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Abstract

Permutative automorphisms of the Cuntz algebra O,, are in bijection
with a class of permutations of n* elements, that are called stable, and are
further partitioned by rank. In this work we mainly focus on stable cycles
in the quadratic case (i.e., k = 2). More precisely, in such a quadratic case
we provide a characterization of the stable cycles of rank one (so proving
Conjecture 12.1 in [3]), exhibit a closed formula for the number of stable
r-cycles of rank one (valid for all n and r), and characterize and enumerate
the stable 3-cycles of any given rank. We also show that the set of stable
permutations is equipped with a natural involution that preserves the cycle-
type and the rank, and that there is a map that associates to two stable
permutations of n* and m* elements, respectively, a stable permutation of
(nm)¥ elements.
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1 Introduction

Cuntz algebras (first defined in [8]) are a much studied class of C*-algebras, with
lots of connections to several areas of research (see e.g. [2, 10, 11, 12, 13, 14]).
Notably, the study of their automorphisms, started by Cuntz himself, is ex-
tremely difficult and challenging (see e.g. [15]). The existence of an intriguing
connection between the automorphisms of the Cuntz algebras and combinatorics
was foreseen by Cuntz in the late seventies [9, p.195]. However, there has been
little progress in that direction until, about thirty years later, Conti and Szy-
manski ([7], [4], [5]) not only exhibited a huge number of new examples, but
were actually able to set up a convoluted procedure to spot, in principle, all the
so-called permutative automorphisms of the Cuntz algebra O, at level k, and
then determine their number, for small values of n and k, by further theoretical
considerations and subsequent massive computer calculations ([7], [6], [1]). The
combinatorial investigation of this convoluted procedure was started by Brenti
and Conti in [3], to which we refer for further information.

In order to explain the connection with the main topic of the present paper,
we need to introduce some more terminology. Given an integer n > 2, let O,, be
the Cuntz algebra, F, C O, the so-called UHF core C*-subalgebra generated
by a nested family of subalgebras ]-"ff (each one isomorphic to the algebra of
complex matrices M, x) and D,, be the C*-subalgebra generated by the family
of subalgebras DfL of FF (each one isomorphic to the algebra of diagonal matrices



in M,,x). Then, following the insight by Cuntz, the reduced Weyl group of O,, is
defined as
Aut(O,, Fp) N Aut(0,, Dy)/Autp, (Or)

where Aut(O,,, X) is the subgroup of Aut(O,,) consisting of the automorphisms
which leave X invariant, while Autx(O,,) is the one of those which fix X point-
wise. This notion, somewhat inspired by the theory of semisimple Lie groups,
turns out to be very useful to make advances in the understanding of the general
structure of the group of automorphisms of the Cuntz algebras.

It is well-known that unital x-endomorphisms of O,, are in bijective corre-
spondence with unitaries in O, call this bijection u — A,. With some more
work the reduced Weyl group can be further identified with the set of automor-
phisms A, of O,, induced by the so-called permutative unitaries u € Ukzlf,’f.
Moreover, for general unitaries u € F¥, for any k, it was shown in [7], that ),
is an automorphism precisely when the sequence of unitaries

(" () - o utpu) - ¢ ()5 (1)

in F, eventually stabilizes, where the endomorphism ¢ of F,, corresponds, in
the isomorphism between M, » and M, ®---® M,, (k factors), to the tensor shift
map z +— 1y, ® . By coherently identifying permutative unitaries in F* with
permutation matrices in M,,x and thus with permutations of the set {1,...,n*}
and finally (by lexicographic ordering) with permutations of the set [n]*, one is
lead to the class of stable permutations, as defined in the main text (see Sec. 2)
and investigated in this paper. These permutations precisely label the elements
of the restricted Weyl group, see [3, Theorem 4.2].

The general problem we face is to find explicit combinatorial conditions
characterizing many, if not all, stable permutations in S([n]*). This has a twofold
advantage. On the one hand, identifying more and more such permutations, one
would gain the possibility of making concrete computations of products in the
reduced Weyl groups of the Cuntz algebras O,,, which might unveil more specific
algebraic properties of these groups. On the other hand, the problem of finding
closed formulas for enumerating the stable permutations, even at a fixed level
k, requires the development of combinatorial tools that, in the long run, will
certainly make Aut(O,,) more accessible to theoretical investigation.

The study of the stable permutations from a combinatorial point of view was
started by Brenti and Conti in [3]. There they characterize the stable transposi-
tions in S([n]?), provide various ways to produce new stable permutations from
old ones, and study the enumeration of stable permutations, thanks to an in-
depth analysis of the combinatorics of the sequence (1). The purpose of this
paper is to continue the combinatorial investigation of stable permutations.



Our main results are a characterisation of the stable cycles of rank one in
S([n]?) (Theorem 3.1), thereby proving Conjecture 12.1 in [3], a characterisation
of the stable 3-cycles of any rank in S([n]?) (Theorem 5.12), the existence of
a rank-preserving involution on stable permutations (Theorem 7.3) and a new
construction (“box-product”) producing a stable permutation in S([nm]*) from
two stable permutations in S([n]*) and S([m]*) respectively (Theorem 8.2).

The organisation of the paper is as follows. In Section 2 we recall definitions
and results used in the sequel. In Section 3 we characterise the stable cycles of
rank one in S([n]?). In Section 4, using the main result in the previous section,
we enumerate the stable cycles of rank one in S([n]?) (Proposition 4.5, Corollary
4.6 and Theorem 4.7). In Section 5 we characterise the stable 3-cycles in S([n]?).
In Section 6 we venture into the study of stable 4-cycles in S([n]?), characterising
an important subclass of them (Theorems 6.2 and 6.8). In Section 7 we prove
the existence of a rank-preserving involution on the set of stable permutations.
In Section 8 we introduce the box-product and examine its properties.

2 Preliminaries

In this section we provide the necessary definitions and results to make the paper
self-contained. This background material is explained in detail in [3], to which
we refer for further insight. For n € N we set [n] = {1,...,n} and, for h € N,
[n)" = [n] x ... x [n] (the cartesian product of h copies of [n]). In the sequel, we
will mostly focus on permutations u of the finite set [n]?, u € S([n]?), but we
need more structure. If u € S([n]") and v € S([n]*) we define, following [3], the
tensor product of u and v to be the permutation u ® v in S([n]"**) defined by

(w@v)(w1,. .., 2hyr) = (@1, 20),0(Thet, - Thgk)

where z; € [n] for all i = 1,...,h + k. These operations can be iterated and
composed at will. Moreover, in S([n]"**) one has (u®@w)(v® 2) = (uwv) ® (wz),
for all u,v € S([n]*), and w,z € S([n]*) (where the products are taken in the
respective permutation groups). We think of the maps u — u® 1 and u — 1®@u
as an embedding of S([n]") into S([n]"*!) and as the shift, respectively. Note
that the above operations of tensoring on the right and on the left by the identity
1 € S(|n]) commute, so that, for instance, 1 ® (u® 1) = (1 ® u) ® 1 will simply
be denoted 1 ® u® 1.



Now, for u € S([n]") and k € N, we define ¢ (u) € S([n]"**) as

Yp(u) = 191®---1u ) (1l ®leutel)---
— —
k k—1
c(leu'ele ) 'ele e )(leuel®- 1)
——— ——— \ ,
k—1 k k—1
I®leul®...®l)- - (1®..01luel)(1l®...0 1®u)
~ N—
k—2 k—1 k
or, in a shorthand notation,
k k
_ -1
wk(u)—qﬂ@...@l@u ®1®...®1)1—[1(1®1.V..®1®u®1®...®1).
i= k—i i i= i k—i

We also set ¥o(u) := u~'. Note that the following recursive relation holds,

Yr(w)=(1®...010u HW_1() @ 1)1 ®...0 13 u) (2)
k k

for all kK > 1.
Recall (see [3]) that , by definition, u € S([n]") is stable of rank ko +1 € N
if the sequence {¢y(u)}r>0 satisfies

’(/Jk(u) :wko(u)®1®--~®l
k—ko

for all k > ko and ko € Ny := {0,1,2,3,...} is the least number for which this
holds.

The origin of this notion comes from C*-algebras, namely the search of
(permutative) automorphisms of the Cuntz algebras O,. Indeed, there is a
bijection between the stable permutations (where u and u ® 1 are identified)
and the reduced Weyl group of O,, (see [7]). (Note that, however, the product
in this group is not given by the product of the corresponding permutations.)

The following result gives an alternative definition of stability, and is proved
in [3, Proposition 4.4].

Proposition 2.1. Let u € S([n)"), and k € N. Then

i) if Yr(u) € S(MF) ®1®@ - ®1 then u is stable of rank < k + 1;
h—1

i) if u is stable of rank < k41 then vy 1(u) € S([n)") @ 1.



In particular, u is stable if and only if there exists a positive integer k such that
u) e S(MFMHele - -®1.
Yr(u) € S([n]") ® ,
h—1
Simple examples show that the product of two stable permutations is not
stable, in general. The next result shows that this is the case, however, if the
two permutations satisfy an additional condition.

Theorem 2.2. Let w, z € S([n]?) be such that (2@ 1)(1@w) = (1@ w)(z®1).
Assume also that w is stable of rank < s and z is stable of rank < t. Then wz
1s stable of rank < s +t.

If two permutations w, z € S([n]?) are such that (2®1)(1®w) = (1Qw)(z®1)
then we say that w is compatible with z (in this order). The previous result is
proved in [3, Theorem 5.2].

Given the importance of compatibility, it is natural to try to understand
when two permutations are compatible. The following two results ([3, Proposi-
tions 5.6 and 5.7]) answer this question when the first permutation is a trans-
position.

Proposition 2.3. Let u = ((a,b), (i,7)), where a,b,i,j € [n], b # j, and v €
S([n]?). Then (v®1)(1®u) = (1@u)(v®1) if and only if there is o € S, such
that v(z, k) = (o(x), k) for all x € [n] and all k € {a,i}.

Proposition 2.4. Let v = ((a,b), (i,b)), where a,b,i € [n], a # i, and v €
S([n]?). Then (v@ 1)(1®u) = (1®@u)(v® 1) if and only if there are o € S,
and (11,...,m) € S({a,i})" such that

v(z,a) = (0(2),72(a), v(z,i) = (0(z),7(2)),
for all x € [n].

It is hard, and a major goal of this line of research, to characterize the
stable permutations. The following result ([3, Theorem 8.1]) achieves this for
the transpositions.

Theorem 2.5. Let (i,7),(a,b) € [n]%, (i,7) # (a,b), and u := ((i,5), (a,b)).
Then the following conditions are equivalent:

i) u is stable;
ii) u is stable of rank 1 (i.e., (u®1)(1®u) = (1®u) (u®1) in S(n]?));
iii) {a,i} 0 {b, 7} = 0.

One of the goals of this work is to find the analogue of this result for the
3-cycles.



3 Stable cycles of rank 1

In this section we characterize the stable cycles of rank one in S([n]?), solving
in the affirmative Conjecture 12.1 of [3].
For u € S([n)?) we set, following [3],

R(u):={i€n]|3j€n]:(ij) ¢ F(u)},

and
Cu):={j€ln][Fieln]:(j)¢Fu},

where F'(u) is the set of fixed points of u. So R(u), resp. C(u), is the set of
rows, resp. columns, containing at least one element that is not in F'(u).

Theorem 3.1. Let (a;,b;) € [n]%,i € [r] (r > 1) be distinct pairs. Then the
permutation u = ((a1,b1), ..., (ar,b.)) € S([n]?) is stable of rank 1 if and only
if a; # bj, for any i,j € [r] (i.e., in short, R(u) N C(u) =0).

Proof. If R(u) N C(u) = { then, by Corollary 5.16 of [3], u is stable of rank 1.
Conversely, assume by contradiction that u is stable of rank 1 and R(u)NC(u) #
(). We will consider indexes mod r, i.e., (a;,b;) = (@jtr,bitr) for any i € Z.

We construct two directed graphs G1 = (V1, E1) and Ga = (Va, Es), where

o Vi=Vo=[n}%

o Fy = {(alablaz) (aZJrlv i+1, % ) | (&S [ ]7 z € [TL]},
Ey ={(z,a;,b;)) = (z,a;41,bi41) | i € [r], = € [n]}.

In other words, G1 and Gy are the functional digraphs of u ® 1 € S([n]?) and
1®u € S([n]?), respectively. Note that each vertex of G; has degree either 1 or 0
(by degree we mean outdegree, which is also equal to indegree). Let, for brevity,
wy = (u®1) and wy := (1 ®u). Since u is stable of rank 1, then by Proposition
4.5 of [3] we have

Wi = WaW1. (3)

Lemma 3.2. There are no common directed edges in G1 and Ga, i.e., E1NEy =

0.

Proof. Assume, to the contrary, that there is vg — v1 € E1 N Ey. Since Gy
and G9 are disjoint unions of r-cycles, there are edges vi — wvo € FE; and
v — 1}/2 € Fs. So

(wiwz)(vo) = wi(v1) = v2



and
(waw1)(vo) = wa(v1) = v,

hence, by (3), ve = v). Continuing inductively we get that there is a directed
cycle vg = v1 — -+ = v, — v, which belongs to both G; and G5. However, in
any cycle of G1 the third coordinate doesn’t change and the first coordinate takes
all the values from R(u), and similarly in any cycle of Ga the first coordinate
doesn’t change and the third one takes all the values from C'(u). Hence |R(u)| =
|C'(u)| = 1, which is a contradiction. O

By our assumption R(u) N C(u) # 0, so there are i, j € [r] such that a; = b;,
hence there is a vertex vy € [n]® such that degg, (vo) = dega,(vo) = 1 (namely
(aj,a;,b;)). Let V' be the vertex set of the connected component of v in G1UG5.

Lemma 3.3. All the vertices in V' have degree 1 in both Gy and Gs, i.e.,
dega, (v) = degg,(v) =1 for any v € V'.
Proof. Assume, on the contrary, that there is a vertex w € V' such that
dega, (w) + degg, (w) = 1.

Consider a directed path from vy to w, and let w; — w9 be the first edge in this
path such that
dega, (wz) + degg, (wg) =1,

(so degga, (w1) + dega, (w1) = 2). Without loss of generality we can assume that
w; — w2 € Gy, so degg, (w2) = 1. Furthermore there is wy € V' such that
w1 — wh € Gy. Note that

Wle(wl) = wg(wg) = Wy = wl(wl),
on the other hand we have
wiwz(wr) = wi(wy),

we obtain wy(w1) = wi(w)). However, wy is a permutation and w; # w), con-
tradiction. Then there is no such vertex w. O

Lemma 3.4. We have R(u) = C(u).



Proof. Let S be the set of all possible middle coordinates of V', i.e.,
S = {vy | (vg,vy,v,) € V']

Since degg, (v) =1 for any v € V', we have S C C(u). On the other hand, when

we act on v repeatedly with w; we obtain all the elements of C'(u) in the middle
coordinate, so that C(u) = S. Similarly S = R(u). O

Consider any vertex (zg,¥o,20) € V'. By Lemma 3.3 above, we have that
dega, ((xo,v0,20)) = 1, hence (yo,20) = (aiy,bi,) for some ig € [r]. Acting
repeatedly with wq, we get that (x,a;,b;) € V' for any i € [r]. Then, by (3)

wa (w1 ((wo, ai, bi))) = wi(w2((wo, ai, b;))) = wi((zo, @it1, bit1)).

Since wy doesn’t change the first coordinate, we get that the first coordinate of
w1 ((zo, @i, b;)) is the same for all ¢ € [r]. Hence, the first element of u(xo,a;)
depends only on zy. Hence, there is a function f : R(u) — R(u) such that the
first element of u(x,a) is f(z), for any a € R(u). Similarly, there is a function
g : C(u) = C(u) such that the second element of u(b, z) is g(z), for any b € C'(u).

Since R(u) = C(u), we get that there are functions f, g such that for any
a,b € R(u) we have u(a,b) = (f(a),g(b)). In particular, f and g are permuta-
tions and

f(a;) = ajp1 and g(b;) = bit1

for all 7 € [r]. Hence, f and g are cycles of length |R(u)|. We get that for any
(a,b) € R(u) x C(u),
WA (a,) = (a,),

furthermore |R(u)| is the minimal such number for any (a,b). Hence u is the
disjoint union of |R(u)| cycles, each of length |R(u)|, which is a contradiction.
]

4 Enumeration of stable cycles of rank 1

In this section we enumerate stable cycles of rank 1 in S([n]?). By Theorem 3.1
this is equivalent to enumerating cycles u € S([n]?) such that R(u) N C(u) = (.
We begin by considering for which cycle-lengths these cycles exist.

Proposition 4.1. Let r,n € N and u be an r-cycle of S([n)?) such that R(u) N
C(u) =0. Thenr < [5][5].



Proof. Since R(u) N C(u) = () we have that C(u) C [n] \ R(u) so |C(u)| <
n—|R(u)|. On the other hand, by definition of R(u) and C(u) one also has that
r <|C(uw)||R(u)|. Sor < |R(u)|(n—|R(u)]). Since the sequence {i(n—1)}i=0,.n
is clearly symmetric and unimodal the claim follows. O

Note that the bound given in the previous proposition is best possible. In-
deed, if » < [§][5] then any r-cycle of [|5]] x {[§] 4+ 1,...,n} satisfies the
hypotheses of Proposition 4.1. In particular, this gives the following lower bound
for the number of r-cycles in S([n]?) that are stable of rank 1. Recall that there
are (n — 1)! n-cycles in S,,.

Proposition 4.2. Let 7,n € N. Then the number of r-cycles in S([n]?) that
are stable of rank 1 is at least (L5JT[5W)(1" — 1l

On the other hand, for the maximum possible value of 7 (namely |5 |[5])
one can obtain an exact formula for the number of such cycles.

Proposition 4.3. Let n € N. Then the number of |2 |[2]-cycles in S([n]?)
that are stable of rank 1 is

if n is even

1—=1)!
21 -1 ifn is odd.

(31—

Proof. Let u be a stable | %][%]-cycle in S([n]?). Then, by Theorem 3.1, R(u)N
C(u) = (. Also, since i(n —i) < |2|[2] if i < %5}, we must have |R(u)| = | %]
and |C(u)| = [§], or conversely. So such a u is uniquely determined by R(u)
and by a cyclic ordering of R(u)x C(u) = R(u) X ([n]\ R(u)). The result follows.
U

The preceding proposition shows, in conjunction with Stirling’s formula,
that the probability of obtaining a stable |2][%2]-cycle in S([n]?) by choosing
uniformly at random among all | %][%]-cycles in S([n]?) goes to 0 as n — +oc.

We conclude this section by observing that by following the strategy used to
enumerate the number of permutations u € S([n]?) such that R(u) N C(u) = ()
in [3, Sec. 11.2], one can obtain an exact formula for the number of cycles in
S([n)?) that are stable of rank 1, as well as the following lower bound.

Proposition 4.4. Let n € N, then the number of cycles in S([n)?) that are
stable of rank 1 is at least

25 ()7 o

10



In particular, this number is larger or equal to (LZJ)(L%j (5] —1L
2

We denote by C;(r) the set of all compositions of r into ¢ parts (see, e.g., [16,
Sec. 1.2]).

Proposition 4.5. Let 7,n € N. Then the number of r-cycles in S([n]?) that
are stable of rank 1 is

cuE() T A o

i=1 (a1,...,ai)€C;i(r

Proof. We count the number of subsets S C [n]? such that |S| = r and R(S) N
C(S) = 0, where R(S) := {i € [n] : (i,5) € S for some j € [n]} and C(S) is
defined similarly. Let i := |R(S)|. Then 1 < i < n and R(S) can be chosen in
(?) ways. For a given choice of R(S) let a; be the number of elements of S in
the j-th (from the top, say) row of R(S), for j = 1,...,i. Then a; > 1 for all
j € [i], and a1 + - - - +a; = r. Also, for each such choice of (ay,...,a;) there are,

for each j € [i], (” Z) possibilities for the intersection of S with the j-th row of

R(S), so there are H (" jz) subsets S with these values of (a1, ...,a;) and of

R(S). There are (r —1)! ways to order the elements of S in a cycle, so the result
follows. O

It is not hard to check that for » = 2 and r = 3 one recovers Corollaries
8.3 and 8.8 in [3], while for r = [§][5] one obtains Proposition 4.3, and for
> [5][5] Proposition 4.1. Also, note that the previous result implies that,
for a given 7 € N, the number of stable r-cycles in S([n]?) is a polynomial in n
of degree 2r and leading coefficient 1/r, if n > r. In particular, this shows that,
if one chooses an 7-cycle uniformly at random in S([n]?), then the probability
that this is stable goes to 1 as n — oo.

Corollary 4.6. Let n € N. Then the number of cycles in S([n]?), different from
the identity, that are stable of rank 1 is

L51151 r

SN (0 S

r=2 i=1 (a1,e-,a:)EC; (1)

So, for example, the number of cycles that are stable of rank 1 in S([n]?)
is 0, 6, 136, 7640, 2948208, and 8389599806, for n = 2,...,7, respectively.
More precisely, for 4 < n < 6, these numbers arise as 136 = 36 + 64 + 36,
7640 = 120 + 560 + 1680 + 2880 + 2400, and 2948208 = 300 + 2640 + 17460 +

11



83808 + 288000 + 691200 4 1058400 + 806400, where the i-th summand from the
left is the number of stable (i + 1)-cycles of rank 1 in the relevant S([n]?).

One can compute the number in Corollary 4.6 also by suitably adapting
the argument used in Section 11.2 of [3]. Indeed, the argument in Sec. 11.2
of [3] can be repeated exactly but now using the number of k-cycles in Sy
rather that the number of derangements in Sj, so using (kK — 1)! rather than
dy for k > 2 (notation as in Sec. 11.2 of [3]). The only difference is that the
identity permutation can also be obtained as a permutation that has n? — 1
fixed points and the remaining point as a 1-cycle (while this cannot happen
with derangements). In this way, after simplifications, one obtains the following
formula for the number of such cycles, which can also be verified directly.

Theorem 4.7. Let n € N, then there are

n—1ln—a ab o N ab)!
ZZZ(*U b( a,b7n—a—b>(ab(_3«)!7« (6)

a=1 b=1 r=2

stable cycles of rank 1 in S([n)?) that are different from the identity.

Proof. Note that if X N'Y = (), then there are exactly % stable -

cycles u of rank 1 such that R(u) C X and C(u) C Y. Variables a and b in
the summation (6) correspond to the sizes of X and Y respectively. Now we
compute coefficients of stable r-cycles of rank 1 in (6). Let u be a stable r-cycle
of rank 1. Then its coefficient is equal to

5 S oS (DX ICW
R(u)CX

R(u)CX C(u)CY,XNY =0
where we have used the well known fact that ZAQXQB(—1)|X‘_|A| =dap. O

We point out a simple consequence of [3, Corollary 5.5]. Recall (see, e.g.,
[7]) that for each stable permutation u € S([n]*) there is associated an auto-
morphism A, of the Cuntz algebra O,,.

Proposition 4.8. Let u € S([n]?) be a stable cycle of rank one, then the order
of Ay € Aut(O,,) coincides with the order of u.

In particular, for each 2 < r < [§][§], the number A, (r) of permutative

automorphisms in Aut(O,,) at level two of order r is bounded from below by

7777

12



5 Stable 3-cycles

In this section we characterize the stable 3-cycles of any given rank, and enu-
merate them. In particular, we show that any stable 3-cycle is a compatible
product of two stable transpositions.

We need the following result, which is a consequence of Proposition 2.3 in
the case of two transpositions.

Proposition 5.1. Letu = ((a,b), (i,7)), b # j andv = ((¢,d), (k1)) (a,b,c,d,1,
g, k, L € [nl]), (a,b) # (1,7), (c,d) # (k,l). Then u is compatible with v, that is
(vel)(1®u)=1®u)(vel), if and only if either

{a,i}n{d,l} =0 (7)

or

a=i=l=d. (8)

Proof. Assume first that v is compatible with v. Then, by Proposition 2.3, there
is 0 € S, such that v(z, k) = (o(x), k) for all z € [n] and all k € {a,i}. Suppose
that {a,i} N{d,1} # 0. We may assume that a = d. Then we have that

(k,1) =v(e,d) =v(c,a) = (o(c),a)

so that o(¢) = k, a = [ and hence | = d. Therefore ¢ # k. Similarly, v(c,i) =
(o(c),i) = (k,i) so v(e,i) # (c,i) and thus (¢,i) = (¢,d) so i = d.
The converse follows immediately from Proposition 2.3. O

The next result is the “first half” of our characterization.

Theorem 5.2. Let (a1, b1), (az,bs), (a3, b3) € [n]? be distinct, and w := ((ay,b1),
(az,b2), (as,b3)) be such that R(w) N C(w) # 0. Then w is a compatible product
of two stable transpositions if and only if

biv1 =a;, {bi,bi—1}N{ai,a2,a3} =0, biy1 ¢ {ait1,ai-1} 9)

for some i € [3] (where indices are taken modulo 3). In this case |R(w)NC(w)| =
1 and w is stable of rank 2.

Proof. Suppose first that the conditions in (9) are satisfied. We may assume
that ¢ = 1. Then we have that w = wv where u := ((ag,b2), (a3, b3)), and
v := ((as,bs), (a1,b1)). But, by (9) and Theorem 2.5, u and v are stable, and
by Proposition 2.3 u is compatible with v.
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Conversely. Since R(w) N C(w) # () there is i € [3] such that a; € C(w).
We may assume that ¢ = 1. Let u,v be two stable transpositions, u compatible
with v, such that w = uv. Then we have three possible cases, namely

u = ((ah bl)v (aQa b2))v v = ((an b2)’ (a37 b3)) (10)
u = ((az,b2), (as,b3)), v = ((as,b3),(a1,b1)) (11)
u = ((as,b3), (a1,01)), v=((a1,b1),(az,b2)). (12)

If a3 = by then, by Theorem 2.5, either u or v are not stable, which is a
contradiction. So a; # b;.

If a; = bg then v is not stable in the second case, and wu is not stable
in the third one. So (10) holds. Since u and v are stable we conclude from
Theorem 2.5 that {a1, a2} N {b1,b2} = 0 and {ag,as} N {ba, b3} = 0. If by # by
then, since u is compatible with v, we have by Proposition 5.1 that a1 = ag =
bs = b3, a contradiction. So b; = bs. Then, by Proposition 2.4, since u is
compatible with v, there exists o € Sy, and (71,...,7,) € S({a1,a2})" such that
v(z,a1) = (0(x),7(a1)) and v(z,a2) = (0(x),7z(a2)) for all z € [n]. Hence
(a2,b2) = v(ag,bs) = v(as,a1) = (o(as), Tas(a1)) so ba = 74,(a1) and therefore
by € {a1,as}, which is a contradiction.

So a3 = by. Then, by Theorem 2.5, u is not stable in the first case, and
v is not stable in the third one, so (11) holds. Then, again by Theorem 2.5,
b1 ¢ {ai,a3}, bs ¢ R(w), and by ¢ {a2,a3}. In particular, by # b3. But u
is compatible with v so, by Proposition 5.1, either {a2,as} N {b1,b3} = 0 or
as = az = by = bg. But by # ag, so {ag,ag} N {bl,bg} = @, and hence by # as.
This proves (9). The second statement follows immediately from Theorems 2.2
and 3.1. (I

Note that the 3-cycles that move a point on the diagonal do not comply
with the necessary and sufficient conditions of the last theorem (of course, they
cannot have rank one as well).

We now analyze the rank of the stable 3-cycles. Let u = ((7,a), (j,b), (k,¢))
€ S([n)?) be a 3-cycle. We already know that there are 3-cycles of ranks 1 and
2 (see Theorems 3.1 and 5.2). We wish to know if other values of the rank are
possible, and if there are 3-cycles of rank 2 which do not arise from Theorem
5.2. Since u is a 3-cycle, |R(u)|, |C(u)| < 3, and we know that u is stable of
rank 1 if and only if R(u) N C(u) = (. Therefore u is not stable of rank 1 if and
only if |R(u) N C(u)| > 1. We analyze the 3-cycles according to the values of
(IR(u)], |C(w)], [ R(u) N C(u)]).

14



We begin with some preliminary results. The first one concerns the case in
which one of the elements moved by w is on the diagonal (i.e., if either i = a or
j=bor k=c, sowe may assume that i = a).

Lemma 5.3. Let (i,4), (j,b), (k, c) € [n]?, distinct, and u := ((4,1), (4,b), (k,c)) €
S([n]?) be such that c ¢ R(u) and b # i. Then u is not stable.

Proof. Let h € N. Then, using our hypotheses, one computes that

Vop(u)(4,b, k,c,... k)= (i,k,e,... k,c 1)
h 2h
2

so u is not stable since ¢ # 1. O

The next result does not assume that u is a cycle.

Lemma 5.4. Leti,5,b € [n], j # b, and u € S([n]?) be such that u(b,b) = (b, b)
and u(i,j) = (j,b). Then u is not stable.

Proof. Let h € N. Then, using our hypotheses, one computes that
Yp(w)(4,b,...,0) = (iy...,4,7)
——
h+1 h+1
so u is not stable. |
We need a further preliminary result.

Lemma 5.5. Let u € S([n]?) and i € [n] be such that u(i, z) (,1), u(i,a) =
-1

(i,a), and u(d,a) = (d,a), where (a,b) := u(i,i) and (c,d) := (i,7). Then u
s not stable.
Proof. One can show that
- ‘7.7"'7. = 7d7.7.7"'7.
Yop—2(u) (1,1 i) = (c,d,i,i i)
2p 2p—2
while
Yop—1(w)(i,4,...,1) = (4,4,...,1)
2p+1 2p+1
for all p € N. This shows that 19,_1(u) # 12p—2(u) ® 1 for all p € N so u is not
stable. O

We can now easily analyze the 3-cycles such that |R(u)| = 1.

15



Corollary 5.6. Let u € S([n]?) be a 3-cycle such that |R(u)| = 1. Then either
u 18 not stable or u is stable of rank 1.

Proof. Let u = ((i,a), (i,b), (i,¢c)) ((i,a), (i,b), (i,c) € [n]?, distinct). If R(u)N
C(u) = 0 (i.e., if i ¢ {a,b,c}) then, by Theorem 3.1 u is stable of rank 1. Else
i € {a,b,c} and we may assume that ¢ = a. Therefore u(i,7) = (i,b), and since
i # b, this implies that u(b,b) = (b,b) so the result follows from Lemma 5.4. OJ

The previous result shows that we may assume that (|R(u)l, |C(u)|) € {(2,2),
(2,3),(3,1),(3,2),(3,3)}. We begin with the case (|R(u)l,|C(u)]) = (2,2).

Proposition 5.7. Let u € S([n]?) be a 3-cycle such that |R(u)| = |C(u)| = 2.
Then either u is stable of rank < 2 or u is not stable.

Proof. Let v = ((i,a), (4,b), (k,c)). Since |R(u)| = 2 we may assume that u =
((i,a),(4,b),(4,¢)). Since |C(u)| = 2 we have that either u = ((7, a), (4,b), (4, a)),
oru = ((,a), (j,a), (j,b)). By Theorem 3.1 we may assume that |R(u)NC(u)| >
1.

Assume first that v = ((4, a), (7,b), (j,a)). If |R(u) N C(u)| = 1 then either
a=1id,0ora=j,orb=14 orb=j If a=1ithen u= ((i,0),(j,b),(j,7)) so u is
not stable by Lemma 5.5. If a = j then u = ((4,7), (4,b), (j, 7)) so u is not stable
by Lemma 5.4. If b =i then u = ((¢,a), (4,7), (j,a)) so u satisfies the equivalent
conditions of Theorem 5.2. Finally, if b = j then v = ((4,a),(4,7), (j,a)) so
u is not stable by Lemma 5.4. If |R(u) N C(u)| = 2 then either (a,b) = (i,7)
or (a,b) = (j,7). In the first case u = ((4,%), (4,7), (4,7)) so u is not stable by
Lemma 5.5. In the second one u = ((4,5),(4,4),(4,7)) so w is not stable by
Lemma 5.4.

Assume now that u = ((4,a), (4,a), (4,0)). If |R(u) N C(u)| = 1 then either
a=1d,0ora=j orb=ri orb=j If a=1then u=((1),(j1),(,b) sou
is not stable by Lemma 5.5. If a = j then u = ((¢,5), (4, 7), (4,b)) so u is not
stable by Lemma 5.4. If b = ¢ then u = ((¢,a), (4,a), (j,4)) so u is not stable by
Lemma 5.4. Finally, if b = j then u = ((4,a), (j,a), (j,7)) so u is not stable by
Lemma 5.3. If |R(u) N C(u)| = 2 then either (a,b) = (i,7) or (a,b) = (j,7). In
the first case u = ((4,1), (4,%), (4,4)) so

7/}21)72(“)(1'71'3'--)2.) = (]a]a 7])
T j,_/
P P

for all p € N, so u is not stable. In the second one u = ((,7), (j,7),(7,4)) so u
is not stable by Lemma 5.4. U

We next analyze the case (|R(u)|, |C(u)]) = (2,3). This means that |{i, j, k}| =
2, and that a, b, c are distinct, and we may assume that ¢ = j.
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Proposition 5.8. Let u € S([n]?) be a 3-cycle such that |R(u)| = 2 and |C(u)| =
3. Then either u is not stable or u is stable of rank < 2.

Proof. As remarked, we may assume that v = ((4, a), (¢,b), (k,c)) where a,b,c
are distinct, and i # k. If R(u) N C(u) = () then by Theorem 3.1 u is stable of
rank 1, so we may assume that |R(u) N C(u)| > 1. If ¢ =i then u(k,i) = (i,a)
and u(a,a) = (a,a) so by Lemma 5.4 u is not stable. Similarly, if b = k then
u(i, k) = (k,¢) and u(c,c) = (¢,¢) so again by Lemma 5.4 v is not stable. We
may henceforth assume that ¢ # ¢ and b # k.

Suppose first that |[R(u) N C(u)| = 1. If u moves at least one element of the
diagonal of [n]? then either i = a, or i = b, or k = ¢, and one can verify that
the hypotheses of Lemma 5.3 are satisfied, so u is not stable. If i # a, i # b,
and k # ¢, then u leaves the diagonal fixed and thus & = a. Then u satisfies the
equivalent conditions of Theorem 5.2.

Suppose now that |R(u) N C(u)| = 2. Then, recalling that ¢ # i and b # k,
we have that either (i, k) = (a,c¢), or (i,k) = (b,c), or (i,k) = (b,a). In the first
two cases one can verify that the hypotheses of Lemma 5.3 are satisfied and the
result follows. Otherwise u = ((, k), (¢,1), (k,c)) so

@bgh_l(u)(i,i,k‘, v ,i,k‘) = (i,k?, ce ,i, k’,l)
2h 2h

for all h € N and u is not stable. O
We now turn our attention to the 3-cycles such that |R(u)| = 3.

Proposition 5.9. Let u € S([n]?) be a 3-cycle such that |R(u)| = 3, |C(u)| =
Then either u is stable of rank 1 or u is not stable.

Proof. If R(u) N C(u) = () then w is stable of rank 1 by Theorem 3.1. If |R(u) N
C(u)] = 1 then we may assume that i = a = b = ¢, so u = ((4,1), (,4), (k z))
and wu is not stable by Lemma 5.5.

We next analyze the case (|R(u)|, |C(u)|) = (3,2).

Proposition 5.10. Let u € S([n]?) be a 3-cycle such that |R(u)| = 3, |C(u)| =
2. Then either u is not stable or u is stable of rank < 2.

Proof. Let u = ((3,a), (j,b), (k,c)). Since |C(u)| = 2 we may assume that b = ¢
sou = ((4,a), (,b), (k,b)). By Theorem 3.1 we may assume that |R(u)NC(u)| >
1.

If |[R(u) N C(u)] = 1 then either a € R(u) or b € R(u). If a = i then
u = ((4,4),(4,b), (k,b)) so u is not stable by Lemma 5.3. If a = j then
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u = ((4,5),(4,b), (k,b)) so u is not stable by Lemma 5.4. If a = k then
u=((i,k), (4,b), (k,b)) so u satisfies the equivalent conditions of Theorem 5.2.
If b = i then w = ((4,a), (j,7), (k,i)) so u is not stable by Lemma 5.4. If b = j
then v = ((4,a),(4,7), (k,7)) so u is not stable by Lemma 5.5. If b = k then

a)
u=((i,a), (4, k), (k,k)) so u is not stable by Lemma 5.5.
J

If |R(u) N C(u)] 2 then {a,b} C R(u). If (a,b) = (i,5) then u =
((4,1),(4,7), (k,7)) so w is not stable by Lemma 5.5. If (b,a) = (i,7) then
u = ((4,7),(j,7), (k,i)) and u is not stable by Lemma 5.4. If (a,b) = (i, k)
then u = ((4,4), (4, k), (k, k)) so u is not stable by Lemma 5.5. If (b,a) = (i, k)
then u = ((i, k), (4,4), (k,7)) so u is not stable by Lemma 5.4. If (a,b) = (4, k)
then v = ((4,7), (4,k), (k,k)) and u is not stable by Lemma 5.5. Finally, if

(b,a) = (j, k) then u = ((i,k),(4,7), (k,7)) so u is not stable by Lemma 5.5. [

Finally, we analyze the case (|R(u)|,|C(u)|) = (3,3). For u € S([n]?) and
i € [n+1] recall (see [3, Sec. 7]) that the i-th immersion of u is the permutation
u® € S([n + 1]?) defined by

; x1,x2), if x; =1 for some j € [2],
u((x1, x2) W) <"> otherwise,

for all 21,22 € [n + 1], where () = a—x(a > i) and a< = a+ x(a > i)
for a € N, and (acl,...,ggr)<i> = (x7"” <) for (z1,...,7,) € N" and

= (a7, @
similarly for (z1,...,z,)®.

Proposition 5.11. Let u € S([n)?) be a 3-cycle such that |R(u)| = |C(u)] = 3.
Then either u is not stable or u is stable of rank < 2.

Proof. We may assume that v = ((7,a), (,b), (k,c)) where a,b, c are distinct,
and so are 7, j, k. If R(u) N C(u) = () then by Theorem 3.1 u is stable of rank 1,
so we may assume that |R(u) N C(u)| > 1.

Suppose first that |R(u) N C(u)| = 3. Then R(u) = C(u) so u is the immer-
sion of a 3-cycle v in S([3]?) such that R(v) = C(v) = [3]. But one can check
that there are only 6 stable 3-cycles in S([3]?) (namely the ones listed in of [3,
Theorem 10.2]) and none of these has R(v) = C(v) = [3]. So v is not stable,
and hence, by [3, Theorem 7.8|, u is not stable.

Suppose now that |R(u) N C(u)| = 2. We claim that in this case u is not
stable. To see this one may assume that i,j € {a,b,c}. If ¢ = ¢ then u(k,i) =
(i,a) and u(a,a) = (a,a) so by Lemma 5.4 u is not stable. Similarly, if a = j
then again by Lemma 5.4 u is not stable. We may henceforth assume that
a # j, and ¢ # i. We therefore have three cases to consider, namely (i,j) =

(a,b), (1,7) = (a,c), and (i,7) = (b,c). If (i,7) = (a,b) then u(i,i) = (J,7),
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j # i, and ¢ ¢ R(u), so by Lemma 5.3 u is not stable. If (i,7) = (a,c) then
u = ((4,1), (7,b), (k, 7)) and one can compute that

pr—l(u)(iuiubakuju'” 7k7j) = (k7i7k7j7"‘ 7k7j)i)
2p—2 2p—2
p— p—

for all p € N, so w is not stable. Finally, if (¢, j) = (b, ¢), then u = ((¢,a), (4, 1), (k, 7)),
and one can compute that

Yap—o(u)(k,i,a,a,...,k,i,a,a) = (4,1, k,i,a,a,...,ki,a,a,k,j)

4p 4p—4

for all p € N, so u again is not stable.

Finally, suppose that |R(u) N C(u)| = 1. We may assume that i € {a,b,c}.
If ¢ = a then u is not stable by Lemma 5.3. If ¢ = b then « is stable of rank 2
by Theorem 5.2. If ¢ = ¢ then w is not stable by Lemma 5.4. ]

The analysis carried out so far enables us to conclude that the following
holds.

Theorem 5.12. Let u € S([n)?) be a 3-cycle. Then the following conditions are
equivalent:

i) u is stable;
it) u is stable of rank < 2;
i11) u is a compatible product of two stable transpositions.

Moreover, u is stable of rank 1 if and only if R(u) N C(u) =0, and u is stable
of rank 2 if and only if the conditions in (9) of Theorem 5.2 hold. In particular,
if u is stable of rank 2 then |R(u) N C(u)| = 1.

Proof. 1t is clear that ii) implies i), and it follows from Theorems 2.2 and 2.5
that iii) implies ii). So assume that i) holds. Let u := ((a1,b1), (a2,b2), (as, b3))
((a1,b1), (ag, be), (as,b3) € [n]?, distinct). If R(u) N C(u) = 0 then u is stable of
rank 1 by Theorem 3.1. Furthermore, we have that

u = ((a1,b1), (az,b2)) ((az, b2), (a3, b3))

and these two transpositions are stable of rank 1 by our hypotheses and Theorem
2.5, and are compatible by [3, Proposition 5.15]. If |R(u) N C(u)| > 1 then the
analysis carried out in this section shows that u always satisfies the conditions
of Theorem 5.2 so iii) holds. O
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The preceding result enables us to enumerate the stable 3-cycles in S([n]?).

Corollary 5.13. In S([n]?) there are
n(n —1)(n —2)(n® —5n +7)
stable 3-cycles of rank 2. Thus, there are
n(n —1)(n —2)(n® — 3n* — 2n 4+ 9)/3
stable 3-cycles.

Proof. Note first that the conditions in (9) of Theorem 5.2, for any given i € [3],
imply that (a1, 1), (a2, b2), (a3, bg) are all distinct. Furthermore these conditions
are mutually exclusive for ¢ € [3]. So assume that they hold for i = 1. We then
have n choices for a; = bs. If as = ag then, in order to satisfy the condition
that bo ¢ {a2,as} we have n — 1 choices for this common value, and, since
bi,b3 ¢ {ai,az,a3}, (n — 2)? choices for the pair (by,b3). If az # a3 then, in
order to satisfy the condition that by ¢ {ag,as} we have (n — 1)(n — 2) choices
for the pair (az,as), and, since by, b3 ¢ {a1, a2, a3}, (n — 3)? choices for the pair
(b1, b3). Therefore there are in total n(n — 1)(n —2)? +n(n — 1)(n — 2)(n — 3)?
possibilities.

The second statement follows from the first one and [3, Corollary 8.8] (see
also Proposition 4.5). O

6 Beyond 3-cycles

In this section we begin the analysis of the stable 4-cycles of S([n]?), building
upon the results in the previous section. More precisely, we characterize the
4-cycles of S([n]?) that are a compatible product of a stable transposition and
a stable 3-cycle in the two possible orders.

Proposition 6.1. Let r € N, r > 3, (a1,b1), (a2,b2),...,(ar,b.) € [n]* be
distinct, and w := ((a1,b1), (a2,b2),...,(ar,b.)) be such that there is i € [r] so
that a, = bj if and only if j =i+ 1, and k =i, for all k,j € [r] (where indices
are taken modulo r). Then w is stable of rank < r, and w is a compatible product
of r — 1 stable transpositions.

Proof. Let, for brevity P; := (aj,b;) for j € [r]. We may clearly assume that
as = bg. We proceed by induction on r. If r = 3 then we have that w = uv
where u = (Py, P3), and v = (P;, P»). Furthermore, by our hypotheses and [3,
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Theorem 8.1], u and v are stable and, by [3, Proposition 5.6], u is compatible
with v, so the claim follows from [3, Theorem 5.2].

Assume now that r > 4. Then we have that w = uv where u = (Py, P,), and
v= (P, P,...,P._1). Since r > 4, we have by induction, our hypotheses, and
[3, Theorem 8.1] that u is stable, v is stable of rank < r—1, and v is a compatible
product of r — 2 stable transpositions. Furthermore, again by our hypotheses,
v(xz,a1) = (z,a1) and v(z,a,) = (z,a,) for all x € [n], so by Propositions 5.6
and 5.7 of [3] w is compatible with v, and the result follows from [3, Theorem
5.2). O

Theorem 6.2. Let (a1, by),. .., (as,bs) € [n]? be distinct, and w := ((ay,b1),. . .,
(aq,b4)) be a 4-cycle such that R(w) N C(w) # 0. Then w is a compatible
product of a stable transposition and a stable 3-cycle, in this order, if and only
if a;,a;41 ¢ C(w), and either

{aiv2, aixs} N {bit1,biv2, bits} =0, (13)

or
bivs = aiv2, biys # airs,  {bit2,biv1} N{ait2,aip3} =10 (14)

or
biv1 = ait3, biy1 # aiva,  {bir3, biv2} N{aiy2,ai13} =0 (15)

for some i € [4] (where indices are taken modulo 4). In particular, if these
conditions are satisfied, ajro ¢ {bi+1,bir2}, and a;jys ¢ {bito,biys}. Also, if
(13) holds, then b; € {ai+2,ai+3}.

Proof. Let u,v € S([n]?) be such that u is a stable transposition, v is a stable
3-cycle, u is compatible with v, and w = wv. Say v = (P, P3, Py) (P2, P3, Py €
[n]?, distinct), and u = (4, B) (A, B € [n]?, distinct). Since uv is a 4-cycle
{A, B}Yn{ Py, P3, Ps}| = 1. We may assume that B = P, sow = (A, P»)(Pa, P3, Py).
Let P1 = A, S0 W = (Pl, PQ, Pg, P4) = (Pl, Pg)(PQ,P3,P4). Without loss of gen-
erality it is enough to consider the case (a;, b;) := P; for i € [4].

By [3, Theorem 8.1] u is stable if and only if

{al, CLQ} N {bl, bz} = 0. (16)
Similarly, by Theorem 5.12, v is stable if and only if either
{ag,a3,a4} N {b2,b3,bs} =0, (17)

or

by =az, {b2,ba}N{az,az,as} =0, bz ¢ {as,as} (18)
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or
by =az, {bs,b2}N{az,a3,a1} =0, by ¢ {as,az} (19)
or
by = ay, {b47 bg} N {ag, as, a4} = @, by §§ {CLQ, ag}. (20)
Finally, since u is compatible with v, we have by Propositions 5.6 and 5.7 of [3]
that there are o € Sy, and (e1,...,&p) € S({a1,a2})" such that

v(z,a1) = (0(2),€x(a1)), (@, a2) = (0(x),ex(az)) (21)

for all z € [n] (where ey = --- =&, = Id if by # ba). In particular, v must leave
the union of the columns indexed by a; and a9 invariant. However, by (16), P,
is not in this union, so, since v is a 3-cycle, v leaves every element of this union
fixed. So we conclude that

v(z,a1) = (2, 01), vz, a2) = (2,a2) (22)
for all € [n]. This, in turn, is equivalent to
ba, b3, b1 & {a1,az}. (23)

Conversely, if (22) holds then, by Propositions 5.6 and 5.7 of [3], u is compatible
with v. The result follows noting that (18) is impossible by (23).

Note that, if any one of (17), (19) or (20) is satisfied then az ¢ {b2, b3} and
aq ¢ {bs,bs}. Finally, suppose that (17) holds. Then, since R(w) N C(w) # 0
we have that either a; € {b3,bs} or by € {as,as}. So, by (23), we have that
b € {ag,a4}. |

It is possible to enumerate the 4-cycles satisfying the conditions in Theorem
(6.2). To this end, it is convenient to introduce the following sets

D, = {(al,ag,ag,a4,b1,bg,bg,b4) € [n®| (a1,b1),..., (as,bs) mutually distinct,
(a1, aiy O {bi, ..., ba} 7&(2)}

Ui = {(al,ag,ag,a4,b1,b2,b3,b4) €Dy ¢ aiais1 & {br,ba, b3, bal,
{ait1, @iv2, aivs} N {bit1, bito, biys} = @}

Vi = {(al,ag,ag,a4,bl,b2,b3,b4) € Dy : ai,aip1 & (b1, bo, bs, ba),
@i+2 = biv3, {bit2, bit1} N {ait1, aiv2,ai13} =0, bivs ¢ {aiys, az’+1}}

Wi = {(al,ag,ag,a4,b1,b2,b3,b4) € Dy : ai,aip1 & {b1,bo, bs, byl

ait3 = bit1, {birs, biya} N{ait1, ait2,air3} =0, biy1 & {ait1, ai+2}}
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for i € [4] (of course, indices are taken modulo 4). For brevity, we let (n)g :=
nn—1)---(n—k+1) for k € N.

Proposition 6.3. The number of 4-cycles in S([n)?) satisfying the conditions
in Theorem 6.2 is equal to

2(n)4(n® — Tn* + 17n — 13).

Proof. First observe that for a fixed i the three sets U;, V; and W; are mutually
disjoint. We set Z; := U; U V; UW,;. Hence, the cardinality of Z; is equal to the
sum of the cardinalities of U;, V; and W;. Moreover, one has Z; N Z; 1o = (). It
is clear that the cycles as in the statement arise from the elements in the union
of U?ZlZZ- and, taking into account cyclic order, their number is given by the
cardinality of UleZi divided by 4.

For i,j,1,m € [4], let

Li; = {(a1,...,bs) € Dy : a; = b; and ay, # by, for all (h,k:);é(i,j)}

Lij7lm:{(a1,...,b4)€Dn : ai:bj, al:bm,
and ay, # by, for all (h, k) ¢ {(,), (I, m)} }

Note that Lijim = Lim,ij- Then Uy = L31 UL UL3y 41, Uz = L12U Lo U L3 49,
Us = L13U Log U L1323, Uy = Loy U L3qg U Log34, Vi = L3g U L3134 U Ly 34,
Vo = L1 U Lg142 U Ly 12, V3 = L12 U L1213 U L1223, V4 = Loz U Lag 24 U La3 34,
Wi = LagU Ly 41U Lg2 31, Wo = L13UL1312U L1342, W3 = LogU Loy 23U Lag 13,
Wy = L3 U L31734 U L31724 (all disjoint unions).

We begin by computing the cardinality of Los. The computation of the
cardinality of L;; (i # j) is identical. Here, we have that b, by, by, and a1, a3, as
are all different from ay = b3. There are five cases. If by, bo, by are mutually
distinct, we have (n)4 (n — 4)® different choices for ai,...,bs. Indeed there are
(n)4 possibilities for by, ..., bs and, for each one of these, (n — 4)3 possibilities
for a1, as, a4 since they must be different from the b’s; as the b’s are all distinct,
it is also clear that the four pairs (a;, b;) are mutually distinct. If by = bo, by are
distinct, we similarly have (n)3 (n — 3)® choices; as a; # as, again the (a;,b;)
are automatically mutually distinct. If by = by, by are distinct, we conclude as
above that there are (n)3 (n — 3)3 choices. If by = by, by are distinct, there are
(n)3(n — 3)?(n —4) choices; the computation is similar except that now a; must
be different from a4. If by = by = by there are (n)y (n —2)%(n — 3) choices since,
again, a1 and a4 must be different. All in all, the cardinality of L3 is

(n)s (n —4)2+2(n)3 (n—3)> + (n)z(n —3)%(n —4) + (n)2 (n —2)*(n—3) .
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Next, we compute the cardinality of L3 24 (and, more generally, of L;; ;). Here,
we have ao = by = by and aq, as, aq, b1, by are all different from this value. There
are two cases. If by # bo, there are (n)3 (n — 3)2(n — 4) choices; indeed, we must
have a3 # ay. If by = by there are similarly (n)s (n — 2)?(n — 3) choices. All in
all, the cardinality of Lo3 24 is

(n)s (n—3)*(n—4) + (n)2 (n—2)*(n - 3) .

Note that a simple bijection shows that |L;j | = |Lj; -

Finally, we compute the cardinality of L4134 (and, more generally, of L;;
with i # 1, j # m). Here, by = a3, by = a4, by # by, and a1, ag, by, b are different
from by, by. There are two cases. If by = b3 there are (n)3 (n — 3)? possibilities.
If by # bs there are (n)4 (n —4)? possibilities. Thus, the cardinality of Lyj 34 is

(n)s (n —3)*+ (n)s (n —4)*.
It readily follows that the cardinality of U; is

2(()1 (0 = 4+ 2(n)s (n = 3)° + (W)s(n = 3)%(n = 4) + (n)2 (n = 2)*(n - 3))
+(n)s (n=3)*(n = 4) + (n)2 (n—2)*(n - 3)
while that of V; and W; is

(n)g (n —4)3 +2(n)3 (n — 3)3 + (n)s(n — 3)%(n — 4) + (n)2 (n —2)*(n — 3)
+(n)3 (n—3)%(n —4) + (n)2 (n —2)%(n—3) 4 (n)3 (n — 3)2 + (n)4 (n — 4)2

for all i € [4]. Therefore, for each i the cardinality of Z; is |U;| + 2|V;|. Note
that, since Z1 N Z3 = ZyN Z4 = (), the intersection of any three or more distinct
Z;’s is empty. Hence, by the Principle of Inclusion-Exclusion, | UL, Z;| =
A Z1| = |Zy N Za| — | Z1 N Zy| — | Z2 N Z3| — | Z3 N Z4|. These four intersections all
have the same cardinality, so we compute | Z1NZ2|. We have, from our definitions
of Z; that Z1NZy = (UlﬂUz)U(UlﬂVQ)U(Ul ﬂWQ)U(VlﬂUz)U(Vl ﬂVz)U(Vlﬂ
Wa)U (WiNUsz) U (Wi NVa)U (W1 NWa). It is not hard to check that all of these
pairwise intersections are empty except that Uy NVo = Ly, W1 NUy = Lys, and
W1NVa = Ly 42, and these three sets are mutually disjoint. Hence we conclude
that |U;~1:1 Zl| = 4|Zl| —4|ZlﬂZQ| = 8|L172|+8‘L41742‘ —|—8|L12734|. The conclusion
follows at once. O

Theorem 3.1 shows that there are stable 4-cycles of rank 1. The preceding
result implies that other values of the rank are also possible.
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Corollary 6.4. Let (a1,b1),. .., (as,bs) € [n)? be distinct, and w := ((a1,b1), ...,
(ag,b4)) be a 4-cycle satisfying the hypotheses of Theorem 6.2. Then the rank
of wis 2 if and only if w € U; U Liyoiiv2it3 for some i € [4] (indices modulo
4), and is 3 otherwise.

Proof. Let u,v € S([n]?) be such that u is a stable transposition, v is a stable
3-cycle, u is compatible with v, and w = uv. Then by [3, Theorem 8.1] u has
rank 1, and by Theorem 5.12 v has rank < 2. So, by [3, Theorem 5.2] w has
rank < 3.

If w € U; for some i € [4] then by Theorem 3.1, v has rank 1, so by [3,
Theorem 5.2] w has rank < 2. But, again by Theorem 3.1, w has rank > 1.

Suppose now that w € Lji2;;42i+3 for some i € [4]. We assume, for
simplicity, that ¢ = 1. Then the statement would follow by a straightfor-
ward, albeit lengthy, computation by considering several cases. To avoid this
long checking we use a powerful result from the next section. Namely, w? =
((b1,a1)(ba, aq)(bs, as)(be,az)) is stable of rank r if and only if w is stable of rank
r, see Theorem 7.3. Since w € L3134, we have w# € Iy 242 C Uy. Hence, w#
and w both have rank 2 by the previous case.

Conversely, suppose that w ¢ U1UUQUU?,UU4UL31,34UL42,41 UL13712UL24’23.
Since w satisfies the conditions in Theorem 6.2 there is i € [4] such that either
w e V; orwe W;. But

Vi\ (U1 WU UU3UUy) = Vi \ Uiy = Liy2iir2i+3 U Lit3iit2i43
and similarly
Wi\ (U1 UUUU3UUs) = Wi \ Uis3 = Liy3iit3i+1 Y Livoiit3it1-

Hence, in order to finish the proof, it is sufficient to show that if w € L;13; 42i4+3U
Lit2ii+3i+1 for some ¢ € [4] then w has rank three. We may assume that ¢ = 1.
In the first case, the 4-cycle takes the form

w = ((a1,a4), (az,b2), (a3, b3), (as,a3)) ;

now, if we compute ¥ (w)(ay, as, az, be) and (Y1 (w)®1)(a,aq, az, ba), we easily
get (a1, aq,as,b) and (a4, as, ag, be), respectively, thus showing that w has rank
larger than two as a; # ag4.

In the second case, the 4-cycle takes the form

w = ((al,ag), (ag2,a4), (as, b3), (a4, b4)) :

we check that ¥a(w) (a1, az, as, bs) = (aa, ba, b, bs) while (1 (w)®1)(a1, az, as, bs)
is equal to (a1, ai,as, bs) when a; = ag and to (a1, az, as, b3) when a; # ag; since
a1 # a4, w has rank larger than two. O
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There is a version of the previous result also in the case that the 4-cycle w
is a compatible product of a stable 3-cycle and a stable transposition, in this
order. To see this note first the following “symmetric” versions of Propositions
5.6 and 5.7 of [3]. Their proofs are exactly analogous to those of Propositions
5.6 and 5.7 in [3] and are therefore omitted.

Proposition 6.5. Let u = ((a,b), (i,7)), where a,b,i,j € [n], a # i, and v €
S([n)?). Then (u®1)(1®v) = (1®v)(u®1) if and only if there is o € S, such
that v(k,z) = (k,o(x)) for all x € [n] and all k € {b,j}.

Proposition 6.6. Let u = ((a,b), (a,j)), where a,b,j € [n], b # j, and v €
S([n]?). Then (u®1)(1®@v) = (1®@v)(u® 1) if and only if there are o € S,
and e € S({b,j})" such that

v(b,x) = (e2(b), 0(2)), (), ) = (ex(j), 0(x))
for all x € [n].

Corollary 6.7. Let u = ((a,b), (i,7)), where (a,b), (i,§) € [n]?, distinct, and
v € S([n]?) be a 3-cycle. Then (u®1)(1®@v) = (1®v)(u®1) if and only if

v(k, x) = (k)
for all z € [n] and all k € {b,j}.

Theorem 6.8. Let (a1,b1),. .., (as,bs) € [n)? be distinct, and w := ((ay,b1), ...,
(a4,bs4)) be a 4-cycle such that R(w) N C(w) # 0. Then w is a compatible

product of a stable 3-cycle, and a stable transposition in this order, if and only
if bi, bits ¢ R(w), and either

{@iv1,aiy2, air3} N {bit1,bit2, biys} =0, (24)

or
bivo = aiy1, biya & {ait2, aiy3},  bip1 € {@iv1, aizo, aiv3} (25)

or
bit1 = ait3, bit2 & {ait1,aiv2,ai43},  bit1 & {ait1,aiv2}, (26)

for some i € [4] (where indices are taken modulo 4). In particular, if these
conditions are satisfied, bir1 ¢ {ait+1,a;12}, and biyo & {a;12,a;+3}. Also, if
(24) holds, then a; € {bi+1,bi+2}.
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Proof. Let w = vu with u a stable transposition, v a stable 3-cycle, and v
compatible with u. Then reasoning as in the proof of Theorem 6.2 we conclude
that v = ((a2,b2), (a3, bs), (as,b4)), and u = ((a1,b1), (as,bs)). Since v and v are
stable, and v is compatible with u we conclude from [3, Theorem 8.1], Theorem
6.2, and Corollary 6.7 that

{ala CL4} N {b17 b4} = ®7

b1,bs & {az,as, a4} (27)
and either

{ag,a3,a4} N {ba, b3, b4} =0, (28)

or
bs = a2, {bo,bs} N{as,as,as} =0, b3 ¢ {as,as} (29)

or
by=az, {b3,b2} N{az,a3 as} =0, by ¢ {as,as} (30)

or
by = ay, {bs,b3}N{az,as,as} =0, b ¢ {as,as}. (31)
Note that , by (27), equation (30) cannot hold. The conclusion follows easily
from these equations. |

Note that a 4-cycle ((a1,b1),...,(as,bs)) € S([n]?) satisfies the conditions
in Theorem 6.2 if and only if the 4-cycle ((by,a4),...,(b1,a1)) satisfies those
in Theorem 6.8. Indeed, if the 4-cycle w € S([n]?) is such that w = wv with
u a stable transposition, v a stable 3-cycle, and v compatible with v, then
fHw™) = (v Hi(w ™) and (v @ 1)(1 ®u) = (1 ® u)(v ® 1). Therefore, by [3,
Proposition 5.13], ((uv ") @ 1)(1® {(v™1) = 1@ v ) (H(u ) ®1),so (v
is compatible with f(u~!). But, by [3, Theorem 8.1], *(u™!) = u is a stable
transposition and, by Theorem 7.3, {(v~!) is a stable 3-cycle.

We are confident that a “symmetric” version of Corollary 6.4 holds also for
the 4-cycles satisfying the conditions in Theorem 6.8. We omit carrying this out
in order to keep the paper to a reasonable size.

To continue the investigation of stable 4-cycles one would now need to see
if a stable 4-cycle necessarily satisfies either the conditions of Theorem 6.2 or
those of Theorem 6.8.

By our results, the following conjecture has been verified for r = 2,3, and
partially for r = 4.

Conjecture 6.9. Let u € S([n]?) be a stable r-cycle, then the rank of u belongs
to the set {1,2,...,r —1}.
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7 An involution on stable permutations

In this section we show that the set of stable permutations possesses a natural
and non-trivial involution, which preserves the rank and the cycle-type (so the
conjugacy class). This involution extends the symmetries of the stable permu-
tations discussed in [3, Sec. 6] and moreover fits well with the content of the
previous section.

For uw € S([n]") write

(ur(z1,y .oy xe)y oy up(xy, ooy 2)) == (X, .o, 2p)
for all (z1,...,2,) € [n]". We let ‘u € S([n]") be the transposed permutation
defined by

tu(‘rl, SRR x’l‘) = (ur(xm s ,3’:1)7 s 7u1(x7‘7 LR xl))? (32)

for all (x1,...,2,) € [n]". Note that ‘u = w if r = 1. Equivalently, 'u =

wp ‘uwg ’, where wy ’ € S(|n|") is defined by wy ’(x1, ..., %) := (xp,...,x1) for
$uwl, where wi” € S([n]") is defined by w’ f

all (z1,...,2,) € [n]". Note that this concept coincides (for r = 2) with the one
by the same name defined in [3, Sec. 3] (for n = m).

We note the following simple properties of the transpose.
Proposition 7.1. Let u,v € S([n]"). Then
i) Huw) = tulv;
i) Y(u®v) =1 @ tu.

Proof. The first identitiy follows readily from the fact that w(()T) is an involution.
The second one is a straightforward computation using the definition. ]

Note that, if u € S([n]"), then ‘(u™!) = (*u)~!. Indeed, by Proposition
7.1 uwv = 1 if and only if ‘u’v = 1. In particular, the map u ~ (u~!) is an
involution. For u € S([n]") let u# := ‘(u~') € S([n]").

We then have the following consequence of the previous result.

Proposition 7.2. Let u,v € S([n]?). Then
i) (w)? = vFu;
i) u is compatible with v if and only if v is compatible with u .

Proof. The first point is clear from Proposition 7.1. If u is compatible with v
then (v® 1)(1®u) = (1 ® u)(v ® 1). Therefore, by Proposition 7.1, (f(u!) ®
D@ (v ™)) =0 Y1) (*(u"!)®@1), so v* is compatible with u#. O
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We can now prove the main result of this section.

Theorem 7.3. Let u € S([n]'). Then u is stable of rank r if and only if u? is
stable of rank r.

Proof. Let, for brevity, v = u#. We begin by noting that

# o
(Yr(w)” = Wel1®---2)1evel®---01)---(1®---®level)
k k1 k1
11 H1l® - @leviel) - (v!ele...ol).
N——— S——— S———
k k—1 k

Recall that a permutation u € S([n]") is stable of rank 7 if and only if r is
the minimum positive integer k such that ¢y (u) = Yr_1(u) ® 1 for all & > r.
Equivalently, by (2), r is the minimum positive integer k such that, for all &k > r,

(1@ @1@u)(Yp_1(u)®1) = (Yp_1(u) @1)(1 Q- LR u). (33)
k k

We will show that (33) holds for w if and only if it holds for v, and this will
prove the result. Let

Ap(u) = (1@ @l 'o)(1® - @1lou 'elel) - (1o '®l® ... 1).
—— ——— —
k k—1 k

e -1 e -1 # —
Note that ¢;_1(u)®1 = Ag—1(u) (v RL1® -+ ® 1) Ag_1(u) ™", and that Ag(u)

k
Ag(v). Therefore we obtain that u satisfies (33) if and only if

10-.-01 A, 1o1®.-.-®1) A._ -1

(I® ’ R1@u)Ap_1(u) (v " ®1® - ® 1) Ag_1(u)

A () (' ®@1e-- @)A1 (W) (1l 0 1lou)
k k

and similarly for v. Taking the transpose of this equation we obtain that it
holds if and only if

W91 - ®1) A1) (10 ®@1Lev) A1 (v) =
k k
L@ (1o 01 A 1) (v ele--®1)
k k
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which in turn is equivalent to

A () (v @10 ) A1 ()M (1o - ®1ev) =

k k
1®---®1 A 191®---01)A4._ -1
( X ®1K U) k 1(11) (U ®1I® X ) L 1(11)
k k
which concludes the proof. [l

8 The box product

In this section we introduce a new binary operation on permutations that pre-
serves stability.

Let n,m,r € N, u € S([n]"), and v € S([m]"). We let the boz product of u
and v be the permutation u K v € S([nm|") defined by

(uXv)((a1,b1),...,(ar, b)) := ((c1,d1), ..., (cr,d}))

for all (a1,b1),...,(ar,b.) € [n]x[m] (where we identify [n]x [m] and [nm] lexico-
graphically), where (¢1,...,¢) == u(ay,...,a,), and (di,...,d,) == v(b1,...,by).
Note that u K v = L(u ® v)L ™!, where L : [n]" x [m]” — [nm]" is the bijection
defined by L(aq,...,ar,b1,...,b;) := ((a1,b1), ..., (ar,b.)).

Our first result lists some useful properties of the box product.

Proposition 8.1. Let u € S([n]"), v € S([m]"), w € S([n]"), and z € S(Im]*)
(n,m,r,t € N). Then

i) (uRv)(wkKz) = (uw)X (v2), ift =r;
i) (uRv)™ = (u ' Roh);
i) (u@w)X(v®z)=(uXv)® (wkKz)e S([nm]" ).

In particular, (u®1,) X (v 1,) = (WKV) @ Ly, € S([nm]™*1), and (1, @ u) X
(I @) = Ly ®@ (wXv) € S([nm]" L), where 1; denotes the identity of S;.

Proof. The first two identities are clear. To verify the third one let (a1,b;),...,
(@rat, bray) € [nm]™Tt (recall that we identify [n] x [m] and [nm] lexicographi-
cally). Then we have that

(u®w)|g(v®z)(<a17 bl): R (ar-i-t: bT-i-t)) = ((Cla d1)7 SRR (CT7 dT)? (flagl)7 SRR (ft,gt))
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where (c1,...,¢.) == u(ay,...,ay), (di,...,d;) == v(b1,...,b.), (f1,...,ft) ==

w(ar41y- -y ar4t), and (g1,...,g¢) == 2(by41, ..., br4¢), and
(uEgU)Q§(1UE§Z)((a1>b1)7"-a(aT+i)bT+¢)) ::((Clad1)7-"7(CTadT)7(f1agl)7-"a(j}agt))
as claimed. OJ

We can now prove that the box product preserves stability.

Theorem 8.2. Let u € S([n]"), v € S([m|") (n,m,r € N) be stable of ranks s
and t, respectively. Then u® v € S([nm]") is stable of rank < max{s,t}.

Proof. We claim that, for any k € Ny,

Yr(uXv) = Yp(u) Xk (v). (34)

Indeed, this is clear for k = 0 by Proposition 8.1. If £ > 1 then by induction,
(2), and repeated use of Proposition 8.1 we have that

Yr(u®v) = Lpm @ ... @ Ly @ (' Ro 1)) (Yr_1 (u X v) @ 1)
k
X (1pm @ ... @ Ly @ (uX )
k
=(ln®..9L,0u HE(1n®...0 1, ®v "))
_};—/ _};—/

X ((r-1(u) @ 1) B (Yr-1(v) @ L))

X (1n®...01L, U)K (1 @...Q Ly, ®v))
= (<M® u) (¥ () o L) ®.. @1, ®u))

5 (1 @]; @1y @ (o1 (v) ® 1m)(1mk® @ Ly, @)
= Yp(u) X ¢:(v)- k

Now, by our hypotheses,

= s (W) @1, @...0 1,
Pr(u) = s-1(u)

k—s+1
for all k > s — 1, and

V() =Y 1(V) R 1, @ ... ® 1,
—_————
h—t+1
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for all h >t — 1. Say s > t. Then, if k > s — 1, by (34) and Proposition 8.1

Y (uv) = Y (u)Xg(v) = (Y1 (W)R(P—1®@1 @ ... ® 113)) Ly @ ... @ Ly,
s—t k—s+1

if £ > s — 1. Therefore,

Yp(uXv) =151 (uR V) @ Ly @ ... @ Ly,

-~

k—s+1

so, by our definitions, u X v is stable of rank < s. Similarly if s < ¢. O

By the correspondence between permutative automorphisms of the Cuntz al-
gebras and stable permutations the previous result gives a way to produce, from
two permutative automorphisms of O,, and O,, a permutative automorphism of

Onm.
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