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1 Introduction

The standard Assignment Problem (AP) consists in finding a minimum cost matching
of jobs to machines. It is a well known combinatorial optimisation problem solvable
in polynomial time (Bertsekas, 1981; Burkard, 2002; Khun, 1955). A considerable
amount of literature, inspired by many practical applications and operations
research models, addresses various extensions of AP. Among the others, we mention
the Generalised Assignment Problem, where machines have capacities and each
job has a size (see for instance Benders and van Nunen, 1983; Fisher et al.,
1986; Higgins, 2001; Ross and Soland, 1975; Savelsbergh, 1997, and in particular,
Cattryse and Wassenhove, 1992, for a survey of algorithms), and the class of
Constrained Assignment Problems in which one has to find an optimal assignment
while satisfying various kinds of side constraints (Aggarwal, 1985; Aboudi and
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Nemhauser, 1991; Gupta and Sharma, 1981; Mazzola and Neebe, 1986; Punnen and
Aneja, 1995). From the computational complexity standpoint, unlike the standard
problem, most of these extensions fall in the class of NP-hard problems.

In this paper, we focus on a particular generalisation of AP in a Multi-Agent setting,
where two agents have their own sets of jobs and want to assign them to a set of
machines. Each agent wishes to minimise an objective function depending on the
assignment costs of its own jobs only, thus competing for the usage of the shared
machines. We refer to this class of problems as Competitive Assignment Problem
(CAP).

Multi-agent systems have recently received an increasing amount of attention in
the optimisation literature (Arbib and Rossi, 2000; Agnetis et al., 2004; Felici et al.,
2004; Oliveira et al., 1999). These systems are comprised by distributed autonomous
agents which share common resources. Since there is no central coordinator, the
agents, in pursuing their objectives, may give raise to conflicts. If this is the case, in
order to reach a compromise, the agents want to negotiate over a suitable subset of the
feasible agreements (assignments) where a better assignment for one agent necessarily
results in a worse assignment for the other. These kind of solutions are known as
non-dominated or Pareto-optimal solutions. Throughout the paper we make use of
the term Pareto-optimal or, briefly, PO solution.

Our problem also presents analogies with a special cooperative game with
nontransferable utility, namely the two-person bargaining problem, originally
introduced by Nash (1950). The classical axiomatic characterisations of bargaining
solutions are based on the assumption that the set of feasible agreements is convex.
In the literature, some studies address nonconvex bargaining problems, and present
extensions of classical equilibrium solutions such as those by Nash and Kalai
and Smorodinsky (1975). In this context, a number of alternative axiomatic
characterisations and different solutions are given for the class of compact and
comprehensive (nonconvex) set of agreements (Conley and Wilkie, 1991, 1996;
Herrero, 1989; Lin, 1997) or for bargaining problems where the number of agreements
is finite (Kaneko, 1980; Mariotti, 1998). However, our study is related to a particular
class of finite, non-convex bargaining problem where the set of agreements is discrete.

CAP may indeed be regarded as a two person bargaining problem where the set of
the feasible agreements is discrete (and therefore nonconvex). In this paper, rather than
providing an axiomatic characterisation of a bargaining solution, we aim at developing
numerical methods to obtain a solution with desirable properties. We therefore

e consider a generalisation of the Kalai-Smorodinsky solution, called Equilibrium
Assignment

e formulate the problem of finding such a solution as an integer program, namely
the Equilibrium Assignment Problem (EAP)

e characterise its computational complexity

e  design and test an exact solution algorithm.

The paper is organised as follows. Section 2 introduces CAP and gives the main
notation used throughout this paper. In Section 3, the definition of Pareto-optimal

solution is given. Special PO solutions, called efficient solutions, are also introduced.
Issues related to the problem of finding one or all the PO solutions are also discussed.
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The definition of EAP, which is modelled as a {0, 1} integer program, is illustrated in
Section 4. We show that this problem is NP-hard, and prove that an optimal solution
of the linear relaxation of EAP is a Kalai-Smorodinsky solution. The latter solution
is used to obtain primal (i.e., feasible solution values) and dual (i.e., lower) bounds
that one may exploit in an exact algorithm to solve EAP. Such an algorithm, based on
a branch-and-bound scheme, is illustrated together with rounding techniques devised
to obtain the primal (upper) bound for EAP. Sections 5 and 6 present computational
experiences: design of the experiments, solver tools and alternative strategies are
discussed. Finally, conclusions are drawn and directions for future research are given
in Section 7.

2 Problem statement

The standard AP consists in finding a minimum cost matching of n jobs with n
machines, and can be formulated as follows:

n n
min E E CijTij
i=1 j=1

reA (1)
x € {0,1}"*"

where ¢;; € Z is the cost of assigning job i to machine j; Ais the assignment polytope,
A={zeRM": " z;=1, Z?zl zi; = 1,2 > Oy xp }; the binary variable z;; is
equal to 1 if job 7 is assigned to machine j and 0 otherwise.

Several methods for solving AP in polynomial time are known: some use linear
programming techniques, exploiting the integrality of the assignment polytope
(see Khun, 1955), while others use different combinatorial algorithms (see Bertsekas,
1981; Burkard and Cela, 1999; Gabow and Tarjan, 1989).

In this paper we consider two competing agents, referred to as Agent A and B,
owning two disjoint sets of jobs to be assigned to a set M of n machines. Agent
A is identified by the set of its jobs I4 = {a1,aq,...,a,, }, while Agent B by the set
of its jobs Ip = {b1,b2,...,bny }, with T4 N Ip = ), and (with no loss of generality)
nag-+ng =n.

The set of feasible solutions for CAP coincides with the set of feasible solutions for
AP, i.e., formally, with the set of vertices Ext(.4) of the assignment polytope A.

We write an assignment x as x = (z4,zp) if we are distinguishing the vectors’
components corresponding to the jobs belonging to the two agents. Given a feasible
assignment x, we denote by c4(x), cg(z) the assignment costs for Agent A and B,
respectively.

Let us call P“ the AP of Agent A, that is the problem of assigning its n4 jobs to
the n machines minimising c4(z), and PP the corresponding problem for Agent B.
Both problems P4 and P are polynomially solvable as they are standard APs.

Let M7, and M}, be the set of machines used in the optimal solution of problem
P4, and P5, respectively. If M} N Mg = (0, then there is no conflict in the usage of
the machines, and there is a unique trivial PO solution. On the contrary, the example
below illustrates a case where conflicts arise on three machines.
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Example 1: Consider the following instance of CAP, where n4 =ng =25,

M={1,2,...,10}, and the costs for the two agents are given by the following two
matrices:
2345432477 3334352566
35346425¢66 5582252258
{c{}} =1!3433585558 {CZ =146 37442477
56 3266¢6 147 6 4 8 233 4354
34456646786 3354647556

The optimal solution of P4 is {(a1,6), (az,7), (as,4), (as,8), (as, 1)}, where (a;, j)
indicates the matched pair, i = 1,... ,n4, j € M, and its value is 12. Analogously,
the optimal assignment of Agent B (solution of PB) is {(by,2),(b2,5), (b3, 7),
(b4,4), (b5,1)} with optimal value equal to 12. Then, M} = {1,4,6,7,8}, and
M} ={1,2,4,5,7}. Hence, in this case, there is a conflict on machines 1, 4, and 7.

3 Pareto optimality

When the intersection between M} and M7} is not empty, as in the Example 1, then it
makes sense to look for Pareto-optimal solutions, which are defined as follows.

A feasible assignment x is Pareto-optimal if there is no other feasible
assignment z’, with 2’ # z, such that:

ca(z") < ca(z), cp(a’) <cp(z) or cp(a') <cp(x), cala’) <ca(x).

On the other hand, if such an assignment z’ exists, then we say that = is dominated
and that x’ dominates x.

We represent geometrically Pareto-optimal solutions in the cost space: given a
feasible assignment z € A we draw the point (ca(x),cp(x)) in the 2-dimensional
euclidean space. Hereafter, unless the context is not clear, we indicate both a PO
assignment x and its image in the cost space with the term ‘Pareto Optimal solution’.
We refer to the set {(ca(x), cg(x)) : xisa PO solution} as the Pareto-optimal frontier.

3.1 Extreme PO solutions

Unless we are in the trivial case, at least two PO solutions may be obtained with an easy
procedure. First, observe that, for any PO solution z, c4(x) > ¢% and cp(x) > cf,
where ¢ and ¢ are the optimal solution values of P4 and PZ. Suppose now that the
optimal solution x* of P4 is unique and solve the problem of assigning the jobs of I
to the machines in M\ M. Call cp, 4 its optimal value. Then the point (¢}, cpa) is a
PO solution; in fact, since P4 has a unique optimum, any possible improvement for
Agent B results in an increased cost for Agent A.

In general, the optimal assignment for one agent may not be unique. When two
or more equivalent optimal solutions are available for one agent, we will assume
that this agent always picks the solution leaving the best possible set of machines
for the other agent. This makes the solution obtained Pareto-optimal. Suppose we
want an optimal assignment for Agent A (so that it obtains a cost ¢’ ) simultaneously
ensuring that the best possible machine set for Agent B is left. In other words,
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we are looking for an optimal solution Z of the following program: min{cg(x) :
ca(z) =i,z € AN {0,1}"*"}. Indeed, we may find & by solving another standard
AP where the objective is a suitable linear combination of the agents’ cost functions:
Kca(z) + cg(x). Factor K should be large enough so that no decrease in costs from
the assignment of Agent B could drive the optimal solution toward a value that is no
longer optimal for A. (Given that the cost coefficients are integer, we may choose,
e.g., K > UB®P — LB® where UB® and LB? are upper and lower bounds for cz(z).)

In conclusion, the pair (c%, cpja) equals (ca(%),cp(%)), and the corresponding
solution & = (2%, xp|4) is Pareto-optimal. ~Symmetrically, the pair (ca|p,cp).
corresponding to solution (z4p, %), is Pareto-optimal. Therefore the following
observation holds.

Observation 2:  Any PO solution z of an instance with costs ¢ () and ¢ (z) for Agent
A and B respectively, is such that ¢, < c*(z) < cqjp and ¢} < cP(z) < cpja.

Note that, in the special case when M} N M} =0 the problem admits a unique
Pareto-optimal solution z* and the two points (c},cpja) and (cqp,cp) coincide.
If this is not the case, the two PO points (¢, cp|4), and (¢4 B, c}3) are the two extreme
points of the Pareto frontier.

Example 3: Referring to the instance of CAP given in Example 1, we have

Ty = {(ala 6)7 (a27 7)7 (a33 4)7 (CL47 8)7 (a5v 1)}’ and T = {(blv 2)7 (b27 5)7 (b37 7)a (b4a 4)7
(bs, 1)} and the optimal values ¢ and c}; are both equal to 12.

By eliminating the set of machines optimally assigned to Agent B, Mp, from
the set of machines available to Agent A, the conditioned assignment of Agent
A, PAIB| becomes the problem of assigning the I4 jobs to the set of machines
M\Mp={3,6,8,9,10}. The solution to this standard AP is 2 4 g = {(a1, 6), (a2, 3),
(a3,9), (as,8), (as,10)}, with value ¢4z = 18. For Agent B, by solving PZI4 we
obtainaconditioned value cp 4 = 17and thesolutionisz g4 = {(b1,2), (b2,5), (b3,3),
(b4,10), (b5,9)}. In this case we have ¢’y # c4p and c; # cp|4 and the corresponding
two extreme points of the Pareto frontier are represented by (12, 17) and (18, 12).
The other points composing the PO set are given by (13, 16), (15, 15), (16, 14), (17, 13);
Figure 1 shows the values of the solutions in the PO set.

3.2 Number of PO solutions

Here we show that the number of Pareto-optimal assignments may grow exponentially
with the size of the instance and therefore that, in general, it is not possible to generate
all the PO points efficiently.

Proposition 4: The number of Pareto-optimal solutions of a CAP is not polynomially
bounded.

Proof: To prove the proposition we build an instance where the number of PO
solutions is exponential in the number of jobs. Assume that ny =np = 5 (n even)
and that,for1 <i < 2,1 <j <n, c{‘j = cg- = ¢; = 2971, that s, the cost of assigning
job i to a machine j depends only on the machine j.
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It is straightforward to see that, given two different feasible assignment x and x’ # x
in AN {0,1}™>*™, the following properties hold:

n

cA(x)+cB(z):ch =2"—1; (2)

j=1

ca(x) #cax). 3)

For a given assignment x, let M 4(x) denote the set of machines which the jobs of
Agent A are assigned to. From the above properties, for any two assignments x and
x’ such that M (z) # Ma(z'), ca(z) # ca(z’). Moreover, if ca(z) > ca(z’) then
cp(z) < cp(x') and, conversely, if c4(x) < ca(a’) then cg(x) > cp(z’). Hence, any
possible assignment for this instance is Pareto-optimal and there are as many PO pairs
as the number of different possible subsets Ma(z), ie., (%) = Q(%) PO solutions.

Figure 1 The PO frontier of Example 3 (see online version for colours)

CB |\
CB|A =17 |---- 0 ----------------------------------- ------
C*B — 12 ......................................... [

cy =12 cap =18 ca

3.3 Efficient PO points

For the developments to follow, we define a special subset of PO points in the cost
space, those lying on the convex hull of the Pareto frontier, that we call efficient
points. For instance, the extreme points of the Pareto frontier, given by the two
points (c%, cpja) and (cap, cj) are efficient. In Figure 1, the two extreme PO points
(12, 17) and (18, 12) and the PO points (13, 16), (17, 13) are efficient, whereas (15, 15)
and (16, 14) are not.

Differently from other PO solutions, any efficient point can be found by solving
the following linear program for a given value of A,0 < A < 1:

z(A) = min A Z Z cfjxij +(1-=X Z Z cﬁxij

i€la jeM iclp jeM
re A 4)
x €{0,1}" ™
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Due to this property it is possible to verify in polynomial time if a feasible assignment
is efficient (see Felici et al., 2004). However, it is important to observe that the number
of efficient points is not polynomially bounded (in fact, in the proof of Proposition 4,
all the PO points are efficient.)

3.4 Finding a PO solution

A possible approach (see Agnetis et al., 2004) to determine a PO assignment for CAP
relies on the solution of a suitable integer program.

Given the sets 14, Ip, the two objective functions c4(-), cp(+), and an integer Q
such that ¢ < Q < cp|4, we consider the problem of finding an assignment z* such
that Agent A gets the best assignment given that Agent B will accept an assignment
of cost up to Q. We refer to this problem as Constrained Problem (CP). CP can be
formulated as an integer linear program:

24(Q) = min cx4(x)
re A (5
cp(r) <Q
x € {0,1}"*™

It is easy to show that it is always possible to obtain a PO solution (¢4, cg) with

ca < z4(Q)
g <Q

by means of a binary search on the () values in the interval [c};, Q).

Observation 5: If A is a solution algorithm for CP that runs in O(f(n)) time, then it
is possible to use A in a binary search framework to obtain a PO solution in O(f(n) -
log(cpja — cp)) time.

The following Proposition 6 shows that CP is a N"P-hard problem. Hence using CP
to determine all the PO solutions, even when they are polynomially many, turns out
to be a non-polynomial procedure.

Proposition 6: CP is N'P-Hard.

Proof: Weprovethat CP, as formulated in equation (5), is binary AN"P-hard by making
use of a reduction from the well known PARTITION problem: given n nonnegative
integers wy, wa, ... ,w, wWith 7", w; = W, find, if it exists, a subset S C {1,... ,n}
such that ), g w; = 1W. PARTITION remains NP-hard if we restrict S to have
cardinality equal to 5 (see, €.g., Garey and Johnson, 1979).

We consider the following instance of CP where the cost c;; of assigning a job ¢
to a machine j is given by w; for every i € 14 U Ip, and j € M. The number of jobs
owned by Agent Aisny = §; M = {1,... ,n}. Clearly ¢’ = c}; since they are both
equal to the sum of the § lowest w;’s; while ¢4 p = cp|a is equal to the sum of the 5
highest w;’s.
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The decision form of CP is the following: given two nonnegative real numbers
¢ and @, find if there is a solution x € AN {0,1}"*™, such that c4(z) < ¢ and
cp(x) < Q. Note that c4(z) + cp(x) = W. If we choose ¢ = Q = W/2, the decision
problem is equivalent to the problem of determining a subset S C M such that [S| = §
agd > jes Wi = % This is equivalent to the restricted PARTITION problem defined
above. ]

4 Equilibrium between agents

In this section we focus on the problem of determining a special PO solution that
provides an equilibrium of the system.

We are showing that this problem can be seen as a special bargaining problem with
two players and that the optimal solution of a suitably defined linear program turns
out to be a Kalai-Smorodinski solution of such a bargaining problem which provides
bounds to the equilibrium we are looking for. Below we provide a formal description
and a formulation for the problem of finding such an equilibrium. Also, we analyse
whether an equilibrium always exists and/or it is unique.

Recall that the best and the worst possible PO alternative for one agent, say
Agent A, are ¢y and c 4| g (respectively, ci; and ¢4, for Agent B). Given an assignment
x, we define the ratio of Agent A, r4(z) (of Agent B, rp(x)) as:

ae) = A= (o) ©

CA|B_CT4 CB|A—C}<3

These ratios are normalised distances of the agents’ costs from their respective optimal
values. Our definition of equilibrium solution exploits these ratios: the more similar the
ratio values of a PO solution x are, the better is the compromise. In particular, if a PO
solution z exists with r 4 (x) = rg(x), then x represents a best compromise. In the cost
space, the ideal points where r 4 (z) = rp(z) define a line that we call equilibrium ray.
In conclusion, we define the Equilibrium Assignment Problem (EAP) as follows.

r* = min{max{ra(z),rp(z)} : x € A,z € {0,1}"*"}. (7)

To solve EAP, we may equivalently address two different integer linear problems.
With reference to the cost space representation, the idea is to determine the two closest
PO solutions to the equilibrium ray. This is modelled by the following integer program
for the minimisation of 7 4:

ry =min ra(z)
xeA ®)
ra(z) = rp(x)
z € {0,1}™*™.
Symmetrically, we obtain the second linear program for minimising rp. Clearly,

r* = min{r¥,r5}.
In the following we give some properties of the optimal solutions of Problem 8.
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4.1 Computational complexity issues

In what follows we will study Problem 8. We show below that EAP is N"P-Hard.
Proposition 7: The Equilibrium Assignment Problem is N'P-Hard.

Proof: We follow the same approach as in the proof of Proposition 6. For the same
instance used in that proposition, the decision form of EAP, as defined in equation (8),
is the following: given ¢ € R, find if there is a solution € AN {0,1}™*™, such that
ca(x) > cp(z)and cy(x) < ¢ Bydefinition, ca(x) = W — cp(z), thusca(x) > cp(x)
can be rewritten as c4(z) > . Let us choose ¢ = W/2; the decision problem is thus
equivalent to the problem of determining a subset S C M such that > jesWj = %
and this is equivalent to the restricted PARTITION problem defined in the proof of

Proposition 6. U

The complexity of the problem implies that a polynomial exact solution algorithm is
unlikely to exist.

In the following sections we first analyse a linear relaxation of EAP and develop a
solution method based on branch-and-bound where a lower bound obtained starting
from the solution of the linear relaxation is exploited.

4.2 Linearrelaxation of EAP

Consider now the following problem (LEAP), which is a linear relaxation of EAP.
L = min r(z)
re A €
ra(z) = rp(z)
ngijgl 1€laUlp, j€ M.

In general, the solution value 7" of LEAP is a lower bound for EAP. We denote
by A’ the non-empty polytope defined by its feasible solutions: A’ = AN RZ,
where RZ = {z € R"*" : r4(z) > rp(x)}. For the developments to follow, let also
R=={z e R"" :ryu(x) =rp(z)}.

In the following we characterise the properties of the optimal solutions of
Problem 9.

Proposition 8: Let =* be an optimal solution of Problem 9. Then r 4o(z*) = rp(a*).

Proof: Wefirst rule out the trivial case when c4 (z*) = ¢. Clearly, we haver4(z*) =
rp(z*) = 0 and x* is the unique PO solution.

Let z* be an optimal solution of Problem (9) for which c4(z*) > ¢% (i.e., we have
more than one PO solution), and suppose, by contradiction, that the proposition does
not hold, thatis r4(z*) > rp(z*).

Since Problem (9) is a linear program, then z* € Ext(AN RZ), that is, 2* is a
vertex of the the polytope that defines the feasible region of Problem (9). Given that
x* € Ext(AN R™) contradicts 74 (z*) > rp(z*), it must be z* € Ext(.A). Hence z* is
an integer feasible assignment.
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Let Z be an assignment corresponding to (¢}, cp|4) in the (ca, cp) plane. We have
r4(Z) < ra(z*) and T # x*. Consider a convex combination of z* and #,z = Az* +
(1 =Xz, with 0 < X\ < 1. Clearly z € A and, for small enough values of A, r4(x) >
rp(z). In conclusion, as ¢ < ca(x) < ca(z*),x is a feasible solution of Problem (9)
with 74 (x) < ra(z*), thus, z* is not optimal and this is a contradiction. O

By very similar arguments one can show that no feasible assignment may improve the
cost for Agent Bwithout increasing cost for Agent A and thus the following proposition
holds.

Proposition 9: Ler x* be an optimal solution of LEAP (9). Then no feasible
assignment x exists such that c4(x) < ca(z*) and cg(x) < cp(z*), orca(x) < ca(z*)
and cp(x) < ep(x*). In the special case when x* is integer then it is Pareto-optimal.

We will now characterise the set Ext(A’) of the vertices of the polytope defined by the
feasible solutions of LEAP.

We first recall some general concepts of polyhedral theory as illustrated in
Nemhauser and Wolsey (1988). A polyhedron is the intersection of a finite set of half
spaces; let P = {x € R™; Az < b} be a polyhedron, where (A4,b) is an m x (n+ 1)

matrix. Let (A7,b7) be the submatrix corresponding to the rows i € {1,... ,m},
such that o’z = b; forall x € P. Given Z € P, let A7 be the submatrix corresponding
to the rows i € {1,... ,m}, such that ¢’z = b;.

The dimension of P is dim(P) = n — rank(A~). Below we will assume that the
polyhedron Pis full-dimensional, thatis dim(P) = n. Given P # (), and an inequality
mx < 7, satisfied for all z € P, then the polyhedron F = {x € P : mx = 7.} is called
face of P. An extreme point z of P is a 0-dimensional face of P, which means that,
given that dim(P) = n, rank(A3) = n, and there are n linear independent constraints
that are tight at x. An edge of a polyhedron P is a 1-dimensional face of P, and it is
given by the set of points z for which rank(A47) =n — 1.

Proposition 10: Consider the full-dimensional polyhedron P = {x € R"™; Az < b},
the half-space H = {x € R",dx < ¢} and the polyhedron P’ = P N H, with P’ # .
Then, either P is a face of P or dim(P) = dim(P’).

Proof: 1t follows trivially from dim(P) = n — rank(A~), and P’ # . O

Proposition 11:  Consider the full-dimensional polyhedron P = {x € R"; Ax < b},
the half-space H = {x € R",dz < ¢} and the polyhedron P' = PN H, with P’ # (.
Then, any extreme point ©* € P’ lies on an edge of P.

Proof: First we consider the case in which P’ is a face of P. In such case x* is a vertex
of P and the Proposition follows.
If P’ is not a face of P, consider two sub-cases:

a P’ = PN H = P; then the statement of the proposition is trivially satisfied since
any extreme point x € P’ is an extreme point of P, which lies on an edge of P.
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b P'=PnH C P;then from Proposition 10 dim(P) = dim(P’) = n, since P’ is
not a face of P. One of the two following possibilities must hold:

i dz* < c. Given that z* is extreme point of P’, and that dim(P’) = n, then
x* satisfies at equality the n constraints. Therefore it must be Az* = b.
It follows that x* is an extreme point of P.

ii da* = c. Asabove, x* satisfies at equality exactly (n — 1) constraints
belonging to P. This trivially implies that z* lies on an edge of P. O

From the above polyhedral considerations, the following results hold.

Proposition 12:  Given A, the assignment polytope, and A, the polytope described
by the feasible solutions of LEAP, for any vertex x* of A’ we have:

i a* can be written as x* = fo' + (1 — f)a”,0 < f < 1, where ' and '’ are two
adjacent vertices of A, with ' € A" and 2" ¢ A

i Letx* ={x};}i=1,....n.. Then x}; has at most two non-zeroes for each row i and
j=1..

20y

column j.

Proof: (i) Proposition 11 holds, thus z* lies on an edge of .A. By definition, every
point on an edge can be written as linear combination of its extremes. Thus, given
a2 ' # 2", extreme points of A, we have z* = fa' + (1 — f)z”, f > 0. Since z* is
an extreme point of A’, then both 2/, z”” cannot be elements of A’.

(ii) This result follows from the matrix structure of feasible assignments =’ and =",
since any linear combination of two assignment solutions cannot have more than two
positive elements for each row and column. |

4.3 LEAP and Kalai—-Smorodinsky solutions

In this subsection we briefly provide an interpretation of the optimal solution of LEAP
in the context of classical game theory.

We refer to the definition of (convex) bargaining problem given by Nash (1950).
Here, two agents aim to maximise their utilities in bargaining, measured as numerical
payoffs. The problem consists of a pair (F,d) where F' is a nonempty, compact,
and convex set of feasible agreements, and d € F is the disagreement point, i.e.,
the worst possible payoff pair. A bargaining solution ¢(F,d) is a rule that assigns
a feasible agreement to each bargaining problem. Nash defined a list of five axioms
that a bargaining solution ought to satisfy ((¢) Strong efficiency, (i4) Individual
rationality, (4i7) Scale covariance, (iv) Symmetry, and (v) Independence of irrelevant
alternatives), and he showed that there exists a unique solution satisfying the five
axioms. This solution is usually referred to as Nash bargaining solution of problem
(F,d) (see Nash, 1950 for the details).

Starting from that seminal work, various axiomatic characterisation of a
bargaining solution have been proposed in the game theory literature. In particular,
due to many criticisms about the suitability of the Axiom (v), Kalai and Smorodinsky,
later in 1975, replaced it with the (vi) Individual monotonicity axiom
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(see Kalai and Smorodinsky, 1975). Kalai and Smorodinsky proved that there is a
unique solution satisfying axioms (i), ... , (iv), (vi), and this is

—d —d
argmax{x1 .4 1_ 12 2; :L‘EF}
up —dy ug —ds

i.e., a particular PO solution lying on the segment whose extrema are the disagreement
point d and the ideal point u. According to many authors, a Kalai-Smorodinsky
solution “seems to be a more solid candidate for a general principle for the choice of
outcome” (Hougaard and Tvede, 2003).

We now introduce a two-person bargaining problem (Figap,dirap) associated
to a given instance of LEAP, where the payoff function is given in terms of the
cost functions of LEAP. For any (possibly fractional) assignment x, solution of
LEAP, the payoff of Agent A'is fa(7) = c4p — ca(w) and, similarly, that of Agent B
is fp(z) =cpja —cp(r). Each agent wishes to maximise her own payoff. Now,
the set of feasible payoffs for the agents is given by the set of points Fygap =
{(fa(z), fe(x)) : © € A}. Let the disagreement point be digap = (0, 0), and consider
the ideal point up,gap given by upgap = (CA‘B — ¢}, cpla — ¢p). Such situation can
be also interpreted as the problem where two players, A and B, bargain over the set
of feasible assignments A in order to minimise each cost function, i.e. ca(z) or cg(x).
In this case the disagreement point corresponds to the worst assignment they both
can get, given the presence of the other player, that is d = (ca|p,cp|a), and the ideal
point corresponds to the assignment such that c4(z) = ¢’ cg(z) = .

The Kalai-Smorodinsky solution for such a bargaining problem is given by

2KS — argmax{fA(x) : CAf‘;(_m)CZ _ Cij(_m)cE; = .«4}

Consider now LEAP and its optimal solution x*. Due to Proposition 8, it follows
that z* = argmin{r4(z) : ra(z) = rg(x) : @ € A}. Then, by definition of f4 and fp
it turns out that:

¥ =argmin{ra(z) : 7a(z) = rp(z); v € A}
—argmax{l —r(z): 1 —ra(x) =1 —rp(z); € A} = 255,

In conclusion the following property holds.

Observation 13: The optimal solution a* of LEAP corresponds to
a Kalai-Smorodinsky solution ¢(F,d), where F' = {(cajp — ca(x),cpja — cB(x)) :
x € A} and d = (0,0).

4.4 Bounds for the equilibrium problem

In this section we discuss procedures to obtain a good upper bound for EAP.
Such bound is determined by simply rounding an optimal fractional solution z* of
LEAP which produces two different integer solutions (i.c., feasible assignments) x’
and z”/. We next describe such procedure and show some properties of the upper
bound obtained. First, we need to provide a geometric characterisation of the two
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solutions obtained with the rounding procedure: to this purpose we make use of the
graph and the matrix representations of feasible assignments. We then show some
properties of the associated costs and relate them to the set of PO solutions.

Finally, in Section 4.4.3 we give the expression of the lower bound used in our
enumeration scheme.

4.4.1 Rounding procedure

Any solution of an AP, i.e., an extreme point of .4, can be represented by a subset
of pairwise disjoint arcs in a complete bipartite graph, which we refer to as G, with
all the arcs ij, i € I4 U Ip, j € M, with cost ¢;;. (We use the terms arcs and nodes
with reference to an undirected graph, to distinguish them from vertices and edges of
polyhedra.)

Similarly, recalling Proposition 12, an optimal solution of LEAP and, in general,
any point lying on an edge of the polytope .4, may be represented as a 2-matching, that
is, a subgraph of G where each node has degree at most two. We will prove that, in
our case, such a 2-matching is the union of a standard matching and a single, possibly
empty, cycle.

Call G(x*) the subgraph of G representing an optimal solution z* of LEAP. G(z*)
contains all the nodes of G (i.e., [4 UIpUM) and the arcs ij such that zj; > 0.
The number of arcs of G(z*) incident to node i € I4 U Ip(j € M) equals the number
of fractional components of row i (or column j) in the matrix representation of z*.
As stated in Proposition 12, if a row ¢ (or column j) has non integer components, then
there are exactly two of such components whose values are equal to, say, f and 1 — f,
with 0 < f < 1. As a consequence, every node ¢ € I, U Ip (or j € M) in G(z*) has
degree at most two.

Let us denote each arc in G(z*) corresponding to a variable having value 0 < f <1
asa f-arc.

Consider the subgraph of G(z*) induced by all the nodes having degree two. Itisnot
hard to see that this subgraph must be a collection of even cycles with alternating f and
(1 — f)-arcs. Inconclusion, G(z*) is given by a collection of pairwise disjoint arcs with
value 1 (1-arcs) and alternating cycles with f-arcs and (1 — f)-arcs (corresponding to
the fractional variables).

In the following proposition we will prove a property of G(z*) useful for
constructing the rounded solutions.

Proposition 14: The graph G(z*) representing an optimal solution z* of LEAP
contains at most one cycle.

Proof: 1In the trivial case when x* is integer, the set of edges of G(z*), denoted as
E(G(z*)), is a matching and there are no cycles.

Suppose x* has non-integer components and, by contradiction, that G(z*)
contains at least two cycles. Let Cy C E(G(z*)) be one of such cycles, and
Cy C E(G(x*)) be the set of the edges of all the other possible cycles (Ca # 0).
The components of x* corresponding to the edges of Cy U C5 are fractional while all
the other components are integer.

Given a cycle C C E(G(z*)), since arcs in C' have alternating values f and 1 — f,
let us call Fo the set of f-arcs of C' and F¢ the set of (1 — f)-arcs in C. Additionally,
let H be the set of 1-arcs.
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Assume first the case when all the f values are the same in the different cycles.
Then z* is as follows:

f if ij € Fe, U Fe,,

. (1—f) if ij e Fe, UFg,,
AR B if ij € H,
0 otherwise.

Consider now the four vertices 2/, 2, ¥, and 2 of A, defined as follows:

U

«
Tij ij

_{1 if ij e HU Fg, U Fg,, _{1 if ije HUFg, UFq,,

0 otherwise. 0 otherwise.

! 0 otherwise.

I 1 if ijGHUFCIUFcz,
0 otherwise.

{1 if ij e HUFg, UFq,,

Wehavez* = fa’ + (1 — f)2” and 2/, 2’ are the two adjacent vertices of A that define
the edge where z* lies. Consider now the point 2™ = 12/ + 12”. Note that 2 lies
on the same edge where z* lies. But 2 can also be expressed as 2™ = 1zF + 125,
i.e., this point is a convex combination of both z/,z” and =¥, z. But ¥ and 2%
are feasible assignments, and thus vertices of A. Consequently, ™ and therefore x*,
do not lie on an edge of A which contradicts Proposition 12. Hence C5 must be empty.

Similar arguments hold for the case where the f values are different for distinct

cycles. O

On this grounds, the component ij of an optimal solution z* of LEAP is equal to:

f if ij € For,
1-— if ij € Fee,
332} _ ( f) . J c (10)
1 if ij € H,
0 otherwise

where C* is the single, possibly empty, cycle defined by the fractional components in
x*. When z* is not integer, we may obtain two different feasible matchings, ' and z”,
with the following rounding procedure,

Z =

(11)

, 1 if ij € HU Fo-,
Ty =

- {1 if ij € HUFc-,

0 otherwise. 0 otherwise.

It is easy to see that one of these assignments is feasible for Problem 8 while the other
is not (i.e., the constraint r 4 (z) > rp(z) is violated).

4.4.2 Quality of the rounded solutions

Toillustrate the characteristics of the solutions obtained using the rounding procedure
we need to refer to their mapping into the (c4, cg) space. When x* is not integer, then
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x’ # x* # 2. In this case, we assume, with no loss of generality, thatr4(z') < rg(z’),

and ra(z"”) > rp(z”).

Observation 15: The mapping of an optimal solution z* of LEAP on the
(ca,cp)-plane lies on the segment whose extreme points are (ca(z’),cp(z’)) and
(ca(z”), cp(a")).

Proposition 16: The rounded solutions x' and "’ are Pareto-optimal.

Proof: We prove that x’ is Pareto-optimal. The result holds, by symmetry, for z”.
Let us suppose, by contradiction, that 2/, for which r 4 (2’) < rp(2’), is dominated.
Then there exists at least one feasible assignment 2 that dominates z’, and we have:

(12)

eg(@'),ca(®) < ca(z'). (13)

INA
o
b
—
&
=
o
Sy
—
=
—
A
o
Sy
—
8
—
o
=

ca(®)

IN

CB(i‘)

Suppose, without loss of generality, that equation (12) holds. Given Propositions 8§
and 9, we have ¢j; < cp(&) < cp(a’) and r4(£) < rp(&). Consider now z”, for which
ra(z”) > rp(a’), and the solution = Az + (1 — A)z”, with 0 < A < 1. Therefore,
ca(Z) = Aea(@) + (1 — Nea(z”) and cp(Z) = Aeg(2) + (1 — N)ep(z”). Hence, due
to equation (12), cg(%) < Aeg(z’) + (1 — Nep(2”) = cg(z*). From definition of
rp(x), thisimplies r5(Z) < rp(z*); and since, from Proposition 8, r 4 (%) = rp(Z) and
ra(z*) = rp(z*), it follows that r4 (%) < r4(z*) which contradicts that 2* is optimal
for LEAP. O

Proposition 17:  The two solutions provided by the rounding procedure are efficient
points.

Proof: We have to prove that, in the (c4, cp)-space, no PO points lie below the line
passing through the projections of =’ and z” (as defined above) in the cost space.
By contradiction, suppose that there is such a point y: then either r4(y) < rg(y) or
ra(y) > rp(y), since it cannot be 74 (y) = rp(y), otherwise z* would not be optimal
for LEAP. Suppose that 74 (y) > r5(y), we may thus identify a point £ = Ay + (1 —
M)z’ such that & € A and r4(&) = rp(Z), for some 0 < A < 1. Then Z would also
satisfy 74 (Z) < ra(x*), contradicting that z* is an optimal solution of LEAP. The case
ra(y) < rp(y) is symmetrical. O

As a consequence of this result, given an optimal fractional solution z* of LEAP, z”
is an upper bound to problem EAP and therefore the only possible optima of EAP are
the assignments 2 such that c4 (z*) < ca(z) < ca(2”) and cp(2”) < ep(x) < ep(x*),
and are above the segment connecting the projections of x* and z”’ in the cost space.

4.4.3 Lower bound for the equilibrium problem

As mentioned in Section 1, research on constrained APs (Aggarwal, 1985; Brans et al.,
1972; Kennington and Mohammadi, 1994; Mazzola and Neebe, 1986; Rosenwein,
1991) often makes use of Lagrangean relaxations to produce strong lower bounds.
The EAP is a standard AP with the single additional constraint r4(z) > rg(z).
When such a constraint is dualised in a Lagrangean relaxation, the problem satisfies
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the Geoffrion’s integrality property (Geoffrion, 1974) since the feasible region is the
assignment polytope. As a consequence, the best Lagrangean bound cannot be better
than that obtained through linear relaxation. Therefore, in the branch-and-bound
scheme to solve EAP, we make use of the lower bounds provided by the LP’s.

In the case of integer costs cf} and fractional solution z* of LEAP, we may further
improve these bounds using the following lower bound:

* _ak
py > Lea@ —ex
CA|B —Cy

5 Computational experience

Our branch-and-bound scheme (in the following referred to as EAP_bb) has been
implemented using the bounds described in Sections 4.4 and 4.4.3 in the default
CPLEX 8.0 branching scheme via callback functions (see ILOG Inc., 2003).
We compared the solution produced by our algorithm with those by the default
CPLEX branch and cut on a series of randomly generated test instances, varying
the number of jobs for each agent (n4,np) and the intervals from which costs are
generated.

In a first set of experiments, whose results are reported in Table 1, we compared
our algorithm and the default CPLEX branch and cut implementation, in terms
of CPU times and effectiveness. Each one of the eight classes has the same size
(which is reported in the first column). The results are average values over 30 instances
for each class (three disjoint cost ranges were considered and, for each cost range,
ten different randomly generated instances were solved). The average CPU times
(in seconds) needed by EAP_bb and default CPLEX 8.0 are reported. Results marked
with *’” indicate that the average values are only relative to those subsets of instances
where the optimal solution is obtained within a given time limit of 3600s; whereas
mark “**’ indicates that the algorithm did not reach the optimum within the same time
limit, and the average times needed to find the best feasible solutions are presented.

Tablel Timecomparisons between EAP_bband CPLEX 8.0. The results are relative to averages
over different cost ranges and randomly generated instances

Problem Time (s) Time
size EAP_bb CPLEX improvement (%)
40, 40 1.36 130.39 0.99
50, 50 2.2 85.81 0.97
60, 60 3.66 170.91* 0.98
80, 80 5.09 534.74* 0.99
100, 100 50.31 534.49* 091
200, 200 97.04 1865.95* 0.95
250, 250 101.2 > >0.98
300, 300 150.0 - >0.98

EAP_bb improves the computational times upon CPLEX significantly: this is
particularly evident for the largest instances of problems; our algorithm takes, on the
average, less than 3min to obtain an optimal solution while CPLEX takes hours.
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In Table 2, the number of nodes of the branch-and-bound tree (measuring memory
occupation) and CPU times are reported. Moreover the results relative to different
cost ranges are presented on separate rows. We may notice how using improved upper
and lower bounds turns out in a dramatic decreasing of the number of nodes generated
in the enumeration scheme. More surprisingly, in both algorithms, the number of
nodes is highly sensitive to the cost ranges.

Again, also in Table 2, mark “*’ indicates that we report average values only relative
to the instances where the optimal solution is obtained within a given time limit of
3600s; whereas mark “**” indicates that the algorithm did not reach the optimum within
the same time limit and the average times needed to find the best feasible solutions are
presented.

Table 2 Time and memory comparisons between EAP_bb and CPLEX 8.0. The results are
relative to averages over randomly generated instances

Nodes of B&B tree CPU time
Problem Costs
size range EAP_bb CPLEX FEAP_bb CPLEX
40, 40 1-50 1 114012 0.58 384.62
1-100 6 240 0.82 2.48
1-200 36 188 2.69 4.07
50, 50 1-50 4 212620 2.15 230.05
1-100 24 480 2.61 6.35
1-200 44 500 3.23 6.76
60, 60 1-50 16 153360* 2.78 383.9*
1-100 6 15180* 2.72 118.01*
1-200 65 720" 5.47 10.88*
80, 80 1-50 1 83450 3.79 1204.71%
1-100 3 14450* 6.38 237.11
1-200 13 10840* 5.11 162.4*
100, 100 1-50 46.5 2% 19.19 131.65*
1-100 1 505 8.36 26.76"
1-200 13 904* 24.52 904.07*
200, 200 1-100 2 18000* 93.12 2321.88*
1-200 18 9533* 100.96 1410.03*

6 Testing the equilibrium strategy

In this section we analyse the quality of the equilibrium solution for CAP. Rather than
addressing the efficiency of the algorithm used to find the equilibrium solution, we
try to evaluate the suitability of the equilibrium approach in a 2-agents competition.
In other words, one may question why an agent should find convenient to settle on an
equilibrium solution. Here we try to set a specific experimental framework and draw
some partial conclusions from the results.

We assume that two agents compete for the assignment of resources in a dynamic
environment, where they are given more that one instance of the AP, and that the costs
related with this assignment vary for each instance. We also refer to each instance of
the problem as a game. Such situation may well represent realistic settings where the
costs of consecutive games (biddings, market shares, task assignments) are affected
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from external factors that are out of the agents’ control. In these settings the agents
have to choose a strategy, that is, a rule to solve each instance of the assignment.
In our experiments we compared the following three simple strategies:

e Equilibrium Strategy (ES), where the two agents agree over the equilibrium
solution, that is, an EAP is solved for each game.

e Global Optimal Strategy (OS), where the agents agree to choose the assignment
with global minimum cost, eventually sharing the differential benefits at the end
of each game.

e Alternate Strategy (AS), where the two agents solve the AP sequentially, the first
one choosing the resources in an optimal way among all available resources,
and, the second among those that are not used by the first one. In this case, the
first decisor is selected by tossing a coin before each game.

We have set the following experiments. First, we generate a number of games where
the assignment costs for the two agents are chosen at random according to the uniform
distribution in a given interval. Second, we solve each game using the three strategies.
Third, we compare the costs for the two agents (A and B) considering their average
and variance over all the generated games.

We have considered different sizes of the APs, expressed as the number of resources
to be assigned to the two agents, namely, 50, 100, 150, and 200 (in the following referred
to as n); for each possible size the assignment costs have been generated randomly in
the intervals (0,4n) (‘small’) and (0,8n) (‘large’). For each size and cost range, we
have generated 300 APs, and solved them with the three strategies. The results are
summarised in Table 3, where the first column reports the size of the AP (n) and the
second column the interval used to generate the costs. The following three columns
report the average cost for Agent A under the ES, OS and AS strategies. Columns six
to eight report the same data for Agent B.

Obviously, as it might be expected, on the average the OS is the best in terms of final
costs. It should be noticed that the average values of the costs for the two agents are
also very close, under this strategy. The reason of this fact is related to the high number
of instances (300) over which average are computed and to the uniform distribution
used for the assignment costs ¢;;. In a real setting, when the number of games between
two competitors is limited, this would be equivalent to require to transfer some of
the utility at given time intervals, i.e., it assumes that the utility of the games is fully
represented by the costs of the assignment. This is in fact a strong assumption in most
cases.

The results highlight that, on the average, the distance between the Global Optimal
and the Equilibrium strategies is actually small. An interpretation of this fact leads to
conclude that the ES, in the long run, is not significantly worse than the OS in terms
of global costs; but it is, by far, easier to implement in a competitive setting.

The AS, on the contrary, exhibits the largest costs for all problem sizes and cost
types. Thus, in the long run and if agents have equal probability to win, it is convenient
to settle on the equilibrium solution rather than simply compete to be first in the
decision making process. Additionally, a strategy that exhibits low variance may be
preferable to another that does not: as, in most cases, decision makers are interested
in reducing uncertainty and having a steady behaviour in different games.
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In Table 4, the information about the cost standard deviations, for the same set of
experiments of Table 3, are reported. Not surprisingly, the ES performs with the lowest
standard deviation, and results are more stable even when compared to the optimal
one. It is important to stress that these comparisons are related with the average costs
of A and B over a significantly large number of games (300). However, with reference to
the results reported here, one may conclude that an ES, at least in the long run, stands as
an interesting, perhaps easier to implement in a real world setting, alternative position
with respect to total competition (AS) or total collaboration (the OS) scenarios.

Table 3 Average costs for Agents A and B under Equilibrium Strategy (ES), Global Optimal
Strategy (OS), and Alternate Strategy (AS) Strategies

Agent A Agent B

n Cost range ES oS AS ES oS AS

50 Small 175.33 170.40 218.23 172.50 171.92 230.99

50 Large 337.26 332.91 415.62 329.56 322.32 436.60
100 Small 350.31 349.27 464.11 346.90 342.94 447.75
100 Large 679.06 670.49 905.48 671.67 668.12 871.18
150 Small 527.35 525.67 718.88 527.16 523.54 663.40
150 Large 1010.38 1003.61 1391.70 1022.33 1018.34 1295.90
200 Small 705.54 705.57 941.70 708.80 703.73 925.32
200 Large 1363.24 1358.20 1819.37 1354.98 1349.13 1776.77

Table 4 Coststandard deviations for Agents A and B under Equilibrium Strategy (ES), Global
Optimal Strategy (OS), and Alternate Strategy (AS) Strategies

Agent A Agent B

n Cost range ES oS AS ES oS AS

50 Small 24.47 26.33 103.73 25.10 28.15 103.43

50 Large 49.44 52.76 199.84 45.86 52.23 198.49
100 Small 33.38 37.71 210.63 33.17 34.03 205.68
100 Large 72.68 73.51 428.95 74.44 82.81 414.93
150 Small 42.99 48.91 320.52 42.36 45.77 311.87
150 Large 92.16 97.81 636.13 76.75 88.59 626.76
200 Small 46.11 54.15 418.84 47.84 52.05 427.11
200 Large 96.34 110.83 825.48 89.70 108.59 851.67

7 Conclusions and future works

In this paper we introduce and analyse a variation of the AP that arises in the context
of Multi-Agent Systems. We address the case of two agents competing for the usage
of a common set of resources, where each agent has its own objective of minimising
the total assignment cost of its jobs only.

We define and analyse the problem of determining Pareto-optimal solutions, in
order to provide a basis over which the agents can negotiate, and the problem of
finding an Equilibrium Assignment, i.e., a specific solution that represents for both
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the agents the ‘best compromised assignment’ providing some sort of equity in the
deviations from the optimal unconditioned solutions, that would happen if each agent
were assigned its optimal set of resources. We show that this solution is basically
equivalent to one proposed by Kalai and Smorodinsky for the bargaining problem
in game theory. The EAP is formulated as an integer linear problem. By a suitable
linear relaxation, we develop good lower and upper bounds for EAP. An efficient and
effective branch-and-bound algorithm that exploits these bounds is also proposed.

This work puts several directions forward for future research. One is the design of
a proper heuristic to efficiently enumerate all Pareto-optimal solutions. Another is to
extend EAP to other types of equilibria, such as those arising when agents are given
different ‘weights’ based on their ‘power’ in the bargaining game. Finally, different
scenarios may be considered, including cooperation between agents where benefits of
cooperation are distributed from one agent to the other.
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