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1. Introduction

Random hyperspherical harmonics {7T;},cn are Gaussian Laplace eigenfunctions on
the unit d-dimensional sphere S? (d > 2). They are the Fourier components of isotropic
Gaussian spherical random fields, therefore used in a wide range of disciplines; in par-
ticular, for d = 2 they play a key role in cosmology — in connection with the analysis
of the Cosmic Microwave Background radiation data — as well as in medical imaging
and atmospheric sciences, see [13, Chapter 1] for more details. For these reasons, in the
last years the investigation of their geometry received a great attention, in particular
the asymptotic behavior, for large eigenvalues (as £ — 400), of their nonlinear statistics
{ X en, see [17,18,15,9,6,24,16] and the references therein. The main goal of most of
these papers is to study first and second order fluctuations for X, to be some geometric
functional of the excursion sets of Ty, such as the so-called Lipschitz-Killing curvatures
[1, Section 6.3] that in dimension 2 are the area, the boundary length and the Euler-
Poincaré characteristic. Hence it is clear that X, may be a function of the sole T} (in the
case of the excursion measure for instance) or a function of T; and its derivatives.

The above mentioned references take advantage of Wiener-It6 theory, the random
variables {X' ¢}eeN being square integrable functionals of Gaussian fields. In this frame-
work, the techniques developed allow one to establish Central Limit Theorems (CLTS)
via a powerful combination of chaotic expansions and fourth moment theory by Nourdin
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and Peccati [19]. It is well known that the link between Malliavin calculus and Stein’s
method established by these two authors permits to get estimates on the rate of con-
vergence to the limiting Gaussian law in various probability metrics [19, Appendix C.2],
at least when a finite number of chaoses are involved. For general functionals instead,
the so-called second order Poincaré inequality [20] may be evoked, even in its improved
version [26].

However, the existing results in the literature for the above mentioned geometric func-
tionals {X;}sen (which do have an infinite chaos expansion) of random hyperspherical
harmonics {7} ,cn only deal with the Wasserstein distance, see e.g. [15,6,22]. The typical
situation is a single chaotic component dominating the whole series expansion, entailing
the Wasserstein distance to be controlled by the square root of the fourth cumulant of
this leading term plus the L?(P)-norm of the series tail. Moreover, generally there are
no information on the optimal speed of convergence.

A natural question is whether or not these results could be upgraded to stronger
probability metrics. Here we address this issue, indeed we are interested in quantitative
CLTs in Total Variation distance [19, Section C.2] for nonlinear statistics {X;}sen of
random hyperspherical harmonics {7} }sen in the high energy limit (as £ — +00). We are
able to solve the problem for integral functionals of the sole Ty, that are regular enough
in the Malliavin sense, by taking advantage of a recent result in [4]. In this paper, the
authors prove some regularization lemmas that enable one to upgrade the distance of
convergence from smooth Wasserstein to Total Variation (in a quantitative way) for
any sequence of random variables which are smooth and non-degenerate in some sense.
The price to pay is to control the smooth Wasserstein distance between the sequence of
their Malliavin covariance matrices and its limit, that however does not need to be the
Malliavin covariance matrix of the limit. Remarkably, this technique requires neither the
sequence of random variables of interest to be functionals of a Gaussian field nor the
limit law to be Normal, situations that naturally occur since the underlying randomness
may be not Gaussian [3,8] or related functionals may show non-Normal second order
fluctuations [14].

Let us write down explicitly our functional of interest: we consider

X, = X = ]E[XZ]

o / Var(Xp)

where X, ::/go(Tg(x))da:,
Sd

¢ : R — R being square integrable w.r.t. the Gaussian density. In [15], the authors
prove that, under mild assumptions, the above functional X, converges in Wasserstein
distance towards a Gaussian random variable as £ — +o00; in order to strengthen this
result, in light of [4], we need to investigate the asymptotic behavior of the Malliavin
covariance of Xy, that we denote by o,. Under some additional regularity properties on
the function ¢ which are needed to ensure the existence of Malliavin derivatives of X, we
are able to prove the convergence in Wasserstein distance of o, towards a non-degenerate
deterministic limit, that together with the uniform boundedness of Malliavin-Sobolev
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norms of X, guarantees the convergence in Total Variation distance for X;. To the best
of our knowledge, ours is the first quantitative Limit Theorem in Total Variation distance
for nonlinear functionals of random hyperspherical harmonics having an infinite chaotic
expansion, generalizing in particular the work [15].

As a bonus, we gain some new results on the asymptotic behavior of Malliavin deriva-
tives of these functionals, and some novel estimates on the moments of products of
powers of Gegenbauer polynomials (the latter describing the covariance structure of the
random hyperspherical harmonics {T;}scny) thus extending some formulas in [12,22] (see
Lemma 5.6 and Lemma 5.7). For our investigation we also exploit an explicit link be-
tween the diagram formula for moments of Hermite polynomials and the graph theory,
inspired by [12] (see Lemma 5.3). In particular, we extrapolate a graph from each of
these diagrams and use the fact that every connected graph can be covered by a tree,
eventually studying only the contribution coming from these trees. In order to make the
reading pleasant and smooth, we collect the proofs of these key results on Gegenbauer
integrals in Appendix A.1 and Appendix A.2.

Finally, it is worth stressing that in the context of Gaussian approximations for ran-
dom variables that are functionals of an underlying Gaussian field, the second order
Poincaré inequality by Vidotto [26] has led to quantitative CLTs for nonlinear function-
als of stationary Gaussian fields related to the Breuer-Major theorem, with presumably
optimal rates of convergence in Total Variation distance. However, we choose to exploit
the technique developed in [4] with a view to a subsequent generalization of our result to
the interesting case of random eigenfunctions of the standard flat torus (arithmetic ran-
dom waves), where the attainable limit laws include linear combinations of independent
chi-square distributed random variables [14,5]. Moreover, it turns out that in order to
obtain fruitful bounds via the second order Poincaré inequality for the Gaussian approx-
imation of our functional of interest Xy, the estimates on moments of products of powers
of Gegenbauer polynomials should be much finer than those required by the approach
developed in [4] (the one that we follow).

1.1. Notation

Throughout this manuscript we denote with v the standard Gaussian law on R and
with Z ~ N(0,1) a standard Gaussian random variable (r.v.). When we will speak
about Malliavin calculus and chaos expansion based on Z, we just intend the classical
one dimensional approach in the space L?(v) := L?(R, %(R),v) (see e.g. [19, Chapter
1]), where #(R) denotes the Borel-o field on the real line. In particular, we will denote
by L and D¥ (for integers k > 1) the Ornstein-Uhlenbeck operator and the k-th order
Malliavin derivative, respectively. As usual, Dom(L) and D*? (for p > 1) will stand,
respectively, for the set of random variables measurable w.r.t. 0(Z) on which L is well
defined and that are derivable in Malliavin sense up to order k, whose derivatives all
belong to LP(P) := LP(Q), F,P). Here and in what follows (£, F,P) will denote a prob-
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ability space and without loss of generality we may assume the random objects in this
paper are defined on this common probability space.

Conventions. In this paper we set N := {0,1,2...} and N* = N\ {0}. Given two
sequences of positive numbers {a, }nen and {b, }nen, we write a, ~ by, if lim,_, ‘;—: =
1, a, = O(by) if {Z_n}" is asymptotically bounded and a,, = o(by,) if lim, oo ‘;—n =0.
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2. Motivations and main results

For an integer d > 2, we denote by S € R4 the d-dimensional unit sphere. Accord-
ingly, we set %(S%) as the Borel o-field and we write Leb(dz) = dx for the Lebesgue
d+1

measure on (S%, 2(S?)). It is known that [g,dz = 27°% JT(4L) =: pg, T being the
Gamma function. For f:S? — R and A > 0, we consider the Helmotz equation

Agaf = —\f, (2.1)

where Aga denote the Laplacian operator on S¢. The eigenvalues are of the form —\ =
—Apg = —L({ +d—1) for £ € N, and the dimension of the ¢-th eigenspace is

2W+d-1(0+d-2
noq =1 and ne;d:+< —2_1 ), e N~

Notice that

2 _
(d—l)!ed U as £— +oc. (2.2)

nga =20+1 and ngq~
We choose the family of real-valued hyperspherical harmonics [27, Section 9.3] (Yz,m.a) it
as orthonormal system of the /-th eigenspace. We recall that Y .0, m = 1,...,np,4, are
the restriction to S® of harmonic polynomials of degree £ € N in d + 1 variables.
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2.1. Random hyperspherical harmonics

For ¢ € N*, we define the /-th random hyperspherical harmonic 7, on S through

Neid

T)(z) = /n“;d Z aomYoma(x), x€S% (2.3)

where (ag’m):fﬁl are standard Gaussian i.i.d. random variables in R and +/fiq/neq is a
normalizing factor. Then x — Ty(x) is a random eigenfunction of the Helmotz equation
(2.1), with eigenvalue —\,q. Moreover, Ty is an isotropic and centered Gaussian random
field on S with covariance kernel (see [2, Section 9.6])

Neyd

Cov (Ty(x), To(y)) = n’fd Z Yema(@)Yema(y) = Gra((z,y), w,yeSt  (24)
Hereafter Gy,q denotes the /-th Gegenbauer polynomial [23, §4.7] (for d = 2, G2 = P,
that is, the Legendre polynomial of degree ¢) and (z,y) = cosd(x,y), where d(z,y) is the
geodesic distance between z,y € S?. Recall that Gegenbauer polynomials are orthogonal

n [—1,1] w.r.t. the weight (1 — ¢2)(@=2/2, We take Gy.q(1) = 1, so Var(Ty(z)) = 1,
r €S

2.2. Statistics of random hyperspherical harmonics

We are interested in functionals of random hyperspherical harmonics of the type

X ::/@(Tg(m))dx, (2.5)

Sd

where ¢ € L?(v). In particular, we study the asymptotic behavior of the sequence of
random variables {X/,},cn as £ — 400 by means of chaotic decompositions [19, §2.2]: if
Z ~ N(0,1), then ¢(Z) can be written as an orthogonal series in L?(IP) as follows

0(Z)=> ZfH (2), where b, :=E[p(Z)H,(Z)), (2.6)
q>0

where, from now on, H, denotes the Hermite polynomial in R of order ¢ (see e.g. [19,
§1.4]). Substituting (2.6) into (2.5) gives the chaotic expansion for Xj:

= X[0]+ Y Xilg]  where Xi[q) = %/Hq(Tg(x))dx (2.7)
Sd

q>2

(the term corresponding to ¢ = 1 is null because of the orthogonality of hyperspherical
harmonics). By standard properties of Hermite polynomials [19, §2.2] one gets
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E[X/] = X,[0] = Elp(Z)lua,  Var(Xy) =2% [ Guattwyanay. 29)
q>2 (S)2

Remark 2.1. The asymptotic behavior of the g-th moment of Gegenbauer polynomials
is recalled in Proposition 4.1. We just notice here that Gp.q(t) = (=1)*Gr.a(—t), so if
both ¢ and ¢ are odd the g-th moment of G4 vanishes. Hence we take only even ¢: by
{ — 400 we mean as £ goes to infinity along even (.

We now define the standardized statistic

- X, —E[X
%, = X _EXd
v/ Var(Xy)
that is the r.v. whose asymptotic behavior we are interested in. Notice that X, has

Hermite rank 2 if and only if by # 0 (see (2.6)). Let us first recall the well known central
limit theorem stated in [15], which is proved under the Wasserstein distance

(2.9)

dw (X,Y) := el [E[n(X)] = E[R(Y)]]. (2.10)

Here, X and Y are random variables, Lip(1) denotes the space of functions h : R — R
such that |h(z) — h(y)| < |z —y|, YVz,y € R.

Theorem 2.2 (Theorem 1.7 in [15]). Let ¢ be as in (2.6) such that by # 0. Then, as

! — 400,
b3 (pa)?
Xy) ~ = 2.11
Var(X) ~ G (211)
and moreover
dw(Xe, Z) = O(£72). (2.12)

The main goal of this paper is to strengthen and upgrade Theorem 2.2 from Wasser-
stein to Total Variation distance, which is defined as follows: for random variables X
and Y,

drv(X,Y):= sup |P(X €A —-PY €4). (2.13)
AcB(R)

2.3. Statement of the main result

The assumptions on ¢ in Theorem 2.2 are rather weak: it suffices that ¢ is a square
integrable function w.r.t. the Gaussian measure v and b # 0. In order to investigate
the convergence for X, towards the Gaussian law in Total Variation distance, we need
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©(Z) to satisfy some additional regularity properties in the Malliavin sense. These are
summarized in the following condition.

Assumption 2.3. Let ©(Z) fulfill (2.6). We assume that by # 0. Moreover, ¢(Z) €
Dom(L) and p(Z), Lo(Z) € N> Np>2 DXP, that is, for every k € N and p > 2 the k-th
order Malliavin derivative of p(Z) and of Lo(Z), given by

b b

k _ q k _ q
>k >k

(2.14)

exist and belong to LP(P). Furthermore, the same properties are satisfied by the function

¢ € L?(v) defined by

o) = 3 Bl ), (2.15)

q=>2

that is, $(Z) € Dom(L) and ¢(Z), L¢(Z) € Ni>o Np>2 DFP: for k € N and p > 2,

Doz) = 3 st @) and DUL2) = - S 0 M H2)
q>2VEk q>2Vk
(2.16)

both belong to LP(P).

From now on we assume that Assumption 2.3 holds. The requested Malliavin reg-
ularity will not be really surprising once the mathematical tools we are going to use
will become clear (namely, the use of Proposition 3.1). As a meaningful example, take
©(z) = e'*, where t € R denote a parameter. Then ¢ satisfies the well known represen-
tation

it does not live in a finite number of Wiener chaoses, and it satisfies Assumption 2.3. Let
us now give right away a sufficient condition for ¢ to satisfy Assumption 2.3.

Proposition 2.4. Suppose that there exist C, R > 0 such that |by| < CR? for every ¢ >0
in (2.6). Then Assumption 2.5 holds.

The proof of Proposition 2.4 is a consequence of the multiplier theorem for Wiener
chaos series and Meyer’s inequality (see [21, §1.4.3 and §1.5]), hence we omit the details
for brevity sake.

We are now in a position to state the main result of this paper.
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Theorem 2.5. Let ¢ satisfy Assumption 2.3, then, for any 0 < e <1, as { — +o0,

drv(Xe, Z) = 0. (0777°) (2.17)
where O, means that the constants involved in the O-notation depend on €.

It is worth noticing that, conditionally on Theorem 2.2 and the use of Proposition 3.1
below, our result, i.e., the upper bound in (2.17) for the Total Variation distance, cannot
be improved. Indeed, the upper bound given in Proposition 3.1 for dTV(X ¢, Z) cannot
be smaller than dy (X, Z)1~¢, and dy (X, Z) = O£ 2).

Theorem 2.5 is the first result on the convergence of statistics of random hyper-
spherical harmonics (in particular having an infinite chaos expansion) in Total Variation
distance. For ¢ = H, the g-th Hermite polynomial with ¢ > 2, or for ¢ equal to a
linear combination of such Hermite polynomials, bounding from above dTV(X ¢, Z) is an
application of the fourth moment theorem by Nourdin and Peccati, see [18] for results
in the two-dimensional case and [15,22] for higher dimensions.

An intermediate key step to prove our main result relies on the investigation of the
asymptotic behavior of the sequence of Malliavin derivatives of Xy; we stress that this
analysis leads to some results of independent interest, see Proposition 3.2 and Proposi-
tion 3.3 for more details.

Besides the case of higher Hermite rank functionals, that we do believe it can be
dealt with by using the same approach as the one developed for the proof of Theo-
rem 2.5 though involving heavier computations, we leave as a topic for future research
the interesting case of the indicator function: for u € R,

p(z) = ]l[u7+oo)(z), z € R,

thus Xy is the so-called excursion area at level u, see [18]. Indeed, ¢(Z) is not derivable
in Malliavin sense, and the Assumption 2.3 is not satisfied.

3. Proof of the main result

In this Section we explain the main ideas behind our argument, eventually giving the
proof of our main result.

3.1. Proof strategy

To show the main ideas of the proof of Theorem 2.5 and of the results that we are going
to use, we need to introduce some properties associated with the Malliavin regularity of
the random variables at hands. We give here a result developed in [4], holding in a purely
abstract Malliavin calculus setting (see [4, §2.1]), that is, based on a random noise that
does not need to be Gaussian (see e.g. the one used in [3]). Let us resume it here briefly.
First of all, it is assumed that the following ingredients are given:
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e aset & C NMp>aLP(Q) such that for every n € N*, f € C;°(R") and F =
(F1,...,F,) € & then f(F) € & (so, £ is an algebra);

e a Hilbert space H, whose inner product and associated norm will be denoted by
(-, )% and | - | respectively; we let LP(€;H) stand for the set of the r.v’s taking
values in ‘H whose norm has moment of order p.

Hereafter Cp°(R™) denotes the set of functions f : R™ — R that are continuously
differentiable up to any order and all derivatives have polynomial growth.
In this environment, it is assumed that there exist two linear operators

D:&—=Np>LP(QH) and L:E—E
such that

(M1) for every FF € £ and h € H, DL F := (DF,h)y € &;
(M2) for every n € N*, f € C)°(R") and F = (Fy,...,F,) € £" one has

Df(F) = iazif(F)DFi €&
=1

(M3) for every F,G € &£ one has E[LF G] = —E[(DF, DG)y] = E[F LG).

Thus, we recognize that these are settings and properties typically fulfilled in Malliavin
calculus (but not in any Malliavin calculus framework - for example this is not in the
case of jump processes, where the chain rule (M2) does not hold in general, see e.g. the
discussion and the references quoted in [4, §1]). Hence, we call D the Malliavin derivative
and L the Ornstein-Uhlenbeck operator. The higher order Malliavin derivatives can be
defined straightforwardly: for k > 2,

DF 1 & — Myso LP(Q; HEF)
is the multilinear operator such that for every hy,...,hy € Hand F € £,

Dﬁh___mF = (DFF,hy @ -+ @ hi)gyor = thDZ;.l,.,hk,lF'
Notice that, when dealing with a concrete Malliavin calculus, one can choose £ either
the set of the simple functionals or the set D> of the r.v’s whose Malliavin derivative
of any order does exist and has finite moment of any power.
In order to introduce the result in [4] that we are going to use, we first need to define
the involved Malliavin-Sobolev norms: for F' = (Fy,..., F,) € ", we set

q n
Flig =S S"ID*Filyer, |Flg=IFI+|Flig [Fllip=IFllp  (3:1)
k=1 i=1
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where || - ||, is the standard norm in LP(€). Then, for £ € N* and p > 2, we set

Dk,p — g”'”k,p and Dk:,oo _ an2Dk,p.

We also extend the operator L in the usual way: for F' = (Fy,...,F,) € &", we set
LF = (LF\,...,LF,) and | Fllov = |[Fl2 + | LF|j>. And we define Dom(L) = € 1°°.
Now, fix ¢ € N and F = (Fy,..., F,) € (DL If F = (F,...,F,) € (Dom(L))"
and LF = (LFy,...,LF,) € (D?°°)" the following quantities are well posed:
q 4dng
( ) = (IF|1g+1 +|LF|g) (L + [Flig+1)
qp(F) = IIC (F)llps (3.2)
Qq( ) = Cq2(F)ll(det o)~ 1|3,

in which p > 2 and o is the Malliavin covariance matrix of F, that is,
(UF)i,j = <DF1',DFj>7.L7 Z,j = 17...77’L. (33)

Notice that the quantity C, ,(F), respectively Q,(F), in (3.2) is in principle well posed
whenever F; € DIT5P for a suitable p > p, respectively p > 2.

We are now ready to state the result in [4] on which our asymptotic analysis will be
based:

Proposition 3.1. Let F' and G be random vectors in R™ such that
My(F,G) :=Cqa(F) + Qq(G) < oo,

for every q > 1. Let U > 0 be a real random variable such that ||U’1Hq < oo for every
q > 1. Then for every € > 0 there exist C; > 0 and q. > 1 such that

1—e

dTv(F G) < C: ( qE(F G) + ||U 1H2/5) (dw(F G) +dw(detO'F, ))
This is actually [4, Proposition 3.12], see in particular (3.30), with the choice p =
p’ = 1 (remark that, as it immediately and clearly follows from the proof, there is a
misprint in the requests therein: it is erroneously asked that C, 1(G), Q4 (F) < oo instead
of C1(F), Q4(G) < 0). i
Our plan is to use Proposition 3.1 with F = X, and G = Z ~ AN(0,1). Indeed, in
our framework, the underlying Hilbert space is H = L?(S%, %(S%), Leb), the random
eigenfunction 7Ty admitting the isonormal representation (4.1). Thus

op=0x, = / |D, X, |* dy. (3.4)
Sd

First, Assumption 2.3 will guarantee that all the involved Malliavin functionals are well
defined (we will give more details about Malliavin calculus for Gaussian random fields in
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§ 4.2). Theorem 2.2 already ensures that dw(Xy, Z) — 0 (giving also an estimation of the
speed of convergence). Therefore, we obtain the stronger convergence dTV(fQ, Z) =0
(together with a useful upper bound on the rate), once we prove that:

(H1) there exists a deterministic U > 0 such that dw (o, U) — 0 with some speed,
(H2) for every q > 1, sup, My(X,,Z) < oo, where M,(Xy, Z) is defined in Proposi-
tion 3.1.

3.2. Proof of Theorem 2.5
Concerning (H1), we will prove the following key result.
Theorem 3.2. Let o4 be the Malliavin covariance of X,. Under Assumption 2.3, we have
E[o] — 2] = O (j0.q) and Var(oy) = O (z*lﬂdﬂ + ﬂd*l)/?ﬂdzs) :

where

log ¢ 1 1
Ne;d = Lg—2 (IlbﬁeoT% + 1b4_oz> + Zldz&

As for (H2), it is enough to prove that, uniformly in ¢, all the moments of the main
Malliavin operators involved in Mq(f( ¢, Z) are bounded. This is why we will prove the
following result.

Proposition 3.3. Under Assumption 2.3, for every k € N andn > 1, there exists C'n,k,d >
0 such that

sup EHD(k)Xg\?_‘Lm] < C’n,k,d and  sup EHD(MLXgIZL@k] < C’n)k}d.

¢ even ¢ even

We postpone the proofs of Proposition 3.2 and of Proposition 3.3 to Sections con-
structed ad hoc (see § 5 and § 6 respectively). Based on such results, the proof of the
CLT in Total Variation distance (Theorem 2.5) follows.

Proof of Theorem 2.5 assuming Propositions 3.2 and 3.3. We use Proposition 3.1 with
F =X, G=2Zand U = 2. We have

dw(oe,2) < |loe—2||1 < Jloe — 2|2 < VaI‘(O’e)l/Q + |E[o¢] — 2| — 0

and then, recalling the asymptotic behavior of o, in Proposition 3.2 we obtain

d=2
dw(oe,2) = 0O(=3/*) d=4 (3.5)
d>5
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Since G = Z ~ N(0,1), DG = 1, that gives og = 1, D*G = 0 for every k > 2 and
LG = —G, so that (see (3.1)-(3.2)) Q,(G) = Q1(G) < oo for every ¢ > 1. As for C;1(X,),
we have
- - - ~ - 4
Ca1(X0) = 1ICo(X) Iy = E[(1Xel1,g41 + [LXelg) " (1+ [ Xel1g41) ]
<E[(1Xel,q41 + |[LXelg) “TFE[(1 + [ Xel1,041) ™2
< (B[ Xel141)7 + E[LX)2)(1+ E[| X[ 1,]2)

and Proposition 3.3 allows one to check that sup, thl(Xg) < oo for every ¢ > 1. Then,
Theorem 2.5 ensures that, for ¢ > 0,

drv(Xe, Z) < Ce(dw(Xe, Z) + dw(det oy, 2))178
Now, combining the above estimate on dw (o, 2) and the result on dy (X, Z) in Theo-
rem 2.2, we conclude the proof. 0O

Comparing (2.12) and (3.5), when applying Proposition 3.1 the presence of dw (o, 2)
does not worsen the quantitative convergence rate for dTV(X' ¢, Z): in fact, whenever
d > 2 we obtain that dry(Xy, Z) = O.(dw(Xe, Z)' %), for any ¢ > 0 close to 0. In
other words, the term coming from the Malliavin covariance does not slow down the
convergence speed.

4. Background on Gaussian random fields

In this Section we recall the isonormal representation for random hyperspherical har-
monics along with the Wiener-It6 chaos theory, finally we deal with Malliavin calculus
for Gaussian fields.
4.1. Isonormal representation and Wiener chaos expansion

Let us recall the equivalent way to introduce random hyperspherical harmonics as
isonormal Gaussian random fields (for details, see [19, Chapter 2]). We denote H =
L2(S? %(S9), Leb) the real separable Hilbert space of square integrable functions on S¢

w.r.t. the Lebesgue measure, with inner product (f, 9) i = [ga f(z)g(x)dzx. Let W denote
a Gaussian white noise on S?. Then the Gaussian field 7} in (2.3) can be represented (in

_ [ i o sest .
Ty(w) = S/ VLG ()W), @S (4.1

Using (4.1), the covariance function of the random field Ty is given by

law) as

E[Tu(2)Te(y)] = Gral(z,y)), w,yeS?, (4.2)
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in fact (4.2) is an immediate consequence of the following reproducing property: for every
z,y € S,

/Ge;d(@aZ>)Ge;d(<z,y>)d2 = %Gé;d(@,w)- (4.3)

)

For later use, we recall the asymptotic behavior as £ — oo of the moments of the
Gegenbauer polynomials, that we resume as follows.

Proposition 4.1. For ¢ € N, g > 2, set

(221(4- 1)!)q JoT Ty (w10 gy i g >3,

d—1)! .
(4,ui)_/;d Zf q= 27

ot — (4.4)

where J%_l is the Bessel function of order g — 1.

Forq > 2 and d > 2, the function S* 5 y — [q. Gua((@,y))?dx is constant. Moreover,
the following properties hold.

For d > 2 one has [gi Gra((x,y))*de = % and, as { — oo,

[ Gralte.))de = 2aas (1 4+ 03a(1). (45)

Sd

Set now q > 3. Then

e ifd >3, then

/ng(<x y))¥de = 2uq-1 —= gd (l—l—oq) (1)); (4.6)
Sd

e if d =2, the behavior differs according to q # 4 (being as in (4.6)) and q¢ = 4:

[ Graltayas = [ Puttan)yrds =

{ 121086(1 1 045(1)) q=4
S2 S2

T2 (1 4 040(1))  q=3 orq>5.
(4.7)

Proof details can be found in [15, Proposition 1.1]), see also [17,18]. It is worth noticing
that constants cg,q in (4.4) are strictly positive for every ¢ and d; in particular, for odd
¢ this result is highly non trivial, see [10].

Let us now briefly recall the notion of Wiener chaos. Let W denote the Gaussian noise
as in (4.1) and set .F = o([q. f(2)W(dz) : f € H), where H = L*(S?, %(S%), Leb).
Then every random variable F' € L?(€),.#,P) admits the Wiener chaos expansion
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F= ZJq(F)»

q=0

where J, is the orthogonal projection operator on the g-th chaos, which is the closure
in L2(Q,Z,P) of Span(Hy(T(f)) : f € H,|flla = 1), where T(f) = [qu f(x)W (dz)
and H, denotes the Hermite polynomial in R of degree ¢ (see [21, Chapter 1]). Once the
Wiener chaos expansion is defined, we can introduce the Ornstein-Uhlenbeck operator
L, which will play an important role in our approach: for F' € L?(Q,.%,P), one says that
F € Dom(L) if and only if }° -, ¢*E[J,(F)?] < oo and in such a case,

LF ==Y qJy(F). (4.8)

q>1

4.2. Malliavin calculus for Gaussian random fields

In this section we show that the standard Malliavin calculus for Gaussian random
fields fulfills the requests in § 3.1. All details can be found fully explained in [19, §2.3]
or [21].

Let W be the Gaussian noise in (4.1) and let S denote the set of the simple functionals,
defined as follows: F' € S if there exist m > 1, f € C;°(R™) and g1,...,9m € H such
that

F=f(T(q1),.... T(gm)), with T(gi):/gi(x)W(dx), (4.9)
Sd

We recall that S is dense in LP(Q) := LP(Q, %, P).

Given k € N, we denote with H®* and H®*, respectively, the k-th tensor product
and the k-th symmetric tensor product. Let F' € S be given by (4.9) and k € N. The
k-th Malliavin derivative is the element of L%(Q2; HOF) defined by

m 8k
pWF= 3 L (g, T g @ @i

For k € N and p > 1, the space D*? is defined as the closure of S with respect to the
norm

1
1Fllpes = EIFP]+E[IFI%] + ... + E[ID® F|}e])?

and the Malliavin derivative can be extended to the set D*?, being the domain of D*)
in LP(Q;R). In particular, the space D*? is a Hilbert space with respect to the inner
product

k
(F,G)pr2 =E[FG]+ Y E[(DTF,D"G)yor].

r=1
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Moreover, the chain rule property does hold: for every ¢ € C(R™) and F = (Fi, ..., Fy,)
with F; € DY, i =1,...,m, for some p > 1, then ¢(F) € D' and

L é

F) = F)DF, 4.10

=3 5, () (4.10)

It is well known that such a Malliavin calculus framework satisfies the abstract hy-
potheses required in [4, §2.1] and resumed here in §3.1 (see e.g. [21] or [19]): just take
E=S8,H=H = L*S% %(S?),Leb) and L as the Ornstein-Uhlenbeck operator de-
fined in (4.8). In particular, the duality relationship (M3) does hold for F, G € D*2 and
therefore, it holds true on £.

To conclude, we give some formulas that will be used in the sequel. Let Ty be the
Gaussian random field in (4.1) and let H, denote the Hermite polynomial in R of degree

g € N. As an immediate consequence of the chain rule (4.10), for ¢ € N and p > 1 then
Hy(Ty(x)) € DY? and, from (4.9), (4.1) and H} = qH,_1,

DyHy(To(x)) = gHg1(Te(2)) Dy To(x) = gHq1(Te(2)),4 | TZ —Gral(,y)).

Iterating the argument, H,(Ty(x)) € D*P for every k € N and

k
Ny.d\ 2 q'
DM Hy(Ty(z)) = ( ud ) T Hy_n(Ty(x HGM z,yr)) (4.11)

Moreover, by developing standard density arguments, (4.11) gives de (Te(x))dx €
D*P and

k k
/ (s = (24) L | Hy (1) [ GG v (112

Had
Sd
5. Convergence of Malliavin covariances

In this section we prove Lemma 3.2. Recalling the (finite dimensional) chaos expansion
for ¢(Z) in (2.6) and substituting it in (2.5), we obtain the following expansion for X:

=mgq + Z / (z))dz, (5.1)

q>2

where mg = E[X,] = E[p(Z)]uq. Notice also that (5.1) says that the projection on the
chaos of order 1 is null, as an immediate consequence of the fact that de Ty(x)dx = 0.
Following (5.1), the chaos expansion of the normalized r.v. X, is given by
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H,(Ty(x))dz, where vzd = Var(Xy). (5.2)

We stress that, by (2.11) from Theorem 2.2 and (2.2),

d—1

Vp.d ~ bocgl™ 2 . (53)
5.1. On the diagram formula and cross moments of Gegenbauer polynomials

Now we introduce some notation and results that are useful to prove Lemma 3.2. We
first provide a reformulation of the well known diagram formula for Hermite polynomials
[13, Proposition 4.15], equivalently of a particular case of the standard Feynman diagram
representation of moments of Wick products [11, Theorem 3.12].

Definition 5.1. For ¢i,...,q, € N, we define Ay, 4, as the set given by the indexes
{kij}i ;=1 such that for everyi,j=1,...,n,

ki’j S N, kii = 0, k'ij = kji and Zk‘” = q;- (54)
j=1
Lemma 5.2. Let n > 2 and let (Z1,...,Z,) be a n-dimensional centered Gaussian vector.

Forqi,...,qn € N, consider Aq, .. 4. as in Definition 5.1. Then,

n

n

n n 7 Nkij
EII AR I AR D S | - =S
r=1 E

r=1 {ki i1 =1€Aq1,... qn ©I=1

In particular, taking Zy = -+ = Z, = Z ~ N(0,1), one has

n

E([] #o, (2) =[] a:! 3 - (5.6)

r=1 {kii}7=1€A41, . an i’.j<:.1

We remark that (5.5) is tailored for our purposes. Besides, as it does not involve
diagrams but merely an explicit set of indexes (see Aq, .. q,), it appears more friendly

than the usual diagram formula (see (A.1)). Its proof makes a strong use of non trivial

.....

combinatorics arguments. Since combinatorial tools are limited to this special case, for
the sake of readability we postpone the proof of (5.5) to Appendix A.l. Let us see now
how we apply such result.

For fixed n > 2 and z1,...,7, € S? the random vector (Ty(x1),...,Ty(xy,)) is a
centered Gaussian random vector whose covariances are given by (see (4.2))

]E[T@(I‘I)Tg(xj)} :Gg;d(<xi,xj>), i,j = 1,...,77,.
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When dealing with our proofs, we often need to compute and/or estimate quantities of
the type

n

[ ] o (Tite e

(Sd)n r=1
By using (5.5), we have

n

i e Gea (@i, ;) )k
/ E[H Hy, (To(x,)))dx = H qr! X Z / H #d%
r=1 v

(sayn =1 (ki3 =1 € Aar o (sdyn B :]1

(5.7)
Therefore, it would be very useful to get a good estimate for the integrals appearing in
the r.h.s. of (5.7), that is, for cross moments of Gegenbauer polynomials. To this purpose
we need to introduce the concept of extrapolated graph from a given x = {k;;}';_; €
Agi....qn- Such graph is defined as the pair &, = (V, E,) in which the set of the nodes is
given by V = {1,...,n} and the set of the edges is given as follows: the edge (¢, j) does
exist iff k;; # 0 (notice that, since k;; = 0, there are no self-loops). The use of graphs is
a key point in our approach, that is why in Appendix A.2 we recall the main definitions
and properties.

Lemma 5.3. For n € N*, let Kk = {kij};szl € Aqg,...q. be fized. Let &, denote the
extrapolated graph from k and N, denote the number of connected components of &,.
Then,

. ’ Ca(N,
H Gra(wi,z;))Mide < g(d—(li)((#l)\u) (5.8)

AL
(sdyn M7

where Cq(Ny) = (8ud,ud_102;d)”_N*’vuflv”, Ca:q being given in (4.4). As a consequence, for
n = 2p,
2p
Cayp
H Gfd xl,l‘]>)2k”dl‘ = [(d 1)p (59)

sz H5!
where Cayp = (2(d — 1)!1u2)?P .

The proof of Lemma 5.3 relies on an accurate study based on a rewriting of the
integrals in the Lh.s. of (5.8) in terms of special connected graphs. As these arguments
are developed exclusively for Lemma 5.3, we postpone the proof in an appendix ad hoc
(see Appendix A.2).
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We remark that, in principle, (5.9) might be useful to get some estimates on concate-
nated sums of products of so-called Clebsch-Gordan coefficients {CZL ]\"{ 0, m.} that we
1,£2,M2
define by

l1+4o MLid

Yzl’ml?d(x)yb’m%d(x) = Z Z Ofl;,%hfzam% YL,M;d(f), CAS s.
L=0 M=1

This is because there exists a precise link between such quantities and moments of Gegen-
bauer polynomials which can be established via the addition formula (2.4). However, it
is not clear whether it is actually possible to obtain optimal or novel estimates, even if in
dimension d > 2 a little is known about these coefficients. (See [13, §3.5] for a complete
discussion in the case of the 2-sphere).

5.2. Proof of Theorem 3.2

We are now in a position to prove Theorem 3.2, that is the main result on the con-
vergence in Wasserstein distance for the Malliavin covariances of Xy, as £ — 400. Let us
anticipate that the proof requires a finer different method for the case d = 2 than d > 3.
Therefore, as it will be clear from reading the proof, we will have to split in two different
approaches.

Proof of Theorem 3.2. By using (4.12) (with k¥ = 1) and classical density arguments,
the Malliavin derivative DX, : Q — H is given by

nZd
7Uzd\/ Hd Z q—l /Hq 1(Te(@)Gral (@, y))de

Following (3.3), with n = 1 and H = H = L?(S?, %(S%), Leb), we can write down the
Malliavin covariance o, of Xp:

1 Td bqbp
o= [ I = g S G
<[] Har (T s (T40) G (0,9 Gra( (2. 9) oy,
Sd (Sd)2

By using the duplication formula (4.3), we obtain

op = % Z % / H, 1 (Te(2))Hp—1(Te(2))Ge.a({z, z))dzdz.  (5.10)
q,p=>2 (S4)2

Therefore, by (4.2),
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Blod = o7, 2 q_l—m(s /) L (T Hy TGl
1
= vgdé@T / Ge.a((z, 2))ldzrdz.

(84

Then, from the asymptotics for moment of Gegenbauer polynomials in Proposition 4.1
and from (5.3), we have that

log ¢ 1
Eloy] -2=0 <1d>3£ + 1g—2 (ﬂbﬁéo ZT’ + 1b4—OZ)>
as ¢ — oo. In the above result we underline that the difference between d =2 and d > 3

changes the asymptotic behavior when b4 # 0.
Now we study the variance of gy. Denoting with dx := dzidxodrsdry, we have that

| by,
E[O'MZUT Z (Hm)

Gd g1 g2,03,04>2  j=1
4
< [ B[] Hor (o) Gral(or,22)) Gl (o, 1) o
=1

(84)*

By using Lemma 5.2, we have

2 1 : by - T
Elo;] = — Z (Hm) H((Jr—l)! Z H ki

vy . ; ey
8d g1,92,q3,q4>2  j=1 "% r=1 {ki i}l 1€ A -1, gy —1 BI=1

4
X / I Geal(wi, 2 Gra((@1, 22))Gra((ws, 24) ) da.
(st HI5H

Let us first study the case ¢ = ¢2 and ¢35 = q4 and k13 = k14 = koz = koy = 0, so that
ki = q1 — 1 and ks34 = g3 — 1. Then we have to deal with

b2 b2 /
q1 43 .
> Gra((z1,22))" Gra((ws, 14))* dz
q1,43>2 (g1 = D)l gs — 1)t (Sdy4

and this is exactly v}, E[0¢]*. Then we define Ng, 1,4, 1,45-1,4,-1 as the set of x =
{kij}! -1 such that

ko=q—1=q@—-1ku=qg—-1=qg—1,k3=Fks=Fks3=Fky=0

and we set
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qufl,qul’qsflytmfl = AQI*L-“"M*l \qul»qul»qsfl,%*l‘ (5~11)

Hence we obtain

4
Var(o¢) = E[o}] — E[o/]* = % > H H ¢ —1)!
q1,92,93,94>2 1= 1 r=1
4 1 4
<X L [ II Gealtana) Gal(or,aa))Gralfaa,a0)da,

{k1=j};'1.j=1€CQ1—1 ----- Q4—1i’j_1

so that

Var(oy) < ; I LB’ I -1

4 g1,42,q3,94>2 i=1 r=1

x k i $J>) I Gpal(x1, 2))Gea((z3, 24))d

{k'L]}'L] 1€Ca1—1,..,qq— 1"] 1 (Sd4lj 1

(5.12)

We now prove that, thanks to Lemma 5.3, there exists ¢ > 0 such that for every
{ki,j}zn,jzl € Cq1—17~--,Q4—1a

4
‘ / 11 Gea@s, z)¥o Gra((@r, 22))Gea((ws, 24) ) dac Sﬁ' (5.13)
e 51

For a fixed k = {ki;j}{ ;=1 € Cgi-1...qu—1, let N, be the number of the connected
components of the extrapolated graph &,. We observe that N,; € {1,2}, recall in fact
that by (5.1) for any ¢ there exists at least an index j # i such that k;; > 0 (here,
g; — 1 > 1 for every ). So, we split our reasoning according to N, = 1 and N,, = 2.

Case 1: N,, = 1. By using the Cauchy-Schwarz inequality we have

‘ / [T Geallwi, @)™ Gral(w1,2) Gesal(ws, ) da

=1
(s4H)* "5

ok /2 1/2
S( / H Gra((zi, z5)) ”dw / Gra((w1,2))*Gra((z3,24)) dﬂf)
(st W5 (s

Estimating the first factor by means of (5.8) with N, = 1 and computing the second
factor by means of (4.5), straightforward computations give (5.13)
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O—=» o O O

O—= O o O

(a) (b) (c)

Fig. 1. All possible extrapolated graphs &, from x = {k”}l =1 having exactly two connected components.

Case 2: N,, = 2. Fig. 1 shows all possible extrapolated graphs having 2 connected
components. We notice that the graph in (a) is extrapolated by an element x = {k;; }} =1
belonging to Nq1—1,...,q4—1- Such indexes have been already deleted, so we study the cases
shown in (b) and in (c).

As for case (b), we have

4
| [ TI Geallwne))* Gual(r, )Gl s, ) o

i,j=1
(stys M2

:‘ / Gra((x1,22))Gra((w1, 23)) " Gra((w2, 24)) ™ Gra((ws, 24))dz|.
(S4)+

Assume that g1 = 2 or g2 = 2. W.l.g. we set ¢; = 2. Then, using (4.3), we have
’/Gé;d(@lv$2>)Ge;d(<$17I3>)Ge;d(<x27$4>)qz7101€;d(<1’37934>)d$1d932d$3d334‘
(S4)*

e / Gra((z2, 23))Gra((x2, $4>)qz_1Ge;d(<$37$4>)d$2d$3d$4‘

(s¢

/ Gg d .’L‘Q, Z‘4>)q2dl‘2dl‘4
”e d(

I /\

/Géd (19, 4))*dzodry < ngdg,,
(S4)2

:

the last inequality following from (4.5). If instead ¢; > 3 and ¢3 > 3,

‘ / Gra((z1,22))Gra((z1,23)) " Gra((w2, 24)) 2 Gra((ws, x4))da
(Sd)*
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< / Grsa((w1, 73)) Gora( (72, 24))2|Gral (3, 34)) | da
(S4)4

By integrating first w.r.t. 1, then w.r.t. 5 and by using (4.5), we get

‘/Gz;d(<$1,fﬂ2>)Gz;d(<x1,x3>)Q1_1Ge;d(<fU2,$4>)qz_1Ge;d(<w3,fv4>)dw
(St

c
ngd{iz / |Gra((x3, x4))|dxsdey.
(89)2

Now we use the Cauchy-Schwarz inequality and again apply (4.5). We finally obtain
(5.13).

Case (c) in Fig. 1 can be treated analogously, so (5.13) finally holds.

Coming back to the study of Var(o,), we use (5.3), we insert the estimates (5.13) in
(5.12) and we have

€2d72

4
Var(oy) < EQC;I_T 3 H H g —1)! > 11 kjj;

q1,92,93,94>2 1= 1 r=1 {ki i} j=1€Aq -1

We now use (5.6) and Assumption 2.3: for Z ~ N (0, 1),

£2d72

Var(o) < 0 Y H Ml g [T #,-(2)

q1,92,93,94>2 1= 1 r=1

=t [(; <q'fq1)!Hq—1<Z>)4} = S BIDo(2)l= 0 ),

This concludes the proof for the case d > 3. If d = 2, the above estimate gives
Var(oy) = O(E_%), which is not enough as it would give, in Theorem 2.5, O (£~ 7")
1

instead of O, (¢~ ) This, in turn, would imply that the convergence speed in Total

Variation distance depends on the dimension. However, in the case d = 2 we can actu-
1—¢ .
z ) in

ally prove that Var(oy) = O(¢~1), allowing us to reach the optimal bound O, (¢~
Theorem 2.5. So, when d = 2 we need to improve the estimates of the integrals in (5.12).
The proof strategy is different and needs a long analysis, in what follows we give the
main steps, leaving the technical details to a supplementary file (see also [7, Appendix
B]).

Let us come back to (5.12) for d = 2, in particular Gy.2 = P; the ¢-th Legendre poly-
nomial. By recalling (5.3), by applying the estimate in Proposition 5.4 below, by using
(5.6) and Assumption 2.3, we get
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4

2 1 bQi .
Var(o) < OC x5 Y HME[Hqul(Z)}

q1,92,93,94 22 i=1 r=1

< %E[(; () ] = G EIDe@)] = 06,

hence the proof is concluded. O

Proposition 5.4. There exists C > 0 such that for every qi,...,q4 > 2 and k =
{kij}?,j:1 € Cqy—1,....qu—1 (see (5.11)) one has

y C
Py((ar, w))f 2t T Pel(wi, )™ Po((ws, va)) ¥4 da S B (5.14)
SQ)4 1<7,1<3

The proof of Proposition 5.4 is technical, so for the brevity sake it is fully collected
in §SM2 of the supplementary file (see also [7, Appendix B.2]). In what follows we just
give a key result which is of independent interest, i.e., Lemma 5.6, and its consequences
in terms of cross moments of Gegenbauer polynomials (Lemma 5.7).

5.2.1. Concatenated sums of Gaunt integrals

Definition 5.5. For d > 2, ¢ € N and nq1,...,ng € {0,...,n04}, the generalized Gaunt
integral on S% is:

q
gﬁnl,...,lnq :/Hnnl(x)d‘r
Ga i=1

The following result, which extends Lemma 1.5 in [22], gives a useful representation
of convolutions of Gaunt integrals on S¢. This is of interest in itself, in particular for the
analysis of some random functionals on S% which are beyond the scopes of this paper.

Lemma 5.6. For g € N and n,nq,...,nq € {0,...,np4} one has
Neid 1
Te.d =L
E mel,...,ZmT,[n géml,...,fmr,fnl,...,inq =\ Ye;r an,lnl,...,fnq
M,y My Hd
where

1

Agr = m;d% / Gra(t) T (V1 —12)" 2dt. (5.15)
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Proof.. From (2.4) we have

Z gﬁml,...,fmﬁén g@ml,...,imr,fnl,...,nq

ml,...,mr(sd)2 i=1

:(%>T / Gégd« }/Zn H}/Zn da:dy

(s9)?

Since ((LAWM

(1 —t2)%/2=1 (see [23]), we can write

Géd Z’YJKT jd

where, for j =0,1,...,7¢

Md—1
Vil = Tjsd

1

T d—
/G@;d(t) Gya(t) (V1 —12)" .
21
Substituting (5.16), we have

Z gfml,...,lmr,én g@ml,..‘,fmr,lnl,‘..,n

MLy M
neg\" Tl
= ()" [ S Grallen) Yiala Hnn )dady
(S4)2 7=0
Ned
_(Wd) Z%,h/zyjh(ﬂﬁ) y) Yon(x HYM Ydxdy
(say2 =0
Ne:d
= (%) ZWTZ/ 0 () Yen (@ dx/ iy Hmz
h=0g4
=1lj—¢lp=n

q
Ngd r—1

(—) Veor /an(y)Hanl(y)dy
Hd u =1

Ng:d r—1
Vel gén,énl,”.lnq
Hd

(5.16)

(5.17)

25

4
- ) Gj;d) is an orthonormal system on [—1, 1] with the weight function
i=0
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Since A¢;r = Ye,0;r, the statement follows. O
As a consequence of Lemma 5.6, we state the following properties for cross moments
of Gegenbauer polynomials (which is of independent interest).

Lemma 5.7. For d > 2, the following statements hold:

1. for qi,q2 > 2 there exists a positive constant cq1 such that

f(Sd)B Gra((z1,22))Gra((w1, 1)) Gra((w2, x4) ) dx1dTodsy

(5.18)

=Cd f(Sd)2 Gg;d(<$, y>)tn+1dxdy f(gd)z Ge;d(@, y>)Q2+1dxdy§

2. for q1,q2 > 2 and q3 > 1 there exists a positive constant cq 2 such that
Jisay Gea((21,22))Gra((@1, 24)) " Gria((22, 23)) 2 Gria((23, 24)) © da (5.19)

= C4,2 H?:l f(gd)z Gﬁ;d(<xa y>)qi+1dxdy§

3. for qi,q2 > 2 and q3 > 0 there exists a positive constant cq 3 such that

Jisays Gud((z1,22))Gra((z1, 24)) " Gria((22, ©3)) 2 Gra((22, 24)) © Geia((23, T4)) v

= Cq,3 H?:l f(Sd)z Gé;d(@a y>)Qi+1dxdy-
(5.20)

The proof of Lemma 5.7 can be found in §SM1 (see also [7, Appendix B.1]).
6. Uniform boundedness of Malliavin-Sobolev norms

This section is devoted to the proof of Proposition 3.3, that is, all moments of
|D®) Xy 0r and of [D®) LX,|yer are uniformly bounded in £.

Proof of Proposition 3.3. Without loss of generality, we can assume that n is even. So,

we fix k € N and n = 2p, p € N. We first prove that sup, evenEHD(k)Xgﬁf@k] is finite.
Recall the chaos expansion (5.2) and by using (4.12), it easily follows that

k k

~ 1 ny. 2 b

p® Xg——(ﬂ> - / Hy (1)) [] Gl i)

Y1,---Y _ q ? ’ ?
1Yk Vesd \ Md g>avk (¢ k)!Sd i=1

Thus,

~ ~ p
E[\D(k)Xelgfm]:E[( / |D§'f?...,kazl2dy1dy2-.-dyk)}
(9"
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-=El( ¥ aoiees

Veid " gras52vk
p
<[ Ho kB0 Hyy o (T2)) G 0 dyz) |
(84)2
1
S TP e | (0 > .
4d q;>2Vk,i=1,...,2p i=1 {li}LJ 1€Aq) — k... q0p—k 71_]<]1
i<j
2p

ki k
H Gld xwx] g HGZd x57xs+p>) d.’L‘,

,Jj=1 s=1
COL

in which we have used (5.5). We start to estimate the integrals in the above r.h.s. Using
the Cauchy Schwarz inequality and (5.9), it follows that

2p

‘ / H Gra((xi, xj)) ”HGM (Ts,Ts1p)) dw‘
(styzr W5
2p 2k s 2k Cd,p
<( [ II Gealtwiz)®de [T et ) d“f) = @
(sy2p Z,;]<=J1 (S4)2p s=1

We insert the above estimate and, by using the asymptotics of vsq in (5.3) and the
representation (5.6), it follows that

E(|D™ X,|%,,] < U%p ng"fgp
4;d
2p |qu| 2p 2p 1
X ( (Qz_k)!> H(qr k‘)l Z 1 ]%]]
qi>2Vk,i=1,...,.2p \i=1 r=1 {ki.j}f;:jﬁf‘qu ,,,,, qusz,g:ﬂ ;

Const (é(d’l)p + o(e(dll)p )

ey 2p bqi 2p
= o@D x > (1:[1 ﬁ) E[][ Ho—1(2)]

q; >2Vk,i=1,....2p

|bg|
(q—Fk)!

= Const(1 + o(1))E H Z quk(Z)‘Qp}

¢>2Vk

Hereafter Const denotes a positive constant, possibly changing from a line to another and
possibly depending on d and p but independent of £. Now, by (2.16) in Assumption 2.3,
we obtain

Sl;pIEHD(k)Xgﬁ_f@k] < Const E[|D*¢(Z)|??] < .
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Concerning the study of E[\D(k)LXgﬁ_f@k], by using (4.8) we have

LX, = - & 3 v bql)' /Hq(n(x))dx.

Vy- .
bd q>2 Sd

By comparing this expansion with (5.2), one deduces that one can repeat the same
computations with b, replaced by —qb,. Hence,

Q|bq|
(g —k)!

stl}pIElHD(k)LfQﬁf@k] < ConstIElH Z

q>2Vk

Hy(2)| "] = Const E[|D* L(2) ]

and this is finite again because of (2.16) in Assumption 2.3. This concludes the proof. 0O
Data availability
No data was used for the research described in the article.
Appendix A
A.1. Proof of Lemma 5.2

This section is devoted to the proof of Lemma 5.2, which is based on the follow-
ing diagram formula [13, Proposition 4.15]: for n > 1, for a centered Gaussian vector
(Z1,...,2Zy,) in R™ and for every ¢i1,...,¢, € N one has

E([] #o(Z) = Y I E@z)©), (A1)

r=1 Gel#(q15---,qn) 1<i<j<n

where I'z(q1, - - -, ¢n) is the set of no-flat diagram of order (¢, ..., ¢,) and k;;(G) is the
number of edges from row i to row j of the diagram. Let us recall (see [13, §4.3.1], in
particular the figure at page 97) that a diagram G of order (g1, ..., ¢,) is a set of points
{(#,h) : 1 <i<n,1 <h<g} called vertices and a partition of these points into pairs

{((th),(j,k))lgzéjgn; 1§h§Q1a 1§kSQJ}

called edges, such that (i,h) # (j,k) (self loops are not allowed) and moreover, every
vertex of the diagram is linked to one and only one vertex through an edge. One can
graphically represent G by a set of n rows, where the i-th row contains ¢; dots. The
h-th dot (from left to right) of the i-th row represents the point (i, h). The edges of the
diagram are represented as lines connecting the two corresponding dots. A diagram is
no-flat if for all edges ((i,h), (4,k)) we have i # j. It graphically means that we can
connect only dots that are in two different rows.
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Proof of Lemma 5.2. We start from the diagram formula (A.1). For a diagram in
I'+(q1,---,qn), let R; denote its i-th row, ¢ = 1,...,n. Consider the first row R;. In
Ry we have ¢; dots; we fix a partition of ¢; dots in n — 1 groups of dots. We order the
groups and denote them Ry;, j = 2,...,n: Ry; is the group of dots in R; that are linked
with dots in the j-th row. We denote with kq; the number of dots in R;;, that coin-
cides with the number of edges connecting row 1 with row j. We fix k15 € {07 cey 1)
There are (13112) choices for k1o dots in the first row. In general for j = 3,...n, we fix
ki; =0,...,(q1 Zh 5 k1r) to have that

n
Z kij =aq1.
=2

j—1

For j = 3,...,n there are (ql*z%jf? k“’) choices for k;;. Then, the number of choices of
J

{k1,}}—5 according to the above condition is

ﬁ < : klr) _ q!
j=1 klj H?:l klj!.

We recall that k;; = 0 for ¢ = 1,...,n because we are considering no-flat diagrams. In
practice we have computed the number of partitions of ¢; dots in n — 1 groups. We can
do the same for the other rows. And so we have that the number of partition of ¢; that
is

ﬁ (Qz r= 1k > _ Qi!
i kij [T, Kij!

j=1

Notice that k;; = kj;. Now we are able to compute the number of diagrams for fixed
{kij}i;=1. We recall that k;; represent the number of dots of the i-th row and of the j-th
row that are linked. There are k;;! way to match the dots. Then the number of no-flat
is

diagrams for a fixed {ki;}}';_

n

HHn N krs qu H k

Jlljrsl i,j=1
i<j

In order to conclude, it remains to determine the set of all admissible {k;;}}';_;. Recalling
that, for a fixed no-flat diagram, k;; is the number of edges connecting row ¢ with
row j, then of course k;; = kj;;. Moreover, k; = 0 because the diagram is no-flat and
Z;’:l kij = q; for every i, as every vertex belongs to a unique edge. This means that
{kij}7j=1 € Aq.....q, (see Definition 5.1). The statement now follows. O
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A.2. Proof of Lemma 5.3

Before presenting the proof of Lemma 5.3, we start by recalling some elementary
concepts of graph theory [25].

A graph is a set of point called nodes linked together by lines called edges. Formally, a
graph is a pair & = (V, E) of sets, where V is the set of nodes and E is the set of edges.
We can identify E with a subset of V' x V. Precisely, it V = {z1,...,z,} and there exists
an edge between z; and x;, then the pair (z;,2;) € E. A subgraph of & = (V,E) is a
graph & = (V'  E’) where V' C V and E’ is the set of all the edges of F that link only
nodes in V’. We say that a node z has degree m if there are m edges that are incident
to x, the case m = 0 meaning that the node is isolated.

A path between two nodes x,y of & is a sequence of edges connecting z with y and
joining a sequence of distinct nodes, so, in particular, all edges of the path are distinct.
We say that two nodes z,y of a graph & are connected if & contains a path between x
and y. A graph is said to be connected if every pair of nodes in the graph is connected. A
connected component of a graph & is connected subgraph of the graph that is maximal.
We can consider a graph as the union of its connected components.

In our treatment we are interested in a particular class of connected graphs: the trees.
A tree is a connected graph where each pair of nodes is connected by exactly one path.
We first observe that in a tree there exists a non-empty subset of nodes with degree 1. In
fact, equivalently, a tree is a connected graph in which every subgraph (and in particular
the graph itself) contains at least one node with degree 1. Hence when we delete some
of 1 degree nodes, the subgraph that we obtain is also a tree, that has again a subset
of new 1 degree nodes. If we progressively delete the 1 degree nodes, we finally obtain a
empty graph.

The last and most important property (for our treatment) of connected graphs is the
following: a connected graph & always contains a spanning tree, i.e. a subgraph of & that
is a tree and contains all nodes of . Now we prove Lemma 5.3.

Proof of Lemma 5.3. Let k= {ki;}7;_; € Ag—1,... 4,1 (see (5.5)). We extrapolate from
k the graph & = (V, E) with V = {z1,...,z,} and (z;,z,) € E iff k;; # 0. We recall
that for every i = 1,...,n, k; = 0, then there are no self loops in &.

Let N be the number of the connected components of & and we denote with &y,
h =1,..., N these components. We denote with m;, the number of nodes in &;,. Then
Zthl my, = n. We observe that if z; is a node of &y,,, z; is a node of &, and h; # ho
then k;; = 0. This justifies the following equality:

Jsaye i1 Gua({wi, x5)*Miday ... day, (A.2)
i< 2
=II" Jisaymn o, o, Gral(,, @i )2ireday, . dx,, .

Now we observe that if &, is a tree, the 1 degree nodes of &;, are the variables x;, for
which there exists one and only one is such that k; ; # 0. Hence there is one and only
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one polynomial G4 in the variable x; in the integral (A.2). We identify the action of
deleting 1 degree nodes with that of integrating the polynomial Gy.q({x;,,x;,)) in the
variable x;, . Our connected components are not always trees, but we know that there
always exists the spanning tree. So for all &, we consider the spanning tree &, and
delete the edges of &) that are not in ®y,. This deleting operation corresponds, when
studying the integral in the r.h.s. of (A.2), with the estimate |Gr.q({(x;,,2s,))] < 1 for
each pair (z; ,x;, ) giving the deleted edge. Since in a tree with my nodes there are
myp, — 1 edges, the resulting estimate consists in integrating m; — 1 polynomials.
It follows that

N

11 Geal@s ;) de = ] / I Geallwi, o) day, .. das,,

n 1,7=1 h=1 m ziT,IiQEQS 1
(Sdyn 1]<1 (Sd)mn s h

<H / H Go.a((w, ;) Firisday, .. cdx,,

h=1(gdymp @i, i, €Gn

2

S / H G@;d(<$ir, .’EiS)deil e d/{L‘imh

h=1gdymy, @i, i, €6},

2

< H (8papta—1c2a)™" 1y (Spapa—1c2,a)" Ny
—h f(d—1)(mp—1) T pd=1)(Zh, ma—N)
_ (8uapa—1ca.a)" Nl
e(d 1)(n—N)

We end by observing that the maximum number N of connected components in a graph
that contains n = 2p nodes is p, when there aren’t 0 degree nodes. Moreover there are
exactly p connected components when all subgraph contains exactly 2 nodes. Then, being
8itafta—1¢2:4 > 1, we have

2p

C
I Gual(i,z;))* da < g(ddl (A.3)

(styze W15
where Cyyp, = (2(d — 1)!1u2)?Puh), thus concluding the proof. O
Appendix B. Supplementary material

Supplementary material related to this article can be found online at https://doi.org/
10.1016/j.jfa.2023.110239.
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