = m(a — ) and** 7 =711 (a + B).

LEMMA 7.4 ([6, Lemma C.4])
Given a # B € NZ, with 1 < |a| = |B| < oo and satisfying (7.7), we have

Imi| <31) 77 (7.26)
>3
Note that
oy, # By, = su=|mil. (7.27)

In the present case |a;, — Bi,| = 1, by (7.27)

s(iw) = s < lmy| <3177
>3

=313 [s() (@ + ) <31 [s() (@i + )

i <iy i<ix

3The relation between m and 7 is the following. If we denote by D the cardinality of m and by N the one
of 7, respectively, we have (recalling Definition 4.1) D + &0 + B < N and (|my|,...,|mp|, 1,...,1) <
—_—

N —D times
(nl,...nN).
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+31 Y 23 + Bi)

Is<i<iy
<31 sHe + B +31 Y s2() (@i + Bi) (7.28)
1<ix I <I<iy

using that s(7) is increasing. By (2.82)—(2.8c), for the inverse function i (s) we have
for integer j > 1 and s, 5" > 54 := 5(ix),

i(s+s)<i(s)+i(s), i(js) < ji(s), i(s%) <i%(s). (7.29)

Applying the inverse function i (s) to the inequalities in (7.28) and using (7.29), we
obtain

<312 (@ + ) +31 Y iR+ P ey i+ i)
<c [T+ )@ + 8%, (7.30)

i <iy

where by Y * we mean that the sum is only over the indexes i such that o; + B; > 1.
By (7.24), we get

log K/ < ¢ +log(3%)

8
+ supZ(—E(ai + Bi)log|s(i) | + 27710g(1 + () (o + ,3,-)2))

AP <y

27
<c +1og(3%) + = sup Ar(8/3) < cexp(135871/), (7.31)
2 keNZ
again by (7.21) and Lemma 7.3.
Case 3: N1 > sy = No and two normal sites
Now

~ . . + -1 . i +bi
Myss i) = L) [sGw) [P T Ls) % (7.32)
I <iy
where j, is the smallest’> normal site. We have
O . —(ajy+Biy—1)8/2 . 9/2
K =3 i)™ suplstio |V (1 Gl — B P)
o

s

(7.33)
s TTLs )P (14 42 + )"

i<iy

35In absolute value.



2684 BIASCO, MASSETTI, and PROCESI

(@) If oz, = By, orif o, + Biy, > 2, then we proceed as in case 2(a), since szj_% <1
and does not bother.
(b) Now let o, + Bi, = 1 (so that (7.27) holds). The analogue of (7.30) is

i< (i (L)) TT (1 + )2 + B)?). (7.34)

i<iy

Then by (7.33), we get
" S . . 5 .
log Ki' < ¢ +10g(3") + 181logi (Lj2]) — 5 logL 2]

+ sug Z(—g log|s(i) | + 27710g (14 ()% (e + ﬁ,-)z)). (7.35)

EP <y

Since

] 8
sup(lSlogi(x) —5 logx) = sup (1810gy —5 logs(y))

x=2 y=i(2)
(2.82) 5 5 162
< ¢+ sup (1810gy — —log y) <c+—,
y>ix 2 )
we obtain
162 27
log Ki < ¢ +10g(3%) + — + = sup Ax(8/3) < cexp(135671/7),
8 2 penz

again by (7.21) and Lemma 7.3.

Case 4: 1 = sy and the (eventual) normal sites are <75
Recall that we have to estimate from above the quantity in (7.20).

Let us start with the case of two normal sites ji, j».

We start by considering the case 717 = 712, which implies that «;, + B;, > 2. We
obtain

Mys3(n1) = L)L) LS(iM)J“’fMJFﬂfM—Z I1 [s(l')Jaiwi- (7.36)

i<iy

(@) If o, = Bi,, orif o, + B, > 2, then we are reduced to case 3(a).
(b) If &;, = 2, Bi, = 0 (or vice versa), then we proceed as in case 3(b) and apply
Lemma C.4.° Since, again, (7.27) holds, the analogue of (7.34) is

3In the notation of [6]: 771 = |m].
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iw < (i (L)) ( (L))" TT (1 + ()% + B)?)

<c(i(L)* TT (1 + )% + Bi)?). (1.37)

Then the analogue of (7.35) is
" b . . 8 .
log Ki < ¢ +10g(3") + 36logi (Lj1]) — 5 logLji]

+ supZ(—glogLs(z’)J + 27710g(1 + (i) (o + ’31.)2)).

P j<iy
We conclude as in case 3(b).

We now consider the case 71; > 71,.

Note that «;, + B, = 1 (so that (7.27) holds). Let us denote by s;, the second
largest tangential site’’ and set i}, := i (s};). By construction, s}, = 7, and o + By, >
1. Then

s3] = 1l lj2] Ls(ibjl)J“i{ﬁﬂi{q_l 1_[ Ls(i)Ja[+ﬂi.

i<iy
In this case, the analogue of (7.37) is

i< (L)' TT (10 + ()@ + B?).

i<iy

which follows by (7.28) where the second line holds with iy instead of i;. Then we
proceed as in the case 7] = 1.

Note: If there is only one normal site or if there is none, then the same arguments
apply verbatim with the only “advantage” being that there is only one | j; | or none in
(7.36).

Case 5: 1 = sy and only one normal site j; =T
Here (7.23) holds and we proceed as in case 2.

Case 6: 01 = sy, J1 = N and two normal sites
The proof follows that of case 3 verbatim.
This concludes the proof of (7.19), which, by (7.18), implies (7.14).

37Recall that the tangential sites we are considering are positive.
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8. Iterative lemma and proof of Theorem 5
Let r,rg, p, po,p,8 be as in (6.1), and let 1 < n <2 be as in Definition 2.2. Let
{pntnen, {8n tnen be the summable sequences™

On = 22_”, Op = c,,8n_1+Tn Vn>1,
24 8 (8.1)
coli=2 n_% > 12, So=—.
n 8
n>1

Let us recursively define

Fn+l =Ty —3pn = Fo :=T70— p>7r/4 (decreasing),
(82)
Pnt1 = Pn + 38 — Poo = po+8<p (increasing),

recalling (6.1).

Set @ =D, 5, d =d(p,r), and 4(C) = J(p,r,C) (recall (2.18), (2.11), and
(4.11)). Since these sets are fixed, we omit to write them explicitly in the notation of
this section. For instance, we denote ., p, = J(’g f‘l;’n and H#;, p, (C) = J€,(9n ,X,;]n(c)

By (5.13) and (8.2), we can use projections I1°, TI™!, TT1=! on these spaces for

all n.

Remark 8.1
A crucial point for the convergence of the algorithm is that, thanks to (5.13), no small
divisor appears in the estimate of the counterterms (see (8.22) and (8.24) below).

Let

Hy:=D + Go+ Ao,  Go € Hry py(C). Ao € H°. (8.3)

where D is defined in (6.1) and the counterterms Ao = ) ;<7 Ao,j (lu;|> — 1) with
Ao = (Lo,j) jez free parameters in £°°. We define

— 0,X 0,R -2 —1
£0:= Y L (1GL™ Nloo + 1GE™N1r0.00 + 16 lro.00 + 1GS lr0.00) 0

. -1 >2
Bo:=y ||Go ”ro,po + €o.

LEMMA 8.1 (Iterative step)
There exists a constant € > 1 large enough’® such that if

3Note that iz" > 1.
¥ Depending only on i, n defined in (2.82).
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6
eo=(1+09)7k 7, ko= () sup2®exp(¢" — 11 1/2)),

P/ n>1
¢ 1
where{::exp(m),é:z % <1,0:=3/2, (8.5)

with n as in (2.8a), then we can iteratively construct a sequence of generating func-
tions S; = Si(_z) + Si(_l) + Si(o) € Hri—p; . pi 1 (C) and a sequence of counterterms
A; € H %K (C) such that the following holds, for n > 0.

(1) Forallw €Dy g, I €d(p.r), foralli =0,....n—1, and all p’ > p; 41, the
time-1 Hamiltonian flow ®g, generated by S; = S;(w, I') satisfies

sup |CI>Si (u)—u

] =2 (8.6)
UEBy; | (wpr)
Moreover,
U, 1= Pg,0---0dg, (8.7)
is a well-defined analytic map Brn (wpr) — Bro (wp) for all p’ > py, with the bound

sup | W, (u) — \Ifn_l(u){p, < p272n=3, (8.8)

u€By, (w,)
(2) We set £9:=0, and fori =1,...,n,

i +1d:=eSi-1H (2, +1d),
(8.9)

Aji=Ai—1 = Ai—1, H; = e'Si-tVH;

where \; € Jfroi’:ﬁ are free parameters and £; : # %% (C) - Hr; ,p; (C) are bounded
linear operators. Note that A; are free parameters, while \; are given functions of
(w, I). We have

Hi =D+ G; + (Id+ZL)A;, Gy, e dy,; p, (C). (8.10)
Setting fori =0,...,n,

- 0,K 0,R -2 -1
& =Y IG ™ Noo + 16N pr + 1G22 Wi + 16T i p1)

’ @8.11)
®i = V_1||Gl_ ”ri,pi + &,

we have

i
g < aoe_xurl, ®; <O Z 277, (8.12)
=0
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(i — Lih|, | <Reo(l + )27 ||| oo, (8.13)
isPi

l[£ih]

i
ripi SK(L+00)%80 > 277 ] oo
j=1

for all h € %% (C). Finally, the counterterms satisfy the bound

[Aizilloo < yKei—1(14+0p)?, i=1,...,n. (8.14)

Proof of Theorem 5

Starting from the Hamiltonian H satisfying (6.2), we set Go = H — D in (8.3). The

smallness conditions (8.5) are met, provided that we choose € and C appropriately.
Using (8.8), we define W as the limit of the W,, (which define a Cauchy sequence)

and A = Ag =) _; A < oo. Note that the series is summable by (8.14). (For more

details, see [8, Section 6].) O

Proof of the iterative lemma
We start with a Hamiltonian Hy = D + Ag + Go with Ag € #%% and D.
At the nth step, we have an expression of the form

Hy =D+ (Id+E£n)An + G,

with G, € #H;, p,,-

To proceed to the step 1 + 1, we apply the change of variables e!S7>}. The gen-
erating function S, and the counterterm A, are fixed as the unique solutions of the
homological equation

M=°({Sy. D + GZ'} + (Id+&Ln) Ay + Gy) = G270, (8.15)

recalling that G,(fl"K) = 0 by (5.6). This equation can be written componentwise as

a triangular system and consequently solved. Indeed, we have

({2, Dy + 2R, A, + GL2R =0, (8.16)
Sy DY+ ST G+ T 2, A, + G =0, (8.17)
no*ys2 4 &0 gz 4 A, + 1% ¢,A, + G070 =0, (8.18)

(SR Dy + MOR{STD 4+ 8¢V, G2 + TR L, Ay + GO =0, (8.19)

We start by solving the equations for S, “modulo A,,” and we then determine the
counterterm by inversion of an appropriate linear operator resulting from inserting
the equations for S, into equation (8.18).
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We hence have by Proposition 7.1,
Sy =L LA, + G,
SV = L YT ST, GEN + T 8, A, + GTY), (8.20)
S}SO,JR) — L_I(HO"R{S,E_z) + S,S_l),GnZl} +T%Re, A, + Gr(LO"R))-
Plugging them into (8.18), we thus get
no* LN (=g, Ay + T YL T2, A0, GZ'}). G2}
+ Ay +T%% 2,4,
= -G + THLTGEP.6EY). G - G,
Note that the left-hand side of the equation above can be written as (Id 4 M)A,
where M, : JOK — J0-K g
Myh =IO LN (M= g, h + T LT 28,0, G7'Y). G}
+ %% &, (8.21)
Similarly to Lemma 6.2 of [8], one has

[Mnhlloo < lIhlloo/2. (8.22)

In order to prove (8.22), we treat the three summands of M,, separately. We recall
that by (5.13), (8.13), and by the smallness condition in (8.5),

n
. 1
1T £phlloo < 31| Lnhllr,.p, < 3K+ ©)2e0 Y 27 ||h]|oo < ¢ Illoo-
j=1

In the other summands, we use the identification ||TI%* F| o < 3||F|,+ , for any
r’, p’ (see formulas (5.7) and (5.13)) such that 7’ > r+/2 and p’ < p.
We have by (4.15), (5.13), and Propositions 4.1 and 7.1 that

[mOX =1L 2, G|
53||{H5_1L;156,,h,anl}Hﬁr’p

(4.14),(8.2) -1, - (8.11) .
= 1200117 Ly Enhllr,,p Gy lryp = 240y[|Ly, Lnhllr,,pOn

(6.1),(8.2),(7.3)
=

240exp(exp( ))Hinh“rn,pn On

_c
(36)1/n

(8.5),(8.13) 1 ®85 1
< 6K280(1+®0)3”h”oo < g”h”oo:

(8.23)
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where, in order to control the exponential term, we used the definition of K given in
(8.5).

Now we estimate the remaining term in (8.21). We have, again by (4.15), (5.13),
(8.11), Proposition 4.1, and Lemma (7.1),

| MO L L 2,0, G2 G2
<L LTI L, GEY.GEY | sy,

(4.14),(8.2) _ _ _ _
<400 LT I HLT 2L,k GE Y|, 0 116 2,0

(8.1

1)
< 400y |L7'IHLT' I £, G

n }||3r/2,p®”

(5.13),(7.3) 4 \1/n 2 ~1
< 400exp(cexp((§) ))“{L n=£,h,G; }“3r/2,(p+pn)/2®n

(4.14),(8.11) 4 \1/n
= 2%ep(cen((55) ))ILT I Ll o40/20

(5.13),(7.3) 4 \1/n
= 2Mexp(2eep((55) )1l O
(8.5),(8.13) 1 ®.5) 1
< ngso(l +00) Al < 1l
noting that by (6.1) and (8.2)
3 3 - - 3
rn__rzroo__rziy L p”zp pooZ_
2 2 4 2 2 2
and estimating the exponential term as in (8.23). This concludes the proof of (8.22).
Then we have that

Ap=—(d+ M) ' LY GEITHLTI G . GF ). G

8’

— (ld+M,)' G0 (8.24)

is well defined. To prove (8.14), we split (8.24) into three terms and note that by (8.22)
the operator norm of (Id +M,,)~! is bounded by 2. Regarding the first term, we obtain

|d+M) " T L GE 62
<6|{Ly' G G o,

(4.14),(8.2) @8.11)
—1,<—1 1 —1,<—1
< 2400L, G iy p G iy = 2407 (1L G 110

(6.1),(8.2),(7.3) 2\1/n «1
< 240exp<cexp((§> ))”Gn_ .00 On

(8.5),(8.11),(8.13) 1
< ZKygn(l + @),
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taking € large enough here and below. Regarding the second term, we get
|@d+M) ML YL 6P G G

=6{L7'm L6671 G sy

(4.14),(8.2)
<800 LT LTGS2, GE Yy 10 IGE sr20

@.11)

< 800y||L7'IYLT'G{?,GZ!

n }”3r/2,p®”

(5.13),(7.3) 2\1/n 1 (-2) 1
< SOOexp(exp(c(ﬁ) ))”{L G, ?.G> }||3r/2,(p+p,,)/2®"

(4.14),(8.11) 2\1/n
21 25 explexp(e( 2) )L G €

G s 2\1/n (-2) 2
< 2 exp(Zexp(c(g) ))HGn 7.0 O

(8.5),8.11),8.13) 1
< ZKys,,(l + ©p)>.

Finally, for the third term we get

[ad+M) 7 6% < 2y,

so (8.14) follows.

By substituting in the equations (8.20), we get the final expressions for S,S_Z) and
SV and finally S| which by (4.14), (7.3), (8.11), (8.13), (8.5), and (8.14) yield
the estimates

1SS N pntsn < (14 K2(1 4 ©g)*e0)Dpen < 2Dy,
1SS r0—pn. pn+28, < (14 16700, Dy @0) 2Dy 6,
1S, 2pmpm 435, < (14 16700, 1D, O0)23Dpe,, (8.25)

where

ocmon(en(iz) 2enl()
n

(¢ and & were defined in (8.5)) systematically using the inductive hypothesis and the
first bound in (8.5). The final bound thus reads (recall (8.1) and (8.2))

2 2
ro 8 £ 2 (8.5),(8.12) P
”Sn ||rn_2Pn’17n+l = _24n+ eXp(é‘n )En(l + ®0) =<

=2 S T )
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Then we can apply Proposition 4.4 since (4.16) is satisfied by S, with p — p, and

r — rp4+1. Then Lemma 8.1(1) is easily proved. In particular, (8.6) follows by (4.17)

and (8.26) (for complete details, see the analogous proof of [8, Lemma 6.1]).
Regarding Lemma 8.1(2), by construction we have

Lni1— Ln = (51 —1d) o (£, +1d);
hence by (4.19), (4.16), (8.1), and (5.7),

” (in-&-l - éen)h ”

"n+1,Pn+1

2n+9
< S ull -2 | -+ 1008

n—20n,Pn+1

(8.26), (8.5),(
<

8.13) 3
p—°38"+9 exp(Z" )en(1 + ©9)2[h]| oo (8.27)

which by (8.5) proves (8.13).
As for the expression of G,1, by (8.10) and (8.9) we have

Gpir =S Hy — [D + (d+Lp1) Antr -
Since S, solves the homological equation (8.15), we have by (8.9) that

Gpi1 =G 27 + GZ' + IZN (L1 An + {80, GZY) + Guyrs,  (8.28)
Gutte = {Sn. G0} + M= (L1 — L) Ay + (¥ —1d—{S,.)) Gy

[e.¢]

ds h—1 _
= %(nfo(m ) An + GO
h=2 ’

+I=0(5,70 + 572 G1).

using that TI=°({S,,, D}) = ({Sx. D}) by (5.8) and that {S,, G >7} = 0. Note that
Gp+1,% is quadratic in S, ~ G0,

Recalling (8.1), (8.2), (4.14), (5.13), (8.5), (8.11), (8.13), (8.14), and Proposi-
tion 4.4, which can be applied by (8.26), we have

||Gn+1,* Tn+1-Pn+1

(827) 2nF65,
=< P Sn ||rn—2pn,17n+1 Vén

I3 an+o nt 2\ A 22n+20rg 2
+ Eg exp({" )en (1 + O0) [ Anlloo + T”Sn“rn—z,on,pn_,_l Y®o
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2n+10

+ oy

|I=°(d+£,)An + G°

0 —1 —2 1
DR R N el | PN [ PR ySpo

(8.26), (8.25) 76
<2655 0 exp (20" )e2 (1 + ©g)y
I

n+247’0
+

_ r2 £
(”An ”OO + YEn + 2n p_g®%8n exp(é‘n )Y) ”Sn ||rn_29n:Pn+l
(3.26), (8.14) r8 £ 3
< 26”+55p—%(e><p(§" ) +K) exp(¢" )en (1 + ©o)’y

(8.5) n n n
< 257%(6"9(5”5) +1)e "2, 5260%_’( e <ye e,

taking ¢ large enough. Recalling (8.11) and (8.28), this implies™’ the first estimates
in (8.12).
By the above estimate and recalling (8.11) and (8.28), we get

Ont1 <ény1+0, + e_xn+180 + y_l ”Hzl(‘:cn"‘l[\” +{Sn, G”ZI}) ”rn+1,17n+1

<0, + 43_X”+l &o + 248n + 2n+77'0/)_1 ||Sn ||rn—2pn,pn+1 G2
again by (5.13), (8.5), (8.13), (8.14), (4.14), and (8.26). This finally implies the second
estimates in (8.12).

The analyticity of W,, and A, follows by Proposition 7.1, Proposition 5.1(ii), and
recalling Remark 4.2. O

9. Measure estimates

LEMMA 9.1 (Measure estimates)
The set € defined in (2.21) satisfies (2.16), namely

measgq g ((525 \€(Vse, 1, )’)) < Coy,

measy_y/, 1755 (Vs (Qs \ €(Vse.1.y). Vse. 1)) < Coy.
Proof
We start by proving the first estimate in (2.16).

Take y < 1/2.For £ # 0 with |[£] <00, Y cgc [€s| <2, m(£) =0, and m({) =0,
set for simplicity Ry = R¢(Vsc, I,y), and define the resonant set

40Recall that the seminorm of the constant term G,(,72"K) is zero.
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1
(1 +[€s]2(i ()

ng:z{ve(Qg o, Vse, 1) €) <y ]

sES

S = yd(e)}. ©.1)

Recalling the definition of w(v, Ve, I) in (2.21), we note that by the continuity with
respect to the product topology of the functions v — (v, Vge, I) with j € 8¢, 1 €
J(p,r) (and since |£| < oo) we have the crucial fact that the sets Ry are closed (w.r.t.
the product topology) and, therefore, measurable with respect to the product proba-
bility measure on @ g. Moreover, since @ g is compact, all the R, are compact too.

In the following, we will often omit to write the immaterial dependence on Vg
and /.

Set q(£) := Y e 57Ls. If [a(€)| > [£]; then

062|352,

SEN

1 1 1
-l ==
2 2 2

and Ry = 0. Recall the definition of the set € given in (2.21) and (2.18). Denoting
by meas the product probability measure on @ g, we have

Qs\C= U Ry,  which implies meas(@s \ €) < Zmeas(ﬂg), 9.2)
leA leA

where

A= {e eZ”:0<|t] <00, Y 1] <2.m(0) = 7(0) = 0, |a(0)] < |e|}. 9.3)

se8C

Fix £ € A. We note that
I5=5{) €8 (depending only on £) such that £5 # 0; 9.4)

otherwise 0 < |[£| = > csc [€s| < 2, which contradicts Lemma 7.1. Since w(v) =
(v, 2(v)), we get

17 (@0 + te) - £) = (@) - £)] = 165] =2 sup [P = 1-2Cs = 1/2.

se8¢

taking e« (px«) small enough in (2.13). Set D = (v,)s=5. Then for every ¥ there exist
ag(V) =ag(V,Vse,1,y) <by(D) = by(V, Vge, I, y) satisfying

{5 st (v5.0) € Ry} € (ar(9).be(D)).  with be(9) —ae (%) <dyd(t),  (9.5)
which implies

meas{vg s.t. (v, D) € Rg} <4yd().
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Since Ry is measurable, by Fubini’s theorem we have that

1
(1_|_|g |2(l(s) 2)3/2 Vl_[(1+|€ ()|2 )2)3/2'

meas(Ry) <4yd(l) =4y 1_[

Therefore,
1
meas(@s \ €) <4y - . (9.6)
kZA 11 (1 + Lo (1))
We claim that
Co

ai —, 7
Z (&)= Zl_[( +|g()|2 )2)3/2517 ©.7)

LeA LeAieN

taking Cy large enough.
Given k € ZN with |k| < oo, we define £K € Z% supported on § setting

E]S‘:zki(s), forse$§, by =0, fors¢Ss.

Now for each £ € A there exist unique k € ZY with |k| < oo and sq,5, € 8¢ and
01,02 = =1, 0 such that

=15+ o1e5, + 0res,. (9.8)

On the other hand, given k € ZN with |k| < oo, there exist at most 36(]k | 4+ 2) vectors
£ € A satisfying (9.8). Indeed, we prove that, given 01,0, = £1,0, there exist at
most*!' 4(|k|+2) couples (s1,52) € 8¢ x 8 such that £ in (9.8) belongs to A. Indeed,
they have to satisfy

o151 + 0252 = —m (LK)
0152 + 0252 = —q(*) + h, for some |h| < |£| < |k|+ 2.

Then by (9.6), we get

1
> 115 <36y Yy (kl+2)]]
2(j)2)3/2 27i\2\3/2"
ZGAlEN( + |f ()| ) ) / kezZN:0<|k|<oco ieN (1 + |k | ( ) ) /
Since

el +2 <2 J(1+ ke 2(1)2) 2,

ieN

4INote that there are nine possible choices of 01,072 = £1,0.
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we get

S armmmr = Y s

{eAieN kezZN:0<|k|<oo €N

where the last sum converges (see [13] or [6, Lemma 4.1]). This concludes the proof
of (9.7) taking Cy large enough and, by (9.6), the proof of the first estimate in (2.16).
Let us now prove the second estimate in (2.16). For brevity, we denote by

meas’(E) := measy_y, 1755 (E N [~1/4, 1/4]%) 9.9)

the product probability measure on [—1/4,1/4]%. Since Vg (defined in (2.15)) is Lips-
chitz Cey-close to the map Vg (defined in (2.10)), we have that

Vs(Qs, Ve, I') D [~1/4,1/4]%

for every Vge € [—1/4,1/4]% and* I’ € 4(p,1). The function Vg (v, Vge, I) is invert-
ible (w.r.t. v). In particular, there exists a function

g1 [~3/8,3/s8]% x [~1/4,1/4]%" x J(p,1) —> [-4Cye,4Cye]®,
(Vs,Vge,I)—> g(Vs,Vse,I),

(9.10)

which is continuous with respect to the product topology in [—3/s, 3/8]% x [—1/4, 1/4]5°
and satisfies

'VS(Q + Vs + g(Vg, Vge,I), Vgc,[) = Vs,
where ¢ = (¢,) jes.9; = j>, 9.11)
with Lipschitz estimates

lg(V. Vse 1) —g(Vs, Vgc,[)|@o <6Ce|V§ — Vslese- (9.12)

Indeed, recalling (6.11), g satisfies the fixed point equation (e.g., by a slightly modi-
fied version of Lemma B.1)

g=-Ag+Vs+g.Qq+Vs+gVse. D))

then (9.10) and (9.12) follow from (6.4)) (recalling (5.12) and (4.9)).

For the remainder of the proof, we drop the dependence on Vgc and y. Fix £ € A.
First, we note that for all 7,1’ € J(p,r) the set Vg(Ry(I); I’) is measurable since
Re(I) is closed and Vg is continuously invertible. Recalling (9.1), we have

“1In this proof we actually take I’ = I. We have introduced I’ for estimate (9.14) that will be used in the proof
of Lemma 3.1.
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Vs (Re(D).1') O [=Y/a /4
={Vs e[~1/a,1/a]® : I e Ry (1), Vs = Vs(v, 1)}
Cvs € [=1/a, /4% st |w(q + Vs + g(Vs, 1), 1) -£| < yd(6)} = E.
As usual, we set £ =: ({g,0gc).Let §:={j €8 4 #0}. We split £5 =: (£5,0).
Decomposing Vg = (Vg, Vs\ g), we set
E(Vs\5) = Vs € [=Ya. /4% : (V5. Vs 5) € B).

We claim that for every Vg, 5 € [-1/4, 1/4]5\5,
meas;_,, |5 (E(V\ 3)) < 16ya(0). (9.13)
Then by Fubini’s theorem we get
meas_y/, 17,15 (E) = meas’ (Vs (R¢(1). 1)) < 16yd(L). (9.14)
Then

measy_y/, 1755 (Vs (@s \ €([). 1)) < Z 16yd(t),
LeA

and the second estimate in (2.16) follows by (9.7) and taking I’ =1.
Let us finally prove the claim in (9.13). Fix Vg, 5 € [-1/4, 1/4]8\8 . We set for
brevity*
fVz) i=w(qg+Vs+gVs. 1), 1)L
@21

= Vs-ls+(q+gWVs. 1)) s+ Qg+ Vs+g(Vs. I'). 1) Lse.

The aim now is to prove that the increment of f in a suitable direction is bounded
from below. Since £ € A by (9.4), we get [{g] > 1 and |{gc| < 2. Defineogbyog ; =
signf ; for j € §; then og-lz=1Lz|={g|>1and |og|e = 1. Then we get

L7 f(Vs +1o5) — f(V)| = |Ls| — 16Cells]| > |Ls5]/2,

by (9.12) and (6.10) and taking e«(ps) in (2.13) small enough such that 16Ce <
16C c(px)e < 1/2 (recall (6.8), (6.7)). Then we get that

meas{t € R: Vg 4105 € E(Vg, 5)} < 4yd(0)/|¢s].
We need the following (finite-dimensional) result proved in the appendix.

“Recall (2.21) and (9.11).
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LEMMA 9.2

Let E C [—1/4,1/4]" be a measurable set. Let § = (é, +1) with § e R"1. Assume
that for every x € [—1/a,1/4]" we have** measg{t € R : x + tE € E} < §. Then
measgn (E) < 2'7"§|&|3, where | - |, denotes the Euclidean norm.

Then (9.13) follows by the above lemma with*
and noting that 05|53 = n < |{g| and meas[_1/4,1/4)1 (4) = 2"measgn (A) for every
AC[=1/a1fa]". O
Proof of Corollary 2.1
It is equivalent to prove that
B(1,y):={V = (Vs,Vse) € [-1/4,1/a]":
Vs EVg(@g\'e(Vgc,l,y),Vgc,I)} (9.15)

is a Borel set in [—1/4,1/4]Z with measure bounded by Coy (Cy is the constant in
(2.16)).
The function / : [—1/4,1/4]% — Qg x [—1/4,1/4]%¢ defined by*°

h(V):=(q+Vs+g(Vs.Vse,I),Vse)

is continuous with respect to the product topology. Then, for every £ € A (recall (9.3)),
the set

Be(1,y):={V = (Vs,Vse) € [-V/a,1/a]" : [o(h(V)) - £| < ya(0)}

COLI Y = (Vs, Vse) € [<1/a,1/al : Vs € Vs(Re(Vse, T), Ve, )}

is closed and, therefore, measurable. Then by Fubini’s theorem and (9.14) (with I =
1) we get meas(_1/4,1/,2(B¢) < 16yd(£). Since B defined in (9.15) can be written
as B = (Jyey By (recall (9.2)), by (9.7) we get meas|_i,,1/4z(B) < Coy. O

Proof of Lemma 3.1
The first estimate in (3.1) is equivalent to
measy_, 1745 (Vs (Qs \ €' (Vse.1.y).Vse, I)) < Coy. (9.16)
[—1/4,1/4]
where C was defined in Theorem 3.
“measg (resp., measgn ) being the standard measure in R (resp., R").

4Here we consider the case when Zg = —1; the +1 case is analogous.
46 ¢ was defined in (9.10). By (9.11), A is the inverse of the function (v, Vsc) > (Vs (v, Vsc), Vse).
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In the following, we drop the dependence on Vgc. We first note that recalling
(9.1), (9.3) and setting L := Cr2¢, we get

=1y, <A@)/4L = Re(I'y/2) CRe(Ly), VLed.  (9.17)
Indeed, since £ € A,

(2.20)
lw.1)-€] < |oW.I')-£| +2yL|I = I'|2p,
<yd()/2+42yL|I = I'|2p, <yd(0).

Therefore,
Qs \ (eU,y)ynel’ y/2)
=(@s\e.y) | J(@s\eu'.y/2)
LT ey U Ry,
leA LeA,
A)<4L|I—1'|2py
Then

Qs \€'(1y):=JRel.y) | g Re(179) y/2)
leA keN LeA,
) <4L|I—1" 5,

and (recalling the notation in (9.9))
meas’ (Vs (Qs \ €' (1.y):1))

<> meas'(Vs(Re(1.y): 1))

leA
+ Z Z meas’("\?g(ﬂg(](”k),y);l))
keN LeA,

) <AL|I—1" |5,

(9.14) ©.7)
< 16y Yy _da) + 16y > > al) <17y y_dw) < Cy,

LeA keN LeA, LeA
A)<4L|I 17K |5,

taking the subsequence (ny )k ey growing fast enough.*’” This proves (9.16). The sec-
ond estimate in (3.1) follows from the first one and Fubini’s theorem provided that
§(1,y) is a Borel set. This holds true since

4TSince the positive term series in (9.7) converges.
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§(1y)= (V= (Vs.Vse) € [a. /a1 Vs € Vs (€U ") y/2). Ve 100))
k

N{V = (Vs, Vse) € [1/a,1/a]” s.t. Vg € Vs(€(1,y). Ve, 1)}

= (/e /a"\ (U BU0,y/2) 0 (1)),
k

The Borel sets B(I "), y/2), B(I,y) are defined in (9.15). O

Appendix A. Technicalities

Proof of Lemma 4.1

Let us consider first the case f € F(O x B,), namely when f depends only on a
finite number of w;’s. By definition, this means that for some k € N there exists
a function f : Pr(O) x B, — C, where Pj is the projection Py : RZ — R2+1
defined as Py (w) := (w—g,...,wk),suchthat f(w, 1) = f(a)_k, ..., wg, ) for every
(w,I) € O x B,. By Cauchy estimates,

|f. D)~ f(o. 1) <207 f1"OBe|l —I'|g, VweO,1,1' € B,

We need the following.

LEMMA A.1 (Lipschitz extension)
Let X be a metric space endowed with the metric d(-,-), and let  # U C X.

(i) Let f : U — R be an L-Lipschitz function, namely | f (u) — f(v)| < L d(u,v)
for everyu,v € U. Then f(x) :=infyecy f(u) + Ld(x,u), x € X, is an L-Lipschitz
extension of f.

(ii) Moreover, if supy | f| =: M < oo, then f :=max{—M,min{ f, M}} is an
L-Lipschitz extension of f satisfying supy | fl=M.

(iii) Let g : U — £*°(R) be an L-Lipschitz function, namely, |g(u) — g(v)|geo <
Ld(u,v) for every u,v € U. Then there exists an L-Lipschitz extension g : X —
L (R) of g. An analogous statement holds for every £*°-weighted space, in particular
Jorwp.

Before proving Lemma A.l, we conclude the proof of Lemma 4.1. Then
Lemma A.1 with X = Pr(Q) x B,», distance d((w, 1), (0. 1)) = |o — &'|oo +
2y I =1'|g, U = Pr(O)x By, [ = f,L= Yy~ £179*Be implies Lemma 4. 1
in the case f € F(O x B,). Note in particular that since Py (@) is finite-dimensional,
the product topology on it coincides with one induced by the norm | - |». Then the
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extended function f € F(&@ x B,/,) and its continuity in @ follows by its Lipschitz-
continuity in w. Moreover, in this case, | f|"@*Bo/2 = | £|»"9*B» and

|f(w.1)= fw. 1) <207 | f1"O*Be|I —I'|g, Yo €@, 1,1 € B,,.

Consider now the case of a general f € ¥ (O x B,). By definition, there
exists a sequence f, € F(O x B)) such that | f,, — f1VO9%Bo < 4=n=1| £|r-O%Bo and
80 = fo. 8n = fu— fu—1 forn >1.Then f =), _,gn. Moreover, |go]70>Br <
S/4 £ 700, |gu[FOXBo = | f, — fIFO¥Bo | f = £, y[rO<Br < 5. 47 x
| £17:9*Bo and g, € F(O x B,). Then there exist extensions g, € F(@ x B,/5),n >0
such that g, = g, on O x B>, |§,,|)”(’9X130/2 <5.47n71 |f|V’(9XBp, g, 1s continuous
with respect to the product topology in @, and finally g, is Lipschitz on B,/, with
estimate

|Zn(@. 1) = gn(@. 1")| < 10p7 147" f 2O Bo| T — |, Yo e@.1.1'€ By,
Finally, set f := D ons08n- d

Proof of Lemma A. 1
(i) It is McShane’s theorem. Incidentally, we note that f_ is the greatest possible exten-
sion while the smaller one is f (x) := sup,ey f(u) — L d(x,u).
(ii) The fact that f is L-Lipschitz follows applying the following result twice:
Given an L-Lipschitz g : X — R and ¢ € R, the functions g := max{g,c} and
g :=min{g, c} are L-Lipschitz. We prove it only for g, the other case being analo-
gous. We first note that § = (g + ¢ + |g — ¢[)/2. Then

1
|g(x)—g()| < 5 (g00) =g +1lg () - c|-g(»)—cl])
<lg(x)—g(y)| < Ld(x.y).

(iii) By McShane’s theorem in (i), every component g; : A — R of g can be
extended to g; : X — R with the same Lipschitz constant L. Then, setting g :=
(&) jez, we have that g € £°°; in fact, for every fixed x € X, xg € 4, and j € Z,

|8 (0)] <18 (x) = &, (x0)| + | g (x0)| = Ld(x.x0) + || g(x0) yoo-

Finally, for every x;,x, € X and j € Z, we have that |g; (x1) — g, (x2)| < L d(x,xo)
and, finally, |g(x1) — g(x2)|¢ce < L d(x,x0). The extension to £>°(C) and to every
£°°-weighted space, in particular for w, is straightforward. O

Proof of Proposition 4.1.
Writing F =) Fa/’ﬂ/u“/ﬁﬂ/ and G =) Ga//’ﬂuu"‘uﬁﬂ”, we have
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. ,, r . a e —e; ~B B —e;
{F,G}—l Z F ﬂ’Ga” ﬂ//Z(a j(xj)u _luﬂ B J
o' B

‘H = ZHa,ﬂu“ﬁﬂ,
o.p

where

Hop:=i) Y FupgGarpg@;B—pja}). (A1)

J a'+a’—ej=a
B+B"~e;=B
Note that {F, G }(0) = 0. Indeed, Hp = 0 since &’ + o” = B’ + B” = ¢, (namely,
oc’ —|—a” =B +B =1anda) +aj = B + B} =0fork # j)implies that e’ 7} —
] j = 0 by mass conservation |a| = |B].
Recalling (4.5), we have

{F.G}Y|, , < supZ D |Fu gl|Gor grl(@; B + i B))
J o B,
a// ﬂ//

x (By + B{)u

where 1, = u ,(r) was defined in (4.6). We split the right-hand side of (A.2) into four
terms according to the splitting

(e B + o} B)) By + BY) = o BB} + o BBY + BB} + o} B B

we will consider only the term

" +ﬂ Zeg+a//+ﬂ”—2ej (A2)

A: —SLlpZ Z |Fy G, ﬂ,,|a ﬂﬂﬂ{ a "+B' —2ep+a”+B _221’

J o' B a”,B”

the others being analogous. Noting that for all j € Z,

o’ +B"—2e;
> Gy g7 By 7 <|Gl,

4
a//

we have

A<|G|rp51;PZ| ‘g Za ﬂ/ o/ +B'—2¢;
o' ,p

|G|rpsup Zl N4 |a |ﬂ/ o' +B-2e

El

r )\a’-i-ﬂ/l—z

G su ’ o'+p Ze[a_,’_ (
||rp pZ| ﬂ|ﬂ€ | ﬂ|r+p
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where i, is short for u ,(r + p) (recall (4.6)). Since™®

T )\a’+ﬁ’|—2
sup |a' + B |(r n

x—2 r
) §2max{1,—},
lo/|=18’|

< supx(
Jo

x>2

r+p

we get

A <2max{ }|G|,psup Z |Fy g |ﬂ£~af+ﬂ =
/ﬂ/

and, recalling the definition in (4.5), this concludes the proof of (4.8).

Remark A.1
Note that Proposition 4.1 and its proof hold for any £°°-weighted norm, namely with
norm sup ez w; |u |, with w; — oo.

Proof of Lemma 4.2

Let us first prove the Banach structure. Consider a Cauchy sequence of Hamiltonians
H® ¢ Jffl’,o. Foralwe O, I € d, H(”)(a), I) is a Cauchy sequence in Jt’,(zp. Then
we define

H(w.I)= Y Hyplo. Du*if €3,
o,BeM

such that for all w € O, I € 4, one has pointwise convergence H™ (w,I) —
H(w,I) € ¥, p. Moreover, for all «, 8, the sequence H o(["; is a Cauchy sequence
with respect to the norm | - |Y. Since ¥ (O x d) is Banach, for all &, € M,
H — Hop € F (0 xJ).

By hypothesis, for all € > O there exists N such that for all n,m > N one has

a+Bf—2e;

Ssu S0 IHS B G+ B s P = | — ), <

7 @BeM
so taking the liminf on m we get for all j,
a+p—2e;

—11m1nf Z H(") H(m)| (ocj +Bj)up
(e,B)eM

<eé.

“Indeed, setting y := p/r, we have that sup,.» x(rer)x_2 =sup, oo X(1+y)> ¥ =2if y > JJe -
On the other hand, when 0 < y < /e — 1 we have

2 2
v U2 1 A4y 2

sup x(1 + = < - S —_— = —.
xzpz( g eln(1+y) y0<y<f)/g_1eln(1+y) y
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Then for all ez, B, one has
|Ho€7f)3 — Hepl" < lirrrlninf|Ho(t’,’) H(m)|y (A3)

SO
+B-2
> H — Hagl (e + By P
(oe,B)eEM
< Z 11m1nf|H(") H(m)|y(0l1 +B)u p A2
(a,B)eM
<liminf Y [Hy— HIPl (@) + By
(ee,B)eM

a+p—2e; <s

by Fatou’s lemma. Taking the supremum over j, we have proved that H™ — H in
the Jfr(? -0 _norm.

Concerning the Poisson algebra property, it suffices to use the fact that | - |” has
the algebra property with respect to standard multiplication and from (A.1) we deduce

Hapl” <3, Do Farpl'1Gar g (@8] + B (A4
J o/ +a’—ej=a
B'+B"—e;=B
Then the proof follows verbatim the one of Proposition 4.1. O

Proof of Proposition 5.1

Items (i) and (ii) directly follow by Propositions 4.1 and 4.2 of [8], respectively. Here
we only discuss the analyticity with respect to /. By formula (4.30) and recalling the
notation in (5.1), for every |u|, <r', we get the representation formula

HOwo.n= 3 r

m>=§

o,B.8.a
2\;|+|a|+|b|<d+22\8H—|a|+\b| d+2

8
- (I:;) (i) (DO oy p (. D058 2920,

where m,a, 8,¢,6 € N%.a,beN3 ,an B=0.
Set for brevity X := Xz the Hamiltonian vector field of n‘H (recall (5.9)).
Then define Y componentwise for j € Z as

R o et

«.B.¢.a,b §>¢ m>=§
2|¢|+al+|bl<d +22|8|+|al+|b|=d +2

(A.5)

S 2e;

’
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with £ :=2¢ +a + B +a + b and again m,a, B,.,6 e N a,b e N3  anNp =0
and where u, = u,(r’) was defined in (4.6) and [, := uf,/Z. By the formula after
(4.30) in [8], we have Y € w,, with |Y|, <3%+!|H|,., and |X;(u.0.1)| < Y; for
every j € Z, u € Br(wp), w e 0,1 € J(p,r) (tesp., I € J(p,r,C) in the complex
case). Therefore, H @ is analytic in d(p,r) (resp., I € J(p,r,C) in the complex
case) since it can be written in a totally (a fortiori uniformly) convergent series (see,
e.g., [40, Theorem 2, Appendix A]). |

Proof of Lemma 7.2
This is by induction over N.*’ The result is obvious for N = 1. Let us assume it for
N and show it for N 4 1. We have

D 1<t<N41%¢ (Z1<e<N X¢) + XN+1

[Tice<ns1 \/_ ([Ti<t<n VXD V/XN+1

1 JINTT
= (it ) =t

since X1 > xp > -+ > xy > 2 implies ]_[1<5<N VX = /2. It remains to prove that

L Y e 4
J_)m+ﬁ_ﬁ+ﬁ'

Denoting ¢ := ,/x; and s := /Xy+1, the above inequality is equivalent to

(v s

ft.s):=2t%5 — 215> + 85— 21> —8>0
for /2 <s <t.Since f is a concave function of s, we have that

f(t,s)>min{ f(z,v/2), f(t,1)}.
It is immediate to see that

m1n F(t,V2)=7v2-9>0, min f(z,1) = 12+/2—16 > 0,

t>/2 t>/2

showing that f(z,s) > 0 for ~/2 < s <t and concluding the proof. O

Proof of Lemma 7.3
Letd := g. We split the sum in (7.21) into two terms Ax = A} + A, with

“Note that [6, Lemma C.4] stated the following erroneous result: Let 0 <a <land x1 > x2 >+ >xny > 2.

Yi<e<N e —a + -

Then Miceon x¢ (1,. Anyway in [6], we only had used the above result with @ = 1, which is

exactly the content of Lemma 7.2.
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Ay = Z —8k; logLs(i)J + log (1 + (i)zkiz),
i<isx:k;>1

Z —8kilog|s(i) | +log (1 + (i)%k?).

i <i <ipgk;>1

b
=V
i

Regarding the first term, we get (recalling that s(i) > i)

Ap< > —bkilogli] + 1+ 2log(i) + 2logk;

i<iwiki>1

<8i,logis — Z ((§log2)k; —2logk;) < 8i*(logi* + log %)

i<isx:k;>1

using that max,s; —(§log2)x + 2logx < 2log1/8.
Consider now the second term. By (2.8a), we get

Ap < Z —8k; log" 7 |i| + log (14 (i)°k7) < Ay + A,

Iy <i<iy,k;>1

where
AL, = > 2f(i. ki), Af,:= > 21(i ki),
ix <i <iy,k;>28/8 i <i <iw,1<k;<28/8
andﬁ()
. k) :=—8klog'™"i + 3logi + 2log(8k) + 2log(1/6). (A.6)

When k; > 28/8, we have’!
1- _ _
fi ki) < —ESk,» log"t"i + 2log(8k;) + 21og(1/8)
1- . _
< —ng,- log"t"i 4 2log(1/8) < —7log' ™" i + 21og(1/§),

which is negative for i > 1/8. Then we get A7 < %log(l/g).
We finally consider the term A;z, namely when k; <28/ §. In this case,

fi.ki)<(3—6log"i)logi + 7+ 2log(1/6).
We claim that the last quantity is negative for i > exp(4<§_1/ ™). Indeed, since n <2,

S0Recall that i4 > 3.

5!Using that —1 x 4+ 2logx < 0 for x > 28 and logi > logiy > 1.
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S ki) < —i_ + 74 2log(1/8) <0

Vs
for § < 1/2. On the other hand, for i < exp(48~1/"), we have
12 =20
f. ki) < =+ 7+ 2log(1/8) < =
So we finally get

40 - .
A7, < 3 exp(45=1/") < 40exp(55~1/M). O

Proof of Lemma 9.2
To fix ideas, we consider the case &, = —1. Set x =: (X, x,,). Let us introduce the
portion of hyperplane (which is a graph over x)

Pi={(.E %)k e[-Ya 1/},

orthogonal to &. Note that for every y € E there exist unique r € R and X €
[—1/4,1/4]"~1 such that y = (X, - X) + t&. Then by Fubini’s theorem we have
that

meas(E) = |§|2[Pmeas{t eR: (fc,i?-fc) +tE e IE} do

VI+IEBdz=2""8lER.

Appendix B. Topology, measure, and continuous functions on infinite product
spaces

s|s|25/ do = |£]28
P [—1/4,1/a]n—1

Product topology
Fix o > 0. Let us consider the set [—o, 0] endowed with the product topology, namely
the coarsest topology (i.e., the topology with the fewest open sets) for which all the
projections 7 : [0, 0]* — [0, 0], with 7; (w) := w}, j € Z, are continuous.

We call cylinder a subset R, An Of [0, 0]% such that A, € [—o, o] with 4, #
[—o, 0] only for finitely many n € N. Then a basis of the product topology is given by

the open cylinders, namely cylinders X),, .y An, Where A, are open.

neN
By Tychonoff’s theorem, [—o, 0]* with the product topology is a compact Haus-

dorff space.

Product measures
The product o-algebra (of the Borel sets) of [—o, 0]” is generated by the set of cylin-
ders @), ey An, Where A, are Borel sets (w.r.t. the standard topology on [—g, 0]).

]Z
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The probability product measure |1 on the product o-algebra of [—o,0]” is
defined by

#(@4n) =T 5514
neN neN

where | A, | denotes the usual Lebesgue measure of the Borel set A,,.
Through the bijective map

V*:Q — [-1/2,1/2]%,  where V‘}k(v) =V - j*.J €,

we induce the product topology and the probability product measure on the set €@
(analogously for @ g and @ g¢).

Product measures

Given a compact Hausdorff space X and a Banach space E, we denote by C(X, E)
the Banach space of continuous functions f : X — E endowed with the uniform
norm

| flex.E) :=5161§|f(x)|E = ;nea§|f(x)|E.

LEMMA B.1 (Lipschitz fixed point)
Let € be the closed subset of the Banach space C(Qg x [—1/4,1/4]5°, L$%) (with the
product topology on Qg x [—1/4,1/4]5%) defined as

€= {w e C(Qs x [~V/a. /4 L52) sit. W@ gryaayse usz) =T
forsome 0 <r <1/4. Let F € C(Qg x [-1/4,1/a]5" x [—r,r]5° 32) with
|F(v, Vse,w)|goo <. |F(v, Vse,w) = F(v, Vse w')| oo < 1/2|lw — w'|ge,
sC 8C 8¢
forallve Qg,w,w € @gc. Then there exists a unique w € € such that
w(u, ng) = F(U, Vgc, w(u, Vgr))

Moreover, if F is L-Lipschitz for some L > 0 with respect to v € Qg (endowed with
the £*°-metric), then w is 2L-Lipschitz in v. Analogously, if F is L'-Lipschitz with
respect to some other parameter I in some Banach space, then w is 2L’'-Lipschitz
inl.

Proof
First note that if w € €, then F (v, Ve, w(v, Vgc)) € €, since the product topology
in [—r,7]3" is weaker than the one induced by the £>°-norm. Set ® : € — € by
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(db(w))(v, Vgc) = F(U, Vgc, lU(U, Vgc)).
Let us check that @ is a contraction on €. Indeed,
|D(w) — P(w)|,
= sup |F(v.Vse,w(v, Vse)) — F (v, Ve, w'(v, Vgc))|€§%

ve@s, Ve el—1/4,1/4]5
1
< sup |w(v,V5c)—w’(v,V5c)|eooc =§|w—w’|f;.
ve@g,Vge e[—1/4,1/4]5¢ $

N =

The existence of the fixed point follows from the contraction mapping theorem on
Banach spaces.

Assume now that F is L-Lipschitz for some L > 0 with respect to v € Qg
(endowed with the £°°-metric d). Then

lw(, Vse) —w (', Vse)

L5
< |F(v, Ve, w(v, Vge)) — F(v', Vge, w(v, Vgc))|£§%

+ |F (V. Vse,w(v, Vse)) — F (v, Vse,w(v', VSC))|€§°C
< Ldao(v.0) + 2 |w(v. Vse) = w(v/ Vo) o
2 5

implying
|w(v, Vse) —w(, Vgc)|e%% <2Lds(v,V). 0

The next lemma regards the analyticity of the map i in (2.7). Without loss of
generality, we consider here only the case § = Z since we are not assuming that /; #
0. Let us first introduce the notation C3° := {¢ = (¢;) jez With |Im¢;| < s,V j € Z}
for some s > 0 and the equivalence relation ¢ ~ ¢’ if and only if ¢ — ¢’ € 27 Z. We
set TS :=C3°/ ~.

LEMMA B.2
For /I € B, (wp), the map i in (2.7) can be extended to an analytic map

T > w,, o] = [(@))jez] = (VI;€99) ez,
forany s > 0.
Proof

For ¢ € C$°, we denote by [¢] € T$° the equivalence class of ¢. T¢ is a metric space
endowed with the distance
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d([¢].[¥]) == wl}éi[?/f] lo — V|00,

where | - | is the norm on £°° = £°°(C). Moreover, it is a Banach manifold. Indeed,
given every point [¢] € T$°, set p := min{l,s — |Im¢|}/2, and consider the open ball
B,([¢]) C T of radius p centered in [¢] and the open ball U, of radius p centered at
the origin of £>°; then a local chart is ® : B,([¢]) — U, defined so that ®~!(y) :=
[@ + ¥]. We claim that

gi=iod™! 2Up = wip, g) = (v Ijei(¢j+Wj))jeZ

is analytic since the Fréchet derivative Dg : U, — £(£*°,w),) is continuous. Indeed,
for every ¥’ € £,

DgWY) = V1TV ez
and for vy, 1/~f € U, the operator norm (recall that VI e B, (w p)) satisfies

|Dg(w)—Dg()|,,= sup  |(iyI;e% @V —ePiyyt) |
P J 4

Y el |y’ |=1
< re|1m¢|+p|((1 _ ei(l]fj—l/fj)))jezuoo
frellm‘p|+2p|1/~f—1ﬂ|£0°~ 0

On the density of linear flow vt on the flat torus Ty (recall (2.5)).

We note that if |v|gee < 00, then the linear flow ¢ — vt is not dense on the torus
77. Indeed,” let ¥ € RZ defined as 7; = v; when j € 8; and 0 otherwise; then 7Q
would be a countable dense subset but £°°-based topologies are not separable. On the
other hand, if the sequence v; increases very fast (e.g., superexponentially), then the
flow is dense.

LEMMA B.3
If for any n > 1 the vector v \pith entries v, |j| <n, j €81 is rationally indepen-
dent and

im ol Yyl =0,

nesdy,|n|—>oo X -
JE€81,ljl>In|

then the flow is dense.

Proof
Fix § > 0, ¢ on the torus, and call d the distance on the 1-dimensional torus

92Recall the definition of 7 in (2.6).
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drp1 (¢, ) = mingey |@ — ¥ — 2mk| for ¢, ¥ € T!. We want to show that there exists
a time T € R such that dyi1(@,,v,T) < § for every n € 8. Let ng € 87 be large
enough such that (Vx| Y ;e 5, |j|>n| lvj|~! <§8/2n forevery n € 81, |n| > |no|. Since
v(0) i rationally independent, there exists To > 0 such that dq1 (¢ i.v;To) <6/2
for every j € &;,|j| < |no|. For every j € &;.|j| > |no|, there exists ¢; € R
with |¢j| < m/|v;| such that dr1(@;,v;(To +t;)) = 0. Set T := To + T’, where
T':=3ic8,.|jl>Ino ti- Note that |T’| < §/2|vy,|. Then for n € 8, [n| < |no| we
have dpi(@n,vaT) < 8/2 + |v,T'| < 6. Finally, for n € 87, |n| > |ng|, we have
drt (@nsvnT) < |val D ies, 11> nol.j#no 17| < 8/2, concluding the proof. O

Finally, since in our application to NLS v; ~ j2, if §; is sparse enough, then the
condition of Lemma B.3 is satisfied and the flow is dense.
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