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coefficient of discrete and continuous circular arches 
with parameterized geometry, for which the four-
hinge mechanism before the impact is assumed to fol-
low from an equivalent static analysis.
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1  Introduction

Arches are peculiar structural elements of historical 
masonry constructions, whose stability in seismic 
regions may be endangered by earthquakes. A com-
mon approach for a seismic safety assessment resorts 
to an equivalent static analysis based on the classical 
Heyman’s assumptions [1, 2]. The minimum peak 
ground acceleration needed to transform the arch into 
a mechanism and initiate its motion is thus deter-
mined, providing a safe estimate of the arch vulnera-
bility under a time-varying ground motion excitation.

The way towards the dynamic analysis of masonry 
arches subjected to ground acceleration was opened 
by Housner’s seminal work on the rocking motion 
of a free-standing stone column placed upon a rigid 
horizontal base and hit by a horizontal acceleration 
impulse at its basis [3]. The motion is illustrated 
in  Fig.  1, assuming that the column is sufficiently 
slender and the friction between its basis and the sup-
porting plane is sufficiently high to avoid sliding. For 
an acceleration impulse from right to left, the column 

Abstract  The in-plane rocking motion of a masonry 
arch subjected to ground acceleration is investigated, 
focusing on the impacts at stereotomy sections, which 
may occur during the motion. It is assumed that the 
arch arrives at the impact moving along a prescribed 
four-hinge mechanism and that, after the impact, it 
continues its motion along a new four-hinge mecha-
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starts to rotate about the corner C of its basis. If not 
overturning, the column reaches a maximum rotation 
angle and inverts its motion until an impact occurs 
with the rigid horizontal base. Then, it starts to rotate, 
still from right to left, about the opposite corner C′ 
of its basis. The motion continues as a sequence of 
alternate rotations of the column about its bottom 
corners in the form of non-harmonic oscillations of 
reduced amplitudes and periods, progressively tak-
ing the column to rest. In [3], the equation prevailing 
at instants of smooth motion and the kinetic energy 
loss at impacts were derived. The latter computa-
tion assumed that no bouncing occurs, the impact is 
instantaneous, and a concentrated impulse force is 
transmitted through the pivotal points of the column 
(Fig. 1). To date, several numerical and experimental 
developments of the Housner model have been pro-
posed in application to the rocking motion of single-
block [4–21] or multi-block [22–25] columns.

A first dynamic analysis of a masonry arch was 
carried out by Oppenheim [26]. The basic assump-
tion was that the arch moves along the four-hinge 
mechanism determined through an equivalent static 
analysis. After deriving the equation of motion for the 
descending single-degree-of-freedom system, direct 
overturning was investigated as a possible failure con-
dition under an idealized ground motion pulse.

In [27], De Lorenzis and coauthors extended 
Oppenheim’s approach to the rocking motion of 
masonry arches. That required adapting the Housner 
impact model, conceived for a single rigid block, to an 
arch behaving as a four-hinge mechanism. In particu-
lar, the two assumptions were made that (i) the hinges 
after the impact are at mirrored locations (about the 
vertical line of symmetry of the undeformed arch) 

with respect to those closing during the impact and 
(ii) the impulse forces at the hinge sections closing 
during the impact are located on the opposite side 
of the hinges across the arch thickness. It was shown 
that, depending on the ground impulse, an arch might 
survive the first half cycle of motion but overturn dur-
ing the second half cycle after an impact occurred. 
Moreover, the size effect that larger arches are more 
resistant than smaller ones was highlighted.

As noticed in [27], a possible shortcoming of that 
approach is that the thrust line may exit the thickness 
of the arch during the smooth motion, thus revealing 
the simplification inherent to the assumption that the 
arch behaves as a four-hinge mechanism. In [28], the 
dynamic analysis of a masonry arch regarded as a 
system of rigid blocks has been undertaken, assum-
ing that hinges may open and close, and impacts may 
occur, at any joint between the blocks. That approach 
proved that a masonry arch generally moves as a four-
hinge mechanism only at the beginning of the ground 
excitation, and multiple hinges may be opened during 
the smooth motion.

Alternative approaches for addressing the dynam-
ics of multi-block masonry systems are represented 
by the discrete element method (DEM) [29–32], or by 
time-stepping schemes investigated in [33–37]. The 
dynamic equivalence between various rocking mech-
anisms and a single rocking block was investigated 
in [38]. It is also worth mentioning the experimen-
tal approaches proposed in [39, 40] for the seismic 
assessment of masonry arches through small-scale 
dynamic tests.

In the present work, the extension of the Hous-
ner impact model from the original case of a free-
standing column to the more complicated case of a 
masonry arch behaving as a single-degree-of-freedom 
system is reconsidered. By introducing the novel 
concept of impulse line at impact, which is analo-
gous to the thrust line at instants of smooth motion, 
the intuitive result that resultant impulses need to 
be transmitted through the hinges opening after the 
impact is demonstrated as a kinematic admissibility 
requirement. The minimization of kinetic energy loss 
of the arch at impact, i.e. the maximization of its res-
titution coefficient, over the set of compatible mecha-
nisms fulfilling a suitable principle of virtual work 
formulation, is proposed as a variational formulation 
to determine the mechanism after the impact. The 
descending impulse line is proven to be equilibrated, 

C CC ′ C ′

Fig. 1   Housner impact model for a free-standing stone column 
in rocking motion
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kinematically admissible, and statically admissible, 
i.e.  corresponding to compressive resultant impulses 
applied within the arch thickness. A nonlinear opti-
mization problem is thus formulated and solved in the 
unknown hinge locations after the impact. Numerical 
results are presented, discussing the restitution coef-
ficient of discrete and continuous circular arches with 
parameterized geometry, which are assumed to arrive 
at impact along the four-hinge mechanism derived 
from an equivalent static analysis.

The paper is organized as follows. The concept of 
impulse line is introduced in Sect. 2, and the condi-
tions for it to be kinematically admissible are dis-
cussed in Sect.  3. Section  4 addresses the impact 
analysis, i.e.  the determination of the impulse line 
and of the restitution coefficient corresponding to 
prescribed hinge locations after the impact. The non-
linear optimization problem for deriving the optimal 
hinge locations is formulated in Sect. 5. Section 6 is 
devoted to numerical applications and conclusions 
are outlined in Sect. 7. Details on the kinematic anal-
ysis of a four-hinge mechanism of the arch are given 
in Appendix A, whereas a proof that maximizing the 
restitution coefficient provides an equilibrated, kin-
ematically and statically admissible impulse line is 
presented in Appendix B.

2 � The impulse line

A masonry arch is considered, subjected to a horizon-
tal ground acceleration pulse, e.g.  acting from right 
to left, (Fig.  2a). Masonry is assumed to be rigid 
and characterized by vanishing tensile strength, infi-
nite compressive strength, and no-sliding behavior 
(i.e., the coefficient of friction of the mortar joints is 
assumed to be sufficiently high to prevent sliding). 
If the magnitude of the acceleration pulse exceeds 

the incipient rocking value AL , the arch starts mov-
ing from left to right along a four-link mechanism u . 
Limit analysis theorems yield both the incipient rock-
ing acceleration AL and the mechanism u [2]. In par-
ticular, the latter is characterized by the four hinges 
C1 , C13 , C23 , C2 , which determine the three rigid seg-
ments I , II , and III (Fig. 2a).

If overturning does not occur, the arch reverses its 
motion, and there is an instant when it, moving from 
right to left, returns to the undeformed configura-
tion. At that instant, all the hinges of the mechanism 
u simultaneously close, impacts occur, and a new 
motion begins, still from right to left. It is assumed 
that the new motion develops along a new four-link 
mechanism u′ to be determined. Let it be character-
ized by the four hinges C′

2
 , C′

23
 , C′

13
 , C′

1
 , which pin-

point the three rigid segments II′ , III′ , and I′ (Fig. 2b).
An infinitesimal voussoir of the arch is considered, 

located at the typical curvilinear abscissa s along the 
arch mid-curve and spanning the infinitesimal curvi-
linear length ds . Its kinematics before [resp., after] the 
impact is completely described by its angular veloc-
ity �k [resp., �′k ], with k as a unit vector orthogo-
nal to the plane of the arch, and by its absolute center 
of rotation C [resp., C′ ]. Angular velocity and center 
of rotation coincide with those relevant to the seg-
ment of the arch the voussoir belongs to before [resp., 
after] the impact. Due to the compatibility conditions 
of the mechanism u [resp., u′ ], the angular velocities 
can be expressed in terms of a single free parameter � 
[resp., �′ ] by:

in which Ω [resp., Ω� ] is a known geometrical coef-
ficient, whose expression is detailed in Appendix A.

Equation  (1) shows that, at the instant of impact, 
sudden and finite changes occur in the linear and 

(1)� = Ω�, �� = Ω���,

Fig. 2   Four-link mecha-
nisms a  before the impact 
u , and b  after the impact 
u
′ , with highlighted hinges 

and subdivision into rigid 
segments
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angular velocity of each arch voussoir, and hence in 
its linear and angular momentum (without significant 
change in the arch configuration). The principles of 
linear and angular impulse and momentum [41] thus 
imply that an impulsive stress state arises within the 
arch.

For a formalization, the linear momentum dp 
[resp., dp′ ] and the angular momentum dLO [resp., 
dL′

O
 ] of the infinitesimal voussoir before [resp., after] 

the impact about an arbitrary pole O are given by 
(equations to be read without [resp., with] prime):

where G , � , and �G respectively represent the center of 
gravity, the linear mass density, and the linear density 
of polar moment of inertia about G of the infinitesi-
mal voussoir, and  ⋅ and × respectively denote scalar 
and vector product.

Accordingly, the principles of linear and angular 
impulse and momentum applied to the finite portion 
of the arch contained between the typical curvilinear 
abscissas 

[
s1, s2

]
 yield:

in which  I(s) and  MO(s) respectively denote the 
internal linear and angular impulse about the pole O 
at the section of curvilinear abscissa s . In passing, it 
is observed that, due to the very short duration of the 
impact, ordinary forces (such as gravity loads) are not 
involved in Eq. (3), for their contribution is negligible 
compared to internal linear and angular impulses.

A graphical representation of the impulsive stress 
state arising within the arch at the impact is offered 
by the new concept of impulse line. Analogously to 
the thrust line, which depicts the equilibrium between 
applied loads (including inertia forces) and inter-
nal resultant forces at instants of smooth motion, the 
impulse line depicts the equivalence between instan-
taneous variations of linear and angular momenta and 
internal resultant impulses at the instant of impact 
(Eq. (3)). As the thrust line joins the centers of pres-
sure on the sections of the arch at instants of smooth 
motion, the impulse line joins the centers of impulse, 

(2)
dp = k × (G − C)�� ds,

dLO = ��Gds + (G − O) × dp ⋅ k,

(3)
∫

s2

s1

dp + I
(
s2
)
− I

(
s1
)
= ∫

s2

s1

dp�,

∫
s2

s1

dLO +MO

(
s2
)
−MO

(
s1
)
= ∫

s2

s1

dL�
O
,

i.e.  the points on the sections of the arch through 
which the resultant impulses are transmitted. In 
detail, the impulse line is defined as the curve inter-
secting the typical section of the arch at the signed 
distance:

along the unit normal vector n = t × k from the center 
of gravity G of the (infinitesimal voussoir containing 
the) section. Here, t is the unit tangent vector to the 
arch mid-curve, and:

respectively represent the tangential component of 
the internal linear impulse and the internal angular 
impulse about G.

Equations (1)–(3) imply that, for prescribed hinge 
locations of the new mechanism u′ , infinite impulse 
lines exist complying with the principles of linear and 
angular impulse and momentum. They correspond to 
the choice of the unknown parameter �′ and e.g. of the 
internal linear and angular impulses at a specific arch 
section. Altogether, equilibrated impulse lines depend 
on four scalar parameters. Borrowing the terminology 
from classical thrust line analysis, among all equili-
brated impulse lines, only those that are also statically 
and kinematically admissible are feasible. The static 
admissibility, which will be discussed in Sect.  5, 
amounts to require that (i) the internal impulse forces 
are compressive at any section of the arch and (ii) the 
impulse line is completely contained within the thick-
ness of the arch. In turn, the kinematic admissibility 
is addressed in the following section.

3 � Kinematic admissibility of the impulse line

The instant of impact is considered to address the kin-
ematic admissibility of the typical impulse line.

Initially, suppose the hinges of the new mecha-
nism u′ , i.e. C′

2
 , C′

23
 , C′

13
 , C′

1
 , develop at the same sec-

tions of the arch where the hinges of the mechanism 
u (respectively, C1 , C13 , C23 , C2 ) are located, but on 
the opposite side through the arch thickness, i.e.  at 
the points respectively denoted by C1 , C13 , C23 , C2 
(e.g., see Fig. 10). It is recognized that impacts occur 
at those points, i.e.  impulsive forces are transmitted 

(4)� =
MG

It

,

(5)It = I ⋅ t, MG = MO + (O − G) × I ⋅ k,
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through them (Fig.  3), thus allowing the hinges of 
the new mechanism u′ , located at the same points, to 
open up. In such a case, the transition from u to u′ is 
similar to what happens in Housner’s column (Fig. 1).

Based on the analogy with Housner’s column, 
some researchers have adopted the assumption that 
the resultant impulses at the sections of the arches 
containing the hinges of the mechanism u are trans-
mitted through the points C1 , C13 , C23 , C2 even if the 
hinges of the new mechanism u′ develop at different 
sections [26, 27] (e.g., see Fig. 11a). Indeed, in that 
case, the internal resultant impulses flowing across 
the sections of the arch cause the hinges of the mech-
anism u to close up (Fig.  4a), and the hinges of the 
new mechanism u′ to open up (Fig. 4c). The arch por-
tions that enclose the new hinges suddenly begin to 
rotate against each other, pivoting on the points C′

2
 , 

C′
23

 , C′
13

 , C′
1
 (Fig.  4c). For those hinges to open up, 

the resultant impulses transmitted through the cor-
responding sections (shown as red arrows in Fig. 4b) 
need to pass through the hinges themselves. By con-
trast, because the hinges of the mechanism u are clos-
ing, the resultant impulses transmitted through their 
sections (shown as gray arrows in Fig.  4b) do not 
need to pass through the points C1 , C13 , C23 , C2.

Hence, it is inferred that an impulse line is 
kinematically admissible provided that it passes 
through the hinges of the new mechanism  u′ , 
analogously to the requirement for a kinematically 
admissible thrust line to pass through the opening 
hinges at an instant of smooth motion. Because 
that amounts to the imposition of four conditions, 
it follows that prescribing the new hinge locations 
uniquely determines the unknown parameter �′ and 
the internal linear and angular impulses at a specific 
arch section. Consequently, the new mechanism u′ 

and the corresponding equilibrated and kinemati-
cally admissible impulse line are completely 
characterized.

4 � Impact analysis

Two different strategies are proposed for deriving 
the unique equilibrated and kinematically admis-
sible impulse line corresponding to prescribed 
hinge locations of the new mechanism u′ . They are 
respectively based on the direct use of Eq. (3) or on 
a formulation of the principle of virtual work.

Preliminarily, it is convenient to introduce a subdi-
vision of the arch into the bodies identified by consid-
ering altogether the sections containing the hinges of 
the mechanisms u and u′ (Fig. 5). Let Gi , mi , and IO,i , 
for i = 1,… , 7 , respectively denote the center of grav-
ity, mass, and polar moment of inertia about a pole O 
of the ith body. By construction, such a body remains 
intact in both the mechanisms u and u′ . In fact, the 
arch segments therein involved can be recovered as:

C C

C ≡ C ′ C ′

(a) (b) (c)

Fig. 3   The case, similar to the impact in Housner’s column, in 
which the typical hinge C′ of the new mechanism u′ develops 
at the point C opposite to a hinge C of the mechanism u across 
the arch thickness: a mechanism u , b configuration at impact, 
and c mechanism u′ . At the section CC , the resultant impulse 
(red arrows) passes through C ≡ C

′

C C

C ′
C

C ′

(a) (b) (c)

Fig. 4   The general case in which the typical hinge C′ of the 
new mechanism u′ does not develop at the point C opposite 
to a hinge C of the mechanism u across the arch thickness: a 
mechanism u , b configuration at impact, and c mechanism u′ . 
At the section containing the opening hinge C′ , the resultant 
impulse (red arrows) passes through C′ . By contrast, at the sec-
tion containing the closing hinge C , the resultant impulse (gray 
arrows) does not need to pass through C

C2

C23

C13

C1 C ′
1

C ′
13

C ′
23

C ′
2

1

2

3
4

5

6

7

Fig. 5   Bodies identified by considering altogether the sections 
containing the hinges of the four-link mechanisms u and u′ 
before and after the impact, respectively
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Accordingly, the angular velocity, the absolute center 
of rotation, and the geometrical coefficient (as intro-
duced in Eq.  (1)) are well-defined for the  ith body 
before [resp., after] the impact. They are respectively 
denoted by �i , Ci , Ωi [resp., �′

i
 , C′

i
 , Ω�

i
 ]. The linear 

and angular momenta before [resp., after] the impact 
of the ith body, computed by integration of the coun-
terpart infinitesimal contributions, are respectively 
denoted by pi and LO,i [resp, p′

i
 and L′

O,i
].

For future convenience, a straightforward compu-
tation yields the kinetic energy K [resp., K′ ] of the 
arch before [resp., after] the impact (equation to be 
read without [resp., with] prime):

where ICi,i
= IGi,i

+ mi‖Gi − Ci‖2 is the polar moment 
of inertia of the body about its absolute center of 
rotation, and ‖ ⋅ ‖ denotes the Euclidean norm of the 
enclosed argument.

4.1 � The use of the principles of linear and angular 
impulse and momentum

Equations (3) involve the unknown parameter �′ and 
the unknown linear and angular impulses at a specific 
arch section. A possible approach to determine those 
four scalar unknowns would be to enforce that the 
impulse line passes through the hinges C′

1
 , C′

13
 , C′

23
 , 

C′
2
 , amounting to four scalar equations.
An alternative approach is discussed in the fol-

lowing, inspired by the one proposed within a dif-
ferent impact model, in [27]. The unknown parame-
ter �′ , and the impulse forces IC′

1
 and IC′

2
 exerted by 

the hinges C′
1
 and C′

2
 , respectively, are assumed as 

unknowns, amounting altogether to five scalar 

(6)
I = 2 ∪ 3, II = 6 ∪ 7, III = 4 ∪ 5,

I� = 5 ∪ 6, II� = 1 ∪ 2, III� = 3 ∪ 4.

(7)K =
1

2
Λ�2, Λ =

∑7

i=1
ICi,i

Ω2
i
,

unknowns. Accordingly, a system of five scalar 
equations is formulated by applying: 

	 i.	 the principle of linear impulse and momentum 
to the portion of the arch between the hinges C′

1
 

and C′
2
 (Fig. 6): 

	 ii.	 the principle of angular impulse and momen-
tum about the origin O to the portion of the arch 
between C′

1
 and C′

2
 (Fig. 6): 

	iii.	 the principle of angular impulse and momentum 
about the hinge C′

13
 to the portion of the arch 

between C′
13

 and C′
1
 (Fig. 7): 

(8)
6∑

i=1

pi + IC�
1
+ IC�

2
=

6∑

i=1

p�
i
;

(9)

6∑

i=1

L
O,i +

[(
C
�
1
− O

)
× I

C
�
1

]
⋅ k

+
[(
C
�
2
− O

)
× I

C
�
2

]
⋅ k =

6∑

i=1

L
�
O,i
;

Fig. 6   Principle of linear 
impulse and momentum 
applied to the portion of the 
arch between the hinges C′

1
 

and C′
2
 : a momenta and 

impulses before the 
impact are equivalent to b 
momenta after the impact

C2

C23

C3

IC′
13

IC′
1

C ′
1

C ′
13

{pi, LO,i}

C2

C23

C ′
1

C ′
13

{
p′
i, L

′
O,i

}

(a) (b)

Fig. 7   Principle of angular impulse and momentum about the 
hinge C′

13
 applied to the portion of the arch between C′

13
 and C′

1
 : 

a momenta and impulses before the impact are equivalent to b 
momenta after the impact
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	iv.	 the principle of angular impulse and momentum 
about the hinge C′

23
 to the portion of the arch 

between C′
2
 and C′

23
 (Fig. 8): 

It is remarked that Eqs. (10) and (11) are purposely 
written in such a way that the impulses exerted by 
the internal hinges C′

13
 and C′

23
 , respectively  IC′

13
 

and IC′
23
 , are not explicitly involved.

The solution of Eqs. (8)–(11) yields the impulse 
forces IC′

1
 and IC′

2
 and the desired unknown param-

eter �′ . Starting e.g. from the section containing the 
hinge  C′

1
 , where both the linear and angular 

impulses are known, the equilibrated and 

(10)

6∑

i=5

LC�
13
,i +

[(
C�
1
− C�

13

)
× IC�

1

]
⋅ k =

6∑

i=5

L�
C�
13
,i
;

(11)

2∑

i=1

LC�
23
,i +

[(
C�
2
− C�

23

)
× IC�

2

]
⋅ k =

2∑

i=1

L�
C�
23
,i
.

kinematically admissible impulse line is finally 
computed by Eqs. (3) and (4).

4.2 � The use of the principle of virtual work

Let the arch portion constituted by the segments I′ , 
II′ , III′ be considered, internally constrained by the 
hinges C′

13
 and C′

23
 and subjected to the impulse 

forces IC′
1
 , IC′

13
 , IC′

23
 , and IC′

2
 , respectively exerted 

by the hinges C′
1
 , C′

13
 , C′

23
 , and C′

2
 . Equa-

tions  (8)–(11) imply that, on such an arch portion, 
(i) the linear and angular momenta before the 
impact together with the impulse forces IC′

1
 , IC′

13
 , 

IC′
23
 , IC′

2
 , and (ii) the linear and angular momenta 

after the impact, are statically equivalent (Fig.  6). 
Hence, the virtual works Wv and W ′

v
 that (i) and (ii) 

respectively do for any infinitesimal virtual mecha-
nism coincide:

By choosing the new mechanism u′ as such virtual 
mechanism (Fig.  9), it is observed that the impulse 
forces IC′

1
 , IC′

13
 , IC′

23
 , IC′

2
 do not work. Accordingly, 

it follows that:

where:

(12)Wv = W �
v
.

(13)

Wv =

7∑

i=1

[
LGi,i

��
i
+ pi ⋅ v

�
Gi

]
= Γ���,

W �
v
=

7∑

i=1

[
L�
Gi,i

��
i
+ p�

i
⋅ v�

Gi

]
= Λ�

(
��
)2
,

C1

IC′
23

IC′
2

C ′
2

C ′
23

{pi, LO,i}

C1
C ′

2

C ′
23

{
p′
i, L

′
O,i

}

(a) (b)

Fig. 8   Principle of angular impulse and momentum about the 
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and Λ� has been introduced in Eq.  (7)2 . By substi-
tuting relationships  (13) in the principle of virtual 
work formulation  (12), a closed-form relationship is 
derived:

for the desired unknown parameter �′ . Once it has 
been determined, the corresponding equilibrated and 
kinematically admissible impulse line is straightfor-
wardly computed by Eqs. (3) and (4), under the con-
dition that it passes through the hinges of the new 
mechanism u′.

5 � Mechanism after the impact

In the previous section, it has been shown that a 
unique equilibrated and kinematically admissible 
impulse line exists for prescribed hinge locations of 
the new mechanism u′ , and its computation has been 
discussed. However, such an impulse line may or may 
not be statically admissible, depending on the choice 
of the new hinge locations.

It is here claimed that an equilibrated and kinemat-
ically admissible impulse line is also statically admis-
sible provided that the new hinge locations produce 
the minimum energy expense at the impact, i.e. maxi-
mize the restitution coefficient given by the ratio of 
the kinetic energy K′ after the impact to the kinetic 
energy K before the impact [3]. The following optimi-
zation problem is thus considered:

A proof of this claim is given in Appendix  B. It 
is noticed that relationship  (7) implies the restitu-
tion coefficient r to be expressed in the optimization 
domain as:

(14)Γ=

7∑

i=1

[
IGi,i

+mi

(
Gi − Ci

)
⋅

(
Gi − C�

i

)]
ΩiΩ

�
i
,

(15)�� =
Γ

Λ�
�,

(16)

max
u′

r,

subject to u′ is compatible,

Equation (15) holds.

(17)r =
K�

K
=

Λ�

Λ

(
��

�

)2

=
Γ2

ΛΛ�
.

Remark 1  By recalling Eqs.  (7)2 and  (14), and 
by using the Cauchy-Schwarz inequality, it can be 
checked that the restitution coefficient descending 
from Eq. (17) fulfills the condition r ≤ 1 . 	�  ◻

In closing, it is observed that the optimization 
problem  (16)–(17) completely characterizes the 
impulsive stress state arising within the arch at the 
impact. In particular, by comparing the normal and 
shear components of the linear impulse at the typical 
arch section, a post-verification of the assumed no-
sliding behavior may be performed.

6 � Numerical simulations

Numerical simulations are here discussed concerning 
the behavior at the impact of the so-called Oppenhe-
im’s arch (Sect. 6.1) and of continuous circular arches 
with parameterized geometry (Sect. 6.2).

6.1 � Oppenheim’s arch

The Oppenheim arch is a circular arch of mid-
curve radius  R = 10m , thickness-over-radius 
ratio  t∕R = 0.15 , and embrace angle � . It is consti-
tuted by seven identical voussoirs, assumed to be 
rigid and infinitely resistant. Accordingly, hinge 
openings are only allowed at the eight joints between 
those voussoirs [26].

Initially, the case of an embrace angle � = 150◦ is 
analyzed. A limit-analysis computation shows that 
the horizontal acceleration of incipient rocking for 
the arch is  AL = 0.444 g , with  g as the acceleration 
of gravity. For an acceleration acting from right to 
left, the arch starts moving, from left to right, along 
the four-link mechanism u characterized by the hinge 
locations C1 , C13 , C23 , C2 shown as gray circles in 
Fig. 10. The attention is focused on the arch behav-
ior at impact, assuming that, subjected to a certain 
ground acceleration, it first moves along the mecha-
nism u and then reverses its motion returning to the 
undeformed configuration. In solution of the optimi-
zation problem  (16)–(17), the maximum restitution 
coefficient of the arch results to be  rmax = 0.532 . It 
is attained for a new mechanism u′ whose hinges C′

2
 , 

C′
23

 , C′
13

 , C′
1
 are depicted as blue circles in Fig.  10. 

It is noticed that the new hinges are in the mirrored 
locations with respect to those of the mechanism u 
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(respectively, C2 , C23 , C13 , C1 ) and, in addition, turn 
out to be at the same sections, but on the opposite 
side through the arch thickness, of the hinges of the 
mechanism u (i.e., they respectively coincide with C1 , 
C13 , C23 , C2 ). Consequently, the present solution 
reproduces the impact occurring in the Housner col-
umn and coincides with the one provided in [27]. The 
corresponding impulse line is plotted in Fig. 10.

Next, the case of an embrace angle � = 157.5◦ is 
considered, whose horizontal acceleration of incipi-
ent rocking is AL = 0.370 g . That corresponds to the 
four-link mechanism u characterized by the hinges C1 , 
C13 , C23 , C2 shown as gray circles in Fig. 11a, b.

Figure 11a shows the impulse line obtained under 
the two assumptions discussed in [27]. Accordingly, 
the hinges after the impact ( C′

2
 , C′

23
 , C′

13
 , C′

1
 , shown as 

blue circles) are in the mirrored locations with respect 
to those before the impact (respectively, C2 , C23 , C13 , 

C1 , shown as grey circles). In addition, the impulse 
line passes through the points C1 , C13 , C23 , C2 lying 
on the opposite side across the arch thickness of the 
hinges of the mechanism  u , i.e.  through the points 
of those sections where the resultant impulses are 
assumed to be located. The descending impulse line 
is not kinematically admissible because compressive 
resultant impulses are predicted in the interior of the 
sections containing the new hinges C′

23
 and C′

13
 (green 

crosses), whose opening is therefore resisted.
In Fig. 11b, the impulse line computed in solution 

of the optimization problem (16)–(17) is depicted. It 
corresponds to the restitution coefficient rmax = 0.557 
and is attained for a mechanism u′ after the impact 
whose hinge locations ( C′

2
 , C′

23
 , C′

13
 , C′

1
 , shown as 

blue circles) are not mirrored with respect to those of 
the mechanism u . The impulse line is kinematically 
admissible because passing through the new hinges. 
Consequently, the impulsive stress state arising 
within the arch at the instant of impact does not resist 
the opening of the new hinges, i.e. it enables the acti-
vation of the new mechanism after the impact. How-
ever, it is observed that such an impulse line slightly 
exits the thickness of the arch at one of its joints (the 
one passing through C13 ) and is thus not statically 
admissible. The apparent contrast with the result in 
Sect.  5 is resolved in light of the discrete nature of 
the Oppenheim arch, as opposed to the continu-
ous format intrinsically underlying the optimization 
problem (16)–(17).

In fact, for achieving the maximum restitution 
coefficient of a continuous arch, i.e. such that hinges 

C1
C ′

2 ≡ C1 C2C ′
1 ≡ C2

C13

C13 ≡ C ′
23

C23

C23 ≡ C ′
13

Fig. 10   Oppenheim’s arch: impulse line at impact for an arch 
with embrace angle � = 150◦ . The optimal new hinges C′

2
 , C′

23
 , 

C
′
13

 , C′
1
 respectively coincide with the points C

1
 , C

13
 , C

23
 , C

2
 

opposite to the hinges C
1
 , C

13
 , C

23
 , C

2
 of the mechanism before 

the impact across the arch thickness. The attained maximum 
restitution coefficient is r

max
= 0.532

Fig. 11   Oppenheim’s arch: comparison of equili-
brated impulse lines at impact for an arch with embrace 
angle  � = 157.5◦ . a The impulse line passing through the 
points C

1
 , C

13
 , C

23
 , C

2
 (green circles), respectively opposite 

to the hinges C
1
 , C

13
 , C

23
 , C

2
 of the mechanism before the 

impact across the arch thickness, is not kinematically admissi-
ble because resisting the opening of the new hinges C′

23
 and C′

13
 

(green crosses). b The kinematically-admissible impulse line, 
i.e.  passing through the new hinges C′

2
 , C′

23
 , C′

13
 , C′

1
 , maxi-

mizing the restitution coefficient on the restricted set of four-
link mechanisms after the impact ( r = 0.557 ) is not statically 
admissible. c The kinematically-admissible impulse line 
maximizing the restitution coefficient on the set of compatible 
mechanisms after the impact ( r

max
= 0.560 ) is also statically 

admissible
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are allowed to open at any section, it is sufficient to 
consider the class of four-link mechanisms after the 
impact that are compatible and fulfill the principle 
of virtual work formulation  (15). By contrast, for 
achieving the maximum restitution coefficient of a 
discrete arch, i.e. such that hinges are allowed to open 
only at a discrete set of sections, it may be required 
to consider mechanisms after the impact that are still 
compatible and obey a principle of virtual work for-
mulation in the fashion of Eq.  (12), but that may be 
also characterized by more than four hinges simulta-
neously open.

In solution of such a generalized version of the 
optimization problem  (16)–(17), the impulse line 
illustrated in Fig.  11c is obtained. The correspond-
ing maximum restitution coefficient results to 
be  rmax = 0.560 . It is attained for a mechanism  u′ 
after the impact characterized by five hinges (blue 
dots), which finally guarantees the kinematic and 
static admissibility of the impulse line. As expected, 
the “fifth hinge” is precisely opened at the section 
where the static admissibility of the impulse line 
computed under the assumption of four-link mecha-
nism fails and enables a slight increase in terms of 
the restitution coefficient. It is also remarked that two 
consecutive intrados hinges are predicted to open 
up after the impact. Such an observation suggests 
that, for a continuous arch with the same geometry, 
the optimal hinge location would be somewhere in 
between the two hinges. In fact, it is the possibility 
to open up the new hinge at such an optimal location 
that makes four-hinges mechanisms after the impact 
enough to maximize the restitution coefficient of con-
tinuous arches. As a verification, the continuous ver-
sion of the Oppenheim arch is addressed in the fol-
lowing section.

6.2 � Continuous circular arches

Continuous circular arches are considered, i.e., con-
stituted by many small voussoirs so that hinge open-
ings may practically occur at any of their sections. 
They are characterized by their mid-curve radius R , 
embrace angle  � , and thickness-to-radius ratio  t∕R . 
The behavior of the typical arch at impact is inves-
tigated assuming that during its motion, the arch 
returns to its undeformed configuration along the 
four-link mechanism  u of incipient rocking (for 
parametric limit analyses determining the incipient 

rocking horizontal acceleration of masonry struc-
tures, e.g., see [42–51]).

The particular case of a circular arch with 
thickness-to-radius ratio  t∕R = 0.15 and embrace 
angle  � = 157.5◦ is first examined as the continu-
ous counterpart of the Oppenheim arch discussed in 
the previous section. The mechanism  u before the 
impact, computed as the incipient rocking mecha-
nism, corresponds to the hinges shown as gray circles 
in Fig. 12. The relevant incipient rocking acceleration 
is  AL = 0.353 g . The mechanism u′ after the impact 
is computed in solution of the optimization prob-
lem (16)–(17), and corresponds to the hinges shown 
as blue circles in Fig. 12. The maximum value of the 
restitution coefficient results to be rmax = 0.606 and is 
attained by the impulse line shown in Fig. 12, which 
is statically admissible.

A parametric analysis is then carried out, investi-
gating the maximum restitution coefficient of circular 
arches at varying of their geometry under the assump-
tion that they arrive at impact along their four-link 
incipient rocking mechanism. Relevant results are 
shown in Fig. 13 where rmax is plotted as a function 
of the thickness-to-radius ratio  t∕R for the selected 
values  � = {80◦, 100◦, 120◦, 140◦, 160◦, 180◦} of 
the embrace angle. It is observed that, within the con-
sidered ranges, rmax decreases with t∕R and increases 
with  � . Consequently, all the obtained curves lie 
under an enveloping curve, representing the maxi-
mum restitution coefficient of the circular arches of 
minimum thickness (i.e., at incipient collapse under 
their self-weight) at varying of the embrace angle. As 
expected from Remark 1, such a curve never exceeds 
the limit of a unitary restitution coefficient.

In closing, it is emphasized that the present results 
follow from the assumption that the mechanism  u 
before the impact coincides with the incipient rocking 

C1C ′
2 C2C ′

1

C13

C ′
23 C23

C ′
13

Fig. 12   Continuous circular arches: impulse line at impact 
for an arch with thickness-over-radius ratio  t∕R = 0.15 and 
embrace angle � = 157.5◦ . The attained maximum restitution 
coefficient is r

max
= 0.606
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one. As discussed in [27], that may not even be the 
case for the first impact of a rocking motion of the 
arch. Nevertheless, such an assumption is of no limi-
tation for the proposed impact model, which just 
takes the mechanism before the impact as an input to 
be determined by accurate solution strategies of the 
smooth motion under prescribed ground acceleration.

7 � Conclusions

An extension of the Housner impact model has been 
proposed for addressing the impacts occurring dur-
ing the rocking motion of masonry arches subjected 
to ground acceleration. It has been assumed that the 
arch arrives at the impact moving along a prescribed 
four-hinge mechanism and that, after the impact, it 
continues its motion along a new four-hinge mecha-
nism to be determined. The proposed impact model 
has been founded on the introduction of the impulse 
line at the impact as the locus of the application 
points, on the sections of the arch, of the resultant 
impulses within the arch. That has allowed for for-
malizing the kinematic admissibility requirement 
that resultant impulses need to be transmitted through 
the hinges opening after the impact. The mecha-
nism after the impact has been determined by mini-
mizing the kinetic energy loss of the arch at impact, 
i.e. maximizing its restitution coefficient, over the set 

of compatible mechanisms after the impact fulfilling 
a suitable principle of virtual work formulation. It 
has been proven that the descending impulse line is 
equilibrated, kinematically admissible, and statically 
admissible, i.e.  corresponding to a fully compres-
sive impulsive stress state within the arch. Numerical 
results have been discussed, addressing the restitution 
coefficient of discrete and continuous circular arches 
with parameterized geometry under the assumption 
that the four-hinge mechanism before the impact is 
determined by an equivalent static analysis.
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A Kinematic analysis

The four-hinge mechanism  u of a masonry arch 
before the impact is considered. It is characterized by 
the four hinges C1 , C13 , C23 , C2 , which determine the 
three rigid segments I , II , and III (Fig. 2a). The abso-
lute center of rotation C3 of the segment III lies at the 
intersection of the lines joining C1 to C13 , and C2 to 
C23.

Provided that the angular velocity of the segment I 
is chosen as the free parameter � of the mechanism, 
the following expressions hold for the coefficient Ω 
introduced in Eq. (1)1:

(A.1)

ΩI = 1,

ΩII =
xC23

− xC3

xC23
− xC2

ΩIII,

ΩIII =
xC13

− xC1

xC13
− xC3
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Fig. 13   Continuous circular arches: maximum restitution coef-
ficient r

max
 versus the thickness-to-radius ratio t∕R for selected 

values of the embrace angle  � , assuming the mechanism  u 
before the impact coincides with the incipient rocking mecha-
nism
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respectively prevailing for an infinitesimal voussoir 
belonging to the segment  I , II , or III of the arch. In 
Eq. (A.1), xP stands for the x-coordinate, in a Carte-
sian reference frame, of the typical point P.

Analogous treatment holds for the mechanism  u′ 
after the impact and the coefficient Ω� introduced in 
Eq. (1)2.

B On maximizing the restitution coefficient

In this section, it is shown that in solution of the optimi-
zation problem (16)–(17), an impulse line is obtained in 
the arch that is equilibrated, kinematically and statically 
admissible.

To such an aim, a kinematic model of the arch is 
considered, consistent with the classical theory of 
curved beams, to characterize the mechanism u′ after 
the impact. The infinitesimal motion of the typical nor-
mal section of the arch is thus described by the linear 
velocity  v� = w�t + v�n of its centroid G and by the 
angular velocity �′ . The following classical measures 
of deformation are introduced:

where �′
0
 denotes the normal strain of the tangential 

fiber through  G (whose geometric curvature is  � ), 
and � ′ denotes the curvature change. It follows that 
the normal strain of the typical tangential fiber, at dis-
tance y from G along the normal direction n is:

The Heyman assumptions on masonry material imply 
that the mechanism u′ is compatible provided that the 
normal strain ��(y) is tensile for any  y, and no slid-
ing occurs. The former condition amounts to require 
that the normal strain, respectively ��

+
 and ��

−
 , of the 

intrados and extrados tangential fibers, which are at a 
signed distance:

from the centroid G along the normal direction n , is 
tensile:

(B.1)��
0
=

dw�

ds
− �v�, � � =

d��

ds
,

(B.2)��(y) = ��
0
+ � �y.

(B.3)y± = ±t∕2 + �t2∕12

(B.4)��
±
= ��

0
+ � �y± ≥ 0.

On the other hand, the latter condition boils down to 
the requirement that the shear strain � ′ between the 
tangential and normal fibers through G is vanishing:

In addition, the principle of virtual work formula-
tion  (12)–(13) is rephrased within the present nota-
tion as:

where p and �G denote the linear density respectively 
of the linear and angular momenta about the cen-
troid G before the impact.

Since maximizing the restitution coefficient r is 
equivalent to maximizing the kinetic energy K′ after 
the impact (in fact, the kinetic energy K before the 
impact is known), the following general form of the 
optimization problem (16)–(17) is arrived at:

By exploiting relationships  (B.1) and  (B.4), 
and applying the Karush–Kuhn–Tucker theo-
rem, it is inferred that 

(
v′, �′

)
 is a stationary point 

of the above optimization problem provided that 
there exist functions In , It+ , It− , to be intended as 
multipliers respectively of the constraints  � � = 0 
and ��

±
≥ 0 , such that:

in which the decomposition p = �t t + �n n has been 
used.

For an interpretation of those conditions, the fol-
lowing positions are introduced:

(B.5)� � =
dv�

ds
+ �w� + �� = 0.

(B.6)∫
�
p ⋅ v� + �G�

�
�
ds = ∫

�
�‖v�‖2 + �G�

�2
�
ds,

(B.7)

max
v�,�� �

1

2

�
�‖v�‖2 + �G�

�2
�
ds,

subject to � � = 0, ��
±
≥ 0,

Equation (B.6) holds.

(B.8)

�t +
d

ds

(
It+ + It−

)
− �In = �w�,

�n + �
(
It+ + It−

)
+

dIn

ds
= �v�,

�G +
d

ds

(
It+y+ + It−y−

)
− In = �G�

�,

� � = 0, ��
±
≥ 0, It± ≤ 0, It±�

�
±
= 0,
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which represent the internal linear and angular 
impulses about the centroid G transmitted at the typi-
cal arch section. In fact, upon noticing that:

with p� = �v� and ��
G
= �G�

� , it is a simple matter to 
check that conditions (B.8)1–3 can be compactly writ-
ten as:

By observing that  dp = pds and  dLO = �Ods , those 
equations are recognized as the differential form 
of the principles of linear and angular impulse and 
momentum given in Eq.  (3) and thus guarantee the 
impulse line to be equilibrated. Furthermore, because 
conditions (B.8)6 can be recast in the form:

it follows that the resultant impulse is compressive at 
any section of the arch, and the impulse line is com-
pletely contained within the arch thickness, Eq.  (4), 
i.e.  the impulse line is statically admissible. Finally, 
conditions  (B.8)7 enforce that the resultant impulses 
do zero work for the mechanism u′ after the impact, 
i.e.  do not resist the opening of the relevant hinges, 
therefore implying the impulse line to be kinemati-
cally admissible.
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(B.9)

I = It t + In n,

It = It+ + It−,

MG = It+y+ + It−y−,

(B.10)

MO = MG + (G − O) × I ⋅ k,

�O = �G + (G − O) × p ⋅ k,

��
O
= ��

G
+ (G − O) × p

�
⋅ k,

(B.11)
p +

dI

ds
= p

�,

�O +
dMO

ds
= ��

O
.

(B.12)∓MG ± It y± ≤ 0,
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