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The main goal of this paper is to show how Lyapunov theory and the root locus technique, widely
known as powerful tools for control design, can be used to provide a characterization of the
convergence properties of the celebrated continuous-time Newton and Householder methods. In
particular, a Lyapunov analysis is carried out to characterize the local and global properties of these
methods and it is shown how techniques to qualitatively draw the root locus of a polynomial with
complex coefficients can be used to determine the boundaries of the basin of attraction of each root of
the polynomial to be zeroed, which is an equilibrium of a suitably designed dynamical system. Finally,
by leveraging on the properties of the root locus, an algorithm is proposed to approximate all the
complex roots of a given polynomial, tackling the key issue of choosing complex initial guesses even
when only real roots are sought.
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1. Introduction

Nowadays, polynomial models are ubiquitous in many ap-
plications such as: robotics (Cox et al., 2006), coding theory
(Van Lint, 2012), synthesis of controllers (Menini et al., 2017,
2018Db), optimization (Kirk, 2012), mathematical biology (Szallasi
et al, 2006), computer vision (Martinelli 2012), game
theory (Possieri & Sassano, 2016), and machine learning (Abu-
Mostafa et al., 2012). Therefore, the development of tools able
to determine solutions to systems of polynomial equations is of
paramount importance in several control applications.

Several methods have been proposed in the literature to deter-
mine/approximate the roots of a complex polynomial: in Jenkins
and Traub (1970), a three-stage process for calculating the ze-
ros of a polynomial with real coefficients has been proposed;
in Pinkert (1976), the classical theorems of Sturm and Routh are
used to construct algorithms that isolate the unique roots of an
univariate polynomial into disjoint squares in the complex plane;
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in Huang (2004), multilayer perceptron networks are used to find
complex roots of polynomials; in Pan and Zheng (2011), matrix
methods, Newton’s linearization, repeated squaring, homotopy
continuation techniques, and some heuristics are incorporated
to accelerate the search for the roots; in Pan (2023), a black
box polynomial root-finder, i.e., involving no coefficient of the
polynomial to be zeroed, has been proposed.

Some of the most used methods to determine a solution to
polynomial systems are the iterative Newton, Halley, and House-
holder methods (Galantai, 2000). In Henrici (1993), it has been
demonstrated that the discrete-time Newton method can be suc-
cessfully applied to determine the complex zeros of a system of
polynomial equations. Nonetheless, the boundaries of the basins
of attraction in C of each root of the polynomials to be zeroed
are generally fractals when the approximation method is imple-
mented in discrete-time (Drexler et al.,, 1996; Hubbard et al,,
2001). In particular, Newton’s method may exhibit chaotic behav-
ior, with some initial guesses tending either to infinity or to cycles
of finite length (Strang, 1991).

Starting with the work of Ortega and Rheinboldt (2000), a
large research effort has been spent to determine the properties
of the continuous-time implementation of iterative algorithms
originally designed in discrete-time (Allgower & Georg, 2012;
Attouch et al., 2023; Romero et al., 2022; Su et al., 2014; Zghier,
1981). As an example, in Hirsch and Smale (1979) and Tan-
abe (1985), the local and global convergence properties of the
continuous-time Newton method have been analyzed.
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L. Menini, C. Possieri and A. Tornambe
1.1. Historical context

According to Deuflhard (2012), Kollerstrom (1992) and Ypma
(1995), Newton’s method originated from the work of the French
algebraist Francois Viéete. Viete’s work (Viete, 1600) aimed at
determining a root of the monic polynomial equation f(z) = 0.
Viéte's method yields individual digits of a solution z, of f(z) = 0:
letting ap, ai, as, ..., be the successive significant digits of z, so
that z, = ao 10 4+ a; 101 4+ a, 102 + - - -, and letting z; be the
ith estimate of z,, z; = ap 10¥+a; 10 1+a, 102+ - . 4q; 10%,
the digit a; can be computed (Ypma, 1995) as the integer part of

1 fa10M ) 1)
2 f(xi+108 =)= f (x;)— 10— 1= D>

where n is the degree of f. Such a method has been improved
by Isaac Newton (Newton, 1669) by linearizing the successively
arising polynomials: letting go(z) = f(z), 8o = Y r,iz', and
e = Z — 2o, being zo an initial guess, one has that 0 =
Zo(ze) = Y ioailzo +e) = >, ai(Z;:O (})z{)e:;’) = gi(eo);
by neglecting higher-order terms, one obtains 0 = (Z?ZO oz,'_zf)) +
eo(Y [ paiizy '), from which one obtains ey ~ —(3"1 jeiizy ')~
(Z?:O aizé). The process can be repeated by replacing zo with
Z1 = zp + ep. Joseph Raphson (Raphson, 1690) managed to avoid
the computation of the intermediate polynomials by making the
method fully iterative:

Zkyr = 2k — ff/((zz';))‘ (2)

The continuous-time analogue of (2) has been firstly considered
in Gavurin (1958),

2(t) = —HED 2(0) = 2. (3)
By observing that maximal solutions w(t, zg) to (3) defined in the
interval [0, M) satisfy f(w(t, z0)) = e"f(2o) for all t € [0, M), one
has that if M = +o0, then lim,_, , » f(w(t, zg)) = 0, i.e., complete
solutions to system (3) converge to a solution of f(z) = 0.

Since these early developments, a large research effort has
been spent to characterize the properties of this algorithm and to
accelerate its convergence. In Tanabe (1985), the local and global
properties of the multi-variate version of (3) have been analyzed.
In Menini et al. (2018d), it has been shown how to modify
the dynamics (3) to achieve finite-time convergence, whereas
in Menini et al. (2021b) it has been shown how to couple the
multi-variate version of (3) with the interval arithmetic to obtain
certified estimates of the solution to f(z) = 0. A first attempt to
estimate the basin of attraction of Newton method has been made
in Menini et al. (2018c).

On the other hand, focusing on the discrete-time iteration (2),
a significant research effort has been expended to improve its
convergence properties. Halley (1964) provided a method having
super linear convergence of order 2 (whereas the methods (1)
and (2) have linear and super linear convergence of order 2, re-
spectively). Householder (1970) showed how to design iteration
functions having arbitrary order of super linear convergence. Such
a problem has been also analyzed in Kalantari (2008), where the
Basic Family, i.e., an infinite set of iteration functions possessing
super linear convergence of assigned order together with several
other useful properties from the mathematical, algorithmic and
visualization points of view, has been introduced.

1.2. Contribution of the paper

The main contribution of this paper is to show how methods
from control theory can be successfully used to analyze the con-
vergence properties of the continuous-time Newton and House-
holder methods. In particular, a Lyapunov analysis is carried out
to characterize the stability properties of these algorithms; see
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Sections 3 and 4. Differently from the analysis in Gavurin (1958)
and Tanabe (1985), the results presented in Sections 3 and 4
leverage the LaSalle invariance principle and Lyapunov theory
rather than merely computing first integrals, thus showing how
control techniques can provide effective tools for the analysis
of iterative methods. Furthermore, by exploiting the root locus
of polynomials having complex coefficients, it is shown how to
determine qualitatively and quantitatively the basin of attraction
of each root of the polynomial to be zeroed, considered as an
equilibrium of the corresponding dynamical system. The root
locus of polynomials having complex coefficients, when a real
parameter varies from —oo to +o00, has been already consid-
ered in Doria-Cerezo and Bodson (2013) to design a generalized
proportional-integral controller for a simplified model of a three-
phases rectifier. The rules derived in Doria-Cerezo and Bodson
(2013), recalled and extended in Section 5, are natural extensions
of the traditional root locus techniques (see Evans, 1950). Several
examples of application of the proposed techniques are reported
in Section 6, wherein qualitative shapes of the basin of attraction
of each root of f(z) = O when using the Newton’s method
are reported. These basins are examined in contrast with the
Julia plots (Hubbard et al., 2001) of the corresponding discrete-
time system to compare the performance of these two classes of
root-finding algorithms. Finally, by leveraging on the properties
of the root locus of a polynomial with complex coefficients,
an algorithm is given in Section 7 to determine the set of all
the complex roots of a polynomial, the key issue being that of
choosing complex initial guesses even when only real roots are
sought.

Differently from Menini et al. (2018d, 2021b) and Tanabe
(1985), the focus here is on the continuous-time Newton and
Householder methods to solve scalar polynomial equations. Al-
though the convergence of the Newton method to the roots of
f(z) = 0 has been already proved in Gavurin (1958) as high-
lighted in Section 1.1, in Section 3 it is shown how such an
analysis can be carried out using control theoretic tools such as
the analysis of the linearized system in the neighborhood of sin-
gular and equilibrium points and the LaSalle invariance principle.
This paves the way to the characterization of the basin of attrac-
tion of each root of f(z) = 0 that is carried out in Section 5 by
using the root locus of complex polynomials. It is worth pointing
out that such a characterization is not an inner approximate as
in Menini et al. (2018c), but allows one to precisely determine
the basin of attraction of each root.

In Kalantari (2008), it has been shown that the Basic Family is
equivalent to the Gerlach (1994) family of functions. In Section 4,
it is shown that they are further equivalent to the Householder
family. First, this allows to characterize the convergence proper-
ties of the continuous-time version of these methods. Secondly, it
allows also to precisely determine the basin of attraction of each
root of f(z) = 0 using the same root locus arguments employed
for the Newton method.

2. Review of iterative methods for solving polynomial equa-
tions

Notation: Let Z, R, and C denote the sets of integer, real, and
complex numbers, respectively. The symbol 1 denotes the imagi-
nary unit. Given a complex number z € C, the symbols %(z) and
J(z) denote its real and imaginary parts, respectively, whereas z,
|z|, and arg(z) denote its complex conjugate, its absolute value,
and its argument, respectively. The symbols A and Vv denote the
logical AND and OR operator, respectively. Letting K be either R
or C, K[x] is the set of all the polynomials in x with coefficients
in K. Given a point z € C and a set S C C, the distance between z
and S is dist(z, S) = mingcs |z — s|. Given a function f : X — Y,
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the symbol dom(f(-)) denotes its domain X. Given an univariate

function y, let y'(z) = 2 and y = oria),

. 0 .. Z .
Consider the problem of determining tihe roots of a polynomial

f € R[z]. An iterative procedure to determine a solution of f(z) =

0 has the form of the discrete-time system
Zkv1 = v(zk), keZ, k=0, (4)

where y : R — R and zg € C is the initial estimate; notice
that zy must necessarily be taken into C in order to approximate
the non-real roots of f. Letting z, be any root of f, i.e. f(z.) = 0,
the function y needs to satisfy y(z.) = z. in order to ensure
that system (4) constitutes an iterative procedure to solve f(z) =
0. In the following, it is assumed that y is differentiable in a
neighborhood of z,, with continuous derivatives, the required
number of times. By classical Taylor expansion arguments (Traub,
1982, Sec. 2.21), it holds that |z 1 — ze| < |y/(&k)l|zx — ze|, where
g lies in the segment determined by z; and z.. Therefore, if
|¥(ze)] < 1, then there exists a neighborhood ¢/ C C of z, such
that

|2k — zel < LMzo — 2|, keZ k>0, (5)

with L < 1, for all zy € u. If the condition given in Eq. (5) holds
and y'(z.) # 0, then the iterative method (4) (briefly, the function
y) has linear convergence. On the other hand, if y®(z,) = 0, fori =
0,...,m— 1, then it holds that |zy;1 — ze| < |y™(¢)l|zx — ze|™,
where ¢ lies in the segment determined by z; and z.. Hence,
by Traub (1982, Sec. 2.2.3), there exists a neighborhood ¢, C C
of z, such that, for all zy € U/, one has

Zepri—ze _ y™Mi(ze)
k—+o0 (z—ze)™ ml (6)

If the condition given in Eq. (6) holds and y™(z,) # 0, then
the iterative procedure (4) (briefly, function y) has super linear
convergence of order m.

Note that the order m may depend on the multiplicity of
Z. as a root of the polynomial f, ie., the iterative method (4)
might have super linear convergence of order m for simple zeros,
but different order for multiple zeros. Supposing that f has just
simple zeros, by Traub (1982, Thm. 2.4), if y; has order m; and
y, has order my, then y; o y» has order mym,. Furthermore, if
m; = my, then there exists a function @, which is well-defined
at z, and such that @ (z,) # 0, for which

_ r@\"
7@ =n@+o@ (5) 7
with m = my if "™(z,) # 1A"(z), or m > my if y™(z,) =
yz(m)(ze). In fact, for a given y; such that y4(z.) = z., having super
linear convergence of order m, by Traub (1982, Thm. 2.7), the
function y, given in Eq. (7) has super linear convergence order

_ V]m (ze

m provided that w(z,) # T) Therefore, the availability of
an iterative method of order m allows one to determine the whole
family of iterative methods of order m via (7).

The most celebrated iterative method with super linear con-
vergence of order 2 is Newton’s method, whose iterations read as
the following discrete-time system

Ziy1 =2k +F(ze), keZ, k>0, (8)
f2)

where zy € C is the initial estimate and F(z) = — e This algo-
rithm is the first in the class of Householder’s methods (House-
holder, 1970), which are defined as

Zkyn =z +Fu(ze), keZ, k>0, 9)
where zg € C is the initial estimate, m € Z, m > 1, and F, is
given by

Fn(z) = m(z5)™ V(™). (10)
The method (9) has super linear convergence of order m + 1 in
the neighborhood of each simple root z, of f.

m)(

Automatica 163 (2024) 111570

3. The continuous-time Newton method

Let f € R[z]. The continuous-time Newton method is given by
the following continuous-time system

z(t) = F(z(t)), teR,t>0, (11a)
2(0) = zo, (11b)
where zq € C is the initial estimate, F(z) = —£Z and z(t) € C is

. . (@), .
the approximation at time t of one of the n points in the following

algebraic variety:

fz)=0}.

Note that the continuous-time system (11) is not defined at each
z € S, where

R={zeC:

S={zeC: f(z)=0},

is the set of all the singular points of the Newton method (11). To
overcome this issue, consider the desingularized system

2(t) = f'(z(0)f"(Z(£)F(2(1))
= —f'Z(O)f (z(t)), teR,t>0, (12)

which has been obtained from (11) by multiplying its right hand
side by f'(z)f'(Z) = |f(2)I*. Since f'(2)'(z) € R, f'(2)f"(z) = 0,
for all z € C, and f'(z)f’(z) = 0 if and only if f'(z) = 0, the
orbits of the two systems (11) and (12) are the same, although
they are traveled with a different time-behavior (but with the
same direction for increasing time), with the exception of the
points in S, wherein the solution of system (11) is not defined,
but which are isolated equilibria (whence orbits) of system (12),
due to desingularization.

The following Lemma provides a first characterization of the
equilibria of the desingularized system (12).

Lemma 1. Let f and f' be both square free. Then, the set of all
the equilibria of system (12) is R U S. In particular, the equilibria
in R are locally exponentially stable, whereas the equilibria in S are
unstable, and, in particular, are saddle points.

Proof. Since f € R[z],if z € RUS then z € RUS. Thus, the set of
all the equilibria of system (12) is RUS. Note that RNS = @ since,
by assumption, f is square free. Thus, the equilibria in R and S
can be considered disjointly to analyze their stability properties.

Define o = M(z) = 3z+1Z and B = J(z) = —4z+ 1Z, so that
z=a+1p and z = o — 18, with «, 8 € R. Hence, the “complex”
differential equation (12) is equivalent to the two following “real”
differential equations:

a(t) = R(—f"(a(t) — 1B()f (a(t) +1(1)))
= —3f"(a(t) = 1B(O)f (a(t) +1B(¢))

— 3 (a(t) +1B(E)f (a(t) —1B(1)), (13a)
Blt) = S(—f'(au(t) — 1B (x(t) +18(1)))
= 3f'(a(t) —1B(t))f (e(t) +1B(1))
— 5f(a(t) +1B(0)f (a(t) —1B(t)). (13b)

The set of all the equilibria of (13) is Az U Ags, where

Ar ={(a, B) eR X R:a+18 € R},
As =1{

(e, B) eRxR:a+18 € S}.

Since z(t) = F(z(t)) if and only if Z(t) = F(Z(t)), letting f(z) =

2 . . . . .
3;; (22), it can be easily obtained that the linearization of sys-
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tem (13) about an equilibrium (e, B.) € Ax U Ag is given by
a(t) = — ( R(f (cte + 18 )" (e + 18e)

+ (e +1Be)f (0te — 1)) ) ()

+ J(f(ere — 1B )" (te +18))B(1) (14a)
B(t) = 3(f(ate — 18e)f"(cte + 18e))ex(t)

+ (R (ce + 18 )" (cte +1Be))

— (e + 1Be)f (e — 1) ) B(). (14b)

Since both f and f’ are square free, there does not exist (a, +
18e) € Ay U As such that either f(ae + 18.) = 0 A f'(ae +
1B.) = 0 or fllae +18:) = O A f"(ae + 18.) = 0. Thus, if
(cte, Be) € Ag, then the dynamic matrix of system (14) has two
eigenvalues equal to —|f'(ae + l/thg)l2 < 0, whereas if (a, Be) €
As, then the eigenvalues of the dynamical matrix of system (14)
are |f(oe + 18 )" (e — 18)] > 0 and —|f(ote + 18 )" (e — 18e)] <
0. Therefore, the equilibria in R are locally exponentially sta-
ble, whereas the equilibria in S are unstable for (12), and, in
particular, the equilibria in S are saddle points. O

Let ¢(t, zo) denote the solution of system (12) at time t € R
with initial condition zg € C. On the basis of Lemma 1, the follow-
ing Theorem characterizes the convergence of the desingularized
Newton method to the roots of f.

Theorem 1. Let f and f’ be both square free. Then, there exists a set
N in C such that lim,_, 1, dist(¢(t, zp), R) = 0 for all zg € C\ N.

Proof. Consider the function V(z) = f(z)f(z), whose time deriva-
tive along the trajectories of system (12) is

V(z) = =2f (2)f (2)V(2).

Note that V is radially unbounded in C. In the («, §)-coordinates,
such functions can be rewrltten as V(a, B) = |f(a +18)* and

Vi, B) = —2[f(cx+l,3)| V(wa, B). Thus, by LaSalle invariance
principle (LaSalle, 1960, Thm. 3), every bounded solution of (13)
approaches Ar U Ags as t — oo.

Let r > 0 be such that A U As C rB, where rB denotes
the ball centered at O with radius r. Since V(«, 8) > 0 for all
(a, B) € R\ B, V(a, B) < O for all (o, B) € RZ\ rB, and V is
radially unbounded, by LaSalle (1960, Thm. 4), each solution of
the desingularized system (12) is bounded for t > 0.

Therefore, the statement follows by the following facts: (i) all
the equilibria in S are unstable for system (12) by Lemma 1; (ii)
the vector field governing the dynamics (13) is locally Lipschitz
in the neighborhood of each («, 8) € R? and its orbits do not
intersect except at equilibria; (iii) the points in R are locally
exponentially stable for system (12). O

By Lemma 1, Theorem 1 and the correspondence between the
orbits of systems (11) and (12), there exists a set A’ in C such
that solutions of system (11) initialized over such a set do not
converge to R. In order to characterize such a set, the following
Proposition provides a set containing the trajectory of system (11)
passing through a point zp € C \ S.

Proposition 1. Given zyp € C \ S, the trajectory of system (11)
passing through zy belongs to the set

T(zog)={zeC: 3keR|f(z)=kf(z0)}. (15)

Proof. Let w(t,zy) denote the maximal solution of system (11)
at time t € R satisfying (0, zg) = zp, zop € C\ S, whose time
domain is denoted dom(w(-, zg)). Note that since the right-hand
side of Eq. (11) is locally Lipschitz in the neighborhood of each
z9 € C\ S, by Khalil (2002, Thm. 3.1), there exists ¢ > 0 such that
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(—e, &) € dom(w(-, zg)) for all zg € C \ S. The continuous-time
system (11) can be rewritten as

f@q, — _
f(z)dz_ dt. (16)

By solving (16) and considering that F(z) is locally bounded about
any point z € C \ S, one has that dom(w(-, z9)) is open for all
zo € C\ S and f(w(t, zg)) = e 'f(zp) for all zg € C\ S and all
t € dom(w(-, zp)). O

Corollary 1. Let f be square free. Define the set
T=Yz) ={z € C: 3k = 1]f(z) = kf(2)}.
The set N is a subset of | J, s T='(2s).

Proof. By the proof of Proposition 1, one has that

fla(t, z0)) = e7'f(20), ¥t € dom(w(-, 20)), (17)

for all zzg € C \ S. Letting z be any point in S, suppose,
by absurd, that 3z € C \ S such that dom(w(-, z)) is un-
bounded from above and lim;_, o o(t,z9) = 2. This implies
that lim,_ o f(w(t, z0)) = 0, which is in contradiction with the
hypothesis that f is square free, i.e., R NS = . Thus, solutions
to system (11) converging to S tend to such a set in finite time,
i.e., if zyg € N, then there exists a finite T € R, T > 0, such that
lim,_t o(t,z9) = Z, for some Z € S. By considering that (17)
holds, if lim;_,t w(t, z9) = Z, i.e., by continuity, f(Z) = e Tf(z),
then 3k € R, k > 1, such that f(zg) = kf(z), thus proving the
statement. Namely, such a constant is given by k =e’. O

A direct consequence of Corollary 1 is that the set N has zero
measure. In fact, one has N C J, 5T !(z9) Z9)
and the set T(z), zo € S, is the root locus of a pof nomlal
having complex coefficients, which is a set of zero measure in
C (Doria-Cerezo & Bodson, 2013).

Corollary 2. Iff is square free, then the basin of attraction of each
equilibrium of system (11) in R is unbounded.

Proof. By the proofs of Proposition 1 and Corollary 1, one
has that (17) holds for any z; € C \ S. Thus, one has lim;_, .,
If(w(t, z0))| = +o00, for all zy € C\(SUR) such that dom(w(-, zp))
is unbounded from below. Therefore, since limy_ 4o [f(2)] =
+o0 and there does not exist a finite Z € C such that lim,_,; |f(z)|
= +o0, one has that lim,, _ |o(t,zy)] = +oo, for all zo €
C \ (S U R) such that dom(w(-, z9)) is unbounded from below.
Hence, since (17) holds, hence ruling out finite escape time of the
backward solutions to system (11), either w(t, zy) converges to S
in finite time moving backward, or its domain is unbounded from
below and lim;_, _ |w(t, zg)] = 400, for all zg € C\ (S U R).
Following the same reasoning used to prove Corollary 1, the set
of all the z5 € C\ (S U R) such that w(t, zg) converges in ﬁnite
time to S moving backward in time is contained in UZ esT =1(z,),
where

T='(20) = Fk € (0, 1) | f(2) = kf(zo0)}-

Thus, given any root z, € R of f and selecting z ¢ UZS€S T=1(z,)
in the basin of attraction of z., that is an open set by the proof of
Theorem 1, the corresponding solution satisfies lim;_, _, |@(t, Zo)|
=+o0. O

{zeC:

By Corollary 1 and considering that T(zp) is, by definition (15),
the root locus of a polynomial having complex coefficients, the
set A can be determined graphically by plotting the root locus
of some polynomials in C[z, k]. Further, by Corollary 2, the set
N divides C into n unbounded regions, within which a root in
R is globally attractive. Techniques to plot such a root locus are
provided in Section 5.
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4. The continuous-time Householder methods
The continuous-time counterpart of the iterative, discrete-
time, the Householder method (9) is
2(t) = Fn(z(t)), 2(0) = 2o, (18)

where z, € C is the initial estimate. The following Proposition
provides two different expressions for the function Fy, alternative
to (10).

Proposition 2. Define recursively the functions f,, ..., fi as
. — _fi@ - _
fl+1(z)_ H—W’ i=1,...,m 1, (19)
with f1(z) = f(z). Then, one has that
— _mdn®  _ _ fn@)
Fn(2) = —mighe = ~he

Proof. Letting f;, be defined recursively as in (19), it can be easily
derived, using the chain rule, that

1 1 \(m—=1)y—1
£z) = (= 1™ (m — DU ) 7 (20)
whence

(F2(2)) = (= 1)"(m — DU )™ D)2 ).

This 1r1nnp11es that F,, can be equivalently expressed as F;(z) =
—m fm thus proving the first equality. The second one follows

by the fact that mf™(2)f'(2) — fu(2)(f™Y(2) = 0. 01

A consequence of Proposition 2 is that the Householder
method (9) is identical to the Gerlach method (Gerlach, 1994) and
hence to the basic family described in Kalantari (2008).

Since F,(z) = f’"EZ) where f;, is defined recursively as in (19),
system (18) is the continuous-time Newton method (11) applied
to the algebraic function f;; (equivalently, in view of Proposition 2,
to the rational function f') rather than to f. In particular, by the
equality given in (20) and considering the formula given in Shieh
and Verghese (1967, Eq. (1)), it can be easily derived that

e =14,

where v, € R[z]. Thus, the set of the roots of f,,
Rm={z€C: fulz)=0}

actually equals R. Define the set of the poles of f;, as the set of
points wherein the denominator of f vanishes,

Pn={z€C: vy(z)=0}.

By considering that f™(z) = W one has that Fy
m

can be equivalently written as

- mf(z)vm(z)
Fn(2) = — v et em@:
Therefore, the set of all the equilibria of system (18) is Ry U Pp,.
Furthermore, following a reasoning wholly similar to that used in
Section 3 to analyze the Newton method (11), let

Sm={zeC: mun(2)'(z) - f(z)v,,(z) = O},

be the set of the singular points of F,. To characterize the behav-
ior of system (18), consider the desingularized system obtained
by multiplying the right-hand side of (18) for its denominator and
its complex conjugate

2(t) = —mf(z(t))vm(z(t)) -
(mum(Z(0)f'(2(£)) — fZ(O))vp(2)(1D)). (22)

Letting ¢, (t, zg) denote the solution of system (22) at time
t € R with initial condition zy € C, the following Theorem
characterizes the behavior of the desingularized system (22).

(21)
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Theorem 2. Suppose that the pairs of polynomials f, vm) (F, f),
(Vm, vy,) are all coprime and that |vy(z Nm?vm(2)f'(z)? + mf(z)
vm(2)f"(2) — mu(2)f"(2)? — f(2)*v].(2)| # O for all z € Py, Then,
the set of all the equilibria of system (22) is Ry U Sy U P The
equilibria in R, are locally exponentially stable, whereas the ones
in S, U Py, are unstable. Furthermore, there exists a set Ny, in C
such that lim,_, 4 dist(¢m(t, z0), R) = 0 for all zg € C \ Np.

Proof. Inspecting the dynamics (22), one has that the set of all
the equilibria of system (22) is Ry U Spy U Pp.

Following the same construction employed in the proof of
Theorem 1,leta = 1z+1zand B = —iz+1Z, sothatz = a+1p
and z = o — 18. By noticing that the dynamics of z are given by

z2(t) = —f(Z(0)vm(Z(1)) -
(Mum(zZ()f(2(£)) — F(2(E))V(2(E))),

the equilibria of the system analogous to (13) in the («, 8)-
coordinates is Ag,, U As,, U Ap,,, Where

={(a,f)eRXR:a+1B € Ry},
={(,B)eRxR:a+1B € Sn},
={(,B)eRxR:a+1B € Pn}.

By analyzing the linearization in the neighborhood of points
(e, Be) € Am, U As,, U Ap, of the system in the (o, B)-
coordinates, it can be observed that its dynamic matrix has

e two negative eigenvalues for (., B.) € Ar,,;
e a negative and a positive eigenvalue for (ce, f.) € As,,;
e two positive eigenvalues for (ce, B.) € Ap,.

Therefore, equilibria in R, are locally exponentially stable,
whereas equilibria in Sp, U Py, are unstable. )

Consider now the function V(z) = f(z)f(z). One has V(z) =
—2(mvm(2)f'(z) — f(2)vy,(2))mum(2)f(2) — f(Z)vy,(2))V(2). There-
fore, a reasoning wholly similar to the one used in the proof of
Theorem 1 can be used to conclude the statement. O

By Theorem 2, also when dealing with the continuous-time
Householder method (18), there exists a set \;; in C such that the
solutions of system (18) initialized in such a set do not converge
to Rn. To characterize this set, the next Proposition provides a
set containing the trajectory of system (18) that passes through
zp € C.

Proposition 3. Given zg € C \ Sy, the trajectory of system (18)
passing through zy belongs to the set

Tm(zo)={z € C: 3keR|
fM(Z)vm(z0) = kvm(2)f " (20)}-

Proof. Let wy(t, z9) denote the maximal solution of system (18)
at time t € R with initial condition zo € C \ S, whose time
domain is denoted dom(wy,(-, zp)). By Proposition 2, Eq. (18) can
be rewritten as

fit(2) 1

o) dz = —..dt. (23)
By solving (23), one obtains that f;(wm(t, Z0)) = exp(—%)fn'{'(zo)
for all zg € C\ Sy, and all t € dom(wp(-, zo)). Thus, the statement
follows by (21). O

Corollary 3. Define the set

TN z)={zeC: Fk>1]|

f™(Z)vm(z0) = kvm(z)f"(20)}.

The set Ny, is a subset of Py | TZ1(z,).

Zs€Sm ~m
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Proof. First note that if zg is such that v, (z9) = 0, then T;,(z9) =
Pm since, in this case, one has that f™(z)vn(zo) = kvn(z)f™(20)
if and only if v,;(z) = 0 independently of k. Then, the statement
follows by a reasoning wholly similar to the one used to prove
Corollary 3. O

By the same reasoning given in Section 3, Corollary 3 can be
used to conclude that the set A, has zero measure. Moreover,
similarly to what happens for the classical Newton method, the
set Ay, divides C into n regions within which a root in R is
globally attractive. However, when dealing with Householder’s
method, these domains need not be unbounded (see, e.g., the sub-
sequent Example 3). By Corollary 3 and considering that T;,,(zo) is
the root locus of a polynomial having complex coefficients, the
region A, can be determined graphically by plotting the root
locus of a polynomial in Clz, k], being linear in k. Techniques to
plot such a root locus are provided in the next Section 5.

5. Root locus of polynomials having complex coefficients

As shown in Sections 3 and 4, the root locus of polynomials
having complex coefficients is an useful tool to characterize the
basin of attraction of continuous-time Newton’s and higher order
Householder’s methods. The main goal of this section is to recall
some rules (see Doria-Cerezo & Bodson, 2013) to qualitatively
plot this locus.

5.1. General rules

Given a polynomial ¢(z, k) € Clz, k], its root locus (Evans,
1950) is defined as the set of all Z € C such that ¢(Z, k) = 0, for
some k € R. The following Assumption is made all throughout
this section.

Assumption 1. The polynomial ¢ is linear in k and its leading
monomial according to the lexicographic ordering with z > k is
independent of k.

To illustrate the rules to draw the root locus of a polynomial
¢ € CJz, k], linear in k, let p € C[z] and q € C[z] be such that
¢(z, k) = p(z)+kq(z), where ¢(z, k) is the polynomial whose root
locus has to be plotted as k varies over R. Letting n and w be the
degrees of p and q, respectively, with n > w by Assumption 1,
such polynomials can be written as

n w
p@)=c[Jz-a)az) =]z -a (24)
i=1 j=1
where ¢q, ..., ¢, and o4, ..., 0, are the roots of p and g, respec-

tively, and |c| # O, |[£] # 0. As in the classical root locus, the
points Z € C belonging to the root locus of ¢(z, k) that are multi-
ple roots of ¢(z, k) for some k € R are called singular points. Since
the curves to be plotted can be considered as implicit functions
of the parameter k in the equation ¢(z, k) = 0, the following Rule
follows directly by the implicit function theorem (Krantz & Parks,
2002).

Rule 1. The set of the singular points of the root locus are those
satisfying the following algebraic relation

P(z,k) =0, Zp(z,k) = 0. (25)

Further, note that f(z, 0) = p(z). Therefore, the following Rule
immediately follows.

Rule 2. The roots ¢y, ..., ¢y of p belong to the root locus.
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Since, by assumption,An > w, one has that f(z, IAc) e CJlz]
for each fixed value of k € R. Therefore, the following Rule
immediately follows.

Rule 3. The root locus is composed by n branches for k € (0, c0)
and n branches for k € (—oo, 0).

The following Rule describes the behavior of the locus when k
tends to infinity.

Rule 4. If o is a zero of q with multiplicity ws, then us branches
of the root locus tend to os as k — oo and s branches tend to o
as k — —oo. The remaining 2(n — w) branches tend to infinity as
k| — oo.

Proof. By using the expressions given in (24), the equation
¢(z, k) = 0 can be rewritten as

c[e—a)=—ke[]z~ap. (26)
i=1 j=1

By taking the absolute value and the argument of such an expres-
sion, one obtains that

el [ 1z = al = kel [T 1z - ol (27a)
i=1 j=1
arg(c) + Y arg(z — &) = 7 + arg(k) + arg(e)
i=1
+ Z arg(z — gj) + 2hm, (27Db)

j=1

where h € Z,h > 0. Let g; be a root of q and let us be
its multiplicity. Without loss of generality, suppose that o7 =
<o = @, = 0s, Whereas goj # o5 forj = us +1,...,w.
n

Then } 17 arg(z — o) — DL arg(z — &) = psarglz — o) +
Do A18(Z — o)) — >, arg(z — &). To shorten the notation,
let y(z) =Y 1, arg(z—¢&)— ij=u5+1 arg(z — oj). Let Dy, 5 be the
circle of radius 8§ centered at g5, and consider the condition (27b),
which can be rewritten as

usarg(z — os) = ¥(z) + arg(c)
— arg(k) — arg({) — w — 2hm. (28)

By considering the phase condition (28) over D, s, it can be easily
derived that as § — 0 one has /(z) — V¥ (os), whereas arg(z — o)
can attain any value in [0, 277 ). Therefore, if § is sufficiently small,
the root locus has v intersections with D, 5, thus showing, by
the absolute value condition (27a), that us branches of the locus
tend to os as k — oo and us branches of the locus tend to o
as k — —oo. Wholly similar arguments can be used to conclude
that 2(n — w) branches tend to infinity. O

As a byproduct of the proof of Rule 4, the formula (28) can
be used to obtain the angle of arrival at a zero of q as |k| — oo.
Further, the expression (27b) can be used to determine the angle
of departure of the root locus from the roots of p and from the
singular points. In particular, using the convention arg(0) = 0, the
argument (namely, the angle formed with the positive real axis)
of the root locus about a root g of g of multiplicity s is

i( arg(c) — arg(¢) — (2h + 1)

+ arg(k) + ) (05— &) — Y _(os— ), (29)
i=1 j=1
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for h = 0,..., us — 1, whereas the argument of the root locus
about a root ¢ of p multiplicity 6; is

7-(arg(¢) — arg(c) + (2h + 1)z
— arg(k) — ) (05— &)+ Z(gs - o)), (30)
j=1

i=1
forh=0,...,0; — 1. By noticing that if Z € C is a singular point
of the root locus for some k € R, then it is a multiple root of
the polynomial p + kgq, letting ¢4, ..., ¢, be the roots of p + kq,
using (30), one has that the argument of the root locus about a
singular point z; of multiplicity A is

i( arg(€) — arg(c) + (2h + )&

— arg(k) — Z — )+ Z (31)
i=1
forh=0,...,As — 1.
The following rule (which matches with Doria-Cerezo & Bod-
son, 2013, Rule 3) provides further insight on the branches of the
root locus going to infinity.

=

Rule 5. Each of the 2(n — w) branches of the root locus that do not
converge to a zero of q tends to infinity along an asymptote. Such
2(n — w) asymptotes all pass through

=50 4= o), (32)
i=1 j=1

and form the following angles with the positive real axis:

—L (2hm —arg(-9)). if k > +o0, (33)
L (2h+ 1) —arg(=%)). ifk— —oo,
withh=1,2,...,n—w.
Remark 1. Rules 4 and 5 are the key results enabling the

design of Algorithm 1, given in the subsequent Section 7, which
is capable of approximating all the complex root of a given
polynomial. In fact, by such two rules, the root locus T=!(z;) can
be approximated, for sufficiently large z, by a straight half-line.
Therefore, since UZO€$T31(ZO) contains the boundary A of the
basin of attraction of each root of f, by choosing the initial guesses
of Algorithm 1 sufficiently large and in the cone delimited by
these half-lines, Algorithm 1 determines all the complex roots of
the polynomial f.

5.2. Rules for the sets T(zo) and T;;(zg)

The main goal of this section is to specialize the rules given in
Section 5.1 for the analysis of T(zp) and Tp(zp), with zo € S and
2o € Sy, respectively.

First, consider the following four Facts, which follows directly
from the definition of T(zy) and T;;,(zo).

Fact 1. The root locus T(zy) (respectively, T,(Zp)) is obtained by
mirroring T(zy) (respectively, T(zy)) with respect to the real axis.

Fact 2. If zy € R, then T(zp) (respectively, Tp,(zo)) is symmetric
with respect to the real axis. Further, given any z;,z, € R, one
has that T(z;) = T(z;) (respectively, T;(z1) = Tn(22)).

The next two Facts show that the center of the asymptotes
of the root loci T(z9) and T;(zp) can be determined directly by
inspecting f and f™, vy, respectively.
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Fact 3. The center of the asymptotes z° of T(zp) is independent
of zy. In particular, by writing

fz)=apz" +a;2" ' + - + ay,

one has that z° = — 7L,
On

Proof. The proof follows directly from Rule 5. O

Fact 4. The center of the asymptotes z° of T,,(zp) is independent
of zy. In particular, by writing

fM2)=az" + 2" "'+ +ay,

vm(z) = boz"” + b1z" "' + -+ + by,
o __ 1 b

one has that z° = (5! — Z—;).

Proof. By Rule 5 and considering that, when analyzing T;,(zo),
one has p(z) = vn(zo)f™(z) and q = f™(zo)vm(z), the statement
follows by the fact that the roots of p and g are the same as f™
and v, respectively. O

The following two Facts provide further insights on the singu-
lar points of the root loci T(zy) and Tp(2o).

Fact 5. The point zy € S is a singular point of T(z).

Proof. By definition, zo € S is such that f’ (20) = 0 and f(z) =
kf(zo) with k = 1. Therefore, since —(f( )—kf(zo)) f(z),sucha
point is a multiple root of the polynomial f(z) — IA<f (z0), and hence
it is a singular point of the root locus T(zp). O

Fact 6. The point zg € S, is a singular point of T;(zp).

Proof. By definition, zg € S is such that dvy,(zo)f'(z0)—f(z0)v;,(20)
= 0 and f™(z0)vm(2z0) = kvm(z0)f™(20), with k = 1. Therefore, it
is a multiple root of f™(z)v(z9) — kvim(z)f™(zo) and hence it is a
singular point of Tpy(zp). O

The following Remarks show how the analyses carried out
in this and the previous sections can be used to determine the
sets A and Ny, defined in Theorems 1 and 2, which delimit the
basin of attraction of each root when using the continuous-time
Newton (11) and Householder methods (18), respectively.

Remark 2. Since, by Fact 5, one has that zy € S is a singular point
of T(zp), the set A/ is constituted by the union, over zg € S, of the
branches of each root locus T(zp) that start from the singular point
Zo (corresponding to k = 1) and that tend to infinity (by Rule 4)
as k — +o0 along one of the asymptotes given in Rule 5.

Remark 3. Since, by Fact 6, one has that zo € Sy, is a singular
point of Tp(zp), the set A, is constituted by the union, over zy €
Sm, of the branches of each root locus T,,(zp) that start from the
singular point zg (corresponding to k = 1) and that tend to either
infinity or to a zero of vy, (by Rule 4) as k — +oc.

Remark 4. By Rule 4, for sufficiently large z € C, the root loci
T(zp) and Tpy(z9) can be approximated via a set of straight half-
lines that pass through the point z°, which can be determined
exactly as detailed in Facts 3 and 4. Since such a point is inde-
pendent of zg, also the sets A and N, can be approximated, for
sufficiently large z € C, as a set of straight half-lines that pass
through the point z°.



L. Menini, C. Possieri and A. Tornambe

\

/ ~N +

(a) Qualitative plot.

(b) Actual plot.

Fig. 1. Root locus T(o7).

6. Examples

The main goal of this section is to show how the Rules and
Facts presented in Section 5 can be used to determine the basin
of attraction of each root of a polynomial f(z) when using the
continuous-time Newton and the Householder methods. All the
qualitative root loci reported hereafter have been drawn by using
cubic Bézier with two anchor points and two control points; the
two anchor points coincide with the starting and ending points,
whereas the two control points are used to impose the curvature
at the starting and ending points according to the angles provided
by the formulas given in Eqgs. (29)-(31). The portion of the root
locus corresponding to positive values of k has been drawn in
blue, whereas the one corresponding to negative values of k has
been drawn in red. Such qualitative plots represent what could
be simply done by a hand drawing and are compared with the
actual plots obtained using the RootLocusPlot command in the
software Mathematica.

Example 1.
fz) = —42°

The first derivative of f is f/(z) = —20z* — 122> —
whose approximate roots are

S ={-1.032,0.297, 0.067 £ 1.1411}.

Consider the polynomial
—3z% —62° — 10° + 8z + 4.
1822 — 20z +38,

The main goal of this example is to characterize the basin of
attraction of each root of f(z) in C using the techniques outlined
in Sections 3 and 5. Letting oy = —1.032, the root locus T(oq)
can be drawn qualitatively using the rules given in Section 5. Let
p(z) = f(z) and q(z) = f(oq) = 7.03215 and note that the zeros
of p are the same as the ones of f,

R = {—1.41, —0.366, 0.748, 0.14 + 1.601}

By Rule 1, the singular points of the root locus are {—1.032,
0.297}; by Rule 2, the set R is contained in the root locus,
by Rule 3, it is composed by 5 branches; by Rule 4, all the 5
branches go to infinity as |[k| — oo; by Rule 5, the center
of the asymptotes is z° = —0.15, and they form the angles
{0, 25, %, % %} with the positive real axis for k — +o0 and
the angles {Z, 2%, 7, ZX, %} for k — —oc. These considerations
allow to draw qualitatively the root locus T(oq) as in Fig. 1.

Letting 0, = 0.297, note that 01,0, € R and sign(f(oy)) =
—sign(f(o3)). Hence, the root locus T(o3) equals T(oq) with the
blue and red portion swapped.

Consider now o3 = 0.067 — 1.141:. In order to draw qual-
itatively the root locus T(o3), let p(z) = f(z) and q(z) =
flo3) = 11.8431 — 10.1405:. By Rule 1, the root locus of
f(z) — kf(o3) has only one singular point, that is 0.0673 —
1.1411; by Rule 2, the set R is contained in the root locus,
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(b) Actual plot.

(a) Qualitative plot.

Fig. 2. Root locus T(o3).

(a) Qualitative plot. (b)
Newton fractal.

Actual plot and

Fig. 3. Basin of attraction of each root of f in Example 1. The points in R and
in S are depicted in green and red, respectively. The stream plot of system (11)
is depicted in black. The set A is represented in white in both plots. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

by Rule 3, it is composed by 5 branches; by Rule 4, all the 5
branches go to infinity as |[k] — oo; by Rule 5, the center
of the asymptotes is z° = —0.15, and they form the angles
{0.486698, 1.74334, 2.99997, 4.25661, 5.51325} with the posi-
tive real axis for k — 400 and the angles {1.11502, 2.37165,
3.62829, 4.88493, 6.14156} for k — —oo. These considerations
allow to draw qualitatively the root locus T(o3) as in Fig. 2.

Finally, letting o4 = 0.067 + 1.1411, note that 4 = o3. Thus,
by Fact 1, the root locus T(o4) is obtained by mirroring T(o3) with
respect to the real axis.

Following Remark 2, the set A can be obtained by joining the
branches of the root loci drawn above that start from the singular
point zg € S and that tend to infinity as k — +o00. As detailed in
Section 3, such a set subdivides C in 5 unbounded regions within
each of which a root of f is attractive. Each of these region is the
basin of attraction of a root in R. Fig. 3 depicts such regions and
compares them with the Newton fractal (Hubbard et al., 2001),
that is the Julia set of the function z — z + F(z), and with the
trajectories of the continuous-time Newton method (11).

As shown by such a figure, the qualitative basin of attraction,
determined by using the tools given in Section 5, is very close to
the actual one. Furthermore, it can be observed that, by Remark 4,
the set A/ can be approximated, for sufficiently large z € C, as a
set of straight lines that pass through the point z°. This result is
exploited in Section 7 to design an iterative method capable of
determining all the roots of a polynomial.

Using a reasoning wholly similar to that employed in Exam-
ple 1, one can determine the qualitative shape of the basin of
attraction of each root of f when using Newton’s method on the
basis of the location of the points in R and in S, which determine
the shape of the root loci T(zg), zo € S. Table 1 reports these
shapes for polynomials whose degree is lower than or equal to 5.
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Table 1

Qualitative shapes of the basin of attraction of the roots of f when using
Newton’s method. Points in R are represented in green, whereas points in
S are represented in red. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

Example 2. Consider the polynomial given in Example 1. The
main goal of this example is to characterize the basin of attraction
of each root of f using the continuous-time Halley method, that
is the Householder method with m = 2. The function f;,, equals

fm(z) = —

47543744623 4+1022—82—4
V2r/—1024 623922 10z+4

and hence one has

Fulz) = —(1024+623 4922 +102—4)(42° + 324 +623+ 1022 —82—4)
m T 12028414427 424926431525 424324429623+ 11422 —84z+52

By computing the sets R, Sm, and P, one obtains:

Rm =~ {—1.41, —0.366, 0.14 & 1.601, 0.748},
Sm =~ {—1.023 £ 0.2831, —0.328 £ 1.2021,
0.280 £ 0.3121, 0.470 £ 1.0891},
m =~ {—1.032,0.297,0.067 &+ 1.1411}.
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(a) Qualitative plot. (b) Actual plot.

Fig. 4. Root locus Ty(o7).

(a) Qualitative plot. (b) Actual plot.

Fig. 5. Root locus Ty(o3).

(a) Qualitative plot. (b) Actual plot.

Fig. 6. Root locus T(os).

(a) Qualitative plot. (b) Actual plot.

Fig. 7. Root locus Ty(o7).

Note that R, = R and P, = S, with R and S being the
ones given in Example 1. Letting o7 ~ —1.02289 — 0.2834121,
o3 ~ —0.327797 — 1.202111, 05 ~ 0.280449 — 0.3121781, and
o7 = 0.470235 — 1.088891, Rules 1 to 5 have been used to draw
qualitatively the root loci T(oy), i = 1, 3, 5, 7, which are depicted
in Figs. 4 to 7 and compared with the actual root loci.

By noticing that the other singular points are given by the
complex conjugate of 03, i = 1, 3,5, 7, the corresponding root
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(a) Qualitative plot.

(b) Actual plot and Ju-
fm (2)

liaplot of z +— z— AR

Fig. 8. Basin of attraction of each root of f in Example 2. The points in Ry, in
Sm, and in Py, are depicted in green, red, and black, respectively. The stream
plot of system (18) is depicted in black. The set A, is represented in white.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

loci can be obtained by mirroring with respect to the real axis
the ones depicted in Figs. 4 to 7.

Joining branches of the root loci above, following Remark 3,
the set NV, has been obtained. As detailed in Section 4, such a
set subdivides C in 5 regions within each of which a root of f is
attractive. Fig. 8 depicts such regions and compares them with the
Julia set of the function z — z + F;;(z), and with the trajectories
of the continuous-time Halley method that is given by (18) with
m=2.

Example 3. Consider the polynomial

f@)=132"+ 32> — 4z

The techniques outlined in Sections 3-5 have been used to de-
termine the basin of attraction of each root of f when using
either the Newton method (11) or the Householder method (18)
with m = 2, 3, 4. Fig. 9 depicts the results of such an analysis
overlapped with the Julia plots of either z — z + F(z) (Fig. 9(a))
or z +— z + Fy(z), m = 2, 3, 4 (Figs. 9(b)-9(d)).

As shown by such a figure, the basin of attraction of each root
of f is unbounded when using Newton’s method. On the other
hand, the basin of attraction of the root z, = 0 is bounded when
using the Householder method (18), with m = 2, 3, 4.

To further illustrate how to use the results of Section 5 to
determine the basin of attraction of each root of f when using
the Newton and the Householder methods, the following Table 2
reports such basins of attraction when these methods are applied
to some noteworthy polynomials. As shown by such a figure,
when using the Newton (respectively, Householder) method, the
boundary of the basin of attraction of the roots of f(z) = 0
matches with the sets A (respectively, NVy,) determined using the
root locus and Remarks 2 and 3.

7. Using Newton’s method to determine all the roots of a
polynomial

By Remark 4, the set A/ can be approximated for sufficiently
large z € C as a set of straight half lines passing through the point
z° given in Fact 3. By Rule 4, the angle formed by these half lines
with the positive real axis is %(Zhn + arg(f(zp)) — arg(c)) for all
zoeSandh € {0, 1,...,n—1}, where c is the leading coefficient
of f. Therefore, letting

®

n—1
U U {1(2hm + arg(f(zo)) — arg(c))}
zpeS h=0

{01,04,...,0n},

10

Automatica 163 (2024) 111570

(c) System (18), m = 3.

(d) System (18), m = 4.

Fig. 9. Basin of attraction of each root of f in Example 3 when using either the
Newton method (11) or the Householder method (18), with m = 2, 3, 4. The
points in R (Ry), in S (Sp), and in Py, are depicted in green, red, and black,
respectively. The stream plot of systems (11) and (18) is depicted in black.
The set A EN,,.) is represented in white. The background is the Julia plot of
Z>z— f'/"—é% (d = 1 in the first panel). (For interpretation of the references

i
to color in this figure legend, the reader is referred to the web version of this
article.)

with 6; < 6;41,1 = 1,...,N — 1, and taking ¥; € R so that
6 < % < 6iq,1 = 1,...,N, with 6y 61 + 2m, one
obtains that, for each root z, € R of f, there exists (at least one)
i € {1,...,N} such that the point z;(0) = (z° 4 rcos(?;)) +
ir sin(%;) is in the basin of attraction of z., provided that r € R
is sufficiently large. Hence, by integrating system (11) initialized

at each z1(0), z5(0), ..., zy(0), one can determine the set of all the
roots of f.
Remark 5. If S C R, the set ® can be determined even without

any knowledge about the points z; € S. In fact, in this case, it can
be easily observed that

n—1 n—1
6c (U {%Zhn}) u (U {12hr + 1)}) .
h=0 h=0

It is worth pointing out that, except for the case S C R
considered in Remark 5, the set S is generally not known a priori.
In order to overcome this issue, the following Algorithm 1 firstly

. . -1 .
determines the unique root of v¥,_1(z) = 0" @) \whose basin

e

of attraction is the whole C by Table 1. Then, it iteratively finds
the set of all the roots of vy, i(z) = & J(z) by leveraging the

n—i
knowledge of the roots of ¥r,_i11(z) = Z1//,’1_,.(2), using the rea-
soning given at the beginning of this section, i = 2, ..., n. Thus,
noticing that yo = f, the roots determined at the final iteration of
this algorithm are the points in R, provided that the parameters
r and T are sufficiently large, that the numerical tolerance §
is sufficiently small, and that the polynomials vy, ..., ¥,_1 are
square-free.

Remark 6. It is worth pointing out that even if the goal is to
obtain just the real roots of f, Algorithm 1 has to be initialized
with complex initial guesses. In fact, as shown in Table 1, there
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Table 2

Application to some noteworthy polynomials. The stream plots of systems (11) and (18) are depicted in
blue, the sets A" and N;, are depicted in black, whereas the colored lines represent the root loci T(zp),
zo € S and Tp(20), zo € Sm. (For interpretation of the references to color in this figure legend, the reader
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is referred to the web version of this article.)

3rd cyclotomic polynomial: z* + z + 1

7NN =
//////{?\'\\\ RS

Newton

Halley (m = 2)

4th Fibonacci polynomial: 2% + 2z
\ / B e

Householder (m = 3)

Algorithm 1 Set of all the roots of f

Input: polynomial f € R[z], sufficiently large
sufficiently small numerical tolerance § € R
Output: roots of f
1: n < deg(f, z)

371—1
2 Ypa(z) = S8

3: numerically integrate z =

4: Spq (—Z(T)

5: fori =2 ton do

6 Ynoilz) = 29

let c,_; be the leading coefficient of y,_;

On-i = Ues, 1, Uno i (2h + arg(12))

sort ®,_;, thus obtaining the set {0y, ..., Oy;, On;41}, With
Onr1 = 01 + 27

10: take ¥; such that ; < ¥; < 6;,1,i=1,...,N;

11: Spi <0

12: compute z° as in Fact 3

13: forj=1to N; do

14: let z(0) = z° + r cos(¥%;) + 1 sin(1;)

15: integrate z = — ‘/”,""(Z) from z(0) in [0, T]
V_i(@)

16: append z(T) to S,,_;

17:  delete duplicates from S,_; with tolerance §
18: R < Sy

19: return R

r,T € R,

_¥na(2)

) with z(0) = r in [0, T]
n—1

© % N

Halley (m = 2)

11

Householder (m = 3)

exist polynomials f such that the intersection between the real
axis and the set A/ is nonempty. In that case, the key feature
guaranteeing that Algorithm 1 determines the set of all the roots
of f is that the initial guess chosen by such an algorithm to
implement the continuous-time Newton method is complex.

The following Example illustrates Algorithm 1.

Example 4. Consider the polynomial
f(z) = —=72° — 8z* — 102> — 322 — 10z — 5.

Algorithm 1, with r = 5, T = 30, and § = 1075, has been
used to determine all its roots. At the first iteration, one has
Y4(z) = —192—840z and integrating z(t) = —8/35—z(t) starting
from z(0) = r, one obtains z(T) = —0.228571 and hence S,,_; =
{—0.228571}. Thus, one has ®,_, = {0., 3.14286} and carrying
out Steps 9-16, one obtains S,_, = {—0.228571 + 0.3010181},
see Fig. 10(a). Thus, one has ®,_3 = {0.7, 1.4, 2.8, 3.5, 4.88889,
5.58333} and carrying out Steps 9-16, one obtains S,_3 =
{—0.283547 £ 0.5300041, —0.118619}, see Fig. 10(b). Thus, one
has

®,_4 = {0.,0.0769231, 1.5, 1.57143, 1.63636, 3.07143,
3.14286, 3.22222, 4.63636, 4.71429, 4.77778, 6.2}

and carrying out Steps 9-16, one has S,_4 = {—0.593997 +

0.7005731, 0.136855 + 0.5656341}, see Fig. 10(c). Finally, one has

On_s = {0.142857,0.272727, 1., 1.125, 1.4, 1.52941, 2.25,
2.375, 2.64286, 2.77778, 3.5, 3.63636, 3.9, 4.03333,
4.76923, 4.88889, 5.16667, 5.28571, 6.02041, 6.14286}
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-
N

(a) i = 2. (b)i=3.

oA
RN %
(c)i=4. (@

Fig. 10. Iterations carried out by Algorithm 1 in Example 4. The black half-
lines represent the asymptotes determined using the solution gathered at the
previous step. The blue lines represent the trajectories of the continuous-time
Newton method. The green points represent the solutions determined at each
step. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

and carrying out Steps 9-16, one obtains S;,_5 = {—0.787368 +
1.017951, —0.482553, 0.457217 4+ 0.72747 11}, see Fig. 10(d).

8. Conclusions and further applications

The Newton and the Householder iterative methods are strong
instruments to compute sufficiently accurate approximations of
the roots of a polynomial in a single variable, especially when
they are implemented as continuous-time dynamic systems. In
this paper, it is shown how tools widely known in the control
theory community can be used to characterize the stability prop-
erties of the Newton and the Householder method implemented
in continuous-time. This analysis allows one to sketch by hand
the basin of attraction of each root of the polynomial system, seen
as an equilibrium of the dynamical systems associated with either
the Newton or the Householder method, by using the qualitative
rules for drawing the root locus of a polynomial with complex
coefficients (such rules are similar to the usual ones for poly-
nomials with real coefficients); if an accurate description of the
basin of attraction is needed, such root loci can be plotted using
Matlab or Mathematica. As a by-product of the analysis of the
Newton method, the root locus description has shown how the
basin of attraction can accurately be described by planar straight
cones at points sufficiently far from the center of asymptotes, thus
showing how to conveniently initialize the Newton method with
complex initial guesses so that all the roots of the considered
polynomial can be approximately found.

Future work will deal with the analysis of the continuous-time
Newton and Householder methods in degenerate cases, e.g., in the
case that f and f’ are not coprime, with the analysis of their basin
of attraction in the non-polynomial case, and with the design of
other algorithms to determine the set of all the complex roots of
a polynomial.

12
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As shown in the following two sections, the techniques ana-
lyzed in this paper can be extended to deal with systems of poly-
nomial equations and with polynomial optimization problems.
The notation used in these two sections to deal with algebraic
geometry concepts is taken from Cox et al. (2006) and Menini
et al. (2021a).

8.1. Extension to systems of equations

It is worth pointing out that, given polynomials pq, ..., ps,
with real coefficients in the variables xq, ..., x;, denoted briefly
P1,-.-,Ds € R[x], the problem of determining the set of all the
roots of the polynomial system

pi(x) =0,

may be reduced to determine the roots of a single polynomial
under some assumptions. In fact, if system (34) admits a finite
number of solutions in C and each of these solutions has mul-
tiplicity 1, then there exist qq, ..., qs, gs+1 € R[z], where z is a
single-variable, such that, letting z!, ..., z" € C be the set of all
the distinct roots of qs1, the set of all the roots of (34) is given
by:

X =[ qz) as(z) 17,
In particular, by the Shape Lemma (see, e.g., Sturmfels, 2002,
Prop. 2.3. and Menini et al., 2021a, Lem. 1.8.1), the method to
reduce the problem of computing the solutions to (34) is to
compute the Grobner basis of the ideal (p1(x), ..., ps(x), z — g(x))
in R[z, x], assumed to be radical, according to the lexicographic
monomial order with x; > ... > x; > z, where g is a separating
polynomial in x, i.e., a polynomial attaining different values at the
different roots of system (34). Under such positions, the reduced
Grobner basis of the ideal (pq(x),...,ps(x),z — g(x)) is {x1 —
q1(z), ..., xn—qs(z), gs+1}. Hence, by computing such a basis, one
can find all the solutions to system (34). In fact, using the Shape
Lemma, the problem of determining the roots of a polynomial
system can be recast into the problem of determining the roots of
a single polynomial with real coefficients. Hence, using the Shape
Lemma, the techniques proposed in this paper can be used to deal
with systems of polynomial equations.

i=1,...,s, (34)

i=1,...,n (35)

8.2. Application to polynomial optimization problems

Following the construction given in Menini et al. (2018a), the
techniques given in this paper can be used to determine the
solution to polynomial optimization problems. Namely, consider
the minimization problem

minimize f(x),

with gi(x)<0, i=1,...,r, (MP)
hx)=0, j=1,...,p,
where f,g1,...,8,h1,...,h, € R[x]. Let @ be the set of all

the subsets of {1,...,r} and for each 0 € O, define fy = f +

Z . vihi + Zkee )\kgk and f, = ZJ 1 vili + X" keo 18k Thus, for
each 6 € O, define the ideals

3 3 3
Ty U_<3f57 %7 ai)?vz_f(x»v I@,bzla.anR[Z]»
2 ) 9 9 o =
Toa= (L, %, % 7 f(x), Top = To.a NRIz],

where z is an auxiliary single variable. Thus, letting g, and gy be
generators of Zy, and Zy 5, & € ©, and letting g = Hee@ Qoo
by Proposition 1 of Menini et al. (2018a), the optimal value of
the optimization problem (MP) is a root of the polynomial q.
Therefore, the techniques outlined in this paper can be used to
determine the optimal value of the optimization problem (MP),
and then, as explained in Menini et al. (2018a), the optimal points.



L. Menini, C. Possieri and A. Tornambe
References

Abu-Mostafa, Y. S., Magdon-Ismail, M., & Lin, H.-T. (2012). Learning from data.
AMLBook.

Allgower, E. L, & Georg, K. (2012). Numerical continuation methods: An in-
troduction: vol. 13, New York, NY, USA: Springer Science & Business
Media.

Attouch, H., Chbani, Z., Fadili, J., & Riahi, H. (2023). Convergence of iterates for
first-order optimization algorithms with inertia and Hessian driven damping.
Optimization, 72(5), 1199-1238.

Cox, D. A, Little, ], & O'Shea, D. (2006). Using algebraic geometry. New York:
Springer.

Deuflhard, P. (2012). A short history of Newton’s
Mathematica, Optimization stories, 25-30.

Doria-Cerezo, A, & Bodson, M. (2013). Root locus rules for polynomials
with complex coefficients. In 21st mediterranean conference on control and
automation (pp. 663-670). IEEE.

Drexler, M., Sobey, I, & Bracher, C. (1996). Fractal characteristics of Newton'’s
method on polynomials: Technical report 96/14, Oxford University.

Evans, W. R. (1950). Control system synthesis by root locus method. Transactions
of the American Institute of Electrical Engineers, 69(1), 66-69.

Galantai, A. (2000). The theory of Newton's method. Journal of Computational
and Applied Mathematics, 124(1-2), 25-44.

Gavurin, M. K. (1958). Nonlinear functional equations and continuous analogues
of iteration methods. Izvestiya Vysshikh Uchebnykh Zavedenii Matematika, (5),
18-31.

Gerlach, J. (1994). Accelerated convergence in Newton's method. Siam Review,
36(2), 272-276.

Halley, E. (1964). A new, exact and easie method of finding the roots of any
equations generally, and that without any previous reduction. Philosophical
Transactions of the Royal Society of London, 136.

Henrici, P. (1993). Applied and computational complex analysis: vol. 41, New York,
NY, USA: John Wiley & Sons.

Hirsch, M. W.,, & Smale, S. (1979). On algorithms for solving f(x) = 0.
Communications on Pure and Applied Mathematics, 32(3), 281-312.

Householder, A. S. (1970). The numerical treatment of a single nonlinear equation.
McGraw-Hill.

Huang, D.-S. (2004). A constructive approach for finding arbitrary roots of
polynomials by neural networks. IEEE Transactions on Neural Networks, 15(2),
477-491.

Hubbard, ]., Schleicher, D., & Sutherland, S. (2001). How to find all roots of
complex polynomials by Newton’s method. Inventiones Mathematicae, 146(1),
1-33.

Jenkins, M. A., & Traub, J. F. (1970). A three-stage algorithm for real polynomials
using quadratic iteration. SIAM Journal on Numerical Analysis, 7(4), 545-566.

Kalantari, B. (2008). Polynomial root-finding and polynomiography. World
Scientific.

Khalil, H. K. (2002). Nonlinear systems. Upper Saddle River, NJ: Patience Hall.

Kirk, D. E. (2012). Optimal control theory: an introduction. Courier Corp.

Kollerstrom, N. (1992). Thomas simpson and ‘Newton’s method of approxima-
tion": an enduring myth. The British Journal for the History of Science, 25(3),
347-354.

Krantz, S. G., & Parks, H. R. (2002). The implicit function theorem: history, theory,
and applications. Springer Science & Business Media.

LaSalle, J. (1960). Some extensions of Liapunov’s second method. IRE Transactions
on Circuit Theory, 7(4), 520-527.

Martinelli, A. (2012). Vision and IMU data fusion: Closed-form solutions for
attitude, speed, absolute scale, and bias determination. I[EEE Transactions on
Robotics, 28(1), 44-60.

Menini, L., Possieri, C., & Tornambe, A. (2017). Boolean network representation
of a continuous-time system and finite-horizon optimal control: application
to the single-gene regulatory system for the lac operon. International Journal
Control, 90(3), 519-552.

Menini, L., Possieri, C., & Tornambe, A. (2018a). Algebraic methods for mul-
tiobjective optimal design of control feedbacks for linear systems. IEEE
Transactions on Automatic Control, 63(12), 4188-4203.

Menini, L., Possieri, C, & Tornambe, A. (2018b). Dead-beat regulation of
mechanical juggling systems. Asian Journal of Control, 20(1), 1-11.

Menini, L., Possieri, C., & Tornambe, A. (2018c). Estimation of the basin of
attraction of a practical high-gain observer. In European control conference
(pp. 1238-1243). IEEE.

Menini, L., Possieri, C., & Tornambe, A. (2018d). A Newton-like algorithm to
compute the inverse of a nonlinear map that converges in finite time.
Automatica, 89, 411-414.

Menini, L., Possieri, C., & Tornambe, A. (2021a). Algebraic geometry for robotics
and control theory. World Scientific.

Menini, L., Possieri, C., & Tornambe, A. (2021b). A dynamical interval Newton
method. European Journal of Control, 59, 290-300.

Newton, 1. (1669). De analysi per aequationes numero terminorum infinitas.

method. Documenta

13

Automatica 163 (2024) 111570

Ortega, ]. M., & Rheinboldt, W. C. (2000). Iterative solution of nonlinear equations
in several variables. Philadelphia, PA, USA: SIAM.

Pan, V. Y. (2023). Good news for polynomial root-finding. arXiv:1805.12042.

Pan, V. Y., & Zheng, A.-L. (2011). New progress in real and complex polynomial
root-finding. Computers & Mathematics with Applications, 61(5), 1305-1334.

Pinkert, J. R. (1976). An exact method for finding the roots of a complex
polynomial. ACM Transactions on Mathematical Software, 2(4), 351-363.

Possieri, C., & Sassano, M. (2016). On polynomial feedback Nash equilibria for
two-player scalar differential games. Automatica, 74, 23-29.

Raphson, J. (1690). Analysis aequationum universalis.

Romero, O., Benosman, M., & Pappas, G. ]. (2022). ODE discretization schemes
as optimization algorithms. In 61st conference on decision and control (pp.
6318-6325). IEEE.

Shieh, P., & Verghese, K. (1967). A general formula for the nth derivative of
1/f(x). American Mathematical Monthly, 74(10), 1239-1240.

Strang, G. (1991). A chaotic search for i. The College Mathematics Journal, 22(1),
3-12.

Sturmfels, B. (2002). Solving systems of polynomial equations.
Mathematical Society.

Su, W.,, Boyd, S., & Candes, E. (2014). A differential equation for modeling
Nesterov’s accelerated gradient method: theory and insights. Advances in
Neural Information Processing Systems, 27.

Szallasi, Z., Stelling, ]J., & Periwal, V. (2006). System modeling in cellular biology.
MIT Press.

Tanabe, K. (1985). Global analysis of continuous analogues of the Levenberg-
Marquardt and Newton-Raphson methods for solving nonlinear equations.
Annals of the Institute of Statistical Mathematics, 37, 189-203.

Traub, J. F. (1982). Iterative methods for the solution of equations: vol. 312,
American Mathematical Soc.

Van Lint, ]. H. (2012). Introduction to coding theory. New York: Springer.

Viete, F. (1600). De numerosa potestatum.

Ypma, T. J. (1995). Historical development of the Newton-Raphson method. SIAM
Review, 37(4), 531-551.

Zghier, A. K. (1981). The use of differential equations in optimization (Ph.D. thesis),
Loughborough University.

American

Laura Menini received the Laurea degree in Mechanical
Engineering in 1993 and the Ph.D. in Computer Science
and Control Engineering in 1997, both from the Tor
Vergata University of Rome. Since March 2018 she
is Full Professor at the same university, where she
was previously researcher, since 1997, and Associate
Professor, since 2001. Her current research interests
include the use of algebraic geometry for control de-
sign, observer design, analytical methods for control
design, analysis and control of nonlinear systems. In
2023 she has received the Outstanding Service Award
of the IFAC. She is Senior Editor of the IEEE Control Systems Letters (since
2020), and she has been Associate Editor of the IEEE Transactions on Automatic
Control, Automatica, Systems and Control Letters, European Journal of Control
and Control Engineering Practice. Since 2020 she is serving as Chair of the IFAC
Coordinating Committee CC2-Design Methods.

Corrado Possieri received the bachelor’'s and master’s
degrees in medical engineering from the Tor Vergata
University of Rome in 2011 and 2013, respectively. He
received the Ph.D. degree in Computer Science, Control,
and Geoinformation from the same university in 2016.
During his Ph.D., he visited the University of California,
Santa Barbara as a Research Scholar. In 2018, he joined
the Dipartimento di Elettronica e Telecomunicazioni of
the Politecnico di Torino where he was an Assistant
Professor. In 2019, he joined the Istituto di Analisi
dei Sistemi ed Informatica “A. Ruberti” of the National
Research Council of Italy, where he was a Researcher. In 2022, he joined the
Dipartimento di Ingegneria Civile e Ingegneria Informatica of the Tor Vergata
University of Rome, where he is currently an Assistant Professor.

Antonio Tornambe received the Laurea Degree in
Electronic Engineering from the University of Roma La
Sapienza, Italy, in 1985. He is currently Full Professor
at the Tor Vergata University of Rome. His research
interests are in control theory for linear and nonlinear
systems. He is the co-author of “Discrete-Event Sys-
tem Theory: An Introduction”, WSP, Singapore, 1995,
“Mathematical Methods for System Theory”, WSP, Sin-
gapore, 1998, “Symmetries and Semi-invariants in the
Analysis of Nonlinear Systems”, Springer, London, 2011,
and “Algebraic Geometry for Robotics and Control
Theory”, WSP, Singapore, 2021.


http://refhub.elsevier.com/S0005-1098(24)00062-1/sb1
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb1
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb1
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb2
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb2
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb2
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb2
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb2
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb3
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb3
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb3
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb3
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb3
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb4
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb4
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb4
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb5
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb5
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb5
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb6
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb6
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb6
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb6
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb6
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb7
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb7
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb7
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb8
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb8
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb8
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb9
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb9
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb9
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb10
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb10
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb10
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb10
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb10
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb11
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb11
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb11
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb12
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb12
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb12
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb12
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb12
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb13
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb13
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb13
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb14
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb14
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb14
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb15
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb15
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb15
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb16
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb16
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb16
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb16
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb16
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb17
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb17
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb17
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb17
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb17
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb18
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb18
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb18
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb19
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb19
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb19
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb20
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb21
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb22
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb22
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb22
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb22
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb22
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb23
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb23
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb23
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb24
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb24
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb24
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb25
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb25
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb25
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb25
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb25
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb26
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb26
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb26
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb26
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb26
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb26
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb26
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb27
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb27
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb27
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb27
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb27
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb28
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb28
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb28
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb29
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb29
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb29
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb29
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb29
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb30
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb30
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb30
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb30
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb30
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb31
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb31
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb31
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb32
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb32
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb32
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb33
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb34
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb34
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb34
http://arxiv.org/abs/1805.12042
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb36
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb36
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb36
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb37
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb37
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb37
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb38
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb38
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb38
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb39
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb40
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb40
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb40
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb40
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb40
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb41
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb41
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb41
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb42
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb42
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb42
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb43
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb43
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb43
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb44
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb44
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb44
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb44
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb44
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb45
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb45
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb45
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb46
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb46
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb46
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb46
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb46
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb47
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb47
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb47
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb48
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb49
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb50
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb50
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb50
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb51
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb51
http://refhub.elsevier.com/S0005-1098(24)00062-1/sb51

	On the use of the root locus of polynomials with complex coefficients for estimating the basin of attraction for the continuous-time Newton and Householder methods
	Introduction
	Historical context
	Contribution of the paper

	Review of iterative methods for solving polynomial equations
	The continuous-time Newton method
	The continuous-time Householder methods
	Root locus of polynomials having complex coefficients
	General rules
	Rules for the sets T(z0) and Tm(z0)

	Examples
	Using Newton's method to determine all the roots of a polynomial
	Conclusions and further applications
	Extension to systems of equations
	Application to polynomial optimization problems

	References


